arXiv:hep-th/9911201 v3 18 Jan 2000

EPHOU-99-016 November 1999

Supersymmetric Action of SL(2; Z)-covariant D3-brane and its κ-symmetry

Toshiya Suzuki^∗

Department of Physics, Hokkaido University Sapporo 060-0810, Japan

Abstract

We consider a supersymmetric extension of the SL(2; Z)-covariant D3-brane action proposed by Nurmagambetov, and prove its κ-symmetry in an on-shell type-IIB supergravity background.

PACS codes : 04.65.+e, 11.25.-w, 11.30.Pb keywords : D-brane, κ-symmetry, SL(2; Z) duality

�tsuzuki@particle.sci.hokudai.ac.jp

The type-IIB string theory has the SL(2; Z) duality [1]. Various branes entering in the theory belong to SL(2; Z) multiplets. Among various type-IIB branes D3-brane is something special. It is an SL(2; Z) singlet and carries the charge of the background 4-form with self-dual field strength. Furthermore it may also play a fundamental role in F theory. F theory is a conjectural theory in 12 dimensions, which explains the SL(2; Z) duality from a geometric viewpoint [2]. An idea that F theory is a theory of 3-brane propagating in 12 dimensional spacetime has been proposed [3, 4, 5]. If such an idea is valid, the theory of D3-brane with a manifest SL(2; Z)-covariance may be a crucial step toward the construction of the theory of “F3-brane”.

SL(2; Z)-covariant type-IIB p-branes have been considered by various authors [6, 7, 8, 9, 10]. In the cases of p > 1, an important problem is the number of degrees of freedom. D-brane’s collective coordinates include, in addition to the embedding fields into the target space, a vector field propagating in the worldvolume. To construct an SL(2; Z)-covariant theory one needs to introduce SL(2; Z) doublet worldvolume vector fields, but as a consequence of this procedure one ends up with too many physical degrees of freedom. To resolve this problem, these 2 vector fields must not be independent; they should be related to each other under the electro-magnetic duality. One of the methods which realize the electro-magnetic duality is the so-called PST formalism [11, 12, 13]. Starting from the bosonic sector of the PST type M5-brane action [14, 15], Nurmagambetov constructed an SL(2; Z)-covariant D3-brane action [9].^1 Nurmagambetov’s model, however, includes only bosonic variables. One of the most important properties of D-branes is that they are BPS-saturated objects, that is, they keep a half of the target space supersymmetries. So one hopes to extend this model to supersymmetric branes. In general, the theory of a supersymmetric extended object must have a local fermionic symmetry known as κ-symmetry [18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 15, 31], which halves the number of the fermionic degrees of freedom and equates it with that of the bosonic ones. The purpose of this letter is to prove the κ-symmetry of the supersymmetric version of Nurmagambetov’s SL(2; Z)-covariant D3-brane action.

To start with, we review the SL(2; Z)-covariant D3-brane action, proposed in [9]. Its dynamical variables are the embedding fields x^m and the SL(2; Z) doublet vector fields A_{i,r} (r = 1, 2), the field strength of which is defined as F_{ij,r} = ∂_iA_{j,r} − ∂_jA_{i,r}. The action is composed of 3 parts S = S_{DBI} + S_{P ST} + S_{W Z}. (1)

The first part is a Dirac-Born-Infeld term S_{DBI} = ∫ d^4ξ − √ −gf , f = √ 1 + H̃_{i,r}(ϵ^T Mϵ)^{rs}H̃^i_{,s} + 1 2 (H̃_{i,r}ϵ^{rs}H̃_{j,s})(H̃^i_{,t}ϵ^{tu}H̃^j,u). (2) 1Also in [16, 17], the relation between the D3-brane action and the M5-brane one is investigated with respect to the SL(2; Z) duality.

