arXiv:hep-th/9911064 v2 19 Jan 2000

LTH467 hep-th/9911064 Revised Version

O(d, d) invariance at two and three loops

I. Jack and S. Parsons

Dept. of Mathematical Sciences, University of Liverpool, Liverpool L69 3BX, UK

We show that in a two-dimensional σ-model whose fields only depend on one target space co-ordinate, the O(d, d) invariance of the conformal invariance conditions observed at one loop is preserved at two loops (in the general case with torsion) and at three loops (in the case without torsion).

Nov. 1999

1. Introduction

Duality invariance has proved to be an immensely fruitful concept in string theory. A particular aspect of duality which has been valuable in string cosmology (for a recent comprehensive review of this subject, with an extensive list of references, see Ref. [1]) is the concept of O(d, d) invariance. This is displayed in the case where the fields depend only on time in an arbitrary number of dimensions (time and d spatial dimensions). It was discovered some time ago[2] that the lowest order string effective action (in the simplest case with only the metric, dilaton and antisymmetric tensor field) then exhibits continuous, global O(d, d) invariance. (This is also reminiscent of the O(d, d) invariance previously observed in the context of string compactifications[3].) The O(d, d) invariance of the string action was later found to persist in the presence of matter or gauge fields[4]. Now the conformal invariance conditions for the fields are related to the field equations of the string action, and so, at least at lowest order, the O(d, d) invariance can be used to transform between different conformal backgrounds. Duality invariance in general can be understood as a consequence of an isometry in an underlying theory[5]; and the O(d, d) invariance can be viewed as the result of gauging d abelian isometries[6]. In Refs. [2] and [7] it was argued that the O(d, d) invariance should be maintained to all orders. In Ref. [8] the two-loop string action was considered in the context of fields depending only on time, and it was shown that after a suitable field redefinition it could be written in an explicitly O(d, d) invariant form. However, it was pointed out in Refs. [9] (in the context of T duality) that the invariance of the action does not manifestly guarantee that the conformal invariance conditions transform appropriately. Therefore it seems to us that it is necessary to check explicitly the transformation properties of the conformal invariance conditions in order to complete the proof that O(d, d) invariance is preserved. At one loop this has been done in Ref. [2]. The main purpose of this paper is to verify the invariance at two loops (with torsion) and at three loops (without torsion). We shall find various subtleties which do not arise in checking the invariance of the action.

2. The one-loop case

The two-dimensional non-linear σ-model is defined by the action S = 1 2πα0 ∫ d^2x {√ γg_{μν} ∂_αx^μ∂^αx^ν + ϵ^{αβ}b_{μν} ∂_αx^μ∂_βx^ν − 2α0 √ γR^{(2)}ϕ } , (2.1) where α0 is the usual string coupling, which we shall henceforth set to 1 for convenience, g_{μν} is the metric, b_{μν} is the antisymmetric tensor field and ϕ is the dilaton. γ_{αβ} is the metric on the two-dimensional worldsheet, γ = det γ_{αβ}, ϵ^{αβ} is the two-dimensional alternating symbol and R^{(2)} is the worldsheet Ricci scalar. Conformal invariance for the σ-model requires the vanishing of the three functions β̄^g, β̄^b and β̄^ϕ, which are defined by[10] β̄^g_{μν} =β^g_{μν} + 2∇_μ∂_ν ϕ + 2∇_{(μ}S_{ν)}, β̄^b_{μν} =β^b_{μν} + H^ρ_{μν} ∂_ρϕ + H^ρ_{μν} S_ρ, β̄^ϕ =β^ϕ + (∂ϕ)^2 + ∂^ρϕS_ρ.

(2.2)

Here β^g, β^b and β^ϕ are the renormalisation group β-functions for the σ-model, and H_{μνρ} is the field strength for b_{μν} , defined by H_{μνρ} = 3∇_{[μ}b_{νρ]}. The vector S^μ arises in the process of defining the trace of the energy-momentum tensor as a finite composite operator, and can be computed perturbatively. At one loop we have β^{g(1)}_{μν} =R_{μν} − 1 4 H_{μρσ}H_ν^{ρσ}, β^{b(1)}_{μν} = − 1 2 ∇^ρH_{ρμν} , β^{ϕ(1)} = − 1 2 ∇^2ϕ − 1 24 H^2,

(2.3)

where H^2 = H_{κλρ}H^{κλρ}, and S^μ = 0. The conformal invariance conditions can be derived at this order from the string effective action

Γ^{(1)} = ∫ dx^{d+1} √ −ge�2ϕ^{_{R −} 1_{12 H}2_{+ 4(∂ϕ)}2^}_{. (2.4)}

To be more precise, we have δΓ^{(1)} δg^{μν} =β̄^{g(1)}_{μν} + g_{μν}β̃^ϕ,

δΓ^{(1)} δb^{μν} = − β̄^{b(1)}_{μν} , δΓ^{(1)} δϕ =4β̃^{ϕ(1)},

(2.5)

where β̃^ϕ = 2β̄^ϕ −^1_2 g^{μν}β̄^g_{μν} . (2.6)

To consider O(d, d) duality, we specialise to a metric with signature (−, +, +, . . . , +) and we consider a σ-model where the fields depend only on the first co-ordinate t. We can then bring g and b to the block-diagonal form g_{μν} = ( g_{00} 0 0 G(t) ) , b_{μν} = ( 0 0 0 B(t) ) . (2.7)

(For the discussion of O(d, d) invariance at one loop, one can take g_{00} = −1; but at higher loops we need to consider a general g_{00} at intermediate stages, returning to g_{00} = −1 at the end of the computation. In fact, we shall only retain a general g_{00} at points where it will leave an imprint even after setting g_{00} = −1–for instance, where it is acted upon by a ∂ ∂g00 .) It was shown in Ref. [2] that the one-loop action may then be written as

Γ^{(1)} = − ∫ dte�Φ_g�^12_{00}^(_{Φ̇}2_+ 1_{8 Tr[Ṁ ηṀη]}^)_{, (2.8)}

where Φ = 2ϕ −^1_2 ln det G, (2.9)

η is the metric for the O(d, d) group in non-diagonal form given by η = ( 0_d 1_d 1_d 0_d ) , (2.10) and M = ( G�1_{−G}�1_B BG�1_{G − BG}�1_B ) . (2.11)

The O(d, d) group is represented by matrices Ω such that

ΩηΩ^T = η; (2.12)

the action in Eq. (2.8) is invariant under the action of the O(d, d) group with

M → M0 = Ω^T MΩ, Φ → Φ, g_{00} → g_{00}. (2.13)

The matrix M has two important properties: M is symmetric, and M ∈ O(d, d).

As we mentioned earlier, the invariance of the action does not manifestly guarantee that the conformal invariance conditions transform appropriately. In the O(d, d) case, even at one loop, where the conformal invariance conditions are simply related to the action by Eq. (2.5), it does not seem immediately obvious how the correct properties for the β̄ follow from the invariance of the action; and at higher loops, where the relation of the β̄-functions to the action is more complicated, it is still less clear. Therefore in this paper we shall explicitly check the transformation properties of the β̄-functions.

