arXiv:hep-th/9912155 v2 23 Mar 2000

CERN-TH/99–405 hep-th/9912155

AdS–Flows and Weyl Gravity

Christof Schmidhuber^∗

CERN, Theory Division, 1211 Genève 23, Switzerland

Abstract

An analogy is noted between the RG flow equations in 4–dimensional gauge theory, as derived from the AdS/CFT correspondence, and the RG flow equations in 4–dimensional field theory coupled to a particular limit of Weyl supergravity. This suggests a possible theory of dynamical 3-branes with fluctuating 4–dimensional conformal factor. The argument involves a map from flows in 4-dimensional gauge theories to flows in a class of 2-dimensional sigma models.

CERN-TH/99–405 December 99

�schmidhu@mail.cern.ch

1. Introduction

According to recent conjectures, N = 4 supersymmetric SU(N) Yang Mills theory with ‘t Hooft coupling λ = g^2_{Y M} N , as well as various other conformally invariant 4d gauge theories have strong coupling descriptions in terms of type IIB superstring theory on AdS_5 times various Einstein manifolds [1, 2, 3, 4, 5, 6, 7]. String loop corrections are proportional to^1_{N 2} , while α^′-corrections are proportional to^{1√}_λ . In particular, the strong-coupling limit λ → ∞ can be investigated in the supergravity approximation.

This dual description has been used to study RG flows in 4d gauge theory in the large-N, large-λ limit, based on the interpretation of the radial coordinate of AdS_5 as the scale of the 4d theory [8, 9, 10, 11, 34]. The type IIB supergravity equations of motion then become RG flow equations.

Here it is first demonstrated how - at least in the vicinity of fixed points - these 4d flows can be related to flows in 2d sigma models with 5d target space and Ramond-Ramond backgrounds. Fixed points are mapped to fixed points, and c-functions, beta functions and phase diagrams of the 4d and 2d theories are related to each other. This puts the previous supergravity results into a form in which they might be extendable to all orders in α^′.

It is then noted that the 4d flows look very much like flows in 4d field theories coupled to “conformally self-dual 4d gravity” [12, 13, 14], where the dynamics of the conformal factor originates from the 4d conformal anomaly. It is speculated that this suggests that the world-brane theory of N D-branes is really a theory that contains this version of 4d supergravity; and that this suggests a theory of dynamical 3-branes that might be analogous to the Polyakov formulation of dynamical strings.

2. General setup

We consider type IIB string theory in an AdS_5 ×E^5 background. E^5 is an Einstein manifold, so its Ricci tensor is R_{mn} = Λg_{mn} with some Λ and m, n ∈ {5, 6, 7, 8, 9}. Let us parametrize the Einstein manifold by coordinates θ^m and denote by x_{||} the coordinates x^μ, μ ∈ {0, 1, 2, 3}, of the 4d space parallel to the boundary of AdS_5. The radial coordinate of AdS_5 will be called ϕ. The AdS_5 × E^5 metric is then ds^2 = dϕ^2 + e^{2α(ϕ)}dx^2_{||} + L^2ĝ_{mn}dθ^mdθ^n, (2.1) where ĝ is defined such that the volume of E^5 as measured in the metric ĝ is one; by a proper choice of coordinates, ĝ can also locally be made to have unit determinant: Vol Ê^5 = 1 , det ĝ = 1 .

L is a parameter that is related to Λ by Λ = λ L^2

, where R̂_{mn} = λĝ_{mn} .

With these definitions, we find that E^5 and AdS_5 have the same curvature scalar up to a sign if 5Λ = 16α̇^2 (“dot” means “d/dϕ”), i.e. α(ϕ) = − q 4 ϕ L with q ≡ √ 5λ . (2.2) The sign is such that the boundary of AdS_5 is at ϕ → −∞. ĝ, L ≡ e^β and the dilaton Φ are independent of ϕ:

ĝ = ĝ_0 = const. (2.3) β = β_0 = const. (2.4) Φ = Φ_0 = const. (2.5) All other fields are zero, except that there are also N units of electric and magnetic Ramond- Ramond 5-form flux: ∮ E^5

F^{(5)} = ∮ E^5

∗F^{(5)} ∼ N , such that

− g^{00}g^{11}g^{22}g^{33}g^{44}F_{01234}F_{01234} = g^{55}g^{66}g^{77}g^{88}g^{99}F_{56789}F_{56789} ∼

N^2 L^{10} . Now, the target space fields of type IIB superstring theory appear as coupling constants both in the 4d Yang-Mills theory and in the 2d sigma model that lives on the string world-sheet. This is just the general statement (which does not depend on having an AdS– background) that type IIB string fields can be coupled both to D3–branes and to fundamental 1–branes. In the 4d Lagrangean the string fields appear as follows: L_{Y M} ∼ e^{−Φ} tr F^2 (2.6) + χ tr F ∧ F (2.7) + ḡ_{ab} tr ∂ϕ^a∂ϕ^b (2.8) + A^{(4)}_{abcd} tr ∂ϕ^a ∧ ∂ϕ^b ∧ ∂ϕ^c ∧ ∂ϕ^d + ... (2.9) Here, χ and A^{(4)} are the Ramond-Ramond 0-form and 4-form, and ϕ^a are the scalar fields of the SYM theory, where a, b ∈ {1, ..., 6}. We have omitted the two-form gauge fields, but they can be included. So we have the well-known relations e^Φ = g^2_{Y M} (2.10) χ = θ − angle , (2.11) etc. Furthermore, ḡ is directly related to ĝ. E.g., in the case E^5 = S^5, ḡ = δ and, using spherical coordinates (r, θ^m) in ϕ^a–space, we have ḡ_{ab} dϕ^adϕ^b ∼ dr^2 + r^2ĝ_{mn}(θ)dθ^mdθ^n . α(ϕ), on the other hand, is not a coupling constant of the Yang-Mills theory. It will be regarded as an auxiliary parameter below and eliminated by its equations of motion. L is also not an independent Yang-Mills coupling constant, and will be regarded as an auxiliary parameter, too – its equation of motion relates it, at fixed points, to the ‘t Hooft coupling: L^4 ∼ g^2_{Y M} N .