H̃_{i,r} is defined as H̃_{i,r} = v^j ∗ H_{ji,r} , ∗H^{ij}_{,r} = ϵ^{ijkl} 2! √ −g H_{kl,r}, (3) where H_{ij,r} is the improved field strength H_{ij,r} = F_{ij,r} − C_{ij,r} (C_{ij,r} is the background 2-form) and v^i is defined in terms of the worldvolume scalar a as

v^i = ∂^ia √ −(∂a)^2 . (4)

Notice that v^iH̃_{i,r} = 0 and (v)^2 = −1. M is written in terms of the background scalars, dilaton ϕ and axion χ M = 1 e^{−ϕ} [ 1 χ χ χ^2 + e^{−2ϕ} ] . (5) The second part is a Pasti-Sorokin-Tonin term S_{P ST} = ∫ d^4ξ √ −g 1 2 H̃_{i,r}ϵ^{rs}H^{ij}_{,s}v_j, (6) and the third part a Wess-Zumino term

S_{W Z} = ∫ C^{(4)} − 1 2 F^{(2)}_r C^{(2)}_s ϵ^{rs}, (7)

where C^{(4)} is the background 4-form.

This action has the following local symmetries; one usual gauge symmetry δA_{i,r} = ∂_iϕ_r, (8) and two characteristic symmetries δA_{i,r} = ∂_ia · φ_r , δa = 0, (9) and δa = Φ , δA_{i,r} = Φ √ −(∂a)^2 ϵ_{rs}G_i^{,s}, (10) where G_i^{,r} = V_i^{,r} − ϵ^{rs}H_{ij,s}v^j , V_i^{,r} = δf δH̃^i_{,r} . (11)

To see these symmetries, consider the variation δS under δA_{i,r} and δa δS = − ∫ d^4ξϵ^{ijkl}{δA_{i,r} − δa √ −(∂a)^2 ϵ_{rs}G_i^{,s}}∂_j[v_kG_l^{,r}]. (12)

The symmetry (9) was used to reduce the equation of motion for A_{i,r} to the non-linear duality equation G_i^{,r} = 0 [11, 12, 13, 9], which is necessary for keeping the number of the physical degrees of freedom of the D3-brane to be 8. On the other hand, the symmetry (10) can be used to remove the auxiliary field a. Fixing this symmetry by a condition ∂_ia = δ^0_i , one obtains an action which is no longer manifestly worldvolume general coordinate covariant. Solving one of the SL(2; Z) doublet field strength in terms of the other, one recovers the conventional D3-brane action [16, 32].

Now, we rewrite the action in a manifestly SL(2; Z)-covariant manner. To this end we introduce the complex SL(2; Z) doublet background scalars u^r [33, 34, 35], which satisfy an SL(2; Z)-invariant constraint i 2 ϵ_{rs}u^rū^s = 1. (13)

The physical background scalars, ϕ and χ, belong to the coset space SL(2; R)/U(1) τ = − u^1 u^2 , τ = χ + ie^{−ϕ}. (14) Using u’s, one can define various SL(2; Z) invariants; from u’s only one obtains Q = 1 2 ϵ_{rs}du^rū^s, (15) and P = 1 2 ϵ_{rs}du^ru^s , P̄ = 1 2 ϵ_{rs}dū^rū^s. (16)

Together with SL(2; Z) doublets,

C^{(2)} = u^rC^{(2)}_r , C̄^{(2)} = ū^rC^{(2)}_r , (17) and H^{(2)} = u^rH^{(2)}_r , H̄^{(2)} = ū^rH^{(2)}_r , (18) etc.

In terms of these SL(2; Z) invariants, the action is expressed as S_{DBI} = ∫ d^4ξ − √ −gf , f = √ 1 + ¯H̃_iH̃^i + 1 2 Im( ¯H̃_iH̃_j )Im( ¯H̃^iH̃^j ), (19)

S_{P ST} = ∫ d^4ξ √ −g 1 2 Im( ¯H̃_iH^{ij})v_j, (20)

S_{W Z} = ∫ C^{(4)} − 1 2 Im(F̄^{(2)}C^{(2)}). (21)

Fixing the U(1) symmetry by a condition Im(u^2) = 0, one obtains (2,6,7).

The supersymmetric action is identical to the bosonic one, but with the target space replaced by the type-IIB superspace with coordinates z^M = (x^m, θ^μ, θ^{μ̄}), where θ^μ is a 10 dimensional Weyl spinor and θ^{μ̄} is the complex conjugate of it. Like other supersymmetric branes, this action must have the κ-symmetry. In the rest, we will prove this symmetry.