As in the case of the action, the β-functions are most conveniently discussed in terms of the matrix M. Defining β^M = μ^d_{dμ} M, we have from Eq. (2.11)

β^M = ( −G�1_βG_G�1_G�1_{(β}G_G�1_{B − β}B_)

(β^B − G�^1β^G)G�^1 β^G − β^BG�^1B + BG�^1β^GG�^1B − BG�^1β^G ) . (2.14)

We then define

β̄^M =β^M −^1_2 (ϕ̇ + S)Ṁ = ( −G�1¯_βG_G�1_G�1_(¯_βG_G�1_{B −}¯_βB_)

(β̄^B − G�^1β̄^G)G�^1 β̄^G − β̄^BG�^1B + BG�^1β̄^GG�^1B − BG�^1β̄^G ) , (2.15)

where we assume (as will always be the case in the present calculation) that S_i = 0 and S_0 ≡ S.

We start with the one-loop β̄-functions. As mentioned before, these have already been demonstrated to have the correct properties, but we shall repeat the check in order to demonstrate our formalism in operation. Upon specialising the general results in Eqs. (2.2), (2.3) to the forms for g_{μν} and b_{μν} given in Eq. (2.7), we find that the β̄-functions for G and B are given at one loop by

β̄^{G(1)} =^1_2 (−g^{00})G(X − W^2 − W̃^2 − Φ̇W −^1_2 g^{00}ġ_{00}W ), β̄^{B(1)} =^1_2 (−g^{00})G(X̃ − W W̃ − W̃ W − Φ̇W̃ −^1_2 g^{00}ġ_{00}W̃ ),

(2.16)

where W = G�^1Ġ, W̃ = G�^1Ḃ, X = G�^1G̈, X̃ = G�^1B̈. (2.17)

As mentioned earlier, to demonstrate the invariance at two and three loops. we need to retain a general g_{00} for the moment, though we shall set g_{00} = −1 at the end of the calculation. Substituting Eq. (2.16) in Eq. (2.15), we find that we can write

β̄^{M(1)} =^1_2 (M̈ + Ṁ ηṀηM − Φ̇Ṁ ). (2.18)

(Expressions for Ṁ and M̈ are given in the Appendix.) The O(d, d) invariance for β̄^G_{ij} and β̄B_{ij} is then manifest, for clearly when M and Φ transform according to Eq. (2.13), β̄M(1) transforms according to β̄^M → β̄^M (M0) = Ω^T β̄^M (M)Ω. (2.19)

Now if Eq. (2.19) is satisfied, then since from Eqs. (2.13), (2.15), we also have β̄^{M 0} (M0) = Ω^T β̄^M (M)Ω, we deduce that β̄^M (M) = β̄^{M 0} (M), i.e. β̄^M is form-invariant under the O(d, d) transformation. A solution of the conformal invariance conditions with β̄^M (M) = 0 automatically satisfies β̄^{M 0} (M0) = 0; but now we also have β̄^M (M0) = 0, i.e. the transformed M0 is a solution of the same conformal invariance conditions as M. Eq. (2.19) will be our touchstone for O(d, d) invariance at two and three loops as well.

We also find β̄^{g(1)}_{00} = Φ̈ +^1_8 Tr[Ṁ ηṀη] −^1_2 g^{00}ġ_{00}Φ̇ (2.20) and β̄^{Φ(1)} = 2β̄^{ϕ(1)} −^1_2 G^{ij}β̄^{G(1)}_{ij} = (−g^{00})(^1_2Φ̈ −^1_2 Φ̇^2 −^1_4 g^{00}ġ_{00}Φ̇). (2.21)

We note here that the trace of an even number of products of Mη and its derivatives is manifestly invariant under Eq. (2.13) while the trace of an odd number of such products is zero, and therefore β̄^{g(1)}_{00} and β̄^{Φ(1)} are O(d, d)-invariant.

3. The two-loop case

In this section we shall show that Eq. (2.19) continues to hold, and that β̄^{g(1)}_{00} and β̄Φ(1) are O(d, d)-invariant, at two loops. At this order, however, we find that to make the invariance manifest we need to make field redefinitions, as has already been found in the case of the two-loop action in Ref. [8].

The two-loop β-functions are given by[11] β^{g(2)}_{μν} =^1_2 R_{μκρσ}R_ν^{κρσ} +^1_{24} ∇_μH_{κρσ}∇_νH^{κρσ} +^1_8 (1 − 2λ) ∇_κH_{μρσ}∇^κH_ν^{ρσ} +^1_4 λR^κ_{μνλ}H_{κρσ}H^{λρσ} +^1_2 (3 − 2λ)R^κ_{λρμ}H_{νσκ}H^{λρσ} +^1_2 (λ − 1)R_{κλρσ}H_μ^{κρ}H_ν^{λσ} +^1_{16} H_{κλρ}H_σ^{λρ}H^κ_{μτ} H_ν^{τσ} +^1_{16} H_{μκλ}H_{νρσ}H_τ^{κρ}H^{τλν} , β^{b(2)}_{μν} = − R_{κλρμ}∇^λH_ν^{κρ} +^1_8 ∇_κ ( H_{μλρ}H_ν^{λσ} ) H_σ^{κρ} −^1_4 (λ − 1)∇_κ ( H_σ^{λρ}H_{λρμ} ) H_ν^{σκ} +^1_8 λ∇_κH_{μνσ}H^κ_{λρ}H^{σλρ}, β^{ϕ(2)} = −^1_8 R_{κλρσ}R^{κλρσ} −^1_{24} (1 + 6μ) ∇_κH_{λρσ}∇^κH^{λρσ}

+^1_8 (5 + 12μ)R_{κλρσ}H_τ^{λσ}H^{τκρ} −^1_{16}

(_1 4 + λ + 3μ ) H_{κρσ}H_λ^{ρσ}H^{κτω} H^λ_{τω} −^5_{192} H_{κλρ}H^κ_{στ} H_ω^{λσ}H^{ωρτ} +^1_8 λ∇_κ∇_λϕH^{κρσ}H^λ_{ρσ},

(3.1)

with S_μ = −^1_{24} (λ + 3μ)∇_μ(H_{ρστ} H^{ρστ} ). (3.2) Here, λ and μ represent the effects of field redefinitions of the form δg_{μν} = λH_{μρσ}H_ν^{ρσ}, δϕ = −^1_2 μH_{ρστ} H^{ρστ} . (3.3)

With g_{μν} and b_{μν} as given by Eq. (2.7), we find, using identities given in the Appendix,

β̄^{G(2)} =^1_{32} { −4XW^2 + 4X^2 + 4λW W̃^2W + 8(1 − λ)W^2W̃^2 − 8(1 − λ)W W̃ W W̃ + 4(1 − 2λ)X̃(W W̃ + W̃ W ) − 8(1 − 2λ)X̃^2 − 4(3 − 2λ)XW̃^2 − 8(1 − λ)W̃ XW̃ + 4(1 − λ)W̃ W^2W̃ + 4W̃^4 − (1 − 2λ)(tr[W̃^2W^2 + tr[W^2]W̃^2) + tr[W^2]W^2 + tr[W̃^2]W̃^2 − 2λtr[W̃^2]X − 2λtr[W̃^2W ]W + 2(λ + 3μ)∂_0tr(W̃^2)W } + transpose,

