arXiv:hep-th/9912240 v2 28 Jun 2000

Finite Temperature QED: Non-Cancellation of Infrared Divergencies and Thermal Corrections to the Electron Magnetic Moment

Adrian Müller^∗

Institut für Theoretische Physik der Universität Zürich Winterthurerstrasse 190, CH-8057 Zürich, Switzerland

Abstract

In this work quantum electrodynamics at T > 0 is considered. For this purpose we use thermo field dynamics and the causal approach to quantum field theory according to Epstein and Glaser, the latter being a rigorous method to avoid the well-known ultraviolet divergencies of quantum field theory. It will be shown that the theory is infrared divergent if the usual scattering states are used. The same is true if we use more general mixed states. This is in contradiction to the results established in the literature, and we will point out why these earlier approaches fail to describe the infrared behaviour correctly. We also calculate the thermal corrections to the electron magnetic moment in the low temperature approximation kB T ø m_e− . This is done by investigating the scattering of an electron on a C-number potential in third order in the limit of small momentum transfer p ! q. We reproduce one of the different results reported up to now in literature. In the low temperature approximation infrared finiteness is recovered in a very straightforward way: In contrast to the literature we do not have to introduce a thermal Dirac equation or thermal spinors.

PACS number: 11.10.Wx, 14.60.Cd, 12.20.Ds

Keywords: Thermal Field Theory, Infrared Divergencies

Preprint: ZU-TH 37/1999

                    hep-th/9912240

∗amueller@physik.unizh.ch

Contents

1 Introduction 4

2 Quantum Field Theory at Finite Temperatures 5 2.1 The Causal Approach to QFT . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 The Causal Construction of the S-Matrix . . . . . . . . . . . . . . . . 6 2.1.2 Splitting of Causal Distributions . . . . . . . . . . . . . . . . . . . . . 10 2.2 Field Theory at Finite Temperatures . . . . . . . . . . . . . . . . . . . . . . . 13 2.2.1 Thermo Field Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.2.2 TFD in the Causal Approach . . . . . . . . . . . . . . . . . . . . . . . 16

3 Cross Sections to Fourth Order for QED at T > 0 19 3.1 Second Order QED at T > 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.1.1 Calculation of D_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 3.1.2 Calculation of T_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.1.3 Self Energy and Thermal Corrections to m_e� . . . . . . . . . . . . . . 28 3.1.4 Matrix Elements for Bremsstrahlung . . . . . . . . . . . . . . . . . . . 30 3.2 Calculation of some Third Order Graphs . . . . . . . . . . . . . . . . . . . . . 33 3.2.1 The Vertex Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2.2 Third Order Self Energy . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.2.3 Third order Vacuum Polarization . . . . . . . . . . . . . . . . . . . . . 34 3.2.4 Graphs with Two Bremsstrahlung-Photons . . . . . . . . . . . . . . . 36 3.3 Thermal Corrections to μ_e� . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.3.1 Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.3.2 Discussion of the Result . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3.4 The Infrared Problem in thermal QED in Cross Sections to Fourth Order . . 43 3.4.1 Cross Sections of the Involved Processes . . . . . . . . . . . . . . . . . 43 3.4.2 Investigation of Possible Cancellations . . . . . . . . . . . . . . . . . . 59 3.4.3 Investigation of Possible Cancellations with Mixed States . . . . . . . 62 3.4.4 Discussion of the Results . . . . . . . . . . . . . . . . . . . . . . . . . 65

4 Conclusion 67

Acknowledgment 68

APPENDIX 68

A Contractions, Propagators etc. 68 A.1 Contractions, Causal Functions and Feynman Propagators at T > 0 in x-space 68 A.2 Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 A.3 Covariant Notation and Momentum Space Representation . . . . . . . . . . . 73

B Three ‘Intuitive’ Observations in TFD 74

C Second Order Calculations 75 C.1 The D_2-Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 C.2 Proof of the Causal Support of D_2 . . . . . . . . . . . . . . . . . . . . . . . . 80 C.3 Some Calculations for T_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

D Third Order Calculations 86 D.1 Calculations for the Vertex Graph . . . . . . . . . . . . . . . . . . . . . . . . 87 D.2 Calculations for the Third Order Self Energy . . . . . . . . . . . . . . . . . . 93 D.3 Calculations for the Thermal Corrections to μ_e� . . . . . . . . . . . . . . . . 99

E The Cross Section with General Mixed States 102 References 107

1 Introduction

In this work we are concerned with quantum electrodynamics (QED) at finite temperatures. The main result is that this theory is infrared (IR) divergent already in the cross sections to fourth order, a result in contradiction to the literature where calculations are carried out for all temperatures ([1], [2], [3] and [4] - [9]). At the end of Sec. 3.4.4 we give a detailed review of the literature and point out where the shortcomings lie in those calculations.

If we restrict ourselves to small temperatures k_BT ≪ m_e− we reproduce the IR-finite results found in the literature (e.g. [10]), but in a much more straightforward way.

We also present a rigorous discussion of the thermal corrections to the magnetic moment of the electron in this low temperature approximation and reproduce the value of [14]. After having pointed out these results we now present some introductory remarks on the methods that will be applied.

For the field theoretic aspect of QED at finite temperatures we utilize the causal approach to quantum field theory (QFT) because this provides us with a framework which is free of ultraviolet (UV) divergencies and allows a stringent investigation of the IR-behaviour ([21], [22]). We will present an introduction to this theory in Sec. 2.1 where we will especially emphasize how the UV-divergencies and subsequent regularization and renormalization are avoided by carefully treating the involved mathematical objects as what they are, i.e. distributions and not functions: the origin of the UV-divergencies in the standard framework lies in ill-defined products of distributions.

In addition, the use of the causal method avoids the so-called pinched singularities which arise through products of δ-distributions. They stem from the Feynman-rules using thermal propagators. The causal method avoids such ill-defined products by construction.

To include finite temperature we use the ideas of thermo field dynamics (TFD). The basics of this theory ([23], [24], [25]) will be presented in Sec. 2.2.

In Sec. 3 we calculate all second order and some third order graphs we will need to investigate the IR-behaviour. The second order self energy contribution will be used to discuss the thermal corrections to the electron mass. There we reproduce the results of the literature ([10], [14], etc.). The vertex graph will be the basis for our calculation of the corrections to the magnetic moment μ_e− of the electron. These corrections are unfortunately too small to be tested by current experimental techniques. The only experiments we are aware of that perhaps could detect finite temperature field theoretic effects in the not too distant future are measurements of the Casimir force (see [26], [27] and references therein) and of energy level shifts in highly excitated atoms (Rydberg states), see [28] (and more recent work on this topic).

Finally we present all terms that have to be considered for the IR-behaviour of the theory in the adiabatic limit (which will be explained in Sec. 2.1.1) and investigate if their divergent parts cancel or not. This is done in Sec. 3.4.1 and 3.4.2 with the before-mentioned result.

A short discussion of this result and the relation to the literature can be found in Sec. 3.4.4. To conclude, we present some ideas that possibly could help to formulate an IR-finite thermal theory in Sec. 4.

Throughout this paper we use units with ~ = 1 = c if not mentioned otherwise and define the Fourier transform as follows:

f̂ (p) := 1 (2π)^2 ∫ d^4xf(x)e^{ipx}. (1.1) To keep this in mind is important for the correct factors (2π). A remark on the notation: we often simplify the notation by the definition m := m_e− and thus write for the electron mass either m_e− or just m.

2 Quantum Field Theory at Finite Temperatures

In this section we will present the formalism we are going to use to do QFT at finite temperatures. For the field theoretic aspect we utilize the so-called causal approach to QFT. To incorporate the temperature we make use of TFD. Both these formalisms will be introduced and explained in the following.

2.1 The Causal Approach to QFT

The traditional formalism of QFT is plagued with the well-known UV-divergencies one copes with by various regularization- and renormalization-procedures. The reason for these divergencies lies basically in the fact that one performs mathematically ill-defined operations by using Feynman rules or performing the usual time-ordering procedure that leads to them, respectively. There distributions (Feynman propagators or Θ-functions and products of field operators, resp.) are multiplied as if they were ordinary functions, a procedure, which is in general not defined. This entails the appearance of the above-mentioned divergencies, which one has to get rid of by regularization and renormalization of physical parameters to extract useful information from the theory.

Instead of causing divergencies by wrong manipulations and having to cope with them afterwards, a better strategy is to avoid them from the very beginning, carefully paying attention to the mathematics that underlies the theory.

This has been done by Epstein and Glaser in the early seventies [21] and then further developed by Scharf et al. [22].

This so-called causal (since causality plays a crucial rôle in the formalism we will soon present) or finite (because there do not arise any UV-divergencies) QFT is a perturbative S- Matrix theory. Using some basic physical assumptions as causality and Poincaré-invariance the S-Matrix is constructed inductively order by order. In order to do that the basic fields of the theory (described by well-defined free fields on Fock-space), their (anti-)commutation relations and how they couple in first order (which corresponds to the interaction Lagrangian in the standard formalism) have to be known. These free fields and the S-Matrix are operator-valued distributions. To extract physical information the relevant objects (e.g. Smatrix elements) have to be smeared out with test functions g, suitably falling off at infinity (e.g.^1 g ∈ S(M )). These test functions cut off the long range part of the interactions. To end up with physically meaningful results the so called adiabatic limit g → 1, which restores the total interaction has to be considered. This limit may not exist (since 1 /∈ S(M )).

If g ∈ S(M ), S(g) is well defined and free of UV- or IR-divergencies. The latter can show up in the limit g → 1, e.g. in QED (because of the massless photon, which implies a long-range interaction like the Coulomb-Potential) for S-matrix elements. But even there (in QED at zero temperature) the adiabatic limit exists if the right physically measurable quantities (inclusive cross sections) are considered, making QED at T = 0 a physically meaningful theory (in the cross sections at least up to fourth order - up to this level the existence and uniqueness of the adiabatic limit has been proven, see [22]).

This last remark alludes to another aspect of the causal approach. One has to be modest; many results known in the standard theory are not yet rigorously verified. For example, it is difficult to prove non-perturbative statements. Likewise a rigorous proof of the cancellation of IR-singularities to all orders à la Grammar-Yennie [29] is not yet known - to mention just two things. On the other side, by calculating on sound mathematical grounds one always knows exactly what is going on - and there is no other possibility to achieve this knowledge.

1 M denotes the Minkowski space, i.e. the manifold R^4 furnished with the Lorentz scalar product based

on the metric tensor gμν = diag(1, −1, −1, −1).

2.1.1 The Causal Construction of the S-Matrix

Here we want to present the causal formalism. For more details than we give here we refer the reader to [22], [30] and [31].

In quantum mechanical scattering theory the S-Matrix can be written under certain assumptions as a time-ordered exponential of the interaction Lagrangian (cf. e.g. Sec. 0.3. in [22]). This and the work of Stückelberg and Bogoljubov, Shirkov^2 motivated Epstein and Glaser to start in field theory with the following formal^3 power series in the coupling constant:

S(g) = 1 + ∞∑ n=1 1 n! ∫ d^4x_1...d^4x_nT_n(x_1, ..., x_n)g(x_1)...g(x_n). (2.1)

We cannot make any statement about the convergence of this series - that is a main content of the expression formal. But every T_n will turn out to be a well defined operator-valued distribution. After smearing it out with the test function g ∈ S(M ), it is a well defined operator on Fock-space^4. From the construction we will describe in the following, it is clear that T_n is of the form T_n(x_1, ..., x_n) = ∑ k t^k_n(x_1 − x_n, ..., x_{n−1} − x_n) : O_k(x_1, ..., x_n) :, (2.2)

where : O_k : is a normally ordered product of free field operators (a Wick monomial), and the numerical^5 distribution t^k_n depends only on relative coordinates as a consequence of translation invariance.

The so-called n-point distributions or n-point functions T_n will be constructed inductively order by order from T_1 which has to be known from the beginning and is given as a Wickordered product of free fields on Fock-space^6, i.e. expressed by well-defined objects only.

In standard field theory T_n would be constructed as follows: T_n(x_1, ..., x_n) = T { T_1(x_1)...T_1(x_n) } := ∑ Π Θ(x^0_{Π(1)} − x^0_{Π(2)}) · ... · Θ(x^0_{Π(n−1)} − x^0_{Π(n)})T_1(x_{Π(1)}) · ... · T_1(x_{Π(n)}), (2.3)

where T denotes the time-ordering operator, T_1 the usual interaction Lagrangian and the sum runs over all n! permutations Π of the n variables x_1, ..., x_n. This leads to the abovementioned UV-divergencies; the reason is that the time-ordering by multiplication with Θ-functions and subsequently the Feynman rules are usually not well defined procedures. The causal construction, which we will present now, is essentially a method to do this time-ordering in a well-defined way.

The expansion of the S-Matrix in (2.1) can be formally inverted^7:

S(g)^{−1} = 1 + ∞∑ n=1 1 n! ∫ d^4x_1...d^4x_n^⌢T_n(x_1, ..., x_n)g(x_1)...g(x_n). (2.4)

2 For a short historical introduction and references we refer to the introductory remarks in [22]. 3 Throughout this paper we use the notation ‘formal’ to denote infinite series without having control of convergence, which nevertheless can be treated in the well-defined setting of [32].

4 Furthermore, instead of treating the formulae to come in the context of formal power series, here it is always possible to take the sums up to a convenient large enough but finite value m ∈ N instead of ∞. (2.7) would then be used as a definition, motivated by (2.6); (2.10) etc. can then be derived by calculations with polynomials.

5 Here ‘numerical’ means that d contains no field operators; but it does not mean that it is necessarily a scalar._6

E.g. for QED at T = 0: T_1(x) := ie :Ψ̄(x)γμΨ(x): Aμ(x).

7 Some remark concerning the typography: the literature on the causal method usually denotes ⌢ T n by ~T_n. Since we already want to use the ‘ ~ ’-symbol to denote a different object in the thermal field theory context in agreement with the literature of this latter area, we decided to change the notation in the causal context.

By definition (c.f. (2.1) and (2.4)), T_n and^⌢T_n are symmetric in x_1, ...x_n. For the disordered set of n points in M we write

X = {x_j ∈ M | j = 1, ...n}. (2.5) If we write S := 1 + T , then formally

S^{−1} = (1 + T )^{−1} = 1 + ∞∑ r=1 (−T )^r . (2.6)

Now we collect all terms of the same order in the last sum and get ⌢ T_n(X) = n∑ j=1 (−1)^j ∑ P_j T_{n1} (X_1)...T_{nj} (X_j ), (2.7)

where the second sum runs over all partitions of X into j disjoint subsets

X = X_1 ∪ ... ∪ X_j , X_h ≠ ∅, |X_h| = n_h, h ∈ {1, ..., j} . (2.8) We want to emphasize that the products of distributions in (2.7) are well-defined: they are direct products of distributions, because the factors have disjoint sets of arguments.

