arXiv:hep-th/9911238 v3 3 Feb 2000

YITP-SB-99-56 hep-th/9911238

Consistency of the AdS_7 � S_4 reduction and the origin of self-duality in odd dimensions

Horatiu Nastase, Diana Vaman and

Peter van Nieuwenhuizen^∗ C.N.Yang Institute for Theoretical Physics, S.U.N.Y. Stony Brook, NY 11794-3840,USA

Abstract We discuss the full nonlinear Kaluza-Klein (KK) reduction of the original formulation of d=11 supergravity on AdS_7 × S_4 to gauged maximal (N=4) supergravity in 7 dimensions. We derive the full nonlinear embedding of the d = 7 fields in the d = 11 fields (“the ansatz”) and check the consistency of the ansatz by deriving the d=7 supersymmetry laws from the d=11 transformation laws in the various sectors. The ansatz itself is nonpolynomial but the final d = 7 results are polynomial. The correct d = 7 scalar potential is obtained. For most of our results the explicit form of the matrix U connecting the d = 7 gravitino to the Killing spinor is not needed, but we derive the equation which U has to satisfy and present the general solution. Requiring that the expression δF = dδA in d = 11 can be written as δd(fields in d = 7), we find the ansatz for the 4-form F . It satisfies the Bianchi identities. The corresponding ansatz for the 3-form A modifies the geometrical proposal by Freed et al. by including d = 7 scalar fields. A first order formulation for A in d = 11 is needed to obtain the d=7 supersymmetry laws and the action for the nonabelian selfdual antisymmetric tensor field S_{αβγ,A}. Therefore selfduality in odd dimensions originates from a first order formalism in higher dimensions.

∗Research supported by NSF Grant 9722101; E-mail addresses: hnastase@insti.physics.sunysb.edu, dvaman@insti.physics.sunysb.edu, vannieu@insti.physics.sunsyb.edu

1 Introduction

The consistency of Kaluza Klein (KK) truncation at the nonlinear level of a massless gravitational higher-dimensional field theory to a massless gravitational lowerdimensional field theory has been a fundamental problem for a long time. In this article we present a complete solution for a particular model. Namely, we consider the original formulation of d=11 supergravity [1], without any string extensions, and write all components of all d=11 fields, denoted by Φ(y, x), as nonlinear expressions in terms of the massless d=7 fields ϕ(y) and spherical harmonics Y (x) on S_4. All spherical harmonics will be expressed in terms of (products of) Killing spinors η^I(x) with I = 1, ..., 4. Hence we present below explicit expressions for Φ(y, x) = Φ(ϕ(y), η(x)). The consistency of this ’ansatz’ amounts to proving that the d=11 supersymmetry variations of Φ produce the correct d=7 supersymmetry variations of ϕ. A particular nonlinear combination of ϕ’s and η’s enters as a 4 × 4 matrix U^{I′}_I (y, x). It appears in the ansatz for all fermionic Φ’s and in the relation ε(y, x) ∼ ϵ_I′ (y)U^{I′}_I (y, x)η^I(x) between the d=11 susy parameter ε(y, x) and the d=7 parameter ϵ(y). This matrix U must satisfy a linear matrix equation, and we present explicit solutions. This is the first time a complete nonlinear KK reduction of an original supergravity theory to all massless modes in a lower dimension has been given. There exists in the literature also a modified version of d = 11 supergravity with a local SU(8) symmetry and for this theory de Wit and Nicolai [2, 3, 4, 5] have shown that the KK reduction is consistent. Because in their version of the theory the matrix U only described gauge degrees of freedom, they did not try to determine it. (In an earlier study of the KK reduction of the original d = 11 supergravity to d = 4 they gave partial results on the matrix U [2, 3], but then they abandoned this project. In fact, the matrix U was first introduced in an implicit form in [6], while the contributions to U quadratic in scalars were computed in [7]. Other KK reductions to a subset of massless fields have also in some cases been shown to be consistent [8, 9, 10, 11].

This article contains a detailed and self-contained derivation of our results, and is an expanded version of a previous letter [12]. The basic problem we must analyze is that in relations like δϕ(y)Y (x) = ε(y, x)Φ(y, x) one finds products of Y (x)’s on the r.h.s. Hence one must prove relations of the form Y (x) = ΠY (x). (An example of such a relation is (4.30).) This requires a large number of properties of spherical harmonics. For the reader who is not an expert in these matters we have added a special section (section 3) in which we give a derivation of all identities we needed, starting from scratch. The basic object, in terms of which we express all spherical harmonics, is the Killing spinor. It is a square root of a Killing vector and is the spherical harmonic of the local supersymmetry parameters. The spherical harmonics of scalars, spinors and other fields are expressed into Killing spinors. We shall analyze all bosonic variations δΦ(ϕ(y), η(x)) up to terms with three d=7 fermion fields, and all fermionic variations up to terms with two d=7 fermion fields, but all results are to all orders in bosonic fields. Previous work in this area has also made the same restriction [3, 4, 5]. In principle one could also study the variations containing higher orders in fermi fields with our methods, but this is algebraically very complicated and given all small miracles we have encountered in our work, we expect that consistency holds there as well.

Initially, the aim of KK reductions of higher dimensional supergravities (sugras) was to find realistic field theories in d = 4 dimensions, and the compactification on AdS_4 × S_7 seemed promising ([13], see also [14]). However, it was later realized that it was impossible to obtain in this way chiral fermions and/or a vanishing cosmological constant [15]. Recent developments in the AdS-CFT correspondence have renewed interest in KK compactifications on anti-deSitter (AdS) spaces [16, 17, 18, 19, 20, 21, 22] (for a recent review see [23]).

While KK reduction (more precisely, truncation to the set of massless fields) on tori is always guaranteed to be consistent, this is not in general so. A simple example of an inconsistent truncation is Einstein gravity, which cannot be truncated to gravity plus gauge fields of the symmetry group K of the compact manifold M_K. This was already noticed by Kaluza and others who studied the reduction from 5 to 4 dimensions. They realized that the field equation for the scalar contains source terms depending on the gauge fields; hence setting the scalar to zero was inconsistent. But even keeping the scalars in the theory is in general not enough to obtain consistency. In the Einstein equation, the terms involving the gauge fields will have as spherical harmonics V^a_μ V^μ_b , whereas the rest of the terms have spherical harmonic 1. However, if one restricts the gauge group K to a subgroup K^′ such that the subset of Killing vectors satisfies V^a_μ V^μ_b = δ^a_b , then the KK reduction is consistent (a, b ∈ K^′) [8] (In sugra, more fields are present - for instance in 11 dimensions we have the antisymmetric tensor A_{ΛΠΣ} - and so the condition V^a_μ V^μ_b = δ^a_b gets modified in a complicated way). In the case of compactifications on a group manifold and on spheres S^{4n+3}, one can find such subsets of Killing vectors, whereas on S^{2n} one can not (as shown in [8]). For the Maxwell- Einstein system, on the other hand, the truncation to massless fields is consistent as far as the gauge symmetries are concerned [24].

The study of KK truncations took a new direction with the advent of supergravity. The most intensively studied model was the N=8 sugra, which proved to be very challenging. In the course of its study, other criteria for consistent truncations were found in [9, 25]. In [9] it was realized that for a field theory invariant under a group G, a consistent truncation can be obtained by retaining only all fields which are singlets under a subgroup G^′ ∈ G. In general, this gives an infinite set of fields (the untruncated set is of course always infinite). If G is the isometry group of the KK compactification on a space M_k, and G^′ acts transitively on M_k (i.e. any point in M_k can be reached from any other point by a G^′ gauge transformation), the subset of fields is finite. This requirement implies in particular that M_k is a coset manifold, G/H = G^′/H^′. In the case of the AdS_4 ×S_7 compactification, this mechanism gives a group theoretical explanation for the consistency of a particular truncation consisting of massless gauged N=3 supergravity coupled to some massive matter multiplets (this system is not contained in N=8 sugra). In [25] it was claimed that the truncation to 4d N ≥ 1 sugra multiplets with second order formulation for the fields is always consistent, and it was speculated that the truncation to a sugra multiplet is always consistent.

The study of the consistency of the KK reduction of d=11 sugra at the nonlinear level was tackled in a series of papers by de Wit and Nicolai. In their pioneering work, they followed two approaches. One was to construct directly an ansatz for the 11d metric as opposed to the vielbein; this yielded an ansatz for the fermions only up to a matrix U, depending on the 4d scalar fields. The dependence of this matrix on one of the scalars was even determined, but they did not succeed in finding the dependence on all other scalars. They then switched to another approach in which they reformulated 11d sugra as a theory with a local SO(1, 3)×SU(8) tangent space symmetry group, and dimensionally reduced this theory. This latter approach was used to prove consistency of the reduction by reproducing the 4d susy transformations laws and equations of motion, but left the ansatz of the original 11 dimensional fields in terms of the 4d ones implicit. The ansatz for F_{ΛΠΣΩ} was not explicitly given in the first approach. In the second approach no F_{ΛΠΣΩ} appears, but the equations needed to construct F_{ΛΠΣΩ} from the second approach were highly involved.

Lately, suggested by the need to embed AdS_4 and AdS_7 black holes as solutions of 11 d sugra (and AdS_5 black holes as solutions of 10d IIB sugra), the authors of [10, 11] proposed nonlinear ansätze for the embedding in 11d sugra and 10d IIB sugra of a further truncation of the gauged sugras in 4, 7 and 5 dimensions to a set of U(1) gauge fields and scalars (in the AdS_7 case, two U(1) gauge fields and two scalars). The consistency of the truncations was proven by reproducing the lower dimensional equations of motion from the ones of d=11 and d=10 sugras (see next section). After that, a series of other papers looked at other truncations of 11d sugra on AdS_7 × S_4 (a model with one scalar, one SU(2) gauge field and one antisymmetric tensor in [26], a model with 4 scalars in [27]). Consistent truncations of bosonic subsets of fields to other dimensions were also considered in [28, 29, 30, 31]. The authors of [32] also worked out an ansatz or an S_3 truncation of N = 1 d = 10 sugra which reproduced the bosonic action of N = 2 =. 7 gauged sugra; however, they did not explicitely checked consistency.

In a previous letter [12], we have given the full nonlinear ansätze for the KK reduction of 11d sugra on AdS_7 × S_4. Here we present the details of the construction.

Crucial for the proof of consistency is a proper understanding of the origin of the concept of self-duality in odd dimensions – seven in this case. In sugra, this mechanism of selfduality in odd dimensions leads to a consistent coupling of a multiplet of massive antisymmetric tensor fields to nonabelian gauge fields. It was first discovered in a study of the KK reduction of d=11 sugra on S_4 [33], and found to give a formulation dual to Chern-Simons theory for the abelian case [34], but not for the nonabelian case [35]. It was found that the second order field equation for the field A_{αβγ,A}, which one obtains from KK reduction of the field A_{ΛΠΣ}, was of the form 2A + m^2A + mϵ∂A = 0. Adding in d=7 an auxiliary field B_{αβγ,A} with action B^2, a rotation from A,B to S,b yielded the final massless field S_{αβγ,A} and a massive mode b_{αβγ,A},

A = S + b, B = b − O(S + b) (1.1)

where O is an operator involving derivatives of the form ϵD + m, see (2.41). We have found that ϵB is obtained by KK reduction of the auxiliary field B_{ΛΠΣΩ} in d=11, which is obtained by using a first-order formulation for the 3-index photon in d=11.

This paper is organized as follows. In section 2.1 we discuss the issue of the consistency of KK truncations in general. We argue that it is sufficient to obtain the susy transformation laws of the dimensionally reduced theory from the susy transformation laws of the untruncated theory. In section 2.2 we present d=11 sugra with a first-order formulation for the 3-index photon A_{αβγ,A}, and prove its local supersymmetry. The linearized KK reduction is given in section 2.3. Although it was already given in [36], we summarize it here since it forms the starting point for the nonlinear extension. In section 3 we discuss Killing spinors and spherical harmonics. We begin in section 3.1 with a description of the spherical harmonics used for the massless multiplet and give various useful identities in section 3.2. Section 4 is the heart of this paper: it contains the proof of the consistency of KK reduction. In 4.1 we present the full ansatz for the d=11 vielbein and gravitino and we discuss the susy transformation laws of the vielbein. In 4.2 we derive an ansatz for the d=11 3-index antisymmetric tensor field A_{ΛΠΣ} by a partial analysis of the susy laws for A_{ΛΠΣ} and by a preliminary study of the susy transformation laws of the gravitino. It leads to the d=7 ’self-duality in odd dimensions’. In 4.3 we give the reduction of the rest of the d=11 gravitino transformation laws and derive the transformation law of the 3-index d=7 tensor S_{αβγ,A}. In section 5 we derive for completeness the seven dimensional bosonic equations of motion from the 11 dimenisonal bosonic equations of motion, with the gauge fields set to zero. We also derive the seven dimensional bosonic action and compare our ansatz with other ansätze for consistent truncation to bosonic subsets of fields. We finish in section 6 with conclusions and discussions. In Appendix 1 we give our conventions and some useful relations for Dirac matrices, including certain completeness relations. In Appendix 2 we give some details of the charge conjugation matrices in various dimensions and properties of modified Majorana spinors.

2 First-order d=11 supergravity and linearized KK reduction

2.1 KK consistency

Let us briefly discuss the issue of the consistency of the KK reduction. In general, if we truncate the fields in a Lagrangian by putting the ’massive’ ones {ϕ_{(n)}} to zero and keeping only the ’massless’ ones {ϕ_{(0)}}, we have to check that the full equations of motion and transformation laws (for all the symmetries of the system) are consistent under this truncation.

More precisely, the equations of motion of the massive fields, δS/δϕ_{(n)} must not contain any term depending only on the massless fields (at the linear level this is true because ϕ_{(n)} are eigenfunctions of the kinetic operator) because otherwise setting ϕ_{(n)} = 0 would be inconistent. Similarly, in the transformation rules for the symmetries of the system, the massive fields should not transform into a term with only massless ones, again because then we cannot put the massive fields to zero.

In the case of the KK reduction of a D dimensional sugra action, S^{(D)}({Φ}), we usually know the Lagrangian in lower (d) dimensions S^{(d)}({ϕ_{(0)}}) which we should obtain after truncation, but we need to find the nonlinear ansatz which specifies how the final massless fields ϕ_{(0)} are embedded in the higher-dimensional fields Φ. For a consistent truncation, there should be no term linear in massive fields in the untruncated action ∫ d^dxϕ_{(n)}f_n({ϕ_{(0)}}), because such a term would give an inconsistency of the equations of motion. Let’s assume that both the equations of motion and the susy laws are inconsistent, i.e. there exists a massive field which varies into a term involving only massless fields, δϕ_{(n)} = g_n({ϕ_{(0)}})+ more. If we can reproduce the correct d-dimensional susy laws from the D dimensional susy laws, the variation of the term in the action which is linear in massive fields gives an extra piece depending only on massless fields

δS^{(D)}({ϕ_{(n)}}, {ϕ_{(0)}}) = δS^{(d)}({ϕ_{(0)}}) + ∫ g_n({ϕ_{(0)}})f_n({ϕ_{(0)}}) + O(ϕ_{(n)}) = 0 (2.1)

Since the d-dimensional theory is invariant, δS^{(d)}({ϕ_0}) vanishes. Hence, for consistency g_nf_n = 0, i.e. the equations of motion and susy laws can’t both contain purely massless terms for a given massive field. Since the commutator of the susy transformations gives the equations of motion, the two inconsistencies are presumably always equivalent. Therefore one criterion for a consistent truncation is to find a nonlinear ansatz which gives the susy transformation laws of S^{(d)} from the susy transformation laws of S^{(D)}.

In [10, 11] the consistency of the KK reduction from the original d = 11 supergravity to AdS(7) × S_4 to a small subset (two scalars and two U(1) gauge fields) of our fields was studied using the other criterion, namely consistency of the field equations. Only bosonic fields were considered. More recently, this work has been extended to other subsets of bosonic fields (a model with one scalar, one SU(2) gauge field and one antisymmetric S_{αβγ}, [26] and a model with only 4 scalars [27]). We do not restrict our atttention to subsets, and consider both fermionic and bosonic fields. For completeness we shall also consider consistency of the bosonic field equations.

2.2 Supergravity and first order formulations

We start with the sugra Lagrangian in (10,1) dimensions with a first order formalism for the antisymmetric tensor field. (For our conventions and notation, see the appendix). This formulation was presented in our previous letter [12]. After that, a paper appeared which gave first order formulations of supergravities, in particular a formulation of 11d sugra which is first order in both the spin connection and the antisymmetric tensor field [37].

L = − 1 2k^2 ER(E, Ω) − E 2 Ψ̄_ΛΓ^{ΛΠΣ} D_Π(Ω + Ω̂ 2 )Ψ_Σ + E 48 (F_{ΛΠΣΩ}F^{ΛΠΣΩ} − 48F^{ΛΠΣΩ}∂_ΛA_{ΠΣΩ} ) −k √ 2 6 ϵ^{Λ0 ...Λ10} ∂_{Λ0} A_{Λ1Λ2Λ3} ∂_{Λ4} A_{Λ5Λ6Λ7} A_{Λ8Λ9Λ10} − √ 2k 8 E[Ψ̄_ΠΓ^{ΠΛ1 ...Λ4Σ}Ψ_Σ + 12Ψ̄^{Λ1} Γ^{Λ2Λ3} Ψ^{Λ4} ][ 1 24 F̃_{Λ1...Λ4} ] (2.2)

where F_{ΛΠΣΩ} is an independent field with field equation F_{ΛΠΣΩ} = F_{ΛΠΣΩ} , and

F_{ΛΠΣΩ} = ∂_ΛA_{ΠΣΩ} + 23 terms (2.3)

Furthermore E = det E_Λ^M and

R(E, Ω) = R_{ΛΠ}^{MN} (Ω)E^Π_ME^Λ_N (2.4)

R_{ΛΠ}^{MN} (Ω) = (∂_ΛΩ_Π^{MN} + Ω_Λ^M_P Ω_Π^{P N} − (Λ ↔ Π) (2.5)

D_Π ( Ω + Ω̂ 2 ) Ψ_Σ = ∂_ΠΨ_Σ + 1 4 { Ω_Π^{MN} + Ω̂_Π^{MN} 2 } Γ_{MN} Ψ_Σ (2.6)

F̃_{Λ1...Λ4} = (F + F̂ 2 )_{Λ1...Λ4} = 24 [ ∂_{[Λ1} A_{Λ2Λ3Λ4]} + 1 16 √ 2 Ψ̄_{[Λ1} Γ_{Λ2Λ3} Ψ_{Λ4]} ] (2.7)

Here F̂ is the supercovariant curl of A^† and we use 1.5 order formalism for the spin connection, i.e., Ω is not independent, but rather it is the solution of its field equation ( to which only the Ω term, but not the Ω̂ term, in the gravitino action contributes). The supercovariant spin connection Ω̂ is obtained from Ω by adding terms bilinear in the fermions such that there are no ∂ϵ terms in its susy transformations

Ω̂^{MN}_Π = Ω_Π^{MN} (E) + k^2 4 (Ψ̄_ΠΓ^M Ψ^N − Ψ̄_ΠΓ^M Ψ^n + Ψ̄^M Γ_Πψ^N ) (2.8)

The relation between Ω and Ω̂ is then given by

Ω_Π^{MN} = Ω̂_Π^{MN} − 1 8 Ψ̄^ΛΓ_{ΛΠ}^{MN}_ΣΨ^Σ (2.9)

It is useful to redefine

F_{ΛΠΣΩ} = ∂_ΛA_{ΠΣΩ} + 23 terms + B_{MNP Q}E^M_Λ ...E^Q_Ω √ E (2.10)

Substituting this definition into the terms in the action involving F, we obtain − 1 48 E(∂_{[Λ}A_{ΠΣΩ]} + 23 terms)^2 + B^2_{MNP Q} 48 (2.11)

The supersymmetry transformation rules which leave the action with the B^2_{MNP Q} term invariant read

δE^M_Λ = k 2 ε̄Γ^M Ψ_Λ (2.12)

δΨ_Λ = 1 k D_Λ(Ω̂)ε + √ 2 12 (Γ^{Λ1...Λ4}_Λ − 8δ^{Λ1}_Λ Γ^{Λ2Λ3Λ4} )ε( 1 24 F̂_{Λ1...Λ4} ) + 1 24 (bΓ_Λ^{Λ1...Λ4} 1 √ E B_{Λ1...Λ4} − aΓ^{Λ1Λ2Λ3} 1 √ E B_{ΛΛ1Λ2Λ3} )ε (2.13)

δA_{Λ1Λ2Λ3} = − √ 2 8 ε̄Γ_{[Λ1Λ2} Ψ_{Λ3 ]} (2.14) δB_{MNP Q} = √ Eε̄(aΓ_{MNP} E^Λ_QR_Λ(Ψ) + bΓ_{MNP QΛ}R^Λ(Ψ)) (2.15)

where R_Λ(Ψ) is the gravitino field equation,

R^Λ(Ψ) = 1 E δL δΨ̄_Λ

= −Γ^{ΛΠΣ} D_ΠΨ_Σ − √ 2 4 k( 1 24 F̂_{Λ1...Λ4} )Γ^{ΛΛ}1^{...Λ}5 Ψ_{Λ5} − 3 √ 2k( 1 24 F̂^{ΛΠΣΩ} )Γ_{ΠΣ}Ψ_Ω (2.16)

†By replacing 24F∂A in (2.2) by FF̂ , the terms (Ψ̄ΓΓΨ)F̃ get absorbed. Then the F field equation reads

F =^^F and becomes supercovariant. We have not been able to absorb the remaining four-fermi terms by

using our new first order formulation.

The expression F̂_{ΛΠΣΩ} denotes the usual supercovariantization of ∂_ΛA_{ΠΣΩ} + 23 terms and a and b are free parameters. They will be fixed by the requirement of consistency of the KK truncation on S_4. The gravitational constant k has dimensions 11/2, hence kA is dimensionless and kΨ has dimension 1/2. Below we set k equal to unity.

New in the transformation laws are the B terms in δΨ_Λ and the expression for δB. Of course δB is proportional to the gravitino field equation, because B = 0 is a field equation and field equations (usually) transform into field equations.

This theory admits a background solution which satisfies the equations of motion and which describes a geometry of the type AdS_7 × S_4. The source is given by F_{μνρσ} = 3 √ 2 m(det^∘e^m_μ (x))ϵ_{μνρσ} (2.17) where^∘e^m_μ is the vielbein on S_4 and^∘e^a_α the vielbein on AdS_7. The parameter m is the inverse radius of the sphere as will now be show. The field equations for the background geometry read then R_{μν} − 1 2 ∘ g_{μν} R = −1 6 ( F_{μ···}F_ν^{···} − 1 8 ∘ g_{μν} F^2 ) = − 9 4 ∘ g_{μν} m^2 (2.18) and R_{αβ} − 1 2 ∘ g_{αβ} R = 1 48 ∘ g_{αβ} F^2 = 9 4 ∘ g_{αβ} m^2 (2.19)

The maximally symmetric solution is given by

R_{μν}^{mn}(^∘e^{(4)}) = m^2{^∘e^m_μ (x)^∘e^n_ν (x)−^∘e^m_ν (x)^∘e^n_μ (x)} (2.20)

R_{αβ}^{ab}(^∘e^{(7)}) = − 1 4 m^2(^∘e^a_α (y)^∘e^b_β (y)−^∘e^b_α (y)^∘e^a_β (y)) (2.21)

R = R^{(4)} + R^{(7)} = − 3 2 m^2 (2.22)

All other fields vanish in the background

Ψ^M_Λ = 0 ; F_{αΛΠΣ} = 0 ; B_{ΛΠΣΩ} = 0 (2.23)

First order formulations in sugra have been given before in d=4. Soon after the N=1 sugra was formulated with a second-order formulation for the spin connection [38], a first-order formulation for the spin connection (with an independent field ω^{mn}_μ and an expression for δω^{mn}_μ ) was given [39]. For d=11 sugra, a first-order formulation for the spin connection was given in [40].

The reason we start with a first order formulation for the antisymmetric tensor field in d=11 is that at the linearized level one needs in 7 dimensions a 3-index auxiliary field to combine with the 3 index tensor to give the 7 dimensional supergravity field S_{αβγ,A} found in [41]. Since the 3-index auxiliary field can also be written as a 4-index auxiliary field by a duality transformation, this suggested to us that the auxiliary field in d=11 gives by reduction the auxiliary field in d=7. Our results confirm this suggestion.

Could we have chosen another first order formulation which would give us at the linearized level this auxiliary field? The other obvious choice is the first order formulation for the spin connection (Palatini formalism). The auxiliary field would then be obtained as the totally antisymmetric part of the difference between the independent spin connection and the solution of its equation of motion, i.e.

B_{ΛΠΣ} = (Ω_{[Λ}^{MN} − Ω̂_{[Λ}^{MN} (E, Ψ))E_{MΠ}E_{N Σ]} (2.24)

When we dimensionally reduce, we obtain an auxiliary antisymmetric tensor field B_{αβγ}. We will see later (in section 3) that this approach does not produce the 7 dimensional auxiliary field we need.

2.3 Linearized Kaluza-Klein reduction on S_4

Any 11 dimensional field is written as a sum of the corresponding background field and the fluctuations. In the fluctuations we keep only ’massless’ modes, i.e., fields which in 7 dimensions belong to the maximal (N=4) sugra multiplet. In full generality, the massless 7 dimensional fields may occur nonlinearly in the expansion of 11 dimensional fields.

The linearized terms in the expansion of the bosons have the generic form Φ_{αμ}(y, x) = ∑ I ϕ_{α,I}(y)Y^I_μ (x) (2.25)

where ϕ are 7 dimensional fields and Y are spherical harmonics. The 7 dimensional indices are attached to 7 dimensional fields, 4 dimensional indices to the spherical harmonics Y of the internal space. For fermions one finds a similar decomposition,

Ψ^A(y, x) = ∑ I Ψ^ã_I (y)Y^{I,ã} (2.26)

where the spinor index A=1,32 of an 11 dimensional spinor decomposes as A = ã ⊗ ã with ã spinor indices on AdS_7 and ã spinor indices on S_4. We shall suppress these spinor indices , and thus ã and ã will not be used below.