(3.4)

β̄^{B(2)} =^1_8 { 2XX̃ − W^2X̃ − X(W W̃ + W̃ W ) + 2λW W̃^3 + (1 − 2λ)X̃W̃^2 + 2(1 − λ)W̃ X̃W̃ − 2(1 − λ)W̃ W W̃^2 +^1_2 tr[W^2]W W̃ −^1_2 (1 − 2λ)tr[W̃^2]W W̃ −^1_2 λtr[W̃^2]X̃ −^1_2 λtr[W W̃^2]W̃ +^1_2 (λ + 3μ)∂_0tr(W̃^2)W̃ } − transpose,

(3.5)

β̄^{g(2)}_{00} =^1_4 Tr[−X^2 + XW^2 −^1_4 W^4 + (1 − λ)X̃^2 − (1 − λ)(X̃W W̃ + X̃W̃ W ) + (1 − λ)W W̃ W W̃ − W^2W̃^2 + (3 − λ)XW̃^2 −^3_4 W̃^4 − (λ + 3μ)∂^2_0 (W̃^2) ] , (3.6)

β̄^{Φ(2)} =^1_{128} Tr[Ṁ ηṀηṀηṀ η] −^1_{256} ( Tr[ṀηṀ η] )_2

−^1_4 (λ + 3μ)Tr[X̃^2 + 2XW̃^2 + W W̃ W W̃ − X̃(W W̃ + W̃ W ) − W^2W̃^2 − W̃^4 +^1_4 tr[W̃^2] ( tr[W^2] − tr[W̃^2] ) − tr[X̃W̃ − W̃^2W ]Φ̇] −^1_8 λ ( tr[W̃^2]Φ̈ + tr[W̃^2W ]Φ̇ ) .

(3.7)

The O(d, d) invariance is not immediately manifest at two loops; for instance, β̄^{g(2)}_{00} and β̄Φ(2) cannot be written in terms of the traces of products of an even number of Mη and its derivatives. However, we may take advantage of the possibility of redefining the fields by (G_r )_{ij} =G_{ij} + δG_{ij} , (B_r )_{ij} = B_{ij} + δB_{ij} (g_r)_{00} = g_{00} + δg_{00}, Φ_r =Φ + δΦ, S_r = S + δS,

(3.8)

with M_r, β^{Mr} and β̄^{Mr} defined as in Eqs. (2.11), (2.14) and (2.15), but with G replaced by G_r , etc. Of course, in order to maintain the global O(d, d) symmetry, the variations in Eq. (3.8) should only depend on t. Note that here again we have included a general g_{00}. The idea that duality invariance might require corrections at higher orders was put forward in Ref. [12], and an early example in the current context for a particular string background was given in Ref. [13]. The two-loop corrections required for T -duality of the general string effective action were obtained in Ref. [14], and the invariance of the β-functions was discussed in the torsion-free case in Refs. [9], [15].

The changes in Eq. (3.8) induce corresponding modifications in the β̄-functions according to

δβ̄^G = ( β^G_{kl} ∂ ∂G_{kl} + β^g_{00} ∂ ∂g_{00} + β^B_{kl} ∂ ∂B_{kl} ) δG − Δβ^G + ( δS +^1_2 δΦ̇ ) W δβ̄^B = ( β^G_{kl} ∂ ∂G_{kl} + β^g_{00} ∂ ∂g_{00} + β^B_{kl} ∂ ∂B_{kl} ) δB − Δβ^B + (δS +^1_2 δΦ̇)W̃

δβ̄^g_{00} = ( β^G_{kl} ∂ ∂G_{kl} + β^B_{kl} ∂ ∂B_{kl} ) δg_{00} − Δβ^g_{00} − 2 ( δṠ +^1_2 δΦ̇ )

δβ̄^Φ = ( β^G_{kl} ∂ ∂G_{kl} + β^B_{kl} ∂ ∂B_{kl} + β^g_{00} ∂ ∂g_{00} ) δΦ −^1_2 δΦ̈ −^1_4 tr[W ]δΦ̇

−^1_2 δg^{00}[Φ̈ +^1_2 tr[W ]Φ̇] −^1_4 δġ_{00}Φ̇ + Φ̇ ( δS +^1_2 δΦ̇ ) ,

(3.9)

where Δβ^G = β^{Gr} (G_r , B_r, (g_r)_{00}) − β^{Gr} (G, B, g_{00}), (3.10)

and similarly for Δβ^B, Δβ^g_{00}. Note that we could restore g_{00} = −1 by making a co-ordinate redefinition; such a diffeomorphism leaves the β̄-functions unaltered[10][16], and the overall changes in the β̄-functions would therefore remain as given by Eq. (3.9). We should also mention at this point that we could alternatively (and equivalently) keep the fields G_{ij} , B_{ij} , Φ and S fixed, and instead change the duality transformations Eq. (2.13). However, the approach we have adopted is more convenient calculationally.

Taking in Eq. (3.9)

δG =^1_4 (−g^{00})G[W^2 − (1 − 2λ)W̃^2], δg_{00} = −^1_4 λtr[W̃^2], δB =^1_4 (−g^{00})G(W W̃ + W̃ W ), δΦ = −^1_4 (λ + 3μ)(−g^{00})tr[W̃^2], δS =^1_{16} λ(−g^{00})(2tr[X̃W̃ − 2W̃^2W ] + tr[W̃^2]tr[W ]),

(3.11) we find

δβ̄^{G(2)} =^1_8 ( −X^2 + (1 − 2λ)X̃^2 + 2XW^2 + 2λX̃W W̃ + (1 − λ)[2W̃ XW̃ + 2XW̃^2 − 2X̃W̃ W − 2W^2W̃^2 + 2W W̃ W W̃ + W W̃^2W ] + (λ − 2)W̃ W^2W̃ − W^4 )

+^1_{32} ( (1 − 2λ)(tr[W̃^2]W^2 + tr[W^2]W̃^2) − tr[W^2]W^2 − tr[W̃^2]W̃^2

+ 2λtr[W̃^2]X + 2λtr[W̃^2W ]W ) + transpose,

(3.12)

δβ̄^{B(2)} =^1_4 ( −XX̃ + X̃W^2 + XW W̃ + (1 − λ)[−X̃W̃^2 + W̃^3W + W̃^2W W̃ − W̃ X̃W̃ ] − W^3W̃ )

+^1_8 [ −^1_2 tr[W^2]W W̃ +^1_2 (1 − 2λ)tr[W̃^2]W W̃ +^1_2 λtr[W̃^2]X̃ +^1_2 λtr[W W̃^2]W̃ ] − transpose,

(3.13)

δβ̄^{g(2)}_{00} =^1_8 tr[2XW^2 − 2W^4 − 2(1 − λ)XW̃^2 − 2(1 + λ)X̃(W̃ W + W W̃ ) + 4W^2W̃^2 + (1 + 2λ)W W̃ W W̃ − W̃^4 + 2λX̃^2].