Some other relations between the T_n and^⌢T_n, which for example will be used to obtain (2.23) - (2.25), can now be derived with the help of 1 = S(g)S(g)^{−1} , (2.1), (2.4) and collection of all terms of the same order. For that we refer the reader to [22]. The consequences of unitarity, translation-invariance and Lorentz-covariance of the S-Matrix for the properties of T_n and^⌢T_n can be found there as well.

We now turn to the most important property, that is causality. Consider two test functions g_1, g_2 ∈ S(M ), for which there is a space-like surface that separates their support. Then there exists a Lorentz-system, in which all points of supp(g_1) are earlier^8 then all points of supp(g_2). In this case we write supp(g_1) < supp(g_2). We now require for the S-Matrix

S(g_1 + g_2) = S(g_2)S(g_1) ∀g_1, g_2 ∈ S(M ) if supp(g_1) < supp(g_2). (2.9)

Combining this with (2.1) and (2.4), we get after permuting the integration variables in a suitable way (see [22]) T_n(x_1, ..., x_n) = T_m(x_1, ..., x_m)T_{n−m}(x_{m+1}, ..., x_n) for {x_1, ..., x_m} > {x_{m+1}, ..., x_n} and ⌢ T_n(x_1, ..., x_n) =^⌢T_m(x_1, ..., x_m)^⌢T_{n−m}(x_{m+1}, ..., x_n) for {x_1, ..., x_m} < {x_{m+1}, ..., x_n}. (2.10)

This property shows that the T_n are time-ordered products; especially if all the arguments x_j have different temporal components x^0_j , we can permute them to order them in time: x^0_1 > x^0_2 > ... > x^0_n. Repeated application of (2.10) then yields

T_n(x_1, ..., x_n) = T_1(x_1) · ... · T_1(x_n). (2.11)

Now we turn to the general inductive step to construct T_n on condition that we know all T_m, 1 ≤ m ≤ n − 1, and that they have the properties mentioned above. Using (2.7) we

8 Definition: Given x, y ∈ M; x is earlier then y in a certain Lorentz-system :⇐⇒ x_0 < y_0 in this system.

can calculate^⌢T_m, 1 ≤ m ≤ n − 1. Then we define the following distributions A^′_n(x_1, ..., x_n) := ∑ P2 ⌢ T_{n1} (X)T_{n−n1} (Y, x_n), (2.12) R^′_n(x_1, ..., x_n) := ∑ P2 T_{n−n1} (Y, x_n)^⌢T_{n1} (X), (2.13)

where the sum runs over all partitions P_2 : {x_1, ..., x_{n−1}} = X ∪ Y, X ≠ ∅, (2.14) into two disjoint subsets with |X| = n_1, |Y | = n − 1 − n_1. We also define D_n(x_1, ..., x_n) := R^′_n(x_1, ..., x_n) − A^′_n(x_1, ..., x_n) . (2.15) Then we define two other distributions, just extending the sums in (2.12) and (2.13) to all partitions P^0_2 , including the empty set X = ∅: A_n(x_1, ..., x_n) := ∑ P 02 ⌢ T_{n1} (X)T_{n−n1} (Y, x_n) = A^′_n(x_1, ..., x_n) + T_n(x_1, ..., x_n), (2.16)

R_n(x_1, ..., x_n) := ∑ P 02

T_{n−n1} (Y, x_n)^⌢T_{n1} (X) = R^′_n(x_1, ..., x_n) + T_n(x_1, ..., x_n). (2.17)

The distributions A_n, R_n are not known to us since they contain the unknown T_n. But we know the difference D_n = R^′_n − A^′_n = R_n − A_n. (2.18) Now we will show, and this is the crucial step of the causal construction, how R_n (or A_n) can be determined separately, thus making possible the construction of T_n by T_n = A_n − A^′_n = R_n − R^′_n. (2.19) In order to achieve that, we investigate the support properties of D_n, A_n and R_n. This is done in [22]. The result is the following: Let V^+(x) := {y ∈ M |(y − x)^2 ≥ 0, y^0 ≥ x^0} (2.20) denote the closed forward cone of x and V^−(x) := {y ∈ M |(y − x)^2 ≥ 0, y^0 ≤ x^0} (2.21) its closed backward cone. The n-dimensional generalizations are Γ^±_n (x) := {(x_1, ..., x_n) ∈ M^n |x_j ∈ V^±(x) ∀ j = 1, ..., n}. (2.22) Then it can be proven inductively that ∀n ≥ 3 supp(D_n(x_1, ..., x_{n−1}, x_n)) ⊆ Γ^+_n (x_n) ∪ Γ^−_n (x_n) (2.23) supp(R_n(x_1, ..., x_{n−1}, x_n)) ⊆ Γ^+_n (x_n) (2.24) supp(A_n(x_1, ..., x_{n−1}, x_n)) ⊆ Γ^−_n (x_n). (2.25)

Therefore, we say that ‘D_n has causal support’^9. A_n and R_n are called the ‘advanced’ and ‘retarded’ distribution, respectively, because of their supports being located in the backward and forward light cone, respectively. It follows now from the equations (2.23), (2.24) and (2.25) that A_n or R_n and therefore T_n (with (2.19)) can be constructed if one knows D_n and has split it into two parts according to these support properties.

Because of the special rôle of x_n in this procedure, T_n as calculated in (2.19) in general has to be symmetrizised with respect to the arguments.

This splitting is the crucial point in the whole causal construction, and we will see that it has to be done very carefully and that just multiplying by Θ-functions, which would be the most direct method, will in general fail. It is exactly this splitting-procedure that causes the UV-divergencies if done wrongly. We will present the splitting, its problems and how it is done correctly right after some other remarks.

Up to now we described the general inductive step from n−1 to n. To start the induction we have to know T_1, to construct D_2 according to (2.15) and to prove explicitly that D_2 has causal support. Then D_2 has to be split into R_2 and A_2 according to the causal support properties. After that T_2 is constructed using (2.19).

Since we will have to perform the adiabatic limit g → 1 explicitly in our calculations, we present here how it is carried out in the most suitable way: we choose a fixed test function g_0 ∈ S(M ) with g_0(0) = 1 and consider the limit

g(x) := g_0(ϵx), with ϵ → 0. (2.26)

This so-called scaling limit describes a method to perform the adiabatic limit g → 1 explicitly. Then we have in momentum space^{10}

ĝ(k) = 1 (2π)^2 ∫ d^4xg(x)e^{ikx} = 1 (2π)^2 ∫ d^4xg_0(ϵx)e^{ikx} = 1 ϵ^4 ĝ_0 ( k ϵ ) (2.27)

and in the limit

lim_{g→1} ĝ(k) = lim_{ϵ→0} 1 ϵ^4 ĝ_0 ( k ϵ ) = (2π)^2δ(k). (2.28)

Proof: This is a distributional equation. Therefore we consider ĝ ∈ S(M) as a regular distribution ĝ ∈ S(M)′ . Then we have ∀φ ∈ S(M) lim g→1 ⟨ĝ, φ⟩ = lim g→1 ⟨g, φ̂⟩ = lim g→1 ∫ d^4 kg(k)φ̂(k) = lim_{ϵ→0} ∫ d^4 kg_0(ϵk)φ̂(k) = ∫ d^4 kφ̂(k) = = ⟨1, φ̂⟩ = ⟨^1, φ⟩ = (2π)^2⟨δ, φ⟩. qed. Here we used the theorem of Lebesgue in the fourth step.

This leads to another useful formula: ∫ d^4kĝ(k) = ∫ d^4k 1 ϵ^4 ĝ_0 ( k ϵ ) = ∫ d^4k(2π)^2δ(k) = (2π)^2. (2.29)

In explicite calculations, which we will do mostly in momentum space, this is incorporated as follows. We are interested in expressions (e.g. a matrix element) of the form ∫ d^4k_1...d^4k_nĝ(k_1)...ĝ(k_n) ^T (k_1, ..., k_n), (2.30)

where ^T (k_1, ..., k_n) usually contains some normally ordered field operators and numerical distributions (cf. 2.2). Using (2.27) this equals 1 ϵ^{4n} ∫ d^4k_1...d^4k_nĝ_0( k_1 ϵ )...ĝ_0( k_n ϵ ) ^T (k_1, ..., k_n). (2.31)

9 Since supp(Dn) lies in the n-dimensional generalization of the light cone with respect to xn, i.e. each x_i, 1 ≤ i ≤ n lies in the region that can causally influence or be influenced by xn.

10 We caution the reader that we adopt the usual definition of the Fourier transformation here, differently from the corresponding formula 3.11.2 in [22].

Now we perform the transformations k_i → ϵk_i for i = 1, ..., n , and get ∫ d^4k_1...d^4k_nĝ_0(k_1)...ĝ_0(k_n) ^T (ϵk_1, ..., ϵk_n). (2.32)

In this way the adiabatic limit is usually performed: the variables k_i, in which the whole expression is smeared out are replaced by ϵk_i, and the test function ĝ is replaced by ĝ_0. Then some integrations usually have to be performed, and the limit ϵ → 0 has to be taken in the end. However, sometimes the adiabatic limit can be performed ‘trivially’ in some of the variables k_i. This means that all the involved expressions are of such a structure that ϵ can be set zero at the very beginning^{11}, and the remaining k_i-integration leaves us with factors (2π)^2 (use (2.29)). This amounts to setting the considered k_i equal to zero in (2.30) and replacing the corresponding integration ∫ d^4k_iĝ(k_i) by (2π)^2. This will be used in many of the calculations in this work. Another often used trick is to set the involved k_i equal to zero where this is allowed, although the adiabatic limit is not trivial in this variable. An example is A^μ(p − k_1) with p^2 = m^2: this can be replaced by A^μ(p).

2.1.2 Splitting of Causal Distributions

As mentioned in the preceeding section the crucial step of the causal construction of the S-matrix is the splitting^{12} of D_n into an advanced and a retarded part.

By construction, D_n has the following form (for an example see (C.3) where we calculate D_2 for QED at T > 0) D_n(x_1, ..., x_n) = ∑ k d^k_n(x_1 − x_n, ..., x_{n−1} − x_n) : O_k(x_1, ..., x_n) :, (2.33)

where : O_k : is a normally ordered product of external free field operators (a Wick monomial), and the numerical distribution d^k_n depends only on relative coordinates as a consequence of translation invariance. It is also the numerical distribution d^k_n, which contains the information on the support properties of D_n, that is, being concerned with the splitting problem, we can forget about the operator structure.

Given a tempered distribution d ∈ S^′(M^{⊗n} ∼= R^m), m = 4n, with supp(d) ⊂ Γ^+_n (0) ∪ Γ^−_n (0), the splitting problem can be formulated as follows:

Is it possible to find a pair of tempered distributions {r, a} ⊂ S^′(M^{⊗n} ) with supp(r) ⊂ Γ^+_n (0), supp(a) ⊂ Γ^−_n (0) and d = r − a ?

The answer is ‘yes’^{13}. This will be shown in the following.

A remark on the uniqueness of the decomposition d = r − a: Assume there are two solutions of the splitting problem {r_1, a_1} and {r_2, a_2}, d = r_1 − a_1 = r_2 − a_2; then the difference r_1 − r_2 = a_1 − a_2 has support {0} ⊂ M^{⊗n} and therefore it is of the following form: ∑ |α| c_αD^αδ(x), x ∈ M^{⊗n} , D^α := ∂^{α1+...+α4n} ∂x^{α1}_1 ...∂x^{α4n}_{4n} , (2.34)

where α is a multi-index and x = (x_1, ..., x_{4n}) ∈ M^{⊗n} .

So the splitting problem has an ambiguity in the solution at ‘0’ only. We will see soon that it is exactly the behaviour of the distribution d at this point ‘0’, which is crucial for

11 Mathematically this means that we can apply the theorem of Lebesgue. 12 A detailed discussion of this splitting can be found in [22] and [30].

13 Even the more general problem of decomposing a not necessarily causal distribution into two parts with certain properties is solvable under certain assumptions; see e.g. [33].

the splitting. Depending on how ‘singular’ d is in this region, the splitting can simply be done by multiplication with Θ-functions - or not; in this latter case d has to be split more carefully and a multiplication with Θ would generate divergencies.

To have a notion of how singular a causal distribution is near ‘0’ we introduce the ‘singular order’ of a causal distribution, which is a rigorous definition of the power counting degree of UV-divergence one knows from standars methods^{14}.

Definition: The distribution d ∈ S^′(R^m) has the quasi-asymptotics^{15} d_0 ∈ S^′(R^m) at x = 0 with respect to ρ ∈ C^0([0, ∞), [0, ∞)) if the limit

lim_{δ→0} ρ(δ)δ^md(δx) = d_0(x) ≠ 0 (2.35)

exists in S^′(R^m).

The equivalent definition in momentum space reads as follows:

Definition: The distribution d̂ ∈ S^′(R^m) has the quasi-asymptotics d̂_0 ∈ S^′(R^m) at p = ∞ with respect to ρ ∈ C^0([0, ∞), [0, ∞)) if the limit

lim_{δ→0} ρ(δ) ⟨ d̂ ( p δ ) , φ̌(p) ⟩ = ⟨^ d_0, φ̌ ⟩ ≠ ⟨ 0, φ̌ ⟩ (2.36)

exists ∀φ̌ ∈ S(R^m).

The condition ‘≠ 0’ is necessary to have a unique definition of the term ‘singular order’ as we will see soon^{16}. The quasi-asymptotics probes the behaviour of d and d̂ in the vicinity of x = 0 and p = ∞, respectively (cf.[22]).

We derive by a scaling transformation that (cf. [22])

∃ω ∈ R : lim_{δ→0} ρ(aδ) ρ(δ) = a^ω ∀a ∈ (0, ∞). (2.37)

Thus we call ρ(δ) the power-counting function and give the following

Definition: The distribution d ∈ S^′(R^m) is said to have singular order ω if it has a quasi-asymptotics d_0 at x = 0 or its Fourier transform d̂ has a quasi-asymptotics d̂_0 at p = ∞, respectively, with power-counting function ρ(δ) satisfying (2.37)^{17}.

For examples and some remarks we refer the reader to [22] and [30].

This notion of singular order ω is crucial for the splitting of the distribution d = r − a, because it can be shown that for ω < 0 the splitting can be done essentially by multiplication with Θ-functions and turns out to be unique^{18}, whereas for ω ≥ 0 one has to proceed more carefully and ends up with some ambiguities of the form of terms with support in {0}. Now we turn to the splitting problem more explicitly:

Case 1: ω < 0. In this case we have

ρ(δ) → ∞ for δ → 0, (2.38)

14 An exemplary calculation, which shows how the singular order determined by sloppy power counting on the one hand and by the rigorous procedure presented here on the other can differ, can be found in [34].

15 We use the notation introduced by the authors who introduced this concept: [35]. 16 See footnote 17.

17 If we do not require d_0 ≠ 0 in (2.35), and the corresponding condition in (2.36), respectively, any ω′ ≥ ω could be chosen as singular order of d. An exception is ω = −∞: then d_0 = 0 is possible and allowed. To have a definition where this case is incorporated as well the singular order has to be defined as an infimum of all the values for which the limits (2.35) and (2.36), respectively, - leaving out the condition ‘≠ 0’ - exist.