As mentioned, the same type IIB string fields also appear as coupling constants in the 2d Lagrangean of the world-sheet sigma model, but of course differently: L_σ ∼ R^{(2)}Φ (2.12) + (∂ϕ)^2 (2.13) + L^2ĝ_{mn}∂θ^m∂θ^n (2.14)

+ e^{2α}∂x_μ∂x^μ (2.15) + RR-backgrounds (2.16)

Now, this sigma model contains more coupling constants than the Yang-Mills theory: it contains the auxiliary parameters α(ϕ) and L, and it also allows in principle for a non– flat 4d metric g_{μν} . It is therefore natural to instead consider a “reduced” sigma model that accounts only for the YM coupling constants - namely the sigma–model with only 5d internal target space, parametrized by θ^m, rather than the full 10d target space, and without the L^2 factor in the embedding space metric:

L̂_σ ∼ R^{(2)}Φ + ĝ_{mn}∂θ^m∂θ^n + RR-backgrounds on E5.

Then fixed points of the 4d gauge theory (with only α, but not the dilaton and the metric of the Einstein manifold changing as a function of ϕ) correspond to fixed points of this 2d sigma model. We want to suggest how furthermore, at least in supergravity approximation, 4d c-functions are mapped to 2d c-functions, based on [10], and how the whole flow in the 4d gauge theory is mapped onto a flow in the 2d sigma model for the internal compact space.

This relation between the RG flow in this sigma model with 5d target space and the flow in 4d Yang–Mills theory will be based on the interpretation of ϕ in terms of the scale of the Yang–Mills theory [15, 16]: for the AdS metric in (2.1,2.2), we can absorb overall scale transformations on the brane x_{||} → x_{||} e^τ in shifts ϕ → ϕ + 4 q Lτ . In this sense, ϕ is “RG time” (the UV end τ = −∞ is at the AdS boundary at ϕ = −∞), and the ϕ-dependence of the string fields ĝ, Φ, χ, A^{(4)}, ... describes how the coupling constants “run” under scale transformations. RG trajectories in the gauge theory are thus viewed as time-dependent classical solutions {ĝ(ϕ), Φ(ϕ), χ(ϕ), A^{(4)}(ϕ), ...} of string theory [9, 10].^1

1This is quite analogous to the situation in the case of the RG flow in 2d field theory coupled to gravity, where RG trajectories are also classical solutions of string theory [17]. A difference is that in that case ϕ represents the 2d scale, while here it represents the 4d scale.

If ĝ, Φ, χ, A^{(4)}, ... (and, as a consequence, L and α̇(ϕ)) are constant, we have a scale invariant theory or RG fixed point – both in the 4d and the 2d field theories. We will study the flow in the vicinity of such fixed points:

ĝ_{mn} = ĝ^0_{mn} + δĝ_{mn}(ϕ, θ) (2.17) Φ = Φ_0 + δΦ(ϕ, θ) (2.18) χ = δχ(ϕ, θ), (2.19) and so on. This is the most general ansatz consistent with Poincaré invariance on the brane (we also make the local gauge choice g_{ϕμ} = g_{ϕm} = 0). We collectively denote (the modes of) the string field variations – i.e. the coupling constants of both the 4d and 2d field theory – by ⃗λ: ⃗λ(ϕ) ≡ {δĝ_{mn}, δΦ, δχ, ...} . and assume that all the coupling constants ⃗λ are small.

As the other target space fields vary, L = e^{2β} and α will also adjust:

β = β_0 + δβ , α = − q 4 ϕ L + δα . Then the scale e^τ (ϕ) is (by holography)

(e^τ )^′(ϕ) = e^{−α(ϕ)}.

The auxiliary parameters α, β will be eliminated below by solving their equations of motion in the vicinity of fixed points.

3. 4d flows from 2d flows

The relation we propose between the 4d and 2d flows is derived in appendix A in the classical supergravity approximation following the method used in [18]. This approximation is valid in the limit of large N and large ‘t Hooft coupling g^2_{Y M} N. The result is the following. Write the perturbed gauge theory Lagrangean as

L_4 = L^0_4 + ⃗λ · ⃗O_4 , where L^0_4 corresponds to the 4d CFT, whose central charge we call c_4.^2 Write the perturbed action of the 2d sigma model with 5d target space parametrized by θ^m, and target space metric ĝ (and not g!), as: L_2 = L^0_2 + ⃗λ · ⃗O_2 , where L^0_2 corresponds to the 2d CFT with central charge c_2. Call the beta functions in the 2d sigma model ⃗β^{(5)}, so the 2d flow obeys

λ̇_i = β^{(5)}_i = Δ^j_i λ_j + c^{jk}_i λ_j λ_k + ... , (3.1)

where Δ^j_i are the dimensions of the 2d field theory, c^{jk}_i are the OPE coefficients, and more generally, the beta functions are gradients of the 2d c-function c_2(⃗λ). Then the flow of the same coupling constants in the 4d gauge theory obeys in the vicinity of fixed points, i.e. to linear order^3 in λ̇, λ: (but possibly to all orders in α^′) q^2 16 (¨⃗λ + 4 ˙⃗λ) = ⃗β^{(5)} (3.2) with q^2 =

5 − c_2 3 + h.o. (3.3)

The statement is that on the RHS of (3.2) we have the same beta functions (3.1) as in the 2d sigma model, only the LHS changes in going from the 2d sigma model to the 4d gauge theory. This implies that fixed points are mapped to fixed points, and the structure of fixed points and flows between them in 4d gauge theory seems to be at least as rich as in 2d field theory. Moreover, there might be a natural way in which the c–function of 2d field theory induces a c–function of 4d gauge theory, as discussed in point 4 below.

In the following we will occasionally redefine τ → τ̃ =^4_q τ . Then the equation becomes ¨⃗λ + q ˙⃗λ = ⃗β_{(5)} , with q_2 = 5 − c2 3 . (3.4)

To compare with some of the literature [9], [10], note that the same equations also apply to gauged supergravity. In this case the coupling constants ⃗λ correspond to the 42 scalar fields Φ^J that represent deformations of the metric, B-fields, χ and Φ, and the c-function

2I.e. the conformal anomaly coefficients are c_4 = c = a.