(3.14)

δβ̄^{Φ(2)} = −^1_4 (λ + 3μ) ( tr[−2XW̃^2 + W^2W̃^2 + W̃^4 + X̃(W W̃ + W̃ W )

− W W̃ W W̃ − X̃^2] + Φ̇tr[X̃W̃ − W̃^2W ] +^1_4 tr[W̃^2 − W^2]tr[W̃^2] )

+^1_8 λ ( tr[W̃^2]Φ̈ + tr[W̃^2W ]Φ̇ ) . (3.15)

Combining Eqs. (3.4)–(3.7) with Eqs. (3.12)–(3.15), substituting in Eq. (2.15), and using the results in the Appendix, we now find that we have up to this order

β̄^Mr =^1_2 (M̈_r + Ṁ_r ηṀ_rηM_r − Φ̇Ṁ_r ) −^1_8 (M̈_r ηṀ_rηṀ_r + Ṁ_rηṀ_rηM̈_r) −^1_4 Ṁ_rηṀ_rηṀ_rηṀ_rηM_r, β̄^gr_{00} = ( Φ̈ +^1_8 Tr[Ṁ_rηṀ_rη] −^1_2 g^{00}ġ_{00}Φ̇ ) +^1_8 Tr[M̈_rηM̈_rη] −^5_{32} Tr[Ṁ_rηṀ_rηṀ_rηṀ_rη], β̄^Φr =(−g^{00})(^1_2 Φ̈ −^1_2 Φ̇^2 −^1_4 g^{00}ġ_{00}Φ̇)

+^1_{128} Tr[Ṁ_r ηṀ_rηṀ_rηṀ_rη] −^1_{256} ( Tr[Ṁ_rηṀ_rη]

)_2 .

(3.16)

The O(d, d) invariance is now manifest; as at one loop, when M_r and Φ transform according to Eq. (2.13), β̄^{Mr} transforms according to Eq. (2.19), and β̄^{(gr)}_{00} and β̄^{Φr} are invariant.

The calculation of Ref. [8] uses the action corresponding to a scheme with λ = μ = 0; this action was singled out in Ref. [17] as being the unique ghost-free two-loop string effective action in the presence of torsion, and in the present context appears to lead to the most economical demonstration of invariance, although its use is not mandatory. In this scheme, although there is no need to redefine g_{00}, it is certainly still necessary to include a general g_{00} at intermediate stages of the calculation for the β̄-functions (due to the^∂_{∂g00} term in Eqs. (3.9)), whereas the invariance of the action can be shown with g_{00} = −1 throughout. This is a confirmation that the invariance of the β̄-functions is not simply a consequence of the invariance of the action. Note that the parts of the redefinitions in Eq. (3.11) involving λ and μ are essentially undoing those in Eq. (3.3). Nevertheless, it is a valuable exercise to perform the calculation for general λ and μ because it gives a foretaste of the kinds of field redefinition we shall be obliged to use in the three-loop case.

4. The three-loop case

In this section, we shall show the O(d, d) invariance of the β̄-functions for fields only depending on t at three loops in the absence of torsion. At three loops, the β-functions for a general theory are given by[18] β^{g(3)}_{μν} =^1_8 ∇_ρR_{μσκλ}∇^ρR_ν^{σκλ} −^1_{16} ∇_μR_{ρσκλ}∇_ν R^{ρσκλ} −^1_2 R_{μρστ} R_{νκλ}^τ R^{ρλσκ} −^3_8 R_{μρσν} R^{ρκλτ} R^σ_{κλτ} , (4.1)

and[19]

β^{Φ(3)} = −^3_{16} R^{μλρσ}R^ν_{λρσ}∇_μ∇_νϕ +^1_{32} R_{μνρσ}R^{ρσκλ}R_{κλ}^{μν} −^1_{24} R_{μνρσ}R^{κσλν} R_κ^ρ_λ^μ, (4.2) with[19] S^{(3)}_μ =^1_{64} ∇_μ ( R_{κλρσ}R^{κλρσ} ) . (4.3) Specialising to g_{μν} as in Eq. (2.7), we find, with the help of various identities given in the Appendix,

β̄^{G(3)} =^1_{32} { −Y^2 + X^3 − 2W X^2W − XW^2X + 2Y XW + 2Y W X − 2Y W^3 − W XW X + 2W XW^3 + (tr[XW^2] −^3_4 tr[X^2] −^3_8 tr[W^4] −^1_8 (tr[W^2])^2)W^2 +^3_2 tr[X^2 − XW^2 +^1_4 W^4]X + tr[W^2](XW^2 −^1_4 W^4 −^3_4 X^2) +^3_4 (tr[XW − W^3])(W^3 − 2XW ) +^1_8 ( −tr[XW ]tr[W^2] + tr[W^5] − 4tr[XY ] + 2tr[Y W^2] +^5_2 tr[W^2]tr[W^3]

+ 14tr[X^2W ] − 13tr[XW^3] ) W } + transpose.

(4.4) β̄^{G(3)}_{00} =^1_{64} tr[−18X^3 + 4XZ − 2ZW^2 + 4Y^2 + 13Y W^3 − 14Y (XW + W X) + 46X^2W^2 + 13XW XW − 39XW^4 + 6W^6] +^1_{256} tr[W^2]tr[4Y W − 22XW^2 + 4X^2 + 13W^4] +^1_{64} tr[XW − W^3]tr[3XW − 2W^3].

(4.5)

β̄^{Φ(3)} =^1_{64} tr[2Y^2 + 2X^3 − 4Y (XW + W X) + 4Y W^3 + 3XW XW − 2XW^4 −^2_3 W^6] +^1_{128} tr[2Y W^2 − 4XY + 14X^2W − 13XW^3 + W^5]Φ̇ +^3_{128} tr[4X^2 − 4XW^2 + W^4]Φ̈ −^1_{256} tr[4XW^2 − 3W^4]tr[W^2] +^1_{128} ( 3tr[W^3]^2 − 7tr[XW ]tr[W^3] + 4tr[XW ]^2 ) −^1_{256} tr[2XW − 5W^3]tr[W^2]Φ̇.

(4.6)

Once again, the O(d, d)-invariance is far from manifest, and we are obliged to resort to field redefinitions. Using redefinitions as in Eqs. (A.11)–(A.14), we find variations of the β̄-functions as in Eqs. (A.15)–(A.18). Taking the particular values of the coefficients as given in Eq. (A.19), we find, on combining Eqs. (A.15)–(A.18) with

Eqs. (4.4)–(4.6), and substituting in Eq. (2.15), that we can write

β̄^Mr^{(3)} =^1_{32} ( M^{(3)}_r ηṀ_rηṀ_rηṀ_rηM_r + Ṁ_rηṀ_rηṀ_rηM^{(3)}_r ηM_r − M̈_rηM̈_rηM̈_r )

−^1_{16} M^{(3)}_r ηM̈_rηṀ_r −^1_{32} ( M̈_rηM̈_rηṀ_rηṀ_rηM_r + Ṁ_rηṀ_rηM̈_rηM̈_rηM_r )

−^3_{64} ( M̈_r ηṀ_rηM̈_rηṀ_rηM_r + Ṁ_r ηM̈_rηṀ_rηM̈_rηM_r ) +^1_{32}M̈_r ηṀ_rηṀ_rηM̈_rηM_r −^3_{32} Ṁ_rηM̈_rηM̈_rηṀ_rηM_r +^3_{16} ( M̈_r ηṀ_rηṀ_rηṀ_rηṀ_r + Ṁ_r ηṀ_rηṀ_rηṀ_rηṀ_rηṀ_rηM_r )