18 If ω(r) ≤ ω(d) and ω(a) ≤ ω(d) is required .

which implies ⟨ d(x), φ ( x δ )⟩ → ⟨ d_0, φ ⟩ ρ(δ) → 0 for δ → 0. (2.39)

Now we choose an arbitrary but fixed vector v = (v_1, ..., v_n) ∈ Γ^+_n (0). Then we define a (4n − 1)-dimensional hyperplane by H := {x ∈ M^{⊗n} |vx = n∑ j=1 v_jx_j = 0}. (2.40)

H splits the causal support of d: all products v_j x_j are either > 0 for x ∈ Γ^+_n (0) or < 0 for x ∈ Γ^−_n (0). In addition we choose a monotonous C^∞-function χ_0 with

χ_0(t) =

0 for t ≤ 0 s ∈ [0, 1) for 0 < t < 1 . 1 for t ≥ 1

(2.41)

This function is sort of a smooth version of a Θ-function. Now it can be shown (see [22]) that the limit

lim_{δ→0} χ_0 ( vx δ ) d(x) =: Θ(vx)d(x) =: r(x) (2.42)

exists, defining the multiplication of d by a Θ-function unambiguously^{19} and independent of v. Thus a solution of the splitting problem is given by

r with supp(r) ⊂ Γ^+_n (0) and a := r − d with supp(a) ⊂ Γ^−_n (0). (2.43)

Many calculations in field theory are best done in momentum space, therefore we give a formula in the form of a dispersion integral for r̂ (for details and derivation: [22], [30]): r̂(p) = ± i 2π ∫_∞ −∞ dt d̂(tp) 1 − t ± i0 , ∀p ∈ Γ^±. (2.44)

Case 2: ω ≥ 0. Now we have ρ(δ) δ^{ω+1} → ∞ for δ → 0. (2.45)

Proceeding as in Case 1 would result in ill-defined and UV-divergent expressions. Nevertheless it is possible to derive (see [22]) a dispersion integral^{20} for r̂ in a more complicated way:

r̂_0(p) = ± i 2π ∫_∞ −∞ dt d̂(tp) (t ∓ i0)^{ω+1}(1 − t ± i0)

, ∀p ∈ Γ^±. (2.46)

19 Because of the claim in footnote 18; adding distributions with point-support in {0} would violate this claim._{20}

Some intuitive remarks concerning this integral: The factor^1_1−t±i_0 is the Fourier transform of a Θfunction and as a convolution in momentum space reflects the product with Θ in x-space. A factor^1t∓i_0 in momentum space is sort of integration in x-space (remember: differentiation in x-space becomes multiplication by p in momentum space; therefore a division can be seen as an integration). Singular order ω ≥ 0 means that in momentum space d ∼ pω; if we divide this (ω + 1) times by p, we get^1p , which has ω = −1 and can therefore be split trivially - thus dp_ω becomes convoluted with the Fourier transform of Θ. This may give some intuitive idea of (2.46). To derive this formula corresponding considerations for the test functions, with which d is smeared out, have to be incorporated rigorously.

Here the subscript ‘0’ refers to a special property of this solution of the splitting problem, namely

D^α_p r̂_0(p)|_{p=0} = 0, |α| ≤ ω. (2.47)

This means that r̂_0 is in a certain way normalized at the origin in momentum space. Therefore this special solution r̂_0 is called the ‘central splitting solution’ with normalization point 0. There is also a formula for a more general solution with an arbitrary normalization point

q ∈ M^{⊗n} , but it is not very handy.

The fact that for ω ≥ 0 the ambiguity (2.34) of the splitting solution cannot be removed and remains a priori undetermined is very important. In momentum space (2.34) takes the form of a polynomial: ω∑ |α|=0 c_αp^α. (2.48)

These terms are called normalization terms and the coefficients c_α normalization constants; they have to be determined by further physical conditions as Lorentz covariance, PCTinvariance, gauge-invariance, etc.

For more remarks on the dispersion integrals, how analytic continuation is used to generalize (2.46) to arbitrary p ∈ M^{⊗n} , which consequences the existence of perhaps infinitely many normalization constants has for a theory etc., we refer to [22] and [30]. Concluding remark: In this section we have presented the basic formalism of the causal approach to QFT and pointed out the main features. The main point is that there are no UV-divergencies in the causal approach. This is related to the splitting of causal distributions. For singular order ω < 0 it can be done trivially with a unique solution, and the results that are obtained for T_n are the same as if they would be calculated using ordinary Feynman rules (if T_n does not contain any subgraph with ω ≥ 0; an example of this is QED in the case of tree graphs). For ω ≥ 0 the trivial splitting yields UV-divergencies - just as they appear using Feynman rules, whereas with a more careful procedure as described above, we end up with UV-convergent and well defined quantities. But in this case the solution is not unique, there remain ‘local terms’ of the form (2.34) resp. (2.48) to be determined.

Furthermore, the causal approach provides us with a well understood formalism to tackle the IR-problem, which amounts to inquiring into the adiabatic limit g → 1. There is no need to introduce an unphysical photon mass or other regularization schemes. This will be crucial in our calculations for QED at T > 0. In the literature this limit (or the equivalent procedure in the formalism used) is usually done at the very beginning of the calculations, whereas the correct proceeding is to do it at the end. This causes relevant differences in the results, as we will see later.

The causal formalism has up to now been used to investigate several theories (as QED in [22] and [31], Yang-Mills in [36] - [41], the standard model in [42] - [44], quantum gravity in [45] - [49], lower dimensional theories in [34], [50], [51], etc.) and fundamental questions (as the ghost structure in [52], the convergence of the S-Matrix in [53], the fundamental rôle of gauge invariance in QFT in [54] and [55], etc.). For an introduction to the theory we refer the reader to [22],[30] and [31].

2.2 Field Theory at Finite Temperatures

In this section we make some remarks on field theory at finite temperatures and present the formalism we will use in our calculations.

The basic aim of thermal QFT is to describe particles that are embedded in some system that serves as a thermal background, e.g. an electron in a black body radiation background, within a quantum field theoretic setting. In this work we will only consider thermal QED, i.e. photons, electrons and positrons in a black body radiation background, if temperature is high enough including effects of e^−e^+-pairs generated in the bath. We will not consider the implication of our results for other things of great interest as the quark-gluon plasma, etc.

There are several approaches to thermal QFT. A very complete review of these methods and their relation among each other is given in [23], where an extensive list of references up to 1987 can be found as well.

Since we want to incorporate temperature in the causal approach to QFT we presented in the foregoing section, we decided to use the ideas of TFD, the latter being an operator formalism without path-integrals and by its structure allowing a quite straightforward combination with the former^{21}. We demand from TFD to provide us with field operators, their (anti-)commutators and T_1 to be able to use the causal formalism. In the following we will develop the ideas of TFD as far as we need them to achieve this goal. Then we will take this thermal T_1, in our case for QED at T > 0, and start to calculate several things using the causal method. We compare the results with standard field theoretic calculations in QED at T > 0 and establish several important differences, which will be traced back to some shortcomings in the standard calculations.

We want to emphasize that these differences between our results and the literature do not depend on the fact that we use the causal method. The causal method differs from the standard calculation in the UV-region. But the problems in thermal QFT arise from the IR-behaviour, which can be treated using ordinary Feynman rules with an IR-regulator, since the involved graphs all have singular order ω < 0, and graphs with (ω > 0)-subgraphs have a very transparent structure (at least the ones we are concerned with) - cf. the remark at the end of the introduction to Sec. 3. One just needs a formulation of the theory wherein the IR-problem, say the adiabatic limit, can be treated in a rigorous and controlled manner, which is the case in the causal method.

2.2.1 Thermo Field Dynamics

We will present some short introduction to the ideas of TFD. This will be done in a rather loose manner, without any proofs or considerations concerning mathematical rigor, because we just need some basic features of TFD in an axiomatic way to build up a causal thermal QFT. All the things we will present concerning the algebraic background, etc. just serve to put the ideas we finally take over into some broader context. This part may be skipped without big consequences for the understanding of the calculations to come, since we will state the framework of our causal theory for T > 0 in a rigorous way in section 2.2.2, quite independently of the motivating remarks that follow now. For more detailed introductions to TFD we refer the reader to [23], [24] and [25].

A basic idea of TFD is as follows: We write the statistical mechanical expectation value of some quantity A in the mixed state ρ as an expectation value on a Hilbert space as in ordinary quantum mechanics:

ρ(A) = ⟨Ω_ρ|A|Ω_ρ⟩. (2.49)

More concrete: let {|n⟩} ⊂ H be an orthonormal basis of eigenstates of a Hamiltonian on a Hilbert space H: H|n⟩ = E_n|n⟩, ⟨m|n⟩ = δ_{mn}. (2.50) 21 Another reason to use TFD is the fact that it seems to be extendable to describe non-shell quasi-particles and non-equilibrium situations in a quite straightforward way ([56], [57]). In [23], Sec. 2.5.6, it is shown that TFD and other formalisms are equivalent in some aspects as for example the perturbative calculation of thermal Green functions.

Define a state |Ω_β⟩ ∈ H ⊗ H by^{22}

|Ω_β⟩ := 1 Z_β ∑ n e^{−β En2} |n⟩ ⊗ |n⟩ with Z_β := tr(e^{−βH} ) = ∑ n e^{−βEn} , β := 1 k_BT

. (2.51)

Then we have ∀A ∈ L(H, H) ⟨Ω_β|A ⊗ I|Ω_β⟩ = tr(e^{−βH} A) tr(e^{−βH} )

=: ⟨A⟩. (2.52)

(2.52) can be considered in an algebraic setting: Compare quantum mechanics in the standard vs. the algebraic^{23} formulation:

standard: algebraic:

state: Ψ ∈ H linear functional ω observable: A ∈ L(H, H) ←−−→ on a C^∗-algebra of observables A expectation value: ⟨Ψ|A|Ψ⟩ ω(A).

Given a C^∗-Algebra A and a state ω on A, we can construct the following objects by the so-called GNS-construction (see [58]):

A representation π_ω of A on a Hilbert space H_ω, wherein ∃Ω ∈ H_ω : Ω is cyclic, and ω(A) = ⟨Ω|π_ω(A)Ω⟩ ∀A ∈ A. If we now take an equilibrium state in the standard formulation, e.g. the grand-canonical ensemble, then we can define a linear functional on the algebra of observables A as follows:

ω_β (A) := tr(ρA) ∀ A ∈ A with ρ := e^{−βH} tr(e^{−βH} )

. (2.53)

Now we carry over the time evolution of the standard formalism to the algebraic one and get in this way a condition on ω_β restricting it to be an equilibrium state. This condition is the so-called KMS-condition (see [58]) and reads as follows:

ω_β (A_tB) = ω_β(BA_{t+iβ} ) with A_t := e^{itH} Ae^{−itH} . (2.54)

A state that obeys this condition is called KMS-state.

If we now carry out the GNS-construction for a KMS-state, we get a formalism whose constituent objects have all the special properties necessary to apply the results of Tomita and Takesaki on modular algebras (TT-theory) (see [58], [23], [24]). By that we finally have a formalism to describe states with temperature ≠ 0, which formally can be built up like an ordinary Fock space quantum field theoretic one. |Ω_β⟩ serves as the vacuum state (the ‘thermal vacuum’), and we can define and construct emission and absorption operators, field operators, propagators, etc. An important point is that the TT-theory for the GNS-construction on KMS-states demands a doubling of the degrees of freedom to correctly incorporate the time-evolution in the formalism. Roughly speaking one has the ordinary objects of the standard theory and in addition a copy of them, often referred to as the ‘tilde-objects’ (because they become marked by ‘~’) and the time evolution is given by means of H − ~H.

Historically the whole story developed quite differently. The doubling of fields in TFD was established mostly on more or less stringent physical considerations (see e.g [25]). Beside

22 The ‘doubling of degrees of freedom’ that shows up here by H ⊗ H will be explained later. 23 See e.g. [58], [59].

that the doubling was necessary to get rid of certain singularities (the so-called ‘pinched singularities’, see e.g. [23], p.205) that showed up in the theory in two- and more loop graphs as a consequence of products of δ-distributions (as we will see later, temperature is incorporated in the Feynman propagators by terms ∼ δ(p^2 − m^2) - thus ill-defined products of δ’s are generated using ordinary Feynman rules). This doubling could also be the solution of the problem the author of [60] sees with the existence of a perturbative thermal theory in general. Another argument for doubling the degrees of freedom is that a similar structure shows up in some other formalisms for thermal QFT.

The connection between TFD and the algebraic results mentioned above has been established by Ojima in [24].

2.2.2 TFD in the Causal Approach

In this subsection we will build up the formalism to incorporate temperature in the causal QFT. This will give us a Fock space formalism as it is known from ordinary (T = 0)-QFT, we just will have two copies of every field, etc., as motivated in the foregoing section. The interpretation of the physical content of these ‘tilde-fields’ is somewhat unclear and controversial; in our opinion the calculations have to guide us in this respect. Thus we will for example see that the formalism urges us to interpret ⟨ã^μ(⃗k, β)^+Ω_β| as a final state with one photon of momentum ⃗k absorbed from the thermal vacuum - so the argument that the ‘tilde-objects’ are as unphysical as ghosts, as it is sometimes claimed in literature (e.g. in [61]), cannot provide us with the correct point of view. We will also see that ‘tilde-fields’ can show up in external legs of graphs. All these things will become clear in the course of our concrete calculations in section 3. Some considerations concerning the physical significance of the ‘tilde-objects’ can be found in [25].

Now we will define our formalism for spinor QED at T > 0:

Bosons: For the photons we take two copies of absorption and emission operators: a^μ(⃗k, β), a^μ(⃗k, β)^+ and ã^μ(⃗k, β), ã^μ(⃗k, β)^+, (2.55) which obey the commutation relations:

[a^μ(⃗k, β), a^ν(⃗k^′, β)^+] = δ(⃗k − ⃗k^′)δ^{μν} = [ã^μ(⃗k, β), ã^ν(⃗k^′, β)^+], = 0 otherwise. (2.56)

The common vacuum shall be denoted by |Ω_β⟩: a^μ(⃗k, β)|Ω_β⟩ = 0 and ã^μ(⃗k, β)|Ω_β ⟩ = 0.

Now we define the field operators:

A^μ(x) := 1 (2π)^{32} ∫ d^3k √ 2|⃗k| { √ 1 + f(k)a^μ(⃗k, β)e^{−ikx} + √ f(k)ã^μ(⃗k, β)e^{ikx}

± √ f(k)ã^μ(⃗k, β)^+e^{−ikx} ± √ 1 + f(k)a^μ(⃗k, β)^+e^{ikx} } , Ã^μ(x) := 1 (2π)^32 ∫ d^3k √ 2|⃗k| { √ 1 + f(k)ã^μ(⃗k, β)e^{ikx} + √ f(k)a^μ(⃗k, β)e^{−ikx}

± √ f(k)a^μ(⃗k, β)^+e^{ikx} ± √ 1 + f(k)ã^μ(⃗k, β)^+e^{−ikx} } . (2.57)

Here f(k) :=^1_{eβ|ku|−1} is the Bose distribution function, u ∈ M denotes a time like normed (i.e. u_μu^μ = 1) vector^{24} that describes the four-velocity of the background heat bath^{25}

24 Incorporating this vector u in the theory, we establish a covariant formalism. Cf. the remark at the end of this section.

