arXiv:hep-th/9911214 v3 27 Apr 2000

Gauge Invariance of the Quantum Electrodynamics in the Causal Approach to Renormalization Theory

D. R. Grigore^1

Dept. of Theor. Phys., Inst. Atomic Phys. Bucharest-Măgurele, P. O. Box MG 6, ROMÂNIA

Abstract

We present an extremely simple solution to the renormalization of quantum electrodynamics based on Epstein-Glaser approach to renormalization theory.

1e-mail: grigore@theor1.theory.nipne.ro, grigore@theory.nipne.ro

1 Introduction

The causal approach to renormalization theory pioneered by Epstein and Glaser [21], [22] provides essential simplification at the fundamental level as well as at to the computational aspects. This is best illustrated in [38] where quantum electrodynamics is constructed entirely in the framework of the causal approach. Moreover, one can use the same ideas to analyse other theories as for instance, Yang-Mills theories [9] [10] [12] [13] [1] [2] [4]-[6] [29]-[32] [35] [37] [20], gravitation [23], [24], [42], etc.

Let us remind briefly the main ideas of Epstein-Glaser-Scharf approach. According to Bogoliubov and Shirkov, the S-matrix is constructed inductively order by order as a formal series of operator valued distributions:

S(g) = 1 + ∞∑ n=1 i^n n! ∫ R^{4n dx1 · · · dxn Tn(x1, · · ·, xn)g(x1) · · ·g(xn), (1.0.1)} where g(x) is a tempered test function in the Minkowski space R^4 that switches the interaction and T_n are operator-valued distributions acting in the Fock space of some collection of free fields. These operator-valued distributions, which are called chronological products should verify some properties which can be argued starting from Bogoliubov axioms. These axioms will be detailed in the next Section. The main point is that one can show that, starting from a convenient interaction Lagrangian T_1(x) one can construct the whole series T_n, n ≥ 2. The interaction Lagrangian must satisfy some requirements such like Poincaré invariance, hermiticity and causality; it is not easy to find a general solution of this problem but there are some rather general expressions fulfilling these demands, namely the so-called Wick polynomials. These are expressions operating in Hilbert spaces of a special kind, namely in Fock spaces. A Fock space is a canonical object attached to any single-particle Hilbert and reasonably describes a system of weakly interacting particles.

The physical S-matrix is obtained from S(g) taking the adiabatic limit which is , loosely speaking the limit g(x) → 0. One should also point out that the recursive process of constructing the chronological produces fixes them almost uniquely, more precisely the distribution T_n is unique up to a distribution N_n(x_1, · · ·, x_n) with support in the set

{(x_1, · · ·, x_n) ∈ (R^4)^n|x_1 = · · · = x_n}.

This type of distribution are also called finite renormalizations.

In the old version of renormalization theory, one starts from the naive expressions of the chronological product and sees that they are not properly defined, i.e. some infinities do appear. The main obstacle is to amend the naive expression such that well defined expressions are obtained which do also verify Bogoliubov axioms. In Epstein-Glaser approach, the main problem of the the construction of the chronological products is done recurringly and it is reduced to the problem of distribution splitting. It can be proved that this operation has always solutions consistent with Bogoliubov axioms.

In the case of a gauge theory there is a supplementary property to be verified. The main obstacle in constructing the perturbation series for a gauge field is the fact that, as it happens for the electromagnetic field, one is forced to use non-physical degrees of freedom for the description of the free fields [45], [41], [34] in a Fock space formalism. One must consider an auxiliary Fock space H^{gh} including, beside the various fields, some fictious fields, called ghosts, and construct an supercharge that’s it an operator Q verifying Q^2 = 0 such that the physical Hilbert space is H_{phys} ≡ Ker(Q)/Im(Q). The necessity to consider ghost fields comes mainly from the fact that, up to now, there is no other way to construct an interaction Lagrangian. On the other hand, one can construct a convenient interaction

Lagrangian in the bigger Hilbert space H_{gh} and apply the construction of Epstein and Glaser without any change. However, in this case one must impose, beside the usual Bogoliubov axioms, the supplementary condition that the S matrix factorizes to H_{phys}. This condition proves to be too strong and one must replace it by a weaker condition of factorization to the physical Hilbert space in the adiabatic limit: lim_{ϵ↘0} ∫ (R^4)^{�n dx1 · · ·dxng(ϵx1) · · ·g(ϵxn)[Q, Tn(x1, . . ., xn)]Ker(Q) = 0, ∀n ≥ 1. (1.0.2)} Even this condition seems to be problematic because the adiabatic limit does not exists if zeromass particles are present, so one must weaken further this requirement as it is done in [9] where one requires that: [Q, T_n(x_1, . . ., x_n)] = i n∑ l=1 ∂ ∂x^μ_l T^μ_{n/l}(x_1, . . ., x_n), ∀n ∈ N^∗ (1.0.3) for some Wick polynomials T_{n/l}, l = 1, . . .n. This condition leads to the previous one if one formally takes the adiabatic limit and it is called the gauge invariance of the theory. It is impressive that this condition for n = 1 and n = 2 fixes almost uniquely the possible form of the interaction Lagrangian and leads to the presence of a r-dimensional Lie group of symmetries in the case of system composed of r Bosons of spin 1 [1], [25]. This result can be extended to the case of presence of matter fields [2], [26] paving the way to a rigorous understanding of the standard model of elementary particles. In [27] the analysis is pushed to order n = 3 and the axial anomaly appears in a natural context, as an obstruction to the factorization condition (1.0.3) to the physical Hilbert space. The gauge invariance problem is now to prove that the identities (1.0.3) can be fulfilled for every n ∈ N, more precisely to show that one can use the freedom left in the chronological products (the finite renormalizations) to impose gauge invariance in every order of perturbation theory. This problem is addressed in [38] in the case of quantum electrodynamics and in [10] [12] in the Yang-Mills case. The idea is to assume that one has (1.0.3) for p = 1, . . ., n − 1 and prove it for p = n. The proof of renormalizability of quantum electrodynamics from [11], [15], [38] is done without using ghosts fields; the same is true for the proof of the renormalizability of scalar electrodynamics [19]. This is possible in these two case, but in order to generalize the method to Yang-Mills theories it is better to understand the proof in the ghost quantization formalism. Also we mention that the proof from [38] relies on some reduction formulæ for 1-particle reducible Feynman graphs. A rigorous proof of these formulae seems to be absent.

The main point of this paper is that with a proper formulation of the induction hypothesis one can simplify considerably the proof such that it’s mathematical rigor becomes obvious. The idea is that if one formulates the induction hypothesis in close analogy with the analysis of Epstein and Glaser then one can prove that in the order n one has instead of (1.0.3) the relation [Q, T_n(x_1, . . ., x_n)] = i n∑ l=1 ∂ ∂x^μ_l T^μ_{n/l}(x_1, . . ., x_n) + P_n(x_1, . . ., x_n), ∀n ∈ N^∗ (1.0.4)

where P_n is a finite renormalization. This finite renormalization can be so much restricted from the induction process that it is an elementary matter to show that one can modify appropriately the expressions T_n and T_{n/l} in such a way that one has P_n = 0. In this process, the use of some discrete symmetry like charge conjugation is important. This idea was pioneered in [13] and [4].

We will adopt the gauge invariance in the form (1.0.3) so we will not touch the adiabatic limit problem in our analysis.

The paper is organized as follows. In the next Section we fix the notations and clarify the setting we use. We will present Bogoliubov axioms of the perturbation theory. Because the main point of our paper is to formulate the induction hypothesis in strict analogy to [21] we will summarize the induction argument used for a theory without gauge invariance. Then we present the modification of the setting one must impose to study quantum electrodynamics. In Section 3 we will give the proof of gauge invariance of quantum electrodynamics. In Section 4 we present the same analysis for the case of scalar quantum electrodynamics. The Conclusions are grouped in the last Section.

2 Perturbation Theory for QED

2.1 Bogoliubov Axioms

We give here the set of axioms imposed on the chronological products T_p following the notations of [21].

• First, it is clear that we can consider them completely symmetrical in all variables without loosing generality:

T_p(x_{π(1)}, · · ·x_{π(p)}) = T_p(x_1, · · ·x_p), ∀π ∈ P_p. (2.1.1)

• Next, we must have Poincaré invariance. Because we will consider in an essential way Dirac fields, this amounts to suppose that in the in the Fock space we have an unitary representation (a, A) → U_{a,A} of the group inSL(2, C ) (the universal covering group of the proper orthochronous Poincaré group P^↑_+ - see [43] for notations) such that: U_{a,A}T_p(x_1, · · ·, x_p)U^{−1}_{a,A} = T_p(δ(A) · x_1 + a, · · ·, δ(A) · x_p + a), ∀A ∈ SL(2, C ), ∀a ∈ R^4 (2.1.2) where SL(2, C ) ∋ Aδ(A) ∈ P^↑_+ is the covering map. In particular, translation invariance is essential for implementing Epstein-Glaser scheme of renormalization.

Sometimes it is possible to supplement this axiom by corresponding invariance properties with respect to inversions (spatial and temporal) and charge conjugation. For the standard model only the PCT invariance is available.

• The central axiom seems to be the requirement of causality which can be written compactly as follows. Let us firstly introduce some standard notations. Denote by V^+ ≡ {x ∈ R^4| x^2 > 0, x_0 > 0} and V^− ≡ {x ∈ R^4| x^2 > 0, x_0 < 0} the upper (lower) lightcones and by V^± their closures. If X ≡ {x_1, · · ·, x_m} ∈ R^{4m} and Y ≡ {y_1, · · ·, y_n} ∈ R^{4m} are such that x_i − y_j ∉ V^−, ∀i = 1, . . ., m, j = 1, . . ., n we use the notation X ≥ Y. If x_i − y_j ∉ V^+ ∪ V^−, ∀i = 1, . . ., m, j = 1, . . ., n we use the notations: X ∼ Y. We use the compact notation T (X) ≡ T_p(x_1, · · ·, x_p) with the convention

T (∅) ≡ 1 (2.1.3)

and by XY we mean the juxtaposition of the elements of X and Y . In particular, the expression T (X_1X_2) makes sense because of the symmetry property (2.1.1). Then the causality axiom writes as follows:

T (X_1X_2) = T (X_1)T (X_2), ∀X_1 ≥ X_2. (2.1.4)

Remark 2.1 It is important to note that from (2.1.4) one can derive easily:

[T (X_1), T (X_2)] = 0, if X_1 ∼ X_2. (2.1.5)

• The unitarity of the S-matrix can be most easily expressed (see [21]) if one introduces, the following formal series:

S̄(g) = 1 +^∞ ∑ n=1 (−i)^n n! ∫ R^{4n dx1 · · ·dxn T̄n(x1, · · ·, xn)g(x1) · · ·g(xn), (2.1.6)} where, by definition:

(−1)^{|X|}T̄ (X) ≡ |X|∑ r=1 (−1)^r ∑ partitions T (X_1) · · ·T (X_r); (2.1.7)

here X_1, · · ·, X_r is a partition of X, |X| is the cardinal of the set X and the sum runs over all partitions. For instance, we have:

T̄_1(x) = T_1(x) (2.1.8) and T̄_2(x, y) = −T_2(x, y) + T_1(x)T_1(y) + T_1(y)T_1(x). (2.1.9)

One calls the operator-valued distributions T̄_n anti-chronological products. It is not very hard to prove that the series (2.1.6) is the inverse of the series (1.0.1) i.e. we have:

S̄(g) = S(g)^{−1} (2.1.10)

as formal series. Then the unitarity axiom is:

T̄ (X) = T (X)^†, ∀X. (2.1.11)

Remark 2.2 One can show that the following relations are identically verified: ∑ (−1)^{|X|}T (X)T̄(Y ) = ∑ (−1)^{|X|}T̄(X)T (Y ) = 0 (2.1.12)

where the sum goes over all partitions X ∪ Y = {1, . . ., p} ≡ Z, X ∩ Y = ∅. Also one has, similarly to (2.1.4):

T̄ (X_1X_2) = T̄ (X_2)T̄(X_1), ∀X_1 ≥ X_2. (2.1.13)

A renormalization theory is the possibility to construct such a S-matrix starting from the first order term: T_1(x) which is a Wick polynomial called interaction Lagrangian which should verify the following axioms:

U_{a,A}T_1(x)U^{−1}_{a,A} = T_1(δ(A) · x + a), ∀A ∈ SL(2, C ), (2.1.14)

[T_1(x), T_1(y)] = 0, ∀x, y ∈ R^4 s.t. x ∼ y, (2.1.15) and T_1(x)^† = T_1(x). (2.1.16)

Usually, these requirements are supplemented by covariance with respect to some discrete symmetries (like spatial and temporal inversions, or PCT), charge conjugations or global invariance with respect to some Lie group of symmetry.

