arXiv:hep-th/9912098 v4 6 Jun 2000

KEK-TH-656 hep-th/9912098 December, 1999

A Candidate for A Renormalizable and Diffeomorphism-Invariant 4D Quantum Theory of Gravity

Ken-ji Hamada^1

Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan

( revised and extended version to appear in Prog. Theor. Phys. )

Abstract

We present evidence that there is a 4D model that satisfies the conditions of renormalizability and diffeomorphism invariance simultaneously at the 2-loop level. The traceless mode is treated perturbatively, while the conformal mode can be managed exactly. The two conditions constrain the theory strongly and determine the measure of the gravitational field uniquely. Quantum corrections of the cosmological constant are computed in part to 3-loop diagrams. The method to remove the negative-metric states is also discussed from the viewpoint of diffeomorphism invariance in analogy to the R_ξ gauge in spontaneously broken gauge theory. The model may be a candidate for a continuum version of 4D simplicial quantum geometry realized in recent numerical simulations.

1E-mail address : hamada@post.kek.jp

1 Introduction

For a long time, many authors have been longing to construct a well-defined 4D quantum theory of gravity [1]–[16]. Renormalizability is a big problem that we must overcome in such a construction. For this reason, we must make a theory of this kind to be diffeomorphism invariant. Furthermore, there are physical problems, such as unitarity, and the correct manner to define the S-matrix in a fully fluctuating geometry. As a first step, it should be clarified whether there is a model that satisfies the two fundamental conditions of renormalizability and diffeomorphism invariance simultaneously. In this paper we give evidence that the model proposed in a previous paper [16] satisfies these two conditions. The problem of the S-matrix and unitarity in our model is also discussed from the viewpoint of diffeomorphism invariance at the end of the paper.

Along another line, there have been developments in the dynamical triangulation approach [17, 18, 19] to a 4-dimensional manifold [20, 21]. Recent numerical simulations suggest that 4D simplicial quantum geometry with U(1) gauge fields is likely to have a phase transition that is of higher order than first [21]. Naively, if there is a continuum limit of 4D simplicial quantum geometry, it should satisfy the conditions of renormalizability and diffeomorphism invariance.

Diffeomorphism invariant quantum theory is formally defined by the functional integration over the metric Z = ∫ [g^{−1}dg]_g[df]_g vol(diff.)

exp[−I(f, g)] , (1.1)

where f is a matter field^2 and I is an invariant action. The measure of the metric is defined by the norm, < dg, dg >_g= ∫ d^Dx √ gg^{μν} g^{λσ}(dg_{μλ}dg_{νσ} + udg_{μν} dg_{λσ}) , (1.2) where u > −1/D by the positive definiteness of the norm.

Before the middle 1980s, pertubation theory had been naively defined by replacing the covariant measure with the measure defined on the background metric, ĝ, as [g^{−1}dg]_ĝ[df]_ĝ. This replacement, however, breaks the background-metric independence, or, a infinitesimal version of it, diffeomorphism invariance. Renormalizability is also related to the problem of the measure. This problem could not be overcome even by going to supergravity. It has thus been believed that superstring theory [22] is a unique candidate for a background-metric independent quantum theory of gravity [23].

At the end of the 1980s, a new approach emerged. This theory was formulated in such a way as to preserve the background-metric independence, even after the

2In this paper all second order fields, except the gravitational field, are referred to as “matter fields”.

measure is re-expressed in terms of one defined based on the background metric. Two-dimensional quantum gravity was described exactly by Knizhnik, Polyakov and Zamolodchikov (KPZ) [24] and David, Distler and Kawai (DDK) [25] in this way. Subsequently, several 2D models, such as dilaton gravity [26, 27, 28] and R^2-gravity [29], were studied. The idea can apply to even-dimensional quantum gravity, which makes the theory background-metric independent. To do this, we must add an action, S, as in Refs.[16, 26] Z = ∫ [dϕ]_ĝ[e^{−h}de^h]_ĝ[df]_ḡ vol(diff.) exp[−S(ϕ, ḡ) − I(f, g)] . (1.3) The metric is now decomposed as g_{μν} = e^{2ϕ}ḡ_{μν} and ḡ_{μν} = (ĝe^h)_{μν} , where tr(h) = 0, adopted by Kawai, Kitazawa and Ninomiya [30] as well as by the present author [16]. The measures of the metric fields are defined on the background metric by the following norms: < dϕ, dϕ >_ĝ= ∫ d^Dx √ ĝ(dϕ)^2 , (1.4) < dh, dh >_ĝ= ∫ d^Dx √ ĝ tr(e^{−h}de^h)^2 . (1.5)

The action, S, is the contribution induced from the measures, and it is related to the conformal anomaly. Note that the existence of an anomaly usually means that a classical symmetry breaks down at the quantum level, but now the anomalous contribution, S, is needed to ensure diffeomorphism invariance at the quantum level.

The action S must satisfy the Wess-Zumino condition [31] to realize backgroundmetric independence, the condition Z(e^{2ω}ĝe^b) = Z(ĝ), referred to as the BMI condition in the following, where ω and b^μ_ν [with tr(b) = 0] are local functions. Since the measure [e^{−h}de^h]_ĝ, itself, is invariant under the change e^h → e^{−b}e^h, the BMI condition for the traceless mode represents the condition that ĝ and h always appear in the combination ḡ = ĝe^h in the theory [16]. Although this is a rather trivial condition, it implies that when we calculate S, we can guess the h dependence if the ĝ dependence of S can be formed.

In addition to being background-metric independent, namely, invariant under general coordinate transformations, δϕ = 1 D ^∇_λξ^λ + ξ^λ∂_λϕ , δḡ_{μν} = ḡ_{μλ} ¯∇_νξ^λ + ḡ_{νλ} ¯∇_μξ^λ − 2 D ḡ_{μν} ^∇_λξ^λ , (1.6)

the theory (1.3) should also be renormalizable. In 4 dimensions, S is a fourth order function. In this paper we assert that the measure of a 4D gravitational field, including S and the fourth order invariant action [5]–[12], are uniquely determined by the two conditions. Thus the integrability condition discussed by Riegert, Fradkin and Tseytlin [32], which is generalized to the form that can be applied to higher loops, should be satisfied. Here, we emphasize that the fourth order terms are required for diffeomorphism invariance, and they are by no means introduced by hand only for renormalizability, as in previous studies [6]–[12].

This paper is organized as follows. In the next section, as an exercise before going to 4D models, we briefly review 2D quantum gravity from the viewpoint of diffeomorphism invariance. The KPZ/DDK formula [24, 25] on a spherical topology is computed using dimensional regularization. In this model, many fundamental items are included. In section 3 we consider the 4D model proposed in a previous paper [16], which is slightly modified here. In 4 dimensions the traceless mode as well as the conformal mode become dynamical. Perturbation theory is applied to the traceless mode, where a dimensionless coupling constant, t, is introduced, while the conformal mode can be managed exactly [30, 16]. The model studied by Antoniadis, Mazur and Mottola [13, 14, 15] as an effective theory of quantum gravity essentially corresponds to our model in the limit t → 0. In this section we present evidence that our model is renormalizable and diffeomorphism invariant, in particular satisfying the integrability conditions discussed in [32] up to order t^2, or the two-loop order for the vacuum polarization of the traceless mode. Higher order renormalizability is also discussed from the viewpoint of diffeomorphism invariance. At the end of this section we discuss our computations of quantum corrections of the cosmological constant up to order t^2, to which diagrams up to 3-loops contribute. The computation is analogous to that for 2D quantum gravity, though the equation used to determine the conformal charge of the cosmological constant becomes biquadratic at this order. It can be solved perturbatively. We finally estimate the strength of the coupling t using the results of recent numerical simulations [21]. Section 4 is devoted to conclusions and discussion. At the end of that section, we discuss proper manner to define the S-matrix and the method to remove the negative-metric states in the fourth order theory required by diffeomorphism invariance. Then, the role of the ϕF̄ term in the Wess-Zumino action is emphasized in analogy to the R_ξ gauge in spontaneously broken gauge theory.

Our curvature conventions are R_{μν} = R^λ_{μλν} and R^λ_{μσν} = ∂_σΓ^λ_{μν} − · · ·.

2 Review of A Two-dimensional Model

In this section we re-investigate 2D quantum gravity with N massless scalar fields, X [24, 25]. Since we wish to extend these arguments to 4 dimensions, we do not use conformal field theories here. The Wess-Zumino action S in 2 dimensions, referred to as the Liouville action, is given by integrating the 2D conformal anomaly as [34] S(ϕ, ḡ) = a 4π ∫ d^2x ∫ ϕ 0 dϕ √ gR = a 4π ∫ d^2x √ ĝ(ḡ^{μν} ∂_μϕ∂_ν ϕ + R̄ϕ) . (2.1)

Here, the Wess-Zumino condition is defined by S(ϕ, ḡ) = S(ω, ḡ) + S(ϕ − ω, e^{2ω}ḡ) . (2.2) One can easily prove that S satisfies the above equation by dividing the region of integration [0, ϕ] into [0, ω] and [ω, ϕ].

The coefficient a is determined by requiring diffeomorphism invariance. Let us apply the general coordinate transformation (1.6) and δX = ξ^λ∂_λX to expression (1.3). The action I is invariant, so that δI(X, g) = 0, but S is not. We obtain the following expression: δS(ϕ, ḡ) = a 8π ∫ d^2x √ ĝ ^∇_λξ^λR̄ . (2.3)

This is easily proved by decomposing the general coordinate transformation into two parts, δ = δ_c + δ_ω, and noting that S is invariant under δ_c, which is a transformation law in which ϕ transforms as if it were a scalar field on the metric ḡ_{μν} such that δ_cḡ_{μν} = ḡ_{μλ} ¯∇_νξ^λ + ḡ_{νλ} ¯∇_μξ^λ and δ_cϕ = ξ^λ∂_λϕ, while δ_ω is the conformal change of the metric ḡ_{μν} and the local shift of ϕ defined by δ_ωḡ_{μν} = 2ωḡ_{μν} and δ_ωϕ = −ω, with ω = − 1 2 ^∇_λξ^λ . (2.4)

Since ξ is infinitesimal, the r.h.s. of (2.3) can be expressed as −S(ω, ḡ) using (2.4). Thus, (2.3) is identically the Wess-Zumino condition (2.2) with an infinitesimal value (2.4).