25 According to the ideas of TFD as presented in Sec. 2.2.1, the Fock space vacuum |Ωβ ⟩ may be interpreted as a thermal equilibrium heath bath of temperature T =^1k_B β .

(thus we have u = (1,⃗0) in the rest frame of the bath). Furthermore, we define β := 1 kBT , where k_B is the Boltzmann constant (which can be set to 1 in suitable units) and T denotes the temperature (as a Lorentz scalar^{26}). From ‘±’ the ‘+’-sign is to be taken for the components^{27} μ = 1, 2, 3, ‘−’ for μ = 0. We emphasize that in (2.57) we implicitly have k^2 = 0 and k_0 = |⃗k|. Incorporating this covariantly (2.57) reads as follows:

A^μ(x) = 1 (2π)^32 ∫ d^4kδ(k^2)Θ(k_0) { √ 1 + f(k)a^μ(⃗k, β)e^{−ikx} + √ f(k)ã^μ(⃗k, β)e^{ikx}

± √ f(k)ã^μ(⃗k, β)^+e^{−ikx} ± √ 1 + f(k)a^μ(⃗k, β)^+e^{ikx} } . (2.58)

Commutation relations are given in App. A.

Fermions: As for the photons we take two copies of absorption and emission operators for the electrons: b_s(⃗p, β), b_s(⃗p, β)^+ and b̃_s(⃗p, β), b̃_s(⃗p, β)^+, (2.59) and the same for the positrons: d_s(⃗p, β), d_s(⃗p, β)^+ and d̃_s(⃗p, β), d̃_s(⃗p, β)^+. (2.60) they shall obey the following anti-commutation relations: {b_s(⃗p, β), b_s′ (⃗p^′, β)^+} = δ(⃗p − ⃗p^′)δ_{ss}′ = {b̃_s(⃗p, β), b̃_s′ (⃗p^′, β)^+}, = 0 otherwise, (2.61) {d_s(⃗p, β), d_s′ (⃗p^′, β)^+} = δ(⃗p − ⃗p^′)δ_{ss}′ = {d̃_s(⃗p, β), d̃_s(⃗p^′, β)^+}, = 0 otherwise. (2.62) Again we define field operators:

Ψ_a(x) := 1 (2π)^32 ∑ s ∫ d^3p { √ 1−f_−(p)b_s(⃗p, β)u_{s,a}(⃗p)e^{−ipx} − i √ f_−(p)b̃_s(⃗p, β)^+u_{s,a}(⃗p)e^{−ipx} +

+ √ 1 − f_+(p)d_s(⃗p, β)^+v_{s,a}(⃗p)e^{ipx} + i √ f_+(p)d̃_s(⃗p, β)v_{s,a}(⃗p)e^{ipx} } , Ψ̃_a(x) := 1

(2π)^{32} ∑ s ∫ d^3p { √ 1 − f_−(p)b̃_s(⃗p, β)ū_{s,a}(⃗p)e^{ipx} + i √ f_−(p)b_s(⃗p, β)^+ū_{s,a}(⃗p)e^{ipx} +

+ √ 1 − f_+(p)d̃_s(⃗p, β)^+v̄_{s,a}(⃗p)e^{−ipx} − i √ f_+(p)d_s(⃗p, β)v̄_{s,a}(⃗p)e^{−ipx} } , (2.63)

where f_±(p) :=^1_{eβ(|pu|±μ)+1} is the Fermi-Dirac distribution function with chemical potential ±μ, and u, v are the ordinary four-spinors, solution of the Dirac equation, as used in the (T = 0)-theory. The anti-commutation relations for the field operators can be found in App. A. In the definition of the field operators and in the following we adopt the viewpoint of describing the electrons, positrons, photons and their tilde-conjugates by 6 different sets

26 For the different possibilities how the temperature could transform under Lorentz transformations see [62] and references therein and recent developments in this area, respectively. For the present calculations we adopt the most popular choice: the temperature is a Lorentz scalar. We did not investigate the consequences these other possible choices for the transformation properties of the temperature would have for thermal QFT._{27}

Compare with the quantization of the radiation field in [22], Sec. 2.11.

of emission and absorption operators in the same Fock space (with vacuum |Ω_β⟩) as it is ordinarily done in standard QED, with its three different ‘particles’.

Here we can already see from (2.57) that the incorporation of the temperature will cause additional IR-problems since f(k) diverges as^1_{|⃗k|} for |⃗k| → 0.

Now we want to give some motivation for the formulae (2.57) and (2.63). In TFD the following relations between the ordinary emission and absorption operators of the (T = 0)- theory and the ones for T > 0 can be established: ( a^μ(⃗k, β) ã^μ(⃗k, β)^+ ) = ( ch sh sh ch ) ( a^μ(⃗k) ã^μ(⃗k)^+ ) ←→ ( a^μ(⃗k) ã^μ(⃗k)^+ ) = ( ch −sh −sh ch ) ( a^μ(⃗k, β) ã^μ(⃗k, β)^+ ) , (2.64) ( b_s(⃗p, β) ib̃_s(⃗p, β)^+ ) = ( c s −s c ) ( b_s(⃗p) ib̃_s(⃗p)^+ ) ←→ ( b_s(⃗p) ib̃_s(⃗p)^+ ) = ( c −s s c ) ( b_s(⃗p, β) ib̃_s(⃗p, β)^+ ) . (2.65)

Here (ch)^2 := 1 + f(k), (sh)^2 := f(k) and c^2 := 1 − f_−(p), s^2 := f_−(p). ‘ch’, ‘sh’ can be written as a cosinus hyperbolicus and sinus hyperbolicus, resp., of a certain angle, ‘c’, ‘s’ as a cosinus and sinus, respectively. Such transformations as in (2.64), (2.65) are called Bogoliubov transformations. For the implications of this connection between T = 0 and T > 0, generalizations of them or further results related to them we refer the reader to the literature (see e.g. [56], [25]). We will not consider these things here because they are of no use to us. We just take these relations to give some more motivation for our formulation of the thermal QFT: Given (2.64) and (2.65), they can be inserted into the formulae for the field operators at T = 0, which read as follows (see any QFT book; but we adopt here the normalization of [22], Sec. 2.2 and 2.11):

A^μ_{T =0}(x) := 1 (2π)^{32} ∫ d^3k √ 2|⃗k| { a^μ(⃗k)e^{−ikx} ± a^μ(⃗k)^+e^{ikx} } , (2.66)

Ψ^{T =0}_a (x) := 1 (2π)^32 ∑ s ∫ d^3p { b_s(⃗p)u_{s,a}(⃗p)e^{−ipx} + d_s(⃗p)^+v_{s,a}(⃗p)e^{ipx} } , (2.67)

and we get (2.63) and an expression quite similar^{28} to (2.57). Pay attention to the fact that unlike in the (T = 0)-theory here the ‘positive’ and ‘negative frequency part’, resp.’ (‘e^{±ikx}’) is not anymore associated with the absorption and emission part, respectively. For the ‘tilde absorption’ and ‘- emission’ operators it is just the other way round. This will evoke quite different structures compared to T = 0 in some calculations.

To use the causal method we now need to know the various contractions of the thermal field operators (because of the Wick theorem we will use) and T_1 for QED at T > 0 to start the whole procedure. Beside that, we give some other useful formulae as contractions in momentum space, causal distributions, Feynman propagators and some relations among them. All this, except for T_1, which we want do discuss now, can be found in appendix A.

At the end of section 2.2.1 we mentioned and shortly motivated the doubling of the degrees of freedom in thermal QFT, especially the new Hamiltonian ^H := H − ~H, which

28 Since we want the ‘±’ to be associated with the emission operator part of the field for T > 0 as well (cf. the argumentation in [22] Sec. 2.11) we have to adjust these signs in a suitable manner.

has to be used. Based on this consideration we define T_1 for QED at T > 0 as follows^{29}:

T_1(x) : = ie :Ψ̄(x)γ^μΨ(x): A_μ(x) − ie :Ψ̃(x)γ^μ ¯Ψ̃(x): Ã_μ(x). (2.68)

From this equation we see that there are two types of vertices in the theory, one with ‘ordinary’ fields, denoted by ‘type 1’, the other with ‘tilde-fields’, denoted by ‘type 2’.

A remark to avoid confusion: In our formalism of QED at T > 0 we only have thermal objects^{30}. We only have the thermal absorption and emission operators from (2.55), (2.59) and (2.60), and the field operators built up of them as in (2.57) and (2.63). Any mentioning of (T = 0)-quantities was only done to give some motivations for our formalism. Thus we emphasize especially that any normal ordering (e.g. in T_1) is done with respect to the absorption and emission operators from (2.55),(2.59) and (2.60), and that expectation values have to be considered between states generated from the thermal vacuum |Ω_β⟩.

Remark: In this section we have constructed a covariant formalism for QFT at T > 0, here especially for QED. We see that covariance need not be lost in a thermal QFT as often claimed because of the preferred rest frame distinguished by the heat bath. Using a covariant formulation one usually has a better control of the calculations^{31}. In appendix B we give some short (not rigorous) calculations in this formalism, which may serve to strengthen the confidence in it.

We want to emphasize that different authors in TFD sometimes use different conventions, which differ by factors i, −1 etc. in the formulae, e.g. for the Bogoljubov transformations.

3 Cross Sections to Fourth Order for QED at T ¿ 0

After having set up the framework of our theory in the foregoing section, we want to calculate all second order terms of QED at T > 0, which will allow a discussion of the thermal mass correction (using the self energy of the electron). We also need them to calculate some third order contributions as the vertex, which will be needed to discuss the thermal corrections to the magnetic moment of the electron. Furthermore, we will gather all contributions from first to third order to the cross section (for scattering of an electron on a C-number potential) to fourth order to investigate the IR-behaviour of the theory.

The main result is that thermal QED, as it is usually formulated, is IR-divergent already in cross sections to fourth order if it is not restricted to small temperatures k_BT ≪ m_e− (see Sec. 3.4.2): There is no complete cancellation of IR-divergencies as it is claimed in literature ([1], [2], etc.). Besides that we get a much simpler cancellation of IR-divergencies than the one in the literature ([10], etc.) for small T : we do not have to introduce thermal spinors and a Dirac-equation for T > 0 in this approximation (see Sec. 3.4.4).

Furthermore, we calculate the thermal corrections to the electron magnetic moment (see Sec. 3.3) and the thermal mass correction (Sec. 3.1.3). We calculate these two quantities μ_e− and m_e− for k_B T ≪ m_e− only, since the theory is not yet good for arbitrary temperatures because of the beforementioned IR-divergencies, and it does not make sense to extract much information before we have a theory that works for all temperatures at our disposal.

A rather complete version of the calculations can be found here and in the appendices since our results depend heavily on these detailed somewhat tedious derivations. So we

29 This loosely could be written as ‘T T^{=0}_1 − ~T_1

T =0

’, but we want to emphasize that it would rather be T_1 + ~T_1, using our definition for T_1 of QED at T = 0, which we take over from [22], and the ordinary definition of a ‘tilde-operation’ as given in the literature, because of the factor i in our T_1 (the ‘tilde-operation’ takes operators O to operators ~O and numbers c ∈ C to c∗, the complex conjugate; it relates ordinary and ‘tilde-’ objects. We will not define it in a rigorous way or discuss it because we will not need it).

30 Beside the spinors u, v. These are spinors as used in the (T = 0)-theory. We emphasize this because of some calculations in the literature where so-called ‘thermal spinors’ and a thermal Dirac equation are claimed to be necessary to do QED at T > 0 (e.g. [10]). This is not the case as we will see.

31 Some people claim for example that the differences in the value of μ_e− in literature originate from problems with non-covariant calculations ([14]).

want to provide a reader, who would possibly like or is forced to reproduce the results with as much material as possible. The calculations to come are done by the causal method as described in section 2.1.1, starting with T_1 from (2.68). Doing the calculations we will see explicitly that ordinary Feynman rules could be used when ω ≤ −1 (cf. the remark at the end of Sec. 2.1). This is for example the case in the second order calculations. In the third order calculations we see in addition that graphs with subgraphs with ω ≥ 0 have to be treated more carefully - as described in Sec. 2.1.2. Thus it is not the case as often claimed in literature that the thermal contributions cause no additional UV-problems. Surely, all the subgraphs with ω ≥ 0 are temperature independent, but in combination with the rest of the graph they give T -dependent contributions. So the essential structure of possibly new UV-problems is already known from the (T = 0)-theory, but how they contribute to matrix elements, etc. depends on the thermal structure as well.

3.1 Second Order QED at T ¿ 0

3.1.1 Calculation of D_2 According to (2.15), (2.12), (2.13) and (2.7) we have

D_2(x, y) = R^′_2(x, y) − A^′_2(x, y) = T_1(y)^⌢T_1(x) −^⌢T_1(x)T_1(y) = −T_1(y)T_1(x) R^′ + T_1(x)T_1(y) −A^′ = (3.1)

= [ − e^2 ( + :Ψ̄(x)γ^μ Ψ(x): A_μ(x) :Ψ̄(y)γ^ν Ψ(y): A_ν (y)

− :Ψ̄(x)γ^μ Ψ(x): A_μ(x) :Ψ̃(y)γ^μ ¯Ψ̃(y): Ã_μ(y) − :Ψ̃(x)γ^μ ¯Ψ̃(x): Ã_μ(x) :Ψ̄(y)γ^ν Ψ(y): A_ν (y)

+ :Ψ̃(x)γ^μ ¯Ψ̃(x): Ã_μ(x) :Ψ̃(y)γ^μ ¯Ψ̃(y): Ã_μ(y) )] − [ dito with x ↔ y ]

+R^′ =

(3.2)

= [ − e^2 ( + γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)::Ψ̄_c(y)Ψ_d (y): A_μ(x)A_ν (y)

− γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)::Ψ̃_c(y) ¯Ψ̃_d(y): A_μ(x)Ã_ν (y) − γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)::Ψ̄_c(y)Ψ_d (y): Ã_μ(x)A_ν (y)

+ γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)::Ψ̃_c(y) ¯Ψ̃_d(y): Ã_μ(x)Ã_ν (y) )] − [ dito with x ↔ y ]

+R^′ .