The linearized ansatz has been given in [36]. We reproduce it here for completeness. The vielbein E^M_Λ (y, x) produces the metric g_{ΛΠ} = E^M_Λ E_{M Π} =^∘g_{ΛΠ} +kh_{ΛΠ} , where h_{ΛΠ} are the fluctuations given by the following expressions in the various sectors (i) In AdS_7 spacetime h_{αβ}(y, x) = h_{αβ}(y) − 1 5 ∘ g_{αβ} (y)(h_{μν}(y, x)^∘g^{μν} (x)) (2.27)

where the redefinition of the graviton is needed in order to diagonalize its kinetic term. (The linearized kinetic term for the graviton is the Fierz-Pauli action for a massless spin 2 field and reads in any dimension L = 1/2h^2_{μν,ρ} + h^2_μ − h^μh_{,μ} + 1/2h^2_{,μ} where h_μ = ∂^νh_{νμ} and h = h^μ.)

(ii) In the mixed sector,

h_{μα}(y, x) = B_{α,IJ} (y)V^{IJ}_μ (x); I, J = 1, 4 (2.28)

where V^{IJ}_μ (x) = V^{JI}_μ (x) are the ten Killing vectors on S_4.

(iii) In the S_4 sector h_{μν} (y, x) = S_{IJKL}(y)η^{IJKL}_{μν} (x) (2.29) where the scalars S_{IJKL} are in the 14 representation of USp(4) and η^{IJKL}_{μν} is the corresponding spherical harmonic. It has the symmetry of the Riemann tensor, but its symplectic trace and its totally antisymmetric part vanish (see below (3.6) and (3.7)).

The gravitino Ψ_Λ splits into Ψ_μ and Ψ_α, where the spin 1/2 fields are written as

Ψ_μ(y, x) = λ_{J,KL}(y)γ^{1/2}_5 η^{JKL}_μ (x) (2.30)

The λ_{J,KL} with J,K,L=1,...4 are the fermions in the 16 representation of USp(4), with η^{J,KL}_μ (x) the corresponding spherical harmonic. λ_{J,KL} is antisymmetric and symplectic traceless in KL, and its totally antisymmetric part vanishes (and so all its symplectic traces are zero). By definition, √ γ_5 =^{i−1}_2 (1 + iγ_5), see appendix A1.

We took the scalars to be in the 14 representation and the spinors in the 16 representation because of the following reason. First, the total number of scalars has to be 14, and the total number of fermions 16, a fact which we know for instance from the case of toroidal compactification. Second, the complete mass spectrum on S_4 was found in [45], and the lowest mass modes are the singlet and the 14. The singlet has bigger mass, and is found to belong to another multiplet. The spinors have as lowest modes a 4 and the 16, but again the 4 has higher mass and belongs to the same multiplet as the scalar singlet.

The gravitini Ψ_α also have to be redefined in order to diagonalize their kinetic term

Ψ_α(y, x) = ψ_{αI}(y)γ^{±1/2}_5 η^I(x) − 1 5 τ_αγ_5γ^μΨ_μ(y, x) (2.31)

where η^I (x) is the Killing spinor. Clearly, γ^{−1/2}_5 =^{1+i}_2 (iγ_5 − 1).

The antisymmetric tensor F_{ΛΠΣΩ} =^∘F_{ΛΠΣΩ} +f_{ΛΠΣΩ} (where f_{ΛΠΣΩ} is the fluctuation and^∘F_{ΛΠΣΩ} the background solution) decomposes at the linearized level as follows √ 2 3 f_{μνρσ} = √ det^∘g_{μν} ϵ_{μνρσ} h^λ, h^λ ≡ h_{μν} (y, x)^∘g^{μν} (x) (2.32) √ 2 3 f_{ανρσ} = √ det^∘g_{μν} ϵ_{νρστ} [ 1 10 D^τ D_αh^λ − h^τ_α] (2.33) √ 2 3 f_{μναβ} = i 3 ∂_{[α}B^{IJ}_{β]} η̄^Iγ_{μν} γ_5η^J (2.34) √ 2 3 f_{ναβγ} = √ 2 3 A_{αβγ,IJ} ∂_νϕ^{IJ}_5 (x) (2.35) √ 2 3 f_{αβγδ} = √ 2 3 4∂_{[α}A_{βγδ],IJ} ϕ^{IJ}_5 (x) (2.36)

so that A_{μνρ}(y, x) = √ 2 40 √_∘ gϵ_{μνρσ}D^σh^λ (2.37) A_{αμν}(y, x) = i 12 √ 2 B_{α,IJ} (y)η̄^I(x)γ_{μν}γ_5η^J (x) (2.38)

A_{αβμ} = 0 (2.39) A_{αβγ}(y, x) = 1 6 A_{αβγ,IJ} (y)ϕ^{IJ}_5 (x) (2.40) where A_{αβγ,IJ} is a set of antisymmetric symplectic-traceless tensors in the 5 representation of USp(4) and ϕ^{IJ}_5 = η̄^Iγ_5η^J = −η̄^J γ_5η^I the corresponding scalar spherical harmonic. The factor 1/10 in (2.33) was determined in [36] by solving the Bianchi identities, but we have here given the linearized KK formulas for the fields themselves.To show that (2.37) reproduces (2.32) one needs 2^∘g^{μν} η^{IJKL}_{μν} = −10^∘g^{μν} η^{IJKL}_{μν} , see (3.7). The rest of the result in (2.33) then follows if one uses^∘D_μ η =^i_2 γ_μη and V_μ = η̄γ_μη, see (3.3).

When massive modes are put to zero, one would expect that A_{αβγ,IJ} becomes equal to the 7 dimensional supergravity field S_{αβγ,IJ} . However, the field A_{αβγ,IJ} has an action with 2 derivatives, whereas the action of S_{αβγ,IJ} is linear in derivatives. That means that we need to introduce by hand an auxiliary field B_{αβγ,IJ}, and rotate the A and B fields such that the sum of the action of A with 2 derivatives and the action of B with none gives two decoupled actions each linear in derivatives, one for S_{αβγ,IJ} and one for a massive field b. After setting the massive field b to zero, the dependence of the auxiliary field B_{αβγ,IJ} on S_{αβγ,IJ} reads B_{αβγ,IJ} = 1 5 (S_{αβγ,IJ} + 1 6 ϵ_{αβγ}^{δϵηζ}D_δS_{ϵηζ,IJ} ) (2.41) Note that if we want to understand B as coming from a KK reduction, its spherical harmonic should be the same as for the field A. In general two fields in lower dimensions with the same index structure cannot have the same spherical harmonic, but in our case B and A have different mass dimensions, and therefore can have the same spherical harmonic.

3 Spherical harmonics and Killing spinors

3.1 Spherical harmonics for the massless multiplet

The coset representatives of a reductive coset manifold L(x) = exp(−x^αK_α) satisfy the equation L^{−1}dL = e^aK_a+ω^iH_i. From dL^{−1} = −(L^{−1}dL)L^{−1} with coset generators K_α and subgroup generators H_i, one then obtains (d + ω^iH_i)L^{−1} = −(e^mK_m)L^{−1}. Using the spinor representation of SO(5) with H_i =^1_4 [γ_m, γ_n] and K_m = −icγ_m we define η^I(x) ≡ L^{−1}η^I (0) where η^I(0) is a constant spinor with η^I(0)^α = Ω^{αI} . (The index α is a spinor index and runs from 1 to 4, while Ω is a constant antisymmetric 4 × 4 matrix. We suppress the spinor index α in most of the text.) In general, the difference between ω^iH_i and the spin connection term 1/2 ω(spin)_a^{bc}J_{bc} is 1/4c̄_{ab}^cJ_c^b, where c̄^c_{ab} is defined by [K_a, K_b] = c_{ab}^iH_i + c_{ab}^dK_d, c̄_{db}^a = c_{db}^a + δ^{aa′} (c_a′_d^{b′} δ_{bb}′ + b ↔ d) [43]. Since S_4=SO(5)/SO(4) is a symmetric manifold, c_{ab}^d = 0 and thus ω^iH_i is the spin connection. For a treatment of spherical harmonics on S_4 and on general coset manifolds, where these issues are siscussed, see [44, 45].

On S_4 we use μ = 1, 4 instead of α as curved coset indices, and m = 1, 4 as flat coset indices. Then the spinors η^I (x) are Killing spinors as they satisfy

(∂_μ + 1 4 ω^{mn}_μ (x)γ_{mn})η^I(x) = ce^m_μ (x)(iγ_m)η^I(x), (3.1) where the scale parameter c is fixed in terms of the curvatures. For a sphere S_4 of radius m as chosen in (2.20), c = ±^1_2 m. This can be derived from the integrability condition on the Killing spinor^‡: [^∘D_μ,^∘D_ν ]η =^∘R_{μν}^{mn 1}_4 γ_{mn}η, when we substitute the background curvature. In the following we choose to work with Killing spinors for which c =^1_2 m; we shall also drop the factors of m, understanding that we should replace everywhere ∂_μ by ∂_μ/m to get the correct dimensions.

The Killing spinors can be given an explicit form η^{αI} = {exp( −i 2 x^μδ^m_μ γ^m)}^α_βΩ^{βI} (3.2)

where x^μ are general coordinates in patches covering S_4. They satisfy ∘ Dμ η^I = i 2 γ_μη^I; η̄^Iη^J = Ω^{IJ} ;^∘D_μ η̄^I = − i 2 η̄^I γ_μ (3.3)

(In appendix A2 we discuss the definition η̄^I = η^{I,T} C, where the charge conjugation matrix (C^−_4 )_{αβ} on S_4 is equal to the symplectic metric Ω_{αβ}. It is shown there that Ω^{Iα} = −(C^{−1})^{Iα}). The first relation follows from our earlier discussion, while the second one is easy to check. A direct consequence of the second equation is a completeness type of relation satisfied by the Killing spinors

η^α_J η̄^J_β = −δ^α_β with η^α_J ≡ η^{αI}Ω_{IJ} (3.4)

One can directly verify the Killing equation by constructing the vielbein e^m and spin connection ω^i from L^{−1}dL, expressing L in terms of a cosine and sine as in (3.11), and substituting into (3.1).

All spherical harmonics can now be built from Killing spinors: • Scalars 5, ϕ^{IJ}_5 = −ϕ^{JI}_5 = η̄^Iγ_5η^J , ϕ^{IJ}_5 Ω_{IJ} = 0, or Y^A ≡^1_4 ϕ^{IJ}_5 (γ^A)_{IJ} with I,J=1,4 and γ^A defined in (A.11). (The matrices (γ^A)_{IJ} are antisymmetric and obtained from {iγ_mγ_5, γ_5}^I_J by lowering the index according to the rule (A.14)).

• Conformal Killing vectors 5, C^{IJ}_μ = −C^{JI}_μ = η̄^Iγ_μγ_5η^J , C^{IJ}_μ Ω_{IJ} = 0, or C^A_μ = i 4 C^{IJ}_μ (γ^A)_{IJ} =^∘D_μ Y^A, where^∘D_μ Y^A = ∂_μY^A. They satisfy^∘D_{(μ} C^A_{ν)} =^1_4 g_{μν}(^∘D^ρ C^A_ρ ). (In fact^∘D_μ C^A_ν =^∘D_{(μ} C^A_{ν)}.)

• Killing vectors 10, V^{IJ}_μ = V^{JI}_μ = η̄^Iγ_μη^J or V^{AB}_μ = −V^{BA}_μ = −^i_8 V^{IJ}_μ (γ^{AB})_{IJ} , satisfying^∘D_{(μ} V^{AB}_{ν)} = 0 and V^{IJ}_μ = iV^{AB}_μ (γ_{AB})^{IJ} . We show in (3.24) that V^{AB}_μ = Y^{[A}∂_μY^{B]} • Symmetric tensors η^{IJKL}_{μν} = η^{IJKL}_{νμ} , with Young tableau in the form of a 2 × 2 box, η^{IJKL} μν = η^{IJKL}_{μν} (−2) − 1 3 η^{IJKL} μν (−10) (3.5)

‡It follows from this integrability condition that in general Killing spinors exist only on Einstein manifolds. On spheres there are two sets of Killing spinors η^± satisfying^∘D_μ η^± = �cγ_μη^± which are related by η^+ = γ_5η^− in even dimensions.

where 2η^{IJKL}_{μν} (−2) = −2η^{IJKL}_{μν} and 2η^{IJKL}_{μν} (−10) = −10η^{IJKL}_{μν} . The first harmonic is traceless, while the second one is a pure trace. In terms of Killing spinors one has η^{IJKL} μν (−2) = C^{IJ}_{(μ} C^{KL}_{ν)} − 1 4 ∘g_{μν} C^{IJ}_λ C^{λKL} (3.6) η^{IJKL} μν (−10) =^∘g_{μν} (ϕ^{IJ}_5 ϕ^{KL}_5 + 1 4 C^{IJ}_λ C^{λKL}) (3.7)

(Use 2ϕ^{IJ}_5 = −4ϕ^{IJ}_5 and 2C^{IJ}_μ = −C^{IJ}_μ .) Both (3.6) and (3.7) are symplectictraceless (use (3.4)) and without a totally antisymmetric part (use Fierz rearrangements).

• Vector-spinor η^{JKL}_μ with Young tableau in the form of a gun,

η^{JKL}_μ = η^{JKL}_μ (−2) + η^{JKL}_μ (−6) (3.8)

The first harmonic satisfies γ^{ν ∘}D_ν η^{JKL}_μ (−2) = −2η^{JKL}_μ (−2) and is gamma traceless, while the second one is a pure gamma trace and satisfies γ^{ν ∘}D_ν η^{JKL}_μ (−6) = −6η^{JKL}_μ (−6). Again these spherical harmonics can be expressed in terms of Killing spinors η^{JKL}_μ (−2) = 3(η^JC^{KL}_μ − 1 4 γ_μγ^νη^JC^{KL}_ν ) (3.9)

η^{JKL}_μ (−6) = γ_μ(η^Jϕ^{KL}_5 − 1 4 γ^νη^J C^{KL}_ν ) (3.10)

The relative factors 1/3 in (3.5) and 1 in (3.8) are not fixed by properties of the spherical harmonics themselves, but rather by consistency of the susy transformation rules and equations of motion at the linearized level [36].

3.2 Identities involving spherical harmonics

Substituting (3.2) into the definition of Y^A in terms of the Killing spinors, one obtains the vectors Y^A in terms of the coset parameters as:

Y^A = − 1 4 T r [ γ^Aγ_5exp(−i x̸) ] (3.11)

or, in components: Y^m = −δ_μ^m x^μ x sin x (3.12)

Y^5 = − cos x (3.13) where x^2 = x^μx^ν δ_{μν} . Clearly, ∑ (Y^A)^2 = 1, and x has a geometrical meaning: −x is the azimuthal angle of a point on the unit sphere with coordinates Y .

On a sphere one can also define stereographic coordinates ξ related to Y^m by a conformal mapping. If the unit sphere lies on top of the stereographic plane one obtains ξ^μ = δ_m^μ 2Y^m 1 − Y^5

. (3.14)

In these ξ coordinates the vielbein has a very simple form

e_μ^m(ξ) = δ_μ^m 4 4 + ξ^2

(3.15)

Also the spin connection and Killing spinors are simple rational functions of the ξ’s ω_μ^{mn} = 1 1 + ξ^2

(−δ^m_μ ξ^n + δ^n_μξ^m) (3.16)

η^±(ξ) = 4 4 + ξ^2

(1 ± i 2 γ_mξ^μδ^m_μ )η^±(0) (3.17)

We have now 3 different coordinate systems on S_4: the coset coordinates x, the Euclidean coordinates Y^A and the stereographic coordinates ξ. We shall mostly use the Euclidean coordinates Y^A, but note that the explicit expressions for the Killing spinors (which we do not use) are simplest in stereographic coordinates.

The scalars Y^A parameterizing the sphere in a 5 dimensional space satisfy the identity Y^AY_A = 1 (3.18)

It follows that Y^{A ∘}D_μ Y_A = 0, or Y^AC_{Aμ} = 0 (3.19)

It is easy to check that_∘ Dμ^∘Dν Y^A = −^∘gμν Y^A (3.20) Hence we obtain the completeness relation ∘ Dμ Y^{A ∘}Dν YA =^∘gμν , or C^A_μ CAν =^∘gμν (3.21) Another useful identity is ∘ Dμ Y^{A ∘}D^μ Y^B + Y^AY^B = δ^{AB} (3.22)

It follows by using that ∂_mY^A = C^A_m and Y^A ≡ C^A_5 form an orthogonal 5×5 matrix according to (3.18), (3.19) and (3.21). We also give another proof because it illustrates the techniques we will use. Acting with^∘D_λ on both sides of (3.22); the r.h.s. is then zero trivially, and the l.h.s. is zero upon using (3.20). So the l.h.s. is constant, and at x=0, where η^{Iα} = Ω^{αI}, we obtain ∘ Dμ Y^A|x=0 = 1 4 T r(Ciγ_5γ_μγ^AΩ̃) = −δ^A_μ Y^A|_{x=0} = 1 4 T r(Cγ_5γ^AΩ̃) = −δ^A_5 (3.23)

This proves (3.22).

In the same way one may prove that

V^{AB}_μ = Y^{[A ∘}D_μ Y^{B]} (3.24) namely one may show that the r.h.s. satisfies the Killing vector equation,^∘D_{(μ} V^{AB}_{ν)} = 0, by using (3.20) and the antisymmetry in AB. The proportionality constant is fixed by taking x = 0 for a particular case, e.g. A=5, B=ν. Using the definition of V^{AB}_μ , the l.h.s. gives at x=0 −^1_2 g_{μν}, and the r.h.s. gives with (3.23) also −^1_2 g_{μν} .

Similarly, we may derive 4 √_∘ gϵ_{μνρσ} ∂^ρY^{[A1} ∂^σY^{A2]} = +η̄^I γ_{μν}γ_5η^J(γ^{A1A2} )_{IJ} (3.25)

To prove this, we act with^∘D_λ on the last term and get +iη̄^I γ_5γ_{μνλ}η^J(γ^{A1A2} )_{IJ} . We obtain the same result if we act with^∘D_λ on the first term. At x=0, using (3.23), the l.h.s. gives 4 √_∘ gϵ_{μνA1 A2} and the r.h.s. gives T r(Cγ_{ρσ}γ_5γ^A1^A2Ω̃). Evaluating the trace one finds that both results are equal. This proves (3.25).

¿From (3.22) and (3.24) we find also

V^{AB}_μ V^ν_{AB} = 1 2 δ^ν_μ; V^{IJ}_m V^n_{IJ} = −4δ^n_m (3.26)

V^{AB}_μ Y_A = 1 2 ∘ Dμ Y^B (3.27) 1 2 [V^{AB}_μ Y_BY^C − A ↔ C] = 1 2 V^{AC}_μ (3.28)

V^{AB}_μ V^μ_{CD} = Y^{[A}Y_{[C} δ^{B]}_{D]} (3.29)

¿From SO(5) symmetry^§ we deduce ∫ S_4

d^4x √_∘ gY^AY^B = V^4 5 δ^{AB}. (3.30)

where V_4 is the volume of S_4. In the same way we find ∫ S_4

d^4x √_∘ gY^AY^BY^C Y^D = V^4 5 · 7

(δ^{AB}δ^{CD} + δ^{AC} δ^{BD} + δ^{AD}δ^{BC}) (3.31)

and integrals of any even number of Y^A’s will be proportional to symmetrized products of delta functions in a similar way. Integrals of an odd number of Y^A’s will give zero. See also the Appendix in [22]. A basic identity which we will use repeatedly is given by ϵ_{A1...A5} = 5 √_∘ gϵ_{μνρσ} ∂^μY^{[A1} ...∂^σY^{A4} Y^{A5]} (3.32)

It also follows from the fact that C^A_m and C^A_5 form an orthogonal matrix. Another proof is obtained by acting with^∘D_λ on both sides. The l.h.s. gives zero, and because of (3.20), on the r.h.s. when^∘D_λ hits the ∂Y ’s or Y^{A5} gives zero by antisymmetry. Being constant, the r.h.s. should be proportional to the l.h.s., and the proportionality

§The l.h.s. has to be an invariant tensor of SO(5) with 2 indices because the Haar measure d^4x √_∘ g on S_4 is SO(5) invariant. This allows only δ^{AB} . The constant of proportionality is found by taking a trace with δ^{AB} .

constant is fixed by looking at x=0. At x=0, η^{αI} = Ω^{αI}, so from (3.23) we get on the r.h.s. 5 √_∘ gϵ_{μνρσ} δ^{μ[A1} ...δ^{σA4} δ^{5A5]}= ϵ_{A1...A4} δ_{5A5} +ϵ_{A2 ...A5} δ_{5A1} +...+ϵ_{A5 ...A1} δ_{5A4} = ϵ_{A1...A5} . By repeatedly using (3.18),(3.19),(3.21), one derives from (3.32) the following further identities ϵ_{A1...A5} dY^{A1} = 4 √_∘ gϵ_{μνρσ} dx^μ∂^νY^{[A2} ∂^ρY^{A3} ∂^σY^{A4} Y^{A5]} (3.33) ϵ_{A1 ...A5} dY^{A1} ∧ dY^{A2} = 3 √_∘ gϵ_{μνρσ} dx^μdx^ν∂^ρY^{[A3} ∂^σY^{A4} Y^{A5]} (3.34) ϵ_{A1 ...A5} dY^{A1} ∧ dY^{A2} ∧ dY^{A3} = 2 √_∘ gϵ_{μνρσ} dx^μ ∧ dx^ν ∧ dx^ρ∂^σY^{[A4} Y^{A5]} = −2 √_∘ gϵ_{μνρσ} dx^μ ∧ dx^ν ∧ dx^ρV^{σ[A4A5]} (3.35) ϵ_{A1...A5} dY^{A1} ∧ ... ∧ dY^{A4} = √_∘ gϵ_{μνρσ} dx^μ ∧ ... ∧ dx^σY^{A5} (3.36) Contracting these identities with Y^{A5} , leads to a further chain of identities. ϵ_{A1...A5} dY^{A1} ∧ ... ∧ dY^{A4} Y^{A5} = √_∘ gϵ_{μνρσ} dx^μ ∧ ... ∧ dx^σ (3.37) ϵ_{A1...A5} dY^{A1} ∧ dY^{A2} ∧ dY^{A3} Y^{A5} = √_∘ gϵ_{μνρσ} dx^μ ∧ dx^ν ∧ dx^ρ∂^σY^{A4} (3.38) ϵ_{A1...A5} dY^{A1} ∧ dY^{A2} Y^{A5} = √_∘ gϵ_{μνρσ} dx^μdx^ν∂^ρY^{[A3} ∂^σY^{A4]} (3.39) ϵ_{A1...A5} dY^{A1} Y^{A5} = √_∘ gϵ_{μνρσ} dx^μ∂^νY^{[A2} ∂^ρY^{A3} ∂^σY^{A4]} (3.40) ϵ_{A1...A5} Y^{A5} = √_∘ gϵ_{μνρσ} ∂^μY^{[A1} ...∂^σY^{A4]} (3.41)

The last identity follows from (3.32). As a check on the normalization of the identities (3.33) to (3.41), we consider the point x=0 and use (3.23). For example, the l.h.s. of (3.35) yields ϵ_{A1...A5} δ^{A1}_μ δ^{A2}_ν δ^{A3}_ρ which agrees with 2ϵ_{μνρσ}δ^σ_{[A4} δ^5_{A5]} on the r.h.s.

By Fierz rearrangements, we get other identities. Fierzing η^{[K}(η̄^{J]}η^I), we get

γ_5η^Iϕ^{JK}_5 − γ_μγ_5η^IC^{JK}_μ = 4η^{[K}Ω^{J]I} − η^IΩ^{JK} (3.42)

from which we retrieve (3.22) after multiplying with η̄^L. Fierzing η^{(K}(η̄^{J)}η^I), we obtain γ_μη^IV^{JK}_μ − 1 2 γ_{μν} η^I(η̄^Jγ_{μν} η^K) = 4η^{(K}Ω^{J)I} (3.43)

In particular, (3.42) will be heavily used.

4 Derivation of the complete nonlinear Kaluza Klein reduction.

4.1 The dimensional reduction of the 11 dimensional vielbein transformation law

With the tools developed in the previous section, we turn to the main problem of this article, finding the complete nonlinear Kaluza-Klein ansatz.