On the other hand, the measure itself is not invariant, due to the fact that there is no e^{2ϕ} factor in the norm, which conformally changes in the form [dϕ]_{(1+2ω)ĝ}[e^{−h}de^h]_{(1+2ω)ĝ}[dX]_{(1+2ω)ĝ}, where ω is given by (2.4). This is easily seen by applying the general coordinate transformation (1.6) to the norms defined on the background metric as, for instance, < dϕ^′, dϕ^′ >_ĝ= ∫ d^2x √ ĝ(dϕ^′)^2 = ∫ d^2x √ ĝ(1 − ^∇_λξ^λ)(dϕ)^2 =< dϕ, dϕ >_{(1+2ω)ĝ} , (2.5)

where ϕ^′ = ϕ + δϕ, so that dϕ^′ = dϕ + ξ^λ∂_λdϕ. In the second equality of (2.5), the o(ξ^2) term has been omitted.

We first evaluate the measure of the traceless mode. Let us take the gaugefixing condition (P̂^†_1 ḡ)_μ = ^∇^λḡ_{λμ} = 0 to be as usual, where P_1 is the projection operator to the traceless part such that δḡ_{μν} = (P̄_1ξ)_{μν} . We then obtain

[e^{−h}de^h]_ĝ vol(diff.)

= [e^{−h}de^h]_ĝ det P̂^†_1 P̄_1δ(P̂^†_1 ḡ) . (2.6)

As is wellknown, in two dimensions, the r.h.s. can be further written in the form [34] [dτ ](det P̄^†_1 P̄_1)^{12} , (2.7) where [dτ ] = [e^{−h}de^h]_ĝ det P̂^†_1 δ(P̂^†_1 ḡ) represents integration over the Teichmüller parameter. Note that this rewriting is equivalent to taking the gauge condition as h^μ_ν = 0^3 up to the zero mode, and hence obtain a gauge-fixing term iB_{μν} h^{μν}, where B_{μν} is a symmetric traceless field. The ghost action is then given by b_{μν} δh^{μν}|_ξλ_{=c}λ , which is the well-known bc-ghost system, where b_{μν} is the antighost related to B_{μν} and c^λ is the reparametrization ghost. Using the well-known conformal property of the P_1 operator [34], we obtain

[e^{−h}de^h]_{(1+2ω)ĝ} = [e^{−h}de^h]_ĝ ( 1 + 26 48π ∫ d^2x √ ĝ ^∇_λξ^λR̄ ) . (2.8)

The measure of ϕ is easily evaluated by using the bilinear term of the action, I = S + I, as a regulator, which is that of a scalar field. Combined with the results for the traceless mode (2.8) and N + 1 scalar fields, we obtain

[dX]_{(1+2ω)ĝ}[dϕ]_{(1+2ω)ĝ}[e^{−h}de^h]_{(1+2ω)ĝ} exp(−I) = (1 − U(ω))[dX]_ĝ[dϕ]_ĝ[e^{−h}de^h]_ĝ exp(−I) , (2.9)

where U(ω) = − 25 − N 48π ∫ d^2x √ ĝ ^∇_λξ^λR̄ . (2.10)

Thus, the variation of the partition function (1.3) w.r.t. the general coordinate transformation becomes δZ = −6a + 25 − N 48π ⟨∫ d^2x √ ĝ ^∇_λξ^λR̄ ⟩ . (2.11)

Therefore, the diffeomorphism invariance requires [25] a = 1 6 (25 − N) . (2.12)

This is equivalent to the condition that the algebra of the energy-momentum tensor, namely, the Virasoro algebra is closed without central charge at the quantum level.

3If instead one chooses the ghost determinant as det P̂ y_1 P̄_1, one must treat the traceless mode as a quantum field [4, 30].

The lower-dimensional operator generally receives a non-trivial quantum correction. The cosmological constant operator, Λ ∫ e^{αϕ}, for instance, where classically α = dim[Λ] = 2, recieves the quantum correction

α = dim[Λ] = 2 + γ_Λ , (2.13)

where γ_Λ is the anomalous dimension. In the following we consider the perturbation theory on α in a flat background as e^{αϕ} = ∑ αn n! ϕ^n, and we calculate γ_Λ using dimensional regularization [13, 15].

The combined action in D = 2 − 2ϵ dimensions is I = 1 4π ∫ d^Dx √ ĝ [ a ( ḡ^{μν} ∂_μϕ∂_ν ϕ + R̄ϕ ) + Λe^{αϕ} + ḡ^{μν} ∂_μX∂_ν X ] , (2.14)

where the bc-ghost is omitted. The conformal mode ϕ and the constant α are now dimensionless, while the field X is of dimension μ^{−ϵ}, where μ is an arbitrary mass scale. The strategy to compute the anomalous dimension using dimensional regularization is as follows. Consider the coefficient a in front of the Wess-Zumino action to be a bare coupling of dimension μ^{−2ϵ}. We carry out a renormalization procedure with a being unknown, and compute the anomalous dimension. After regularization we take ϵ → 0 and substitute the value of a required by diffeomorphism invariance into regularized quantities.

Let us evaluate loop diagrams in the flat background. We can easily see that simple poles come only from the one-loop diagram in Fig. 1. The sum of the two-loop diagram (a) and the associated diagram (b), with the one-loop counterterm insertion shown in Fig. 2, yields only double poles proportional to α^4. The higher-loop diagrams also do not yield simple poles.

· · · Fig. 1: One-loop contribution to the cosmological constant.

· · · (a) · · · (b) Fig. 2: Two-loop contributions to the cosmological constant. The contribution of a one-loop counterterm is also depicted.

Hence, the renormalization factor defined by the relation Λ = Z_ΛΛ_r is computed as Z_Λ = 1 − α^2 4ã 1 ϵ + α^4 32ã^2 1 ϵ^2

+ · · · , (2.15)

where ã is the dimensionless bare coupling defined by a = ãμ^{−2ϵ}. Since the bare coupling, a, should be independent of the arbitrary mass scale, μ, we obtain a finite value in the limit ϵ → 0:

γ_Λ = μ Z_Λ dZ_Λ dμ = α^2 2a . (2.16)

This value is exact to all orders of the perturbation. We thus obtain the quadratic equation α = 2 +^{α2}_{2a} . Solving this equation, we obtain α = a − √ a^2 − 4a , (2.17) where we choose a solution such that α → 2 in the classical limit a → ∞.

We now re-explain diffeomorphism invariance in the context of dimensional regularization. In the curved background we obtain the one-loop exact countert- erm ΔI = − 25 − N 48π μ^{−2ϵ} ϵ ∫ d^Dx √ ĝR̄ . (2.18)

From Duff’s argument [33], the variation of this counterterm w.r.t. the general coordinate transformation, which is now converted into the conformal change of the background metric, δ_ωĝ_{μν} = 2ωĝ_{μν} , gives the conformal anomaly U(ω) (2.10), because the conformal change in the scalar curvature in D = 2 − 2ϵ dimensions is given by the identity δ_ω √ ĝR̄ = −ϵ2ω √ ĝR̄ = ϵ ^∇_λξ^λ √ ĝR̄ . (2.19) We thus obtain the value (2.12), as explained above. Substituting this value into expression (2.17), we obtain the well-known KPZ/DDK formula [24, 25] for a spherical topology.

3 Four Dimensional Model

In this section we consider a slightly modified version of a model proposed in Ref. [16]. In 4 dimensions the Wess-Zumino action becomes fourth order, parametrized by the three constants a, b and c in the form S(ϕ, ḡ) = 1 (4π)^2 ∫ d^4x ∫ ϕ 0 dϕ √ g [ a ( F + 2 3 2R^) + bG + c2R^] = 1 (4π)^2 ∫ d^4x [√ ĝ { aF̄ϕ + 2bϕΔ̄_4ϕ + b ( Ḡ − 2 3 −2^¯R^)ϕ^} − 1 36 (2a + 2b + 3c) (√ gR^2 − √ ĝR̄^2 )] , (3.1) where the addition of c is a modification. F is the square of the Weyl tensor, and G is the Euler density. They are defined by F = R_{μνλσ}R^{μνλσ} − 2R_{μν} R^{μν} + 1 3 R^2 , (3.2) G = R_{μνλσ}R^{μνλσ} − 4R_{μν} R^{μν} + R^2 . (3.3) The operator Δ_4 is the conformally covariant fourth order operator [32] defined by Δ_4 = 2^2 + 2R^{μν} ∇_μ∇_ν − 2 3 R2 +^1_3(∇^μR)∇μ (3.4)

and satisfying Δ_4 = e^{−4ϕ}Δ̄_4. Thus, in order to ensure diffeomorphism invariance in 4 dimensions, the theory must be fourth order in the gravity sector. Only in that case is the theory renormalizable also.

Here, note that R^2 is not integrable w.r.t. the conformal mode, which is the reason that the number of the independent parameters is three. This fact is related to the integrability condition [32] discussed below.

Let us apply the general coordinate transformation (1.6) to the theory (1.3) in 4 dimensions. The Wess-Zumino action then changes by δS(ϕ, ḡ) = 1 4(4π)^2 ∫ d^4x √ ĝ ^∇_λξ^λ [ a ( F̄ + 2 3 −2^¯R^) + b^¯G + c^−2^¯R^] . (3.5)

As in two dimensions, this is simply the Wess-Zumino condition (2.2) for the infinitesimal value ω = − 1 4 ^∇_λξ^λ . (3.6)

The measure is also not invariant under the transformation (1.6), which conformally changes in the form [dϕ]_{(1+2ω)ĝ}[e^{−h}de^h]_{(1+2ω)ĝ}[df]_{(1+2ω)ḡ} with (3.6). The coefficients a, b and c are determined by imposing the condition of diffeomorphism invariance, so that the ξ dependences from the action and the measures cancel out.