It is not easy to find non-trivial solutions to the set of requirements (2.1.14), (2.1.15) and (2.1.16). In fact, this is a problem of constructive field theory. Fortunately, if one considers that the Hilbert space of the theory is of Fock type, then one has plenty of interesting solutions, namely the Wick polynomials. As underlined in the Introduction, this is one of the main reasons of extending the Hilbert space of a gauge system by including ghost fields: there is no other obvious solution of constructing the interaction Lagrangian without them.

Let us mention for the sake of the completeness the axioms connected with the adiabatic limit, although we will not use them, as we have said in the Introduction.

• Let us take in (1.0.1) g → g_ϵ where ϵ ∈ R_+ and

g_ϵ(x) ≡ g(ϵx). (2.1.17)

Then one requires that the limit S ≡ lim_{ϵ↘0} S(g_ϵ) (2.1.18)

exists, in the weak sense, and is independent of the the test function g. In other words, the operator S should depend only on the coupling constant g ≡ g(0). Equivalently, one requires that the limits

T_n ≡ lim_{ϵ↘0} T_n(g^{⊗n}_ϵ ), n ≥ 1 (2.1.19)

exists, in the weak sense, and are independent of the test function g. One also calls the limit performed above, the infrared limit.

• Finally, one demands the stability of the vacuum and the stability of the one-particle states i.e.

lim_{ϵ↘0} < Φ, S(g_ϵ)Φ >= 1 (2.1.20) or, lim_{ϵ↘0} < Φ, T_n(g^{⊗n}_ϵ )Φ >= 0, ∀n ∈ N^∗ (2.1.21)

if Φ is the vacuum Φ_0 or any one-particle state.

These two requirement amount for the interaction Lagrangian to demand that

T_1 ≡ lim_{ϵ↘0} T_1(g_ϵ) (2.1.22)

should exists, in the weak sense, and should be independent of the test function g. Moreover, we should have < Φ, T_1Φ >= 0 (2.1.23)

if Φ is the vacuum Φ_0 or any one-particle state.

2.2 Epstein-Glaser Induction

In this Subsection we summarize the steps of the inductive construction of Epstein and Glaser [21]. The main point is a careful formulation of the induction hypothesis. So, we suppose that we have the interaction Lagrangian T_1(x) given by a Wick polynomial acting in a certain Fock space. The causality property (2.1.15) is then automatically fulfilled, but we must make sure that we also have (2.1.14) and (2.1.16).

We suppose that we have constructed the chronological products T_p(x_1, · · ·, x_p), p = 1, . . ., n − 1 having the following properties: (2.1.1), (2.1.4) and (2.1.11) for p ≤ n − 1 and (2.1.4) and (2.1.5) for |X_1| + |X_2| ≤ n − 1. We want to construct the distribution-valued operators T (X), |X| = n such that the the properties above go from 1 to n.

Here are the main steps of the induction proof.

1. One constructs from T (X), |X| ≤ n − 1 the expressions T̄ (X), |X| ≤ n − 1 according to (2.1.7) and proves the properties (2.1.13) for |X| + |Y | ≤ n − 1 and (2.1.12) for |Z| ≤ n − 1.

2. Lemma 2.3

Let us defines the expressions: A^′_n(x_1, . . ., x_{n−1}; x_n) ≡ ∑_′ (−1)^{|Y |}T (X)T̄(Y ), (2.2.1) R^′_n(x_1, . . ., x_{n−1}; x_n) ≡ ∑_′ (−1)^{|Y |}T̄ (X)T (Y ) (2.2.2)

where the sum ∑_′ goes over the partitions X ∪ Y = {1, . . ., n}, X ∩ Y = ∅, Y ≠ ∅, x_n ∈ X. Now, let us suppose that we have a partition P ∪ Q = {1, . . ., n − 1}, P ∩ Q = ∅, P ≠ ∅. Then:

If Qj ≥ P one has:

A^′_n(x_1, . . ., x_{n−1}; x_n) = −T (Qn)T (P ). (2.2.3)

and if Qj ≤ P one has:

R^′_n(x_1, . . ., x_{n−1}; x_n) = −T (P )T (Qn). (2.2.4)

The proof is elementary if one uses the causality properties (2.1.4) and (2.1.13).

3. Corollary 2.4 The expression

D_n(x_1, . . ., x_{n−1}; x_n) ≡ A^′_n(x_1, . . ., x_{n−1}; x_n) − R^′_n(x_1, . . ., x_{n−1}; x_n). (2.2.5)

have causal support i.e. supp(D_n(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n) ∪ Γ^−(x_n) where we use standard notations:

Γ^±(x_n) ≡ {(x_1, . . ., x_n) ∈ (R^4)^n|x_i − x_n ∈ V^±, ∀i = 1, . . ., n − 1} (2.2.6)

The proof consists of noticing the local character of the support property and reducing all possible cases to typical situations from the preceding lemma.

4. We say that a numerical distribution d(x_1, . . ., x_{n−1}; x_n) is factorizable (or disconnected) if it can be written as: d(X) = d_1(Y )d_2(Z) where Y, Z is a partition of X.

Let us define the canonical dimension of a Wick monomial ω(W ) by assigning to every integer spin field factor and every derivative the value 1, for every half-integer spin field factor the value 3/2 and summing over all factors.

Lemma 2.5 The distribution D_n(x_1, . . ., x_{n−1}; x_n) can be written as a sum D_n(x_1, . . ., x_{n−1}; x_n) = ∑ i d_i(x_1, . . ., x_{n−1}; x_n)W_i(x_1, . . ., x_{n−1}; x_n) (2.2.7)

where W_i(x_1, . . ., x_{n−1}; x_n) are linearly independent Wick monomials and d_i(x_1, . . ., x_{n−1}; x_n) are numerical distributions with causal support i.e supp(d_i(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n)∪Γ^−(x_n). Moreover, the set of Wick monomials appearing in the preceding formula can be obtained from the expression T_1(x_1) · · ·T_1(x_n) by taking all possible Wick contractions, eliminating the monomials for for which the corresponding numerical distributions are factorizable and keeping a linearly independent set.

Finally, the following limitations are valid:

ω(d_i) + ω(W_i) ≤ ω(T_1), ∀i. (2.2.8)

The proof goes by induction.

5. If d = (d_i)^N_{i=1} is a multi-component distribution and SL(2, C ) ∋ A → D(A) is an N-dimensional representation of the group SL(2, C ) we define a new distribution according to: (A · d)(x) ≡ D(A)d(δ(A^{−1}) · x) (2.2.9) and say that the distribution d is SL(2, C )-covariant iff it verifies: A · d = d. (2.2.10) We remark that we have defined a SL(2, C ) action: (A_1 · A_2) · d = A_1 · (A_2 · d), 1 · d = d. (2.2.11) For such multi-component distribution, the order of singularity ω(d) is, by the definition, the maximum of the orders of singularities of the components.

Lemma 2.6 The distributions d_i(x_1, . . ., x_{n−1}; x_n) defined above are SL(2, C )-covariant. The proof follows from the induction hypothesis (2.1.2).

6. Now we have the following result from [10], [38]:

Lemma 2.7 Let d be a SL(2, C )-covariant distribution with causal support. Then, there exists a causal splitting d = a − r, supp(a) ⊂ Γ^+(x_n), supp(r) ⊂ Γ^−(x_n) (2.2.12) which is also SL(2, C )-covariant and such that ω(a) ≤ ω(d), ω(r) ≤ ω(d). (2.2.13)

We outline the proof because the argument is generic and it will also be used for the more general case of gauge invariance. It is known from the general theory of distribution splitting that there exists a causal splitting d = a − r preserving the order of singularity. Then A · d = A · a − A · r is a causal splitting of the distribution A · d. Because, by hypothesis, we have A · d = d it follows that we have A · a − a = A · r − r. (2.2.14) But the left hand side has support in Γ^+(x_n) and the right hand side in Γ^−(x_n) so, the common value, denoted by P_A have the support in Γ^+(x_n) ∩ Γ^−(x_n) = {(x_1, · · ·, x_n) ∈ (R^4)^n|x_1 = · · · = x_n}. But in this case, it is known from the general distribution theory that P_A is of the form P_A(x) = p(∂)δ^{n−1}(X) (2.2.15) where δ^{n−1}(X) ≡ δ(x_1 − x_n) · · ·δ(x_{n−1} − x_n) (2.2.16) and p is a polynomial in the derivatives of maximal order ω(d). In particular, if ω(d) < 0 we have p = 0 and the causal splitting is SL(2, C )-covariant. If ω(d) ≥ 0 then we easily derive that P_A verifies the following identity:

P_{A1·A2} = P_{A1} + A_1 · P_{A2} . (2.2.17) This relation says that the map A → P_A is a SL(2, C )-cocycle with values in the finite dimensional space of polynomials of order not greater than ω(d). Because SL(2, C ) is a connected, simply connected and simple Lie group we can apply Hochschild lemma [43] and obtain that P_A is of the form P_A = A_1 · Q − Q (2.2.18) for some polynomial Q of order not greater than ω(d). In particular, we have A · (a − Q) = a − Q (2.2.19) so we have a SL(2, C )-covariant causal splitting d = (a − Q) − (r − Q). � 7. Corollary 2.8 There exists a SL(2, C )-covariant causal splitting: D_n(x_1, . . ., x_{n−1}; x_n) = A_n(x_1, . . ., x_{n−1}; x_n) − R_n(x_1, . . ., x_{n−1}; x_n) (2.2.20) with supp(A_n(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n) and supp(R_n(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^−(x_n). For that reason, the expressions A_n and R_n are called advanced (resp. retarded) products.