3there are nonuniversal corrections of order λ̇^2 to the LHS; also, at next order, the RHS of eqn. (3.3) contains a term proportional to λ̇^2 (see (5.20)).

c_2(⃗λ)−5 is represented by the the potential v(Φ) =^1_{L2} V (Φ). As in [9, 10], in the supergravity approximation it can be seen from the appendix (cf. eqn. (5.12)) that it is consistent to set the dilaton Φ constant. So the Yang–Mills coupling constant g_{Y M} = e^Φ2 does not run: it remains large and thus it is consistent to use the supergravity approximation.

In the case of supersymmetric flows describing BPS-saturated kink solitons of gauged supergravity [10], the second-order flow equations become standard first-order flow equations (the Bogomoln’yi equations). Moreover, the beta functions become independent of g_{Y M} and can be interpolated from strong coupling to the perturbative regime.

Even without supersymmetry, it is possible to define modified beta functions

β^{(4)i} = Δ^{(4)i}_jλ^j + c^{(4)i}_{jk}λ^j λ^k , such that the 4d flow becomes first–order: λ̇^i = β^{(4)i}. Plugging the first–order equations into the second order equations (3.2) yields the modified beta function coefficients order by order (see below and [19]).

The above statements are well-known in the supergravity approximation. One reason for rewriting them in the form of a relation between 4d gauge theory and 2d field theory (rather than supergravity) is to motivate the comments in the next section. Another reason is that now it makes sense to ask whether relation (3.2,3.3) might hold, in the vicinity of fixed points, beyond the supergravity approximation. Before commenting on this, however, let us summarize what the relation is good for:

1. Dimensions: Keeping only the linear part of the 2d beta functions β_i = Δ^{(2)}_i λ_i, the dimensions Δ^{(4)}_i of the 4d operators obey Δ^{(4)}(Δ^{(4)} + 4) = 16 q^2

Δ^{(2)}_i .

We have to drop one of the two “dressings”. In supergravity approximation, where q^2 = 1 3 (c_2 − 5) = R̂ = 5λ ,

this relation takes on a form that is well-known [3, 4].

2. OPE coefficients: the quadratic beta function coefficients c^{(2)}_{ijk} are universal if Δ^{(2)}_i is small (of order λ). To relate the OPE coefficients in two and four dimensions, we assume that Δ^{(2)}_i = 0 and make the ansatz that the 4d flow λ̇ in (3.2) also obeys a first-order differential equation, similarly as in [19]: λ̇ = c^{(4)}_{ijk}λ^jλ^k + ... Plugging this into (3.2) and expandig yields: c^{(4)}_{ijk} = 4 q^2 c^{(2)}_{ijk} . 3. Phase diagrams: since fixed points are mapped to fixed points and relevant, marginal and irrelevant directions of the flow near fixed points are again mapped onto relevant, marginal and irrelevant directions, the phase diagrams of the 4d and 2d theories should also agree.

4. c-functions: The 2d c-function c_2(⃗λ) always decreases along the 2d flow, as the beta functions are its gradients. But (3.2) describes the damped motion of a particle in the potential c_2(⃗λ), so at least near the fixed point c_2(⃗λ) also decreases along the 4d flow. In this sense, the c-function of 2d field theory might also give rise to a c-function of 4d gauge theory. Away from the fixed point it seems hard to make a clear statement. More generally, a good 4d c-function c_4(⃗λ) might be some function of the 2d c-function c_2(⃗λ). To see precisely what function, note that it has been argued in [10] within the supergravity approximation that (α̇)^{−3} (α̇ is defined in section 2) is proportional to to the 4d conformal anomaly at fixed points and might be taken as a 4d c-function. Since α̇^2 ∝ (c̄ − 5) at fixed points (see appendix A), it is tempting to conjecture a possible generalization of this statement to higher orders in α^′: that the 4d c–function follows from the 2d c-function by [c_4(⃗λ) − k] ∼ −[c_2(⃗λ) − 5]^{− 32} ,

where we have allowed for some constant k. The relative minus sign is needed to make c_4 decrease, rather than increase along the flow.

Could the relations (3.2,3.3) be, in the vicinity of fixed points, exact in α^′? One possibility to adress this question would be to include α^′-corrections to the string effective action and check whether they are of higher order in |⃗λ|, i.e. vanish in the vicinity of fixed points.

Another possibility is suggested by comparing with an analogous situation that arises in quite a different context: suppose we perturb a 2d CFT: L = L + λ^iO_i Then the coupling constants will typically flow under scale transformations: ˙⃗λ = ⃗β .

How is this flow modified if the 2d field theory is coupled to gravity? The answer is (see the appendix of [20] for a review): α^2 4 (¨⃗λ + Q ˙⃗λ) = ⃗β with Q^2 = D_{crit} − c 3 and some constant α. Now in 2d gravity we can prove that these equations are exact in α^′ in the vicinity of the fixed point (i.e. to order |⃗λ|), and hold not just in the supergravity approximation. This works as follows [21]: The CFT coupled to gravity is described by a CFT with one more field ϕ, the Liouville mode. At the fixed point, the two CFT’s decouple: S_{CF T} + ∫ d^2ξ (∂ϕ^2 + QR̂ϕ) .

Using OPE’s, we know the exact central charge c and dimension of the operator e^{γϕ} in the second CFT:

c = 1 + 3Q^2 , dim(e^{γϕ}) ∝ γ(γ + Q).

Conformal invariance of the perturbed theory then implies the two flow equations above [17], defining τ =^α_2 ϕ. In the case of 4d SYM, it is of course much harder to check whether the flow equations are exact in α^′ because of the Ramond-Ramond backgrounds.^4 It might be possible, though, to turn the Ramond–Ramond backgrounds in the ϕ−x^μ−sector (which is the analog of the above ϕ–sector) into Neveu-Schwarz backgrounds by duality transformations. We must leave this subject to future work.