The equations to determine the coefficients a, b and c are now not so simple. Consider the case that the ξ dependence of the deformed measure can be reexpressed in the form (1 − U(ω))[dϕ]_ĝ[e^{−h}de^h]_ĝ[df]_ḡ using the expression of the conformal anomaly U(ω) = 1 (4π)^2 ∫ d^4x √ ĝ ω [ a^′ ( F̄ + 2 3 −2^¯R^) + b^{′¯}G + c^{′ −}2^¯R^] . (3.7)

The regulator used to evaluate the measures is now the combined action I = S+I, which includes the unknown constants a, b and c, so that the coefficients a^′, b^′ and c^′ become in general functions of a, b and c. Thus, the BMI condition, U +δS = 0, is now expressed by the equations a^′(a, b, c) = a , b^′(a, b, c) = b , c^′(a, b, c) = c . (3.8)

To be able to impose this BMI condition it is necessary that the ξ dependence of the measure can indeed be expressed in the above form. This forces the matter fields to be coupled with gravity conformally. As for the gravity sector, we must consider the fourth order invariant action, whose form is restricted by the conditions of renormalizability and diffeomorphism invariance discussed below.

We consider the following invariant action, including fourth order terms:^4

I(A, g) = I_{4th} + I_{LE} , (3.9)

where

I_{4th} = 1 (4π)^2 ∫ d^4x √ g ( 1 t^2 F + dR^2 ) , (3.10) I_{LE} = 1 (4π)^2 ∫ d^4x √ g(−m^2R + Λ) + I_A(A, g) . (3.11)

Here, I_{4th} is the fourth order part, which could be regarded as being a part of the measure. I_{LE} is the usual second order action, which describes low-energy physics. m^2 is the inverse of the gravitational constant, and Λ is the cosmological constant. In this section we consider U(1) gauge fields as an example. I_A is the action of the N_A gauge fields.

Above, we introduced the dimensionless self-coupling constant t only for the traceless mode in the form [30, 16]

ḡ_{μν} = (ĝe^{th})_{μν} = ĝ_{μλ} ( δ^λ_ν + th^λ_ν + t^2 2 (h^2)^λ_ν + · · · ) . (3.12)

The general coordinate transformation for the traceless mode is then expressed as tδh^μ_ν = ^∇^μξ_ν + ^∇_νξ^μ − 1 2 δ^μ_ν ^∇_λξ^λ + tξ^λ ^∇_λh^μ_ν + t 2 h^μ_λ ( ^∇_νξ^λ − ^∇^λξ_ν ) + t 2 h^λ_ν ( ^∇^μξ_λ − ^∇_λξ^μ ) + · · · , (3.13)

where ξ_μ = ĝ_{μλ}ξ^λ. The BMI condition (3.8) can then be solved using a perturbation in t.

In the following we consider a model with [16] d = 1 36 (2a + 2b + 3c) . (3.14)

This condition implies that the self-interaction terms of the conformal mode, namely R^2 terms in the combined action, cancel out. This model is analogous to the 2D quantum gravity discussed in section 2. In this paper we assert that only in this case does the theory become renormalizable and diffeomorphism invariant simultaneously in the perturbation of the traceless mode, where the coefficients a, b and c are uniquely determined by the diffeomorphism invariance.

4Note that the coefficient d corresponds to c in Ref.[16].

3.1 Renormalization

To confirm the above assertion, we investigate the renormalizability and diffeomorphism invariance of our model focusing on how crucial condition (3.14) is. We use dimensional regularization to regularize our model as a theory on the metric ḡ_{μν} . Here, we assume the renormalizability of our model and derive general formulae for renormalization and diffeomorphism invariance. In the following subsections, we show that no inconsistency appears in our model, at least up to order t^2.

In this paper we consider the m^2 = 0 case for simplicity. Thus, the bare combined action becomes I = 1 (4π)^2 ∫ d^Dx √ ĝ [ 2bϕΔ̄_4ϕ + aF̄ ϕ + b ( Ḡ − 2 3 −2^¯R^)ϕ + 1 t^2

F̄ + 1 36 (2a + 2b + 3c)R̄^2 + Λe^{αϕ} ] + I_A(A, ḡ) , (3.15)

where D = 4 − 2ϵ. The constants a, b and c are considered to be bare couplings of dimension μ^{−2ϵ}, and t is the bare coupling of dimension μ^ϵ. For later use we introduce the dimensionless bare quantities ã, b̃, c̃ and t̃, defined by the relations a = ãμ^{−2ϵ}, b = b̃μ^{−2ϵ}, c = c̃μ^{−2ϵ} and t = t̃μ^ϵ. Here, we set the dimension of the conformal mode to zero, while the traceless mode is of dimension μ^{−ϵ}.

The renormalizations of the quantum fields and couplings are defined by the following relations:

ϕ = Z^{1/2}_ϕ ϕ_r , h^μ_ν = Z^{1/2}_h h^μ_{rν} (3.16) and a = Z_aa_r , b = Z_bb_r , c = Z_cc_r , t = Z_tt_r . (3.17) Since the quantum traceless mode must be gauge-fixed to carry out calculations, we introduce here a more well-behaved variable, the background field [35] for the traceless mode defined by ĝ_{μν} = (e^{tĥ})_{μν} , (3.18) where ĥ^μ_μ = 0. The renormalization of the background traceless mode is also defined by the relation [35] ĥ^μ_ν = Z^{1/2}_ĥ ĥ^μ_{r ν} . (3.19)

On the other hand, since the dynamics of gravitational fields are governed by fourth order derivative theory, and matter fields are coupled to gravitational fields conformally, the counterterms for the background field become fourth order: ΔI_F = −P_F μ^{−2ϵ} (4π)^2 ∫ d^Dx √ ĝ_rF̂_r , (3.20) ΔI_G = −P_G μ^{−2ϵ} (4π)^2 ∫ d^Dx √ ĝ_rĜ_r , (3.21)

ΔI_R2 = −P_R2 μ^{−2ϵ} (4π)^2 ∫ d^Dx √ ĝ_rR̂^2_r . (3.22)

Here F̂_r, Ĝ_r and R̂^2_r are the square of the Weyl tensor, the Euler density, and the square of the scalar curvature written in terms of renormalized quantities, respectively. The pole terms, P_F , P_G and P_R2 , are expanded as

P_F = f_0 ϵ + t̃^2_r (f_1 ϵ^2 + f^′_1 ϵ ) + · · · , (3.23)

P_G = g_0 ϵ + t̃^2_r (g_1 ϵ^2 + g^′_1 ϵ ) + · · · , (3.24)

P_R2 = l_0 ϵ + t̃^2_r ( l_1 ϵ^2 + l^′_1 ϵ ) + · · · , (3.25)

where t̃_r is the dimensionless renormalized coupling. The coefficients f_n, g_n, l_n, and so on, are generally functions of the dimensionless renormalized couplings, ã_r, b̃_r and c̃_r.

The counterterms, ΔI_F and ΔI_G, are conformally invariant at D = 4. In particular, ΔI_G becomes topological, which is just an analog of the counterterm (2.18) in 2 dimensions. In D = 4 − 2ϵ dimensions, the square of the Weyl tensor and the Euler density satisfy the following identities [33]: δ_ω √ ĝ_rF̂_r = −2ϵω √ ĝ_r ( F̂_r + 2 3 ^2^^Rr^) , (3.26) δ_ω √ ĝ_rĜ_r = −2ϵω √ ĝ_rĜ_r . (3.27)

On the other hand, the counterterm ΔI_R2 is not conformally invariant at D = 4, because R̂^2 satisfies the identity δ_ω √ ĝ_rR̂^2 = −12ω √ ĝ_r ^2R̂ . (3.28)

This counterterm is related to the renormalizations of the couplings a, b and c, and also the integrability condition of the Wess-Zumino action discussed in [32], which is discussed in detail in section 3.3.

The renormalization of the background traceless mode is now defined by the relation 1 t̃^2

F̂ = 1

t̃^2_r

F̂_r − P_F F̂_r . (3.29)

We thus obtain the renormalization factor of the coupling,

(Z_t)^{−2} = 1 − P_F t̃^2_r , (3.30)

and the relation Z_tZ^{1/2}_ĥ = 1 . (3.31) Therefore, the background metric is not renormalized, and hence ĝ_{rμν} = ĝ_{μν} .

3.2 Some results on renormalization factors

We present here some results on the renormalization factors discussed in the previous subsection. Let us first compute the coefficients f_0, g_0 and l_0 in the counterterms. They have already been calculated in Refs.[14, 16] by considering the case t → 0 in a curved background.^5 The interaction terms among quantum fields then vanish, and the kinetic terms reduce to conformal invariant ones due to condition (3.14), so that l_0 = 0 . (3.32) The coefficients f_0 and g_0 are given by the values

f_0 = − N_A 20 − 197 60 , g_0 = 31N_A 360 + 769 360 . (3.33)

From this we obtain Z_t = 1 +^{f0t̃2r}_{2ϵ} + O(t̃^4_r), and hence the β-function β = −ϵt̃_r − t̃_r μ Z_t dZ_t dμ = f_0t^3_r + · · · . (3.34)

Since f_0 is negative, this model is asymptotically free [10, 9].

