hep-th/9911175 23 Nov 1999

ON THE DUFFIN-KEMMER-PETIAU FORMULATION OF THE COVARIANT HAMILTONIAN DYNAMICS IN FIELD THEORY

Igor V. Kanatchikov^{∗†}

Laboratory of Analytical Mechanics and Field Theory Institute of Fundamental Technological Research Polish Academy of Sciences Świȩtokrzyska 21, Warszawa PL-00-049, Poland and Theoretisch-Physikalisches Institut Friedrich-Schiller-Universität Jena Max-Wien-Platz 1, 07743 Jena, Germany

(October 1999)

FSU TPI 11/99 hep-th/9911175

We show that the De Donder-Weyl (DW) covariant Hamiltonian field equations of any field can be written in Duffin-Kemmer-Petiau (DKP) matrix form. As a consequence, the (modified) DKP matrices fi^μ (5�5 in four space-time dimensions) are of universal significance for all fields admitting the DW Hamiltonian formulation, not only for a scalar field, and can be viewed as field theoretic analogues of the symplectic matrix, leading to the “k-symplectic” (k=4) structure. We also briefly discuss what could be viewed as the covariant Poisson brackets given by fi-matrices and the corresponding Poisson bracket formulation of DW Hamiltonian field equations.

In the end of the thirties is was observed [1] (see [2] for historical details) that the first order form of the Klein-Gordon and the Proca field equations can be represented in the Dirac-like matrix form β^μ∂_μU − mU = 0, (1) where β-matrices fulfill the relation

β^μβ^νβ^λ + β^λβ^νβ^μ = β^μδ^{νλ} + β^λδ^{νμ} (2)

which defines the so-called Duffin-Kemmer-Petiau (DKP) algebra (for a textbook introduction see, e.g., [3, 4]).

Later on similar considerations have been extended to higher-spin theories [5–7], gauge fields [8, 9], curved space-time [10], and even to the Einstein gravity [9, 11] and arbitrary non-linear equations (see [4,9,11] and the references therein). From a more mathematical point of view DKP algebras have been considered, e.g., in [7, 12–14].

�E-mail: ikanat@ippt.gov.pl, kai@tpi.uni-jena.de yOn leave from Tallinn Technical University, Tallinn, Estonia 1

The starting point of DKP formulation (1) is the Lagrangian framework since the components of the wave function U in (1) are essentially the field variables and their first space-time derivatives. For example, for the scalar field ϕ eq. (1) is a matrix formulation of the first order form of the Klein-Gordon equation �ϕ = m^2ϕ: ∂_μϕ = mϕ_μ, ∂_μϕ^μ = mϕ (3)

A particular representation of β-matrices arises from rewriting (3) in the form (1) using the column wave function U := (^1_m y_μ, y)^T .

Recently, we have argued that another first order form of the field equations is of interest in field theory since it represents a manifestly covariant generalization of the Hamiltonian formulation from mechanics to field theory [15]. We mean the so-called De Donder-Weyl (DW) formulation [16] which can be summarized as follows. Let us consider a field theory given by the Lagrangian density L = L(y^a, y^a_ν , x^μ) which is a function of field variables y^a, first derivatives (jets) of fields y^a_ν = ∂_ν y^a, and space-time variables x^μ (μ = 1, ..., n). Then we can define a set of variables p^μ_a := ∂L/∂y^a_μ, called polymomenta, and the analogue of the Hamilton canonical function H := p^μ_a y^a_μ − L = H(y^a, p^μ_a, x^ν), called the DW Hamiltonian function, such that the Euler-Lagrange field equations take the DW Hamiltonian form ∂_μy^a = ∂H/∂p^μ_a, ∂_μp^μ_a = −∂H/∂y^a. (4) A comparison of (4) with (3) suggests an idea of representing the DW Hamiltonian equations (4) in a matrix form similar to (1).