4See [22] for attempts to deal with Ramond-Ramond backgrounds. One should first fully understand the simpler case of the 2d conformal field theories that are dual to string theory on AdS_3 times some compact manifolds, where there are no RR backgrounds; see, e.g., [23] in this context.

4. Dynamical 4d conformal factor ?

Let us now come to a key point of this paper. Second–order flow equations like (3.2) seem to be typical for RG flows in theories with a fluctuating scale, as in the case of 2d gravity just mentioned. In fact, the equation (3.4), ¨⃗λ + q ˙⃗λ ∝ ⃗β , q_2 ∝ conformal anomaly (4.1)

looks precisely like the flow equation in 4d field theory coupled to a particularly interesting limit of Weyl supergravity: “conformally self–dual gravity”. By “conformally self–dual gravity” we mean 4d gravity with action ρ ∫ d^4x √ g W^2 in the limit ρ → ∞ , (4.2)

where W^2 is the Weyl^2 term. The cosmological constant, and the coefficients of the R and R^2 terms are assumed to be zero. This theory is not quite renormalizable, because there is also a conformal anomly term; but in the limit ρ → ∞ the anomaly term can nicely be dealt with, as will be discussed below.

However, one point must be adressed before going any further. There is a well-known problem common to all fourth-order derivative actions, like the Weyl^2 action: we can rewrite them in terms of new fields with two derivatives only, but some of them will have the wrong sign in the kinetic term. With Minkowskian signature, this leads to perturbative non-unitarity. For this reason, we can only consider Euclidean signature in this section.

Below it will be explained why this limit of Weyl gravity leads to flow equations of the type (4.1). But before, let us give another independent argument that indicates that conformally self–dual gravity might indeed arise as part of the world–volume theory.^5

Kaluza-Klein reduction Why might (4.2) arise as part of the world–brane theory? Let us start with the dual formulation of the D3–world–brane theory in terms of 5-dimensional gauged supergravity in an AdS_5 background. Suppose we further “Kaluza-Klein reduce” this 5d gravity theory along

5For another (different) discussion of the role of Weyl gravity in the context of the AdS/CFT correspondence, see [24].

z = exp{^q_4^ϕ_L } onto the 4d boundary of AdS_5 (similarly as in [25]). By this we mean that all fields except for the “warp factor” in the line element^1_{z2} dx^2_{||} are assumed to be independent of the 5th coordinate z, and z is integrated over. (In standard Kaluza-Klein reduction there would be no warp factor and z would be some circular coordinate.) Now, as in standard Kaluza-Klein reduction, the 5d Hilbert-Einstein action induces a 4d Hilbert-Einstein action. Its coefficient (the inverse 4d Newton constant) diverges (we neglect factors of L): 1 κ^2_5 ∫ ϵ dz √ g^{(5)}R^{(5)} → 1 κ^2_4 √ g^{(4)}R^{(4)} with 1 κ^2_4 ∼ 1 κ^2_5 ∫_∞ ϵ dz z^3 ∼ 1 ϵ^2 , where we have cut off AdS_5 at some small distance z = ϵ from the boundary. This divergence is powerlike and not universal, in the sense that it depends on precisely how we cut of AdS_5 at its boundary. There is however a universal log ϵ divergence of the form [26] ρ ∫ d^4x √ g( W^2 + G) , with ρ = c log ϵ → ∞ ,

where the number c is proportional to the 4d conformal anomaly and G is the Gauss–Bonnet density, whose integral is a topological invariant (the Euler character). So if we assume that we can pick a “renormalization scheme” (i.e. a way to regularize the divergences at the boundary) in which the non-universal Hilbert-Einstein (and cosmological) term vanishes, then what remains is – up to a topological invariant – indeed the “conformally self-dual gravity” action.

Precisely the bosonic sector of this supergravity theory in the limit ρ → ∞ has previously been studied by Fradkin and Tseytlin [12] and as a theory closely analogous to 2d gravity by Antoniadis and Mottola [13] and by the author [14]. It is a renormalizable theory whose nice properties are summarized in appendix B; the main points will be recalled below.

Is this version of 4d gravity dynamical here, or does it correspond to a fixed background? There is a standard argument that says that there is no dynamical 4d gravity on the AdS– boundary (see e.g. [7]). It asserts that the norm of those states of the 5d theory that would correspond to 4d gravitons diverges, so these states are not normalizable. However, this argument may not apply here, because this divergence of the norm is – like the inverse Newton constant – not universal. The divergence may also vanish in a scheme in which the the inverse Newton constant vanishes, leaving us with a finite norm state.

Let us therefore try out the hypothesis that dynamical conformally self–dual 4d gravity is indeed present on the 3–brane, and show that this could reproduce at least qualitatively the form of the flow equation (4.1).

Conformally self-dual gravity The following is briefly reviewed in appendix B: up to topological invariants the 4d gravity action to be studied is actually [14] ρ ∫ d^4x √ g W^2_+ , ρ → ∞ .

W_+ is the self-dual part of the Weyl tensor. The limit ρ → ∞ restricts the metric to be “conformally self-dual”: W_+ = 0 (see appendix). The path integral over metrics then reduces, in analogy with 2d gravity, to a path integral over the conformal factor ϕ and an integral over the moduli space of conformally self-dual metrics.

In 2d gravity, the dynamics for the conformal factor arises from the nonlocal conformal anomaly term in the effective action. In conformal gauge the anomaly term becomes local; it consists of a kinetic term for ϕ plus a background charge term (neglecting the Liouville potential)

ϕ2ϕ − QRϕ with Q^2 =^{c − 25}_3 . (4.3)

Q is determined to make the total conformal anomaly vanish. In our 4d theory, everything is almost completely analogous [27, 13] (see appendix B). The nonlocal anomaly term becomes a local term for ϕ, if evaluated for conformally self-dual metrics (which are the only metrics that survive the limit ρ → ∞). The relevant part of the induced Lagrangean for ϕ is

ϕ2^2ϕ −^1_2 QGϕ with Q^2 =^{b̃ + 1538}_{90}

with Gauss-Bonnet density G and b̃ = −360b where the 4d conformal anomaly coefficients are called a, b: essentially, < T^μ_μ > = 1 16π^2

(aW^2 + bG)

(assuming g is an Einstein metric). Some coefficients a (which plays a minor role here) and b are given in the appendix.