Next, we see that the Wess-Zumino action is likely to be unrenormalized to order t^2_r. First, consider the self-energy diagrams of the conformal mode in a flat background. The combined action is expanded as I = 1 (4π)^2 ∫ d^Dx ( L_{kin} + L^{(2)}_{int} + L^{(3)}_{int} + L^{(4)}_{int} + · · · ) . (3.35)

The kinetic terms for the quantum gravitational fields are^6

L_{kin} = 2b ϕ2^2ϕ + 1 2 h_{μν} 2^2h^{μν} − ∂^μχ^ν∂_μχ_ν + (1 3 + dt^2 )( ∂_λχ^λ )_2

, (3.36)

where χ^μ = ∂^λh^μ_λ, and d is given by (3.14). In this subsection, we take 2 = ∂^λ∂_λ for simplicity. The interaction terms used here are

L^{(2)}_{int} = − 2 3 bt2ϕ∂μ∂ν h^{μν} , (3.37) L^{(3)}_{int} = 2bt ( 2∂_μϕ∂_ν 2ϕ + 4 3 ∂_μ∂_λϕ∂_ν∂^λϕ − 2 3 ∂^λϕ∂_μ∂_ν ∂_λϕ − 2∂_μ∂_ν ϕ2ϕ ) h^{μν} , (3.38)

L^{(4)}_{int} = 2bt^2 ( 2ϕ∂μ∂νϕh^μ_λh^{λν} + ∂μ∂νϕ∂λ∂σϕh^{μν} h^{λσ} + terms including ∂h ) , (3.39)

5 In this calculation we do not specify the background metric to be in the form (3.18). 6Here, we use the relation F̄ = Ḡ + 2(R̄^{μν}R̄_{μν} −^1_3R̄^2). The second combination of r.h.s.

gives the kinetic term of the traceless mode.

where L^{(2)}_{int} is derived from the term −^2_3 b^−2 R̄ϕ. The vertices L^{(3)}_{int} and L^{(4)}_{int} are from 2bϕΔ̄_4ϕ. These vertices are, of course, decomposed into the renormalized ones and their counterterms.

The propagator of the conformal mode, which is described by a line, is given by (4π)^2 4b̃_r μ^{2ϵ} k^4

. (3.40)

For the traceless mode we consider the gauge-fixing term L_{GF} = − 1 ζ χ^μN_{μν} χ^ν , (3.41)

where N_{μν} = 2δ_{μν} − (1 3 + dt^2 ) ∂_μ∂_ν . (3.42)

Here, we take the Feynman-type gauge ζ = 1 in which the gauge-fixing term cancels out the last two of the kinetic terms in (3.36). Then, the propagator of the traceless mode, which is described by the wavy line, becomes

(4π)^2 1 k^4

(I_H)^{μν}_{,λσ} , (3.43)

where I_H is the projection operator to the traceless mode, defined by

(I_H)^{μν}_{,λσ} = δ^μ_{(λ}δ^ν_{σ)} − 1 D δ^{μν} δ_{λσ} , (3.44)

which satisfies I^2_H = I_H. The ghost action is given by applying the general coordinate transformation to the gauge-fixing condition, which is not coupled with the conformal mode.

Diagrams (a) and (b) in Fig. 3 make contributions of order t^2_r to Z_bZ_ϕ, while the diagram in Fig. 4, for example, does not contribute, because such a diagram now becomes order t^4_r, where the vertices in Fig. 4 come from the terms linear in ϕ. In general, diagrams which make contributions proportional to ã^k_rb̃^l_rc̃^m_r t̃^{2n}_r to renormalization factors have n − k − l − m loops.

(a) (b) Fig. 3: One-loop contributions of order t^2_r to Z_ϕ.

Fig. 4: One-loop, but the t^4_r-order contribution to Z_ϕ.

The IR divergence is regularized by introducing an infinitesimal mass, λ, for the traceless mode as 1/k^4 → 1/(k^2 +λ^2)^2. After taking contractions of the tensor indices, we obtain the following contribution from the diagram (a) in Fig. 3: ∫ d^Dk (2π)^D ϕ_r(k)ϕ_r(−k) [ − 1 6 b_rt^2_r ∫ d^Dl (2π)^D 1 l^4 ((l + k)^2 + λ^2)^2 × { 6(l^2k^6 + l^6k^2) + 24l^4k^4 − 16(l · k)(l^2k^4 + l^4k^2) − 20(l · k)^2l^2k^2

−2(l · k)^2(l^4 + k^4) + 8(l · k)^3(l^2 + k^2) + 8(l · k)^4 + 4 − D 3D ( −36l^4k^4 + 24(l · k)(l^2k^4 + l^4k^2) + 40(l · k)^2l^2k^2

−4(l · k)^2(l^4 + k^4) − 16(l · k)^3(l^2 + k^2) − 16(l · k)^4 )}] . (3.45)

Integrating over l in the brackets, we obtain the divergence in the form 2b_r (4π)^2 k^4 [ −3t̃^2_r (1 ϵ̄ − log λ^2 μ^2 + 1 6 )] , (3.46)

where^1_{ϵ̄} =^1_ϵ − γ + log 4π. Here, we also compute finite terms for two-loop computations given below. The non-local term, log k^2/μ^2, does not appear in the finite term.

Diagram (b) in Fig. 3 is rather simple. The two terms in the vertex L^{(4)}_{int} , shown in (3.39), produce logarithmic divergences. The other terms, including derivatives of h, give vanishing contributions. Hence, we obtain the following divergence: 2b_r (4π)^2 k^4 [ 3t̃^2_r (1 ϵ̄ − log λ^2 μ^2 − 5 12 )] . (3.47)

Therefore, the UV divergences as well as the IR divergences cancel out in the sum of (3.46) and (3.47), and we obtain

Z_bZ_ϕ = 1 (3.48)

at order t^2_r.

This result is related to the counterterm, ΔI_R2 . Since √ ĝR̂^2 produces the kinetic term σ2^2σ when the background field of the conformal mode ĝ_{μν} = e^{2σ}δ_{μν} is considered, background-metric independence for the conformal mode implies the relations Z_aZ_σ = Z_bZ_σ = Z_cZ_σ of the renormalization factors, where Z_σ is the renormalization factor of the background conformal mode. Since the background metric is not renormalized such that Z_σ = 1, we obtain

Z_ϕ = 1 , Z_a = Z_b = Z_c . (3.49)

Thus, result (3.48) leads to

Z_a = Z_b = Z_c = 1 (3.50) at order t^2_r. Since we do not introduce a coupling for the conformal mode, this result implies that the terms of order t^2_r in P_R2 , (3.25), vanish, so that

l_1 = l^′_1 = 0 . (3.51)

Here, l_1 = 0 is rather trivial, because only the one-loop diagrams contribute to order t^2_r, which is a consequence of the cubic and quartic self-interactions of ϕ being dropped, by condition (3.14). The result (3.51) is evidence that an action S satisfying the integrability condition [32] exists at t_r ≠ 0. This is discussed in further detail in the next subsection.

The relation (3.31) to order t^2_r implies that the sum of the vertex diagrams (a) through (e), shown in Fig. 5, makes a finite contribution. This is likely to be true, as in the case of the self-energy diagrams. However, because direct calculations would be quite tedious, we need software to take contractions of the tensor indices into consideration.

(a) (b) (c)

(d) (e) Fig. 5: One-loop vertex diagrams to order t^2_r.

Quantum corrections proportional to ϕ^3 and ϕ^4, whose terms are absent in the action I, arise at order t^4_r. Replacing the wavy external lines of diagrams (a) and (b) in Fig. 5 with lines, we obtain corrections to ϕ^3 of order t^4_r. Their sum is also likely to be finite, as in the self-energy diagrams of ϕ. In the same way, the divergences proportional to ϕ^4 may cancel out.

Hence, we see that, from (3.31) and (3.48), the vertices in the Wess-Zumino action are likely to be unrenormalized to order t^2_r, which implies that non-local terms related to such vertices do not appear, and thus the Wess-Zumino action does not change form.

3.3 Diffeomorphism invariance at two-loop

In this subsection we discuss the condition of diffeomorphism invariance at the two-loop level. To clarify the origin of the interactions, we divide the combined Lagrangian into three parts, as follows:

L^C = 2bϕΔ̄_4ϕ + 1 t^2

F̄ + L_A(A, ḡ) , (3.52)

L^{CS} = aF̄ ϕ + bḠϕ , (3.53) L^{NC} = − 2 3 b^−2 R̄ϕ + 1 36 (2a + 2b + 3c)R̄^2 . (3.54)

Here, L^C is conformally invariant. Expanding L^{CS} produces conformally invariant vertices linear in ϕ. On the other hand, the last one, L^{NC}, yields nonconformally invariant vertices.

The regularized 1PI effective action is divided into three parts as

Γ_{reg}(ϕ_r, ḡ_r) = I_r(ϕ_r, ḡ_r, A_r) + V_{reg}(ϕ_r, ḡ_r) + W_{reg}(ḡ_r, A_r) . (3.55)

Here, finite corrections V_{reg} and W_{reg} come from loop diagrams. The former represents corrections to the Wess-Zumino action, and the latter represents corrections independent of ϕ, which are related to the counterterms for the traceless mode, ΔI_{F, G, R}2 , and those for matter fields. From the sum of the results (3.46) and (3.47), we obtain V_{reg} = −^7_4 t^2_r2b_rϕΔ̄_4ϕ + · · ·. As discussed in subsection 3.2, there is no non-local correction in this part.

Diffeomorphism invariance now implies that the 1PI regularized effective action satisfies the equation δΓ_{reg} = 0, or δ_ωW_{reg}(ḡ_r, A_r) = 1 (4π)^2 ∫ d^4x √ ĝ_rω [ a_r(1 + v_a) ( F̄_r + 2 3 −2r^¯Rr^) +b_r(1 + v_b)Ḡ_r + c_r^−2_r R̄_r ] , (3.56)

where ω is an infinitesimal value (3.6). The r.h.s. of (3.56) comes from the variation of the actions I_r and V_{reg}, where v_a and v_b denote contributions from δV_{reg}. While v_b has been computed to order t^2_r, with

v_b = − 7 4 t^2_r , (3.57)

v_a has not. The l.h.s. of (3.56) corresponds to the anomalous contributions from the measures U(ω). Here, δW_{reg} = δ_ωW_{reg}, because W_{reg} is not include the conformal mode ϕ, so that decomposing δḡ_{μν} into δ_cḡ_{μν} = ḡ_{μλ} ¯∇_ν ξ^λ + ḡ_{νλ} ¯∇_μξ^λ and δ_ωḡ_{μν} = 2ωḡ_{μν} , W_{reg} is invariant under δ_cḡ_{μν} . As seen below, (3.56) uniquely determines coefficients a_r, b_r and c_r.