Let us first discuss what would be an analogue of the procedure under discussion for a mechanical system with a single degree of freedom. In this case we have the configuration space variable q and the conjugate momentum variable p which fulfill the Hamilton equations of motion ∂_tq = ∂H/∂p, ∂_tp = −∂H/∂q. (5) If we introduce a column matrix corresponding to the phase space vector z := (p, q)^T equations (5) can be written in the matrix form

∂_tz = ω�^1∂_zH, (6)

where ω := ( 0 1 −1 0 )

is the symplectic matrix. Alternatively, one can rewrite (6) in the form resembling (1) ω∂_tz = ∂_zH. (7)

The objective of this paper is to demonstrate that the DW Hamiltonian field equations (4) can be written in the form of DKP equations and to argue that in this case β-matrices can be viewed as field theoretic generalizations of the symplectic matrix in mechanics.

Henceforth we assume for simplicity the space-time to be four-dimensional Euclidean,

R^4 (a generalization to other dimensions and signatures is rather straightforward). First,

we consider a scalar field theory with a single field variable y ∈ R. Let us introduce the five-component quantity Z^v := (p^1, p^2, p^3, p^4, y)^T ∈ R^4 ⊕ R, v = 1, 2, ..., 5 (for clarity, we drop the dimensionful factors which may be easily restored when necessary). Then, similarly to (3) and (1), the DW Hamiltonian equations (4) can be represented in the matrix form β^μ_{uv}∂_μZ^v = ∂H/∂Z^u, (8) where β-matrices (= “the modified DKP matrices”) are as follows

β^1 =

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 β^2 =

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 (9)

β^3 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 0 β^4 =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 .

From the comparison of (8) with (7) it becomes obvious that β-matrices (9) are in a sense field theoretic analogues of the symplectic matrix in mechanics. More specifically, they represent the so-called “k-symplectic” structure given by the set of k = 4 symplectic forms Ω^μ := dp^μ ∧ dy:^1 Ω^μ = β^μ_{uv}dZ^u ∧ dZ^v. (10)

By direct evaluation one can establish that β-matrices fulfill the following relation

β^μβ^νβ^λ + β^λβ^νβ^μ = −(β^μδ^{νλ} + β^λδ^{νμ}) (11)

which is similar to the defining relation of the DKP algebra, eq. (2), up to a sign factor in the right hand side. The minus sign in (11) could be absorbed in redefinition of β-matrices: β → iβ, but in the present context this redefinition seems to be unnatural and will not be used in what follows.

1Note, that the notion of the “k-symplectic” structure was introduced in [17] (see also [18] and the references therein). Recently it found interesting applications in studying wave propagation in open systems [19]. Note also that our β-matrices are 4-dimensional analogues of matrices K and M introduced in [19] in two space-time dimensions, our H corresponding to −S in [19].

As a consequence of (11) we obtain the properties of β-matrices

β^3_μ = −β_μ, β_μβ^2_ν + β^2_ν β_μ = −β_μ (μ ≠ ν),

β_μβ_νβ_μ = 0 (μ ≠ ν),

β^2_μβ^2_ν = β^2_ν β^2_μ (12)

which are similar, up to a sign, to the usual properties of DKP matrices (see, e.g., [1,3]).

The extension of the present formulation to the multicomponent fields is different from the usual way the DKP formulation is extended from scalar to vector fields (cf. [3]). Instead of a multicomponent column variable here we introduce the 5 × m matrix, Z^v_a, of field variables y^a (a = 1, ..., m) and polymomenta p^μ_a

Z^v_a := p^1 p^1_2 ... p^1_m p^2_1 p^2 ... p^2_m p^3_1 p^3_2 ... p^3_m p^4_1 p^4_2 ... p^4_m y_1 y_2 ... y_m

. (13)

Then the DW canonical equations (4) for an arbitrary m-component field can be written in the form β^μ_{uv}∂_μZ^v_a = ∂H/∂Z^{ua}. (14) We conclude, therefore, that our 5 × 5 β-matrices have a universal significance for all fields which can be represented in DW canonical form (4), not only for a one-component scalar field as with the usual DKP formulation.