Due to the 2^2 kinetic term for ϕ, its propagator is logarithmic and therefore the exponential e^{2αϕ} has definite scaling dimension [13, 14]

dim(e^{αϕ}) = −α(α + Q).

As in 2d, scaling operators Φ_i of the matter theory with dimension Δ_i are gravitationally dressed: Φ_i → e^{γiϕ}Φ_i. Scale ivariance determines the dressed scaling dimension γ_i:

Δ_i − γ_i(γ_i + Q) = 4

Now, perturbing the CFT by operators λ^ie^{γiϕ}Φ_i, defining λ^i(ϕ) = λ^ie^{γiϕ}, multiplying the above equation by λ^i(ϕ), replacing γ_i → ∂_ϕ and identifying β_i = (Δ_i − 4)λ_i + O(λ^2) yields the following flow equations:

¨⃗λ + Q ˙⃗λ ∝ ⃗β , Q_2 ∝ conformal anomaly . (4.4)

These are RG flow equations in view of the interpretation of ϕ as the 4d conformal factor – so overall 4d scale transformations correspond to constant shifts of ϕ.

These flow equations indeed have the same form as (4.1). It is tempting to interpret this as additional evidence that dynamical 3–branes are described in terms of conformally self–dual gravity coupled to matter – analogous perhaps to the description of dynamical one–branes (strings) in terms of 2d gravity coupled to matter.^6

It remains to compare the coefficients q in (4.1) and Q in (4.4), as well as the beta functions. This is left for future work. It is presently not even clear to the author whether one should expect quantitative agreement, since the calculation leading to (4.1) is done completely within classical string theory. A fascinating possibility would be that studying the flow on dynamical 3-branes might yield nonperturbative information about string theory, instead of reproducing the classical result.

6For possibly related suggestions about the existence of such an analogy see [29].

Acknowledgements

I thank I. Klebanov, Y. Oz, A. Tseytlin and E. and H. Verlinde for remarks and discussions on the ADS/CFT correspondence. This work is supported by a Heisenberg fellowship of the DFG.

Appendix A: Supergravity approximation

This appendix is based on ref. [18], generalizing the procedure used there to the case at hand, which includes a Ramond-Ramond background. We start with the superstring effective action [30], setting α^′ = 2 and keeping only the metric, the dilaton and the RR-5-form for simplicity:

S^{(10)} = ∫ d^Dx √ G e^{−2Φ}{ 1 3 [10 − C^{(D)}(⃗x)] − 1 2 · 5! e^{2Φ}F_{mnopq}F^{mnopq}} , (5.1) where D is the dimension of embedding space and the function

C^{(D)}(⃗x) = D − 3[R − 4(∇ϕ)^2 + 42ϕ] (5.2)

becomes ⃗x–independent and equal to the central charge when the sigma model represents a conformal theory [31]. C is defined in terms of the variation of S with respect to the constant mode of the dilaton, and therefore does not explicitly involve the RR background F^{(5)}. For the metric we make the ansatz of section 2:

ds^2 = dϕ^2 + e^{2α(ϕ)}dx^2_{||} + L^2ĝ_{mn}dθ^mdθ^n,

with det ĝ = 1 , L^2 ≡ e^{2β}.

The RR 5-form field strength is 1 5! F^2 = N^2e^{−10β} .

The string equations of motion are the reqirements that the beta functions of the 2d sigma model with 10d target space are zero. The beta functions for the metric and the dilaton are, respectively (with A, B ∈ {0, ..., 9}):

0 = β_{AB} = 2{R_{AB} + 2∇_A∇_BΦ − 5 2 · 5! e^{2Φ}F_{A....}F^{....}_B } . (5.3) 0 = 1 3 (10 − C) = R − 4(∇Φ)^2 + 42Φ . (5.4)

We now make a 1+4+5 split of the 10 coordinates into (ϕ, x^μ, θ^m), assume that all fields are independent of x^μ, and find to leading order:

β^{(10)}_{mn} = β^{(5)}_{mn} − (g^{′′}_{mn} − φ^′g^′_{mn} − g^{..}g^′_{m.}g^′_{n.}) (5.5) 1 3 [10 − C^{(10)}] = 1 3 [5 − C^{(5)}] + φ^{′′} − (φ^′)^2 , (5.6)

and so on, where primes denote derivatives with respect to ϕ,

φ = 2Φ − log √ g = 2Φ − 4α − 5β

is the shifted dilaton, and β^{(5)} are the beta functions of the 2d sigma model with 5d target space metric g = L^2ĝ.

In this way, we learn from the β_{ϕϕ}, β_{μν}, β_{mn} and Φ–equations, respectively:

− φ^{′′} + 4(α^′)^2 + 5(β^′)^2 + 1 4 (ĝ^′)^2 = 5 8 N^2e^{2Φ−10β} (5.7) α^{′′} − φ^′α^′ = 5 8 N^2e^{2Φ−10β} (5.8) β^{′′} − φ^′β^′ = 1 5 R − 1 2 N^2e^{2Φ−10β} (5.9) ĝ^{′′}_{mn} − φ^′ĝ^′_{mn} − ĝ^{kl}ĝ^′_{mk}ĝ^′_{nl} = 2e^{−2β}(R̂_{mn} − 1 5 ĝ_{mn}R̂) (5.10) −φ^{′′} + (φ^′)^2 = 1 3 (5 − C^{(5)}) = R (5.11) Φ^{′′} − φ^′Φ^′ = 0. (5.12)

A combination of the first and the second-last equations is first order in derivatives, constraining initial values. The last equation follows from the other ones. The β_{ij} equation has been split into its trace and its trace-free part. ĝ, Φ correspond to coupling constants ⃗λ, as defined in section 2, while the other equations (which are not independent) fix α and β.

E.g., α and β are easily fixed at fixed points, where

β^′ = ĝ^′ = Φ^′ = φ^{′′} = 0.