For completeness, we give below the action and transformation laws of the dimensionally reduced theory, namely maximal gauged sugra in d = 7. The model has a local SO(5)_g gauge group for which A,B,... =1,5 are vector indices, while I,J,... =1,4 are spinor indices. The scalars Π_A^i parameterize the coset SL(5, R)/SO(5)_c but in the gauged model the SL(5, R) rigid symmetry of the action is lost and replaced by the SO(5)_g gauge invariance. The subscripts g stand for gauge, and c for composite. The indices i,j,...=1,5 are SO(5)_c vector indices and I^′, J^′,...=1,4 are spinor indices. The model has the following fields: the vielbein e_α^a, the 4 gravitinos ψ^{I′}_α , the SO(5)_g vector B^{AB}_α = −B^{BA}_α , the scalars Π_A^i, the antisymmetric tensor S_{αβγ,A} and the spin 1/2 fields λ^{I′}_i (vector-spinors under SO(5)_c, satisfying γ^iλ^{I′}_i = 0). They have the correct mass-terms which ensure ’masslessness’ in d=7 AdS space [46, 45]. The action reads e^{−1}L = − 1 2 R + 1 4 m^2(T^2 − 2T_{ij}T^{ij} ) − 1 2 P_{αij} P^{αij} − 1 4 (Π_A^iΠ_B^jF^{AB}_{αβ} )^2 + 1 2 (Π^{−1}_i^AS_{αβγ,A})^2 + 1 48 me^{−1}ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,A}F_{δϵηζ,B} − 1 2 ψ̄_ατ^{αβγ} ▽_β ψ_γ − 1 2 λ̄^iτ^α ▽_α λ_i − 1 8 m(8T^{ij} − T δ^{ij})λ̄_iλ_j + 1 2 mT^{ij}λ̄_iγ_jτ^αψ_α + 1 2 ψ̄_ατ^βτ^αγ^iλ^jP_{βij} + 1 8 mT ψ̄_ατ^{αβ}ψ_β + 1 16 ψ̄_α(τ^{αβγδ} − 2g^{αβ}g^{γδ})γ_{ij}ψ_δΠ_A^iΠ_B^jF^{AB}_{βγ} + 1 4 ψ̄_ατ^{βγ}τ^αγ_iλ_jΠ_A^iΠ_B^jF^{AB}_{βγ} + 1 32 λ̄_iγ^jγ_{kl}γ^iτ^{αβ}λ_jΠ_A^kΠ_B^lF^{AB}_{αβ} + im 8 √ 3 ψ̄_α(τ^{αβγδϵ} + 6g^{αβ}τ^γg^{δϵ})γ^iψ_ϵΠ^{−1}_i^AS_{βγδ,A} − im 4 √ 3 ψ̄_α(τ^{αβγδ} − 3g^{αβ}τ^{γδ})λ^iΠ^{−1}_i^AS_{βγδ,A} − im 8 √ 3 λ̄^iτ^{αβγ}γ^jλ_iΠ^{−1}_j^AS_{βγδ,A} + ie^{−1} 16 √ 3 ϵ^{αβγδϵηζ}ϵ_{ABCDE}δ^{AG}S_{αβγ,G}F^{BC}_{δϵ} F^{DE}_{ηζ} + m^{−1} 8 e^{−1}Ω_5[B] − m^{−1} 16 e^{−1}Ω_3[B] (4.1)

The local supersymmetry transformation rules are given by δe^a_α = 1 2 ϵ̄τ^aψ_α (4.2)

Π_A^iΠ_B^j δB^{AB}_α = 1 4 ϵ̄γ^{ij}ψ_α + 1 8 ϵ̄τ_αγ^kγ^{ij}λ_k (4.3) δS_{αβγ,A} = − i √ 3 8m Π_A^i(2ϵ̄γ_{ijk}ψ_{[α} + ϵ̄τ_{[α}γ^lγ_{ijk}λ_l)Π_B^jΠ_C^kF^{BC}_{βγ]} − i √ 3 4m δ_{ij}Π_A^jD_{[α}(2ϵ̄τ_βγ^iψ_{γ]} + ϵ̄τ_{βγ]}λ^i) + i √ 3 12 δ_{AB}Π^{−1}_i^B(3ϵ̄τ_{[αβ}γ^iψ_{γ]} − ϵ̄τ_{αβγ}λ^i) (4.4)

Π^{−1}_i^AδΠ_A^j = 1 4 (ϵ̄γ_iλ^j + ϵ̄γ^jλ_i) (4.5) δψ_α = ▽_αϵ − 1 20 mT τ_αϵ − 1 40 (τ_α^{βγ} − 8δ^β_ατ^γ)γ_{ij}ϵΠ_A^iΠ_B^jF^{AB}_{βγ} + im 10 √ 3 (τ_α^{βγδ} − 9 2 δ^β_ατ^{γδ})γ^iϵΠ^{−1}_i^AS_{βγδ,A} (4.6) δλ_i = 1 16 τ^{αβ}(γ_{kl}γ_i − 1 5 γ_iγ_{kl})ϵΠ_A^kΠ_B^lF^{AB}_{αβ} + im 20 √ 3 τ^{αβγ}(γ_i^j − 4δ^j_i )ϵΠ^{−1}_j^AS_{αβγ,A} + 1 2 m(T_{ij} − 1 5 T δ_{ij})γ^jϵ + 1 2 τ^αγ^jϵP_{αij} (4.7)

The contractions over indices I^′, J^′ are always as in ϵ̄_I′ τ^aψ^{I′}_α and ϵ̄_I′ (γ^i)^{I′}_J′ ψ^{J′}_α . Here T_{ij} = Π^{−1}_i^AΠ^{−1}_j^Bδ_{AB} and Ω_3[B] and Ω_5[B] are the Chern-Simons forms for B^{AB}_α (normalized to dΩ_3[B] = (T rF^2)^2 and dΩ_5[B] = (T rF^4)). The tensor P_{α ij} and the connection Q_{α ij} (appearing in the covariant derivatives as ∇_α = ∂_α + Q_{α..} and D_α = ∂_α + Q_{α..} + P_{α..} in (4.4)) are the symmetric and antisymmetric parts of (Π^{−1})_i^A ( δ_A^B∂_α + gB_{α A}^B ) Π_B^kδ_{kj} respectively. The curl of S_{αβγ,A} has strength 4, so F_{αβγδ,A} = 4∇_{[α}S_{βγδ],A}. Further, g = 2m (or rather g = 2mk but k = 1) and (2.21) is the AdS_7 solution of the field equations of (4.1) with T_{ij} = δ_{ij} . We put m = 1 most of the time, so the the field strength of the gauge field is defined as F^{AB}_{αβ} = ∂_αB^{AB}_β + 2B^{AC}_α B^{CB}_β − (β ↔ α). However, note that the limit m → 0 is singular due to the factors of m^{−1} in front of the Chern-Simons terms.

At the nonlinear level, we need an ansatz for the vielbein rather than the metric as we did in section 2.3. The ansatz for the vielbein E^M_Λ is constructed as follows. In order to fix the off-diagonal part of the Lorentz group and remain with local SO(6, 1)×SO(4) invariance, we impose the gauge choice E^a_μ = 0. The natural extension of the rescaling in (2.27), needed to obtain the usual Einstein actionin d=7 without extra powers of Δ, is^¶ : E^a_α(y, x) = e^a_α(y)Δ^{−1/5}(y, x), Δ(y, x) ≡ detE^m_μ det^∘e^m_μ

(4.8)

This is a standard result in KK reduction of theories with gravity. The ansatz for E^m_α (y, x) is also standard. It contains the gauge bosons

E^m_α (y, x) = B^μ_α(y, x)E^m_μ (y, x) (4.9) B^μ_α(y, x) = −2B^{AB}_α (y)V^{μAB}(x) (4.10)

where B^{AB}_α (y) is the 7 dimensional SO(5) gauge field and V^{μAB} the corresponding Killing vector. The factor of (-2) in the ansatz of B^μ_α comes from g = 2m, and the minus sign is related to the sign convention in the definition of the covariant derivative D_α = ∂_α + gB_α. The only nontrivial step is finding an ansatz for E^m_μ .

Before we do that, let’s analyze the fermions. The gravitinos Ψ_M ≡ E^Λ_M Ψ_Λ split into Ψ_a ≡ E^Λ_a Ψ_Λ and Ψ_m ≡ E^Λ_mΨ_Λ (We suppress the 32- dimensional spinor index.) In order to obtain diagonal kinetic terms for the fermions in d = 7, we proceed analogously to the vielbein and begin by introducing fields Ψ_a(y, x) and Ψ_m(y, x) as follows:

Ψ_a = Δ^{1/10}(γ_5)^{−p}ψ_a − A 1 5 τ_aγ_5γ^mΔ^{1/10}(γ_5)^qψ_m (4.11)

Ψ_m = Δ^{1/10}(γ_5)^qψ_m (4.12) ε = Δ^{−1/10}(γ_5)^{−p}ϵ, ε̄ = Δ^{−1/10}ϵ̄(γ_5)^{−p} (4.13)

¶More generally, when dimensionally reducing a D dimensional supergravity theory to d dimensions, one has E^a_α(y, x) = e^a_α(y)Δ^{−1/(d−2)}(y, x) where A, p and q will be fixed. The inverse relations, together with our ansatz are given by

ψ_α(y, x) = Δ^{−1/10}(y, x)(γ_5)^pe^a_α(y)(Ψ_a(y, x) + A 1 5 τ_aγ_5γ^mΨ_m(y, x)) = ψ_{αI}′ (y)U^{I′}_I (y, x)η^I(x) where ψ_a = e^α_a (y)ψ_α(y, x) (4.14) ψ_m(y, x) = Δ^{−1/10}(y, x)(γ_5)^{−q}Ψ_m(y, x) = λ_J′_K′_L′ (y)U^{J′}_J (y, x)U^{K′}_K(y, x)U^{L′}_L(y, x)η^{JKL}_m (x) (4.15) ϵ(y, x) = Δ^{1/10}(y, x)(γ_5)^pε(y, x) = ϵ_I′ (y)U^{I′}_I η^I(x) (4.16) ϵ̄(y, x) = ϵ̄_I′ (y)U^{I′}_Iη̄^I(x) where ϵ̄_I′ = ϵ^T_I′ C^{(7)} and η̄^I = η^{I,T} C^{(4)} (4.17)

Substituting this ansatz for Ψ_a and Ψ_m into the 11d action, and requiring that the action for ψ_α and ψ_m becomes diagonal we find that A=+1 and p = ±^1_2 , q = ±^1_2 (four combinations). However, by trying to match the 7 dimensional transformation laws, we will find that only p = q works. The freedom in the signs of p, q corresponds to a rescaling by γ_5. This freedom will be fixed in the following by the requirement of consistent truncation. We will find that only p = q = −1/2 works. (See for instance (4.137) below.) Incidentally we note that in the linearized ansatz used in [36] the other sign was chosen. Since in [36] only the leading fermionic transformation laws were studied, it did not matter at that point which rescaling by γ_5 was used.

We also note that the rotation in (4.11, 4.12) is the only one which diagonalizes the action for the seven dimensional gravitini and spin 1/2 fermions. If we try the more general rotation

Ψ_a = A(γ_5)^pψ_a + Bτ^aγ^m(γ_5)^qψ_m Ψ_m = C(γ_5)^rψ_m + Dγ_m(γ_5)^sτ^aψ_a (4.18)

by requiring a diagonal kinetic action for the gravitino and spin 1/2 fermions we recover (4.11) and (4.12).

In the field redefinitions, γ^{−1/2}_5 in ψ_α is needed to cancel the γ_5 coming from Γ^{αβγ} = τ^{αβγ} ⊗ γ_5 in the gravitino action; Δ^{−1/10} is needed to bring the gravitino action to the usual Rarita-Schwinger form with no extra powers of Δ (which would come from detE = dete^{(7)}Δ^{1−7/5}det^∘e^{(4)}); finally, the rotation of Ψ_a, Ψ_m into ψ_a, ψ_m is needed to cancel the mixed terms Ψ_αΓ^{αβm}D_βΨ_m. Since δΨ_Λ = D_Λε+ more, we need factors γ^{1/2}_5 and Δ^{−1/10} in ε. For the linearized case we reobtain (2.31).

The U matrix in the expansions of ψ_α, ψ_m and ϵ is a local (x and y dependent) SO(5) matrix in the spinor representation depending on the scalar fields in 7 dimensions (Π_A^i). Various authors [2, 6, 7] found it necessary to add a U matrix for consistency of the truncation of the susy transformation laws, and we shall find the same need (see below (4.30)). One can either rotate the label index I or the spinor index of the Killing spinors. We choose the former, which is perhaps more natural, since the fermions have an SO(5) composite index, whereas the Killing spinors have naturally an SO(5) gauge index. (de Wit and Nicolai took the alternative rotation of spinor indices by U because they reformulated d=11 sugra in a form with local SU(8) invariance parameterized by an arbitrary U(x, y), and in d=11 there are only spinorial indices are available. When one compactifies, the d=11 SU(8) invariance is fixed, only the 4d part remains unfixed.

There is a difference between the gauge U = 1 which gives the usual d=11 sugra (in the triangular gauge E^a_μ = 0) and the gauge needed for S_7 compactification. Therefore, the gauge fixing produces also for us a given field-dependent matrix U(y, x) which acts on the Killing spinors.)

In d=7 one can always make SO(5)_c gauge transformations on the fermions, and this would modify the y dependence of U(y, x) by a gauge factor. As we shall see in (4.22), consistency of our results for the transformation rules requires the matrix U to satisfy the condition

U^{I′}_IΩ̃^{IJ} U^{J′}_J = Ω̃^{I′J′} → (Ω̃ · U^T · Ω)^I_I′ = −(U^{−1})^I_I′ (so that UΩ̃U^T = Ω̃ ; U^T Ω̃U = Ω̃) (4.19)

The need for this relation will occur in various other places as well. Since Ω is the charge conjugation matrix (see Appendix A.1) and Ω̃ = −Ω^{−1}, this proves that U is a SO(5) matrix in the spinor representation. (Namely, an USp(4) matrix as it is explained in the Appendix A.2).

Let us now return to E^m_μ . We will determine the ansatz for E^m_μ by matching δB^{[AB]}_α with the expression in 7 dimensional gauged supergravity. The result is given in (4.29).

Since we are imposing the gauge E^a_μ = 0, we need a compensating SO(10,1) Lorentz transformation characterized by an antisymmetric matrix Ω_m^a in order to stay in this gauge

δE^a_μ = 0 = δ_{SUSY} E^a_μ + E^m_μ Ω_m^a ⇒

Ω_m^a = − 1 2 ε̄Γ^aΨ_m = −Ω^a_m (4.20)

This Lorentz transformation acts on all vielbein components, for instance

δE^μ_a = δ_{SUSY} E^μ_a + E^μ_mΩ^m_a, etc. (4.21)

We can now require that we get the correct graviton transformation law in d=7. Using (2.12), we get from (4.8)

δ^′e^a_α = Δ^{1/5}[δ(d = 11)E^a_α + 1 5 E^μ_m(δ(d = 11)E^m_μ )E^a_α + E^m_α Ω_m^a] = 1 2 Δ^{−1/10}ϵ̄γ^{−p}_5 [τ^aγ_5Ψ_be^b_α + 1 5 γ^mΨ_me^a_α] = 1 2 ϵ̄_I′ τ_aψ_{αJ}′ U^{I′}_I U^{J′}_J η̄^Iη^J + ... (4.22)

Since according to (3.3) η̄^Iη^J equals Ω^{IJ} , we see the condition (4.19) appearing. Because this is not yet the final form of the vielbein law, we have introduced the notation δ(d = 11) for the d=11 susy transformations and δ^′ for the intermediate transformation.

In order to obtain agreement with (4.2), we add a field dependent SO(6,1) rotation to the d=11 transformation laws. Adding a term^1_5 τ^{ab}γ^mΨ_me^b_α inside the brackets, we obtain δe^a_α = 1 2 ϵ̄τ^aψ_α = 1 2 ϵ̄_I τ^aψ_{αJ}Ω^{IJ} = 1 2 ϵ̄_I τ^aψ^I_α (4.23)

This is the correct 7 dimensional transformation law of the d=7 vielbein.^‖ The transformation law for the gauge fields follows from (4.9). We need the compensating Lorentz transformation in (4.20) on both vielbeins in (4.9), but there is no SO(6,1) Lorentz transformation since B^μ_α has no Lorentz index. One finds

δB^μ_α(y, x) = δ(d = 11)(E^m_α E^μ_m) + E^m_α (E^μ_a Ω^a_m) + (E^a_αΩ_a^m)E^μ_m = i Δ^{−1/5} 2 E^μ_m{−ϵ̄γ^mψ_α − iϵ̄τ_α(δ^{mn} + γ^mγ^n 5 )γ_5ψ_n} (4.24)

where we used (A.9) in the last step. But in 7 dimensions, we have from (4.3)

δB^{AB}_α (y) = (Π^{−1})_i^A(Π^{−1})_j^B[ 1 4 ϵ̄γ^{ij}ψ_α + 1 8 ϵ̄τ_αγ^kγ^{ij}λ_k] (4.25)

By multiplying (4.25) with −2V^μ_{AB} and equating the first term in (4.24) and (4.25), one obtains −E^μ_mη̄^Iγ^mη^JU^{I′}_I U^{J′}_J ϵ̄_I′ ψ_{αJ}′ iΔ^{−1/5} 2 = 1 2 (Π^{−1})_i^A(Π^{−1})_j^BV^μ_{AB}(γ^{ij})^{I′J′}ϵ̄_I′ ψ_{αJ}′ (4.26)

Dropping a common factor 1/2ϵ̄_I′ ψ_{αJ}′ , we find the equation

iE^μ_m(UV^mU^T )^{I′J′} = −Δ^{1/5}(Π^{−1})_i^A(Π^{−1})_j^BV^μ_{AB}(γ^{ij})^{I′J′} (4.27)

where V^{m,IJ} = η̄^Iγ^mη^J .

This equation can be solved for E^μ_m by multiplication with (UV^nU^T )_I′_J′ and using (4.19) and (3.26)

E^μ_m = i 4 Δ^{1/5}(Π^{−1})_i^A(Π^{−1})_j^BV^μ_{AB}T r(γ^{ij}UV_mU^T Ω) (4.28)

(We used that UΩ̃U^T = Ω̃ implies that U^T ΩU = Ω as follows from eliminating U^T ). To obtain an explicit expression for E^m_μ , we move the factors Π^{−1} and γ^{ij} in the r.h.s. of (4.27) to the left. Contracting with V^{AB}_ν and E^m_μ and using (3.26), we find

E^m_ν = i 4 Δ^{−1/5}T r(γ_{ij}UV^mU^T Ω)Π_A^iΠ_B^j V^{AB}_ν (4.29)

As a check on our results developed so far, we note that substituting (4.28) into (4.27) one should get an identity. We find 1 4 (Π^{−1})_i^A(Π^{−1})_j^BV^μ_{AB}[T r(γ^{ij}UV_mU^T Ω)](UV^mU^T )^{I′J′} = (Π^{−1})_i^A(Π^{−1})_j^BV^μ_{AB}(γ^{ij})^{I′J′} (4.30) The matrices U^{I′}_I are really needed for the consistency of (4.27). If one sets U = 1 in (4.30) and removes the factors Π^{−1}(y) one is left with an x-dependent equation for the Killing vectors which is incorrect. When U is y-dependent, one cannot factor off the Π^{−1} and the relation becomes a condition on U. It will follow from the fundamental condition on U which we obtain in (4.45).

‖The d = 7 susy results are thus a combination of d = 11 susy and d = 7 Lorentz symmetry. Excluding 3-fermion terms, the d = 7 Lorentz transformations do not show up anywhere else.

We should now check if with our ansatz for the vielbein in (4.28) we also reproduce the second term in the transformation law (4.25) of the gauge field. We already know at this point E^μ_m, hence first we should make sure that the r.h.s. of (4.24) is proportional to V^{AB}_μ . For this purpose we work on the combination of spherical harmonics on the r.h.s. of (4.24). They can be rewritten as follows

η̄^I(δ^{mn} + 1 5 γ^mγ^n)γ_5η^{JKL}_n = 3(ϕ^{IJ}_5 C^{KL}_m − C^{IJ}_m ϕ^{KL}_5 ) + 24 5 V^{I[L}_m Ω^{K]J} − 6 5 V^{IJ}_m Ω^{KL} (4.31)

where we have substituted the expression of η^{JKL}_m in (3.8) and used the Fierz relation (3.42). However, when projected on λ_J′_K′_L′ only the first two terms on the r.h.s of (4.31) will contribute because λ is symplectic traceless. Thus, the ψ_m term in the d = 11 transformation law of the gauge field is: δB^μ_α|_{ψm term} = 3 2 E^μ_mΔ^{−1/5}ϵ̄_I′ τ_αλ_J′_K′_L′ U^{I′}_I U^{J′}_J U^{K′}_KU^{L′}_L

(ϕ^{IJ}_5 (C^m)^{KL} − ϕ^{KL}_5 (C^m)^{IJ} ) (4.32)

where we have used the ansatz in (4.15) for ψ_m. Using Y^A =^1_4 ϕ^{IJ}_5 (γ^A)_{IJ} and C^B_μ = ∂_μY^B, it follows from (3.24) that this expression is proportional to the Killing vector V^μ_{AB}, but there are still the extra U matrices. By starting with (3.42) contracted with η̄^I γ_m, we obtain the second line in (4.32) and a complicated term of the form (η̄γ_{mn}γ_5η)^{KL}C^{IJ}_n , which however vanishes since λ_J′_K′_L′ is antisymmetric in K^′L^′. We get δB^μ_α|_{ψmterm} = −3E^μ_mΔ^{−1/5}ϵ̄_I′ τ_αλ_J′_K′_L′ Ω^{I′L′} (UV^mU^T )^{J′K′} (4.33) Using (4.27) we arrive at

δB^μ_α|_{ψmterm} = −3i(Π^{−1})_i^A(Π^{−1})_j^B(γ^{ij})^{J′K′} Ω^{I′L′}ϵ̄_I′ τ_αλ_J′_K′_L′ V^μ_{AB} (4.34)

Since we have arrived at an expression proportional to V^μ_{AB} we can compare with (4.25). The 7 dimensional transformation law is equal to − 1 4 (Π^{−1})_i^A(Π^{−1})_j^Bϵ̄τ_αγ^kγ^{ij}λ_kV^μ_{AB} (4.35)

and this should agree with (4.34). The two terms are equal if we assume the following normalization of the seven dimensional spin 1/2 fields:

λ^k_I′ = 3i(γ^k)^{J′K′} λ_I′_J′_K′ (4.36)

At this point we have learned that if (4.27) is correct then the transformation of the gauge field B^{AB}_α follows from Kaluza-Klein reduction.

Next, we compute Δ = det(E^m_μ )/det(^∘e^m_μ ). To remove the dependence on U, we square (4.27). Using (4.19), we obtain

Δ^{−2/5}g^{μν} = 2V^μ_{AB}V^ν_{CD}(Π^{−1})_i^A(Π^{−1})_j^B(Π^{−1})_i^C(Π^{−1})_j^D (4.37)

The matrix g^{μν} is the inverse of the metric g_{μν} = G_{μν} = E^M_μ E_{νM} = E^m_μ E_{νm}. It is given by g^{μν} = E^μ_mE^{mν} and differs from G^{μν} = E^μ_M E^{Mν} by a term E^μ_a E^{aν}. Using (3.36) and the fact that det T = 1 we can evaluate directly the determinant of g_{μν} = Δ^{4/5}∂_μY^A(T^{−1})^{AB}∂_ν Y^B det g_{μν} ≡ det T^{−1}_{AB}∂^μY^A∂^νY^B ≡ ϵ^{μ1...μ4} ϵ^{μ′1...μ′4} g_{μ1μ}′_1 ...g_{μ4μ}′_4 Δ^{16/5}ϵ^{μ1...μ4} ∂_{μ1} Y^{A1} ...∂_{μ4} Y^{A4} ϵ^{ν1...ν4} ∂_{ν1} Y^{B1} ...∂_{ν4}Y^{B4} T^{−1}_{A1B1} ...T^{−1}_{A4B4} =^∘g Δ^{16/5}ϵ^{A1...A5} ϵ^{B1...B5} Y_{A5} Y_{B5} T^{−1}_{A1B1} ...T^{−1}_{A5B5} =^∘g T^{AB}Y_AY_B (4.38) conclude that Δ^{−6/5} = (Π^{−1})_i^A(Π^{−1})_j^Bδ^{ij}Y_AY_B ≡ T^{AB}Y_AY_B (4.39) The equation (4.39) is the starting point for obtaining the nonlinear metric ansatz for the compact dimensions.

Substituting the 7-d transformation law of the scalar fields in (4.39) we get: δ(Δ^{−6/5}) = δT^{AB}Y_AY_B = 2δ(Π^{−1})_i^A · (Π^{−1})_j^Bδ^{ij}Y_AY_B = −1 2 (Π^{−1})_i^A(Π^{−1})_j^B(ϵ̄γ^iλ^j + ϵ̄γ^jλ^i)Y_AY_B (4.40)

where we recall the definition T_{AB} = (Π^{−1})_i^A(Π^{−1})_j^Bδ^{ij} and used (4.5). On the other hand, from 11-d sugra we obtain

δ(Δ^{−6/5}) = 6 5 Δ^{−6/5}δE^μ_m · E^m_μ = − 3 5 Δ^{−6/5}ε̄Γ^mΨ_m (4.41) Again we find two expressions which should be equal, but whose spherical harmonics are not yet manifestly the same. We rewrite the spherical harmonic on the r.h.s. of (4.41) by using the Fierz relation (3.42) η̄^Iγ_mγ_5η^{JKL}_m = −(5ϕ^{IJ}_5 ϕ^{KL}_5 + Ω^{IJ} Ω^{KL} − 4Ω^{I[L}Ω^{K]J} ) (4.42) Again, only the terms with ϕ_5ϕ_5 contribute because λ_I′_J′_K′ is symplectic-traceless and one finds (ϕ_5 ∼ Y_Aγ^A)

δ(Δ^{−6/5}) = −3iΔ^{−6/5}Y_AY_Cϵ̄_I′ λ_J′_K′_L′ (Uγ^AΩ̃U^T )^{I′J′} (Uγ^CΩ̃U^T )^{K′L′} (4.43) There are four U matrices, three from ψ_m and one from ϵ. Substituting (4.39) we arrive at δ(Π^{−1})_i^C · (Π^{−1})_j^Dδ^{ij} Y_C Y_D = −i 3 2 Δ^{−6/5}Y_AY_Cϵ̄_I′ λ_J′_K′_L′ (Uγ^AΩ̃U^T )^{I′J′} (Uγ^CΩ̃U^T )^{K′L′} (4.44)

In order that this result for δΠ^{−1} agrees with (4.40), the U-matrices must satisfy:

Y_A(Uγ^AΩ̃U^T )^{I′J′} = ±Δ^{3/5}(Π^{−1})_i^A(γ^i)^{I′J′} Y_A (4.45) where we used the normalization relation (4.36) to remove the spinors. We wil choose the minus sign, because we want that our matrix U is equal to 1 on the background

(and not to −1). Equation (4.45) will turn out to be the most important tool in our endeavor to find a consistent truncation of the 11 dimensional supergravity.

At this point we have come in 7 dimensions as far as de Wit and Nicolai in their first approach without a local SU(8). (Actually, a relation corresponding to our (4.45) is not present in their work, but they did find the one corresponding to (4.30).) We have been able to find solutions for U without having to extend the d=11 theory. First of all, we have been able to show that (4.30) follows from (4.45), so that (4.45) is the crucial equation. Secondly, we have found solutions to (4.45).