The κ transformation is a kind of translation, which satisfies

i_{δz}E^a = 0 i_{δz}E^α = κ^α , i_{δz}E^ᾱ = κ^ᾱ, (22)

where i_{δz} is the symbol for inner product: the inner product of a vector V^N and a p-form Ω =^1_{p!} dz^{M1} ...dz^{Mp}Ω_{Mp...M1} is defined as

i_V Ω = 1 (p − 1)!

dz^{M1} ...dz^{Mp}�^1V^N Ω_{NMp}�_{1...M1} . (23)

E^A is the basis 1-form of the local Lorentz frame, and is related to the coordinate 1-form dz^M E^A = dz^M E_M^A, (24) where E_M^A is the super vielbein. The torsion 2-form is defined as the covariant derivative of E^A T^A = DE^A = dE^A + E^Bω̂^A_B , (25) where ω̂^B_A is the connection 1-form. The variation of a background form Ω is given by its Lie derivative δΩ = L_{δz} Ω = (i_{δz}d + di_{δz})Ω. (26) Using this formula, one obtains δQ, δP , δC^{(4)}, δC^{(2)} and δE^A, from which one can read off the variation of the induced metric g_{ij} = E_i^aE_j^bη_{ab} δg_{ij} = 2E_{(i}^aE_{j)}^Bκ^αT_{Bα}^bη_{ab} + c.c.. (27) One should take κ, rather than δz, as the transformation parameter. The transformation of A_{i,r} should be specified in such a way that δH_{ij,r} is κ-covariant, that is, contains no derivatives of κ. So one takes δA^{(1)}_r = i_{δz}C^{(2)}_r , and then obtains δH_{ij} = −iH̄_{ij}(i_{δz}P ) − E_j^CE_i^B(i_{δz}R^{(3)})_{BC} + iH_{ij}(i_{δz}Q). (28) R^{(3)} is defined by the same manner as (17,18)

R^{(3)} = u^rR^{(3)}_r , R̄^{(3)} = ū^rR^{(3)}_r , (29)

where R^{(3)}_r = dC^{(2)}_r . We also define the 5-form field strength R^{(5)} as

R^{(5)} = dC^{(4)} − 1 2 C^{(2)}_r R^{(3)}_s ϵ^{rs}. (30)

In what follows we set δa = 0.

To proceed to the calculation of the κ variation, we need the knowledge of the components of the background fields. They are given by the supergravity constraint, which is equivalent to the equation of motion of the supergravity. We use the constraint given in [8]^2 (dimension 0 components)

T_α¯_β^a = (Γ^a)_{αβ}, R_{aαβ} = 2(Γ_a)_{αβ}, R_{abcα}¯_β = i(Γ_{abc})_{αβ}, (31)

(dimension^1_2 components) R_{abcdα} = 0, R_{abᾱ} = −i(Γ_{ab}P )_α, T_ᾱ¯_β^γ = iδ_{(α}^γP_{β)} − i 2 (Γ_a)_{αβ}(Γ^aP )^γ , P_ᾱ = 0, Q_α = 0. (32)

The components of dimension 1 and above do not appear in the κ variation. Those relevant to the κ variation which are not contained in (31,32) vanish. Γ_a is the 10 dimensional Γ matrix, and we use the real representation so that we do not distinguish ᾱ from α in the R.H.S. of (31,32). In the following, we use γ_i = E_i^aΓ_a. We also define γ^{(4)} = γ_0γ_1γ_2γ_3 and so (γ^{(4)})^2 = g. We should note that the complex conjugation of the product of fermionic quantities is defined without a reverse of the order.

Using the above constraint, we proceed to the calculation of the κ variation

δL = δL^{[ 12 ]} + δL^{[0]}. (33)

Here we decompose δL into 2 parts, δL^{[ 1}2^] which contains dimension^1_2 component P_α (P̄_ᾱ), and δL^{[0]} which does not.