Denoting κ = e^Φ , Q = −φ^′ , so that α =^Q_4 ϕ at the fixed point, we read off (using R = R̂/L^2) R̂ = 5 2 N^2κ^2 L^8

= 16(α^′)^2 L^2 = constant. Defining λ as in section 2 by R̂_{mn} = λ ĝ_{mn} → R̂ = 5λ , we have L^8 = κ^2N^2 2λ , Q^2 = 5λ L^2 . In order to expand in the vicinity of fixed points, it is useful to first average [18], i.e. to split the shifted dilaton φ(⃗θ, ϕ) into an ⃗θ–dependent part φ̃(⃗θ, ϕ) and an ⃗θ–independent part φ_0(ϕ) as follows: φ_0(ϕ) ≡ − log[ ∫ d^N x e^{−φ(⃗θ,ϕ)}] , φ̃(⃗θ, ϕ) ≡ φ(⃗θ, ϕ) − φ_0(ϕ) . (5.13) Let us define the space average of a function f(⃗θ) by < f(⃗θ) >≡ ∫ d^5θ f(⃗θ) e^{−φ(⃗θ)} ∫ d^5θ e^{−φ(⃗θ)} . (5.14) Then define Q(ϕ) ≡ −φ^′_0(ϕ) = − < φ^′(⃗θ, ϕ) > . (5.15) Integrating (5.6) weighted by e^{−φ} yields Q^′ + Q^2 = 1 3 (5 − c̄), (5.16) where (5.14) has been used and we have defined the function c̄(ϕ) = c̄(G, B, φ) =< C^{(5)}(⃗θ, ϕ) > . (5.17) c̄ can be considered as a generalisation of the ‘c–function’ [32] of 2d field theory.

The expansion near fixed points follows as in [18]. We collectively denote δĝ, δΦ, ... by ⃗λ as in section 2, noting i.p. that g = L2ĝ. Next we expand the above string equations of motion order by order in ⃗λ. It is easy to see that to lowest order it suffices to set L and Q to their fixed point values, to ignore the terms of order (⃗λ^′)^2 in the flow equations and to set the beta functions for the sigma model with target space metric ĝ equal to those for the sigma model with metric g. One then obtains

L^2(⃗λ^{′′} + Q⃗λ^′) = ⃗β^{(5)} (5.18) Q^2 = 5 − c̄ 3 . (5.19)

The second equation is the equation of motion for the constant part of the shifted dilaton φ. To next order, Q^2 gets a new contribution [18]:

Q^2 = 5 − c̄(⃗λ) 3 + 1 4 (⃗λ^′)^2 . (5.20)

Finally, we define RG time near the fixed point (where α =^Q_4 ϕ) as in section 2: τ ≡ Q 4 ϕ with Q ≡ − q L . We denote derivatives with respect to τ by “ ˙ ”, and pull out factors of^1_L using ⃗λ^′ = Q 4 ˙⃗λ , 5 − c̄ 3 = R = 1 L^2

R̂ = 1

L^2

5 − c_2 3 . c_2 is (a generalization of) the c-function for the sigma model with embedding space metric ĝ (rather than g = L^2ĝ). This yields to lowest order: q^2 26 (¨⃗λ + 4 ˙⃗λ) = ⃗β^{(5)} (5.21) with q^2 =

5 − c_2 3 + h.o. (5.22)

Appendix B: Conformally self-dual gravity

We consider four–dimensional Euclidean “gravity” with action S = ∫ M d^4x √ g{λ + γR + ηR^2 + ρW^2} in the limit λ = γ = η = 0 , ρ → ∞.

W is the Weyl tensor, the traceless part of the Riemann tensor: W_{μνστ} = R_{μνστ} − 1 2 (g_{μσ}R_{ντ} + g_{ντ} R_{μσ} − g_{μτ} R_{νσ} − g_{νσ}R_{μτ} ) + 1 6 (g_{μσ}g_{ντ} − g_{μτ} g_{νσ} )R. In the limit ρ → ∞ this theory becomes free, as will become clear below; this limit corresponds to an UV fixed point, as shown by Fradkin and Tseytlin [12].^7 What makes the theory in this limit nontrivial is the conformal anomaly term in the effective action, as we will review for the case of the bosonic theory.

There are two topological invariants in 4d, the Euler characteristic χ and the signature τ of a manifold τ = 1 48π^2 ∫ d^4x √ g(W^2_+ − W^2_−) and χ = 1 32π^2 ∫ d^4x √ gG. with Gauss-Bonnet density G = R^{μνστ} R_{μνστ} − 4R^{μν} R_{μν} + R^2 and (anti-) self-dual part of the Weyl tensor W_{± μνστ} ≡ 1 2 (W_{μνστ} ± 1 2 ϵ^{αβ}_{μν} W_{αβστ} ). So after subtracting a topological invariant ∝ τ , we end up studying the action [14] ρ ∫ d^4x √ gW^2_+ , ρ → ∞ . In the limit ρ → ∞, all metrics are strongly suppressed in the path integral ∫ Dg exp{−S} except for conformally self-dual metrics, i.e., metrics with W_+ = 0. W_+ has 5 independent components, so the condition W_+ = 0 kills 5 of the 10 components of the metric. This condition is conformally and diffeomorphism invariant. So the 5 remaining components of the metric must be the 4 diffeomorphisms and the 4d conformal factor. In addition, there is a moduli space of conformally self-dual metrics. This is a 4d analog of the moduli space of Riemann surfaces of 2d gravity. In the simplest case of S^4 topology, there is no moduli space: conformally self-dual metrics are conformally flat, ĝ = δe^ϕ 7Related work is [28].

up to diffeomorphisms δξ_μ. (For K3, e.g., the moduli space is 57-dimensional.) We can now split up fluctuations around conformally self–dual metrics as δg_{μν} = ĝ_{μν} δϕ + ∇_{(μ}δξ_{ν)} + δh̄_{μν} . The limit ρ → ∞ can be regarded as the “classical limit” for the five other components h̄_{μν} only, in the sense that the path integral over them becomes Gaussian and leaves us with a determinant det(O^†O)^{− 12} (2.4) where O^† is the linearized W_+-term, O is its adjoint and O^†O is a 4^{th} order, conformally invariant, linear differential operator [13]. What remains is a path integral over the conformal factor and an ordinary integral over the moduli space mentioned above. Changing variables from g to ϕ and ξ and integrating over ξ contributes, as in 2d, another Jacobian

(det L^†L)^{12} .