(3.3)

Now we use :Ψ̄Ψ:= Ψ̄Ψ − C(Ψ̄Ψ), where C(Ψ̄Ψ) := {Ψ̄^{(−)}, Ψ^{(+)}} denotes the contraction, and the general Wick theorem to get^{32}

:Ψ̄_aΨ_b::Ψ̄_cΨ_d: = Ψ̄_aΨ_bΨ̄_cΨ_d − Ψ̄_aΨ_bC(Ψ̄_cΨ_d) − C(Ψ̄_aΨ_b)Ψ̄_cΨ_d + C(Ψ̄_aΨ_b)C(Ψ̄_cΨ_d) = =:Ψ̄_aΨ_bΨ̄_cΨ_d: −C(Ψ̄_aΨ̄_c) :Ψ_bΨ_d: +C(Ψ̄_aΨ_d) :Ψ_bΨ̄_c: +C(Ψ_bΨ̄_c) :Ψ̄_aΨ_d: + + C(Ψ_bΨ_d) :Ψ̄_aΨ̄_c: +C(Ψ̄_aΨ_d)C(Ψ_bΨ̄_c) + C(Ψ̄_aΨ̄_c)C(Ψ_bΨ_d). (3.4)

32 For shortness we denote both Ψ̄a,c and Ψ̃a,c by Ψ̄a,c, Ψb,d and ¯Ψ̃b,d by Ψb,d in (3.4) etc.

Since C(Ψ̄Ψ̄) = 0, C(ΨΨ) = 0 etc., we finally have

:Ψ̄_aΨ_b::Ψ̄_cΨ_d:=:Ψ̄_aΨ_bΨ̄_cΨ_d: +C(Ψ̄_aΨ_d) :Ψ_bΨ̄_c: +C(Ψ_bΨ̄_c) :Ψ̄_aΨ_d: +C(Ψ̄_aΨ_d)C(Ψ_bΨ̄_c). (3.5)

So we will need the following four equations:

:Ψ̄_a(x)Ψ_b(x): :Ψ̄_c(y)Ψ_d (y):=:Ψ̄_a(x)Ψ_b(x)Ψ̄_c(y)Ψ_d (y): + {¯ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) } :Ψ_b(x)Ψ̄_c(y): + + { Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̄_a(x)Ψ_d(y): + {¯ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) }{ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̄_a(x)Ψ_b(x): :Ψ̃_c(y) ¯Ψ̃_d(y):=:Ψ̄_a(x)Ψ_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): + {¯ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) } :Ψ_b(x)Ψ̃_c(y): + + { Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } :Ψ̄_a(x) ¯Ψ̃_d(y): + {¯ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) }{ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } :Ψ̃_a(x) ¯Ψ̃_b(x): :Ψ̄_c(y)Ψ_d (y):=:Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̄_c(y)Ψ_d (y): + {~ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) } :¯Ψ̃_b(x)Ψ̄_c(y): + + { ¯~ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̃_a(x)Ψ_d(y): + {~ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) }{ ¯~ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̃_a(x) ¯Ψ̃_b(x): :Ψ̃_c(y) ¯Ψ̃_d(y):=:Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): + {~ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) } :¯Ψ̃_b(x)Ψ̃_c(y): + + { ¯~ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } :Ψ̃_a(x) ¯Ψ̃_d(y): + {~ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) }{ ¯~ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } . (3.6)

For the photons we need

A_μ(x)A_ν (y) =:A_μ(x)A_ν(y): + [ A^{(−)}_μ (x), A^{(+)}_ν (y) ] , (3.7)

and the corresponding relations for AÃ, ÃA, ÃÃ. Inserting (3.6) and (3.7) in (3.3) we finally get the expression (C.3), see App. C.1, for D_2.

Now we have to show that D_2, eq. (C.3), has causal support. This is done in App. C.2. Because the temperature independent parts of D_2 have causal support separately (see [22]) the temperature dependent parts have to have causal support as well. Thus we can split the T -dependent and -independent parts of D_2 separately. The T -independent parts are treated in [22], so we can restrict ourselves to the investigation of the T -dependent ones. This will turn out to be a great advantage because for these parts the splitting can always be done trivially; they all have singular order ω < 0 as we will see soon^{33}.

3.1.2 Calculation of T_2

In this section we calculate T_2. We will do that separately for every different process that is ‘contained’ in D_2 (distinguished by different operator structures multiplying the numerical distributions). This is possible because each term that describes a certain process has causal support on its own (cf. the discussion of the causal support of D_2 on page 80). For the longer calculations we will refer to appendix C.3. A remark on the notation: we often handle the different parts of D_2 separately. The ‘A_{kl}, ..., D_{kl}’ on the left indicates from which terms the expressions on the right origin (cf. eq. (C.3)). We also want to emphasize that sometimes inessential factors or coefficients are omitted in intermediate steps (e.g. during the splitting procedure). Furthermore, we often take track of the (T = 0)-parts just to have complete formulae. These parts are treated exactly in [22] and are not involved here since the T - dependent and -independent parts can be treated separately as mentioned above at the end of Sec. 3.1.1.

33 This is true in the n-th order as well: As long as the temperature dependent part of Dn contains no (T = 0)-subgraphs with ω ≥ 0 it can be split trivially.

The ‘Trivial’ Graph For A_{11}, B_{11}, C_{11}, D_{11} we have D_2 = 0 in all four cases; =⇒ T_2 = R_2 − R^′_2 = −R^′_2 =⇒ βT^{trivial} 2 = A_{11} : − e^2 : Ψ̄(y)γ^ν Ψ(y)Ψ̄(x)γ^μΨ(x) :: A_ν(y)A_μ (x) : B_{11} : + e^2 : Ψ̄(y)γ^ν Ψ(y)Ψ̃(x)γ^μ ¯Ψ̃(x) :: A_ν(y)Ã_μ (x) : C_{11} : + e^2 : Ψ̃(y)γ^ν ¯Ψ̃(y)Ψ̄(x)γ^μΨ(x) :: Ã_ν(y)A_μ (x) : D_{11} : − e^2 : Ψ̃(y)γ^ν ¯Ψ̃(y)Ψ̃(x)γ^μ ¯Ψ̃(x) :: Ã_ν(y)Ã_μ (x) : .

(3.8)

Electron-Electron Scattering (Møller Scattering)

D^{Møller} 2 = A^α_{12} + A^β_{12} : − e^2 : Ψ̄(x)γ^μΨ(x)Ψ̄(y)γ_μ Ψ(y) : i (^βD^{(+)}_{11} (x − y) −^βD^{(+)}_{11} (y − x)) =^T =0D(x−y) B^α_{12} + C^β_{12} : + e^2 : Ψ̄(x)γ^μΨ(x)Ψ̃(y)γ_μ ¯Ψ̃(y) : i (^βD^{(+)}_{12} (x − y) −^βD^{(+)}_{12} (y − x)) =0 C^α_{12} + B^β_{12} : + e^2 : Ψ̃(x)γ^μ ¯Ψ̃(x)Ψ̄(y)γ_μ Ψ(y) : i (^βD^{(+)}_{12} (x − y) −^βD^{(+)}_{12} (y − x)) =0 D^α_{12} + D^β_{12} : − e^2 : Ψ̃(x)γ^μ ¯Ψ̃(x)Ψ̃(y)γ_μ ¯Ψ̃(y) : i (^βD^{(+)}_{22} (x − y) −^βD^{(+)}_{22} (y − x)) =^T =0D(y−x) . (3.9) Since this D_2 just contains the causal Distribution D, which appears in the (T = 0)-theory and which has singular order ω = −2, cf. [22], the splitting can be done trivially. Thus we have T^{Møller}

2 = R − R^′ ∼

A^α_{12} + A^β_{12} :

[_{T =0} D(x − y) ]_{ret} − (−^βD^{(+)}_{11} (y − x)) = =^βD^{ret}_{11} (x − y) −^βD^{(−)}_{11} (x − y) =^βD^F_{11}(x − y), B^α_{12} + C^β_{12} : 0 − (−^βD^{(+)}_{12} (y − x)) =^βD^F_{12}(y − x), C^α_{12} + B^β_{12} : 0 − (−^βD^{(+)}_{12} (y − x)) =^βD^F_{12}(y − x), D^α_{12} + D^β_{12} : [_β D_{22}(x − y)

]_{ret} − (−^βD^{(+)}_{22} (y − x)) =^βD^F_{22}(x − y).

(3.10)

With all the factors this gives finally: T^{Møller} 2 = A^α_{12} + A^β_{12} : − ie^2 : Ψ̄(x)γ^μΨ(x)Ψ̄(y)γ_μ Ψ(y) :^βD^F_{11}(x − y) B^α_{12} + C^β_{12} : + ie^2 : Ψ̄(x)γ^μΨ(x)Ψ̃(y)γ_μ ¯Ψ̃(y) :^βD^F_{12}(y − x) C^α_{12} + B^β_{12} : + ie^2 : Ψ̃(x)γ^μ ¯Ψ̃(x)Ψ̄(y)γ_μ Ψ(y) :^βD^F_{12}(y − x) D^α_{12} + D^β_{12} : − ie^2 : Ψ̃(x)γ^μ ¯Ψ̃(x)Ψ̃(y)γ_μ ¯Ψ̃(y) :^βD^F_{22}(x − y).

(3.11)

Compton Scattering

D^C_2 = A^α_{21} + A^β_{31} : + e^2 1 i : Ψ̄(y)γ^{ν β}S_{11}(y − x)γ^μΨ(x) :: A_μ(x)A_ν (y) :

A^α_{31} + A^β_{21} : − e^2 1 i : Ψ̄(x)γ^{μ β}S_{11}(x − y)γ^ν Ψ(y) :: A_μ(x)A_ν (y) :

B^α_{21} + C^β_{31} : + e^2i : Ψ̃(y)γ^{ν β}S_{21}(y − x) =0 γ^μΨ(x) :: A_μ(x)Ã_ν (y) :

C^α_{31} + B^β_{21} : − e^2i : Ψ̃(x)γ^{μ β}S_{21}(x − y) =0 γ^ν Ψ(y) :: Ã_μ(x)A_ν (y) :

B^α_{31} + C^β_{21} : + e^2i : Ψ̄(x)γ^{μ β}S_{12}(x − y) =0 γ^ν ¯Ψ̃(y) :: A_μ(x)Ã_ν (y) :

C^α_{21} + B^β_{31} : − e^2i : Ψ̄(y)γ^{ν β}S_{12}(y − x) =0 γ^μ ¯Ψ̃(x) :: Ã_μ(x)A_ν (y) :

D^α_{21} + D^β_{31} : + e^2 1 i : Ψ̃(y)γ^{ν β}S_{22}(y − x)γ^μ ¯Ψ̃(x) :: Ã_μ(x)Ã_ν (y) :

D^α_{31} + D^β_{21} : − e^2 1 i : Ψ̃(x)γ^{μ β}S_{22}(x − y)γ^ν ¯Ψ̃(y) :: Ã_μ(x)Ã_ν (y) : .

(3.12)

Since^βS_{11/12}(z) =^{T =0}S(z) (see App. A.2) and the latter has singular order ω = −2 (see [22]) the splitting can be done trivially as well. For T^C_2 this leads to (here we choose x_0 > y_0 without^{34} restriction of the general validity of the expressions):

A^α_{21} + A^β_{31} : (^βS_{11}(y − x))^{ret} −^βS^{(+)}_{11} (y − x) = = −^βS^{av}_{11} (y − x) −^βS^{(+)}_{11} (y − x) =^βS^F_{11}(y − x), A^α_{31} + A^β_{21} : (^βS_{11}(x − y))^{ret} −^βS^{(−)}_{11} (x − y) = −^βS^F_{11}(x − y), B^α_{21} + C^β_{31} : 0 −^βS^{(+)}_{21} (y − x) =^βS^F_{21}(y − x), C^α_{31} + B^β_{21} : 0 −^βS^{(−)}_{21} (x − y) = −^βS^F_{21}(x − y), B^α_{31} + C^β_{21} : 0 −^βS^{(−)}_{12} (x − y) = −^βS^F_{12}(x − y), C^α_{21} + B^β_{31} : 0 −^βS^{(+)}_{12} (y − x) =^βS^F_{12}(y − x), D^α_{21} + D^β_{31} : (^βS_{22}(y − x))^{ret} −^βS^{(+)}_{22} (y − x) = = −^βS^{av}_{22} (y − x) −^βS^{(+)}_{22} (y − x) =^βS^F_{22}(y − x), D^α_{31} + D^β_{21} : (^βS_{22}(x − y))^{ret} −^βS^{(−)}_{22} (x − y) = −^βS^F_{22}(x − y).

(3.13)

34 Since we are dealing with distributions it does not make sense to consider their value for a certain argument. Thus we can avoid x = y. By Lorentz transformations of these covariant expressions we can avoid x_0 = y_0 as well.

With all the factors we finally have T^C_2 = A^α_{21} + A^β_{31} : − ie^2 : Ψ̄(y)γ^{ν β}S^F_{11}(y − x)γ^μΨ(x) :: A_μ(x)A_ν (y) : A^α_{31} + A^β_{21} : + ie^2 : Ψ̄(x)γ^μ(−1)^βS^F_{11}(x − y)γ^ν Ψ(y) :: A_μ(x)A_ν (y) : B^α_{21} + C^β_{31} : + ie^2 : Ψ̃(y)γ^{ν β}S^F_{21}(y − x)γ^μΨ(x) :: A_μ(x)Ã_ν (y) : C^α_{31} + B^β_{21} : − ie^2 : Ψ̃(x)γ^μ(−1)^βS^F_{21}(x − y)γ^ν Ψ(y) :: Ã_μ(x)A_ν (y) : B^α_{31} + C^β_{21} : + ie^2 : Ψ̄(x)γ^μ(−1)^βS^F_{12}(x − y)γ^ν ¯Ψ̃(y) :: A_μ(x)Ã_ν (y) : C^α_{21} + B^β_{31} : − ie^2 : Ψ̄(y)γ^{ν β}S^F_{12}(y − x)γ^μ ¯Ψ̃(x) :: Ã_μ(x)A_ν (y) : D^α_{21} + D^β_{31} : − ie^2 : Ψ̃(y)γ^{ν β}S^F_{22}(y − x)γ^μ ¯Ψ̃(x) :: Ã_μ(x)Ã_ν (y) : D^α_{31} + D^β_{21} : + ie^2 : Ψ̃(x)γ^μ(−1)^βS^F_{22}(x − y)γ^ν ¯Ψ̃(y) :: Ã_μ(x)Ã_ν (y) : .

(3.14)

Vacuum Polarization

D^{VP}_2 = A^α_{41} + A^β_{41} : + e^2tr [ γ^{ν β}S^{(−)}_{11} (y − x)γ^{μ β}S^{(+)}_{11} (x − y) −

− γ^{ν β}S^{(+)}_{11} (y − x)γ^{μ β}S^{(−)}_{11} (x − y) ] : A_μ(x)A_ν (y) :

B^α_{41} + C^β_{41} : + e^2tr [ γ^{ν β}S^{(−)}_{21} (y − x)γ^{μ β}S^{(+)}_{12} (x − y) −

− γ^{ν β}S^{(+)}_{21} (y − x)γ^{μ β}S^{(−)}_{12} (x − y) ] : A_μ(x)Ã_ν (y) :

C^α_{41} + B^β_{41} : + e^2tr [ γ^{ν β}S^{(−)}_{21} (y − x)γ^{μ β}S^{(+)}_{21} (x − y) −

− γ^{ν β}S^{(+)}_{12} (y − x)γ^{μ β}S^{(−)}_{21} (x − y) ] : Ã_μ(x)A_ν (y) :

D^α_{41} + D^β_{41} : + e^2tr [ γ^{ν β}S^{(−)}_{22} (y − x)γ^{μ β}S^{(+)}_{22} (x − y) −

− γ^{ν β}S^{(+)}_{22} (y − x)γ^{μ β}S^{(−)}_{22} (x − y) ] : Ã_μ(x)Ã_ν (y) : .