A similarity between β-matrices and the symplectic matrix in mechanics allows us to introduce the bracket operation of functions of variables Z^u: {F, G}^μ := ∂F ∂Z^u (β^μ)^{uv} ∂G ∂Z^v , (15)

which is antisymmetric, fulfills the Leibniz rule and a generalization of the Jacobi identity: {{F, G}^{(μ}K}^{ν)} + cyclic(F, G, K) = 0, (16) where A^{(μν)} :=^1_2 (A^{μν} + A^{νμ}), and thus could be considered as an analogue of the Poisson bracket. When written in explicit form this bracket coincides with the one put forward earlier by Good [20] and Tapia [21]. However, the potential problem with the bracket (15) is that it maps two functions to a vector, and that it is not obvious what is the mathematical meaning of the analogue of the Jacobi identity, eq. (16). Besides, although the bracket (15) allows us to write the DW Hamiltonian equations (4) in bracket formulation: as a consequence of (8) and (15) we obtain β^μβ^ν∂_ν Z = β^μ∂H/∂Z = {Z, H}^μ, (17) it is not clear how this formulation could be extended to more general observables (here, functions of y^a and p^μ_a ) to be a proper generalization of ∂_tF = {H, F } in mechanics.

Alternatively, one could try to introduce a bracket operation which maps two vectors to a vector (cf., e.g., the last equation in [22]). However, a satisfactory formula consistent with a version of the Leibniz rule and the Jacobi idenity so far is not known to us.

Let us recall that in our previous papers [15] another Poisson bracket operation for the De Donder-Weyl formulation was introduced using a more geometric point of view. The bracket is defined on differential forms representing observables and is based on the notion of what we call the polysymplectic form. Whether or not a connection with the constructions of the present paper can be established is a question yet to be investigated. In fact, a relationship between DKP and Clifford algebras [13, 14] and a geometric character of the latter, as well as a relation between the “k-symplectic” structure (10) and the polysymplectic form used in [15], imply such a connection.

A natural question is whether or not the structures described in the present paper, viewed as field theoretic generalizations of the structures of the Hamiltonian formalism in mechanics, could be useful for an inherently covariant canonical quantization in field theory. A natural starting point of quantization of this type would be the “canonical bracket” following from (15) {p^μ_a , y^b}^ν = −δ^b_aδ^{μν}. (18) However, at present it is not known how the Dirac quantization rule should be generalized to a ν-indexed bracket. Let us note that a conceptually related approach to field quantization based on DW Hamiltonian formulation can be developed [23] using the afore mentioned (graded) Poisson bracket on differential forms.

Acknowledgments: I thank V.M. Red’kov for illuminating correspondence and comments, and

for drawing my attention to the work on DKP formulation done in Minsk (Belarus) in the sixties-seventies (reviewed in [4, 9]). I also thank NORDITA (Copenhagen) for kind hospitality in August of 1998 when a part of this work was done. It is my pleasure to thank the Organizers of the XXXI Symposium on Mathematical Physics in Toruń (Poland) for their warm hospitality and the financial support.

REFERENCES

[1] G. Petiau, Acad. R. Belg. Cl. Sci. Mem. Collect. (8) 16, No. 2 (1936)

R.J. Duffin, Phys. Rev. 54, 1114 (1938) N. Kemmer, Proc. Roy. Soc. (London) A173, 91–116 (1939) N. Kemmer, Proc. Camb. Phil. Soc. 39, 189–96 (1943) M. Taketani and S. Sakata, Proc. Phys. Math. Soc. Japan 22, 757-70 (1940) [Reprinted in Suppl. Progr. Theor. Phys. 22, 84–97 (1955)]

[2] R.A. Krajcik and M.M. Nieto, Am. J. Phys. 45, 818 (1977)

[3] H. Umezawa, “Quantum Field Theory,” North-Holland, Amsterdam (1956)

P. Roman, “Theory of Elementary Particles,” North-Holland, Amsterdam (1964)

[4] A.A. Bogush, “Introduction to Gauge Field Theory of Electroweak Interactions,” Nauka i Tehnika, Minsk (1987) [in Russian]

[5] H. J. Bhabha, Rev. Mod. Phys. 17, 200–16 (1945)

H. J. Bhabha, Rev. Mod. Phys. 21, 451–62 (1949)

6 I.V. KANATCHIKOV

[6] T. Tsuneto, T. Hirosige and I. Fujiwara, Progr. Theor. Phys. 14, 267–82 (1955) T. Tsuneto and I. Fujiwara, Progr. Theor. Phys. 20, 439–56 (1958)