The background-metric independence of the traceless mode implies that ĝ and h always appear in the combination ḡ = ĝe^h. Therefore, it is enough to know the ĝ dependence of W_{reg} to solve the condition of diffeomorphism invariance.

In the following arguments we consider only the ĝ dependence of W_{reg}. We here omit tensor indices for simplicity. The Weyl tensor is then described as Ĉ and Ĉ^2 = F̂ , where the subscript r can be dropped, because ĝ_r = ĝ. The Euler density is also written as Ĝ = B̂^2.

Let us consider the W_{reg} part, which is related to three counterterms, ΔI_F , ΔI_G and ΔI_R2 . First, we discuss the one-loop case [33]. At this order, only the conformally invariant Lagrangian, L^C , contributes to the effective action. From a dimensional analysis, the one-loop effective action should have the form [36]

W^{(1)} = t̃^2_r 2 ĥ_rk^4 (k^2 μ^2 )_−ϵ(v ϵ + v^′ ) ĥ_r + o(ϵ) → v_f (1 ϵ F̂ − Ĉ log(− ^2/μ^2)Ĉ ) + v^′_fF̂ +v_g (1 ϵ Ĝ − B̂ log(− ^2/μ^2)B̂ ) + v^′_gĜ + o(ϵ) , (3.58)

where v and v^′ represent v_f and v_g and v^′_f and v^′_g, related to the conformally invariant counterterms ΔI_F and ΔI_G, respectively. The IR cutoff mass is canceled out. Going to the second line, (k^2)^{−ϵ} = 1 − ϵ log k^2 +^1_{2!} ϵ^2 log^2 k^2 + · · · is used. The coefficients v_f and v_g have been computed as v_f = f_0 and v_g = g_0 in (3.33). Hence, the counterterm can be written as

ΔW^{(1)} = − f_0 ϵ F̂ − g^0 ϵ Ĝ , (3.59)

and the regularized effective action is described as

W^{(1)}_{reg} = W^{(1)} + ΔW^{(1)} = −f_0Ĉ log(− ^2/μ^2)Ĉ − g_0B̂ log(− ^2/μ^2)B̂ + v^′_fF̂ + v^′_gĜ . (3.60)

The anomalous contribution is given by the variation of regularized effective action with respect to the conformal change as

δ_ωW^{(1)}_{reg} = a_0A + b_0A^′ , (3.61)

with a_0 = 2f_0 , b_0 = 2g_0 , (3.62) where A = ω(F̂ + (2/3) ^2R̂) and A^′ = ωĜ. To derive this expression we use the following variational formulae [33]:

δ_ωF̂ = −2ϵA , δ_ω(Ĉ log(− ^2)Ĉ) = −2A + o(ϵ) , (3.63) δ_ωĜ = −2ϵA^′ , δ_ω(B̂ log(− ^2)B̂) = −2A^′ + o(ϵ) . (3.64)

Here, note that using the formulae, we obtain the equation δ_ωW^{(1)} = 0,^7 so that δ_ωW^{(1)}_{reg} = δ_ωΔW^{(1)}, as used in section 2.

Hence, substituting the value (3.61) into the l.h.s. of (3.56), we obtain the values of a_r and b_r at t_r = 0 as a_0 and b_0. Here, note that a_0 is always negative and b_0 is positive, and their sum, d_0 =^1_{18} (a_0 + b_0), is positive.

The terms related to the non-conformally invariant counterterm, ΔI_R2 , in the regularized effective action in general have the forms R̂ log(− ^2/μ^2)R̂ and R̂^2. The term R̂ log(− ^2/μ^2)R̂ breaks the condition of diffeomorphism invariance, (3.56), and therefore it must vanish. This condition is now equivalent to the vanishing of l_0, (3.32). This implies that in order for the theory to be diffeomorphism invariant, those parts of the action contributing to the one-loop effective action W^{(1)} should be conformally invariant. This is now ensured by condition (3.14) for the gravitational fields. Matter fields must be conformally coupled to gravity; only in this case does the theory become diffeomorphism invariant. Since the variation of the R̂^2 term is proportional to ^2R̂ (3.28), this term determines the value of c_r. In the one-loop case, however, the conformal invariance is exact, and hence such a non-conformally invariant term vanishes. Thus, the value of c_r at t_r = 0 vanishes.

Let us analyze the effective action of order t^2_r (or order t^4_r for Z_ĥ). At this order, the non-conformally invariant terms in the action contribute to it. The effective action of order t^2_r is divided into three parts as

W^{(2)} = W^{(2−loop)} + W^{(counter)} + W^{(1−loop)} , (3.65)

where W^{(2−loop)} represents contributions of two-loop diagrams, which are derived from the conformally invariant Lagrangian L^C . The contribution from associated diagrams with a one-loop counterterm insertion is represented by W^{(counter)}. Furthermore, there are contributions of order t^2_r, but they are one-loop diagrams described by W^{(1−loop)}, which include the vertices derived from L^{CS} and L^{NC}.

Since two-loop diagrams have two internal-momentum integrals, from a simple dimensional analysis, we find that W^{(2−loop)} has the following form: W^{(2−loop)} = t̃^4_r 2 ĥ_rk^4 [( k^2 μ^2 )_{−2}ϵ( x ϵ^2 + x^′ ϵ + x^{′′} )

+ (k^2 μ^2 )_−ϵ(λ_2 μ^2 )_−ϵ( y ϵ^2 + y^′ ϵ + y^{′′} )

+ (λ^2 μ^2 )_{−2}ϵ( z ϵ^2 + z^′ ϵ + z^{′′} )] ĥ_r . (3.66)

Here, the dependences of the momentum and the IR cutoff mass, (k^2)^{−2ϵ}, (k^2λ^2)^{−ϵ} and (λ^2)^{−2ϵ}, in each term are the features of two-loop diagrams. On the other

7Precisely, we have δ_ω W^{(1)} = o(ϵ), which reflects the fact that the conformal invariance of L^C is violated by o(ϵ) in D dimensions.

hand, since the associated counterterm insertion diagrams are one-loop, W^{(counter)} should have the following form: W^{(counter)} = t̃^4_r 2 ĥ_r ( − f_0 ϵ ) k^4 [( k^2 μ^2 )_−ϵ(d ϵ + d^′ ) + (λ^2 μ^2 )_−ϵ(e ϵ + e^′ )] ĥ_r . (3.67)

Since the contributions of two-loop diagrams come from the conformally invariant Lagrangian L^C , the related two-loop counterterms becomes conformally invariant. The conditions of renormalizability and IR finiteness give constraints on the coefficients. From the condition that the non-local divergence, 1 ϵ log^{k2}_{μ2} , cancels in the sum of W^{(2−loop)} and W^{(counter)}, we obtain the constraint −2x − y + f_0d = 0. The cancellation of the IR divergences gives the constraints y = z = e = 0 and y^′ + 2z^′ − f_0e^′ = 0. Hence, we obtain the following expression: W^{(2−loop)} + W^{(counter)} → t̃^2_r [ − x_f ϵ^2 F̂ − x^g ϵ^2

Ĝ + (x^′_f − z^′_f − f_0d^′_f )1 ϵ F̂ + (x^′_g − z^′_g − f_0d^′_g)1 ϵ Ĝ + x_fĈ log^2(− ^2/μ^2)Ĉ + x_gB̂ log^2(− ^2/μ^2)B̂ − (2x^′_f + y^′_f − f_0d^′_f )Ĉ log(− ^2/μ^2)Ĉ − (2x^′_g + y^′_g − f_0d^′_g)B̂ log(− ^2/μ^2)B̂

+ (x^{′′}_f + y^{′′}_f + z^{′′}_f )F̂ + (x^{′′}_g + y^{′′}_g + z^{′′}_g )Ĝ ] . (3.68)

The diffeomorphism invariance (3.56) requires δ_ωW^{(2)}_{reg} to be proportional to the anomaly forms A and A^′. This implies that the finite term including the square of the logarithm should vanish, so that

x_f = x_g = 0 , (3.69)

which is equivalent to the vanishing of the double pole in the two-loop counterterm. Thus, the renormalization factor of the background traceless mode, Z_ĥ, does not have double poles of order t^4_r. On the other hand, using the relation between the renormalization factors, Z_tZ^{1/2}_ĥ = 1 in (3.31), and the finiteness of the β-function, one can easily prove that Z_ĥ does not have double poles of order t^4_r.^8 Thus, the relation Z_tZ^{1/2}_ĥ = 1 guarantees that we can impose the condition of diffeomorphism invariance at the two-loop level.

Furthermore, the relation Z_t = Z^{−1/2}_ĥ implies that the diagrams with counterterm insertions at vertices and at propagators cancel each other, and hence W^{(counter)} vanishes.^9 The constraint on the IR divergences now becomes y^′_{f,g} +

8There is an analogy in QED, where the renormalization factor, defined by e = Z_ee_r , satisfies the relation Z_eZ^{1/2}_3 = 1 as a result of the Ward-Takahashi identity Z_1 = Z_2. The regularized 1PI vacuum polarization does not have log^n(−2/μ^2) with n ≥ 2. (See, for instance, section 8-4-4 in Ref.[37].)

9Precisely, gauge-fixed renormalization insertion diagrams may be necessary [35].