The proof that (4.45) implies (4.30) goes as follows. One begins with the l.h.s. of (4.30) 1 4 (Π^{−1})_i^A(Π^{−1})_j^BV_{μ,AB}T r(γ^{ij}Uγ^{CD}U^{−1})(Uγ^{EF} U^{−1})^{I′J′} V_{m CD}V^m_{EF} (4.46)

where one substitutes (3.29) to sum over the Killing vectors. Using V_{μ,AB} = Y^{[A}C^{B]}μ and writing 2γ^{ij} = γ^iγ^j −γ^jγ^i, the r.h.s. of (4.45) appears twice, and using (4.45) once we obtain − 1 4 Δ^{−3/5}(Π^{−1})_i^BC_{μ B}Y_AY_C Y_ET r(γ^iU[γ^A, γ^{CD}]U^{−1})(Uγ^{ED}U^{−1})^{I′J′} (4.47)

In the product of gamma matrices only the term δ^{AC} γ^D survives due to symmetry arguments. Splitting (Uγ^{ED}U^{−1})^{I′J′} into ( U(γ^Eγ^D − δ^{ED})U^{−1} )I′J′ , eliminating the first U^{−1} by (4.19) and applying (4.45), but now in the opposite direction, we get: 1 4 (Π^{−1})_i^A(Π^{−1})_j^EC_{μ A}Y_E 4δ^{ij}Ω̃^{I′J′} − 1 4 (Π^{−1})_i^A(Π^{−1})_j^EC_{μ A}Y_E T r(γ^iUγ^DU^{−1})(γ^jUγ_DU^{−1})^{I′J′} (4.48)

What is left to do is the sum over γ^D (use (A.12)) in order to get directly the r.h.s. of (4.30) (with γ^{ij} written again as γ^iγ^j − δ^{ij}).

Finally, we look at the solutions of equation (4.45) for the matrix U. The 4 × 4 matrix U can be expanded into the complete basis 1, γ_A, γ_{AB} as follows

U = N + N_Aγ_A + N_{AB}γ_{AB} (4.49)

Then, the condition that it is an SO(5) matrix in the spinor representation, equation (4.19), says that U^{−1} = −Ω̃U^T Ω = N + N_Aγ_A − N_{AB}γ_{AB} (4.50) Unitarity of U implies that N, N_A and N_{AB} are real. The fact that UU^{−1} = U^{−1}U = 1l gives then the conditions

N^2 + N^2_A + 2N^2_{AB} = 1 (4.51) N_AN_{AB} = 0 (4.52) 2NN_A = ϵ_{ABCDE}N_{BC}N_{DE} (4.53) On the other hand (4.45), which we can rewrite as

UY/ = v/U, (4.54) v_i = Π^{−1}_i^AY_AΔ^{3/5} ; v^2 = Y^2 = 1 (4.55) implies the equations

N_A(Y_A − v_A) = 0 (4.56) N(Y_A − v_A) = −2N_{AB}(Y_B + v_B) (4.57)

N_{[A}(Y + v)_{B]} = 1 2 ϵ_{ABCDE}(Y_C − v_C )N_{DE} (4.58) The first observation is that if U is an SO(5) solution of UY/ = v/U then also UY/ is a solution. But we want solutions which are equal to 1 on the background, so we will disregard the solutions which are equal to Y/ on the background. From (4.57) we get that N = 2N_{AB}v_AY_B 1 − v · Y (4.59)

whereas by multiplying (4.58) with Y_B + v_B we get

N_A = ϵ_{ABCDE} v_BY_C N_{DE} 1 + v · Y + N^′

Y_A + v_A 2(1 + v · Y )

(4.60)

where at this point N^′ is arbitrary. This satisfies (4.56) automatically. If we take N ≠ 0, then from (4.52) we obtain after contraction with Y_B

N^′ = − 2 N_{AB}v_AY_B ϵ_{ABCDE} v_BY_C N_{DE}N_{AF} Y_F (4.61) N_A = ϵ_{F BCDE}v_BY_C N_{DE} 1 + v · Y (δ_{AF} − (Y_A + v_A)N_{F G}Y_G N_A′_B′v_A′ Y_B′ ) (4.62)

(Notice that if N = 0 one divides in (4.61) by zero, so the case N = 0 should be treated separately)). The solutions which are equal to 1 on the background (i.e. have N ≠ 0) are parameterized by an antisymmetric matrix N_{AB}. The SO(5) conditions become now constraints on N_{AB} ϵ_{ABCDE} v_BY_C N_{DE}N_{AG} ( δ_{F G} − Y_G(Y_A′ + v_A′ )N_A′_F N_A′′_B′′ v_A′′ Y_B′′ ) = 0 (4.63) ϵ_{ABCDE} N_{DE} ( 1 − (v · Y )^2 2(N_A′′_B′′ v_A′′ Y_B′′ ) N_{BC} − 2v_BY_C )

= −2(Y_A + v_A) ϵ_{F BCDE}v_BY_C N_{DE}N_{F G}Y_G N_A′′_B′′v_A′′ Y_B′′ (4.64)

N^2 + N^2_A + 2N^2_{AB} = 1 (4.65)

where the last condition fixes the normalization. The UY/ = v/U conditions yield further constraints on N_{AB}. N_{BC}v_BY_C 1 − v · Y (Y_A − v_A) + N_{AB}(Y_B + v_B) = 0 (4.66)

(Y + v)_{[F} ϵ_{A]BCDE}v_BY_C N_{DE} 1 + v · Y = 1 2 ϵ_{AF CDE} (Y_C − v_C )N_{DE} (4.67)

The most general solution of these remaining five equations can be obtained by noting that in 5d space we have, besides Y_A and v_A, another 3 independent vectors

Z_1, Z_2, Z_3. We can then make out of them an orthonormal set, also orthogonal to Y and v. Then the most general solution for N_{AB} will be written as N_{AB} = 5∑ m≠n=1 a_{mn}X^{[A}_m X^{B]}_n (4.68)

where {X^A_i } = {Y^A, v^A, Z^A_1 , Z^A_2 , Z^A_3 }. We define

S_A =

Y_A + v_A √ 2(1 + v · Y )

(4.69)

D_A = Y_A − v_A √ 2(1 − v · Y )

(4.70)

satisfying S^2 = D^2 = 1, S · D = 0. Then (4.66) and (4.67) yield (after multiplying (4.67) with ϵ_{AF C}′_D′_E′ )

(S · N · D)D_A + N_{AB}S_B = 0 (4.71) D_{[C}′ N_D′_E′_] + 4S_DN_{D[E}′S_C′ D_D′_] = 0 (4.72)

Substituting (4.71) into (4.72) implies D_{[C}′ N_D′_E′_] = 0, of which the most general solution is N_{AB} = D_{[A}X_{B]} (4.73)

with X_A an arbitrary vector. Then (4.63) and (4.64) are satisfied trivially, because ϵ_{ABCDE}v^AY^BD^C X^D = 0, whereas (4.65) fixes the normalization. We notice that D_A, S_A, Z_{1A}, Z_{2A}, Z_{3A} make an orthonormal set, and any component of X_A along D_A will drop out of N_{AB}, so that we have

X_A = aS_A + b_iZ^i_A (4.74)

The normalization condition (4.65) gives ∑ b^2_i + a^2v · Y = 1 (4.75)

Thus the most general solution contains 3 parameters. We will now look at particular cases. We note that the covariant vectors at our disposal are of the form

X^{(z)}_i =

[(Π^{−1})^z]_i^AY_A Y · T^z · Y (4.76)

where z ∈ Zand if Π_A^i ≠ δ^i_A, then the X^{(z)}’s will generate the whole sphere (they will not lie in a lower dimensional hyperplane), so we can build Z_1, Z_2, Z_3 out of 3 suitably chosen X^{(z)}_i ’s (z ≠ 0, 1).

The simplest possibility is to build U only out of Y^A and v^A. Then N_{AB} = av_{[A}Y_{B]}, so that N = a(1 + v · Y ) and N_A = 0. The normalization condition (4.51) fixes then a = ±(2(1 + v · Y )^{−1/2}. The unique covariant solution built out of only Y_A and v_A then reads U_{(1)} = 1 + v · Y + v_AY_Bγ_{AB} √ 2(1 + v · Y ) = 1 + v/Y/ √ 2(1 + v · Y )

(4.77)

It clearly satisfies UY/ = v/U and is and USp(4) matrix.

We note that the general solution (4.73) can be rewritten as

U_{(X)} = ±

X · (Y + v) + X^A(Y^B − v^B)γ_{AB} √ 2 √ 1 − v · Y + 2X · Y X · v = X/Y/ + v/X/ √ 2 √ 1 − v · Y + 2X · Y X · v (4.78)

where X now is still arbitrary, but has unit norm. We can easily check that if ⃗X is in the (Y,v) plane we reproduce U_{(1)}. However, now we can take X to be a noncovariant vector, which we can take to be X = (0, 0, 0, 0, 1). Then U_{noncov} = γ_5Y/ + v/γ_5 √ 2 √ 1 − v · Y + 2Y_5v_5 = Y_5 + v_5 − iγ_m(Y_m − v_m) √ (Y_5 + v_5)^2 + (Y_m − v_m)^2

, m = 1, 4 (4.79)

which can be written as an exponent U = exp[−iγ_m(Y^m − v^m)u]; u = [(Y^m − v^m)^2]^{−1/2} arctan − √ (Y^m − v^m)^2 Y^5 + v^5

(4.80)

We can also generate the most general noncovariant solution made out of only Y^A and v^A, by choosing X = Y + βv + α(⃗0, 1) √ 1 + β^2 + α^2 + 2αβv · Y + 2αY_5 + 2αβv_5

(4.81)

to obtain U^{noncov} (X) =

1 + v/Y/ + α̃(γ_5Y/ + v/γ_5) √ 2 √ 1 + v · Y + 2α̃(Y_5 + v_5) + α̃^2(1 − v · Y + 2Y_5v_5)

(4.82)

where α̃ = α/(β + 1) is an arbitrary parameter. We note that taking α̃ to infinity, we get the maximally noncovariant solution U_{noncov} .

Maybe it’s interesting to analyze what happens at the linearized level. Since (Π^{−1})_i^A = (e^{−δπ})_i^A, the vectors X^{(z)}_i = [(Π^{−1})^z]_i^AY_A/Y · T^z · Y become X^{(z)}_i ≃ Y^A − zδv_A, where δv_A = Y_AY · δπ · Y − δπ_{AB}Y_B. And so the only vectors at our disposal are Y^A and δv^A, so the most general solution for U which is equal to 1 on the background is obtained from U^{noncov}_{(X)}

U ≃ 1 + 1 2(1 + α̃Y_5) (δv_AY_Bγ_{AB} + α^′δv_Aγ_{A5}) = 1 + 1 2 δv_AY_Bγ_{AB} + α_1 2 Y^mC^A_mδv_Bγ_{AB} (4.83)

with α_1 parameterizing the deviation from covariance. Actually the most general linearized solution is found by adding also a term βY^mC^A_mδv^Bγ_{AB}Y/; because of the linearity of the equations we can add the arbitrary noncovariant piece coming from the UY/ solution.

We end this section with a discussion of the metric. It is independent of U and has simple geometrical properties as we shall see. ¿From (4.28) and (4.45) one can in principle obtain an expression for the vielbein. Squaring this result would then lead to an expression for the metric g_{μν} . It is easier to obtain the result for g_{μν} by directly verifying that it is the inverse of g^{μν} in (4.37).

g_{μν} = Δ^{4/5}C_μ^AC_ν^BT^{−1}_{AB} (4.84) g^{μν} = Δ^{2/5} ( C^μ_AC^ν_BT^{AB}Y_C Y_DT^{CD} − C^μ_AY_BT^{AB}C^ν_CY_DT^{CD} ) (4.85)

Since we are in the gauge where E^a_μ = 0, one easily checks that G_{μν}g^{νρ} = g_{μν}g^{νρ} = δ^ρ_μ. Recalling that C^A_μ = D_μY^A = ∂_μY^A, we see that the metric g_{μν} = G_{μν} describes an ellipsoid with a conformal factor Δ^{4/5}, whose axes at a specific point y in the d=7 space time are determined by the eigenvalues of T^{−1}_{AB}.

To summarize, the metric of the internal space reads ds^2_4 ≡ G_{μν} dx^μdx^ν = Δ^{4/5}T^{−1}_{AB}∂_μY^A∂_ν Y^Bdx^μdx^ν

= Δ^{4/5}T^{−1}_{AB}dY^AdY^B G_{αμ}dx^αdx^μ = 2Δ^{4/5}T^{−1}_{AB}Y^CB^{BC} dY^A (4.86) while the metric of the 7 dimensional space-time is ds^2_7 ≡ G_{αβ}dy^αdy^β = Δ^{−2/5}g_{αβ}dy^αdy^β + 4Δ^{4/5}Y_AT^{−1}_{BD}B^{BA}Y_AB^{DC} Y_C (4.87) where G_{ΛΠ} denotes the 11 d metric. Then we can write the 11 dimensional metric in a concise form ds^2_{11} ≡ G_{ΛΠ}dx^Λdx^Π = Δ^{−2/5}g_{αβ}dy^αdy^β

+ Δ^{4/5}T^{−1}_{AB}(dY^A + 2B^{AC} Y_C )(dY^B + 2B^{BD}Y_D) (4.88) Note that, since after compactification the gauge coupling is g = 2m, and we set m = 1, the gauge covariant derivative is dY + 2B · Y ≡ DY . Thus the metric is manifestly gauge invariant ds^2_{11} = Δ^{−2/5}g_{αβ}dy^αdy^β + Δ^{4/5}(DY )^AT^{−1}_{AB}(DY )^B (4.89) For later use for the gravitino transformation law, we rewrite the vielbein and its inverse in a simpler form, involving only the conformal Killing vectors

E^m_μ = 1 4 Δ^{2/5}Π_A^iC^A_μ C^{mB}T r(U^{−1}γ^iUγ_B) (4.90) E^{μm} = 1 4 (Π^{−1})_i^AC^μ_AC^m_B Δ^{−2/5}T r(U^{−1}γ^iUγ^B) (4.91) For the derivation of this result one may use (4.111).

4.2 The ansatz for the 11 dimensional antisymmetric tensor and auxiliary field and self-duality in odd dimensions

At this point we have obtained the complete nonlinear ansatz for the metric and the gravitino and we checked the transformation rules of the d=7 bosonic fields which are embedded in the d=11 vielbein, viz. the graviton, the gauge fields and the scalars. We now turn to the antisymmetric tensor A_{ΛΠΣ}.

We begin by presenting the final form for our ansatz for the KK reduction on S_4 of the field strength F_{ΛΩΠΣ} ; a discussion of how we arrived at this result will be given afterwards. √ 2 3m F_{μνρσ} = ϵ_{μνρσ} √ det^∘g [ 1 + 1 3 ( T Y_AY_BT^{AB} − 5 )

− 2 3 ( Y_A(T^2)^{AB}Y_B (Y_AT^{AB}Y_B)^2 − 1 )] (4.92) √ 2 3m F_{μνρα} = ∂_{[μ} ( ϵ_{ABCDE}B^{AB}_α C^C_ν C^D_{ρ]} T^{EF} Y_F Y · T · Y )

+ √_∘ gϵ_{μνρσ} C^σ_A 1 3 ( ∂_αT^{AB}Y_B Y_AT^{AB}Y_B − T^{AB}Y_B (Y_AT^{AB}Y_B)^2

(Y_C ∂_αT^{CD}Y_D) ) (4.93) √ 2 3m F_{μναβ} = 2 3 [ ∂_{[α} ( ϵ_{ABCDE}B^{AB}_{β]} C^C_μ C^D_ν T^{EF} Y_F Y · T · Y )

+ 2 ∂_{[μ} ( ϵ_{ABCDE} B^{AF}_{[α} Y_F B^{BC}_{β]} C^D_{ν]} T^{EG}Y_G Y · T · Y )] (4.94) √ 2 3m F_{μαβγ} = ∂_μA_{αβγ} + 4 3 ∂_μ ( ϵ_{ABCDE}B^{AB}_{[α} B^{CF}_β Y_F B^{DG}_{γ]} Y_G T^{EH}Y_H Y · T · Y )

− 2∂_{[α} ( ϵ_{ABCDE}B^{AB}_β B^{CF}_{γ]} Y_F C^D_μ T^{EG}Y_G Y · T · Y )

+ ∂_μ ( ϵ_{ABCDE}(∂_{[α}B^{AB}_β + 4 3 B^{AF}_{[α} B^{F B}_β )B^{CD}_{γ]} Y_E ) (4.95) √ 2 3m F_{αβγδ} = 4∂_{[α}A_{βγδ]} + 4∂_{[α}ϵ_{ABCDE} ( 4 3 B^{AB}_β B^{CF}_γ Y_F B^{DG}_{δ]} Y_G T^{EH}Y_H Y · T · Y + (∂_βB^{AB}_γ + 4 3 B^{AF}_β B^{F B}_γ )B^{CD}_{δ]} Y^E ) (4.96)

The independent fluctuation, A_{αβγ}, mixes with the auxiliary field B_{αβγδ} = kϵ_{αβγδ}^{ϵηζ}B̃_{ϵηζ} (4.97) where k is an arbitrary scale factor which will be fixed below (see below (5.31). All the other components of B_{ΛΠΣΩ} are set to zero because in d=11 they vanish on-shell, so that, in order that they also vanish on d=7 on-shell, they would have to be proportional to d=7 field equations. Field equations of the form ∂^2ϕ are ruled out because they would lead to (∂^2ϕ)^2 terms in the action. In principle, the other components of B_{ΛΠΣ} could still depend on the field equation for S_{αβγ} because that one is linear in derivatives. However, this produces incorrect answers for the susy transformation rules of the fermions, as we shall show.

Both A_{αβγ} and B̃_{αβγ} will be written as A_{αβγ} ∼ S_{αβγ,A}(y)Y^A(x) and B_{αβγ} ∼ T^{AB}S_{αβγ,A}Y^B. Since they contain the same spherical harmonic Y^A they will mix. This mixing of A_{αβγ} with B̃_{αβγ} is needed to convert the second order field equation obeyed by A_{αβγ} into the first order one obeyed by the antisymmetric tensor field of 7 dimensional gauged sugra, S_{αβγ,A}.

The ansatz for F_{ΛΩΣΠ} is obtained by requiring consistency of susy laws. It is the same as the geometrical ansatz of [47] if the scalars are set to zero. One would expect that this should be the case, since the ansatz proposed by the authors of [47] was constructed such that the Chern-Simons terms in the 7-dimensional action are obtained after integrating the Chern-Simons term of the 11-dimensional action on S_4. The two terms in F_{μνρσ} and F_{μνρα} which only depend on scalar fields are components of a separately closed form. We note that any closed form f_{(4)} which appears only in the F_{μνρσ}, F_{μνρα} sector, must be of the form f_{μνρσ} = ϵ_{μνρσ} f, f_{μνρα} = ϵ_{μνρτ} D^τ D_α^12f and will not contribute in the 11 dimensional Chern-Simons action ϵF F A. This is so because, if we work for simplicity in 12 dimensions (where the Chern-Simons form becomes ϵF F F ), then f_{(4)} contributes only to a term of the type ϵ^{μνρσ}ϵ^{α1...α8}(f_{μνρσ}F_{α1...α4} F_{α5...α8} − 32f_{μνρα1} F_{σα2α3α4} F_{α5...α8} ) (4.98) which vanishes if we partially integrate the D_{α1} in f_{μνρα1} , use the Bianchi identity, and then partially integrate back the resulting D_σ.

The precise expression of the ansatz in the F_{μνρσ} sector is highly constrained. It must reproduce the linearized term in (2.32), and it must yield the correct scalar potential in d=7 after integrating over the compact space. In order to perform this integral to which both the Einstein action and the kinetic action of the 3-index photon contribute we start with the d=4 scalar curvature associated with the conformal metric g̃_{μν} = Δ^{−4/5}g_{μν} , namely^{∗∗} R̃^{(4)} = g̃^{μν}R_{λμν λ} = −2Y_AY_B(T^3)^{AB} + 2T Y_AY_B(T^2)^{AB} + Y_AY_BT^{AB}(T r(T^2) − T^2) (Y_AY_BT^{AB})^2

(4.99)

and its relation with the d=4 scalar curvature

R^{(4)} = Δ^{−4/5}R̃^{(4)} − 6g^{μν}D_μD_ν ln(Δ^{−2/5}) − 6g^{μν}D_μ ln(Δ^{−2/5})D_νln(Δ^{−2/5}) (4.100)

Using (4.39) to convert Δ into T^{AB}, and adding the other contributions from the Einstein action, the integral over the compact space of the Einstein action, when setting the gauge fields to zero, and disregarding terms with d=7 space time derivatives yields −1 2 ∫ d^4x √ det^∘g (x) Δ^{−6}/^5R̃^{(4)} + 2

Y_AY_B(T^3)^{AB}Y_C Y_DT^{CD} − ( Y_AY_B(T^2)^{AB}

)_2

(Y_AY_BT^{AB})^2

(4.101)

∗∗We used a symbolic manipulation program to obtain (4.99).

We further use that ∫ d^4x √ det^∘g (x) Y_AY_B Y_C Y_DT^{CD} = 1 5 T^{−1}_{AB} V ol(S_4) (4.102) ∫ d^4x √ det^∘g (x) Y_AY_BY_C Y_D (Y_EY_F T^{EF} )^2 = V ol(S_4) 5 · 7 (T^{−1}_{AB}T^{−1}_{CD} +T^{−1}_{AC} T^{−1}_{BD} + T^{−1}_{AD}T^{−1}_{BC}) (4.103)

(This becomes clear after diagonalizing T^{CD}.) At this point, the integrated Einstein action contribution is of the desired form, namely a linear combination of T^2 and T r(T^2): (−31/70)T r(T^2) + (23/70)T^2.

On the other hand, the integrated kinetic action of the 3 index photon has the form F^2_{μνρσ} ∼ (Y_EY_F T^{EF} )^2(1 + S)^2, where^{3√}_2 √ det^∘g (x)ϵ_{μνρσ} (1 + S) = F_{μνρσ}. (Use that

(det g^{μν})(det^∘g_{μν} ) = Δ^{−2} and substitute (4.39).) The function S must be homogeneous of degree zero in T , because in d=7 the potential is proportional to T^2 − 2T_{ij}T^{ij} = T^2 −2T_{AB}T^{AB} and the leading term (Y_EY_F T^{EF} )^2 has already two T’s. Furthermore, S depends only on the scalar fluctuations in (Π^{−1})_i^A. In fact, the most general expression S can have is S = a( Y T^2Y (Y T Y )^2

− 1) + b( T Y T Y − 5) (4.104)

because higher powers of T appearing in the ratios would yield terms proportional to T r(T^{−1}) in the 7-dimensional action. To be more explicit, let’s consider a term of the form Y T^3Y /(Y T Y )^3. Then, when integrating S^2, such a term also generates a integral of the form ∫ d^4x(Y T^3Y )^2/(Y T Y )^4 which clearly will produce unwanted T r(T^{−1})’s (apply (4.103)). One requires then that the linearized limit of (4.92) yields the results of [36], and that when adding the Einstein action contribution we recover upon integration the d=7 scalar potential. The last term in (4.92) has no linearized contributions, while the coefficient of the second term gets fixed to 1/3 by requiring agreement with [36]. Hence, b = 1/3 while a is still a free parameter. However, a gets also fixed after evaluating the integral over S_4 of the square of (1 + S) using (4.102), (4.103) and (4.104) and requiring that after adding the Einstein action contribution one obtains (T^2 − 2T r(T^2))/4. Thus, a has to satisfy a quadratic equation, namely a(a + 2/3) = 0. It will turn out that the consistency of the gravitino transformation law excludes the first solution (a = 0), and requires the second (a = −2/3).

The result for F_{μνρα} is rather surprising. Initially, we made the ansatz F_{μνρα} = √_∘ gϵ_{μnuρσ}^∘D^σ 1_∘ 2^{∂α(1 + S) + gauge field dependent terms (4.105)} where 1 + S contains the ansatz for F_{μνρσ} in 4.92). This ansatz satisfies the Bianchi identity 4^∘D_{[σ} F_{μνρ]α} − ∂_αF_{μνρσ} = 0 (4.106)

However, our original expression for S contained no term with (Y · T · Y )^{−2} (it corresponded to the solution a = 0), and for this choice of S, the ansatz for F_{μνρα} was found to be truly nonlocal already in a perturbative expansion. With our present ansatz (a = −2/3), the apparently nonlocal expression is, in fact, local and given by

(4.93). It seems very unlikely that the first solution, containing the d = 11 nonlocal term^∘D^{σ 1}_∘2D_α(1 + S) would lead to the correct d = 7 action, since its presence requires that we expand^1_∘ 2 D_α(1 + S) into an infinite series of spherical harmonics, and though the factor^1_∘ 2 by itself may not be fatal, being integrated over S_4, the fact that infinitely many spherical harmonics would enter could lead to inconsistencies in the KK reduction.

The gauge field dependence of the F_{ΛΣΠΩ} is dictated by the 11-dimensional susy laws. We begin with the F_{μνρα} sector, and for simplicity, after substituting the 11- dimensional susy variation in terms of our fermionic ansätze, we keep only the gravitino terms. Then, we get δF_{μνρα}|_ψ = − √ 2 8 3! ( ∂_{[μ}ε̄Γ_{νρ]}Ψ_α − ∂_αε̄Γ_{[νρ}Ψ_{μ]} − 2∂_{[μ}Γ_{αρ}Ψ_{ν]} ) |_ψ (4.107) = − 3 √ 2 4 ∂_{[μ} ( Δ^{−1/5} ϵ̄_I′ ψ_{α,J}′ η̄^Iγ_{np}γ_5η^J U^{I′}_I U^{J′}_J E^n_ν E^p_{ρ]} ) (4.108) = 3 √ 2 4 ∂_{[μ} ( ϵ̄γ^{ijk}ψ_αC^A_ν C^B_{ρ]} Π^i_AΠ^j_B(Π^{−1})^E_k Y_E Y · T · Y ) (4.109) = 3 √ 2 2 ∂_{[μ} ( δB^{AB}_α C^C_ν C^D_{ρ]} T^{EF} Y_F Y · T · Y ) ϵ_{ABCDE} = δ [ 3 √ 2 2 ∂_{[μ} ( B^{AB}_α C^C_ν C^D_{ρ]} T^{EF} Y_F Y · T · Y ) ϵ_{ABCDE} ] (4.110)

where to go from (4.108) to (4.109) we used (3.4) and the identity

E^m_μ Δ^{−2/5}U^{I′}_I U^{J′}_J C^{IJ}_m = −iΠ_A^i(γ_i)^{I′J′} C^A_μ (4.111)

(Substitute into (4.29) that V^m ∼ γ^{CD}Y_C ∂^mY_D, replace 2γ^{CD} by γ^Cγ^D − γ^Dγ^C and use (4.45) to eliminate γ^C. One obtains then the commutator [γ_{ij}, γ_k] ∼ δ_{jk}γ_i − δ_{ik}γ_j. The Π^{−1} from (4.45) cancels then one of the Π’s in E^m_μ ). The total susy variation δ could be pulled out in (4.110) because we are keeping only gravitino dependent terms, and scalars vary into spin 1/2 fields.