+^1_{128} tr[Ṁ_rηṀ_rη] ( M̈_rηṀ_rηṀ_r + Ṁ_rηṀ_rηṀ_rηṀ_rηM_r )

+^1_{32} ( tr[M^{(3)}_r ηṀ_rη + Ṁ_r ηṀ_rηṀ_rηṀ_rη] +^1_4 tr[Ṁ_r ηṀ_rη]^2 ) [M̈_r + Ṁ_rηṀ_rηM_r] −^1_{16} tr[M̈_rηṀ_rη] ( M^{(3)}_r + 3M̈_rηṀ_rηM_r +^{33}_{16} Ṁ_rηṀ_rηṀ_r )

+^1_{256} ( tr[16M^{(3)}_r ηM̈_rη − 61M̈_rηṀ_rηṀ_rηṀ_rη] − 4tr[Ṁ_rηṀ_rη]tr[M̈_rηṀ_rη] ) Ṁ_r + transpose,

(4.7) β^{g(3)}_{00} = −^{33}_{128} tr[M̈_rηṀ_rηM̈_rηṀ_rη] +^{59}_{128} tr[M^{(3)}_r ηṀ_rηṀ_rηṀ_rη] +^3_{32} tr[M^{(3)}_r ηM^{(3)}_r η] +^{15}_{128} tr[(Ṁ_rη)^6]

−^1_{256} tr[Ṁ_rηṀ_rη]tr[M̈_r ηM̈_rη] −^9_{256} ( tr[M̈_rηṀ_rη]

)_2 , (4.8)

β^{Φ(3)} = −^{29}_{256} tr[M̈_rηṀ_rηṀ_rηṀ_rη]Φ̇ −^1_{512} tr[M̈_rηṀ_rη]tr[Ṁ_rηṀ_rη]Φ̇ +^1_{512} tr[(Ṁ_r η)^4]tr[(Ṁ_rη)^2] −^1_{384} tr[(Ṁ_rη)^6]

+^3_{256} ( tr[M̈_rηṀ_rη]

)_2 −^1_{512} (tr[Ṁ_r ηṀ_rη])^3.

(4.9)

In these equations M_r is defined by Eq. (2.11), but with B = 0. Once again, the O(d, d) invariance is now manifest; when M and Φ transform according to Eq. (2.13), β̄^{Mr} transforms according to Eq. (2.19), and β̄^{(gr)}_{00} and β̄^{Φr} are invariant. We have tried to choose the field redefinitions in order to minimise the number of terms which appear here–clearly with only partial success. However, we should stress that it is very non-trivial and apparently miraculous that an O(d, d)-invariant form could be found at all, since there are many more constraints than there are free parameters.

5. Conclusions

In this paper we have shown explicitly that the conformal invariance conditions are form-invariant under O(d, d) transformations up to two loops for the general case with torsion. In principle, it should be possible to compare our results with the two-loop results of Ref. [13] which were established for a specific background. We have also demonstrated the O(d, d) invariance up to three loops in the torsion-free case. We should mention, however, that we expect at three loops that in the presence of torsion, assuming that O(d, d) invariance is still preserved, the various β̄-functions will still adopt the form of Eqs. (4.7)–(4.9), but with M_r now including B as in Eq. (2.11). The three-loop β-function in the presence of torsion has been calculated[20], but evidently the inclusion of torsion in the present computation would be prohibitively complex. Finally, it is interesting that we found it essential to keep g_{00} as a variable during the calculation, even though we set g_{00} = −1 at the end of the calculation. It is not clear how this is accounted for in the argument for all-orders O(d, d) invariance presented in Ref. [7], where the gauge g_{00} = −1 was chosen from the outset. Presumably one could in fact demonstrate O(d, d)-invariance with a general t-independent g_{00}, without setting g_{00} = −1 at the end, though this would be somewhat tedious.

Acknowledgements

S.P. was supported by a PPARC Graduate Studentship.

Appendix A.

In this appendix we list various identities which were useful in our calculations. Firstly here are the results we used to express the two-loop β-functions in terms of W , W̃ etc. in the two loop case:

R_{iμνρ}R_j^{μνρ} =^1_4 [2X^2 − XW^2 − W^2X]_{ij} +^1_8 tr[W^2]W^2_{ij} , ∇_iH_{αβγ}∇_jH^{αβγ} = −^3_4 tr[W̃^2]W^2_{ij} +^3_2 (W W̃^2W )_{ij} , ∇_μH_{iνρ}∇^μH_j^{νρ} = −^1_4 tr[W̃^2]W^2_{ij} −^1_2 tr[W^2]W̃^2_{ij} +^1_2 (W^2W̃^2 + W̃^2W^2 − W W̃ W W̃ − W̃ W W̃ W − W W̃^2W + 2X̃W W̃ + 2X̃W̃ W + 2W W̃ X̃ + 2W̃ W X̃ − 4X̃^2)_{ij} , R^μ_{ijν} H_{μαβ}H^{ναβ} =^1_4 tr[W̃^2](−2X_{ij} + W^2_{ij} ) +^1_2 (W W̃^2W )_{ij} −^1_2 tr[W̃^2W ]W_{ij} , R^μ_{νρi}H_{jσμ}H^{νρσ} =^1_4 (−2XW̃^2 + W^2W̃^2 − W W̃ W W̃ )_{ij} , R_{μνρσ}H_i^{μρ}H_j^{νσ} =(W̃ XW̃ −^1_2W̃ W^2W̃ )_{ij} , H_{μνρ}H_σ^{νρ}H^μ_{iτ} H_j^{τσ} =2W̃^4_{ij} + tr[W̃^2]W̃^2_{ij} , H_{iμν} H_{jρσ}H_τ^{μρ}H^{τνσ} =2W̃^4_{ij} .

(A.1)

R_{αβγi}∇^βH_j^{αγ} =^1_8 (2W^2X̃ + 2XW̃ W + 2XW W̃ − 4XX̃ − W^2W̃ W + W W̃ W^2 − tr[W^2]W W̃ )_{ij} , ∇_α(H_{iβγ}H_j^{βδ})H_δ^{αγ} =(2W W̃^3 − W̃^2W W̃ + W̃ W W̃^2 − 2X̃W̃^2)_{ij} , ∇_α(H_β^{γδ}H_{γδi})H_j^{βα} =(2X̃W̃^2 + 2W̃ X̃W̃ − W W̃^3 − 2W̃ W W̃^2 −^1_2 tr[W̃^2]W W̃ )_{ij} , ∇_αH_{ijβ} H^α_{ρσ}H^{βρσ} =^1_2 tr[W̃^2](W W̃ + W̃ W − 2X̃)_{ij} + (W W̃^3 + W̃^3W − tr[W W̃^2]W̃ )_{ij} .