δL^{[ 1}2^] is further decomposed into 2 parts, one from the DBI term and the other from the PST and WZ terms δL^{[ 12 ]} = δL^{[ 12 ]}_{DBI} + δL^{[ 12 ]}_{P ST +W Z} . (34)

δL^{[ 12 ]}_{DBI} is given by δL^{[ 12 ]}_{DBI} = − √ −g 2f [W^{(1)} + W^{(2)} + W^{(3)}], (35)

where W^{(1)} = − ϵ^{ijkl} 2! √ −g v_i(iκγ_{jk}P̄ H̃_l − iκ̄γ_{jk}P ¯H̃_l), (36) 2The normalization of the background 4-form is different from the one in [8] by a factor 2.

W^{(2)} = iκ̄P̄ (H̃_iH̃^i) − iκP ( ¯H̃_i ¯H̃^i), (37)

W^{(3)} = ϵ^{ijkl} 2 · 2! √ −g v_i[iκγ_{jk}P̄ { ¯H̃_l(H̃_mH̃^m) − H̃_l( ¯H̃_mH̃^m)}

−iκ̄γ_{jk}P {H̃_l( ¯H̃_m ¯H̃^m) − ¯H̃_l(H̃_m ¯H̃^m)}], (38)

and δL^{[ 12 ]}_{P ST +W Z} is δL^{[ 12 ]}_{P ST +W Z} = X^{(1)}, (39) where X^{(1)} = − √ −g 2 v^i( ¯H̃^jκ̄γ_{ij} P + H̃^j κγ_{ij}P̄ ). (40) In (36 - 38) and (40), we use κ̄ to denote κ^ᾱ.

δL^{[0]} is also decomposed into 2 parts

δL^{[0]} = δL^{[0]}_{DBI} + δL^{[0]}_{P ST +W Z} . (41)

Here δL^{[0]}_{DBI} is

δL^{[0]}_{DBI} = − √ −g 2f [Y^{(0)} + Y^{(1)} + Y^{(2)} + Y^{(3)} + Y^{(4)}], (42)

where Y^{(0)} = −2(κγ^iĒ_i + κ̄γ^iE_i), (43)

Y^{(1)} = − 2 √ −g (κv^i ¯H̃^jγ_{ijk}γ^{(4)}E^k + κ̄v^iH̃^j γ_{ijk}γ^{(4)}Ē^k), (44)

Y^{(2)} = κ ¯H̃^iH̃^j {2(v^kγ_k)g_{ij} v^l − (γ_iδ^l_j + γ_j δ^l_i)}Ē_l

+κ̄H̃^i ¯H̃^j{2(v^kγ_k)g_{ij} v^l − (γ_iδ^l_j + γ_j δ^l_i)}E_l, (45)

Y^{(3)} = − 1 √ −g [κ{( ¯H̃_lH̃^l)v^i ¯H̃^jγ_{ijk}γ^{(4)} − ( ¯H̃_l ¯H̃^l)v^iH̃^jγ_{ijk}γ^{(4)}}E^k

+κ̄{(H̃_l ¯H̃^l)v^iH̃^j γ_{ijk}γ^{(4)} − (H̃_lH̃^l)v^i ¯H̃^jγ_{ijk}γ^{(4)}}Ē^k], (46)

Y^{(4)} = 1 2 [{( ¯H̃_kH̃^k)^2 − (H̃_kH̃^k)( ¯H̃_l ¯H̃^l)}(g^{ij} + 2v^iv^j)

−( ¯H̃_kH̃^k)( ¯H̃^iH̃^j + H̃^i ¯H̃^j) + ( ¯H̃_k ¯H̃^k)H̃^iH̃^j + (H̃_kH̃^k) ¯H̃^i ¯H̃^j] (κγ_iĒ_j + κ̄γ_iE_j), (47) and δL^{[0]}_{P ST +W Z} is δL^{[0]}_{P ST +W Z} = Z^{(0)} + Z^{(1)} + Z^{(2)}, (48) where Z^{(0)} = iκγ^{(4)}γ^iĒ_i − iκ̄γ^{(4)}γ^iE_i, (49)

Z^{(1)} = i √ −g{( ¯H̃^iv^j − ¯H̃^j v^i)κγ_iE_j − (H̃^iv^j − H̃^j v^i)κ̄γ_iĒ_j}, (50)