(3.15)

In appendix C.3 we calculate ω^{VP} with the following result: ω^{VP} = −∞ for the temperature dependent parts. Thus we can split them trivially and arrive at: T_2 = R − R^′ ∼ (for the terms A^α_{41} + A^β_{41}): [ (T = 0)-part

]_{ret}

+^{T >0}S^{(−)}_{11} (y − x)γ^{μ T =0}S^{ret}_{11} (x − y) + +^{T =0}S^{av}_{11} (y − x)γ^{μ T >0}S^{(−)}_{11} (x − y) +^βS^{(+)}_{11} (y − x)γ^{μ β}S^{(−)}_{11} (x − y) = = [ (T = 0)-part

]_{ret} +^{T =0}S^{(+)}_{11} (y − x)γ^{μ T =0}S^{(−)}_{11} (x − y) + +^{T >0}S^{(−)}_{11} (y − x)γ^{μ T =0}S^{ret}_{11} (x − y) +^{T >0}S^{(+)}_{11} (y − x)γ^{μ T =0}S^{(−)}_{11} (x − y) + +^{T =0}S^{av}_{11} (y − x)γ^{μ T >0}S^{(−)}_{11} (x − y) +^{T =0}S^{(+)}_{11} (y − x)γ^{μ T >0}S^{(−)}_{11} (x − y) + +^{T >0}S^{(+)}_{11} (y − x)γ^{μ T >0}S^{(−)}_{11} (x − y) = = [(T = 0)-part] −^{T >0}S^F_{11}(y − x)γ^{μ T =0}S^F_{11}(x − y) − −^{T =0}S^F_{11}(y − x)γ^{μ T >0}S^F_{11}(x − y) −^{T >0}S^F_{11}(y − x)γ^{μ T >0}S^F_{11}(x − y). (3.16) For the other terms we get

B^α_{41} + C^β_{41} : D_2 = 0 −→ T_2 = −R^′_2 ∼

∼^βS^{(+)}_{21} (y − x)γ^{μ β}S^{(−)}_{12} (x − y) = −^βS^F_{12}(y − x)γ^{μ β}S^F_{12}(x − y), C^α_{41} + B^β_{41} : D_2 = 0 −→ T_2 = −R^′_2 ∼

∼^βS^{(+)}_{12} (y − x)γ^{μ β}S^{(−)}_{21} (x − y) = −^βS^F_{12}(y − x)γ^{μ β}S^F_{12}(x − y), D^α_{41} + D^β_{41} : calculation as for the A-part gives T_2 ∼ [(T = 0)-part] −^{T >0}S^F_{22}(y − x)γ^{μ T =0}S^F_{22}(x − y) − −^{T =0}S^F_{22}(y − x)γ^{μ T >0}S^F_{22}(x − y) −^{T >0}S^F_{22}(y − x)γ^{μ T >0}S^F_{22}(x − y).

(3.17)

With all factors we thus have T^{VP}_2 = A^α_{41} + A^β_{41} : + e^2tr [ γ^ν ( [(T = 0)-part] −^{T >0}S^F_{11}(y − x)γ^{μ T =0}S^F_{11}(x − y) −

−^{T =0}S^F_{11}(y − x)γ^{μ T >0}S^F_{11}(x − y) −^{T >0}S^F_{11}(y − x)γ^{μ T >0}S^F_{11}(x − y) ) ] : A_μ(x)A_ν (y) :

B^α_{41} + C^β_{41} : + e^2tr [ γ^ν ( −^βS^F_{12}(y − x)γ^{μ β}S^F_{12}(x − y) ) ] : A_μ(x)Ã_ν(y) :

C^α_{41} + B^β_{41} : + e^2tr [ γ^ν ( −^βS^F_{12}(y − x)γ^{μ β}S^F_{12}(x − y) ) ] : Ã_μ(x)A_ν(y) :

D^α_{41} + D^β_{41} : + e^2tr [ γ^ν ( [(T = 0)-part] −^{T >0}S^F_{22}(y − x)γ^{μ T =0}S^F_{22}(x − y) −

−^{T =0}S^F_{22}(y − x)γ^{μ T >0}S^F_{22}(x − y)−^{T >0}S^F_{22}(y − x)γ^{μ T >0}S^F_{22}(x − y) ) ] :Ã_μ(x)Ã_ν(y): .

(3.18)

Vacuum Graph

D^{VG}_2 =

A^α_{42} + A^β_{42} : + ie^2tr [ γ^{ν β}S^{(−)}_{11} (y − x)γ_ν^βS^{(+)}_{11} (x − y)^βD^{(+)}_{11} (x − y) −

− γ^{ν β}S^{(+)}_{11} (y − x)γ_ν^βS^{(−)}_{11} (x − y)^βD^{(+)}_{11} (y − x) ]

B^α_{42} + C^β_{42} : + ie^2tr [ γ^{ν β}S^{(−)}_{21} (y − x)γ_ν^βS^{(+)}_{12} (x − y)^βD^{(+)}_{12} (x − y) −

− γ^{ν β}S^{(+)}_{21} (y − x)γ_ν^βS^{(−)}_{12} (x − y)^βD^{(+)}_{12} (y − x) ]

C^α_{42} + B^β_{42} : + ie^2tr [ γ^{ν β}S^{(−)}_{12} (y − x)γ_ν^βS^{(+)}_{21} (x − y)^βD^{(+)}_{12} (x − y) −

− γ^{ν β}S^{(+)}_{12} (y − x)γ_ν^βS^{(−)}_{21} (x − y)^βD^{(+)}_{12} (y − x) ]

D^α_{42} + D^β_{42} : + ie^2tr [ γ^{ν β}S^{(−)}_{22} (y − x)γ_ν^βS^{(+)}_{22} (x − y)^βD^{(+)}_{22} (x − y) −

− γ^{ν β}S^{(+)}_{22} (y − x)γ_ν^βS^{(−)}_{22} (x − y)^βD^{(+)}_{22} (y − x) ] .

(3.19)

We use the relations from appendix A.2 to rewrite the propagators in the D-term in a suitable way and thus prove D^α_{42} + D^β_{42} + A^α_{42} + A^β_{42} = 0. Analogously we prove B^α_{42} + C^β_{42} = 0 and C^α_{42} + B^β_{42} = 0. This gives

T^{VG}_2 = −R^′_2 =

A^α_{42} + A^β_{42} + D^α_{42} + D^β_{42} : + ie^2tr [ γ^{ν β}S^{(+)}_{11} (y − x)γ_ν^βS^{(−)}_{11} (x − y)^βD^{(+)}_{11} (y − x) ]

+ ie^2tr [ γ^{ν β}S^{(+)}_{22} (y − x)γ_ν^βS^{(−)}_{22} (x − y)^βD^{(+)}_{22} (y − x) ]

B^α_{42} + C^β_{42} : + ie^2tr [ γ^{ν β}S^{(+)}_{21} (y − x)γ_ν^βS^{(−)}_{12} (x − y)^βD^{(+)}_{12} (y − x) ]

C^α_{42} + B^β_{42} : + ie^2tr [ γ^{ν β}S^{(+)}_{12} (y − x)γ_ν^βS^{(−)}_{21} (x − y)^βD^{(+)}_{12} (y − x) ] . (3.20)

In appendix C.3 we show that the adiabatic limit in the vacuum expectation value of the vacuum graph is of the form^1_{ϵ4} c, with c = const. ≠ 0. Thus the adiabatic limit does not exist. But we have yet some undefined normalization constants at hand from the (ω = 4)- splitting in the (T = 0)-case (see [22], 4.1.27): we can split different parts of a distribution separately if they have causal support each - to do that we each time use the singular order of the part considered. This provides us with the retarded and advanced parts of these different parts. But the normalization freedom is given by the maximal singular order of all these parts, since the philosophy is to split all parts with the same operator structure together - that is with the maximal singular order of these parts^{35}. If we now choose C_0 = 0 = C_2 and C_4 = −c the limit exists. Since c = 0 for T = 0 (as can be seen from the expressions in App. C.3) the result for T = 0 is not changed.

35 Because of the remarks on the uniqueness of the retarded and advanced parts preceeding eq. (2.34) this does not contradict the statements above.

Self Energy

D^{SE}_2 =

A^α_{22} + A^β_{32} : +e^2 : Ψ̄(y)γ^ν [_β S^{(−)}_{11} (y − x)^βD^{(+)}_{11} (x − y) +

+^βS^{(+)}_{11} (y − x)^βD^{(+)}_{11} (y − x) ] γ_ν Ψ(x) :

A^α_{32} + A^β_{22} : −e^2 : Ψ̄(x)γ^ν [ βS^{(+)}_{11} (x − y)^βD^{(+)}_{11} (x − y) +

+^βS^{(−)}_{11} (x − y)^βD^{(+)}_{11} (y − x) ] γ_ν Ψ(y) :

B^α_{22} + C^β_{32} : −e^2 : Ψ̃(y)γ^ν [_β S^{(−)}_{21} (y − x)^βD^{(+)}_{12} (x − y) +

+^βS^{(+)}_{21} (y − x)^βD^{(+)}_{12} (y − x) ] γ_ν Ψ(x) :

C^α_{32} + B^β_{22} : +e^2 : Ψ̃(x)γ^ν [ βS^{(+)}_{21} (x − y)^βD^{(+)}_{12} (x − y) +

+^βS^{(−)}_{21} (x − y)^βD^{(+)}_{12} (y − x) ] γ_ν Ψ(y) :

B^α_{32} + C^β_{22} : −e^2 : Ψ̄(x)γ^ν [_β S^{(+)}_{12} (x − y)^βD^{(+)}_{12} (x − y) +

+^βS^{(−)}_{12} (x − y)^βD^{(+)}_{12} (y − x) ] γ_ν ¯Ψ̃(y) :

C^α_{22} + B^β_{32} : +e^2 : Ψ̄(y)γ^ν [ βS^{(−)}_{12} (y − x)^βD^{(+)}_{12} (x − y) +

+^βS^{(+)}_{12} (y − x)^βD^{(+)}_{12} (y − x) ] γ_ν ¯Ψ̃(x) :

D^α_{22} + D^β_{32} : +e^2 : Ψ̃(y)γ^ν [_β S^{(−)}_{22} (y − x)^βD^{(+)}_{22} (x − y) +

+^βS^{(+)}_{22} (y − x)^βD^{(+)}_{22} (y − x) ] γ_ν ¯Ψ̃(x) :

D^α_{32} + D^β_{22} : −e^2 : Ψ̃(x)γ^ν [_β S^{(+)}_{22} (x − y)^βD^{(+)}_{22} (x − y) +

=^βS^{(−)}_{22} (x − y)^βD^{(+)}_{22} (y − x) ] γ_ν ¯Ψ̃(y) : .

(3.21)

The calculation of the singular order of the self energy graph (see appendix C.3) shows that ω^{SE} = −∞. Thus we can again split trivially and arrive after proceeding as in section 35 at the following expression for T_2 = R − R^′: [ (T = 0)-part ] +^{T >0}S^F_{11}(y − x)^{T =0}D^F_{11}(x − y) + +^{T =0}S^F_{11}(y − x)^{T >0}D^F_{11}(x − y) +^{T >0}S^F_{11}(y − x)^{T >0}D^F_{11}(x − y).

(3.22)

This are the terms from A^α_{22} + A^β_{32}. The other terms of A and D are calculated analogously and the terms of B and C are easy to calculate since D_2 = 0. Finally we arrive at

T^{SE}_2 =

A^α_{22} + A^β_{32} : + e^2 : Ψ̄(y)γ^ν [ ((T = 0)-part) +^{T =0}S^F_{11}(y − x)^{T >0}D^F_{11}(y − x) +

+^{T >0}S^F_{11}(y − x)^{T =0}D^F_{11}(y − x) +^{T >0}S^F_{11}(y − x)^{T >0}D^F_{11}(y − x) ] γ_ν Ψ(x) :

A^α_{32} + A^β_{22} : − e^2 : Ψ̄(x)γ^ν [ ((T = 0)-part) −^{T =0}S^F_{11}(x − y)^{T >0}D^F_{11}(x − y) −

−^{T >0}S^F_{11}(x − y)^{T =0}D^F_{11}(x − y) −^{T >0}S^F_{11}(x − y)^{T >0}D^F_{11}(x − y) ] γ_ν Ψ(y) :

B^α_{22} + C^β_{32} : − e^2 : Ψ̃(y)γ^ν [_β S^F_{21}(y − x)^βD^F_{12}(y − x) ] γ_ν Ψ(x) :

C^α_{32} + B^β_{22} : + e^2 : Ψ̃(x)γ^ν [ −^βS^F_{21}(x − y)^βD^F_{12}(y − x) ] γ_ν Ψ(y) :

B^α_{32} + C^β_{22} : − e^2 : Ψ̄(x)γ^ν [ −^βS^F_{12}(x − y)^βD^F_{12}(y − x) ] γ_ν ¯Ψ̃(y) :

C^α_{22} + B^β_{32} : + e^2 : Ψ̄(y)γ^ν [ βS^F_{12}(y − x)^βD^F_{12}(y − x) ] γ_ν ¯Ψ̃(x) :

D^α_{22} + D^β_{32} : + e^2 : Ψ̃(y)γ^ν [ ((T = 0)-part) +^{T =0}S^F_{22}(y − x)^{T >0}D^F_{22}(y − x) +

+^{T >0}S^F_{22}(y − x)^{T =0}D^F_{22}(y − x) +^{T >0}S^F_{22}(y − x)^{T >0}D^F_{22}(y − x) ] γ_ν ¯Ψ̃(x) :

D^α_{32} + D^β_{22} : − e^2 : Ψ̃(x)γ^ν [ ((T = 0)-part) −^{T =0}S^F_{22}(x − y)^{T >0}D^F_{22}(x − y) −

−^{T >0}S^F_{22}(x − y)^{T =0}D^F_{22}(x − y) −^{T >0}S^F_{22}(x − y)^{T >0}D^F_{22}(x − y) ] γ_ν ¯Ψ̃(y) : .

(3.23)

Remark: Up to now we have calculated all contributions to T_2. It can be verified quite straightforward that all these contributions are symmetric under the transformation x → y, y → x (use the relations from App. A.2). We see that their temperature dependent parts are the same as if they had been calculated using ordinary Feynman rules (they all have ω ≤ −1), whereas the (T = 0)-parts have to be treated more carefully as it was done in [22]. To get some insight in the consequences of these formulae, to extract physical quantities etc. it remains to perform the involved integrals. We will only do that in the case of the self energy under the assumption that k_BT ≪ m_e− . This will allow the discussion of a possible thermal mass correction and is done in the next subsection.