Hence (4.110) allows us to read off the gauge field dependence of F_{μνρα} (see eq. (4.93)). Another nontrivial check of this ansatz is thatthe susy variation of the scalars in the l.h.s. of (4.93) reproduces the B^{AB}_α -dependent terms which we get from the 11-dimensional susy variation of F_{μνρα}.

The ansatz in the next sector, namely, F_{μναβ} will be fixed again by requiring the consistency of susy laws. The complete answer is given in (4.94). The procedure to determine the ansatz remains the same: vary F_{μναβ} under 11-dimensional susy laws, look for simplicity only at gravitino dependent terms, and rewrite (after substituting the various fermionic and vielbein ansätze) the 11-dimensional susy variation in terms of a total 7-dimensional susy variation of 7-dimensional bosonic (gauge and scalar) fields. So, varying the r.h.s. one gets δF_{μναβ} |_ψ = − √ 2 8 (2!)^2 ( 2∂_{[μ}ε̄Γ_{ν][α}Ψ_{β]} − ∂_{[μ}ε̄Γ_{βα}Ψ_{ν]}

−∂_{[α}ε̄Γ_{νμ}Ψ_β + 2∂_{[β}ε̄Γ_{α][ν}Ψ_{μ]} ) |_ψ = − √ 2∂_μ ( −iϵ̄_I′ τ_αψ_{β J}′ Δ^{−2/5} η̄^Iγ_nγ_5η^J U^{I′}_I U^{J′}_J E^n_ν −2ϵ̄_I′ ψ_{β J}′ Δ^{−1/5} η̄^Iγ_{np}γ_5η^J U^{I′}_I U^{J′}_J E^n_ν E^p_ρ B^{AB}_α V^ρ_{AB} )

+ √ 2 2 ∂_{[α} ( ϵ̄_I′ ψ_{β] J}′ U^{I′}_I U^{J′}_J Δ^{−1/5} η̄^Iγ_{nm}γ_5η^J E^n_ν E^m_μ ) (4.112) = √ 2∂_{[μ} ( C^A_{ν]}Π^i_Aϵ̄γ^iτ_{[α}ψ_{β]} − 4ϵ_{ABCDE}δB^{AB}_{[β} B^{CF}_{α]} Y_F C^D_{ν]} T^{EG}Y_G Y · T · Y )

− √ 2∂_{[α} ( ϵ_{ABCDE}δB^{AB}_β C^C_ν C^D_μ T^{EF} Y_F Y · T · Y ) (4.113)

To go from (4.112) to (4.113) we again made use of (3.4) and (4.111). Furthermore, in (4.113) the first term vanishes trivially, and the last one can be written as a total 7-dimensional susy variation. With the use of the Schouten identity (δ(B^{AB}_{[β} )B^{CF}_{α]} C^D_ν T^{EG}Y_G Y · T · Y Y_{[F} ϵ_{ABCDE]} = 0 (4.114)

which yields δ(B^{AB}_{[β} )B^{CF}_{α]} C^D_ν T^{EG}Y_G Y · T · Y Y_F ϵ_{ABCDE} = ( (δ(B_{[α}) · Y )^AB^{BC}_{β]} C^D_ν T^{EG}Y_G Y · T · Y + 1 2 δ(B^{AB}_{[α} )B^{CD}_{β]} C^E_ν ) ϵ_{ABCDE} (4.115) we get that δ(B^{AB}_{[β} )B^{CF}_{α]} C^D_ν T^{EG}Y_G Y · T · Y Y_F ϵ_{ABCDE} = 1 2 ( δ(B^{AB}_{[β} )(B_{α]} · Y )^CC^D_ν T^{EG}Y_G Y · T · Y + (δ(B_{[α}) · Y )^AB^{BC}_{β]} C^D_ν T^{EG}Y_G Y · T · Y + 1 2 δ(B^{AB}_{[α} )B^{CD}_{β]} C^E_ν ) ϵ_{ABCDE} (4.116) After acting with a ∂_{[μ} on (4.116), the remaining terms can be cast into a total susy variation. Then we substitute back into (4.113) and we recognize that the 11-dimensional susy variation of F_{αβμν} is the same as the 7-dimensional susy variation of the ansatz given in (4.94).

To derive the ansatz of the next sector F_{μαβγ} is a bit more laborious. We follow the procedure outlined previously, and vary under susy the r.h.s. of (4.95) δF_{μαβγ}|_ψ = − √ 2 8 3! ( ∂_με̄Γ_{[αβ}Ψ_{γ]} − 2∂_{[α}ε̄Γ_{μβ}Ψ_{γ]} − ∂_{[α}ε̄Γ_{βγ]}Ψ_μ ) |_ψ = −3 √ 2 4 ∂_μ [ ϵ̄Δ^{−1/10} √ γ_5 ( τ_{[αβ}Δ^{−2/5} + 2γ_mτ_βγ_5E^m_{[α}Δ^{−1/5} + γ_{mn}E^m_{[α}E^n_β ) Δ^{−1/10} √ γ_5ψ_{γ]} ] + 3 √ 2 2 ∂_{[α} [ ϵ̄Δ^{−1/10} √ γ_5 ( 2γ_mτ_βγ_5E^m_μ Δ^{−1/5} + γ_{mn}E^m_μ E^n_β ) Δ^{−1/10} √ γ_5ψ_{γ]} ] (4.117)

Then we substitute our ansätze in the l.h.s. of (4.117) and with the same tricks as we used before we arrive at δF_{μαβγ}|_ψ = 3 √ 2 4 (Π^{−1})^A_i C^A_μ ϵ̄τ_{[αβ}γ^iψ_{γ]} + 3 √ 2 2 D_{[α} ( ϵ̄τ_βγ^iψ_{γ]}Π^i_A ) C^A_μ +6 √ 2∂_μ [ ϵ_{ABCDE} δ(B^{AB}_{[γ} )(B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y ]

+6 √ 2∂_{[α} [ ϵ_{ABCDE}δ(B^{AB}_{[γ} )(B_{β]} · Y )^C C^D_μ T^{EF} Y_F Y · T · Y ] (4.118)

To get the correct gauge-field dependence in the F_{μαβγ} sector we take into account the susy variation of the independent fluctuation A_{αβγ} whose ansatz in terms of 7- dimensional fields is (see below) −^{2i√}_3 S_{αβγ,A}(y)Y^A(x). Then the 7-dimensional susy variation of the gauge field dependent part of F_{μαβγ} will be the difference between (4.118) and the 7 dimensional susy variation of ∂_μA_{αβγ}. Note that the first two terms in (4.118) are already parts of the susy variation of −i √ 6S_{αβγ}. We are ready now to extract the susy variation of the gauge field dependent piece of F_{μαβγ}: ((δ(F_{μαβγ})|_{B terms only}) |_ψ = 6 √ 2 [ ∂_μ ( ϵ_{ABCDE}δ(B^{AB}_{[γ} )(B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

+ ∂_{[α} ( ϵ_{ABCDE}δ(B^{AB}_γ )(B_{β]} · Y )^CC^D_μ T^{EF} Y_F Y · T · Y )]

+ 3 √ 2 2 ϵ_{ABCDE} δ(B^{AB}_{[α} )F^{CD}_{βγ]} C^E_μ (4.119) We are going to rewrite the first two terms as total 7-dimensional susy variations. Then we shall “peel off” a δ from both sides of (4.119) and read off the ansatz for (F_{αβγμ})|_{B terms only}. We begin by working out the first term. First, we shall pull outside a total δ susy variation, then we use a Schouten identity to release a susy gauge field variation from its contraction with the spherical harmonic. ∂_μ ( ϵ_{ABCDE} δ(B^{AB}_{[γ} )(B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

= δ∂_μ ( ϵ_{ABCDE} B^{AB}_{[γ} (B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

−2∂_μ ( ϵ_{ABCDE} B^{AB}_{[γ} δ(B_α · Y )^C (B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

= 1 3 δ∂_μ ( ϵ_{ABCDE}B^{AB}_{[γ} (B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

+ 1 3 ∂_μ ( ϵ_{ABCDE} B^{AB}_{[γ} δ(B^{CD}_α )(B_{β]} · Y )^E ) (4.120)

Schoutenizing the second term of (4.119) we get: ∂_{[α} ( ϵ_{ABCDE}δ(B^{AB}_γ )(B_{β]} · Y )^CC^D_μ T^{EF} Y_F Y · T · Y )

= 1 2 ϵ_{ABCDE} [ δ∂_{[α} ( B^{AB}_γ (B_{β]} · Y )^CC^D_μ T^{EF} Y_F Y · T · Y )

+ 1 2 ∂_{[α} ( B^{AB}_γ δ(B^{CD}_{β]} )C^E_μ )] (4.121)

The last step is to substitute (4.120) and (4.121) into (4.119) ((δ(F_{μαβγ})|_{B terms only}) |_ψ = ϵ_{ABCDE} { 3 √ 2δ [ ∂_μ ( 2 3 B^{AB}_{[γ} (B_α · Y )^C (B_{β]} · Y )^D T^{EF} Y_F Y · T · Y ) + ∂_{[α} ( B^{AB}_γ (B_{β]} · Y )^AC^D_μ T^{EF} Y_F Y · T · Y )] + 3 √ 2∂_{[α} ( B^{AB}_γ δ(B^{CD}_{β]} C^E_μ )

+2 √ 2∂_μ(B^{AB}_{[γ} δ(B^{CD}_α )(B_{β]} · Y )^E + 3 √ 2δ(B^{AB}_{[α} ) ( ∂_βB^{CD}_{γ]} + 2(B_β · B_{γ]})^{CD} ) C^E_μ }

= ϵ_{ABCDE}δ [ 2 √ 2∂_μ ( B^{AB}_{[γ} (B_α · Y )^C(B_{β]} · Y )^D T^{EF} Y_F Y · T · Y )

−3 √ 2∂_{[α} ( B^{AB}_β (B_{γ]} · Y )^C B^{BC}_{γ]} C^D_μ T^{EF} Y_F Y · T · Y )

+ 3 √ 2 2 ∂_μ ( ∂_{[α}B^{AB}_β + 4 3 (B_{[α} · B_β)^{AB} ) B^{CD}_{γ]} Y^E ] (4.122)

To achieve the last expression on the l.h.s. of (4.122) we need to perform one more trick, namely to use the Schouten identity to rewrite ϵ_{ABCDE}B^{AB}_{[γ} δ(B^{CD}_α )B^{EF}_{β]} C^F_μ = ϵ_{ABCDE} [ δ ( B^{AB}_{[γ} (B_α · B_{β]})^{CD}C^E_μ ) −3δ(B_{[γ})^{AB}(B_α · B_{β]})^{CD}C^E_μ ] (4.123)

We conclude that, indeed, from the requirement that the susy laws are consistent we obtain the ansatz for F_{μαβγ} given in (4.95).

At this moment, we can (again for simplicity of the argument) solve F_{αβγδ} from the Bianchi identities. The Bianchi identities ∂_{[Λ}F_{ΠΣΩΔ]} = 0 (4.124)

are trivially satisfied in the F sectors which we derived so far, because the gauge field dependent terms F can be easily cast into an exact form, while the purely scalar sectors are components of a separately closed form. Thus we use the last Bianchi identity ∂_μF_{αβγδ} = 4∂_{[α}F_{μβγδ]} (4.125)

which yields

0 = ∂_μ [ F_{αβγδ} − 4ϵ_{ABCDE}∂_{[α} ( 2 √ 2B^{AB}_δ (B_β · Y )^C(B_{γ]} · Y )^D (T · Y )^E Y · T · Y + 3 √ 2 2 ( ∂_βB^{AB}_γ + 4 3 (B_β · B_γ )^{AB} ) B^{CD}_{δ]} Y^E )] (4.126) to solve for F_{αβγδ}. The result, which is given in (4.96) is compatibile with the susy laws, and satisfies trivially ∂_{[ϵ}F_{αβγδ]} = 0.

A brief inspection of the ansatz given in (4.92-4.96) suggests that we can also give the ansatz for the 11-dimensional 3-index field, A_{ΛΠΣ} . A_{μνρ} = − 1 6 √ 2 ϵ_{ABCDE}C^A_μ C^B_ν C^C_ρ Y^D (T · Y )^E Y · T · Y − 1 2 √ 2 ∘ Dσ_∘ 2^{(ϵμνρσ} √_∘ g) A_{νρα} = 1 6 √ 2 ϵ_{ABCDE} B^{AB}_α C^C_ν C^D_ρ (T · Y )^E Y · T · Y A_{ναβ} = 1 3 √ 2 ϵ_{ABCDE} (B_{[α} · Y )^AB^{CD}_{β]} C^D_ν (T · Y )^E Y · T · Y A_{αβγ} = − i √ 6 6 S_{αβγ,A}Y^A +ϵ_{ABCDE} ( √ 2 3 B^{AB}_{[α} (B_β · Y )^C (B_{γ]} · Y )^D (T · Y )^E Y · T · Y + 1 2 √ 2 (∂_{[α}B^{AB}_β + 4 3 (B_{[α} · B_β)^{AB})B^{CD}_{γ]} Y^E ) (4.127)

Also, to ease the comparison between the ansatz necessary to achieve a consistent truncation (given in (4.92-4.96)) and the geometrical ansatz of [47] we present the expression of F_{ΛΠΣΩ} in form language. It is gauge invariant. √ 2 3 F_{(4)} = ϵ_{ABCDE} ( − 1 3 DY^ADY^BDY^C DY^D (T · Y )^E Y · T · Y + 4 3 DY^ADY^BDY^CD( (T · Y )^D Y · T · Y )Y^E +2F^{AB}_{(2)} DY^C DY^D (T · Y )^E Y · T · Y + F^{AB}_{(2)} F^{CD}_{(2)} Y^E ) + d(A) (4.128)

where F^{AB}_{(2)} = 2(dB^{AB} + 2(B · B)^{AB} )) and DY^A = dY^A + 2(B · Y )^A.

To find the ansatz for A and B̃ , we require that we obtain all the S_{αβγ} terms in the d=7 gravitino susy transformation law from KK reduction. Consider the linearized gravitino transformation law. This should already display the self-duality mechanism, and also will fix the free parameters a and b in the d=11 susy transformation law of the auxiliary field B. The F_{ΛΠΣΩ} term in δΨ_Λ reads: δΨ_ζ |_{lin.,F term,B=0} = √ 2 288 (Γ^{αβγδ}_ζ − 8δ^{[α}_ζ Γ^{βγδ]})εF_{αβγδ} + √ 2 288 (4Γ^{μαβγ}_ζ + 3 · 8δ^α_ζ Γ^{μβγ})εF_{μαβγ} (4.129) δΨ_m |_{lin.,F term,B=0} = √ 2 288 Γ^{αβγδ}_mεF_{αβγδ} + √ 2 288 (4Γ^{μαβγ}_m − 8e^μ_mΓ^{αβγ})εF_{μαβγ} (4.130)

The result for δψ_ϵ can be worked out further by decomposing the 11 dimensional gamma matrices and using the commutation relations of √ γ_5 δψ_ϵ|_{lin.,F term,B=0} = √ 2 288 γ_5 5 {3(3τ^{αβγδ}_ϵ − 8δ^{[α}_ϵ τ^{βγδ]})F_{αβγδ} −24i(τ^{αβγ}_ϵ + 9 2 δ^{[α}_ϵ τ^{βγ]})γ^μF_{μαβγ}}ϵ (4.131)

We introduce a normalization constant c for S_{αβγ,A} by embedding the 7d field S into the 11d curvature F as follows: F_{μαβγ}|_{B=0} = cS_{αβγ,A}∂_μY^A F_{αβγδ}|_{B=0} = 4c∂_{[α}S_{βγδ],A}Y^A (4.132) and a corresponding relation for the auxiliary field, B̃_{αβγ} = B_{αβγ,A}Y^A (4.133)

Substituting the linearized ansatz for B_{αβγ,A} in (2.41) into the transformation law of ψ_ϵ, we find δψ_ϵ|_{lin.,B term} = 1 24 (bΓ_ϵ^{αβγδ}B_{αβγδ} − aΓ^{αβγ}B_{ϵαβγ})ϵ + 1 5 τ_ϵγ_5γ^m b 24 Γ^{αβγδ}_mB_{αβγδ}ϵ = k 24 ϵ_{αβγδ}^{ϵηζ}B_{ϵηζ,A}Y^A( 9 5 bτ_ϵ^{αβγ} − (a − 16 5 b)δ^{[α}_ϵ τ^{βγδ]})γ_5ϵ = γ_5 5 {−m 9 5 kb 24 4!3! 2 δ^{[α}_ϵ τ^{βγ]}S_{αβγ,A}Y^A + 9 5 kb 24 6τ_ϵ^{αβγδ}4D_αS_{βγδ,A}Y^A −m k 24 (a − 16 5 b)3!τ_ϵ^{αβγ}S_{αβγ,A}Y^A − k 24 (a − 16 5 b)6τ^{αβγ}4D_{[ϵ}S_{αβγ],A}Y^A}ϵ (4.134) In order to reproduce the 7 dimensional sugra result (and have a consistent truncation of 11 dimensional sugra to the massless 7 dimensional fields), we must reproduce the gauged sugra result for δψ^I_ϵ , which does not have any DS terms, so we must require kb = −^5 √ 2c 72 , ka = −^5 √ 2c 9 . Then we obtain δψ_ϵ|_{lin.,S terms} = −c √ 2 60 [τ_ϵ^{αβγ} − 9 2 δ^{[α}_ϵ τ^{βγ]}]S_{αβγ,A}γ_5(−iγ^μD_μ + m)Y^Aϵ (4.135)

Using (3.42), we get by contracting with (γ^A)_{JK} and using 1/4ϕ^{JK}_5 (γ^A)_{JK} = Y^A, according to section (3.1), 1 m (m + iγ^μD_μ)Y^Aγ_5η^I ϵ_I = −ϵ_I (γ^A)^I_Kη^K (4.136)

Hence δψ_ϵ|_{lin.,S terms} = c [√ 2 60 m ( τ_ϵ^{αβγ} − 9 2 δ^{[α}_ϵ τ^{βγ]} ) (ϵγ^A)_Kη^K ] S_{αβγ,A} (4.137)

Incidentally, we note that here if we would use the p=q=+1/2 solution in (4.16) instead of p = q = −1/2 we would get (iγ^μD_μ+m) in (4.135) (because the commutation relation of γ^{±1/2}_5 past γ_μ gives a ± sign). That means that at this moment the sign is fixed by requiring a consistent truncation.

In order to match this result with the S term in δψ_ϵ in (4.6), we fix c = −i √ 6. We can then check this value of c by putting (4.132) in the 11d action for F_{ΛΠΣΩ} . We obtain the correct normalization for the 7d action of S_{αβγ,A}.

At this moment, one can see why a first order formulation for gravity instead of the antisymmetric tensor field does not work. Consider the spin connection Ω as an independent field, as done in [40]; then the 11 dimensional gravitino transformation law is the same, with D_Λ(Ω̂)ε replaced by D_Λ(Ω)ε, where

Ω_Λ^{MN} = Ω̂_Λ^{MN} (E, Ψ) + B_{ΛΠΣ}E^{M Π}E^{N Σ} + ΔΩ^′_Λ^{MN} (4.138)

and ΔΩ^′_{[Λ}^{MN} E^M_Π E^N_{Σ]} = 0. Thus the B_{αβγ} term we get in δ_{susy,11−dim}Ψ_α is at the linearized level is^1_4 B_{αβγ}τ^{βγ}ε. But this has no γ_5 with respect to (4.134), and since the susy law is fixed by the definition of B, we can’t introduce by hand the missing γ_5. Therfore it will be impossible to cancel the F terms in (4.131), as we did in (4.135). In conclusion, we need a 4-index tensor to mix with the independent fluctuation S_{αβγ}.

Now, let us analyze the nonlinear level. The nonlinear KK reduction gives for the terms involving S

δψ_ϵ|_{S term} = Δ^{−1/10}γ^{−1/2}_5 e^′_ϵ^a[E^Λ_a δΨ_Λ|_{S term} + 1 5 τ_aγ_5γ^mE^Λ_mδΨ_Λ|_{S term}] = √ 2 288 Δ^{−1/10}γ^{−1/2}_5 e^′_ϵ^a{(Γ^{αβγδ}_a − 8δ^{[α}_a Γ^{βγδ]})εF_{αβγδ}|_{S term} + 12 √ 2 (bΓ^{αβγδ}_a − aδ^{[α}_a Γ^{βγδ]})ε B_{αβγδ} √ E +4(Γ^{μαβγ}_a + 8δ^{[α}_a Γ^{μβγ]})εF_{μαβγ}|_{S term} + 1 5 τ_aγ_5γ^m[Γ^{αβγδ}_mε(F_{αβγδ} + 12b √ 2 B_{αβγδ} √ E ) +4(Γ^{μαβγ}_m − 2δ^μ_mΓ^{αβγ})εF_{μαβγ}]} (4.139)

In the same way as it happened at the linear level, the ∂_αS_{βγδ} terms in B_{αβγδ} will cancel the F_{αβγδ} terms, whereas the S_{αβγ} terms in B_{αβγδ} and F_{μαβγ} add, and moreover the term B^{AB}_α S_{βγδB} in B_{αβγ} cancel the B^μ_δ F_{μαβγ} term, provided we choose the ansatz (neglecting “massive” fields which are put to zero) B_{αβγδ} √ E = 6k 5 (F_{αβγδ} + 4B^μ_δ F_{μαβγ}) − k 5 ϵ_{αβγδ}^{ϵηζ} ~B̃_{ϵηζ} = 24kc 5 ▽_{[α} S_{βγδ],A}Y^A − k 5 ϵ_{αβγδ}^{ϵηζ} ~B̃_{ϵηζ} (4.140) where ~B̃ contains only S terms (no ∂_αS_{βγδ,A} or B^{AB}_α S_{βγδ,B}) and we have used (3.22) and (3.24). In the following, the parameters a, b, c take the values which we determined previously. Then we obtain δψ_ϵ|_{S term} = − √ 2 60 (τ_ϵ^{αβγ} − 9 2 δ^{[α}_ϵ τ^{βγ]})γ_5Δ^{3/5}

[(Δ^{−1/5}E^μ_m)(−iγ^m)F_{μαβγ} + ~B̃_{αβγ}]ϵ (4.141)

We further work out the F_{μαβγ} term in δψ_ϵ by substituting our ansätze for various fields, where in F_{μαβγ} we consider only the term with S F_{μαβγ}|_{B=0} = cS_{αβγ,A}∂_μY^A (4.142) So, by substituting for F_{μαβγ}, using the ansatz for E^μ_m in (4.28) and introducing the identity as η̄^N_α η^β_N = δ^β_α, we get

Δ^{−1/5}E^μ_mγ_5(−iγ^m)Δ^{3/5}F_{μαβγ}ϵ = − 1 4 Δ^{3/5}cS_{αβγ,C}C^C_mT r(γ^{ij}UV^nU^T Ω) (Π^{−1})_i^A(Π^{−1})_j^BV^{m AB}C^{n NI}η_N U^{I′}_I ϵ_I′ (4.143)

Then, using (3.42), we have

V^{P Q}_n C^{NI}_n = 4ϕ^{P [I}_5 Ω^{N ]Q} − (Ω^{P Q}ϕ^{NI}_5 + Ω^{NI}ϕ^{P Q}_5 ) (4.144)

and substituting this relation for the two products V_nC_n in (4.143), and doing a bit of algebra, we get

Δ^{3/5}(Π^{−1})_i^A(Π^{−1})_j^BY^AcS_{αβγ,B} 1 2 [ ϕ^{P I}_5 (U^T γ^{ij}U)_{P N} − ϕ^{P N}_5 (U^T γ^{ij}U)_{P I} ] η_N U^{I′}_I ϵ_I′ (4.145)

But now we can use the condition we got on U from matching the scalar transformation law (4.45), and get cS_{αβγ,A}(Π^{−1})_i^Aγ^{jI′}_L′ U^{L′}_N η_N ϵ_I′ − Δ^{3/5}T^{AB}cS_{αβγ,B}Y_Aγ_5η^IU^{I′}_I ϵ_I′ (4.146) We now see that the first term is exactly what we want to have in 7 dimensional supergravity (the S_{αβγ,A} term of δψ_ϵ in [41]), whereas the second term gets canceled by the ~B̃_{αβγ} term, if we choose the ansatz for ~B̃_{αβγ} to be: ~B̃_{αβγ} = cT ABS_{αβγ,B}Y_A (4.147) However, let us pause and comment on the ansatz for B_{MNP Q}. We know that B_{MNP Q} = 0 is a solution of the 11d equations of motion. So we can say that the ansatz for the various components of B_{MNP Q} has to be such that the various components of B_{MNP Q} = 0 correspond to various 7d equations of motion. Then the first remark is that we have to add to (4.140) the necessary bilinears in fermions and gauge field strength to complete the 7-dimensional equation of motion for S_{αβγ,A} (remember that we always dropped in the susy transformation rules 3- and 4-fermi terms). Using that k = 5(6 √ 2) (as it will be determined below (5.31)), the ansatz of the auxiliary field B_{MNP Q} is B_{αβγδ} √ E = −24 √ 3i∇_{[α}S_{βγδ],A}Y^A + √ 3iϵ_{αβγδ}^{ϵηζ}T^{AB}S_{ϵηζ,B}Y_A + 9ϵ_{ABCDE}F^{BC}_{[αβ} F^{DE}_{γδ]} Y^A + 2 − fermi terms (4.148)