(A.2)

R_{0μνρ}R_0^{μνρ} = −^1_8 tr[4X^2 − 4XW^2 + W^4], ∇_0H_{μνρ}∇_0H^{μνρ} =3∇_μH_{0νρ}∇^μH_0^{νρ} = 3tr[X̃^2 − X̃(W W̃ + W̃ W ) +^1_2 (W W̃ W W̃ + W^2W̃^2)], R^μ_{00ν} H_{μρσ}H^{νρσ} =2R^μ_{νρ0}H_{0σμ}H^{νρσ} = tr[XW̃^2 −^1_2 W^2W̃^2], R_{μνρσ}H_0^{μρ}H_0^{νσ} = −^1_4 tr[W̃ W W̃ W ], H_{μνρ}H_σ^{νρ}H^μ_{0τ} H_0^{τσ} =2H_{0μν} H_{0ρσ}H_τ^{μρ}H^{τνσ} = −2tr[W̃^4].

(A.3)

Next, here are the identities we used to write β̄^M in terms of M at two loops: Ṁ = ( −W G�^1 W P − W̃ G(W̃ − P W )G�^1 G(W + P W P − W̃ P − P W̃ ) ) , M̈ = ( AG�1_{−AP + B} G(P A + B^T )G�^1 G(X − B^T P + P B + P AP ) ) , (A.4)

where P = G�^1B, A = 2W^2 − X, B = 2W W̃ − X̃. (A.5) Tr[Ṁ ηṀη] =tr[W^2 − W̃^2] Tr[ṀηṀ ηṀηṀη] =Tr[W^4 + W̃^4 − 4W^2W̃^2 + 2W W̃ W W̃ ].

(A.6)

Now here are the identities for writing the three-loop β̄-functions in terms of W , etc:

∇_ρR_{iσκλ}∇^ρR_j^{σκλ} = −^1_2 Y^2 +^1_2 (Y XW + XW Y + Y W X + W XY ) −^1_2 (Y W^3 + W^3Y ) −^1_4 XW^2X −^3_8 W X^2W +^1_4 (W^2X^2 + X^2W^2) −^1_2 (XW XW + W XW X) +^5_{16} (W XW^3 + W^3XW ) −^3_8 W^2XW^2 +^3_8 W^6 −^7_{32} (tr[W^4]W^2 + tr[W^2]W^4) −^3_8 tr[W^2]X^2 −^1_4 tr[X^2]W^2 +^3_8 tr[XW^2]W^2 +^1_4 tr[W^2](XW^2 + W^2X) −^7_{16} tr[W^3]W^3 +^1_4 tr[W^3](XW + W X) +^3_8 tr[XW ]W^3 −^1_8 tr[XW ](XW + W X), ∇_iR_{ρσκλ}∇_jR^{ρσκλ} =^1_2 W X^2W −^1_4 (W^3XW + W XW^3) −^1_2 W^2XW^2 +^1_2 W^6 −^1_8 (tr[W^2]W^4 + tr[W^4]W^2) −^1_2 tr[X^2]W^2 +^1_2 tr[XW^2]W^2 −^1_4 tr[W^3]W^3 +^1_2 tr[XW ]W^3, R_{iρστ} R_{jκλ}^τ R^{ρλσκ} = −^1_8 X^3 +^1_{16} XW^2X +^1_{16} (X^2W^2 + W^2X^2) −^1_{16} W XW X + XW XW ) −^1_{32} W^2XW^2 +^1_{32} (W XW^3 + W^3XW ) +^1_{32} W^6 −^1_{32} tr[W^2]W^4 −^1_{64} tr[W^4]W^2 +^1_{64} (tr[W^2])^2W^2 +^1_{16} tr[XW ](W X + XW ) +^1_{64} tr[W^3]W^3 −^1_{16} tr[XW ]W^3 −^1_{32} tr[W^3](XW + W X), R_{iκλj} R^{κρστ} R^λ_{ρστ} =^1_4 ( tr[X^2] − tr[XW^2] +^1_4 tr[W^4] ) (^1_2 W^2 − X) +^1_{32} tr[W^2]W^4 +^1_8 (tr[XW^3] − tr[X^2W ] −^1_4 tr[W^2]tr[W^3])W +^1_8 W X^2W −^1_{16} (W^3XW + W XW^3), ∇_i∇_j (R_{μνρσ}R^{μνρσ}) = −^1_4 (4tr[XY ] − 8tr[X^2W ] − 2tr[Y W^2] + 7tr[XW^3] − tr[W^5] + tr[XW ]tr[W^2] − tr[W^3]tr[W^2]) (A.7)

∇_ρR_{0σκλ}∇^ρR_0^{σκλ} =^1_2 tr[Y^2] + tr[XW XW ] +^3_8 tr[W^6] − tr[Y XW ] − tr[Y W X] + tr[Y W^3] +^7_8 tr[X^2W^2] −^7_4 tr[XW^4] +^1_{16} tr[W^4]tr[W^2] +^1_8 tr[W^2]tr[X^2] +^1_{16} (tr[W^3])^2 −^1_8 tr[W^3]tr[XW ] −^1_8 tr[W^2]tr[XW^2], ∇_0R_{ρσκλ}∇_0R^{ρσκλ} =tr[Y^2] − 2tr[Y XW ] − 2tr[Y W X] + 2tr[Y W^3] + 2tr[XW XW ] +^3_2 tr[X^2W^2] − 3tr[XW^4] +^1_2 tr[W^6] +^1_4 tr[X^2]tr[W^2] −^1_2 tr[XW^2]tr[W^2] +^1_4 tr[W^4]tr[W^2] +^1_4 (tr[W^3 − XW ])^2, R_{0ρστ} R_{0κλ}^τ R^{ρλσκ} =^1_{32} tr[4X^3 − 6X^2W^2 + 2XW XW + XW^4] −^1_{64} { (tr[W^3])^2 − 4tr[XW ]tr[W^3] + 4(tr[XW ])^2 } , R_{0κλ0}R^{κρστ} R^λ_{ρστ} =^1_4 tr[X^3] −^3_8 tr[X^2W^2] +^1_8 tr[XW^4] +^1_{16} tr[W^2]tr[XW^2] −^1_{32} tr[W^2]tr[W^4], ∇_0∇_0(R_{μνρσ}R^{μνρσ} ) =^1_2 ( 4tr[XZ] + 4tr[Y^2] − 14tr[Y W X] − 14tr[Y XW ] − 8tr[X^3] + 30tr[X^2W^2] + 15tr[XW XW ] − 2tr[ZW^2] + 13tr[Y W^3] − 33tr[XW^4] + 5tr[W^6] + tr[Y W ]tr[W^2] + tr[X^2]tr[W^2] + 2(tr[XW ])^2 − 5tr[XW^2]tr[W^2] − 4tr[XW ]tr[W^3] + 3tr[W^4]tr[W^2] + 2(tr[W^3])^2 ) .