2z^′_{f,g} = 0. Therefore, expression (3.68) reduces to the form^{10}

t̃^2_r [ (x^′_f − z^′_f ) 1 ϵ F̂ + (x^′_g − z^′_g)1 ϵ Ĝ −2(x^′_f − z^′_f )Ĉ log(− ^2/μ^2)Ĉ − 2(x^′_g − z^′_g)B̂ log(− ^2/μ^2)B̂ +(x^{′′}_f + y^{′′}_f + z^{′′}_f )F̂ + (x^{′′}_g + y^{′′}_g + z^{′′}_g )Ĝ ] . (3.70)

Next we consider the one-loop part of the effective action W^{(1−loop)}. Recall that it includes the interactions derived from the Lagrangians L^{CS} and L^{NC}. Since L^{NC} is not conformally invariant, we must consider here the nonconformally invariant counterterm ΔI_R2 also. From a dimensional analysis, we obtain the form W^{(1−loop)} = t̃^4_r 2 ĥ_rk^4 ( k^2 μ^2 )_−ϵ(w ϵ + w^′ ) ĥ_r . → t̃^2_r [ w_f (1 ϵ F̂ − Ĉ log(− ^2/μ^2)Ĉ ) + w^′_f F̂ +w_g (1 ϵ Ĝ − B̂ log(− ^2/μ^2)B̂ ) + w^′_gĜ +w_l (1 ϵ R̂^2 − R̂ log(− ^2/μ^2)R̂ ) + w^′_lR̂^2 ] . (3.71)

Combining contributions (3.70) and (3.71), the two-loop counterterm reads

ΔW^{(2)} = − t̃^2_r ϵ ( f^′_1F̂ + g^′_1Ĝ + l^′_1R̂^2 ) , (3.72)

with f^′_1 = x^′_f − z^′_f + w_f , g^′_1 = x^′_g − z^′_g + w_g , l^′_1 = w_l . (3.73) The regularized effective action, W^{(2)}_{reg} = W^{(2)} + ΔW^{(2)}, can then be expressed in the form

W^{(2)}_{reg} = t^2_r [ −f^{′′}_1 Ĉ log(− ^2/μ^2)Ĉ − g^{′′}_1 B̂ log(− ^2/μ^2)B̂

−l^′_1R̂ log(− ^2/μ^2)R̂ + u_fF̂ + u_gĜ + u_lR̂^2 ] , (3.74)

with f^{′′}_1 = 2(x^′_f − z^′_f ) + w_f , g^{′′}_1 = 2(x^′_g − z^′_g) + w_g , (3.75) where u_f = x^{′′}_f + y^{′′}_f + z^{′′}_f + w^′_f , u_g = x^{′′}_g + y^{′′}_g + z^{′′}_g + w^′_g and u_l = w^′_l.

The requirement of diffeomorphism invariance is now equivalent to the requirement that the non-local term R̂ log(− ^2/μ^2)R̂ vanishes, or l^′_1 = 0. This has

10 Note that, from a dimensional analysis, we cannot say that δ_ωW^{(2}�^{loop)} vanishes. Rather, it satisfies μ^∂_{∂μ} W^{(2}�^{loop)} = 0.

been indirectly verified by computing the self-energy diagrams of the conformal mode to order t^2_r in subsection 3.2. From the viewpoint of the vacuum polarization of ĥ_{μν} , this implies that the divergences contributing to l^′_1 in the one-loop diagrams, which include the vertices coming from the non-conformally invariant Lagrangian, L^{NC} , cancel out. As discussed at the end of this subsection, this is consistent with the result in Ref.[16].

Furthermore, the non-local term ϕ ^2^2 log(− ^2/μ^2)ϕ, which changes the form of the Wess-Zumino action, does not appear in the regularized effective action at order t^2_r. The background-metric independence of the conformal mode implies that the vanishing of this term is equivalent to the vanishing of the non-local term R̂ log(− ^2/μ^2)R̂.

The anomalous contribution at the two-loop level is now given by

δ_ωW^{(2)}_{reg} = t^2_r ( a_1A + b_1A^′ + c_1ω ^2R̂ ) , (3.76)

with a_1 = 2f^{′′}_1 , b_1 = 2g^{′′}_1 , c_1 = −12u_l . (3.77)

Combining the one-loop results, (3.56) is now solved as

a_r(1 + v_a) = a_0 + a_1t^2_r + · · · , b_r(1 + v_b) = b_0 + b_1t^2_r + · · · , c_r = c_1t^2_r + · · · . (3.78)

The coefficients a_1, b_1 and c_1 are generally functions of the couplings a_r and b_r, while a_0 and b_0 are given by the constants. Hence, the BMI condition can be solved perturbatively. Substituting the value of v_b from (3.57), we then obtain

b_r = b_0 + ( b_1 + 7 4 b_0 ) t^2_r + · · · , (3.79)

where b_1 is now a function of a_0 and b_0. This equation is used in subsection 3.4.

At higher order, the conditions of diffeomorphism invariance are expressed as the vanishing of the non-local terms: Ĉ log^n(− ^2/μ^2)Ĉ (n ≥ 2), B̂ log^n(− ^2/μ^2)B̂ (n ≥ 2) and R̂ log^n(− ^2/μ^2)R̂ (n ≥ 1). Each term with n ≥ 2 is likely to vanish to all orders, as in gauge theories. This is ensured by relation (3.31). The non-trivial condition is the vanishing of the term R̂ log(− ^2/μ^2)R̂, which is the generalized form of the integrability condition discussed by Riegert, Fradkin and Tseytlin [32]. This condition does not imply that ΔI_R2 vanishes at higher order. This condition may be realized when we substitute the values a_r, b_r and c_r from (3.78) into the expression of the regularized effective action.

This seems to be a trick of dimensional regularization. If there is a regularization defined exactly in 4 dimensions, like the Pauli-Villars method, one would be able to compute the effective action substituting the values of the constants a_n, b_n and c_n required order by order into the bare action at the begining. Then, such a trick will not be necessary, and we could expect that all divergences will be renormalized into the coupling t and matter fields and other dimensional constants, and that the Wess-Zumino action would not change form.

The difficulty to prove the renormalizability of our model originates from the fact that to preserve diffeomorphism invariance, the Wess-Zumino action should not change form, while the symmetry to preserve the form of the Wess-Zumino action would be nothing but diffeomorphism invariance itself. What can be done seems to be merely to check for any self-consistencies of the theory. In this paper we have shown that our model can preserve diffeomorphism invariance selfconsistently up to order t^2_r (or order t^4_r for Z_ĥ). Since an extension to higher order would be unique due to the background-metric independence for the traceless mode, it is expected that our model preserves diffeomorphism invariance to all orders.

Here we comment on studies by Kawai, Kitazawa and Ninomiya [30]. While we apply dimensional regularization to the theory I = S + I (1.3), defined on the metric ḡ, it seems that, as far as using dimensional regularization, one could apply it to the theory (1.1), defined on the metric g, taking great care with the conformal mode dependence, as discussed by them. In their method it is expected that the coefficients a_r, b_r and c_r are automatically determined, while our method has the advantage that conformal mode dependence is manifest, and hence there is an analogy to 2D quantum gravity. The relation between the two methods is unclear at present. However, it seems that the two methods might be the same in the limit ϵ → 0, at least up to order t^2_r, because at this order the divergences of the self-energy diagrams of the conformal mode cancel out for arbitrary values of a_r, b_r and c_r. Detailed analyses of this matter seem to be important to prove renormalizability to all orders.

To determine the values a_1, b_1 and c_1, it seems that we must carry out full two-loop calculations. On the other hand, there is a naive argument that the regulator of the measure is given by the bilinear term of quantum fields in the combined Lagranigan, L =^1_2 Φ^tKΦ + o(Φ^3), where Φ^t = (ϕ, h^μ_ν , A_μ). Then, using the special property of fourth order operators, we obtain an annomalous contribution formally expressed in the form [16] − 2T r ( δωe^{−εK} ) , (3.80)

where ε is a cut-off. This is essentially a one-loop contribution, and hence it determines the values of w_f and w_g. The proof in Ref.[16] of the Wess-Zumino condition for fourth order operators now implies that w_l (= l^′_1) = 0, which is consistent with what we mentioned above. Here, it is worth commenting on our previous work. In the proof given in section 3 in Ref.[16], it was assumed that an action S satisfying the integrability condition [32] exists. Therefore, the proof implies that, if it does exist, the variation of the part of the Wess-Zumino action S related to one-loop diagrams is given by (3.80). Applying the proof to our model, existence at t = 0 is guaranteed by condition (3.14), but not for t ≠ 0. However, since the ĝ dependence of S is determined by the backgroundmetric independence of the conformal mode, the h dependence of S is uniquely determined by the background-metric independence of the traceless mode, as mentioned in the Introduction. Thus, the existence of S is guaranteed in our model, so that w_l = 0.

Here we conjecture that only the one-loop diagrams contribute to δ_ωW_{reg}, and thus a_1 = 2w_f and b_1 = 2w_g, because (3.80) is the most simple expression giving the Wess-Zumino action at all orders. Using the generalized Schwinger-DeWitt technique [12], as in Ref.[16], we obtain^{11}

2w_f = −

18a^2_0 + 124a_0b_0 + 109b^2_0 72b_0

, (3.81)

2w_g = 14 9 a_0 + 115 72 b_0 . (3.82)

Here, u_l is not calculated.

3.4 The t^2_r-order corrections of the cosmological constant

Let us compute the quantum corrections of the cosmological constant, Λe^{αϕ}. In 4 dimensions, the constant α should satisfy the equation [13]

α = dim[Λ] = 4 + γ_Λ , (3.83)

where γ_Λ is the anomalous dimension. Here, we calculate γ_Λ up to order t^2_r. The contribution to zeroth order of t_r is given by the one-loop diagram in Fig. 1, as in the two-dimensional model. The diagrams of order t^2_r contributing to the renormalization factor proportional to α^2 are the two 2-loop diagrams, (a) and (b), and the 1-loop diagram, (c), in Fig. 6. Unlike the two-dimensional model, there are contributions proportional to α^3 and α^4. They are given by diagrams (a) and (b) in Fig. 7, respectively.