Z^{(2)} = i 2 κγ^{(4)}[ ¯H̃^iH̃^j γ_{ij} {γ^k + 4(v^lγ_l)v^k} + ¯H̃^iH̃^j{(δ_i^kγ_j − δ_j^kγ_i) − 2v^lγ_{lij}v^k}]Ē_k − i 2 κ̄γ^{(4)}[H̃^i ¯H̃^jγ_{ij} {γ^k + 4(v^lγ_l)v^k} + H̃^i ¯H̃^j{(δ_i^kγ_j − δ_j^kγ_i) − 2v^lγ_{lij}v^k}]E_k. (51)

In (43 - 47) and (49 - 51), Ē_i stands for E_i^ᾱ.

To complete the proof of the κ-symmetry, one must find a matrix Γ, which satisfies (Γ)^2 = 1 and trΓ = 0. Consider a matrix

Γ = 1 √ −gf iγ^{(4)} −^{ig}_4 ϵ_{ijkl} ¯H̃^iH̃^j γ^{kl} i √ −g ¯H̃^iv^jγ_{ij} −i √ −gH̃^iv^jγ_{ij} −iγ^{(4)} +^{ig}_4 ϵ_{ijkl}H̃^i ¯H̃^jγ^{kl} . (52)

One can check that trΓ = 0, which is trivial, and (Γ)^2 = 1. Using Γ, projection matrices P_± are defined as P_± = 1 2 (1 ± Γ). (53)

After some works, one can show that δL^{[ 12 ]} and δL^{[0]} are combined into

δL^{[ 12 ]} = [κ κ̄]P_+ − √ −gv^iH̃^j γ_{ij}P̄ − √ −gv^i ¯H̃^j γ_{ij}P (54) and δL^{[0]} = [κ κ̄]P_+ 2iγ^{(4)}γ^iĒ_i + 2i √ −g( ¯H̃^iv^j − ¯H̃^jv^i)γ_iE_j +iγ^{(4)}[ ¯H̃^iH̃^j γ_{ij} {γ^k + 4(v^lγ_l)v^k} + ¯H̃^iH̃^j {(δ_i^kγ_j − δ_j^kγ_i) − 2v^lγ_{lij}v^k}]Ē_k

−2iγ^{(4)}γ^iE_i − 2i √ −g(H̃^iv^j − H̃^j v^i)γ_iĒ_j −iγ^{(4)}[H̃^i ¯H̃^jγ_{ij} {γ^k + 4(v^lγ_l)v^k} + H̃^i ¯H̃^j{(δ_i^kγ_j − δ_j^kγ_i) − 2v^lγ_{lij}v^k}]E_k

,

(55) respectively. Clearly, when [κ κ̄] = [ζ ζ̄]P_− (ζ is an unconstrained spinor), δL vanishes, i.e., a half of fermions are not physical.

In this article, we proved the κ-symmetry of the SL(2; Z)-covariant super D3-brane action. Like other supersymmetric brane cases, the background supergravity constraint turned out to be a sufficient condition for the κ-symmetry. Though we have not shown that this is also a necessary one, this model has passed a non-trivial test of the consistency with the type-IIB supergravity^3 .

Topics concerning the supersymmetry have been major points of interest in the Dbrane physics. In a future work, the supersymmetry algebra [38, 39, 40, 41], BPS saturated worldvolume solitons [42, 43, 44, 45] etc. need to be also investigated.

To explain the origin of the SL(2; Z) duality of the type-IIB theory has been a main motivation of F theory. In this respect it may be interesting to examine whether the theory of SL(2; Z)-covariant super D3-brane may have a 12 dimensional interpretation.

Acknowledgement

The author would like to thank Prof. R. Nakayama for careful reading of the manuscript.