8. Lemma 2.9 The following relation is true D_n(x_1, . . ., x_{n−1}; x_n)^† = (−1)^{n−1}D_n(x_1, . . ., x_{n−1}; x_n). (2.2.21) In particular the causal splitting obtained above can be chosen such that A_n(x_1, . . ., x_{n−1}; x_n)^† = (−1)^{n−1}A_n(x_1, . . ., x_{n−1}; x_n). (2.2.22)

The first assertion follows by elementary computations starting directly from the definition (2.2.5) and using the unitarity induction hypothesis (2.1.11) and the relations (2.1.12). This proves that by performing the substitutions: A_n(x_1, . . ., x_{n−1}; x_n) → 1 2 [ A_n(x_1, . . ., x_{n−1}; x_n)^† + (−1)^{n−1}A_n(x_1, . . ., x_{n−1}; x_n) ]

R_n(x_1, . . ., x_{n−1}; x_n) → 1 2 [ R_n(x_1, . . ., x_{n−1}; x_n)^† + (−1)^{n−1}R_n(x_1, . . ., x_{n−1}; x_n) ] (2.2.23)

we do not affect the relation from the preceding corollary and we obtain a causal splitting verifying the relation from the statement without spoiling the SL(2, C )-covariance. �

9. Now we have

Theorem 2.10 Let us define T_n(x_1, · · ·, x_n) ≡ A_n(x_1, · · ·, x_{n−1}; x_n) − A^′_n(x_1, · · ·, x_{n−1}; x_n) ≡ R_n(x_1, · · ·, x_{n−1}; x_n) − R^′_n(x_1, · · ·, x_{n−1}; x_n). (2.2.24)

Then these expressions satisfy the SL(2, C )-covariance, causality and unitarity conditions (2.1.2) (2.1.4) (2.1.5) and (2.1.11) for p = n. If we substitute T_n(x_1, · · ·, x_n) → 1 n! ∑ π T_n(x_{π(1)}, · · ·, x_{π(n)}) (2.2.25)

where the sum runs over all permutations of the numbers {1, . . ., n} then we also have the symmetry axiom (2.1.1). The generic expression of the chronological product is similar to that appearing in lemma 2.5

T_n(x_1, . . ., x_n) = ∑ i t_i(x_1, . . ., x_{n−1}; x_n)W_i(x_1, . . ., x_{n−1}; x_n) (2.2.26)

with the same limitation (2.2.8) on the numerical distributions:

ω(t_i) + ω(W_i) ≤ ω(T_1), ∀i. (2.2.27)

The SL(2, C)-covariance is obvious. The causality axiom (2.1.4) follows from the two expressions of the definition of T_n if one takes into account the support properties of the advanced and retarded product and also uses lemma 2.3.. The property (2.1.5) follows from general properties of the Wick monomials. The unitarity axiom is a result of the definition given above, the property of the advanced products from the preceding lemma, the expressions A^′_n and the induction hypothesis (2.1.11) for p ≤ n − 1. The symmetrization process is obvious. �

As we have mentioned in the Introduction the solution of the renormalization problem is not unique. The non-uniqueness is given by the possibility of adding to the distributions T_n some finite renormalizations N_n. There are some restrictions on these finite renormalizations coming from the Poincaré invariance and unitarity but still there remains some arbitrariness. One can restrict even further the arbitrariness requiring the existence of the adiabatic limit. One can prove that this limit does exists if there are no zero-mass particles in the spectrum of the energy-momentum quadri-vector.

2.3 Perturbation Theory for Zero-Mass Particles We remind the basic facts about the quantization of the photon; for more details see [25] and references quoted there. Let us denote the Hilbert space of the photon by H_{photon}; it carries the unitary representation of the orthochronous Poincaré group H^{[0,1]} ⊕ H^{[0,−1]} (see [43]).

The Hilbert space of the multi-photon system should be, according to the basic principles of the second quantization, the associated symmetric Fock space F_{photon} ≡ F^+(H_{photon}). One can construct in a rather convenient way this Fock space in the spirit of algebraic quantum field theory. One considers the Hilbert space H^{gh} generated by applying on the vacuum Φ_0 the free fields A^μ(x), u(x), ũ(x) called the electromagnetic potential (reps. ghosts) which are completely characterize by the following properties:

• Equation of motion:

�A^μ(x) = 0, �u(x) = 0, �ũ(x) = 0. (2.3.1)

• Canonical (anti)commutation relations:

[A^μ(x), A^ρ(y)] = −g^{μρ}D_0(x − y) × 1, [A^μ(x), u(y)] = 0, [A^μ(x), ũ(y)] = 0 {u(x), u(y)} = 0, {ũ(x), ũ(y)} = 0, {u(x), ũ(y)} = D_0(x − y) × 1; (2.3.2) here D_m, m ≥ 0 is the Pauli-Jordan distribution: D_m(x) ≡ 1 (2π)^3 ∫ R^3 dp 2 √ p^2 + m^2 exp(−ix_0 √ p^2 + m^2 + ix · p). (2.3.3)

• Covariance properties with respect to the Poincaré group. Let I_s and I_t be the space (time) inversion in the Minkowski space R^4. Let U_{a,A}, U_{Is} be the unitary operators realizing the SL(2, C) transformations and the spatial inversion respectively and U_{It} the anti-unitary operator realizing the temporal inversion; then we require: U_{a,A}A^μ(x)U^{−1}_{a,A} = δ(A^{−1})^μ_νA^ν (δ(A) · x + a), U_{a,A}u(x)U^{−1}_{a,A} = u(δ(A) · x + a), U_{a,A}ũ(x)U^{−1}_{a,A} = ũ(δ(A) · x + a) (2.3.4)

U_{Is} A^μ(x)U^{−1}_{Is} = (I_t)^μ_ν A^ν (I_s · x), U_{Is} u(x)U^{−1}_{Is} = −u(I_s · x), U_{Is}ũ(x)U^{−1}_{Is} = −ũ(I_s · x); (2.3.5)

U_{It} A^μ(x)U^{−1}_{It} = (I_t)^μ_νA^ν (I_t · x), U_{It} u(x)U^{−1}_{It} = −u(I_t · x), U_{It}ũ(x)U^{−1}_{It} = −ũ(I_t · x). (2.3.6)

The spatio-temporal inversion is: U_{Ist} ≡ U_{Is} U_{It} .

• Charge invariance. The unitary operator realizing the charge conjugation verifies:

U_C A^μ(x)U^{−1}_C = −A^μ(x), U_C u(x)U^{−1}_C = −u(x), U_Cũ(x)U^{−1}_C = −ũ(x). (2.3.7)

• Moreover, we suppose that these operators are leaving the vacuum invariant:

U_{a,A}Φ_0 = Φ_0, U_{Is} Φ_0 = Φ_0, U_{It} Φ_0 = Φ_0, U_C Φ_0 = Φ_0. (2.3.8)

Remark 2.11 One can easily prove that the operators U_{a,A}, U_{Is} and U_{It} are realizing a projective representation of the Poincaré group i.e. they have suitable commutation properties (see [43] rel. (196) from ch. IX. 6). Also the charge conjugation operator commutes with these operators. (As it is well known, there is some freedom in choosing some phases in the definitions of the spatial and temporal inversions [43]; we have made the convenient choice which ensures this commutativity property).

Remark 2.12 One can prove that all the operators U_{...} defined above are leaving the commutation relations invariant. This fact can be used to prove that they are unitary (anti-unitary). We suppose that in H^{gh} we have, beside the scalar product, a sesqui-linear form < ·, · > and we denote the conjugate of the operator O with respect to this form by O^†. One can completely characterize this form by requiring:

A_μ(x)^† = A_μ(x), u(x)^† = u(x), ũ(x)^† = −ũ(x). (2.3.9) Now, we define in H^{gh} an important operator called supercharge according to: Q = ∫ R^{3 d3x∂μAμ(x)} ↔ ∂_0 u(x) (2.3.10)

and one can prove the following properties: QΦ_0 = 0 (2.3.11) and {Q, u(x)} = 0, {Q, ũ(x)} = −i∂^μA_μ(x), [Q, A_μ(x)] = i∂_μu(x). (2.3.12) From these properties one can derive Q^2 = 0; (2.3.13) so we also have Im(Q) ⊂ Ker(Q). (2.3.14) Next, we denote by W the linear space of all Wick monomials acting in the Fock space H^{gh} generated by the fields A_μ(x), u(x) and ũ(x).

Remark 2.13 We notice that usually one constructs Wick monomials by first decomposing every the free fields in a creation and an annihilation parts and then ordering the creation parts to the left with respect to the annihilation parts (with the corresponding Jordan sign if Fermion fields are present). However, there is a way to define Wick monomials without this decomposition, by a substraction procedure [40] pg. 104; for instance:

: A^μ(x)A^ν(x) :≡ lim_{x1,x2→x}[A^μ(x_1)A^ν (x_2) − (Φ_0, A^μ(x_1)A^ν(x_2)Φ_0)] (2.3.15) If M is such a Wick monomial, we define by gh_±(M) the degree in u (resp. in ũ). The ghost number is, by definition, the expression:

gh(M) ≡ gh_+(M) − gh_−(M). (2.3.16) Then we define the operator:

d_QM ≡: QM : −(−1)^{gh(M )} : MQ : (2.3.17) on monomials M and extend it by linearity to the whole W. The operator d_Q : W → W is called the BRST operator; its properties are following elementary from the properties of the supercharge: beside the Leibnitz rule we have:

d_Qu = 0, d_Qũ = −i∂^μA_μ, d_QA_μ = i∂_μu. (2.3.18)

As a consequence of (2.3.13), it verifies:

d^2_Q = 0. (2.3.19)

Now one can prove that for any Wick monomial W we have:

U_g(d_QW )U^{−1}_g = d_QU_gW U^{−1}_g , ∀g = (a, A), I_s, I_t, C. (2.3.20)

The proof of this relation is elementary if W is one of the basic fields A^μ, u, ũ. Then one extends it by induction for a Wick monomial with an arbitrary number of factors. As a corollary we have: U_gQ = QU_g, ∀g = (a, A), I_s, I_t, C. (2.3.21) Then we have the central result

Theorem 2.14 The sesqui-linear form < ·, · > factorizes to a well-defined scalar product on the completion of the factor space Ker(Q)/Im(Q). Then there exists the following Hilbert spaces isomorphism: Ker(Q)/Im(Q) ≃ F_{photon}; (2.3.22) The representation of the Poincaré group and the charge conjugation operator are factorizing to Ker(Q)/Im(Q) and are producing unitary operators with the exception of the temporal (and spatiotemporal) inversions which are anti-unitary.

We will need the following relation in the next Section:

(d_QW )^† = −(−1)^{gh(W )}d_Q(W^†) (2.3.23)

valid for any Wick monomial. The proof is similar to the proof of (2.3.20): one shows elementary that the relation is true for any of the basic fields A^μ, u, ũ and extends it to an arbitrary product by induction.

We remind that if O is a self-adjoint operator verifying the condition

d_QO = 0 (2.3.24)

then it induces a well defined operator [O] on the factor space Ker(Q)/Im(Q) ≃ F_{photon}. This kind of observables on the physical space are called gauge invariant observables. However, the operators of the type d_QO are inducing a null operator on the factor space, so are not interesting. For more general considerations on this point see [8].

Usually one has to add into the game matter fields. These are operators for which one has to give separately the corresponding canonical (anti)commutation relations and transformation rules with respect to the Poincaré group and charge conjugation. By definition, we keep the same expression for the supercharge and construct the physical Hilbert space by the same factorization procedure. In particular, this will mean that the BRST operator acts trivially on the matter fields.

We can formulate now what we mean by a perturbation theory of electromagnetism + matter. By definition, this means that we can construct in H^{gh} the set of chronological products T_n as in the Subsection 2.1 and we impose in addition a factorization condition to the physical Hilbert space. To avoid infra-red divergence problems, we adopt as said in the Introduction the condition (1.0.3) which we prefer to write into the form: d_QT_n(x_1, . . ., x_n) = i n∑ l=1 ∂ ∂x^μ_l T^μ_{n/l}(x_1, . . ., x_n), ∀n ∈ N^∗ (2.3.25) for some Wick polynomials T_{n/l}, l = 1, . . .n.

By definition, this is the gauge invariance condition. It can be connected with the usual approaches based on the Ward identities imposed on the (renormalized) Feynman distributions.

Let us note that the Wick polynomials T_{n/l}, l = 1, . . .n, if they exists, are highly non-unique. Usually, one can extend the definition of the various symmetries of the theory (Poincaré covariance and charge conjugation invariance) to the case of electromagnetism + matter in such a way that all the properties mentioned before remain true.