The necessity of adding the gauge field terms in the ansatz for the auxiliary field B_{MNP Q} can be seen if we try to derive the 7-dimensional action from the 11-dimensional one. The ansatz for F_{αβγδ} is already bilinear in the gauge field strength, and when integrating out (F_{αβγδ})^2 on S_4 we get as a result terms with (F^{AB}_{αβ} )^4 which are not present in the d = 7 action. However, they are precisely canceled by the gauge field strengths which enter in the ansatz of B_{MNP Q}, after integrating out (B_{MNP Q})^2. The second observation is that no other bosonic equation of motion can appear in B_{MNP Q}, since all other bosonic equations have 2 derivatives, and so we would get terms with 4 derivatives in the 7d action. After finding the correct ansatz for B_{αβγδ}, we can easily find the nonlinear terms in δλ_i:

δψ_m|_{S term} = Δ^{−1/10}γ^{1/2}_5 E^Λ_mδΨ_Λ = √ 2 288 Δ^{−1/10}γ^{1/2}_5 [Γ^{αβγδ}_mF_{αβγδ} + 4(Γ^{μαβγ}_m − 2E^μ_mΓ^{αβγ})F_{μαβγ} − 5 6k Γ^{αβγδ}_m B_{αβγδ} √ E ]ε (4.149)

where we have substituted the value of b found before. If we now use the ansatz for Bαβγ √ E , the F_{αβγδ} and B^μ_δ F_{μαβγ} terms cancel again, as in δψ_ϵ, and we are left with

δψ_m|_{S term} = i √ 2 288 4τ^{αβγ}Δ^{3/5}

[(Δ^{−1/5}E^μ_n)(γ_m^n − 2δ^n_m)(−iF_{μαβγ}) − γ_m ~B̃_{αβγ}]ϵ (4.150)

We next substitute for F_{μαβγ} and B̃_{αβγ}. Then we write E^μ_n in terms of scalars via (4.91). Using (3.21) for the contraction of C_μ’s which we get, and the identity

(Π^{−1})_i^C Y_C T r(U^{−1}γ^iUγ^D)C^D_n = 0 (4.151)

which we easily get by using (4.45), we can rewrite (4.150) as follows

δψ^{(11d)}_m = 1 48 √ 3 τ^{αβγ}S_{αβγ,B} [ −i(Π^{−1})_i^BC^D_n T r(U^{−1}γ_iUγ^D)

(γ_m^n − 2δ^n_m) − 4Δ^{3/5}T^{AB}Y_Bγ_m ] η^Iϵ_I′ U^{I′}_I (4.152)

Next we want to put in a similar form the expression which we get for δψ_m from the 7 dimensional result for δλ^i_J′ . ¿From the ansatz in (4.15) and the normalization in (4.36), and substituting the 7 dimensional transformation law of δλ^i_J′ , we get

δψ^{(7d)}_m = − 1 240 √ 3 τ^{αβγ}S_{αβγ,A}(Π^{−1})_j^A(γ^{ij} + 4δ^{ij})^{I′}_J′ (γ_i)_K′_L′ ϵ_I′ U^{J′}_J U^{K′}_KU^{L′}_Lη^{JKL}_m (4.153)

Then we write the spherical harmonic η^{JKL}_m as

η^{JKL}_m = [i(γ_{mp} − 2δ_{mp})C^{pA} + γ_mY^A]η^J(γ_A)^{KL} (4.154)

Using the U matrix relation (4.45), we find the identity

T r(Uγ_AU^{−1}γ_i)Y_A = 4Δ^{3/5}(Π^{−1})_i^AY_A (4.155)

which will be heavily used in the following. Using this relation and the expression derived for η^{JKL}_m , we find that

δψ^{(7d)}_m = 1 48 √ 3 τ^{αβγ}S_{αβγ,B}[iT r(Uγ^AU^{−1}γ_i)(Π^{−1})_i^B (γ_{mp} − 2δ_{mp})C^{pA} + 4Δ^{3/5}T^{AB}Y_Aγ_m]ϵ − 1 60 √ 3 τ^{αβγ}S_{αβγ,B}(Π^{−1})_j^B[i(γ_{mp} − 2δ_{mp})C^{pA} +γ_mY^A]η^J(γ_jUγ_AU^{−1})^{I′}_{J′} U^{J′}_J ϵ_I′ (4.156)

Now we work on the last term (the last two lines). For that, we need a few identities: By multiplying the Fierzing relation (3.42) with Y_A(γ_A)_{JK} we deduce that

γ_5η^I = −Y_A(γ^A)^I_J η^J (4.157)

If we multiply the same relation (3.42) with γ_5(γ_A)_{JK}, we get

−iγ_pη^IC^A_p + Y^Aη^I = Y_B(γ^Aγ^B)^I_J η^J (4.158)

from which we also derive, by multiplying with C^n_A, that

γ_mη^I = iC^A_mY^B(γ_Aγ_B)^I_J η^J (4.159)

¿From (4.158) and (4.159) we also deduce

γ_mγ^pC^A_p η^J (Uγ_A)^I_J = 4C^A_mη^J (Uγ_A)^I_J (4.160)

Using (4.159) and (4.160) it follows that the last term in (4.156) is zero, so that we are left with the correct 11 dimensional result.

4.3 The gravitino and S_{αβγ,A} transformation laws

Let us recapitulate what we have done so far. We have checked that using our ansätze for the 11 dimensional fields we reproduce the 7 dimensional transformation laws for the graviton e^a_α, the gauge field B^{AB}_μ , the scalars Π_A^i, and the terms involving S_{αβγ} in the transformation laws of the gravitini ψ^I_α and fermions λ^{iI}. We have also checked the gauge field dependence of F_{ΛΠΣΩ} by matching terms in δ^{(11d)}susy F_{ΛΠΣΩ} with the variation of all the fields in the ansatz for F_{ΛΠΣΩ} . The analysis of the independent fluctuation S_{αβγ,A} was implicitely done when we studied the F_{αβγμ} sector. However, for completeness of our work we give a separate check on S_{αβγ} susy transformation law.

We begin by considering the case when B^{AB}_α = 0 in the S_{αβγ,A} transformation law and we find δS_{αβγ,A} from i √ 6 δF_{μαβγ}|_{B=0} = δS_{αβγ,A}|_{B=0}∂_μY^A (4.161) because the B^{AB}_α terms in F_{μαβγ} appear at least quadratically, (so δB^{AB}_α will always be multiplied by B^{CD}_β , which we put to zero). Using the transformation law for A_{ΛΠΣ} in (2.14) and the fact that

Ψ_α|_{B=0} = Δ^{−1/10}(γ^{1/2}_5 ψ_α + 1 5 τ_αγ^mγ^{1/2}_5 ψ_m) (4.162)

we get δS_{αβγ,A}|_{B=0}∂_μY^A = −i √ 3∂_{[μ}ε̄Γ_{αβ}Ψ_{γ]} = − i √ 3 4 {∂_μ[ϵ̄Δ^{−3/5}(τ_{[αβ}γ_5ψ_{γ]} + i 5 τ_{αβγ}γ^mψ_m)] −∂_{[α}[E^n_μ Δ^{−2/5}ϵ̄(−2iγ_nγ_5τ_βψ_{γ]} + 1 5 τ_{βγ]}(−2γ_{nm} + 3δ_{nm})ψ^m)]} (4.163)

We split this contribution into 3 terms, corresponding to the terms in the 7 dimensional transformation law, one with ∂_α acting on ψ_{γI}′ and λ_{iI}′ , one with ∂_α acting on Π_A^i, and one with no ∂_α. Indeed, in 7 dimensions we have δS_{αβγ,A}|_{B=0} = i √ 3 12 δ_{AB}(Π^{−1})_i^B(3ϵ̄τ_{[αβ}γ^iψ_{γ]} − ϵ̄τ_{αβγ}λ^i) − i √ 3 4 δ_{ij} Π_A^j ▽_{[α} (2ϵ̄τ_βγ^iψ_{γ]} + ϵ̄τ_{βγ]}λ^i) (4.164)

where ▽_α(...)_i acts as ∂_α(...)_i + Q_{α i}^j(...)_j = ∂_α(...)_i + (Π^{−1})_{[i}^A(∂_αΠ_A^{j]})(...)_j. (If B^{AB}_α is not zero, Q_{αij} will contain also a B term).

The term with no ∂_α in (4.163) is given by − i √ 3 4 Δ^{−3/5}[Δ^{3/5}(∂_μΔ^{−3/5}) + ∂_μ](ϵ̄τ_{[αβ}γ_5ψ_{γ]} + i 5 ϵ̄τ_{αβγ}γ_mψ^m) (4.165)

To evaluate the contribution with the the gravitino ψ_γ, we make use of the equations (4.39) and (4.45). From ϵ̄τ_{αβ}γ_5ψ_γ we obtain a factor Uη̄γ_5ηU^T ∼ Uϕ_5U^T . This is the combination which appears on the l.h.s. of (4.45) (because Y_Aγ^A ∼ ϕ_5). Substituting (4.45), the ∂_μ derivatives of Δ^{3/5} cancel and we are left with −i √ 3 4 ϵ̄_I′ τ_{[αβ}γ^{iI′J′} ψ_{γ]J}′ (Π^{−1})_i^A∂_μY_A (4.166)

Similarly, the contribution of the spin 1/2 fermions in (4.165) reads i √ 3 4 · 3

(Π^{−1})_i^A(Ω̃)^{I′J′}ϵ̄_I′ τ_{αβγ}λ^i_J′ ∂_μY_A. (4.167)

We compare the sum of these two contributions with the 7-dimensional result i √ 3 12 (Π^{−1})_i^Aϵ̄(3τ_{[αβ}γ^iψ_γ − τ_{αβγ}λ^i)∂_μY^A (4.168)

and we can conclude that we find agreement.

The term with ∂_α acting on the scalars is given by i √ 3 4 [∂_{[α}(E^n_μ Δ^{−2/5}) ( −2iϵ̄γ_nγ_5τ_βψ_{γ]} + 1 5 ϵ̄τ_{βγ]}(−2γ_{nm} + 3δ_{nm})ψ^m )

+Δ^{−2/5}E^n_μ ( −2iC^{IJ}_n ϵ̄_I′ τ_{[β}ψ_{γJ}′ ∂_{α]}(U^{I′}_I U^{J′}_J )+ 1 5 ϵ̄_I′ τ_{[βγ}λ_J′_K′_L′η̄^I(−2γ^{nm} + 3δ^{nm})∂_{α]}(U^{I′}_I U^{J′}_J U^{K′}_KU^{L′}_L)η^{JKL}_m ) ](4.169)

The spherical harmonic of the spin 1/2 fields, contracted with λ_J′_K′_L′ , yields 1 5 η̄^I (−2γ_nγ_m + 5δ_{nm})η^{JKL}_m λ_J′_K′_L′ U^{J′}_J U^{K′}_KU^{L′}_L = 3Ω^{IJ} C^{KL}_n λ_J′_K′_L′ U^{J′}_J U^{K′}_KU^{L′}_L (4.170)

Together with (4.170) we find for (4.169) − i √ 3 4 (∂_{[α}Π_A^j)(−ϵ̄_I′ 2τ_βγ^{I′J′}_j ψ_{γ]J}′ + ϵ̄_I′ τ_{βγ]}λ_{jJ}′ Ω^{I′J′} )∂_μY^A (4.171)

This agrees with the result in 7 dimensional gauged supergravity − i √ 3 4 Π_A^i(Π^{−1})_i^B(∂_{[α}Π_B^j )ϵ̄(2τ_βγ_jψ_{γ]} + τ_{βγ]}λ_j)∂_μY^A (4.172)

Finally, we consider the terms with ∂_α acting on ψ_{αI}′ and λ_{iI}′ i √ 3 4 Δ^{−3/5}(Δ^{1/5}E^n_μ) [ (−∂_{[α}ϵ̄2iγ_nγ_5τ_βψ_{γ]I}′ )U^{I′}_I η^I + 1 5 (∂_{[α}ϵ̄(−2γ_{nm} + 3δ_{nm})(τ_{βγ]}λ_J′_K′_L′ )U^{J′}_J U^{K′}_KU^{L′}_Lη^{JKL}_m ] (4.173)

In the last term we use (4.170) and get −i √ 3 4 2iΔ^{−2/5}E^n_μ (∂_{[α}ϵ̄_I′ τ_βψ_{γ]})U^{I′}_I U^{J′}_J C^{IJ}_n + i √ 3 4 3Δ^{−2/5}E^n_μ Ω^{IJ} C^{KL}_n U^{I′}_I U^{J′}_J U^{K′}_K U^{L′}_L(∂_{[α}ϵ̄_I′ τ_{βγ]}λ_J′_K′_L′ ) (4.174)

Using (4.111) (and UΩ̃U^T = Ω̃) we obtain −i √ 3 2 Π_A^j∂_{[α}ϵ̄_I′ (γ_j)^{I′J′} τ_βψ_{γ]J}′ ∂_μY^A − i √ 3 4 Π_A^j∂_{[α}ϵ̄_I′ τ_{βγ]}λ^j_J′ Ω^{I′J′} ∂_μY^A (4.175)

This agrees with the d=7 result −i √ 3 4 Π_A^j ∂_{[α}(2ϵ̄τ_βγ^iψ_{γ]} + ϵ̄τ_{βγ]}λ^i)∂_μY^Aδ_{ij} (4.176)

This was the last term to be checked in the transformation law of the 3 index tensor field S_{αβγ,A} with B^{AB}_α set to zero, which therefore is in complete agreement with the 11 dimensional transformation laws.

Now, we let the gauge fields to take non-zero values. Since the dependence on the gravitini and gauge fields was already checked (see the analysis performed for the susy law in the F_{αβγμ} sector), we will only check the F_{αβ}λ terms in the S_{αβγ} 7-dimensional susy law. Hence we keep from the 11-dimensional susy variation of S_{αβγ} only the terms with potential contribution to the spin 1/2 and F^{AB}_{αβ} dependent terms in the d=7 susy law: −i √ 6δS_{αβγ,A}Y^A|_{F λ terms} = 6 √ 2 ϵ_{ABCDE} F^{AB}_{[αβ} δ(B^{CF}_{γ]} )|_{λ terms}Y_F C^D_μ (T · Y )^E Y · T · Y − 3i √ 2 10 Δ^{−1/5}ϵ̄γ_{mn}τ_{[γ}γ^pψ_mF^{AB}_{αβ]} V^ν_{AB}E^n_ν E^m_μ +3i √ 2Δ^{−1/5}ϵ̄τ_{[γ}γ_{[n}ψ_{m]}F^{AB}_{αβ]} V^ν_{AB}E^n_ν E^m_μ (4.177)

After we substitute the ansätze of various 11-dimensional fields, we need to evaluate the spherical harmonic of η̄^I ( 1 5 γ_{mn}γ^pψ_p + 2γ_{[m}ψ_{n]} )

which is 3(η̄^Iγ_{mn}η^J ϕ^{KL}_5 + 2η̄^Iγ_{[m}η^J C^{KL}_{n]} ).

The contribution of the last two terms in (4.177) is − 9i √ 2 2 Δ^{−1/5}ϵ̄_I′ τ_{[γ}λ_I′_J′_K′ U^{I′}_I U^{J′}_J U^{K′}_KU^{L′}_LF^{AB}_{αβ]} V^ν_{AB}E^{[n}_ν E^{m]}_μ (η̄^Iγ_{mn}η^J ϕ^{KL}_5 + 2η̄^Iγ_{[m}η^J C^{KL}_n ) = 3 √ 2 2Y · T · Y F^{DE}_{[αβ} ϵ̄τ_{γ]}γ^{[ij}λ^{k]}(Π^i_A Π^j_B (−Π^{−1})^C_k + 2Π^i_A Π^k_B (Π^{−1})^C_j )V^{DE}_ν C^A_μ C^B_ν Y^C (4.178)

Use now the identity γ^{[ij}λ^{k]} = 1 3 (γ^lγ^{ijk}λ_l − γ^{lijk}λ_l) (4.179) to rewrite (4.178) − √ 2F^{DB}_{[αβ} (ϵ̄τ_{γ]}γ^lγ^{ijk}λ_l + ϵ̄τ_{γ]}γ^{ijkl}λ_l)Π^i_A Π^j_B (Π^{−1})^C_k C^A_μ Y_C Y_D = 6 √ 2 ϵ_{ABCDE} (F_{[αβ} · Y )^Aδ(B^{BC}_{γ]} )C^D_μ (T · Y )^E Y · T · Y (4.180)

where to reach the final result in (4.180) we replaced γ^{ijk} by −1/2ϵ^{ijkmn}γ_{mn} and we also used the property of the scalar fields Π^m_A of having determinant one.

The first term in (4.177) can be written as the sum of two terms upon using the Schouten identity to release the variation δ(B^{CF}_γ ) from its contraction with Y_F .

One of these terms cancels precisely the contribution of (4.180), and the other, (F_{[αβ} · Y )^AδB^{BC}_{γ]} C^D_μ Y^Eϵ_{ABCDE} will give the 7-dimensional susy variation δ(d = 7) S_{αβγ,A}|_{λF terms}Y^A. Since the susy variation of a gauge invariant object must be gauge invariant, we will not show explicitely the cancelation of terms produced by the 11- dimensional susy variation which are proportional with bare B^{AB}_α gauge fields. The same argument implies that the partial derivative ∂_α which we obtained in (4.176) is in fact, a gauge covariant D_α derivative. (That this is the case, we already know from the analysis of the sector F_{αβγμ} where we derived the gravitino dependent terms in (4.176), and we obtained in fact a gauge covariant derivative).

Let us now turn back to δψ_α. In 7 dimensions, we have: δψ_{αI}′|_{S=B=0} = D_αϵ_I′ + 1 4 (Π^{−1})_i^A(∂_αΠ_A^j)(γ^i_j)_I′^{J′} ϵ_J′ − 1 20 (Π^{−1})_i^A(Π^{−1})_i^Aτ_αϵ_I′ (4.181)

But in 11 dimensions we have got

δΨ_Λ|_{B=S=0} = ∂_Λε + 1 4 Ω_Λ^{MN} (E)Γ_{MN}|_{B=0}ε + F_{····}terms + 3−fermi terms (4.182)

By direct substitutions one obtains

Ω_α^{MN} Γ_{MN} |_{B=0} = ω_α^{ab}τ_{ab} + γ_{mn}E^{mμ}∂_αE^n_μ −2τ_αγ_mγ_5(Δ^{−1/5}E^{mμ})Δ^{1/5}(∂_μΔ^{−1/5}) −2τ^β_α(Δ^{1/5}∂_βΔ^{−1/5}) Ω_μ^{MN} (E)Γ_{MN}|_{B=0} = γ_{mn}E^{mν}(2∂_{[μ}E^n_{ν]} − E^{nρ}E^p_μ∂_νE_{pρ}) +τ^αγ_mγ_5[Δ^{1/5}∂_αE^m_μ + (Δ^{1/5}E^n_μ)(E^{mρ}∂_αE_{nρ})](4.183)

For the terms involving F_{μνρσ} and F_{αμνρ}, we find E^Λ_a δΨ_Λ|_{Fμνρσterm,B=S=0} = 3 288 4!Δ^{−1}τ_aε [ 1 + 1 3 ( T Y_AY_BT^{AB} − 5 )

− 2 3 ( Y_A(T^2)^{AB}Y_B (Y_AT^{AB}Y_B)^2 − 1 )] − 4 · 3! 288 Δ^{−1}(τ^α_a + 2e^α_a )γ_qγ_5ε(Δ^{1/5}E^q_σ)C^σ_A ( ∂_αT^{AB}Y_B Y_AT^{AB}Y_B − T^{AB}Y_B (Y_AT^{AB}Y_B)^2

(Y_C ∂_αT^{CD}Y_D) ) (4.184) E^Λ_mδΨ_Λ|_{Fμνρσterm,B=S=0} = − 3 288 3! · 8Δ^{−1}γ_mγ_5ε [ 1 + 1 3 ( T Y_AY_BT^{AB} − 5 )

− 2 3 ( Y_A(T^2)^{AB}Y_B (Y_AT^{AB}Y_B)^2 − 1 )] − 1 4 Δ^{1/5}(E_{σm} − 2E^r_σγ_{mr})τ^αC^σ_A ( ∂_αT^{AB}Y_B Y_AT^{AB}Y_B − T^{AB}Y_B (Y_AT^{AB}Y_B)^2

(Y_C ∂_αT^{CD}Y_D) ) (4.185)

We also have that

δψ_α|_{S=B=0} = Δ^{−1/10}γ^{−1/2}_5 e^a_α[E^Λ_a δΨ_Λ + 1 5 τ_aγ_5γ_mE^Λ_mδΨ_Λ]|_{B=S=0} (4.186)

Putting everything together, we find, besides the usual term ∂_αϵ_I′ + ω_α^{ab}τ_{ab}ϵ_I′ , terms with τ^β_α, terms with τ_α, and terms without any τ_α’s. After some algebra, the terms with τ^β_α cancel, as they should, whereas the terms without any τ_α’s simplify to 1 4 γ_{mn}E^{mμ}(∂_αE^n_μ )ϵ + ϵ_I′ (∂_αU^{I′}_I )η^I + 3i 4 γ_m(Δ^{1/5}E^m_σ )ϵΔ^{−6/5}C^σ_A ( ∂_αT^{AB}Y_B Y_AT^{AB}Y_B − T^{AB}Y_B (Y_AT^{AB}Y_B)^2

(Y_C∂_αT^{CD}Y_D) ) (4.187)

to be compared to − 1 4 (Π^{−1})_i^A(∂_αΠ_A^j )(γ^i_j)^{J′}_I′ ϵ_J′ U^{I′}_I η^I (4.188)

We will first of all work on the first term in (4.187). Using the Fierzing relation (3.42) twice for each γ matrix acting on η^I, we prove that C^{mB}C^{nD}γ_{mn}η^I = [ (γ_{DB})^I_J + Y_B(γ_D)^I_J γ_5 − Y_D(γ_B)^I_J γ_5 ] η^J (4.189)

Using (4.90) and (4.91) to rewrite the vielbeins, the previous relation to get rid of γ_{mn} and (A.12) and (4.45) to get rid of the resulting traces we obtain, after some algebra, 1 4 E^{mμ}∂_αE^n_μ γ_{mn}ϵ = −∂_αU^{I′}_I η^Iϵ_I′ − 1 4 Π_A^i∂_α(Π^{−1})_j^A(γ_{ij})^{I′}_{J′} U^{J′}_I η^Iϵ_I′ − 1 2 Y_A∂_α(Δ^{3/5}(Π^{−1})_i^A)(γ_i)^{I′}_J′ U^{J′}_I γ_5η^Iϵ_I′ + 1 2 Π_A^{[i}∂_α(Π^{−1})_{j]}^A(Π^{−1})_j^BY_B

Δ^{3/5}(γ^j)^{I′}_J′ U^{J′}_I γ_5η^Iϵ_I′ (4.190)

The first term cancels against the second term in (4.187), and the second term gives the correct 7 dimensional result in (4.188). That means that the last two terms, together with the last term in (4.187) should give zero.

Using that Δ^{−6/5} = Y · T · Y and the identity

Δ^{6/5}∂_α(Y · T · Y )T^{AD}Y_D − ∂_αT^{AD}Y_D = Δ^{6/5}∂_α(Y · T · Y )T^{BD}Y_D(δ^{AB} − Y_AY_B) −∂_αT^{BD}Y_D(δ^{AB} − Y^AY^B) (4.191)

and rewrite the last two terms in (4.190) as

Δ^{−3/5}(δ^{AB} − Y^AY^B) 1 4Y · T · Y [ ∂_α(Y · T · Y ) Y · T · Y T^{BD}Y_D − ∂_αT^{BD}Y_D ] Π_A^i(γ_i)^{I′}_J′ U^{J′}_Iγ_5η^Iϵ_I′ (4.192)

Now taking the last term in (4.187), substituting for E^m_σ from (4.90) , using the summation relation (A.12) and the Fierzing relation

C^{mB}γ_mη^I = −i[(γ_B)^I_J γ_5η^J + Y_Bη^I] (4.193)

which we can prove by using (3.42), we get the same result as in (4.192), but with the opposite sign, as we should. So all the extra contributions cancel and we are left with the 7 dimensional result (4.188). Note that at this moment if we chose the a=0 solution for (4.104), it will not work. So, as promised, the ansatz for the scalar field dependence of F_{μνρσ} is fixed by the consistency of the gravitino transformation law.

The hardest term in δψ_α is the τ_α term, which becomes (after some algebra)

τ_α(Δ^{−1/5}E^{mμ}γ_m)[ i 50 (Δ^{−1}∂_μΔ)ϵ + 1 10 ∘ γ_μ ϵ − i 5 ϵ_I′ (∂_μU^{I′}_I )η^I] − 3 20 Δ^{−6/5}τ_α [ 1 + 1 3 ( T Y_AY_BT^{AB} − 5 ) − 2 3 ( Y_A(T^2)^{AB}Y_B (Y_AT^{AB}Y_B)^2 − 1 )] ϵ − i 20 τ_α ( Δ^{−1/5}E^{mμ}E^{nρ}(^∘D_μ E^q_ρ)(γ_{mnq} − 2δ_{mq}γ_n) ) ϵ (4.194)

to be compared with 1 20 (Π^{−1})_i^A(Π^{−1})_i^Aτ_αϵ (4.195)

This last problem turns out to be surprisingly complicated. We have only partial results; they seem to involve the explicit expression of the matrix U and we prefer to devote a separate paper to this issue. The same holds for the scalar dependent terms in the susy law of the 7 dimensional spin 1/2 fields.

5 Bosonic equations of motion and action

In this section we will do some further checks on our ansatze by looking at the bosonic action and equations of motion, and reproducing some of the corresponding equations of motion and terms in the action in seven dimensions.