The determinants det(O^†O), det(L^†L), as well as any conformally coupled matter fields contribute to the conformal anomaly, analogously to 2d. For conformally invariant differential operators X:

det X_{ĝe}Œ = det X_ĝe^{−Si[ĝ,ϕ]} where the induced action S_i is obtained by integrating the trace anomaly of the stress tensor −2 δS_i[ĝ, ϕ] δϕ = √ g < T^μ_μ >= 1 16π^2 √ g(aW^2 + bG). (There is also a term^2_3 a2R, but it vanishes for Einstein manifolds.) Following [27, 13], the conformal anomaly can be integrated: the 4d analog of the (free part of the) 2d Liouville action is, essentially, S_i[ĝ, ϕ] = − 1 32π^2 ∫ d^4x √ ĝ{ b (ϕ2^2ϕ + Ĝϕ) + a Ŵ^2ϕ } .

Note that, after restricting to conformally self–dual metrics and going to conformal gauge, the originally nonlocal conformal anomaly term has become local. Some coefficients a and b are according to Fradkin and Tseytlin [33] (there, a =^β_2 , b = β_1 −^β_2 ,):

120 a −360 b conf. coupled real scalars ϕ (△ ∼ 2 −^1_6 R): 1 1 spin^1_2 (two-component) fermions χ: 3^{11}_2 massless gauge fields A_μ: 12 62 Gravitino ψ_μ: −298 −548 Graviton (det O^†O)^{−1/2}(det L^†L)^{1/2}: 796 1566 Scalar φ with kin. term 2^2, min. coupled: –8 –28 Fermion λ, superpartner of this φ: −1 −^{27}_2

Similarly as in 2d [21], we now add the conformal factor ϕ as an independent new matter field [13] with standard measure and action 1 32π^2 ∫ d^4x √ ĝ{ (ϕ2^2ϕ − 1 2 Q Ĝϕ − 1 2 P Ŵ^2ϕ } (P will play a minor role here) to the theory and demand conformal invariance of the total theory. This means: i), conformal anomalies have to cancel; ii), scaling operators are dressed to have dimension 4, etc.

As for i), the free theory for ϕ has conformal anomaly

a = a22 + 1 4 P Q, b = b22 + 1 4 Q^2,

where a22 , b22 are read off from the table. Therefore cancellation of conformal anomalies fixes Q, P : b + b_Oy_O + b_Ly_L + b_{matter} = 0, a + a_Oy_O + a_Ly_L + a_{matter} = 0 implies

Q^2 = 1 90 (N_0 + 11N 1_2 + 62N_1 + 1538), P Q = − 1 30 (N_0 + 6N 1_2 + 12N_1 + 788).

where N_0, N 1_2 , N_1 are the number of conformally coupled scalars, spin^1_2 fermions and massless gauge fields.

A key point, noted by Antoniadis and Mottola [13], is that due to the 2^2 kinetic term for ϕ, its propagator is logarithmic and therefore the exponential e^{2αϕ} is a scaling operator, as in 2d (this is very unusual in 4d). Its dimension comes out to be

dim(e^{αϕ}) = −α(α + Q)

As in two dimensions, if Φ_i is a scaling operator of the matter theory with conformal dimension Δ_i, the operator O_i ≡ ∫ d^4x √ ĝe^{γiϕ}Φ_i with γ_i determined by Δ_i − γ_i(γ_i + Q) = 4 is then a scale invariant operator that can be added to the action, at least infinitesimally.

We finally mention that there is also an analog of the c = 1 barrier of 2d gravity: instead of c ≤ 1 we have [13] +360 b ≤ 98.

This is usually satisfied, as b is negative for conventional matter. One can also compute a scaling law e.g. for the fixed volume partition function [14]: Z(V ) ∼ V^{−3.67...} See part III of the author’s thesis for details; there, Q ≡ − √ −4B, ϕ → −2^ϕ_Q , γ → −^Q_2 γ. Let us also quote the anomaly coefficients for some supersymmetry multiplets from [33]: 24 a −24 b N=1 supergravity multiplet: 102 72 N=1 scalar multiplet: 1^1_2 N=1 vector multiplet: 3^9_2

N=1 2^2 multiplet: −3 −^9_2

N=2 supergravity multiplet: 52 41 N=2 hypermultiplet: 2 1 N=2 vector multiplet: 4 5

N=2 2^2 multiplet: 2 −11

N=4 supergravity multiplet, min. coupled φ: −24 −24 N=4 vector multiplet: 6 6

References

[1] Juan M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv. Theor. Math. Phys. 2 (1998) 231

[2] Igor R. Klebanov, World Volume Approach to Absorption by Non-dilatonic Branes, Nucl.Phys. B496 (1997) 231

[3] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Gauge Theory Correlators from Non- Critical String Theory, Phys.Lett. B428 (1998) 105

[4] Edward Witten, Anti De Sitter Space And Holography, Adv. Theor. Math. Phys. 2 (1998) 253

[5] Igor R. Klebanov, Edward Witten, Superconformal Field Theory on Threebranes at a Calabi-Yau Singularity, Nucl.Phys. B536 (1998) 199

[6] S.S. Gubser, Einstein Manifolds and Conformal Field Theories, Phys.Rev.D59 (1999) 025006.

[7] See for a review: O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Large N Field Theories, String Theory and Gravity, hep-th/9905111

[8] Nissan Itzhaki, Juan M. Maldacena, Jacob Sonnenschein, Shimon Yankielowicz, Supergravity and the Large-N Limit of Theories with 16 Supercharges, Phys.Rev. D58:046004, 1998.

[9] L. Girardello, M. Petrini, M. Porrati, A. Zaffaroni, Novel Local CFT and Exact Results on Perturbations of N=4 Super Yang Mills from ADS Dynamics, JHEP 9812 (1998) 022; M. Porrati, A. Starinets, “RG Fixed Points in Supergravity Duals of 4D Field Theories and Asymptotically ADS Spaces”, Phys.Lett.B454:77-83,1999.