(A.8)

The following are the identities needed to write β̄^M in terms of M at three loops (here M is defined by Eq. (2.11), but with B = 0):

M^{(3)}ηM̈ηṀ = ( (Y − 3W X − 3XW + 6W^3)XW 0 0 Y (−X + 2W^2)W )

M^{(3)}ηṀηṀηṀηM = ( (Y − 3W X − 3XW + 6W^3)W^3 0 0 Y W^3 )

M̈ ηM̈ηM̈ = ( X^3 − 2X^2W^2 − 2W^2X^2 + 4W^2XW^2 0 0 −X^3 + 2XW^2X )

M̈ ηM̈ηṀηṀηM = ( X^2W^2 0

0 X^2W^2 − 2XW^4 )

M̈ ηṀηM̈ηṀηM = ( XW XW − 2W^3XW − 2XW^4 + 4W^6 0 0 XW XW )

M̈ ηṀηṀηM̈ηM = ( XW^2X − 2W^4X 0

0 XW^2X − 2XW^4 )

Ṁ ηM̈ηM̈ηṀηM = ( W X^2W − 2W XW^3 0

0 W X^2W − 2W^3XW )

M̈ ηṀηṀηṀηṀ = ( −XW^4 + 2W^6 0

0 XW^4 )

ṀηṀ ηṀηṀηṀηM = ( −W^6 0

0 −W^6 ) . (A.9) tr[M^{(4)}ηM̈η] =2tr[−ZX + 2W Y X + 2W XY + 3X^3 + W^2Z

− 12W^2X^2 − 6XW XW + 12W^4X]

tr[M^{(3)}ηM^{(3)}η] =2tr[−Y^2 + 3W XY + 3XW Y − 6W^3Y ]

tr[M^{(3)}ηṀ ηṀηṀη] =2tr[Y W^3 − 3XW^4 + 3W^6]

tr[M̈ηM̈ ηṀηṀη] =2tr[X^2W^2 − 2XW^4]

tr[M̈ηṀ ηM̈ηṀη] =2tr[XW XW − 2XW^4 + 2W^6] tr[Ṁ ηṀηṀηṀ ηṀηṀη] = − 2tr[W^6] tr[M^{(3)}ηṀη] =2tr[−Y W + 3XW^2 − 3W^4]

(A.10)

Finally, the following is the general form of field redefinition we need to consider in Eq. (3.8) up to three loops:

δG =^1_4 (−g^{00})W^2 + α_1X^2 + α_2(XW^2 + W^2X) + α_3W XW + α_4W^4

+ [β_1tr(W^3) + β_2tr(XW )]W + tr(W^2)(γ_1W^2 + γ_2X)

+ ġ^{00}(λ_1(XW + W X) + λ_2W^3),

(A.11) δg_{00} =(−g^{00}) [ ϵ_1tr(W^4) + ϵ_2tr(XW^2) + ϵ_3tr(X^2) ] + ġ_{00}

[_1 2 ϵ_2tr(W^3)

+ ϵ_3tr(XW ) ] , (A.12)

δΦ = κ_1tr[W^4]+κ_2tr[XW^2]+κ_3tr[X^2]+κ_4(tr[W^2])^2 +ġ_{00}(μ_1tr[XW ]+μ_2tr[W^3]), (A.13)

(δS)_0 =δ_1tr[W^5] + δ_2tr[XW^3] + δ_3tr[X^2W ] + δ_4tr[XY ]

+ δ_5tr[Y W^2] + δ_6tr[W^3]tr[W^2] + δ_7tr[XW ]tr[W^2]

+^1_4 [ ϵ_1tr(W^4) + ϵ_2tr(XW^2) + ϵ_3tr(X^2) ] tr(W ).

(A.14)

These redefinitions lead using Eq. (3.9) to changes in the β̄-functions given by

δβ̄^{G(3)} = { −^1_2 α_1Y^2 + (^1_2 α_1 − α_2 +^1_{16} )Y XW + (^1_2 α_1 − α_2)Y W X + (^1_{16} − α_3)W Y X + (2α_2 −^1_{16} )Y W^3 + (α_3 −^1_{16} )W Y W^2 − (α_1 + α_2 +^1_2 α_3)X^3 + (α_1 +^3_2 α_3 − α_4 −^1_8 )X^2W^2 + (α_2 +^1_2 α_3 − α_4 −^5_{32} )XW XW +^1_4 (3α_1 + 6α_2 − 2α_4 −^1_{16} )XW^2X −^1_4 (α_1 − 2α_2 + 2α_3 + 2α_4 +^3_{16} )W X^2W − (α_1 + α_2 − 3α_4 −^1_4 )XW^4 −^1_2 (2α_2 − α_3 − 4α_4 −^3_8 )W XW^3 + (α_2 − α_3 + α_4 +^1_8 )W^2XW^2 −^1_2 (2α_2 + α_3 + 6α_4 +^7_{16} )W^6 −^1_4 tr[W^2](α_1X^2 + (2α_2 −^1_{16} )XW^2 + (α_3 −^1_{16} )W XW + (α_4 +^3_{32} )W^4 } + transpose + [ 3β_1tr(−X^2W + 2XW^3 − W^5) + β_2tr(−XY + Y W^2 − W^5 + XW^3) ] W + [ (δ0_{1 + ϵ1)tr(W} 5_{) + (δ}0_{2 − ϵ1 +} 3_{4 ϵ2)tr(XW} 3_)

+ (δ0_3 −^1_2 ϵ_2 +^1_2 ϵ_3)tr(X^2W ) + (δ0_4 −^1_2 ϵ_3)tr(XY ) + (δ0_5 −^1_4 ϵ_2)tr(Y W^2) + δ0_6tr(W^3)tr(W^2) + δ0_7tr(XW )tr(W^2) ] W + [ 3β_1tr(XW^2 − W^4) + β_2tr(Y W + X^2 − 2XW^2) ] (W^2 − X) +^1_2 [ ϵ_1tr(W^4) + ϵ_2tr[XW^2] + ϵ_3tr(X^2) ] (W^2 − X) −^1_2 [ β_1tr(W^3) + β_2tr(XW ) ] tr(W^2)W + tr(−X^2 + 2XW^2 − W^4)(γ_1W^2 + γ_2X) −^1_{64} tr[4X^2 − 4XW^2 + W^4]W^2 − tr(XW − W^3) [ 2γ_1(XW + W X − 2W^3) + γ_2(2Y − W X − XW ) −^1_{16} W^3 ] − (γ_1 + γ_2)tr(W^2)(X^2 − XW^2 − W^2X + W^4) −^1_2 [tr(W^2)]^2(γ_1W^2 + γ_2X) +^1_4 tr[Y − 3XW + 2W^3] [ (α_1 + 2λ_1)(XW + W X) + (2α_2 + α_3 + 2λ_2)W^3 + (β_2 + γ_2)tr[W^2]W ] +^1_2 tr[XW − W^3][λ_1(XW + W X) + λ_2W^3],

(A.15) where

δ0_{1 = δ1 − 2κ1, δ}0_{2 = δ2 + 2κ1 −} 3_{2 κ2,} δ0_{3 = δ3 + κ2 − κ3, δ}0_{4 = δ4 + κ3,} δ0_{5 = δ5 +} 1_{2 κ2, δ}0_{6 =δ6 − 2κ4, δ}0_{7 = δ7 + 2κ4.}

(A.16)