References

[1] C.M. Hull and P.K. Townsend, Nucl. Phys. B 348 (1995) 109

[2] C. Vafa, Nucl. Phys. B 469 (1996) 403

[3] A.A. Tseytlin, Nucl. Phys. B 469 (1996) 51

[4] M.B. Green and M. Gutperle, Phys. Lett. B 377 (1996) 28

[5] D.P. Jatkar and S.K. Rama, Phys. Lett. B 388 (1996) 283

[6] P.K. Townsend, Phys. Lett. B 409 (1997) 131

[7] M. Cederwall and P.K. Townsend, J. H. E. P. 9709 (1997) 003

[8] M. Cederwall and A. Westerberg, J. H. E. P. 9802 (1998) 004

[9] A. Nurmagambetov, Phys. Lett. B 436 (1998) 289

[10] A. Westerberg and N. Wyllard, J. H. E. P. 9906 (1999) 006

[11] P. Pasti, D. Sorokin and M. Tonin, Phys. Lett. B 352 (1995) 59

3In [9], Nurmagambetov discusses the coupling of the D3-brane to the bosonic sector of the type-IIB supergravity constructed by the PST formalism [36, 37].

[12] P. Pasti, D. Sorokin and M. Tonin, Phys. Rev. D 52 (1995) R4277 [13] P. Pasti, D. Sorokin and M. Tonin, Phys. Rev. D 55 (1997) 6292 [14] P. Pasti, D. Sorokin and M. Tonin, Phys. Lett. B 398 (1997) 41 [15] I. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. Sorokin and M. Tonin, Phys. Rev. Lett. 78 (1997) 4332 [16] D. Berman, Phys. Lett. B 409 (1997) 153 [17] D. Berman, Nucl. Phys. B 533 (1998) 317 [18] J. A. de Azcarraga and J. Lukierski, Phys. Lett. B 113 (1982) 170 [19] J. A. de Azcarraga and J. Lukierski, Phys. Rev. D 28 (1983) 1337 [20] W. Siegel, Phys. Lett. B 128 (1983) 397 [21] M.B. Green and J.H. Schwarz, Phys. Lett. B 136 (1983) 367 [22] M.T. Grisaru, P. Howe, L. Mezincescu, B.E.W. Nilsson and P.K. Townsend, Phys. Lett. B 162 (1985) 116 [23] J. Hughes, J. Liu and J. Polchinski, Phys. Lett. B 180 (1986) 370 [24] E. Bergshoeff, E. Sezgin and P.K. Townsend, Phys. Lett. B 189 (1987) 75 [25] A. Achucarro, J.M. Evans, P.K. Townsend and D.L. Wiltshire,

Phys. Lett. B 198 (1987) 441 [26] M. Aganagic, C. Popescu and J.H. Schwarz, Phys. Lett. B 393 (1997) 311 [27] M. Aganagic, C. Popescu and J.H. Schwarz, Nucl. Phys. B 495 (1997) 99 [28] M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, Nucl. Phys. B 490 (1997) 163 [29] M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, Nucl. Phys. B 490 (1997) 179 [30] E. Bergshoeff and P.K. Townsend, Nucl. Phys. B 490 (1997) 145 [31] M. Aganagic, J. Park, C. Popescu and J.H. Schwarz, Nucl. Phys. B 496 (1997) 191 [32] A. Khoudeir and Y. Parra, Phys. Rev. D 58 (1998) 025010 [33] J.H. Schwarz and P.C. West, Phys. Lett. B 126 (1983) 301

[34] J.H. Schwarz, Nucl. Phys. B 226 (1983) 269 [35] P.S. Howe and P.C. West, Nucl. Phys. B 238 (1984) 181 [36] G. Dall’Agata, K. Lechner and D. Sorokin, Class. Quantum Grav. 14 (1997) L195 [37] G. Dall’Agata, K. Lechner and M. Tonin, J. H. E. P. 9807 (1998) 017 [38] D. Sorokin and P.K. Townsend, Phys. Lett. B 412 (1997) 265 [39] H. Hammer, Nucl. Phys. B 521 (1998) 503 [40] M. Hatsuda and K. Kamimura, Nucl. Phys. B 527 (1998) 381 [41] M. Hatsuda and K. Kamimura, Nucl. Phys. B 535 (1998) 499 [42] C.G. Callan and J.M. Maldacena, Nucl. Phys. B 513 (1998) 198 [43] G.W. Gibbons, Nucl. Phys. B 514 (1998) 603 [44] P.S. Howe, N.D. Lambert and P.C. West, Nucl. Phys. B 515 (1998) 203 [45] P.S. Howe. N.D. Lambert and P.C. West, Phys. Lett. B 419 (1998) 79