3 Renormalizability of Quantum Electrodynamics

3.1 The Interaction Lagrangian

By definition, in this case the matter field is a Dirac field of mass m denoted by ψ(x) = ψ_α(x)^4_{α=1}. To describe this field we need Dirac matrices γ^μ, μ = 0, . . ., 3 for which we prefer the chiral representation [43]:

γ_0 = ( 0 1 1 0 ) , γ_i = ( 0 −σ_i σ_i 0 ) , i = 1, 2, 3; (3.1.1)

here σ_i, i = 1, 2, 3 are the Pauli matrices. This is a representations in which the matrix γ_5 ≡ iγ_0γ_1γ_2γ_3 is diagonal:

γ_5 = ( 1 0 0 −1 ) . (3.1.2)

We denote as usual ψ̄(x) ≡ ψ(x)^∗γ_0; it is convenient to consider ψ (ψ̄) as a column (line) vector. As before, the Dirac field is characterized by:

• Equation of motion (which is, of course the Dirac equation):

(iγ · ∂ + m)ψ(x) = 0. (3.1.3)

• Canonical (anti)commutation relations:

[ψ(x), A^μ(y)] = 0, [ψ(x), u(y)] = 0, [ψ(x), ũ(y)] = 0 {ψ(x), ψ(y)} = 0, {ψ(x), ψ̄(y)} = S_m(x − y) × 1; (3.1.4) here S_m, m ≥ 0 is a 4 × 4 matrix given by:

S_m(x) ≡ (iγ · ∂ + m)D_m(x). (3.1.5)

• Covariance properties with respect to the Poincaré group: U_{a,A}ψ(x)U^{−1}_{a,A} = S(A^{−1})ψ(δ(A) · x + a), U_{Is} ψ(x)U^{−1}_{Is} = iγ_0ψ(I_s · x), U_{It} ψ(x)U^{−1}_{It} = −iγ_1γ_3ψ(I_s · x); (3.1.6) here S(A) ≡ ( A 0 0 (A^{−1})^∗ ) . (3.1.7)

• Charge invariance. The unitary operator realizing the charge conjugation verifies: U_C ψ(x)U^{−1}_C = γ_0γ_2ψ̄(x)^t. (3.1.8)

These relations should be added to the ones from the preceding Subsection. It can be proved that Remark 2.11 stays true.

By definition, the interaction Lagrangian is:

T_1(x) ≡ e : ψ̄(x)γ_μψ(x) : A^μ(x) (3.1.9) (here e is a real constant the electron charge) and one can verify easily that the properties (2.1.14), (2.1.15) and (2.1.16) are true. Moreover, we have

U_{Is} T_1(x)U^{−1}_{Is} = T_1(I_s · x), U_{It} T_1(x)U^{−1}_{It} = T_1(I_t · x), U_CT_1(x)U^{−1}_C = T_1(x). (3.1.10) The most important property is (2.3.25) for n = 1 with T^μ_{1/1}(x) ≡ e : ψ̄(x)γ^μψ(x) : u(x). (3.1.11) We list below some obvious properties of the preceding expressions which are similar to the properties (2.1.14), (2.1.15), (2.1.16) and (3.1.10): U_{a,A}T^μ_{1/1}(x)U^{−1}_{a,A} = δ(A^{−1})^μ_ρT^ρ_{1/1}(δ(A) · x + a), ∀A ∈ SL(2, C ), U_{Is} T^μ_{1/1}(x)U^{−1}_{Is} = (I_s)^μ_ρT^ρ_{1/1}(I_s · x), U_{It} T^μ_{1/1}(x)U^{−1}_{It} = (I_s)^μ_ρT^ρ_{1/1}(I_t · x), U_C T^μ_{1/1}(x)U^{−1}_C = T^μ_{1/1}(x). (3.1.12) [ T^μ_{1/1}(x), T^ρ_{1/1}(y) ] = 0, [ T^μ_{1/1}(x), T_1(y) ] = 0, ∀x, y ∈ R^4 s.t. x ∼ y, (3.1.13) T^μ_{1/1}(x)^† = T^μ_{1/1}(x) (3.1.14) and gh(T_1) = 0, gh(T^μ_1 ) = 1. (3.1.15) These properties can be easily deduced from the definitions of the various symmetry transformations and the explicit expression (3.1.11).

From the explicit expressions of the second order chronological product obtained in [38] one can verify that we have similar relations in the second order of perturbation theory.

We close by mentioning that properties (2.3.20), (2.3.21) and (2.3.23) remain true.

3.2 Gauge Invariance of Quantum Electrodynamics In this Subsection we prove the following theorem.

Theorem 3.1 Suppose that T_1 is given by (3.1.9) above. Then the distributions T_n can be constructed such that, beside the conditions of symmetry, SL(2, C)-covariance, causality and unitarity (2.1.1), (2.1.2), (2.1.4), (2.1.11), also verify covariance with respect to spatial and temporal inversions, invariance to charge conjugation and gauge invariance: U_{Is} T_n(x_1, . . ., x_n)U^{−1}_{Is} = T_n(I_s · x_1, . . ., I_s · x_n), (3.2.1) U_{It} T_n(x_1, . . ., x_n)U^{−1}_{It} = T̄_n(I_t · x_1, . . ., I_t · x_n), (3.2.2) U_C T_n(x_1, . . ., x_n)U^{−1}_C = T_n(x_1, . . ., x_n), (3.2.3) d_QT_n(x_1, . . ., x_n) = i n∑ l=1 ∂ ∂x^μ_l T^μ_{n/l}(x_1, . . ., x_n), ∀n ∈ N^∗ (3.2.4) where T^μ_{n/l}, l = 1, . . ., n are some Wick monomials. Proof:

(i) The main trick is to formulate carefully the induction hypothesis. We suppose that we have constructed the chronological products T_p(x_1, · · ·, x_p), p = 1, . . ., n − 1 having the following properties: (2.1.1), (2.1.4) and (2.1.11) for p ≤ n − 1, (2.1.4) and (2.1.5) for |X_1| + |X_2| ≤ n − 1 and gh(T_p) = 0 (3.2.5) for p ≤ n − 1.

We also suppose that we have constructed the Wick polynomials T_{p/l}(x_1, · · ·, x_p), l = 1, . . ., p for p = 1, . . ., n − 1 such that we have properties analogue to (2.1.1), (2.1.4) and (2.1.11). We use a convention similar to (2.1.3): if X = {1, . . ., p} we denote T^μ_l (X) ≡ T^μ_{p/l}(x_1, . . ., x_p), l ≤ p and we assume that:

T (∅) ≡ 1, T^μ_l (∅) ≡ 0, T^μ_l (X) ≡ 0, for x_l ∉ X. (3.2.6) Then the induction hypothesis is supplemented as follows. • Symmetry: T_{p/π(l)}(x_{π(1)}, · · ·x_{π(p)}) = T_{p/l}(x_1, · · ·x_p), ∀π ∈ P_p. (3.2.7) for p = 1, . . ., n − 1; • Covariance with respect to SL(2, C ):

U_{a,A}T^μ_{p/l}(x_1, · · ·, x_p)U^{−1}_{a,A} = δ(A^{−1})^μ_ρT^ρ_p (δ(A) · x_1 + a, · · ·, δ(A) · x_p + a), (3.2.8) p = 1, . . ., n − 1; • Charge conjugation:

U_CT^μ_{p/l}(x_1, · · ·, x_p)U^{−1}_C = T^μ_{p/l}(x_1, · · ·, x_p), (3.2.9) for p = 1, . . ., n − 1;

• Causality T^μ_l (X_1X_2) = T^μ_l (X_1)T (X_2) + T (X_1)T^μ_l (X_2) ∀X_1 ≥ X_2 (3.2.10) and [T^{μ1}_{l1} (X_1), T^{μ2}_{l2} (X_2)] = 0, [T^μ_l (X_1), T (X_2)] = 0 if X_1 ∼ X_2 (3.2.11)

for |X_1| + |X_2| ≤ n − 1.

• Unitarity; we introduce, in analogy to (2.1.7):

(−1)^{|X|}T̄^μ_l (X) ≡ |X|∑ r=1 (−1)^r ∑ [T^μ_l (X_1)T (X_2) · · ·T (X_r) + · · ·

+T (X_1) · · ·T (X_{r−1})T^μ_l (X_r)] (3.2.12)

where X_1, · · ·, X_r is a partition of X and we use in an essential way the convention (3.2.6). We require T̄^μ_l (X) = T^μ_l (X)^†, ∀X (3.2.13) for |X| ≤ n − 1; • Gauge invariance: d_QT (X) = i ∑ l ∂ ∂x^μ_l T^μ_l (X) (3.2.14)

for all |X| ≤ n − 1. The restriction l ∈ X is not essential because of the convention (3.2.6).

• Ghost number:

gh(T^μ_l (X)) = 1 (3.2.15) for |X| ≤ n − 1. (ii) We observe that the induction hypothesis is valid for p = 1 according to (i). We suppose that it is true for p ≤ n − 1 and prove it for p = n.

First we establish in analogy to (2.1.12) that we have: ∑ (−1)^{|X|} [ T^μ_l (X)T̄(Y ) + T (X)T̄^μ_l (Y ) ] = 0 = ∑ (−1)^{|X|} [¯ T^μ_l (X)T (Y ) + T̄ (X)T^μ_l (Y ) ] . (3.2.16)

where the sum goes over all partitions X, Y with |X| + |Y | ≤ n − 1.

Also one has, similarly to (2.1.13):

T̄^μ_l (XY ) = T̄^μ_l (Y )T̄(X) + T̄ (Y )T̄^μ_l (X), ∀X ≥ Y. (3.2.17) and |X| + |Y | ≤ n − 1. Finally, from (3.2.4) and the definitions of the antichronological products T (X) and T^μ(X) we have d_QT̄ (X) = i ∑ l ∂ ∂x^μ_l T̄^μ_l (X), (3.2.18)

for all |X| ≤ n − 1.

Now we can proceed in strict analogy with Subsection 2.2. The proof of the following items below goes in strict analogy to the proof of the similar statements from the previous Subsection and can be easily provided with minimal modifications.

1. One constructs from T (X), T^μ_l (X), |X| ≤ n−1 the expressions T̄(X), T̄^μ_l (X), |X| ≤ n−1 and proves the properties (2.1.13) + (3.2.17) for |X| + |Y | ≤ n − 1 and (2.1.12) + (3.2.16) for |X| ≤ n − 1. 2. Beside lemma 2.3 we have the following result: 3. Lemma 3.2 Let us defines the expressions: A^{′μ}_{n/l}(x_1, . . ., x_{n−1}; x_n) ≡ ∑_′ (−1)^{|Y |} [ T^μ_l (X)T̄(Y ) + T (X)T̄^μ_l (Y ) ] (3.2.19) R^{′μ}_{n/l}(x_1, . . ., x_{n−1}; x_n) ≡ ∑_′ (−1)^{|Y |} [¯ T^μ_l (X)T (Y ) + T̄(X)T^μ_l (Y ) ] (3.2.20) where the sum ∑_′ goes over the partitions X ∪ Y = {1, . . ., n}, X ∩ Y = ∅, Y ≠ ∅, x_n ∈ X. Now, let us suppose that we have a partition P ∪ Q = {1, . . ., n − 1}, P ∩ Q = ∅, P ≠ ∅. Then:

If Qj ≥ P one has: A^{′μ}_{n/l}(x_1, . . ., x_{n−1}; x_n) = − [ T^μ_l (Qn)T (P ) + T (Qn)T^μ_l (P ) ] (3.2.21) and if Qj ≤ P one has: R^{′μ}_{n/l}(x_1, . . ., x_{n−1}; x_n) = − [ T^μ_l (P )T (Qn) + T (P )T^μ_l (Qn) ] . (3.2.22)

The proof is similar to the proof of lemma 2.3 if one uses the causality properties (3.2.10) and (3.2.17).

4. Beside corollary 2.4 we have:

Corollary 3.3 The expression D^μ_n(x_1, . . ., x_{n−1}; x_n) ≡ A^′_{n/l}(x_1, . . ., x_{n−1}; x_n) − R^′_{n/l}(x_1, . . ., x_{n−1}; x_n). (3.2.23) have causal support i.e. supp(D^μ_n(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n) ∪ Γ^−(x_n).