3.1.3 Self Energy and Thermal Corrections to m_e� Here we want to discuss a possible thermal mass correction by the self energy. This is usually looked at as follows: we consider the infinite summation of self energy graphs

S^F(x − y) + ∫ d^4x_1d^4x_2S^F (x − x_1)Σ(x_1 − x_2)S^F (x_2 − y) + + ∫ d^4x_1d^4x_2d^4x_3d^4x_4S^F(x − x_1)Σ(x_1 − x_2)S^F(x_2 − x_3)Σ(x_3 − x_4)S^F(x_4 − y) + ... =:

=: S^{tot}(x − y). (3.24)

This can be interpreted as sort of a total propagator. Taking the Fourier transform of this gives 1 (2π)^2

Ŝ^{tot}(p) = = 1 (2π)^2

Ŝ^F(p)+(2π)^2Ŝ^F (p)Σ̂(p)Ŝ^F(p) + (2π)^6Ŝ^F(p)Σ̂(p)Ŝ^F (p)Σ̂(p)Ŝ^F (p) + ... .

(3.25)

Since this is a geometric series we can sum it and get

S^{tot} =

S^F 1 − (2π)^4ΣS^F = 1 (S^F)^{−1} − (2π^4)Σ = 1 (2π)^2(/p − m + i0 − (2π)^2Σ)

. (3.26)

These calculations are not rigorous, e.g. we set g = 1 at the beginning. If we do it with g ≠ 1, such a summation is impossible (just consider the Fourier transform of S^F(x_1 − x_2)g(x_1)g(x_2) + S^F (x_1 − y_1)Σ(y_1 − y_2)S^F(y_2 − x_2)g(x_1)g(x_2)g(y_1)g(y_2) + ...).

Another difficulty origins in the fact that we have two types of vertices. In the considerations here we investigated the sum of terms with non-tilde vertices only. For a complete discussion we should somehow incorporate the terms with tilde vertices as well or give arguments why this is not necessary.

However, we will not discuss this and if (3.26) can be derived rigorously without performing the adiabatic limit too early - to do that we should first have an IR-finite theory at hand, and this is not the case now as already mentioned (see Sec. 3.4.2). So we just want to discuss some consequences of this formula to compare our results with the literature. First we see that (2π)^2Σ ‘appears as a mass’ in the propagator - this point of view was also fruitfully adopted in the (T = 0)-theory, e.g. to determine normalization constants in the causal approach (see [22], p.213). But as we will see soon, Σ for T > 0 has - beside the scalar component - terms proportional to /p and /u, which perhaps should be interpreted as a thermal change of momentum of the particle. This idea finally leads to the definition and consideration of thermal spinors and a thermal Dirac equation as introduced in [63], [10].

Here we just calculate Σ and evaluate it especially for k_BT ≪ m_e− , which practically means that we can set the Fermi-Dirac distribution functions f_± to zero (i.e. we disregard terms O(e^{−βme−} )). Then we derive a thermal mass, which is in agreement with the results in the literature (e.g. [14], [10]).

To achieve this goal we have to investigate the various terms of (3.23). There are four terms to be considered, the others can be derived from them (e.g. by using the relations from app.A.2):

I : γ^{μ T =0}S^F_{11}(y − x)^{T >0}D^F_{11}(y − x)γ_μ II : γ^{μ T >0}S^F_{11}(y − x)^{T =0}D^F_{11}(y − x)γ_μ III : γ^{μ T >0}S^F_{11}(y − x)^{T >0}D^F_{11}(y − x)γ_μ IV : γ^{μ T >0}S^F_{12}(y − x)^{T >0}D^F_{12}(y − x)γ_μ

(3.27)

First we turn to I. Using the formula for the Fourier transform of a product: A(x)B(x) −→ ^AB(p) = 1 (2π)^2 ∫ d^4kÂ(p − k)B̂(k), (3.28)

we get the following: 1 (2π)^2 ∫ d^4kγ^{μ T =0}^S^F_{11}(p − k)^{T >0} ^D^F_{11}(k)γ_μ = = i (2π)^5 ∫ d^4k γ^μ(/p − /k + m)γ_μ (p − k)^2 − m^2 + i0 δ(k^2) 1 e^{β|ku|} − 1 . (3.29)

This has to be a covariant expression and therefore is of the following form:

C_0 + C_p/p + C_u/u, with C_{0,p,u} Lorentz scalars, depending on p^2 and pu. (3.30)

To evaluate (3.29) we use γ^μ(/p−/k+m)γ_μ = −2/p+2/k+4m, and the fact that C_0 origins from the part proportional to m, C_p and C_u from the one proportional to p^μ + u^μ (after omitting the γ_μ from /p + /u). If we multiply these terms ∼ (p^μ + u^μ) by p_μ and u_μ, respectively, we get the following three equations:

C_0 = i (2π)^5 ∫ d^4k 4m (p − k)^2 − m^2 + i0 δ(k^2) 1 e^{β|ku|} − 1 , C_p(pu) + C_u = i (2π)^5 ∫ d^4k −2pu + 2pk (p − k)^2 − m^2 + i0 δ(k^2) 1 e^{β|ku|} − 1 , C_pp^2 + C_u(pu) = i (2π)^5 ∫ d^4k

−2p^2 + 2pk (p − k)^2 − m^2 + i0 δ(k^2) 1 e^{β|ku|} − 1 . (3.31)

The calculation of C_{0,p,u} is done in App. C.3.4. The full result (in the approximation k_BT ≪ m_e− and including the factor e^2) on the mass shell p^2 = m^2 is

C_0 =0

C_p = ie^2 48β^2π^2 1 m^2 − (pu)^2 ( − 1 + pu 2 √ (pu)^2 − m^2 ln | | | | pu + √ (pu)^2 − m^2 pu − √ (pu)^2 − m^2 | | | | )

C_u = ie^2 48β^2π^2 1 m^2 − (pu)^2 ( pu − m^2 2 √ (pu)^2 − m^2 ln | | | | pu + √ (pu)^2 − m^2 pu − √ (pu)^2 − m^2 | | | | ) . (3.32)

The terms II − IV of (3.27) are calculated in the same way, making an ansatz C_0+C_p/p + C_u/u and determining these coefficients as above. However, in the approximation k_B T ≪ m_e− only the term I is relevant, therefore we will not investigate the other terms anymore.

The result (3.32), after inclusion of the factor (2π)^2 from (2π)^2Σ in (3.26), is in agreement with [14] (see their reference [16] for their calculations). How to extract a possible mass correction due to the temperature from this result is not that clear as often claimed. One way would be to proceed in the usual way (e.g. [2], [10]) by determination of the pole of the total propagator (3.26) for |⃗p| → 0. This leads to the result known from literature,

Δm_β = e^2 12m^2β^2

, (3.33)

Another viewpoint could be the more direct one of taking the term C_0 as a mass correction and the ‘slash’-terms C_p/p+C_u/u as some sort of momentum change; then there would be no mass correction since C_0 = 0 (see (3.32)). We emphasize that the contribution C_p/p+C_u/u cannot be absorbed in normalization constants since they are not of a polynomial structure. We will not start to discuss this here any further since we take the viewpoint that we should first have a consistent thermal field theory for all temperatures. The determination of a mass and momentum correction certainly involves a discussion of the Dirac equation and the spinors in the thermal setting as it was done in [63]. As already mentioned it is not necessary to be concerned with this in the approximation k_BT ≪ m_e− - but it may has to be pursued to formulate a consistent thermal QFT for all temperatures (cf. Sec. 4).

3.1.4 Matrix Elements for Bremsstrahlung

To discuss the IR-limit in the cross sections to fourth order (see Sec. 3.4) we need the contributions from the one photon bremsstrahlung processes. Because they are given essentially by Compton-graphs we calculate the matrix elements already in this section on second order terms. The process is described by Compton graphs with an external classical ‘non-tilde’ photon leg (a C-number potential) and an absorbed or emitted soft photon. According to the theory we have to build states using the emission operators in the thermal Fock space. We start with the most simple case and discuss general coherent and incoherent superpositions at the end of this paper. Thus we have the following matrix elements:

Emission:

S^{em}_{fi} = ⟨b_s(⃗p, β)^+ϵ^μ(⃗k)a^μ(⃗k, β)^+Ω|T^{Compton}_2 |b_σ(⃗q, β)^+Ω⟩, (3.34)

Absorption:

S^{abs}_{fi} = ⟨b_s(⃗p, β)^+ϵ^μ(−⃗k)ã^μ(⃗k, β)^+Ω|T^{Compton}_2 |b_σ(⃗q, β)^+Ω⟩. (3.35)

We emphasize that there is no sum over the indices μ, therefore we write both of them as superscripts. A remark on ϵ: Since physical photon states are transversal it is convenient to introduce real polarization vectors ϵ_μ with ϵ_μ = (0,⃗ϵ), ⃗k · ⃗ϵ(⃗k) = 0, ⃗ϵ^2 = 1. Photon states are then given by |ϵ_μa_μ(⃗k)^+Ω⟩. For convenience we choose ϵ(−⃗k) for the absorption. Further remarks on this can be found in [22] around (3.5.9) and (2.11.32). To describe the emission of a photon by the final state^{36} ⟨a^μ(⃗k, β)^+Ω_β | with initial state |Ω_β⟩ is quite natural. The other graph has to be considered since it also gives a contribution to the investigated process where we start with |Ω_β⟩ as the initial state and end up with one ordinary or one tilde photon. These are the only two possibilities to have ⟨Ω_β | with a one particle change in the photon sector as the final state. Thus it is quite natural to interpret this second contribution as an absorption from the photon bath since this is the only physical process besides emission, which takes place and changes the heath bath by one particle in the photon sector. It was already argued in [25], p.120, that the second process describes the generation of a ‘hole’, i.e. absorption of a photon.

Now we consider the following contributions to BS: in x_2 we have a classical (thus nontilde) external potential A_ν (x_2)^{ext} and an incoming field Ψ, in x_1 an outgoing field Ψ̄ and a field A_μ or Ψ̃ and Ã_μ. Or we have A_ν (x_2)^{ext} and an outgoing field Ψ̄ in x_2, an incoming field Ψ and A_μ or Ψ̃ and Ã_μ in x_1. Thus there are four terms from T^C_2 (3.14) that contribute: A^α_{21} + A^β_{31}, A^α_{31} + A^β_{21}, C^α_{31} + B^β_{21} and C^α_{21} + B^β_{31}. In momentum space, the contributions with x_1 and x_2 interchanged give the same result, but this resulting factor two is canceled by the factor^1_{2!} =^1_2 from the S-matrix expansion (2.1). This gives

S^{em}_{fi} = ∫ d^4x_1d^4x_2g(x_1)g(x_2) √ 1 − f_−(p) (2π)^{32} ū_s(p)e^{ipx2} (−ie^2γ^{ν β}S^F_{11}(x_2 − x_1)γ^μ) · · √ 1 − f_−(q) (2π)^{32} u_σ(q)e^{−iqx1} 1 (2π)^{32} ∫ dk_0δ(k^2)Θ(k_0) √ 1 + f(k)e^{ikx1} ϵ_μ(⃗k)A^{ext}_ν (x_2) +

+ the three other terms. (3.36)

Here we used the covariant expression from 2.58 for A_μ(x) in order to keep track in a rigorous way of the conditions k^2 = 0 and k_0 = |⃗k|. The absorption part gives the same except that we have e^{−ikx1} instead of e^{ikx1} and √ f instead of √ 1 + f . Now we use the following Fourier transformed expressions:

g(x_i) = 1 (2π)^2 ∫ d^4k_iĝ(k_i)e^{−ikixi} , S(x_2 − x_1) = 1 (2π)^2 ∫ d^4QŜ(Q)e^{−iQ(x2−x1)}, A(x_2) = 1 (2π)^2 ∫ d^4rÂ(r)e^{−irx2} , (3.37)

36 In the following discussion we omit the irrelevant polarization vectors and electron emission operators in the states.

then the x_i-integrations give (2π)^4δ(−k_1 + Q − q + k)(2π)^4δ(−k_2 + p − Q − r), which allows to calculate the Q- and r- integrals (in the other three terms we proceed in an analogous way). In each term one k_i-integration can be done trivially leading to a factor (2π)^2 (cf. end of Sec. 2.1.1). With analogous calculations for the absorption we thus get the following matrix elements for emission and absorption:

S_{fi}^{BS,em} = e^2 (2π)^{52} ∫ d^4k_1ĝ(k_1) ∫ dk_0δ(k^2)Θ(k_0)ū_s(p) [

+ (−i)/Â^{ext} (p − q + k − k_1)^β^S^F_{11}(q + k_1 − k)/ϵ(⃗k) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) + + (−i)/ϵ(⃗k)^β^S^F_{11}(p − k_1 + k)/Â^{ext}(p − q + k − k_1) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) − − /ϵ(⃗k)^β^S^F_{21}(p − k_1 + k)/Â^{ext}(p − q + k − k_1) √ f_−(p)(1 − f_−(q)) √ f(k) − − /Â^{ext}(p − q + k − k_1)^β^S^F_{12}(q + k_1 − k)/ϵ(⃗k) √ (1 − f_−(p))f_−(q) √ f(k) ] u_σ(q), S_{fi}^{BS,abs} = e^2 (2π)^52 ∫ d^4k_1ĝ(k_1) ∫ dk_0δ(k^2)Θ(k_0)ū_s(p) [

+ (−i)/Â^{ext} (p − q − k − k_1)^β^S^F_{11}(q + k_1 + k)/ϵ(−⃗k) √ (1 − f_−(p))(1 − f_−(q)) √ f(k) + + (−i)/ϵ(−⃗k)^β^S^F_{11}(p − k_1 − k)/Â^{ext}(p − q − k − k_1) √ (1 − f_−(p))(1 − f_−(q)) √ f(k) − − /ϵ(−⃗k)^β^S^F_{21}(p − k_1 − k)/Â^{ext}(p − q − k − k_1) √ f_−(p)(1 − f_−(q)) √ 1 + f(k) −

− /Â^{ext}(p − q − k − k_1)^β^S^F_{12}(q + k_1 + k)/ϵ(−⃗k) √ (1 − f_−(p))f_−(q) √ 1 + f(k) ] u_σ(q). (3.38)

Thus we see that the absorption is the same as the emission with k replaced by −k (except in Θ(k_0)), 1 + f by f.