First, we give the 11 dimensional bosonic equations of motion following from the action in (2.2):

R_{ΛΠ} = − 1 6 (F_{ΛΛ1Λ2Λ3} F_Π^{Λ1Λ2Λ3} − 1 12 G_{ΛΠ}F^2) (5.1)

∂_Λ(EF^{ΛΛ1Λ2Λ3} ) = k √ 2(24)^2 ϵ^{Λ1...Λ11} F_{Λ4...Λ7} F_{Λ8...Λ11} (5.2)

B_{ΛΠΣΩ} = 0 (5.3)

In seven dimensions we have the bosonic action

e^{−1}L^′_{7d} = − 1 2 R + 1 4 m^2(T^2 − 2T_{ij}T^{ij}) − 1 2 P_{αij}P^{αij} − 1 4 (Π_A^iΠ_B^jF^{AB}_{αβ} )^2 + 1 2 (Π^{−1}_i^AS_{αβγ,A})^2 + 1 48 me^{−1}ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,A}F_{δϵηζ,B} + m^{−1} 8 e^{−1}Ω_5[B] − m^{−1} 16 e^{−1}Ω_3[B] + ie^{−1} 16 √ 3 ϵ^{αβγδϵηζ}ϵ_{ABCDE} δ^{AG}S_{αβγ,G}F^{BC}_{δϵ} F^{DE}_{ηζ} (5.4) For the equations of motion, we will put the gauge field B^{AB}_α to zero, so in the action we need to keep only terms at most linear in B^{AB}_α which we can rewrite as follows.

e^{−1}L^′_{7d} = − 1 2 R + 1 4 m^2(T^2 − 2T_{ij}T^{ij}) − 1 2 P_{αij}P^{αij} + 1 2 (Π^{−1}_i^AS_{αβγ,A})^2 + 1 48 me^{−1}ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,A}F_{δϵηζ,B}

= − 1 2 R + 1 4 m^2(T^2 − 2T_{AB}T^{AB}) + 1 8 T r(∂_αT^{−1}∂^αT ) − 1 2 B^{AB}_α (T ∂_αT^{−1})_{AB} + 1 2 T^{AB}S_{αβγ,A}S^{αβγ}_B + 1 48 me^{−1}ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,A}F_{δϵηζ,B} (5.5) We notice that the action is now expressed in terms of T_{AB} instead of Π_A^i, so we obtain the following bosonic equations of motion for T_{AB}, B^{AB}_α and S_{αβγ,A} and the metric g_{αβ}, respectively 1 2 m^2(T δ_{AB} − 2T_{AB}) + 1 4 (T^{−1}∂_α(∂_αT T^{−1}))_{AB} + 1 2 S_{αβγ,A}S^{αβγ}_B − 1 5 T^{−1}_{AB}[ 1 2 m^2(T^2 − 2T rT^2) + 1 4 ∂_αT r(∂_αT T^{−1}) + 1 2 S_{αβγ,A}S^{αβγ}_BT^{AB}] = 0(5.6) − 1 12 me^{−1}ϵ^{αβγδϵηζ}S_{βγδ,A}S_{ϵηζ,B} − 1 2 (T ∂_αT^{−1})_{[AB]} = 0 (5.7) T^{AB}S_{αβγ,B} + 1 24 me^{−1}ϵ^{αβγδϵηζ}F_{δϵηζ,A} = 0 (5.8) R^{(7)}_{αβ} − 1 10 g_{αβ}[m^2(T^2 − 2T^2_{AB}) − 4T^{AB}S_α′_β′_γ′_{,A}S^{α′β′γ′}_B] − 1 4 T r(∂_αT^{−1}∂_βT ) − 3T^{AB}S_{αγδ,A}S^{βγδ}_B = 0 (5.9) We note here that in (5.6) we have used Lagrange multipliers for the condition det T_{AB} = 1. From (5.6) we obtain also

∂_α(∂_αT T^{−1})_{[AB]} = 0 (5.10)

and from (5.10), together with (5.7) we also get that ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,[A}∂_δS_{ϵηζ,B]} = 0 (5.11) Now we want to see that we reproduce these equations from the 11 dimensional equations of motion. First, we notice that (5.3) was already discussed. The only nontrivial component is the {αβγδ}, which is just the equation of motion of the antisymmetric tensor, S_{αβγ,A}. Let’s look now at (5.2), setting the gauge field to zero.

Substituting the ansatze for F_{ΛΠΣΩ} and g_{ΛΠ} the {νρσ} component of (5.2) becomes Y_{(A}∂_μY_{B)}T_{CB} [ 2(T δ_{AC} − 2T_{AC}) + (T^{−1}∂^α(∂_αT T^{−1}))_{AC} + 2S_{αβγ,A}S^{αβγ,C} ]

−Y_{(A}∂_μY_{B)}S_{αβγ,A}(S_{αβγ,C}T_{CB} + 1 6 me^{−1}ϵ^{αβγδϵηζ}∂_δS_{ϵηζ,B}) − 1 3 Y^{[A}∂_μY^{B]}me^{−1}ϵ^{αβγδϵηζ}S_{αβγ,A}∂_δS_{ϵηζ,B} = 0 (5.12) We notice that the first line is the scalar equation of motion (5.6), the second line is the antisymmetric tensor equation of motion in (5.8)and the third is (5.11) which is a combination of the scalar and gauge field equations of motion.

Similarly, by substituting the ansatze for F_{ΛΠΣΩ} and g_{ΛΠ}, the {νρα} component of (5.2) becomes

∂_{[μ}Y^A∂_{σ]}Y^B[(T^{−1}∂_αT )_{BA} + 1 6 ϵ^{α1...α6α}S_{α1α2α3,A}S_{α4α5α6,B}] = 0 (5.13) which is just the equation of motion for the gauge field, (5.7). The {βγδ} component of (5.2) is Y^A[4∂^δ∂_{[δ}S_{αβγ],A} + 1 6 ϵ^{αβγα1...α4}(∂_{α1} T^{AB})S_{α2α3α4,B} − S_{αβγ,A}T^{2AB}Y_B] + Y^A Y · T · Y [−4∂_{[δ}S_{αβγ],A}Y · ∂_δ · Y + 1 6 ϵ^{αβγα1...α4}S_{α2α3α4,B}T^{AB}(Y · ∂_{α1} T · Y )] − ( T − 2 Y · T^2 · Y Y · T · Y ) Y^A [ 1 6 ϵ^{αβγα1...α4}∂_{α1} S_{α2α3α4,A} + S_{αβγ,B}T^{AB} ] = 0 (5.14)

where all three lines are now zero due to the antisymmetric tensor equation of motion, (5.8). The {αβμ} component of (5.2) gives C^A_μ {( T_{AC} − T^{AD}Y_DT^{CE}Y_E Y · T · Y ) ( ∂_γ S_{αβγ,B}δ^{BC} + S_{αβγ,B}(∂_γT_{BD})T^{−1}_{DC} )

−(S_{αβγ,C}T^{BC} + 1 6 ∂_{α2} S_{α3α4α5,B}ϵ^{αβα1...α5}) 1 Y · T · Y ( ∂_γ T^{AD}Y_DY_B − T^{AD}Y_DY_B Y · ∂_γ T · Y Y · T · Y )} (5.15)

In the first line, the second bracket is zero upon using the equation of motion for the 7d antisymmetric tensor, (5.8), to convert both S_{αβγ,B}’s into ∂_{α1} S_{α2α3α4,C}T^{−1}_{BC}, whereas the second line gives directly the antisymmetric tensor equation.

The Einstein’s equations (5.1) are considerably more involved. We have computed all the terms for zero gauge field, but the task of reconstructing the seven dimensional field equations is quite laborious, and we have not completed it, but we can see that we get nontrivial combinations of these seven dimensional field equations. The fact that already from the antisymmetric field equation (5.2) we get all the seven dimensional field equations (except Einstein’s equation) is already quite nontrivial. Moreover, the eleven dimensional Einstein’s equation for ΛΠ = αβ contains the seven dimensional Einstein’s equation, (5.9), together with many more terms. So we can say that the seven dimensional bosonic equations of motion solve the eleven dimensional equations of motion in all the sectors we have checked. We leave the complete check of the Einstein’s equations to the diligent reader.

Let’s now turn to the bosonic action in (5.4). Part of the action was already calculated. We have also reproduced the scalar field potential, and this was how we fixed the dependence of F_{ΛΠΣΩ} on the scalars Π_A^i. The condition that the Einstein action in 11 dimensions gives us the Einstein action in 7 dimensions gave us the ansatz for the 11 dimensional vielbein component E^a_α. Incidentally, we note also that we found the kinetic terms for the gravitini ψ^{I′}_α and spin 1/2 fermions λ^i_I′ (without the Q-connection piece). By requiring that we reproduce them we have fixed the ansatz for the components of the 11 dimensional gravitino. So we need to reproduce the scalar field and gauge field kinetic terms, −^1_2 P_{αij}P^{αij} −^1_4 (Π_A^iΠ_B^jF^{AB}_{αβ} )^2, and also the S_{αβγ,A} terms. The S_{αβγ,A} terms give us the mechanism for ’self-duality in odd dimensions’ at the level of the action (we have deduced this mechanism from the susy laws).

Let us first look at the P_{αij}P^{αij} term. It is equal to + 1 8 T r(∂_αT^{−1}∂^αT ) − 1 2 B^{AB}_α (T^{−1}∂_αT )_{AB} − 1 4 (T_{AC}T^{−1}_{BD}B^{AB}_α B^{CD}_α − (B^{AB}_α )^2) (5.16)

We will look only at the first two terms, the last two being inferred as being the gauge invariant completion (already the term linear in B should be dictated by gauge invariance, so this will be a nontrivial check on the algebra). The contributions to this term come from the 11 dimensional Einstein action and the Maxwell term, −1/48F^2_{ΛΠΣΩ}.

The contributions to P_{αij}P^{αij} from −1/48F^2_{ΛΠΣΩ} come from the components − 1 48 × 4E [ F_{αμνρ}F_α′_μ′_ν′_ρ′ G^{αα′} G^{μμ′} G^{νν′} G^{ρρ′} +2F_{αμνρ}F_σ′_μ′_ν′_ρ′ G^{ασ′} G^{μμ′} G^{νν′} G^{ρρ′} + 1 4 F_{μνρσ}F_μ′_ν′_ρ′_σ′ G^{μν′} G^{νν′} G^{ρρ′} G^{σσ′} ] (5.17)

We note that the metric G^{μν} gives also a gauge field dependence:

G^{μν} = g^{μν} + Δ^{2/5}B^μ_αB^ν_α = Δ^{2/5} ( C^μ_AC^ν_BT^{AB}Y_C Y_DT^{CD} − C^μ_AY_BT^{AB}C^ν_CY_DT^{CD} + B^μ_αB^ν_α ) (5.18)

but since it already has two gauge fields it can contribute only in the last term in (5.17). The first term contributes (after substituting the ansatze for the various fields)

V_4 4 [ 1 7 T r(∂_αT^{−1}∂^αT ) + 1 7 · 5

(T r(T^{−1}∂_αT ))^2 + 12 5 B^{AB}_α (T^{−1}∂_αT )_{AB} ] (5.19)

whereas the second term contributes + 4 5 · 7

B^{AB}_α (T^{−1}∂_αT )_{AB} (5.20)

Finally, the third term in (5.17) contributes only to the B^2 term in P^2_{αij}, so we will neglect it. We ’see’ that the two contributions add up to the combination required by gauge invariance,

V_4 4 · 7 [ T r(∂_αT^{−1}∂^αT ) − 8B^{AB}_α (T^{−1}∂_αT )_{AB} ] + 1 7 · 5 · 4

(T r(T^{−1}∂_αT ))^2 (5.21)

where the last term is gauge invariant by itself (we can freely replace ∂_α with ▽_α).

One would think that we need to add also the term F_{αμνρ}F_α′_μ′_ν′_ρ′ G^{αμ′} G^{μα′} G^{νν′} G^{ρρ′} which has also two gauge fields and scalars, however it has both two gauge fields and two derivatives on scalars, so it should cancel with similar terms coming from the 11 dimensional Einstein action. For the same reason, the gauge field contribution of G^{μν} to the first term in (5.17) has not been taken into account.

The Einstein action ∫ −^1_2 R, gives for the term with two derivatives on scalars and no gauge fields − 1 5 · 7 · 4

T r(T^{−1}∂_αT )^2 + 5 7 · 8

T r(∂_αT ∂^αT^{−1}) (5.22)

But we know that the metric is gauge invariant, and so we expect that ∫ R is a gauge invariant object too, that means that we can complete the previous terms in a gauge invariant way. Then the sum of the ∫ F^2 and ∫ R contributions reproduces (5.16).

Next we try to reproduce the kinetic term for the gauge field, −^1_4 (Π_A^iΠ_B^j F^{AB}_{αβ} )^2. It has also contributions from the Einstein action and from the antisymmetric tensor kinetic term, more precisely the component − 1 48 EF_{μναβ}F_μ′_ν′_α′_β′ G^{μμ′} G^{νν′} G^{αα′}G^{ββ′} (5.23) which gives − 3V_4 20 T^{−1}_{AC}T^{−1}_{BD}F^{AB}_{αβ} F^{CD}_{αβ} (5.24)

We note that if we didn’t have any scalar field dependence in F_{μναβ}, we would get a term of the type [ 4T^{−1}_{AC}T^{−1}_{BD}F^{AB}_{αβ} F^{CD}_{αβ} + F^{AC}_{αβ} F^{CB}_{αβ} (T^{−1}_{AB} − T rT^{−1}T^{−1}_{AB}) ] (5.25)

From the Einstein action, if we look only at (∂B)^2 terms, we get − V_4 10 4 ∫ T^{−1}_{AC} T^{−1}_{BD}∂_αB^{AB}_β ∂_{[α}B^{CD}_{β]} (5.26)

In the same manner as before, we assume that we can complete this term in a gauge invariant manner to an F^2 term. When we add the two contributions, we get the correct term, − V_4 4 T^{−1}_{AC} T^{−1}_{BD}F^{AB}_{αβ} F^{CD}_{αβ} (5.27)

Finally, let’s come to the S terms in the bosonic action. They come from the F^2, ϵF F A and B^2 terms in the 11 dimensional action. We will treat first the terms with no F^{AB}_{αβ} , and afterwards the term with F^{AB}_{αβ} , namely ϵ^{αβγδϵηζ}ϵ^{ABCDE}S_{αβγ,A}F^{BC}_{δϵ} F^{DE}_{ηζ} .

The F^2 terms contributing to the part with no F^{AB}_{αβ} are − 1 48 E[4F_{μαβγ}F_μ′_α′_β′_γ′ (G^{μμ′} G^{αα′} G^{ββ′}G^{γγ′} − 3G^{μα′} G^{μ′α}G^{ββ′}G^{γγ′} ) +F_{αβγδ}F_α′_β′_γ′_δ′ G^{αα′} G^{ββ′}G^{γγ′} G^{δδ′} + F_{μαβγ}F_δ′_α′_β′_γ′ G^{μδ′} G^{αα′} G^{ββ′}G^{γγ′} ] (5.28) When we substitute the ansatz for the S_{αβγ,A} dependence of F and the ansatz for the metric (G^{μν} from (5.17)), we get 2 5 [S_{αβγ,A}S^{αβγ}_BT_{AB} + T^{−1}_{AB}(▽_{[α}S_{βγδ],A} ▽^{[α} S^{βγδ]}_B] (5.29) The B^2 terms give 1 5 ( 6k 5 )^2[S_{αβγ,A}S^{αβγ}_BT_{AB} − 4T^{−1}_{AB}(▽_{[α}S_{βγδ],A} ▽^{[α} S^{βγδ]}_B + 1 3 ϵ^{αβγδϵηζ}S_{ϵηζ,A} ▽_α S^{βγδ,A}] (5.30) Finally, the ϵF F A term contributes 1 20 ϵ^{αβγδϵηζ}S_{ϵηζ,A} ▽_α S^{βγδ,A} (5.31)

The condition of cancelation of the terms with 2 derivatives gives k = 5/(6 √ 2), and we are left with 1 2 S_{αβγ,A}S^{αβγ}_B T_{AB} + 1 12 ϵ^{αβγδϵηζ}S_{ϵηζ,A} ▽_α S^{βγδ,A} (5.32) exactly as we have in the seven dimensional action. So we have still to recover only the ϵSF F term. It comes from two contributions, − 3 √ 2 6(24)^2 ϵ^{μνρσ}F_{μνρσ} ϵ^{αβγδϵηζ}A_{αβγ}F_{δϵηζ} + B^2 48 (5.33)

and they sum up to i 16 √ 3 ϵ^{αβγδϵηζ}S_{αβγ,A}ϵ_{ABCDE}F^{BC}_{δϵ} F^{DE}_{ηζ} (5.34) as it should. This finishes the analysis of the bosonic action.

In the last part of this section we will make some comments on other ansatze for bosonic fields which appeared in the literature. Most notably, we will try to see the relation with the truncation considered in [26] to the bosonic sector of N=1 gauged supergravity with gauge group SU(2). A series of papers [10, 11, 27] also looked at other bosonic truncations of 11d sugra to 7 dimensions with abelian gauge groups. Consistent truncations to other dimensions were considered in [29, 28, 30, 31].

The SU(2) truncation has the metric, one scalar X, an SU(2) gauge field A^i_{(1)} and a 3-form field A_{(3)}. The reduction ansatz in [26], written in form language, is

ds^2_{11} = Δ̃^{1/3}ds^2_7 + 2g^{−2}X^3Δ̃^{1/3}dξ^2 + 1 2 g^{−2}Δ̃^{−2/3}X^{−1}cos^2ξ ∑ i (σ^i − gA^i_{(1)})^2 (5.35)

F̂_{(4)} = − 1 2 √ 2 g^{−3}(X^{−8}sin^2ξ − 2X^2cos^2ξ + 3X^{−3}cos^2ξ − 4X^{−3})Δ̃^{−2}cos^3ξdξ ∧ ϵ_{(3)} − 5 2 √ 2 g^{−3}Δ̃^{−2}X^{−4}sinξ cos^4 ξdX ∧ ϵ_{(3)} + sinξF_{(4)} + √ 2g^{−1}cosξX^4 ∗ F_{(4)} ∧ dξ − 1 √ 2 g^{−2}cosξF^i_{(2)} ∧ dξ ∧ h^i − 1 4 √ 2 g^{−2}X^{−4}Δ̃^{−1}sinξcos^2ξF^i_{(2)} ∧ h^j ∧ h^kϵ_{ijk} (5.36)

where h^i = σ^i − gA^i_{(1)}, ϵ_{(3)} = h^1 ∧ h^2 ∧ h^3, σ^i are the three left-invariant forms on S_3, and Δ̃ = X^{−4}sin^2ξ + Xcos^2ξ (5.37)

and where the selfduality of F_{(4)} is imposed by hand

X^4 ∗ F_{(4)} = − 1 √ 2 gA_{(3)} + 1 2 ω_{(3)}, ω_{(3)} = A^i_{(1)} ∧ F^i_{(2)} − 1 6 gϵ_{ijk}A^i_{(1)} ∧ A^j_{(1)} ∧ A^k_{(1)} (5.38)

The corresponding seven dimensional action is L = R ∗ 1l − 1 2 ∗ dϕ ∧ dϕ − g^2( 1 4 e^{8√10 ϕ} − 2e^{3√10 ϕ} − 2e^{− 2√10 ϕ}) ∗ 1l − 1 2 e^{− 4√10 ϕ} ∗ F_{(4)} ∧ F_{(4)} − 1 2 e^{2√10 ϕ} ∗ F^i_{(2)} ∧ F^i_{(2)} + 1 2 F^i_{(2)} ∧ F^i_{(2)} ∧ A_{(3)} − 1 2 √ 2 gF_{(4)} ∧ A_{(3)} (5.39) where X = e^{− ϕ√10} . On the other hand our bosonic action is

e^{−1}L^′_{7d} = − 1 2 R + 1 4 m^2(T^2 − 2T_{AB}T^{AB}) + 1 8 T r(∂_αT^{−1}∂^αT ) − 1 2 B^{AB}_α (T^{−1}∂_αT )_{AB} + 1 2 T^{AB}S_{αβγ,A}S^{αβγ}_B + 1 48 me^{−1}ϵ^{αβγδϵηζ}δ^{AB}S_{αβγ,A}F_{δϵηζ,B} − 1 4 (T_{AC}T^{−1}_{BD}B^{AB}_α B^{CD}_α − (B^{AB}_α )^2) + m^{−1} 8 e^{−1}Ω_5[B] − m^{−1} 16 e^{−1}Ω_3[B] + i 16 √ 3 ϵ^{αβγδϵηζ}S_{αβγ,A}ϵ_{ABCDE}F^{BC}_{δϵ} F^{DE}_{ηζ} (5.40) and the metric and field strength in form language are given in (4.88) and (4.128), respectively. A comparison of the seven dimensional part of the metric tells us that Δ̃ = Δ^{−6/5} and suggests the ansatz for embedding X into T_{AB}: T_{AB} = diag{X, X, X, X, X^{−4}}, and breaking the SO(5) invariance by writing the 4-sphere in terms of 3-spheres as Y^A = {cosξỸ^{μ̂}, sinξ}, with Ỹ^{μ̂ 2} = 1. Indeed, then we reproduce the form of Δ̃, and if we also choose B^{μ̂5} = 0, we get

ds^2_{11} = Δ̃^{1/3}ds^2_7 + Δ̃^{1/3}X^3dξ^2 + Δ̃^{−2/3}X^{−1}cos^2ξ(dỸ^{μ̂} + 2B^{μ̂ν̂}Ỹ^{ν̂} )^2 (5.41)

and we also reproduce the ansatz for the 11 dimensional antisymmetric tensor at zero gauge field. The gauge field dependence looks somewhat different. We are thankful to C.N. Pope, H.Lü and A. Sadrzadeh for pointing to us that the ansatz in (5.35) is in fact contained in our general ansatz and is the same as the one given in (5.41). We know that SO(4) ≃ SU(2) × SU(2). One can restrict then the set of six gauge fields B^{μ̂ν̂} to one of the two sets of SU(2) gauge fields by imposing a (anti)self-duality condition

B^{μ̂ν̂} = − 1 2 ϵ^{μ̂ν̂ρ̂σ̂}B_{ρ̂σ̂} (5.42)

As a consequence, with this constraint imposed on our initial set of gauge fields, we are left with only three independent gauge fields, namely B^{î^4} = −1/2A^i_{(1)}, with i = 1, 2, 3. Also, (5.42) implies that

B^{μ̂ν̂} B^{ρ̂ν̂} = 1 4 δ^{μ̂ρ̂}B^2 = 1 4 δ^{μ̂ρ̂}B^{σ̂τ̂} B^{σ̂τ̂} (5.43)

Thus, when squaring B^{μ̂ν̂}Y^{ν̂} in (5.41) we get

4B^{μ̂ν̂} Y^{ν̂} B^{μ̂ρ̂}Y^{ρ̂} = δ_{μ̂ρ̂}Y^{μ̂}Y^{ρ̂}B^2 = 3∑ i=1 (A^i_{(1)})^2 (5.44)

Using the connection between Euclidean coordinates on S_3 and Euler angles

Y_{^1} = cos φ + ψ 2 cos θ 2 Y_{^2} = sin φ + ψ 2 cos θ 2 Y_{^3} = cos ψ − φ 2 sin θ 2 Y_{^4} = sin ψ − φ 2 sin θ 2 (5.45) we can now easily check that in (5.41) another term in the 4-dimensional line element, namely

∑_4 μ̂=1(dYμ̂) 2 corresponds to the term 1/4(dθ^2 + dφ^2 + dψ^2 + 2dφdψ cos θ) = 1/4 ∑_3 i=1 dσ^2_i in (5.35). What remains to be shown to is that the cross terms, linear in the gauge field also coincide in both relations. This is indeed the case, as we can deduce by using the set of relations (5.45)

4B^{μ̂ν̂}dY^{μ̂}Y^{ν̂} = 4B^{^1^4}(dY^{^1}Y^{^4} − dY^{^4}Y^{^1} + dY^{^3}Y^{^2} − dY^{^2}Y^{^3}) + B^{^2^4}(. . .) + B^{^3^4}(. . .) = − 3∑ i=1 A^i_{(1)}σ_i (5.46)

In fact, we can understand the previous result by organizing the four Y_{μ̂} in a 2×2 SU(2) matrix called G. Then we obtain the SU(2) invariant one-forms σ_i by considering the product G^{−1}dG.

Our ansatz for the field strength of the 11-dimensional 3-index antisymmetric tensor up to one gauge field and no S_{(3)} reduces in the truncated case to − 1 √ 2 g^{−3}(X^{−8}sin^2ξ − 2X^2cos^2ξ + 3X^{−3}cos^2ξ − 4X^{−3})Δ̃^{−2}

ϵ_{A1...A5} (dY^{A1} ...dY^{A4} Y^{A5} + dY^{A1} dY^{A2} dY^{A3} B^{A4 A5} ) − 5 √ 2 Δ̃^{−2}X^{−4} sin ξ cos ξdXϵ_{A1...A5} dY^A1 dY^A2 dY^A3 M^A4 Y^A5 (5.47)

where M^{A4} ≡ (cos ξ, sin ξỸ^{μ̂}) and we have used here a certain rewriting of F_{μνρα}, namely: √ 2 3 F_{μνρα} = 1 3 ϵ_{ABCDE}C^A_μ C^B_ν C^C_ρ [ Y^D∂_α ( T^{EF} Y_F Y · T · Y ) − B^{DE}_α ]

+ 2 3 ϵ_{μνρσ} B^{AB}_α ∂^σ ( Y^AT^{BC}Y_C Y · T · Y ) (5.48)

Working along the same lines as before, it can be shown that this ansatz coincides with the one proposed by [26] (for a complete discussion see [50]). The field equations obtained from our action (5.40) also coincide with the field equations and the constraints of (5.39). Hence, as observed by C.N.Pope, H.Lü and A. Sadrzadeh, our general KK ansatz [12] for the maximal sugra in d=7 contains as a special case the N=2 model in [26]. In conclusion, there is one consistent embedding which contains all (known) subcases in d = 7 [50].