The proof goes exactly as the proof of the Corollary 2.4.

5. In lemma 2.5 we must use the fact that dim(T_1) = 4; we also have the generalization:

Lemma 3.4 The distribution D^μ_n(x_1, . . ., x_{n−1}; x_n) can be written as a sum

D^μ_n(x_1, . . ., x_{n−1}; x_n) = ∑ i d^Q_i (x_1, . . ., x_{n−1}; x_n)W^Q_i (x_1, . . ., x_{n−1}; x_n) (3.2.24)

with W^Q_i (x_1, . . ., x_{n−1}; x_n) are linearly independent Wick monomials and d^Q_i (x_1, . . ., x_{n−1}; x_n) numerical distributions with causal support i.e supp(d^Q_i (x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n) ∪ Γ^−(x_n). Moreover, the set of Wick monomials appearing in the preceding formula can be obtained from the expression T_1(x_1) · · ·T^μ_l (x_i) · · ·T_n(x_n) by taking all possible Wick contractions, eliminating the monomials for for which the corresponding numerical distributions are factorizable and keeping a linearly independent set.

Finally, the following limitations are valid:

ω(d^Q_i ) + ω(W^Q_i ) ≤ ω(T_1) = 4, ∀i. (3.2.25)

6. Corollary 3.5 There exists a SL(2, C )-covariant causal splitting: D^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) = A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) − R^μ_{n/l}(x_1, . . ., x_{n−1}; x_{n/l}) (3.2.26) with supp(A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^+(x_n) and supp(R^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)) ⊂ Γ^−(x_n) for all l = 1, . . ., n. The proof goes as in the case of the distribution D_n if one notices that the distributions d^Q_i (x_1, . . ., x_{n−1}; x_n) defined above are SL(2, C )-covariant. For this reason A_n(R_n) are called advanced (resp. retarded) products.

7. Beside lemma 2.9 we have

Lemma 3.6 The following relation is true D^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)^† = (−1)^{n−1}D^μ_{n/l}(x_1, . . ., x_{n−1}; x_n). (3.2.27) In particular the causal splitting obtained above can be chosen such that A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)^† = (−1)^{n−1}A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n). (3.2.28)

So, performing the substitutions: A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) → 1 2 [ A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)^† + (−1)^{n−1}A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) ]

R^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) → 1 2 [ R^μ_{n/l}(x_1, . . ., x_{n−1}; x_n)^† + (−1)^{n−1}R^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) ] (3.2.29)

for all l = 1, . . ., n we do not affect the relation from the preceding corollary and we obtain a causal splitting verifying the condition from the statement without spoiling the SL(2, C )- covariance. � 8. Now we have again theorem 2.10 and also

Theorem 3.7 Let us define T^μ_{n/l}(x_1, · · ·, x_n) ≡ A^μ_{n/l}(x_1, · · ·, x_{n−1}; x_n) − A^{′μ}_{n/l}(x_1, · · ·, x_{n−1}; x_n) ≡ R^μ_{n/l}(x_1, · · ·, x_{n−1}; x_n) − R^{′μ}_{n/l}(x_1, · · ·, x_{n−1}; x_n). (3.2.30)

Then these expressions satisfy the Poincaré covariance, causality and unitarity conditions (3.2.8) (3.2.10) (3.2.11) and (3.2.13) for p = n. If we substitute T_n(x_1, · · ·, x_n) → 1 n! ∑ π T_n(x_{π(1)}, · · ·, x_{π(n)}), T^μ_{n/l}(x_1, · · ·, x_n) → 1 n! ∑ π T^μ_{n/π}�_{1(l)}(x_{π(1)}, · · ·, x_{π(n)}) (3.2.31)

where the sum runs over all permutations of the numbers {1, . . ., n} then we also have the symmetry axioms (2.1.1) and (3.2.7) for p = n. Finally, if we substitute T (X) → 1 2 [ T (X) + T (X)^† ] , T^μ_l (X) → 1 2 [ T^μ_l (X) + (T (X)^μ_l )^† ] (3.2.32) we have charge conjugation invariance as well.

(iii) Now we investigate the possible obstruction to the extension of the identity (3.2.4) for |X| = n. Proposition 3.8 The following relation is valid: d_QT (X) = i ∑ l ∂ ∂x^μ_l T^μ_l (X) + P (X), |X| = n (3.2.33)

where P (X) ≡ P_n(x_1, . . ., x_n) is a Wick polynomial (called anomaly) of the following structure: P_n(x) = ∑ i p_i(∂)δ^{n−1}(x)W^Q_i (x); (3.2.34)

here p_i are polynomials in the derivatives with the maximal degree restricted by deg(p_i) + ω(W^Q_i ) ≤ 5. (3.2.35) Moreover, we have the following properties: 1. Symmetry P_n(x_{π(1)}, . . ., x_{π(n)}) = P_n(x_1, . . ., x_n) (3.2.36) for any permutation π ∈ P_n.

2. SL(2, C)-covariance: U_{a,A}P_n(x_1, · · ·, x_n)U^{−1}_{a,A} = P_n(δ(A) · x_1 + a, · · ·, δ(A) · x_n + a), ∀(a, A) ∈ inSL(2, C ). (3.2.37) 3. Charge conjugation invariance:

U_C P_n(x_1, . . ., x_n)U^{−1}_C = P_n(x_1, . . ., x_n). (3.2.38) 4. Unitarity:

P^†_n ≡ (−1)^nP_n. (3.2.39)

5. Ghost numbers restrictions:

gh_+(P_n) = 1, gh_−(P_n) = 0. (3.2.40)

6. The polynomials p_i from the relation (3.2.34) do not contain the matrix γ_5.

7. The Wick monomials W^Q_i from (3.2.34) do not have field factors with coinciding points (i.e. of the type : . . .B_1(x)B_2(x) . . . : for B_i = A_{μi} , i = 1, 2 or B_1 = A_μ, B_2 = u.

8. The Wick monomials W^Q_i from (3.2.34) are linear in the fields u(x) or ∂_μu(x), do not contain factors with derivatives of order ≥ 2 of the fields and at most one of the factors is differentiated.

Proof: First we obtain from the lemmas 2.3 and 3.2 that:

d_QA^′_n(x_1, . . ., x_{n−1}; x_n) = i n∑ l=1 ∂ ∂x^μ_l A^{′μ}_{n/l}(x_1, . . ., x_n),

d_QR^′_n(x_1, . . ., x_{n−1}; x_n) = i n∑ l=1 ∂ ∂x^μ_l R^{′μ}_{n/l}(x_1, . . ., x_n); (3.2.41)

by substraction we get:

d_QD_n(x_1, . . ., x_{n−1}; x_n) = i n∑ l=1 ∂ ∂x^μ_l D^μ_{n/l}(x_1, . . ., x_n), (3.2.42)

We substitute here the causal decompositions (2.2.20) and (3.2.26) in the preceding relation and we get: d_QA_n(x_1, . . ., x_{n−1}; x_n) − i n∑ l=1 ∂ ∂x^μ_l A^μ_{n/l}(x_1, . . ., x_n) =

d_QR_n(x_1, . . ., x_{n−1}; x_n) − i n∑ l=1 ∂ ∂x^μ_l R^μ_{n/l}(x_1, . . ., x_n). (3.2.43)

Now we can reasons as in lemma 2.7 - see formula (2.2.14) : the left hand side has support in Γ^+(x_n) and the right hand side in Γ^−(x_n) so the common value, denoted by P_n should have the support in Γ^+(x_n) ∩ Γ^−(x_n) = {x_1 = · · · = x_n}. This means that we have: d_QA_n(x_1, . . ., x_{n−1}; x_n) − i n∑ l=1 ∂ ∂x^μ_l A^μ_{n/l}(x_1, . . ., x_{n−1}; x_n) = P^′_n(x_1, . . ., x_{n−1}; x_n) (3.2.44)

where P^′_n has the structure (3.2.34) from the statement. We now have immediately the relation (3.2.33) from the statement where P_n has the structure (3.2.34). The limitation (3.2.35) follows rather easily from the lemmas 2.5 and 3.4. The same is true for the ghost number restriction (3.2.40). The restrictions (3.2.36) and (3.2.38) follow from the similar properties of the products T (X) and T^μ_l (X) from the preceding proposition.

For unitarity we proceed as follows. First, we apply the BRST operator d_Q to the relation (2.1.12) with Z ≡ XY of cardinal n. If we use the induction hypothesis (3.2.4) and (3.2.18) + (3.2.33) we get:

d_QT̄ (X) = i ∑ l ∂ ∂x^μ_l T̄^μ_l (X) + P̄ (X), |X| = n (3.2.45) where P̄_n ≡ (−1)^{n−1}P_n. (3.2.46) Now we apply the conjugation † to the relation (3.2.4), use the relation (2.3.23) and compare to the relation (3.2.45): the relation (3.2.39) follows.

The fact that the polynomials p_i from (3.2.34) do not contain the matrix γ_5 follows by induction: one proves in this way that all the numerical distributions appearing in the expressions of D(X), D^μ_l (X), |X| = n do not contain this matrix.

The structure of the Wick monomials W^Q_i detailed in the last two items of the statement is proved by induction as well. ∇

(iv) There are a lot of restrictions on the anomaly P_n and we will be able to prove here that it can be chosen to be equal to 0. First, from the restrictions (3.2.35)), the SL(2, C)-covariance (3.2.37) and the restrictions from the last item of the preceding proposition we obtain that

P (X) = 17∑ i=1 P_i(X) (3.2.47)

where the list of the polynomials in the right hand side is:

P_1(X) ≡ ∑ ijl : ψ̄(x_i)p^ρ_{ijl}(X)ψ(x_j) : ∂_ρu(x_l), P_2(X) ≡ ∑ ijl : [ ∂_ρψ̄(x_i) ] q^ρ_{ijl}(X)ψ(x_j) : u(x_l), P_3(X) ≡ ∑ ijl : ψ̄(x_i)r^ρ_{ijl}(X) [∂_ρψ(x_j)] : u(x_l), P_4(X) ≡ ∑ ijl : ψ̄(x_i)p_{ijl}(X)ψ(x_j) : u(x_l), P_5(X) ≡ ∑ ijkl : ψ̄(x_i)p^ρ_{ijkl}(X)ψ(x_j) : A_ρ(x_k)u(x_l), P_6(X) ≡ ∑ l p_l(X)u(x_l), P_7(X) ≡ ∑ kl p^μ_{kl}(X)∂_μu(x_l), P_8(X) ≡ ∑ kl q^ρ_{kl}(X)A_ρ(x_k)u(x_l), P_9(X) ≡ ∑ kl p^{ρλ}_{kl} (X)A_ρ(x_k)∂_λu(x_l), P_{10}(X) ≡ ∑ kl q^{ρλ}_{kl} (X)∂_λA_ρ(x_k)u(x_l), P_{11}(X) ≡ ∑ klm p^{ρλ}_{klm}(X) : A_ρ(x_k)A_ρ(x_m) : u(x_l), P_{12}(X) ≡ ∑ klm p^{ρλζ}_{klm}(X) : A_ρ(x_k)A_ρ(x_m) : ∂_ζu(x_l), P_{13}(X) ≡ ∑ klm p^{ρλζ}_{klm}(X) : A_ρ(x_k)(∂_ζA_ρ(x_m)) : u(x_l), P_{14}(X) ≡ ∑ klmr p^{ρλζ}_{klmr}(X) : A_ρ(x_k)A_ρ(x_m)A_ζ(x_r) : u(x_l), P_{15}(X) ≡ ∑ klmr p^{ρλζτ}_{klmr}(X) : A_ρ(x_k)A_ρ(x_m)A_ζ(x_r) : ∂_τ u(x_l), P_{16}(X) ≡ ∑ klmr q^{ρλζτ}_{klmr}(X) : A_ρ(x_k)A_ρ(x_m)(∂_τ A_ζ(x_r)) : u(x_l), P_{17}(X) ≡ ∑ klmrs p^{ρλζτ}_{klmrs}(X) : A_ρ(x_k)A_ρ(x_m)A_ζ(x_r)A_τ (x_s) : u(x_l), (3.2.48) where the expressions p^{...}_{...} are numerical distributions which are SL(2, C )-covariant and are also restricted by the following degree conditions: deg(p^ρ_{ijl}), deg(q^ρ_{ijl}), deg(r^ρ_{ijl}), deg(p^ρ_{ijkl}), deg(p^{ρλζτ}_{klmr}) deg(q^{ρλζτ}_{klmr}), deg(p^{ρλζτ}_{klmrs}) ≤ 0, deg(p_{ijl}), deg(p^{ρλζ}_{klm}), deg(q^{ρλζ}_{klm}), deg(p^{ρλζ}_{klmr}) ≤ 1, deg(p^{ρλ}_{kl} ), deg(q^{ρλ}_{kl} ), deg(p^{ρλ}_{klm}), ≤ 2, deg(p^ρ_{kl}), deg(q^ρ_{kl}) ≤ 3, deg(p_l) ≤ 4. (3.2.49) It is obvious that all these polynomials also verify individually all the restrictions from the preceding proposition. In particular, charge conjugation invariance gives immediately: P_i = 0, i = 6, 7, 11, 12, 13, 17. (3.2.50) We analyse now the other cases. The basic idea is to perform obvious “integrations by parts” and exhibit the polynomials as follows:

P_i(X) = i n∑ l=1 ∂ ∂x^ρ_l N^ρ_l (X) + P^′_i(X) (3.2.51)

where the Wick monomials N^ρ_l verify the following equation: (N^ρ_l )^† = (−1)^{n−1}N^ρ_l . (3.2.52) Then we make the redefinition T^ρ_{n/l} → T^ρ_{n/l} + N, T̄^ρ_{n/l} → T̄^ρ_{n/l} + (−1)^{n−1}N^ρ_l (3.2.53) without affecting the properties of the expressions T (X), T^μ_l (X), |X| = n. In this way one can eliminate immediately some of the monomials from the list (3.2.48). In this way one can eliminate:

• P_7 by redefining P_6;

• P_9 and P_{10} by redefining P_8; • P_{13} by redefining P_{12}; • P_{16} by redefining P_{15}.

In all these cases the property (3.2.52) follows easily from (3.2.39).

We analyse now the remaining cases.

1) In this case we have the following generic form of the numerical distribution: p^ρ_{ijl}(X) = ∑ ijl K_{ijl}γ^ρδ^{n−1}(X). (3.2.54)

This means that we have:

P_1(X) = Kδ^{n−1}(X) : ψ̄(x_n)γ^ρψ(x_n) : ∂_ρu(x_n). (3.2.55)

From (3.2.39) one finds out that K̄ = (−1)^nK. (3.2.56) Now one sees that P_1 = d_QN (3.2.57) where N(X) = Kδ^{n−1}(X) : ψ̄(x_n)γ^ρψ(x_n) : A_ρ(x_n) (3.2.58) verifies, because of (3.2.56), the relation N(X)^† = (−1)^{n−1}N(X). (3.2.59) It means that we can make the substitutions T (X) → T (X) + N(X), T̄ (X) → T̄ (X) + (−1)^{n−1}N(X) (3.2.60) without modifying the properties of the chronological products. But in this way we will have P_1 = 0.

2), 3) 4) In the first two cases the structure of the numerical distributions q and r is similar to the structure (3.2.54) above. If we use in the first two cases Dirac equation (3.1.3) it follows that the sum of these two contributions is of the form:

P_0(X) = Kδ^{n−1}(X) : ψ̄(x_n)ψ(x_n) : u(x_n). (3.2.61) In the case 4) we have the generic form p_{ijl}(X) = ∑ ijl (K_{ijl}1 + K_{ijlm}γ · ∂_m) δ^{n−1}(X). (3.2.62)

(where in the sum the values of the indices i, j, k must be distinct..) We integrate by parts, make the redefinition (3.2.53) and conclude that we can take P_4(X) = δ^{n−1}(X)W (x_n) (3.2.63) where the Wick monomial W is of the following type:

W (x) = {K_1 : [∂_ρψ̄(x)]γ^ρψ(x) : +K_2 : ψ̄(x)γ^ρ[∂_ρψ(x)] :}u(x) + K_3 : ψ̄(x)γ^ρψ(x) : ∂_ρu(x) (3.2.64) In the first two terms we use Dirac equation (3.1.3). In the end we obtain that P_4 can be taken of the form P_0. Now it follows by elementary computations that charge conjugation invariance imposes P_0 = 0.

5) In this case, the numerical distributions p^{...}_{...} have the same structure as in the case 1) so we end up with P_5(X) = δ^{n−1}(X) K : ψ̄(x_n)γ^ρψ(x_n) : A_ρ(x_n)u(x_n). (3.2.65) This contribution is zero because of the charge conjugation invariance.

8) In this case we have

p^μ(X) = ∑ i C_i∂^μ_i + ∑ ijk D_{ijk}∂^μ_i ∂_j · ∂_k + ε^{μνρλ}D^′_{ijk}∂_{iν} ∂_{jρ}∂_{kλ} δ^{n−1}(X). (3.2.66)

By integrations by parts it follows that we can take P_8 = 0 of the form (3.2.63): P_8(X) = δ^{n−1}(X)W (x_n) (3.2.67) where the Wick monomial W is of the following type (use of the equations of motion must be made):

W (x) = C_1(∂^μA_μ)u + C_2A_μ∂^μu + C_3(∂^μA^μ)(∂_μ∂_ν u) + C_4(∂^μ∂^νA_μ)(∂_νu) (3.2.68) which can be exhibited in the form (3.2.57): W = d_QN (3.2.69) with N = i [ C_1 : ũu : − 1 2 C_2 : A_μA^μ : − 1 2 C_3 : (∂_νA_μ)(∂^νA^μ) : +C_4 : (∂_μũ)∂^μu) : ] (3.2.70) So, we can make the redefinition (3.2.60) and put P_8 = 0.

14) In this case we have p^{μνρ}(X) = ∑ i ( C_ig^{μν}∂^ρ_i + D_ig^{μρ}∂^ν_i + E_ig^{ρν}∂^μ_i + ε^{μνρλ}F_i∂_{iλ} ) δ^{n−1}(X). (3.2.71)

If we integrate by parts, we get a formula of the type (3.2.63) P_{14}(X) = δ^{n−1}(X)W (x_n) (3.2.72) with W of the following form:

W (x) = K_1 : A_ρA^ρ(∂^μA_μ) : u + K_2 : A_ρA^ρA_μ : ∂^μu + K_3 : A_ρA_μ(∂^μA^ρ) : u (3.2.73) On can get rid of the last term by redefining the first two ones. But in the case K_3 = 0 we have W = d_QN (3.2.74) with N = i ( K_1 : A^μA_μũu : − 1 4 K_2 : A_μA^μA_ρA^ρ : ) (3.2.75) so, we can make P_{14} = 0 as in the case 8).

15) In this case we have p^{μνρλ}(X) = ( K_1g^{μν}g^{ρλ} + K_2g^{μρ}g^{νλ} + K_3g^{μλ}g^{ρν} + K_4ε^{μνρλ} ) δ^{n−1}(X). (3.2.76) so P_{12}(X) = Cδ^{n−1}(X)W (x_n) (3.2.77) where W is of the form (3.2.57) with N = − i 4 : A_μA^μA_ρA^ρ : (3.2.78) and we can proceed as at 1).

In conclusion, we can make in (3.2.4) P_n = 0. This finishes the proof. �

Remark 3.9 We can fix the covariance properties with respect to the spatial and temporal inversions as in [38] ch. 4.4.

We now determine the non-unicity of the chronological products T (X). We have:

Proposition 3.10 Suppose that T (X) and T^′(X) are two solutions of the renormalization theory for quantum electrodynamics, verifying gauge invariance in the sense of the preceding theorem and the power counting condition (2.2.27). Then we have

T (X) − T^′(X) = d_QN(X) + i ∑ l∈X ∂ ∂x^μ_l N^μ_l (X) + Cδ^{n−1}(x) : ψ̄(x_n)γ^ρψ(x_n) : A_μ(x_n) (3.2.79)

with i^nC ∈ R. In particular, we can absorb the last term in the interaction Lagrangian by redefining the coupling constant up to order n.

Proof: From the gauge invariance condition, the expression F (X) ≡ T (X) − T^′(X) verifies: d_QF (X) = i ∑ l∈X ∂ ∂x^μ_l F^μ_l (X) (3.2.80)

for some Wick polynomials F^μ_l (X). Now we have from lemma 2.5

F (X) = ∑ i f_i(x)W_i(x) (3.2.81)

with the numerical distributions of the form

f_i(x) = p_i(∂)δ^{n−1}(x) (3.2.82)

where p_i are polynomials verifying the restrictions

deg(p_i) + ω(W_i) ≤ ω(T_1) = 4, ∀i. (3.2.83)

We also have all the properties of symmetry, covariance with respect to SL(2, C) and charge conjugation invariance. We list all polynomials fulfilling these requirements and we obtain the result. � Remark 3.11 The possibility of redefining the charge such that the last term in (3.2.79) disappears is named charge renormalization. We see that, in a rigorous version of the renormalization theory there is no mass renormalization, because one starts from the very beginning in a definite Fock space where the Dirac particle has a fixed mass m.

Remark 3.12 It is plausible that some descent equations of the type: d_QT^{μ1,...,μk} l_1,...,l_k = i ∑ l_{k+1}≠l_1,...,l_k ∂ ∂x^{μk+1}_{k+1} T^{μ1,...,μk+1} l_1,...,l_{k+1} , k ≤ n (3.2.84) can be established by refining the induction hypothesis. Such formulæ could be useful in more complicated theories.

We close this Section with a comparison between our proof and the proof appearing in [38], ch. 4.6. In this reference one works in a quantization formalism for the electromagnetic field without ghosts. One can prove, also by induction, a more precise formula for the chronological products: T_n(x_1, . . ., x_n) ∑ I,J,K : ∏ i∈I ψ̄(x_i)t^μK_{I,J,K}(X) ∏ j∈J ψ(x_j) :: ∏ k∈K A_{μk} (x_k) : (3.2.85)

where: a) the sum runs over all distinct triplets I, J, K ⊂ {1, . . ., n} verifying |I| = |J|; b) by μ_K we mean the set {μ_k}_{k∈K}; c) the expression t^{μK}_{I,J,K} are numerical distributions (in fact, they take values in the matrix space MC (4, 4)^{⊗|I|}.)

The possibility of having non-zero intersection between the sets I, J and K is permitted. The condition of gauge invariance (3.2.4) can be translated into conditions on these numerical distributions t^{μK}_{I,J,K} which are the famous Ward-Takahashi identities. They have a rather complicated form precisely because of the possible non-void intersections mentioned above. In fact, the proof from [38] relies on the following identities for which we did not found an elementary proof. Formula (4.6.36) from this reference is a particular case of the formulæ below. t^{ρμK}_{iI,J,iK} (X) = e ∑ j∉I [ γ^ρS^F_m(x_i − x_j ) ⊗ · · · ⊗ 1 ] t^{μK}_{jI,J,K} (X x_i), ∀i ∉ I, |J| < n, t^{μK ρ}_{I,Jj,Kj} (X) = e ∑ i∉J t^{μK}_{jI,JK,}(X x_j) [ 1 ⊗ · · · ⊗ S^F_m(x_i − x_j )γ^ρ ] , ∀j ∉ J, |I| < n, t^{μK}_{iI,iJ,K} (X) = e ∑ l∉K D^F_0 (x_i − x_l)t^{μK ρ}_{I,J,Kl}(X x_l) ⊗ γ_ρ ∀i ∉ I ∪ J, |I| < n. (3.2.86) 4 Renormalizability of the Scalar Quantum Electrodynamics

4.1 The Interaction Lagrangian

In this case, the matter field is a complex scalar field ϕ. The Hilbert space of the model is generated by applying on the vacuum Φ_0 the free fields A^μ(x), u(x), ũ(x), ϕ(x) and ϕ(x). We completely characterize these fields as in Subsection 3.1. The electromagnetic field and the corresponding ghost fields are determined by the same relations as in this Subsection.