11In Ref.[16] we used the gauge-fixing condition that the conformal mode and the traceless mode are mixed. However, this is incorrect, because we did not introduce the coupling t for the conformal mode. To ensure gauge independence, we here use the Feynman-type gauge ζ = 1 in (3.41), and the coefficients a and b are re-calculated. Now, the off-diagonal term in the operator K becomes fourth order, but it can be managed in the perturbation by reducing the expression of T r log K to the formula given in Ref.[12] by using an identity like, for example

^2^^∇μVν =^^∇μ ^2Vν + 2^^R^α_{νμβ}^^∇^βVα +^1_4^^R^^∇μVν , repeatedly, where the constraints^^Rμν =^1_4 ĝμν^^R

and ^∇_μR̂ = 0 are imposed as in Ref.[16], so that the coefficient c_r cannot be determined.

· · · (a) · · · (b) · · · (c) Fig. 6: Contributions of order t^2_r proportional to α^2.

· · · (a) · · · (b) Fig. 7: Contributions of order t^2_r proportional to α^3 and α^4.

All of the contributions from Fig. 1, the sum of (a) and (b) in Fig. 6, and the other three ones, (c) in Fig. 6 and (a) and (b) in Fig. 7, are proportional to the tadpole-type integral ∫ d^Dk/k^4. They thus yield only simple poles, which are summarized as

Z_Λ − 1 = − ( 1 8b̃_r + 7 32 t̃^2_r b̃_r + t̃^2_r 96 )α^2 ϵ + 1 1152 t̃^2_r b̃_r α^3 ϵ − 1 3072 t̃^2_r b̃2_r α^4 ϵ . (3.84)

The first term in the parentheses of the r.h.s. comes from the one-loop diagram in Fig. 1, and the second term comes from the sum of the two-loop diagrams, (a) and (b) in Fig. 6. The third in the parentheses is the contribution from the one-loop (but order t^2_r) diagram (c) in Fig. 6. The last two terms on the r.h.s. come from (a) and (b) in Fig. 7, respectively.

There is no counterterm insertion diagrams, because all subdiagrams (namely, the sum of (a) and (b) in Fig. 3, the sum of (a) and (b) in Fig. 8, and (c) itself in Fig. 8) give finite contributions. Furthermore, diagrams (a) and (b) in Fig. 9 each gives a finite contribution. The finiteness of the sum of diagrams (a) and (b) in Fig. 8 and of (c) in Fig. 8 is also evidence of renormalizability.

· · · (a) · · · (b) · · · (c) Fig. 8: Diagrams which give finite contributions I.

· · · (a) · · · (b) Fig. 9: Diagrams which give finite contributions II.

The sum of the diagram of type (a) and associated counterterm-insertion diagrams (b) and (c) in Fig. 10 does not yield simple poles, where the diagram with the gray circle shown in Fig. 11 stands for the diagrams in Figs. 1, 6, 7, 8 and 9. If the gray part is a finite diagram, there is no counterterm of type (c) in Fig. 10, and the sum of the diagrams becomes finite. If the gray part is a divergent diagram, the sum of the diagrams yields only double poles, which only play the role to make an anomalous dimension finite.

· · · (a) · · · (b) · · · (c) Fig. 10: Diagrams that give double poles or finite contributions.

· · · Fig. 11: Symbolical description of Fig. 1 and Figs. 6–9.

Hence, we obtain the anomalous dimension up to order t^2_r as

γ_Λ = 1 4 α^2 b_r + t^2_r (7 8 α^2 b_r + α^2 48 − 1 288 α^3 b_r + 1 512 α^4 b^2_r ) . (3.85)

The contributions proportional to α^n with n > 4 appear at order t^4_r and higher.

Until now, we have not specified the value of b_r, which is required by diffeomorphism invariance. Doing so, we obtain

γ_Λ = 1 4 α^2 b_0

+ t^2_r ( − b_1 4 α^2 b^2_0 + 7 16 α^2 b_0 + α^2 48 − 1 288 α^3 b_0 + 1 512 α^4 b^2_0 ) . (3.86)

Thus, (3.83) becomes biquadratic at order t^2_r.

The cosmological constant should be physically real. Supposing that there is a real solution for the biquadratic equation, it can be solved perturbatively as α = ∑ n α_nt^{2n}_r . We then obtain

α_0 = 2b_0 ( 1 − √ 1 − 4 b_0 ) , α_1 = 1 √ 1 −^4_{b0} {( − 1 4 b_1 b^2_0 + 7 16 1 b_0 + 1 48 ) α^2_0 − 1 288 α^3_0 b_0 + 1 512 α^4_0 b^2_0 } , (3.87)

where we choose the solution of α_0 so that α_0 → 4 in the classical limit, b_0 → ∞.

Let us compare our model with the dynamical triangulation approach to 4D quantum gravity. In this approach there is no ambiguity choosing the measure, unlike with Regge’s calculus. Furthermore, although this lattice model has parameters corresponding to the gravitational constant and the cosmological constant, there is no dimensionless coupling t_r, unlike in the usual lattice gauge theories. This indicates that, in continuum theory, the measure of a gravitational field including fourth order parts may be uniquely determined. Here, we estimate the strength of the coupling constant t_r realized in recent “numerical experiments” [21], which suggest that α is imaginary for N_A = 0 but becomes real for N_A ≥ 1.

Recall that b_0 is slightly greater than 4 for a small value of N_A. Thus, α_0 is close to 8. Therefore, the α^3- and α^4-terms and also the third term proportional to α^2 in the parentheses of (3.86) are estimated as having a value on the order o(1) × t^2_r, while the second term in the parentheses, which comes from the sum of the two-loop diagrams (a) and (b) in Fig. 6, is more than 10-times greater than them. Therefore, we neglect the terms proportional to α^3 and α^4. Then, the equation reduces to a quadratic form, and we obtain the following discriminant:

J = b_0 + ( b_1 − 7 4 b_0 ) t^2_r − 4 . (3.88)

The results of the simulations [21] can now be described as J < 0 for N_A = 0, but J > 4 for N_A ≥ 1. If b_1 = 2w_g is assumed,^{12} there is a solution of the inequality, and we obtain the relation 0.025 < t^2_r < 0.040 for the coupling constant. If b_1 is neglected, the central value shifts by about +0.01. Expression (3.87) is valid in this region.

4 Conclusions and Discussion

In this paper we considered the problems of renormalizability and diffeomorphism invariance in a 4D quantum theory of gravity. We considered a perturbation theory for the traceless mode, where the dimensionless coupling constant t was introduced, while the conformal mode was managed exactly. We found evidence that there is a model that satisfies the two conditions of renormalizability and diffeomorphism invariance simultaneously; it is uniquely determined to be model (3.9) with (3.14) if we do not introduce fourth order fields, except for metric fields. In particular, the vanishing of l_1 and l^′_1 in (3.25), which is required by the integrability condition discussed by Riegert, Fradkin and Tseytlin [32], gives a breakthrough to the two-loop renormalizability of 4D quantum gravity.

Our conclusion seems to be plausible from the viewpoint of 4D simplicial quantum geometry, because dynamical triangulation chooses a measure uniquely, and therefore the measure of the corresponding continuum theory may be determined uniquely. We expect that it may be given by the fourth order parts of our model.

The fourth order model in 4 dimensions is quite similar to the second order model in two dimensions. We can rather easily compute the quantum corrections of the cosmological constant up to order t^2_r, as in the case of 2D quantum gravity, and we obtain the biquadratic equation (3.83) with (3.86). Quantum corrections of the Einstein-Hilbert term are also quite important. Determining these is a future project.

In this paper we did not consider gauge interactions, such as QED and Yang- Mills theories. If gauge couplings are introduced, one has to add a new coupling, κϕT r(F_{μν}F^{μν}), to the action S. The coefficient κ then becomes a function of the gauge coupling, determined from the non-local logarithmic terms of the regularized vacuum polarizations of gauge fields.

To this point, we have focused only on the two fundamental conditions of renormalizability and diffeomorphism invariance. Theories satisfying these two conditions could be called “quantum geometry” rather than “quantum gravity”. To discuss quantum gravity, which should describe our universe, we need to define the S-matrix.

12Note that 2w_g is negative and that |2w_g| is less than b_0 for small N_A.

fire ball

} gravity emissions

} matter emissions

Fig. 12: Image of the S-matrix of a fire ball/black hole formation and evaporation. The lines with arrows denote matter fields.

The wavy lines are gravitational fields in the low-energy asymptotic region. In the fire-ball region, the fourth order terms are turned on.

Recall, as computed in section 3.4, the cosmological constant receives nontrivial quantum corrections, because the propagators of the gravitational modes are proportional to 1/k^4, and tadpole-type diagrams have logarithmic divergences. This is one difference between the fourth order theories and second order theories merely with negative-metric states. One can define diffeomorphisminvariant correlation functions in such a fully fluctuating geometry. However, when one attempts to define the S-matrix, one encounters the problem of how to define the asymptotic states for the gravitational modes. Since the states are always dressed by the conformal mode when the fourth order kinetic term of the conformal mode exists, it seems that one has to consider an unusual interaction picture in which the fourth order parts are turned off in the asymptotic region, as in a picture of a quantum black hole, where an asymptotically flat region exists (Fig. 12) [38]. In this picture, negative-metric states in the fourth order terms required by diffeomorphism invariance do not appear in the low-energy asymptotic region, because there, gravity is ruled by the Einstein-Hilbert term. Hence, the negative-metric state is unstable and seems to be confined in the internal high-energy region, where the fourth order terms are turned on [39, 9, 40].

More directly, as a consequence of the background-metric independence, or diffeomorphism invariance, the presence of the ϕF̄ term in the action implies that we can remove the Weyl term, F̄ , by shifting the conformal mode by a constant. Thus, although in this “gauge” the theory becomes unrenormalizable, we can remove the negative-metric state for the traceless mode. This situation is somewhat reminiscent the argument of the R_ξ gauge in spontaneously broken gauge theory [41].