6 Discussion and conclusions

In this paper we discuss the consistency of the KK reduction of the original formulation of 11d sugra [1] on AdS_7 × S_4 [36] using the nonlinear ansatz presented in a previous letter [12] for the embedding of d=7 fields in d=11. Our ansatz for the metric factorizes into a rescaled 7 dimensional metric and a gauge invariant two form which depends on the composite tensor T^{AB} = Π^{−1}_i^AΠ^{−1}_i^B, where Π_A^i are the coset elements for the scalar fields.

ds^2_{11} = Δ^{−2/5} [ g_{αβ}dy^αdy^β + (DY )^A T^{−1}_{AB} Y · T · Y (DY )^B ] (6.1)

DY^A = dY^A + 2B^{AB}Y_B (6.2)

The scale factor satisfies Δ^{−6/5} = Y · T · Y . We note that the full internal metric g_{μν} = Δ^{4/5}∂_μY^AT^{−1}_{AB}∂_νY^B has the geometrical meaning of a metric on an ellipsoid multiplied by a conformal factor, namely g_{μν} = Δ^{4/5}∂_μZ^A∂_ν Z_A where Z^A is constrained to lie on an ellipsoid. Therefore the overall effect of all scalar fluctuations on the internal metric is to deform the background sphere into a conformally rescaled ellipsoid.

The 4-form field strength is given by √ 2 3 F_{(4)} = ϵ_{A1...A5} [ − 1 3 (DY )^{A1} ...(DY )^{A4} (T · Y )^{A5} Y · T · Y + 4 3 (DY )^{A1} (DY )^{A2} (DY )^{A3} D ( (T · Y )^{A4} Y · T · Y ) Y^{A5} +2F^{A1A2}_{(2)} (DY )^{A3} (DY )^{A4} (T · Y )^{A5} Y · T · Y + F^{A1A2}_{(2)} F^{A3A4}_{(2)} Y^{A5} ] + d(S_{(3)B}Y^B)

(6.3)

where S_{(3)Bαβγ} = −^{8i√}_3 S_{αβγ,B} is real. It is again gauge invariant but differs from the geometric proposal of Freed, Harvey, Minasian and Moore [47] by the dependence on T. Setting T=I we recover their result but our expression follows from consistency of the KK program and still satisfies DF_{(4)} = 0. To prove DF_{(4)} = 0, one may use the Schouten identity ϵ_{[A1...A5} Y_{B]} = 0. This fixes all relative coefficients in F_{(4)}. Because in this process we can at most convert one factor T · Y/(Y · T · Y ) into a Y , there do not seem possible deformations with two factors T · Y/(Y · T · Y ).

A confirmation of our ansatz for F^{(4)} is obtained by evaluating the term ϵF F A in the 11 dimensional action. We begin with ϵF F F in d=12. The terms without bare B’s contain F_{(2)}, Y, ∂_μY and T’s. Using (3.41) in reverse order and the orthogonality relations in (4.103), integration over S_4 produces 2T rF^4 − (T rF^2)^2, which is indeed the exterior derivative in the d=7 Chern Simons term. The B terms should not affect this result because both F^{(4)} and the final result are gauge invariant.

The 4-index antisymmetric auxiliary field B has only a 7-dimensional part, B_{αβγδ} √ E = i 2 √ 3 ϵ_{αβγδϵηζ} δS^{(7)} δS_{ϵηζ,A} Y^A (6.4)

On d=7 shell, B_{αβγδ} should vanish and since it should contain at most one derivative to exclude higher derivative terms in the d=7 action, it can only be proportional to the field equation of S_{αβγ,A}. Since it should mix with A_{αβγ} to produce selfduality in odd dimensions, it should have the same spherical harmonic as A_{αβγ}, and this explains the factor Y^A in (6.4) and rules out an alternative (T · Y )^A/(Y · T · Y ).

Our ansatz for the fermions (4.14-4.16) is the standard one except for the following aspects:

(i) There are U matrices connecting the SO(5)_c spinor indices of the d=7 fermions to the SO(5)_g indices of the Killing spinors.

(ii) Factors of √ γ_5. They are fixed by requiring that ψ_α(y, x) varies only into the Killing spinor (δ(d = 11)ψ_α(y, x) = δ(d = 7)ψ_{αI}′(y)U^{I′}_I (y, x)η^I(x)).

The consistency of the truncation is proven by obtaining the correct d=7 susy transformation laws from d=11 ones. We checked all transformation rules except: (i) the variation with more than one fermion field and (ii) some terms in the variation of the fermions which depend only on scalars. No authors have ever determined the higher order fermionic terms, but we would like to come back to them in the future. Presumably, they fix the remaining freedom in U. As to the scalar terms in δψ_α and δλ, many consistency checks are satisfied, but this is a complicated problem which deserves a separate study. Also here we expect that the remaining freedom in U will get fixed.

We have followed de Wit and Nicolai [2, 3] by introducing a matrix U(y, x) which connects the d=7 fermions to the Killing spinors in the ansatz for the gravitino^{††}. This matrix must satisfy equation (4.45), UY/ = v/U with v_i = Π^{−1}_i^AY_AΔ^{3/5}, in order that the susy transformation laws δB^{AB}_α for the gauge fields and δΠ_A^i for the scalars come out correctly. We have found general solutions to this equation, but for most of our results, the explicit form of U is not needed.

The ansatz for the antisymmetric tensor field strength F_{ΛΠΣΩ} was determined in 3 steps: first, the dependence on the gauge fields was uniquely fixed by requiring that the 11 dimensional susy variation of F_{ΛΠΣΩ} matches the 7 dimensional susy variation of our ansatz for F_{ΛΠΣΩ} . Next, the ansatz for the embedding of the independent d = 7 fluctuation S_{αβγ,A} was derived together with the ansatz for the d = 11 auxiliary field B_{MNP Q}. Finally, the dependence of F_{ΛΠΣΩ} on the d = 7 scalar fields was fixed by requiring that one obtains the correct scalar field potential in d=7 and the correct dependence of the d=7 sugra transformation rules on the tensor T_{ij} = (Π^{−1})_i^A(Π^{−1})_j^Bδ_{AB} where Π_A^i is the group vielbein for the scalars.

For completeness of our results, we have derived the 7 dimensional bosonic action and bosonic equations of motion at zero gauge field from the corresponding objects in 11 dimensions. Since in the bosonic sector all criteria for consistency are satisfied (the consistency of the transformation rules, equations of motion and even the action agrees) we infer that our results also prove the consistency of the bosonic truncation. We have shown the relation to other ansätze found in the literature for consistent truncation to subsets of bosonic fields.

We have also explained the origin of self-duality in odd dimensions. One has to use a first order action for F_{ΛΠΣΩ} in d=11 to obtain a self-dual action for S_{αβγ,A} in d=7 which is linear in derivatives. The d = 7 fluctuation S_{αβγ,A} not only appears in the d = 11 curvatures F_{μαβγ} and F_{αβγδ}, but also in the d = 11 auxiliary field B in (6.4), namely in the form B ∼ S + ϵDS, and substituting the ansatz for B and F (S) into d = 11 action, we recovered the selfdual action in d = 7. We believe that in all cases, self-dual actions can be obtained from KK reduction of a first order formalism for the

††Actually, in their work, the matrix U interpolates between spinor indices, whereas in our approach U connects the SO(5)_g indices I of the Killing spinors with the SO(5)_c indices I^′ of the d = 7 fermions.

corresponding field.

It may be useful to point out why in our opinion the original d = 11 sugra theory is to be preferred for purposes of compactification over the SU(8) version of de Wit and Nicolai.

(i)Their theory has a local SO(3, 1) × SU(8) group in tangent space. The SO(3, 1) becomes the Lorentz group in d = (3, 1) dimensions, and thus it becomes immediately clear that for compactifications to other dimensions we cannot use this theory. (For compactification to d = (6, 1) we would need an 11d theory with a SO(6, 1) × SO(5) tangent group. For compactifications to other dimensions one would need other versions of 11d sugra than the SU(8) version, namely verisons with SO(2, 1)×SO(16), SO(4, 1)× USp(8) and SO(5, 1) × SO(5) × SO(5) tangent group. These were found in [52].) On the other hand, the standard version of d=11 sugra can be used for compactifications to any dimension.

(ii)If we gauge fix in the SU(8) theory the group SU(8) to SO(7) and compare to the standard d = 11 sugra with SO(10, 1) gauged fixed to SO(3, 1) × SO(7) then in the SU(8) theory the equations of motion correspond to both equations of motion and Bianchi identities in the usual d = 11 sugra. This means that the two gauged fixed theories are only equivalent on-shell. Of course, also in Cremmer and Julia’s theory for N=8 sugra in d=4, one needs to go temporarily on-shell to dualize certain fields. Note that in our paper we never need to dualize and always stay off-shell. (iii)In fact, in the work of de Wit and Nicolai there is no action for their SU(8) theory, only field equations. To quote ref. [4], page 389: “... the d=11 lagrangean depends explicitly on the antisymmetric tensor field A_{MNP} for which no expression exists in terms of the SU(8) covariant expressions used in this paper.” In the field equations only the field strength appears, but in the action bare A’s appear. (iv) To lift solutions of d = 4 gauged sugra to solutions of the usual d = 11 sugra such as in [10], one would need the analog of our results for d=4. The ansatz of de Wit and Nicolai could be used to lift such solutions to their SU(8) theory. However, all recent work on the consistency of truncations of the KK reductions to d = (3, 1) has used the standard d=11 theory [51]. In particular, all work on M theory and membranes is based on the standard sugra theory.

Acknowledgements. We would like to thank I. Park for collaboration at the early stages of this work, B. de Wit and H. Nicolai for useful discussions on their work and C.N. Pope, H. Lü and A. Sadrzadeh for pointing out that our bosonic ansätze reduce to theirs [26] when we further truncate N = 4 d = 7 to N = 2 d = 7 gauged sugra.

Appendix A

A.1 Conventions and gamma matrix algebra

We denote in 7 dimensional Minkowski space the coordinates by y, flat vector indices by a,b,c... and curved vector indices by α, β, γ... Similarly, we denote in 4 dimensional Euclidean space the coordinates by x, flat indices by m, n, p, and curved vector indices by μ, ν... Eleven dimensional vector indices are denoted by M, N, P for flat indices and Λ, Π, Σ... for curved indices. The SO(5) ≃ Usp(4) gauge group is denoted by SO(5)_g and A, B... = 1, 5 are SO(5)_g vector indices and I, J... = 1, 4 are Usp(4) indices (or

SO(5)_g spinor indices). The scalars form a coset Sl(5, R)/SO(5) and to avoid confusion we denote the composite subgroup by SO(5)_c, with vector indices i, j... and spinor indices I^′, J^′, ...=1,4.

The d=11 metric g_{ΛΠ} has signature mostly plus, (− + ...+). The Clifford algebra in d=11 reads Γ_M Γ_N + Γ_N Γ_M = 2η_{MN} ; M, N = 0, ..., 10 (A.1) We introduce Dirac matrices in d=7 and d=4. τ_aτ_b + τ_bτ_a = 2η_{ab} ; a, b = 0, ..., 6 (A.2) γ_mγ_n + γ_nγ_m = 2δ_{mn} ; m, n = 1, ..., 4 (A.3) They are used to construct the d=11 Dirac matrices Γ_a = τ_a ⊗ γ_5 for a = 0, 6 and Γ_{6+m} = 1 ⊗ γ_m for m = 1, 4 (A.4) where γ_5 = γ_1...γ_4 hence γ^2_5 = 1. We choose τ_0 = τ_1...τ_6, hence Γ_0 = Γ_1...Γ_{10}. We normalize the ϵ symbols as ϵ^{0...10} = ϵ^{0...7} = ϵ^{1...4} = +1, so that in d=7 τ^{[α1} ...τ^{α7]} ≡ τ^{α1...α7} = ϵ^{α1...α7} → τ^{α1...αk} = ϵ^{α1...α7} τ_{αk+1...α7} (−1)^{[k/2+1]} (7 − k)!

(A.5) where all antisymmetrizations are with strength one. A similar duality relation between Γ matrices holds in d=11: Γ^{Λ1...Λk} =

(−1)^{[k/2+1]} (11 − k)!

ϵ^{Λ1Λ2...Λ11} Γ_{Λk+1...Λ11} (A.6) Also, for general d, ϵ^{α1...αkαk+1...αd}ϵ_{β1...βkαk+1...αd} = −k!(d − k)!δ^{[α1}_{[β1} ...δ^{αk]}_{βk]} (A.7) A definition of √ γ_5 is obtained from e^{iαγ5} = cos α + i sin α γ_5. Choosing α = π/2 we get γ_5 = −ie^{i π}2^{γ5} , and thus γ^{1/2}_5 = − 1 − i 2 (1 + iγ_5), γ^{−1/2}_5 = −

1 + i 2 (1 − iγ_5) (A.8) Then we also have Cγ^{1/2}_5 C^{−1} = (γ^{1/2}_5 )^T γ_μγ^{1/2}_5 = −iγ^{−1/2}_5 γ_μ (A.9) where γ^{−1/2}_5 = γ_5γ^{1/2}_5 and Cγ_μC^{−1} = −γ^T_μ , see next appendix. Some useful formulas for gamma matrices in d dimensions are Γ_aΓ^{b1...bn} Γ^a = (−)^n(d − 2n)Γ^{b1...bn} Γ_aΓ^{b1...bn} = Γ_a^{b1...bn} + nδ^{[b1}_a Γ^{b2...bn]} Γ_{a1a2} Γ^{b1...bn} = Γ_{a1a2}^{b1...bn} + nδ^{[b1}_{[a2} Γ_{a1]}^{b2...bn]} +n(n − 1)δ^{[b1}_{a2} δ^{b2}_{a1} Γ^{b3...bn]} Γ_{a1...a3} Γ^{b1...bn} = Γ_{a1a2a3}^{b1...bn} + 2nδ^{[b1}_{[a1} Γ_{a2a3}^{b2...bn]} +2n(n − 1)δ^{[b1}_{[a3}δ^{b2}_{a2} Γ_{a1]}^{b3...bn]} +n(n − 1)(n − 2)δ^{[b1}_{a3} δ^{b2}_{a2} δ^{b3}_{a1} Γ^{b4...bn]} (A.10)

As representation for the SO(5) Clifford algebra we take

γ^A = {iγ^μγ_5, γ_5} (A.11)

In 5 dimensions,

(Cγ^A)_{IJ} (Cγ^A)_{KL} = +2(Ω_{IK}Ω_{JL} − Ω_{JK} Ω_{IL}) − Ω_{IJ} Ω_{KL} (A.12) (Cγ^{AB})_{IJ} (Cγ^{AB})_{KL} = 4(Ω_{IK}Ω_{JL} + Ω_{IL}Ω_{JK}) (A.13)

because these tensors are USp(4) invariant tensors with definite symmetry properties. Hence they should be constructed from the symplectic metric C_{IJ}.We choose a gamma matrix representation such that C_{IJ} = Ω_{IJ} . (This matrix C_{IJ} is thus the charge conjugation matrix C^{(5)} = C^{(5)}_+ in 5 dimensions, see below. It equals C^{(4)}_− ).

We lower USp(4) indices with Ω_{IJ} as follows

λ_I = λ^J Ω_{JI} (A.14)

and raise them with Ω̃^{IJ} as λ^I = Ω̃^{IJ} λ_J (A.15) where Ω̃^{IJ} is defined by Ω̃^{IJ} Ω_{IK} = δ^J_K. Of course, Ω̃ is −Ω^{−1} and can be obtained from Ω_{IJ} by raising indices with Ω̃^{IJ} . The result is Ω̃^{IJ} = Ω^{IJ} . We have found it convenient to use a different symbol for Ω^{IJ} , namely Ω̃^{IJ} .

A.2 Charge conjugation matrices and modified Majorana spinors

In even dimensions there are two charge conjugation matrices, C_{(+)} and C_{(−)}, satisfying C_{(±)}γ^μC^{−1}_{(±} ) = ±γ^{μ,T} . In odd dimensions there is only one charge conjugation matrix, either C_{(+)} or C_{(−)}. They are either symmetric or antisymmetric, and all their properties are independent of the representation chosen. For a general discussion of Majorana and modified Majorana spinors in Minkowski or Euclidian space and charge conjugation matrices, see [48].

In 11 Minkowski dimensions, there is only one C matrix. It satisfies

C^{(11)}Γ_M C^{(11)−1} = −Γ^T_M (A.16)

hence C^{(11)} = C^{(11)}_{(−)} . Furthermore, C^{(11),T} = −C^{(11)}.

In 7 Minkowski dimensions, C^{(7)} = C^{(7)}_{(−)}, but is symmetric

C^{(7)}τ_aC^{(7)−1} = −τ^T_a , C^{(7),T} = C^{(7)} (A.17)

In d=4 both a C^{(4)}_{(+)} and a C^{(4)}_{(−)} exist. Both are antisymmetric, but C^{(11)} = C^{(7)} ⊗ C^{(4)}, where C^{(4)} = C^{(4)}_{(−)}.

Then Cγ_μ is symmetric and Cγ_5 antisymmetric (since C^T = −C). It also follows that for the 5-dimensional gamma matrices, Cγ^A in (A.12) are antisymmetric and the matrices Cγ^{[AB]} in (A.13) are symmetric. This means that (Cγ^A)_{[IJ]} and (Cγ^{[AB]})_{(IJ)} give the isomorphisms between the 5, respectively the 10 representations of SO(5) and Usp(4) (SO(5)≃Usp(4)).

The Majorana condition in 11 dimensions is

Ψ^T C^{(11)} = iΨ^†Γ^0 (A.18)

In 7 Minkowski dimensions we can only define a modified Majorana condition,

(λ_I)^T C^{(7)}Ω̃^{JI} = i(λ_J)^†τ^0 ≡ λ̄^J (A.19)

In the text we always define λ̄_I ≡ λ^T_I C_{(7)}. Using (A.19), the spacetime spinors satisfy λ̄_I = (λ_J)^†iτ^0Ω_{JI} (A.20)

To determine which Majorana condition we need in d=4 Euclidean space, we decompose the anticommuting 11 dimensional Majorana spinors Ψ into 4 anticommuting 7- dimensional modified Majorana spinors times corresponding commuting 4-dimensional hspinors η^I. The spinors η must satisfy the following modified Majorana condition

(η^K)^T C^{(4)}_{(−)}Ω_{KJ} = −(η^J )^†γ_5 (A.21)

Since in 4 Euclidian dimensions there are 2 choices for C^{(4)}, we can use C^{(4)}_{(+)} = C^{(4)}_{(−)}γ_5,

satisfying C^{(4)}_{(+)}γ_mC^{(4)−1}_{(+)} = γ^T_m, in terms of which (A.21) takes the same form as (A.19),

(η^K)^T C^{(4)}_{(+)}Ω_{KJ} = (η^K)^† (A.22)

Note that both (A.22) as well as the same condition with C^{(4)}_{(−)} instead of C^{(4)}_{(+)} satisfy the consistency condition obtained by taking its complex conjugate and applying the relation twice [48].

Also, in the text we always define η̄^I ≡ (η^I)^T C^{(4)}_{(−)}. Using (A.21), the Killing spinors satisfy η̄^I = −(η^J)^†γ_5Ω̃^{IJ} (A.23)

In the fermionic ansätze we decompose the d=11 spinors into λ_I′(y)U^{I′}_I η^I(x). Using the Majorana conditions in the (10,1), (6,1) and (4,0) dimensional spaces one obtains the condition (U^{I′}_I )^∗ = Ω_I′_J′ U^{J′}_J Ω̃^{JI} (A.24)

Combined with the relation UΩ̃U^T = Ω̃ derived in the text, we deduce that U is unitary. Hence the matrices U are matrices of the group USp(4), namely the intersection of U(4) and Sp(4,C).

References

[1] E. Cremmer, B. Julia and J. Sherk, Phys. Lett. 76 B (1978) 409

[2] B. de Wit, H. Nicolai, Nucl.Phys. B 243 (1984) 91

[3] B. de Wit, H. Nicolai and N. P. Warner, Nucl.Phys. B 255 (1985) 29

[4] B. de Wit, H. Nicolai, Nucl.Phys. B 274 (1986) 363 [5] B. de Wit, H. Nicolai, Nucl.Phys. B 281 (1987) 211 [6] M.A. Awada, B.E.W. Nilsson, C.N. Pope, Phys. Rev. D 29 (1984) 334 [7] B.E.W. Nilsson, Phys. Lett. 155B (1985) 54 [8] M.J. Duff, B.E.W. Nillsson, C.N. Pope and N.P. Warner, Phys. Lett. 149B (1984) 90 [9] M.J. Duff and C.N. Pope, Nucl. Phys. B 255 (1985) 355 [10] M. Cvetic, M.J. Duff, P. Hoxha, J.T. Liu, H. Lü, J.X. Lu, R. Martinez-Acosta, C.N. Pope, H. Sati and T.A. Tran, hep-th/9903214 [11] M. Cvetic, J.T. Liu, H. Lü and C.N. Pope, hep-th/9905096 [12] H. Nastase, D. Vaman and P. van Nieuwenhuizen, hep-th/9905075 [13] B. de Wit and H. Nicolai, Phys. Lett. 108 B (1981) 285; Nucl. Phys. B208 (1982) 323 [14] Supersymmetry and Supergravity ’84, Proc. Trieste School, April 1984, ed. B. de Wit, P. Fayet and P. van Nieuwenhuizen [15] E. Witten, Shelter Island Conference II, 1983: 227 [16] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200 [17] S. Gubser, I.R. Klebanov, A.M. Polyakov, Phys. Lett. B428 (1998) 105, hepth/9802109 [18] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150 and private communication [19] W. Muck, K.S. Viswanathan, Phys. Rev. D58 (1998), 041901 D.Z. Freedman, S.D. Mathur, A. Matusis, L. Rastelli, Nucl. Phys. B546 (1999) 96, H. Liu, A.A. Tseytlin, Nucl. Phys. B533 (1998) 88, G. Chalmers, H. Nastase, K. Schalm, R. Siebelink, Nucl.Phys. B540 (1999) 247, G. Arutyunov, S. Frolov, Phys. Rev D 60 (1999) 026004 [20] H. Liu, A.A. Tseytlin, Phys. Rev D (1999) 086002, D.Z. Freedman, S.D. Mathur, A. Matusis, L. Rastelli, Phys. Lett. B 452 (1999) 61, G. Chalmers, K. Schalm, Nucl. Phys. B554 (1999) 215 and hep-th/9901144, E. D’Hoker, D.Z. Freedman, Nucl. Phys. B 544 (1999) 612 and Nucl.Phys. B 550 (1999) 261 E. D’Hoker, D. Freedman, S. Mathur, A. Matusis, L. Rastelli, hep-th/9903196 [21] R. Corrado, B. Florea, R. McNees, Phys. Rev. D60 (1999) 085011, F.Bastianelli, R. Zucchini, Class. Quant.Grav.16 (1999) 3673, Phys.Lett.B 467 (1999) 61, hepth/9909179 [22] S. Lee, S. Minwalla, M. Rangamani, N. Seiberg, Adv. Theor. Math. Phys. 2 (1998) 697 [23] O. Aharony, S. S. Gubser, J. Maldacena and H. Ooguri, hep-th/9905111 [24] V. Chattorpadhyay and A. Karlhede, Phys. Lett. 139B (1984) 279 [25] C.N. Pope and K.S. Stelle, Phys. Lett. 198B (1987) 151

[26] H. Lü and C. N. Pope, hep-th/9906168 [27] M. Cvetic, S.S. Gubser, H. Lü and C. N. Pope, hep-th/9905096 [28] H. Lü and C. N. Pope and T.A. Tran, hep-th/9909203 [29] E. Cremmer, B. Julia, H. Lü and C. N. Pope, hep-th/9909099 [30] M. Volkov, hep-th/9910116 [31] A.H. Chamseddine and M.S. Volkov, Phys. Rev. D 57 (1998), 6242 [32] A.H. Chamseddine and W.A. Sabra, hep-th/991180 [33] P.K. Townsend, K. Pilch, P. van Nieuwenhuizen, Phys. Lett. 136B (1984) 38 [34] S.Deser and R. Jackiw, Phys. Lett. 139B (1984)371, K.Pilch, P.K.Townsend and P. van Nieuwenhuizen, Phys. Lett. 137B (1984) 443 [35] A. Karlhede, U. Lindström, M. Roček and P. van Nieuwenhuizen, Phys. Lett.

186B (1987) 96 and Class.Q.Gr. 4 (1987) 549 [36] K. Pilch, P. van Nieuwenhuizen and P.K.Townsend, Nucl.Phys. B242 (1984) 377 [37] B. Julia, S. Silva, hep-th/9911035 [38] D.Z. Freedman, P.van Nieuwenhuizen and S. Ferrara, Phys. Rev. D 13 (1976) 3214 [39] S. Deser and B. Zumino, Phys. Lett. 62 B (1976) 335 [40] L. Castellani, P. Fre, F. Giani, K. Pilch and P. van Nieuwenhuizen, Annals Phys.

146 (1983) 35 [41] M. Pernici, K. Pilch and P. van Nieuwenhuizen, Phys.Lett. 143 B (1984) 103 [42] P. van Nieuwenhuizen, Class. Qu. Grav. 1 (1984) 339 [43] A. Eastaugh, P. van Nieuwenhuizen, Kyoto Summer Inst. 1985:0001, (preprint ITP-SB-85-43) [44] M. Gunaydin, N.P. Warner and P. van Nieuwenhuizen, Nucl. Phys. B 255 (1985) 63 [45] P.van Nieuwenhuizen, Class. Qu. Gr. 2 (1985) 1 [46] L. Mezincescu, P.K. Townsend and P. van Nieuwenhuizen, Phys. Lett. 143B (1984) 103 [47] J. A. Harvey, R. Minasian, G. Moore, hep-th/9808060, D. Freed, J. A. Harvey, R.

Minasian and G. Moore, hep-th/9803205 [48] P. van Nieuwenhuizen, Les Houches 1983, Proceedings, Relativity, groups and topology II, p. 823. For an earlier but less detailed acount, see [49].

[49] P. van Nieuwenhuizen, Phys. Rep. 68 (1981) 189 [50] H. Nastase, D. Vaman, in preparation [51] M. Cvetic, H. Lü, C. N. Pope, hep-th/9910252 [52] H. Nicolai, Phys. Lett. 187B (1986) 316 and B. Drabant, M. Töx, H. Nicolai, Class. Quant. Grav. 4 (1989) 255