• Equation of motion; beside (2.3.1) and (3.1.3) we have Klein-Gordon equations for the fields ϕ and ϕ̄:

(� + m^2)ϕ(x) = 0, (� + m^2)^¯ϕ(x) = 0. (4.1.1)

• Canonical (anti)commutation relations; beside (2.3.2) we require:

[A^μ(x), ϕ(y)] = 0, [ϕ(x), u(y)] = 0, [ϕ(x), ũ(y)] = 0 [ϕ(x), ϕ(y)] = 0, [ϕ(x), ϕ(y)] = 0, [ϕ(x), ϕ(y)] = D_m(x − y) × 1. (4.1.2)

• SL(2, C)-covariance. We keep the corresponding relations (2.3.4) from Subsection 2.3 and we add: U_{a,A}ϕ(x)U^{−1}_{a,A} = ϕ(δ(A) · x + a). (4.1.3)

• Spatio-temporal invariance; beside (2.3.5) and (2.3.6) we impose:

U_{Is} ϕ(x)U^{−1}_{Is} = ϕ(I_s · x), U_{It} ϕ(x)U^{−1}_{It} = ϕ(I_t · x). (4.1.4) • Charge invariance. The unitary operator realizing the charge conjugation verifies (2.3.7) and U_Cϕ(x)U^{−1}_C = ϕ(x). (4.1.5) • Moreover, we suppose that all these operators are leaving the vacuum invariant i.e. we have (2.3.8).

As in the case of spinorial electrodynamics, one can show that the operators U_{a,A}, U_{Is} , U_{It} and U_{Ist} are a representation of the Poincaré group; however, in this case the operators realizing the discrete symmetries square to identity. Moreover, the charge conjugation operator commutes with all the preceding operators.

We give as before in H^{gh} the sesqui-linear form < ·, · > which is completely characterize by requiring beside (2.3.9):

ϕ(x)^† = ϕ(x). (4.1.6) The expression of the supercharge gets remains the same (2.3.10) and one can see that (2.3.11) stays true; to (2.3.12) one must add:

[Q, ϕ] = 0, [Q, ϕ] = 0. (4.1.7) Alternatively if W is the linear space of all Wick monomials acting in the Fock space H^{gh} containing the fields A_μ(x), u(x), ũ(x), ϕ(x) and ϕ(x) then the expression of the BRST operator is determined by d_Qu = 0, d_Qũ = −i∂^μA_μ, d_QA_μ = i∂_μu, d_Qϕ = 0, d_Qϕ = 0. (4.1.8) The relations (2.3.20) and (2.3.21) valid in this case also.

As in the case of spinorial QED we give the expression of the interaction Lagrangian. T_1(x) ≡ ie : ϕ(x)^↔∂_μ ϕ(x) : A^μ(x). (4.1.9) (here e is a real constant called the electron charge) and can verify easily that the properties (2.1.14), (2.1.15) and (2.1.16) are true. We also have instead of (3.1.10):

U_{Is} T_1(x)U^{−1}_{Is} = −T_1(I_s · x), U_{It} T_1(x)U^{−1}_{It} = T_1(I_t · x), U_C T_1(x)U^{−1}_C = T_1(x). (4.1.10) As in the case of spinorial electrodynamics we have first order gauge invariance i.e. (2.3.25) for n = 1 with T^μ_{1/1}(x) ≡ ie : ϕ̄(x)^↔∂^μ ϕ(x) : u(x) (4.1.11) and we have, as in the case of spinorial QED, the relations (3.1.15), (3.1.13) and (3.1.14); instead of (3.1.12) we have: U_{a,A}T^μ_{1/1}(x)U^{−1}_{a,A} = δ(A^{−1})^μ_ρT^ρ_{1/1}(δ(A) · x + a), ∀A ∈ SL(2, C ), U_{Is} T^μ_{1/1}(x)U^{−1}_{Is} = −(I_s)^μ_ρT^ρ_{1/1}(I_s · x), U_{It} T^μ_{1/1}(x)U^{−1}_{It} = (I_s)^μ_ρT^ρ_{1/1}(I_t · x), U_CT^μ_{1/1}(x)U^{−1}_C = T^μ_{1/1}(x). (4.1.12) We note the change of sign in the relations describing the behaviour of spinorial QED and scalar QED with respect to spatial inversion.

4.2 Gauge Invariance of the Scalar QED We prove that scalar QED as defined in the previous Subsection is gauge invariant, i.e. the S-matrix is factorizable (in the adiabatic limit) to the physical Hilbert space; the proof will be extremely similar to the proof from Subsection 3.2 and we will indicate only the appropriate changes. Theorem 4.1 Suppose that T_1 is given by (4.1.9) above. Then the distributions T_n can be constructed such that, beside the conditions of symmetry, SL(2, C )-covariance, causality and unitarity (2.1.1), (2.1.2), (2.1.4), (2.1.11), verify the condition of P and T covariance, charge invariance and gauge invariance:

U_{Is} T_n(x_1, . . ., x_n)U^{−1}_{Is} = (−1)^nT_n(I_s · x_1, . . ., I_s · x_n), (4.2.1) U_{It} T_n(x_1, . . ., x_n)U^{−1}_{It} = T̄_n(I_t · x_1, . . ., I_t · x_n), (4.2.2) U_C T_n(x_1, . . ., x_n)U^{−1}_C = T_n(x_1, . . ., x_n), (4.2.3) d_QT_n(x_1, . . ., x_n) = i n∑ l=1 ∂ ∂x^μ_l T^μ_{n/l}(x_1, . . ., x_n), ∀n ∈ N^∗ (4.2.4) where T^μ_{n/l}, l = 1, . . ., n are some Wick monomials. Proof:

(i) The induction hypothesis is essentially the same as in the case of spinorial QED. We note the sign difference in the relation expression spatial inversion covariance. A similar difference appears in the induction hypothesis for the products T^μ_l (X).

We observe that the induction hypothesis is valid for p = 1 according to the results from the previous Subsection. We suppose that it is true for p ≤ n − 1 and prove it for p = n. We can proceed in strict analogy with the proof from Subsection 3.2. Everything stays unchanged with minor modification. The anomaly P_n is constructed in the same way and is constrained by the following conditions.

• It has the polynomial structure P_n(x) = ∑ i p_i(∂)δ^{n−1}(x)W^Q_i (x); (4.2.5)

here p_i are polynomials in the derivatives and W_i are Wick monomials in all the free fields of the theory. We have the degree restriction deg(p_i) + ω(W^Q_i ) ≤ 5, (4.2.6) where we compute the degree of a Wick monomial by attributing to every field or derivative the value 1.

• SL(2, C)-covariance: it is unchanged U_{a,A}P_n(x_1, · · ·, x_n)U^{−1}_{a,A} = T_n(δ(A) · x_1 + a, · · ·, δ(A) · x_n + a), ∀(a, A) ∈ inSL(2, C ). (4.2.7) • space-time covariance:

U_{Is} P_n(x_1, . . ., x_n)U^{−1}_{Is} = (−1)^nP_n(I_s · x_1, . . ., I_s · x_n), (4.2.8) U_{It} P_n(x_1, . . ., x_n)U^{−1}_{It} = (−1)^{n−1}P_n(I_t · x_1, . . ., I_t · x_n). (4.2.9)

• charge conjugation invariance:

U_CP_n(x_1, . . ., x_n)U^{−1}_C = P_n(x_1, . . ., ·x_n). (4.2.10) • Unitarity:

P^†_n ≡ (−1)^nP_n. (4.2.11) • Ghost numbers restrictions:

gh(P_n) = 1. (4.2.12) • The last two items of Proposition 3.8 are essentially the same (the only modification is that we can two derivatives on the scalar fields).

(ii) The list of possible anomalies consists of two types of terms: (a) the expressions P_6 − P_{17} from (3.2.48); (b) anomalies containing a pair : ϕϕ : with possible derivatives. We list these terms below: P^′_1(X) ≡ ∑ ijl p^{(1)μν}_{ijl} (X) : ∂_μϕ̄(x_i)ϕ(x_j) : ∂_ν u(x_l), P^′_2(X) ≡ ∑ ijl p^{(2)μν}_{ijl} (X) : ϕ(x_i)∂_μϕ(x_j) : ∂_νu(x_l), P^′_3(X) ≡ ∑ ijl p^{(3)μν}_{ijl} (X) : ∂_μϕ̄(x_i)∂_ν ϕ(x_j) : u(x_l), P^′_4(X) ≡ ∑ ijl p^{(4)μν}_{ijl} (X) : ∂_μ∂_νϕ̄(x_i)ϕ(x_j) : u(x_l), P^′_5(X) ≡ ∑ ijl p^{(5)μν}_{ijl} (X) : ϕ̄(x_i)∂_μ∂_ν ϕ(x_j) : u(x_l), P^′_6(X) ≡ ∑ ijl p^{(6)μ}_{ijl} (X) : ϕ̄(x_i)ϕ(x_j) : ∂_μu(x_l), P^′_7(X) ≡ ∑ ijl p^{(7)μ}_{ijl} (X) : ϕ̄(x_i)∂_μϕ(x_j) : u(x_l), P^′_8(X) ≡ ∑ ijl p^{(8)μ}_{ijl} (X) : ϕ̄(x_i)∂_μϕ(x_j) : u(x_l), P^′_9(X) ≡ ∑ ijl p^{(9)}_{ijl} (X) : ϕ̄(x_i)ϕ(x_j) : u(x_l), P^′_{10}(X) ≡ ∑ ijkl p^{(10)μν} ijkl (X) : ϕ̄(xi)ϕ(xj) : Aμ(xk)∂νu(xl), P^′_{11}(X) ≡ ∑ ijkl p^{(11)μν} ijkl (X) : ϕ̄(xi)ϕ(xj) : ∂νAμ(xk)u(xl), P^′_{12}(X) ≡ ∑ ijkl p^{(12)μν} ijkl (X) : ∂νϕ̄(xi)ϕ(xj) : Aμ(xk)u(xl), P^′_{13}(X) ≡ ∑ ijkl p^{(13)μν} ijkl (X) : ϕ̄(xi)∂ν ϕ(xj) : Aμ(xk)u(xl), P^′_{14}(X) ≡ ∑ ijkl p^{(10)μ}_{ijkl} (X) : ϕ̄(x_i)ϕ(x_j) : A_μ(x_k)u(x_l). (4.2.13)

Degree limitations of the type (3.2.49) are still valid and are easy to write down. The anomalies of the type (a) are treated exactly as in the Subsection 3.2. For the rest, we outline the arguments, which are quite similar to the previous ones.

First, we use integrations by parts to obtain formulæ of the type (3.2.51) and make the redefinition (3.2.53). In this way we can get rid of the following terms:

• P^′_1 and P^′_2 by redefining P^′_3 − P^′_5;

• P^′_6 by redefining P^′_7 and P^′_8;

• P_{11} by redefining P^′_{10}, P^′_{13}, P^′_{14}.