δβ̄^{g(3)}_{00} =^1_2 tr { (−α_1 + 2α_2 + 2α_3 − 8δ0_2 + 8δ0_3 − 8ϵ_2 + 10ϵ_3 −^{35}_{16} )X^2W^2 + (−α_1 + 2α_2 − 4δ0_2 + 4δ0_3 − ϵ_2 + 2ϵ_3 −^{11}_{16} )XW XW + (2α_2 + α_3 − 4δ0_2 + 12δ0_5 + 4ϵ_1 − 2ϵ_2 −^1_2 )Y W^3 + (α_1 − 4δ0_3 + 4δ0_4 − 4δ0_5 + ϵ_2 − 2ϵ_3 +^1_4 )(Y XW + XY W ) + (−6α_2 − 3α_3 + 4α_4 − 20δ0_1 + 16δ0_2 − 12ϵ_1 + 10ϵ_2 − 4ϵ_3 +^{31}_8 )XW^4 + (−4α_4 + 20δ0_1 + 8ϵ_1 − 2ϵ_2 −^3_2 )W^6 + (−4δ0_5 + ϵ_2)ZW^2 + (−4δ0_4 + 2ϵ_3)ZX + (−4δ0_3 − 6ϵ_3 +^1_2 )X^3 − 4δ0_4Y^2 + (β_1 + 2γ_1 − 8δ0_6 −^1_2 ϵ_2)tr[W^3][XW − W^3] + (3β_1 + 2γ_1 − 12δ0_6)tr[XW^2 − W^4]tr[W^2] + (β_2 + 2γ_2 − 8δ0_7 − ϵ_3)tr[XW ][XW − W^3] + (β_2 − 4δ0_7)tr[Y W + X^2 − 2XW^2]tr[W^2] + γ_2tr[Y W − XW^2]tr[W^2] −^1_2 tr(W^2) [ ϵ_1tr(W^4) + ϵ_2tr[XW^2] + ϵ_3tr(X^2) ]} .

(A.17)

δβ̄^{Φ(3)} =tr[−(κ_2 + 2κ_3)X^3 − κ_3Y^2 + (κ_3 − κ_2)(Y XW + Y W X) + 2κ_2Y W^3 + (κ_2 − 2κ_1)XW XW − (4κ_1 − 2κ_2 − 3κ_3)X^2W^2 − (κ_2 + 2κ_3 − 12κ_1 +^1_{32} )XW^4 − (6κ_1 + κ_2 −^1_{32} )W^6] −^1_2 tr[W^2]tr ( [κ_1 +^1_{16} ]W^4 + [κ_2 −^1_{16} ]XW^2 + κ_3X^2 ) − 2κ_4 ( tr[X^2 − 2XW^2 + W^4]tr[W^2] + 2(tr[XW − W^3])^2 + (tr[W^2])^3 ) + Φ̇ [ (δ0_{1 + ϵ1)tr(W} 5_{) + (δ}0_{2 − ϵ1 +} 3_{4 ϵ2)tr(XW} 3_)

+ (δ0_3 −^1_2 ϵ_2 +^1_2 ϵ_3)tr(X^2W ) + (δ0_4 −^1_2 ϵ_3)tr(XY ) + (δ0_5 −^1_4 ϵ_2)tr(Y W^2) + δ0_6tr(W^3)tr(W^2)

+ δ0_{7tr(XW )tr(W} 2_)^]_+ 1_{4 tr[Y − 3XW + 2W} 3_{]tr[2(κ3 − μ1)XW}

+ (κ_2 − 2μ_2)W^3] −^1_2 tr[XW − W^3]tr[μ_1XW + μ_2W^3] −^1_2 [ ϵ_1tr(W^4) + ϵ_2tr(XW^2) + ϵ_3tr(X^2) ] Φ̈.

(A.18)

In order to demonstrate O(d, d) invariance, we find that we need to take α_1 = −^1_{16} , α_2 =^1_{32} , α_3 =^1_{16} , α_4 = −^1_{32} , β_1 = −^1_8 , β_2 =^1_8 , γ_1 =^7_{64} , γ_2 = −^1_8 , λ_1 = −^1_2 α_1, λ_2 = −(α_2 +^1_2 α_3), δ_1 =^3_{16} , δ_2 = 0, δ_3 = −^{15}_{64} , δ_4 =^3_{32} , δ_5 = −^3_{64} , δ_6 = −^7_{256} , δ_7 =^1_{64} , ϵ_1 =^3_{64} , ϵ_3 = − ϵ_2 =^3_{16} , κ_1 =^1_{128} , κ_3 = −κ_2 =^1_{32} , κ_4 = −^1_{128} , μ_1 = κ_3, μ_2 =^1_2 κ_2.

(A.19)

References

[1] J.E. Lidsey, D. Wands and E.J. Copeland, hep-th/9909061 [2] K.A. Meissner and G. Veneziano, Phys. Lett. B267 (1991) 33; Mod. Phys. Lett. A6 (1991) 3397 [3] A. Giveon, E. Rabinovici and G. Veneziano, Nucl. Phys. B322 (1989) 167;

A. Shapere and F. Wilcek, Nucl. Phys. B320 (1989) 669; A. Giveon, N. Malkin and E. Rabinovici, Phys. Lett. B220 (1989) 551 [4] M. Gasperini and G. Veneziano, Phys. Lett. B277 (1992) 256;

S.F. Hassan and A. Sen, Nucl. Phys. B375 (1992) 103 [5] T. Buscher, Phys. Lett. B194 (1987) 59 [6] A. Giveon and M. Roček, Nucl. Phys. B380 (1992) 128 [7] A. Sen, Phys. Lett. B271 (1991) 295 [8] K.A. Meissner, Phys. Lett. B392 (1997) 298 [9] P.E. Haagensen and K. Olsen, Nucl. Phys. B504 (1997) 326;

P.E. Haagensen, hep-th/9708110 [10] A.A. Tseytlin, Phys. Lett. B178 (1986) 34;

G.M. Shore, Nucl. Phys. B286 (1987) 349; G. Curci and G. Paffuti, Nucl. Phys. B286 (1987) 399 [11] R.R. Metsaev and A.A. Tseytlin, Phys. Lett. B191 (1987) 115; Nucl. Phys. B293 (1987) 385;

D. Zanon, Phys. Lett. B191 (1987) 363;

C.M. Hull and P.K. Townsend, Phys. Lett. B191 (1987) 115; I. Jack and D.R.T. Jones, Phys. Lett. B200 (1988) 453 [12] A.A. Tseytlin, Mod. Phys. Lett. A6 (1991) 1721 [13] J. Panvel, Phys. Lett. B284 (1992) 50 [14] N. Kaloper and K.A. Meissner, Phys. Rev. D56 (1997) 7940 [15] P.E. Haagensen, K. Olsen, R. Schiappa, Phys. Rev. Lett. 79 (1997) 3573 [16] H. Osborn, Nucl. Phys. B294 (1987) 595 [17] I. Jack and D.R.T. Jones, Nucl. Phys. B303 (1988) 260 [18] S.J. Graham, Phys. Lett. B197 (1987) 543;

A.P. Foakes and N. Mohammedi, Phys. Lett. B198 (1987)359; Nucl. Phys. B306 (1988) 343 [19] I. Jack, D.R.T. Jones and D.A. Ross, Nucl. Phys. B307 (1988) 531 [20] S.V. Ketov, A.A. Deriglazov and Y.S. Prager, Nucl. Phys. B332 (1990) 447