[10] D.Z. Freedman, S.S. Gubser, K. Pilch, N.P. Warner, Renormalization Group Flows from Holography: Supersymmetry and a C-Theorem, e-Print Archive: hep-th/9904017; Alexei Khavaev, Krzysztof Pilch, Nicholas P. Warner, “New Vacua of Gauged N=8 Supergravity in 5 Dimensions”, hep-th/9812035.

[11] E.g., E.T. Akhmedov, A Remark on the ADS/CFT Correspondence and the Renormalization Group Flow, Phys.Lett.B442: 152-158,1998; Enrique Alvarez, Cesar Gomez, Geometric Holography, the Renormalization Group and the C Theorem, Nucl.Phys.B541: 441-460,1999; V. Balasubramanian and P. Kraus, “Space–Time and the Holographic Renormalization Group”, Phys.Rev.Lett.83: 3605-3608,1999.

[12] By E.S. Fradkin, A.A. Tseytlin, Renormalizable Asymptotically Free Quantum Theory of Gravity, Phys.Lett.104B: 377-381,1981

[13] Ignatios Antoniadis, Emil Mottola, 4D Quantum Gravity in the Conformal Sector, Phys.Rev.D45: 2013-2025,1992; Ignatios Antoniadis, Pawel O. Mazur, Emil Mottola, Conformal Symmetry and Central Charges in Four Dimensions, Nucl.Phys.B388: 627- 647,1992

[14] C. Schmidhuber, Path Integral over Conformally Self-Dual Geometries, Nucl.Phys.B390:

188-204,1993; See part III of Ph.D. Thesis, hep-th/9308121, for an updated version.

[15] L. Susskind, Edward Witten, The Holographic Bound in Anti-de Sitter Space, hepth/9805114

[16] Amanda W. Peet, Joseph Polchinski, UV/IR Relations in ADS Dynamics, Phys.Rev.

D59: 065011,1999

[17] S. Das, S. Naik and S. Wadia, Mod. Phys. Lett. A4 (1990) 1033; S. Das, A. Dhar and S. Wadia, Mod. Phys. Lett. A5 (1990) 799.

[18] C. Schmidhuber and A. Tseytlin, On String Cosmology and the RG Flow in 2D Field Theory, Nucl.Phys.B426: 187-202,1994.

[19] C. Schmidhuber, RG Flow on Random Surfaces with Handles and Closed String Field Theory, Nucl.Phys.B453: 156-180,1995. Erratum-ibid.B475: 710,1996; H. Dorn, On Scheme-dependence of Gravitational Dressing of Renormalization Group Functions, Ahrenshoop Symp.1995: 0081-84, e-Print Archive: hep-th/9512023

[20] C. Schmidhuber, On Water, Steam and String Theory, Am.J.Phys.65: 1042,1997, appendix in hep-th/9701113.

[21] F. David, Mod. Phys. Lett. A3 (1988) 1651. J. Distler and H. Kawai, Nucl. Phys. B321 (1988) 509.

[22] Nathan Berkovits, Cumrun Vafa, Edward Witten, “Conformal Field Theory of ADS Background with Ramond-Ramond Flux”, JHEP 9903:018, 1999.

[23] A. Giveon, D. Kutasov, N. Seiberg, “Comments on String Theory on AdS_3”, Adv.Theor.

Math.Phys. 2 (1998) 733-780; David Kutasov, Nathan Seiberg, “More Comments on String Theory on AdS_3”, JHEP 9904:008, 1999; Jan de Boer, Hirosi Ooguri, Harlan Robins, Jonathan Tannenhauser, “String Theory on ADS(3)”, JHEP 9812:026, 1998; Jan de Boer, Samson L. Shatashvili “Two-dimensional Conformal Field Theories on AdS_{2d+1} Backgrounds”, JHEP 9906 (1999) 013; O. Andreev, “Probing AdS_3/CF T correspondence via world-sheet methods and 2d gravity like scaling arguments”, hepth/9909222.

[24] Hong Liu, A.A. Tseytlin, D=4 Super Yang Mills, D=5 Gauged Supergravity, and D=4 Conformal Supergravity, Nucl.Phys.B533: 88-108,1998

[25] Lisa Randall, Raman Sundrum, An Alternative to Compactification, e-Print Archive:

hep-th/9906064.

[26] M. Henningson, K. Skenderis, The Holographic Weyl Anomaly, JHEP 9807: 023,1998

[27] E.S. Fradkin, A.A. Tseytlin, Conformal Anomaly in Weyl Theory and Anomaly Free Superconformal Theories, Phys.Lett.B134: 187,1984

[28] K.S. Stelle, “Renormalization of Higher Derivative Gravity”, Phys.Rev. D16: 953-969, 1977; E. Tomboulis, “Renormalizability and Asymptotic Freedom in Quantum Gravity”, Phys.Lett. B97:77, 1980; Stephen L. Adler, “Einstein Gravity as a Symmetry Breaking Effect in Quantum Field Theory, Rev.Mod.Phys. 54:729, 1982, Erratum-ibid. 55:837, 1983.

[29] G. Bonelli, L. Bonora, S. Terna, A. Tomasiello, “Instantons and scattering in N=4 SYM in 4D”, hep-th/9912227.

[30] E. Fradkin and A. Tseytlin, Effective Field Theory From Quantized Strings, Phys.Lett.

158B (1985) 316; C.Callan, D. Friedan, E.Martinec and J.Perry, Strings In Background Fields, Nucl.Phys. B262 (1985) 593 [31] G. Curci and G. Pafutti, Nucl. Phys. B286 (1987) 399; Nucl. Phys. B312 (1989) 227. [32] A.B. Zamolodchikov, JETP Lett. 43 (1986) 731; Sov. J. Nucl. Phys. 46 (1987) 1090. [33] E.S. Fradkin, A.A. Tseytlin, Conformal Supergravity, Phys.Rept.119: 233-362,1985 [34] J. de Boer, E. Verlinde, H. Verlinde, On the Holographic Renormalization Group, hepth/9912012