We give the analysis of the remaining cases. 3’) In this case the generic form of the distribution: p^{μν}_{ijl} is p^{μν}_{ijl}(X) = g^{μν} p_{ijl}δ^{n−1}(X). (4.2.14) This means that we have:

P^′_3 = δ^{n−1}(X) : ∂^μϕ̄(x_n)∂_μϕ(x_n) : u(x_n). (4.2.15)

But one proves rather elementary that from charge conjugation invariance we have P^′_3 = 0.

4’), 5’) The structure of the numerical distribution is again (4.2.14); we can use in this case Klein- Gordon equation (4.1.1) and we obtain expressions of the type 9’). If we redefine P^′_9 we eliminate this term.

7’)-8’) In these cases the structure of the numerical distribution is p^μ_{ijl}(X) = ∑ m p_{ijlm}∂^μ_mδ^{n−1}(X). (4.2.16) By integrations by parts, we get two types of terms: contributions of the type 3’) which disappear because charge conjugation invariance and contributions of the type 9’). If we redefine P^′_9 we eliminate these terms.

9’) The generic form of the numerical distribution is

p_{ijl}(X) = c_0δ^{n−1}(X) + ∑ m p_{ijlm}�_mδ^{n−1}(X). (4.2.17)

After integration by parts and utilization of the equations of motion we get an expression of the type (3.2.51); after making the redefinition (3.2.53) we remain with an expression of the type:

P^′_9 = δ^{n−1}(X) [ c_1 : ϕ̄(x_n)ϕ(x_n) : +c_2 : ∂^μϕ̄(x_n)∂_μϕ(x_n) : ] u(x_n); (4.2.18)

this expression is zero because of charge conjugation invariance.

10’), 12’), 13’) In these cases the numerical distributions are of the generic form (4.2.14) so we have the following expressions:

P^′_{10} = c_1δ^{n−1}(X) : ϕ̄(x_n)ϕ(x_n) : A_μ(x_n)∂^μu(x_n), P^′_{12} = c_2δ^{n−1}(X) : ∂^μϕ̄(x_n)ϕ(x_n) : A_μ(x_n)u(x_n), P^′_{13} = c_3δ^{n−1}(X) : ϕ̄(x_n)∂^μϕ(x_n) : A_μ(x_n)u(x_n), (4.2.19)

From the unitarity requirement (4.2.11) we obtain c_2 = c_3. This observation allows us group the last two contributions and make some integration by parts; as a result we obtain a contribution of the type P^′_{10} and one of the type

P^′_{11} = c_2δ^{n−1}(X) : ϕ̄(x_n)ϕ(x_n) : ∂^μA_μ(x_n)u(x_n). (4.2.20)

But we have:

P^′_{10} = d_Q [ − i 2 c_1δ^{n−1}(X) : ϕ̄(x_n)ϕ(x_n) : A_μ(x_n)A^μ(x_n) ] , P^′_{11} = d_Q [ ic_2δ^{n−1}(X) : ϕ̄(x_n)ϕ(x_n) : ũ(x_n)u(x_n) : ] (4.2.21)

so we can make the redefinition (3.2.60) and eliminate these terms.

14’) In this case the generic form of the numerical distribution is again (4.2.16) and we obtain terms of the type studied at 9’).

The proof is finished. �

5 Conclusions

We have succeed to give complete proof of the renormalizability of the quantum electrodynamics. It is much simpler that the proofs from the literature based on the usual BRST transformation (see [44] and literature quoted there). Its main advantages, beside the conceptual clearness, are:

1. the rôle of Feynman graphs is minimal (only in writing Wick theorem);

2. we circumvent the problem of the so-called 1-particle reducible graphs (see the end of the preceding Subsection.

It is an interesting problem to extend this analysis to the case of the standard model. This was done in a series of papers [9], [10], [13],[13] using beside Epstein-Glaser approach some rather complicated identities (the so-called C-g identities) and group theoretical analysis. It is to be expected that our method could simplify somewhat the analysis of this model and of other gauge models of physical interest from the literature. A step in this direction is made in [4] where the case of Yang-Mills fields of zero mass coupled with Dirac fields through vectorial currents is investigated. We propose to extend this analysis to the general case where scalar ghosts and axial currents are present in future papers.

It is natural to expect that this approach to renormalization theory gives the same result as the usual procedure of Becchi, Rouet, Stora and Tyutin. A proof of this fact based on the quantum Noether method [33] appears in [3]. However, we can give here a much simpler argument. It is clear that both approaches verify the same set of axioms so one can use the characterization of the non-uniqueness given above.

References

[1] A. Aste, G. Scharf, “Non-Abelian Gauge Theories as a Consequence of Perturbative Quantum Gauge Invariance”, hep-th/9803011, ZU-TH-6/98

[2] A. Aste, G. Scharf, M. Dütsch, “Perturbative Gauge Invariance: the Electroweak Theory II, hepth/9702053

[3] G. Barnish, M. Henneaux, T. Hurth, K. Skenderis, “Cohomological Analysis of Gauged-Fixed Gauge Theories”, preprint ESI 780 (1999), hep-th/9910201

[4] M. Dütsch, “On Gauge Invariance of Yang-Mills Theories with Matter Fields”, Zürich-University- Preprint ZU-TH-10/95, Il Nuovo Cimento A 109 (1996) 1145-1186

[5] M. Dütsch, “Slavnov-Taylor Identities from the Causal Point of View”, Zürich-University- Preprint ZU-TH-30/95, hep-th/9606105

[6] M. Dütsch, “Non-Uniqueness of Quantized Yang-Mills Theories”, Zürich-University-Preprint ZU- TH-9/96, hep-th/9606100, J. Phys. A 29 (1996) 7597-7617

[7] M. Dütsch, “Finite QED and Quantum Gauge Field Theory”, Acta Phys. Polonica B 27 (1996) 2421-2440

[8] M. Dütsch, K. Fredenhagen, “A Local (Perturbative) Construction of Observables in Gauge Theories: the Example of QED”, hep-th/9807078

[9] M. Dütsch, T. Hurth, F. Krahe, G. Scharf, “Causal Construction of Yang-Mills Theories. I”, Il Nuovo Cimento A 106 (1993) 1029-1041

[10] M. Dütsch, T. Hurth, F. Krahe, G. Scharf, “Causal Construction of Yang-Mills Theories. II”, Il Nuovo Cimento A 107 (1994) 375-406

[11] M. Dütsch, T. Hurth, G. Scharf, “Gauge Invariance of Massless QED”, Phys. Lett B 327 (1994) 166-170

[12] M. Dütsch, T. Hurth, G. Scharf, “Causal Construction of Yang-Mills Theories. III”, Il Nuovo Cimento A 108 (1995) 679-707

[13] M. Dütsch, T. Hurth, G. Scharf, “Causal Construction of Yang-Mills Theories. IV. Unitarity”, Il Nuovo Cimento A 108 (1995) 737-773

[14] M. Dütsch, F. Krahe, G. Scharf, “Interacting Fields in Finite QED”, Il Nuovo Cimento, A 103 (1990) 871-901

[15] M. Dütsch, F. Krahe, G. Scharf, “Gauge Invariance in Finite QED”, Il Nuovo Cimento, A 103 (1990) 903-925

[16] M. Dütsch, F. Krahe, G. Scharf, “Axial Anomalies in Massless Finite QED”, Il Nuovo Cimento, A 105 (1992) 399-422

[17] M. Dütsch, F. Krahe, G. Scharf, “The Vertex Function and Adiabatic Limit in Finite QED”, J.

Phys. G 19 (1993) 485-502

[18] M. Dütsch, F. Krahe, G. Scharf, “The Infrared Problem and Adiabatic Switching”, J. Phys. G 19 (1993) 503-515 [19] M. Dütsch, F. Krahe, G. Scharf, “Scalar QED Revisited”, Il Nuovo Cimento A 106 (1993) 277-307 [20] M. Dütsch, G. Scharf “Perturbative Gauge Invariance: the Electroweak Theory, hep-th/9612091 [21] H. Epstein, V. Glaser, “The Rôle of Locality in Perturbation Theory”, Ann. Inst. H. Poincaré 19 A (1973) 211-295 [22] V. Glaser, “Electrodynamique Quantique”, L’enseignement du 3e cycle de la physique en Suisse Romande (CICP), Semestre d’hiver 1972/73 [23] N. Grillo, “Some Aspects of Quantum Gravity in the Causal Approach”, hep-th/9903011, the 4th workshop on “Quantum Field Theory under the Influence of External Conditions”, Leipzig, Germany, Sept. 1998 [24] N. Grillo, “Causal Quantum Gravity”, hep-th/9910060 [25] D. R. Grigore, “On the Uniqueness of the Non-Abelian Gauge Theories in the Epstein-Glaser Approach to Renormalization Theory”, hep-th/9806244, submitted for publication [26] D. R. Grigore, “The Standard Model and its Generalizations in the Epstein-Glaser Approach to Renormalization Theory”, hep-th/9810078, submitted for publication [27] D. R. Grigore “The Standard Model and its Generalisations in Epstein-Glaser Approach to Renormalization Theory II: the Fermion Sector and the Axial Anomaly ”, hep-th/9903206, [28] D. R. Grigore, “On the Quantization of the Gravitational Field”, hep-th/9905190, Class. Quant.

Gravity 17 (2000) 319-344 [29] T. Hurth, “Nonabelian Gauge Theories. The Causal Approach”, Zürich-University-Preprint ZU- TH-36/94, hep-th/9511080, Ann. of Phys. 244 (1995) 340-425 [30] T. Hurth, “Nonabelian Gauge Symmetry in the Causal Epstein-Glaser Approach”, Zürich- University-Preprint ZU-TH-20/95, hep-th/9511139, Int. J. Mod. Phys. A 12 (1997) 4461-4476 [31] T. Hurth, “A Note on Slavnov-Taylor Identities in the Causal Epstein-Glaser Approach”, Zürich- University-Preprint ZU-TH-21/95, hep-th/9511176 [32] T. Hurth, “Higgs-free Massive Nonabelian Gauge Theories”, Zürich-University-Preprint ZU-TH- 25/95, hep-th/9511176, Helv. Phys. Acta 70 (1997) 406-416 [33] T. Hurth, K. Skenderis “Quantum Noether Method”, hep-th/9803030, Nucl. Phys. 541 (1999) 566-614 [34] D. Kastler, “Electrodynamique Quantique”, Dunod, 1972 [35] F. Krahe, “A Causal Approach to Massive Yang-Mills Theories”, DIAS-STP-95-01 [36] F. Krahe, “On the Algebra of Ghost Fields”, DIAS-STP-95-02

[37] F. Krahe, “Causal Perturbation Theory for Massive Vector Boson Theories”, Acta Phys. Polonica B 27 (1996) 2453-2476

[38] G. Scharf, “Finite Quantum Electrodynamics: The Causal Approach”, (second edition) Springer, 1995

[39] B. Schroer, “The Pivotal Role of Causality in Local Quantum Physics”, in “New Insights in Quantum Mechanics - Fundamentals, Experimental Results, Theoretical Directions”, Goslar, September 1-3, hep-th/9809017

[40] R. F. Streater, A. S. Wightman, “PCT, Spin and Statistics, and All That”, Benjamin, New York, 1968

[41] F. Strocchi, A. S. Wightman, “Proof of the Charge Superselection Rule in Local Relativistic Quantum Field Theory”, J. Math. Phys. 15 (1974) 2198-2224 ; Erratum Ibid. 17 (1976) 1930- 1931

[42] G. Scharf, M. Wellmann, “Quantum Gravity from Perturbative Gauge Invariance”, hepth/9903055

[43] V. S. Varadarajan, “Geometry of Quantum Theory”, (second edition) Springer, 1985

[44] S. Weinberg, “The Quantum Theory of Fields”, vol. 1 and 2, Cambridge Univ. Press, 1995

[45] A. S. Wightman, L. Gårding, “Fields as Operator-Valued Distributions in Relativistic Quantum Field Theory”, Arkiv Fysik 28 (1965) 129-184