Let us compute the degrees of freedom in this case. We must now treat the R̄2 term and the Einstein-Hilbert term. Then, the gauge-fixing term χμ2χ_μ in (3.41) is not necessary. Hence, N_{μν} is proportional to −∂_μ∂_ν + m^{′2}δ_{μν}, where m^{′2} originates from the Einstein-Hilbert term, which is proportional to m^2. The ghost determinant is now given by det^{1/2}(−∂_μ∂_ν + m^{′2}δ_{μν}) det M^{GH}_{μν} , where M^{GH}_{μν} is the usual second order ghost operator of diffeomorphism invariance defined by the relation M^{GH}_{μν} ξ^ν = δχ_μ|_{h=0}. Note that det(−∂_μ∂_ν + m^{′2}δ_{μν}) = det(−2 + m^{′2})|_{a scalar} (see, for instance, Ref.[12]), so that the number of ghost degrees of freedom is 4 + 4 + 1 = 9. Hence, the total number of degrees of freedom becomes 2×1+9−9 = 2. Thus, the negative-metric state related to the conformal mode is also removed by ghosts. We expect that in the general case, the negative-metric states for the traceless mode may be confined, due to diffeomorphism invariance.

Acknowledgements

I would like to thanks H. Kawai, Y. Kazama and T. Yoneya for helpful comments and suggestions on the manuscript. I also acknowledge H. Hagura, S. Horata, Y. Kitazawa, F. Sugino, A. Tsuchiya and T. Yoshikawa for valuable discussions.

References

[1] B. DeWitt, in Relativity, Groups and Topology, eds. B. DeWitt and C.

DeWitt (Gordon and Breach, New York, 1964); Phys. Rev. 160 (1967) 1113; Phys. Rev. 162 (1967) 1195, 1239.

[2] G. ’t Hooft and M. Veltmann, Ann. Inst. Henri Poincare XX (1974) 69;

M. Veltmann, in Methods in Field Theory, Les Houches 1975.

[3] S. Deser and P. van Nieuwenhuizen, Phys. Rev. Lett. 32 (1974) 69; Phys.

Rev. D10 (1974) 401, 411.

[4] S. Weinberg, in General Relativity, an Einstein Centenary Survay, eds. S.

Hawking and W. Israel (Cambridge Univ. Press, Cambridge, 1979); R. Gastmans, R. Kallosh and C. Truffin, Nucl. Phys. B133 (1978) 417; S. Christensen and M. Duff, Phys. Lett. 79B (1978) 213.

[5] R. Utiyama and B. DeWitt, J. Math. Phys. 3 (1962) 608.

[6] S. Deser, Proceedings of the Coference on Gauge Theories and Modern Field Theories, edited by R. Arnowitt and P. Nath (MIT Press, Cambridge, 1975); S. Weinberg, Proceedings of the XVIIth International Conference on High Energy Physics, edited by J. R. Smith (Rutherford Laboratory, Chilton, Didcot, 1974).

[7] K. Stelle, Phys. Rev. D16 (1977) 953; Gen. Rel. Grav. 9 (1978) 353;

A. Salam and J. Strathdee, Phys. Rev. D18 (1978) 4480.

[8] J. Julve and M. Tonin, Nuovo Cim. 46B (1978) 137.

[9] E. Tomboulis, Phys. Lett. 97B (1980) 77;

B. Hasslacher and E. Mottola, Phys. Lett. 99B (1981) 221.

[10] E. Fradkin and A. Tseytlin, Nucl. Phys. B201 (1982) 469; Phys. Lett. 104B (1981) 377.

[11] N. Barth and S. Christensen, Phys. Rev. D28 (1983) 1876.

[12] A. Barvinsky and G. Vilkovsky, The generalized Schwinger-DeWitt technique in gauge theories and quantum gravity, Phys. Rep. 119 (1985) 1.

[13] I. Antoniadis and E. Mottola, Phys. Rev. D45 (1992) 2013;

S. Odintsov, Z. Phys. C54 (1992) 531.

[14] I. Antoniadis, P. Mazur and E. Mottola, Nucl. Phys. B388 (1992) 627.

[15] I. Antoniadis, P. Mazur and E. Mottola, Phys. Lett. B323 (1994) 284, B394 (1997) 49;

I. Antoniadis and S. Odintsov, Phys. Lett. B343 (1995) 76.

[16] K. Hamada and F. Sugino, Nucl. Phys. B553 (1999) 283.

[17] D. Weingarten, Phys. Lett. B90 (1980) 285, Nucl. Phys. B210 [FS6] (1982) 229;

V. Kazakov, Phys. Lett. 150B (1985) 282; F. David, Nucl. Phys. B257 (1985) 45;

J. Ambjørn, B. Durhuus and J. Fröhlich, Nucl. Phys. B257 (1985) 433; D. Boulatov, V. Kazakov, I. Kostov and A. Migdal, Nucl. Phys. B275 (1986) 641.

[18] E. Brezin and V. Kazakov, Phys. Lett. B236 (1990) 144;

M. Douglas and S. Shenker, Nucl. Phys. B335 (1990) 635; D. Gross and A. Migdal, Phys. Rev. Lett. 64 (1990) 127.

[19] J. Ambjørn, B. Durhuus and T. Jonsson, Quantum Geometry, (Cambridge Univ. Press, Cambridge, 1997).

[20] M. Agishtein and A. Migdal, Nucl. Phys. B385 (1992) 395;

J. Ambjørn and J. Jurkiewicz, Phys. Lett. B278 (1992) 42; S. Catterall, J. Kogut and R. Renken, Phys. Lett. B328 (1994) 277.

[21] S. Bilke, Z. Burda, A. Krzywicki, B. Petersson, J. Tabaczek and G. Thorleifsson, Phys. Lett. B418 (1998) 266; Phys. Lett. B432 (1998) 279; H. Egawa, A. Fujitu, S. Horata, N. Tsuda and T. Yukawa, Nucl. Phys. B (Proc. Suppl.) 73 (1999) 795; Phase Transition of 4D Simplicial Quantum Gravity with U(1) Gauge Field, Proc. Lattice 99, Pisa (June-July 1999)/heplat/9908048.

[22] M. Green, J. Schwarz and E. Witten, Superstring Theory (Cambridge Univ.

Press, Cambridge, 1978);

J. Polchinski, String Theory (Cambridge Univ. Press, Cambridge, 1998).

[23] T. Yoneya, Prog. Theor. Phys. 51 (1974) 1907.

[24] V. Knizhnik, A. Polyakov and A. Zamolodchikov, Mod. Phys. Lett. A3 (1988) 819.

[25] J. Distler and H. Kawai, Nucl. Phys. B321 (1989) 509;

F. David, Mod. Phys. Lett. A3 (1988) 1651.

[26] K. Hamada, Phys. Lett. B300 (1993) 322;

K. Hamada and A. Tsuchiya, Int. J. Mod. Phys. A8 (1993) 4897.

[27] J. Russo and A. Tseytlin, Nucl. Phys. B382 (1992) 259;

A. Chamseddine, Phys. Lett. B256 (1991) 379; Phys. Lett. B258 (1991) 97; S. Odintsov and I. Shapiro, Phys. Lett. B263 (1991) 183; Int. J. Mod. Phys. D1 (1993) 571;

S. deAlwis, Phys. Lett. B289 (1992) 278; A. Bilal and C. Callan, Nucl. Phys. B394 (1993) 73.

[28] S. Hirano, Y. Kazama and Y. Satoh, Phys. Rev. D48 (1993) 1687;

Y. Kazama and Y. Satoh, Phys. Rev. D50 (1994) R2368; D50 (1994) 3889;

Y. Kazama, Y. Satoh and A. Tsuchiya, Phys. Rev. D51 (1995) 4265.

[29] H. Kawai and R. Nakayama, Phys. Lett. B306 (1993) 224;

S. Ichinose, Nucl. Phys. B457 (1995) 688.

[30] H. Kawai and M. Ninomiya, Nucl. Phys. B336 (1990) 115;

H. Kawai, Y. Kitazawa and M. Ninomiya, Nucl. Phys. B393 (1993) 280; Nucl. Phys. B404 (1993) 684;

T. Aida, Y. Kitazawa, H. Kawai and M. Ninomiya, Nucl. Phys. B427 (1994) 158;

T. Aida, Y. Kitazawa, J. Nishimura and A. Tsuchiya, Nucl. Phys. B444 (1995) 353;

H. Kawai, Y. Kitazawa and M. Ninomiya, Nucl. Phys. B467 (1996) 313; T. Aida and Y. Kitazawa, Nucl. Phys. B491 (1997) 427.

[31] J. Wess and B. Zumino, Phys. Lett. 37B (1971) 95;

S. Treiman, R. Jackiw, B. Zumino and E. Witten, Current Algebra and Anomalies (World Scientific Publishing 1985).

[32] R. Riegert, Phys. Lett. 134B (1984) 56;

E. Fradkin and A. Tseytlin, Phys. Lett. 134B (1984) 187.

[33] M. Duff, Nucl. Phys. B125 (1977) 334.

[34] A. Polyakov, Phys. Lett. 103B (1981) 207;

K. Fujikawa, Phys. Rev. D25 (1982) 2584; O. Alvarez, Nucl. Phys. B216 (1983) 125;

E. D’Hoker and D. Phong, Rev. Mod. Phys. 60 (1988) 917.

[35] L. Abbott, Nucl. Phys. B185 (1981) 189.

[36] S. Deser, M. Duff and C. Isham, Nucl. Phys. B111 (1976) 45.

[37] C. Itzykson and J. Zuber, Quantum Field Theory, (McGraw-Hill Book Co, 1980).

[38] S. Hawking, Comm. Math. Phys. 43 (1975) 199; Phys. Rev. D14 (1976) 2460.

[39] T. Lee and G. Wick, Nucl. Phys. 9 (1969) 209.

[40] M. Kaku, Nucl. Phys. B203 (1982) 285;

D. Boulware, G. Horowitz and A. Strominger, Phys. Rev. Lett. 50 (1983) 1726;

E. Tomboulis, Phys. Rev. Lett. 52 (1984) 1173; Phys. Lett. B389 (1996) 225.

[41] K. Fujikawa, B. Lee and A. Sanda, Phys. Rev. D6 (1972) 2923.