[7] I. Corson, “Theory of tensors, spinors and wave equations,” Benjamin Press, NY (1953)

[8] A.A. Bogush and L.F. Zhirkov, Gauge fields in Duffin-Kemmer formalism, Vesti Acad. Sci. Belarus SSR, ser. phys-math, No. 5, 51 (1977) [in Russian] S. Okubo and Y. Tosa, Phys. Rev. D 20, 462–73 (1979)

[9] A.A. Bogush and F.I. Fedorov, Universal matrix form of first order relativistic wave equations and generalized Kronecker symbols, preprint No. 192, Inst. of Physics of the Belarus SSR Acad. Sci., Minsk (1980), 53 pp.

Also see: A.A. Bogush, Universal matrix form of the joint field equation of the standard electroweak interaction theory, Rep. Math. Phys. 25, 27–42 (1988)

[10] A. Lichnerowicz, Champs spinorielles et propagateurs en relativité générale, Bull. Soc. Math. France 92, 11–100 (1964) V.M. Red’kov, Generally relativistic Duffin-Kemmer formalism and behavior of quantum-mecha-nical particle of spin 1 in the Abelian monopole field, quant-ph/9812007 J.T. Lunardi, B.M. Pimentel and R.G. Texeira, Duffin-Kemmer-Petiau equation in Riemannian space-times, gr-qc/9909033

[11] F.I. Fedorov, Equations of the first order for the gravitational field, Doklady Acad. Sci. USSR 179, 802–5 (1968) [in Russian]

[12] Harish-Chandra, Proc. Roy. Soc. A186, 502–25 (1946)

Harish-Chandra, Proc. Cambr. Phil. Soc. 43, 414–21 (1947) Also see: I. Fujiwara, On the Duffin-Kemmer algebra, Progr. Theor. Phys. 10, 589–616 (1953)

[13] O. A. Sánches-Valenzuela and Zuazua-Vega, J. Phys. A26, 4967–90 (1993)

[14] T. Shimpuku, “Symmetric algebras by direct product of Clifford algebra,” Seibunsha Publ., Osaka (1988)

[15] I.V. Kanatchikov, Rep. Math. Phys. 41, 49–90 (1998), hep-th/9709229

I.V. Kanatchikov, Rep. Math. Phys. 40, 225–34 (1997), hep-th/9710069

[16] Th. De Donder, “Theorie Invariantive du Calcul des Variations,” Gauthier-Villars, Paris (1935) H. Weyl, Ann. Math. (2) 36, 607–29 (1935) Also see: H. Rund “The Hamilton-Jacobi Theory in the Calculus of Variations”, D. van Nostrand, Toronto (1966)

[17] A. Awane, k-symplectic structures, J. Math. Phys. 33, 4046–52 (1992)

[18] M. de Leon, E. Merino, J. Oubiña, P. R. Rodrigues and M. R. Salgado, Hamiltonian systems on k-cosymplectic maniforlds, J. Math. Phys. 39, 876–93 (1998)

[19] T.J. Bridges, Math. Proc. Camb. Phil. Soc. 121, 147–90 (1997)

Also see: J. E. Marsden and S. Shkoller, ibid. 125, 553-575 (1999), math/9807086

[20] R.H. Good jr, Hamiltonian mechanics of fields, Phys. Rev. 93, 239–43 (1954)

[21] V. Tapia, Covariant field theory and surface terms, Nuovo Cim. 102B, 123–30 (1988)

[22] L. Mangiarotti and G. Sardanashvily, On the bracket problem in covariant Hamiltonian field theory,

hep-th/9903220

[23] I.V. Kanatchikov, Rep. Math. Phys. 43, 157–70 (1999), hep-th/9810165

I.V. Kanatchikov, On quantization of field theories in polymomentum variables, in: Particles, Fields and Gravitation (Proc. Int. Conf. devoted to the memory of Prof. R. Ra̧czka, Łodz, Poland, Apr. 1998) ed. J. Rembieliński, AIP Conf. Proc. vol. 453, 356–67 (1998), hep-th/9811016