Inserting the expressions for the propagators from App. A.3 in (3.38) - the definition of < ... > is given in (3.86) - using /p/ϵ = −/ϵ/p + 2pϵ, etc. and the Dirac equation we get the following 2 times 6 terms:

S^{BS,em} fi = e^2 (2π)^{52} ∫ d^4k_1ĝ(k_1) ∫ dk_0δ(k^2)Θ(k_0)ū_s(p)/Â^{ext}(p − q + k − k_1)u_σ(q) [

+ (2pϵ − /ϵ/k_1 + /ϵ/k)(−i) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) (2π)^2((p − k_1 + k)^2 − m^2 + i0) + + 2pϵ − /ϵ/k_1 + /ϵ/k 2π √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) ·

· δ((p − k_1 + k)^2 − m^2) < Θf_±(p − k_1 + k) > + + (2pϵ − /ϵ/k_1 + /ϵ/k)(−1) √ f_−(p)(1 − f_−(q)) √ f(k)( −1 2π ) · · δ((p − k_1 + k)^2 − m^2) < Θ √ f_±(p − k_1 + k)> + + (2qϵ + /k_1/ϵ − /k/ϵ)(−i) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) (2π)^2((q + k_1 − k)^2 − m^2 + i0) + + 2qϵ + /k_1/ϵ − /k/ϵ 2π √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) ·

·δ((q + k_1 − k)^2 − m^2) < Θf_±(q + k_1 − k) > + + (2qϵ + /k_1/ϵ − /k/ϵ)(−1) √ (1 − f_−(p))f_−(q) √ f(k)( −1 2π ) · · δ((q + k_1 − k)^2 − m^2) < Θ √ f_±(q + k_1 − k) > ] .

(3.39)

The matrix-element for the absorption S^{BS,abs}_{fi} is the same, but with k ↔ −k (except in Θ(k_0)) and f ↔ 1 + f.

3.2 Calculation of some Third Order Graphs

In this section we calculate the third order graphs that play or could play a rôle in the discussion of the IR-behaviour of the theory in cross sections to fourth order. Thus we will calculate T_3 for the Vertex and the third order self energy graph. These have to be considered in investigating the IR-problem since they will turn out to be infinite in the adiabatic limit g → 1. We also discuss the third order vacuum polarization and the graphs with two bremsstrahlung-photons - they are finite in the limit g → 1, therefore we will not consider them further. To caution the reader we want to emphasize that in the following calculations we do not consider (T = 0)- and (T > 0)-parts separately. Therefore, all formulae have to be taken literally for the (T > 0)-parts only, the (T = 0)-parts (and (T = 0)-parts of subgraphs with ω ≥ 0, e.g. in the third order SE) are understood to have been treated correctly, i.e. by splitting them non-trivially. We do not write down this explicitly (cf. also the remark at the end of Sec. 3.1.2).

3.2.1 The Vertex Graph

D^V_3 is calculated in appendix D.1, its singular order as well. We will only consider the terms with a non-tilde field A_ν in x_3 (since this will be replaced by a classical external potential in our calculations for the IR-behaviour) and Ψ̄ or Ψ̃ in x_1, Ψ or ¯Ψ̃ in x_2. The terms with permuted arguments give the same result in momentum space (as can be shown by calculating just as we do for the terms we are concerned with here). Thus this gives an additional factor 3! = 6 from the various permutations. But from the expansion of the S-matrix, (2.1), there is another global factor,^1_{3!} =^1_6 , which cancels the one above.

Here we give the result for T^V_3 and some hints for the calculation: We take the first part of D^V_3 (see App. D.1) and change its form in a suitable way^{37}:

D^V_3 =^βS^{− β}S^{+ β}D^F −^βS^{ret β}S^{+ β}D^+ −^βS^{− β}S^{av β}D^− −

−^βS^{+ β}S^{− β}D^F +^βS^{av β}S^{− β}D^− +^βS^{+ β}S^{ret β}D^+ =

= −^βS^{av β}S^{ret β}D^+ +^βS^{− β}S^{ret β}D^{av} −^βS^{− β}S^{av β}D^{ret} +

+^βS^{ret β}S^{av β}D^+ −^βS^{ret β}S^{− β}D^{av} +^βS^{av β}S^{− β}D^{ret}.

(3.40)

We take the retarded part of it (by trivial splitting since ω ≤ −1, see App. D.1) which gives:

R^V_3 = −^βS^{− β}S^{av β}D^{ret} +^βS^{ret β}S^{av β}D^+ −^βS^{ret β}S^{− β}D^{av}. (3.41)

Then we have

T_3 = R_3 − R^′_3 = −^βS^{− β}S^{av β}D^{ret} +^βS^{ret β}S^{av β}D^+ −^βS^{ret β}S^{− β}D^{av}

+^βS^−(x_1 − x_3)^βS^{+ β}D^F −^βS^{ret β}S^{+ β}D^+ −^βS^{− β}S^{av β}D^− =

= −^βS^{F β}S^{F β}D^F.

(3.42)

To obtain this result we have added S^−S^{av} D^F −S^−S^{av}D^F and S^−S^F D^F −S^−S^FD^F, skilfully splitted S^{ret}S^FD^F in S^{ret}S^{av} D^+ etc. and used the fact that supp(S^{ret}S^{ret}D^{av}) = {0}.

37 The arguments of the products in the following formula are (x_1 − x_3), (x_3 − x_2), (x_1 − x_2), always in this order.

Considering all factors we thus get:

T^V_3 = − e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)^βD^F_{11}(x_1 − x_2)γ_μΨ(x_2) : A_ν (x_3) + e^3 : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)^βD^F_{12}(x_1 − x_2)γ_μΨ(x_2) : A_ν (x_3) − e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)^βD^F_{12}(x_1 − x_2)γ_μ ¯Ψ̃(x_2) : A_ν (x_3) + e^3 : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)^βD^F_{22}(x_1 − x_2)γ_μ ¯Ψ̃(x_2) : A_ν (x_3). (3.43)

3.2.2 Third Order Self Energy There are two graphs that contribute to the third order SE: ‘A’, with non-tilde fields A_ν and Ψ̄ in x_3 and Ψ or ¯Ψ̃ in x_1, and a self energy insertion on the incoming leg; and ‘B’, with non-tilde fields A_ν and Ψ in x_3 and Ψ̄ or Ψ̃ in x_1, and a self energy insertion on the outgoing leg. We first consider graph ‘B’. For some more remarks on the choice of the external legs have a look at the begin of Sec. 3.2.1. The calculation of D^{3.ord.SE}_3 and ω^{3.ord.SE} = −∞ is done in appendix D.2. Here we just give the result for T^{3.ord.SE}_3 . We split D^{3.ord.SE}_3 trivially and build T = R − R^′:

T^{3.ord.SE,B}

3 = e^3 :Ψ̄(x_3) ( − γ^{ν β}S^F_{11}(x_3 − x_2)γ^{μ β}S^F_{11}(x_2 − x_1)γ_μ^βD^F_{11}(x_1 − x_2)

− γ^{ν β}S^F_{12}(x_3 − x_2)γ^{μ β}S^F_{12}(x_2 − x_1)γ_μ^βD^F_{12}(x_1 − x_2) ) Ψ(x_1) : A_ν(x_3) +

+e^3 :Ψ̄(x_3) ( − γ^{ν β}S^F_{11}(x_3 − x_2)γ^{μ β}S^F_{12}(x_2 − x_1)γ_μ^βD^F_{12}(x_1 − x_2)

+ γ^{ν β}S^F_{12}(x_3 − x_2)γ^{μ β}S^F_{22}(x_2 − x_1)γ_μ^βD^F_{22}(x_1 − x_2) ) ¯Ψ̃(x_1) : A_ν(x_3). (3.44) Graph A is calculated in the same way:

T^{3.ord.SE,A}

3 = e^3 :Ψ̄(x_1) ( − γ^{μ β}S^F_{11}(x_1 − x_2)γ_μ^βS^F_{11}(x_2 − x_3)γ^{ν β}D^F_{11}(x_2 − x_1)

− γ^{μ β}S^F_{12}(x_1 − x_2)γ_μ^βS^F_{21}(x_2 − x_3)γ^{ν β}D^F_{12}(x_2 − x_1) ) Ψ(x_3) : A_ν (x_3) +

+e^3 :Ψ̃(x_1) ( + γ^{μ β}S^F_{21}(x_1 − x_2)γ_μ^βS^F_{11}(x_2 − x_3)γ^{ν β}D^F_{12}(x_2 − x_1)

− γ^{μ β}S^F_{22}(x_1 − x_2)γ_μ^βS^F_{21}(x_2 − x_3)γ^{ν β}D^F_{22}(x_2 − x_1) ) Ψ(x_3) : A_ν (x_3). (3.45)

3.2.3 Third order Vacuum Polarization D^{3.ord.VP}

3 and ω^{3.ord.VP} are calculated as in Sec. 3.2.2. This leads to the following expression for T^{3.ord.VP} 3 : Ψ̄(x_2)γ^ν Ψ(x_2)^βD^F_{11/12/etc.}(x_2 − x_3)Π_{11/21,μν}(x_3 − x_1)A^μ(x_1). (3.46)

We now insert the correct expressions for the vacuum polarization Π and for D^F. Disregarding some factors that are inessential with respect to convergence properties, we thus arrive at ∫ d^4k_2d^4k_3ĝ(k_2)ĝ(k_3) ( + √ (1 − f_−(p))(1 − f_−(q))^β ^D^F_{11}(p − q − k_2)Π̂^{μν}_{11} (p − q − k_2 − k_3) + √ (1 − f_−(p))(1 − f_−(q))^β ^D^F_{12}(p − q − k_2)Π̂^{μν}_{21} (p − q − k_2 − k_3) + √ f_−(p)f_−(q)^β ^D^F_{21}(p − q − k_2)Π̂^{μν}_{11} (p − q − k_2 − k_3) + √ f_−(p)f_−(q)^β ^D^F_{22}(p − q − k_2)Π̂^{μν}_{21} (p − q − k_2 − k_3) ) . (3.47)

Π is given by T^{VP}_2 . This leads to^{38} ∫ d^4k_2d^4k_3ĝ(k_2)ĝ(k_3) ∫ d^4k (∼ k^2+ ∼ k + const.)

‘γ-matrix structure^′

{

+ ( 1 (2π)^2 −1 (p − q − k_2)^2 + i0 + i 2π δ((p − q − k_2)^2)f(p − q − k_2) ) · · ( 1 k^2 − m^2 + i0 + i 2π δ(k^2 − m^2) [ f_−(−k)θ(−k_0) + f_+(−k)θ(k_0) ]) · · ( 1 (Q − k)^2 − m^2 + i0 + i 2π δ((Q − k)^2 − m^2) · · [ f_−(Q − k)θ(Q_0 − k_0) + f_+(Q − k)θ(−Q_0 + k_0) ])√ (1 − f_−(p))(1 − f_−(q)) +

+ i 2π δ((p − q − k_2)^2) √ f(p − q − k_2)(1 + f(p − q − k_2)) · · i 2π δ(k^2 − m^2) [ θ(−k_0) √ f_−(−k)(1 − f_−(−k)) − θ(k_0) √ f_+(−k)(1 − f_+(−k)) ] · · i 2π δ((Q − k)^2 − m^2) [ θ(Q_0 − k_0) √ f_−(Q − k)(1 − f_−(Q − k)) − − θ(−Q_0 + k_0) √ f_+(Q − k)(1 − f_+(Q − k)) ]√ (1 − f_−(p))(1 − f_−(q)) +

+ i 2π δ((p − q − k_2)^2) √ f(p − q − k_2)(1 + f(p − q − k_2)) · · ( 1 k^2 − m^2 + i0 + i 2π δ(k^2 − m^2) [ f_−(−k)θ(−k_0) + f_+(−k)θ(k_0) ]) · · ( 1 (Q − k)^2 − m^2 + i0 + i 2π δ(Q − k)^2 − m^2) · · [ f_−(Q − k)θ(Q_0 − k_0) + f_+(Q − k)θ(−Q_0 + k_0) ])√ f_−(p)f_−(q) +

38 Here we set Q := p − q − k_2 − k_3 .

+ ( 1 (2π)^2 1 (p − q − k_2)^2 − i0 + i 2π δ((p − q − k_2)^2)f(p − q − k_2) ) · · i 2π δ(k^2 − m^2) [ θ(−k_0) √ f_−(−k)(1 − f_−(−k)) − θ(k_0) √ f_+(−k)(1 − f_+(−k)) ] · · i 2π δ((Q − k)^2 − m^2) [ θ(Q_0 − k_0) √ f_−(Q − k)(1 − f_−(Q − k)) − − θ(−Q_0 + k_0) √ f_+(Q − k)(1 − f_+(Q − k)) ]√ f_−(p)f_−(q) } . (3.48)

Performing the multiplications and investigating the adiabatic limit we see that it exists and is finite (pay attention to the fact that the whole expression as a distribution need not make sense evaluated at specified points p, q. It has to be smeared out in these variables, therefore p = q causes no problems). Thus the third order VP is not involved in the discussion of the IR-problem in the cross sections to fourth order (we will see later (see after (3.88)) that a third order graph contributes with twice its real part to the fourth order cross section).

3.2.4 Graphs with Two Bremsstrahlung-Photons

This contribution has the following form (here we choose special external legs again; cf. the discussion in Sec. 3.2.1): ∫ d^4x_1d^4x_2d^4x_3Ψ̄(x_1)/A^{ext}(x_1)^βS^F_{11}(x_1 −x_2)/A(x_2) ·

·^βS^F_{11}(x_2 −x_3)/A(x_3)Ψ(x_3)g(x_1)g(x_2)g(x_3).

(3.49)

We form matrix elements with emitted/absorbed photons (described by ⟨a^μ(⃗k, β)^+Ω_β| and ⟨ã^μ(⃗k, β)^+Ω_β |, see Sec. 3.1.4) of momentum k and k^′, which are equal to ∫ d^4k_1d^4k_2d^4k_3 √ 1−f_−(p)ū_s(p)/Â^{ext}(p−q−k−k^′ −k_1 −k_2 −k_3) · ·^βS^F_{11}(q + k + k^′ + k_2 + k_3) √ 1+f(k) /ϵ(⃗k) √ 2|⃗k| βS^F_{11}(q+k^′ +k_3) √ 1+f(k^′ ) /ϵ(⃗k^′) √ 2|⃗k^′| √ 1−f_−(q) · ·u_σ(q)ĝ(k_1)ĝ(k_2)ĝ(k_3). (3.50)

Here we can have √ f(k) instead of √ 1 + f(k), or 12-, 21- and 22-propagators instead of 11-propagators. In addition, not both propagators have to depend on q + k + ..., one or both of them can as well depend on p + k + .... But all these modifications do not change anything in the following considerations on the existence of the adiabatic limit in these contributions. In the further calculations we use ūγ^μ(/q + m)/ϵ(/q + m)/ϵu ∼ ūγ^μu, (3.51) and the corresponding for (/p + m) instead of one or both of the factors (/q + m). Here we set k = k^′ which is valid in the contributions from two bremsstrahlungs photons to the cross section to fourth order, cf. Sec. 3.4.3.

If we calculate now the cross section and integrate over small^{39} k and k^′, it is clear that we have to investigate integrals of the following form (here p^2 = m^2 = q^2 and ‘P’ denotes

39 Since possible divergencies origin from small values of k and k′.

the ‘principal value’ of the integral): ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2) ∫_{ω0} 0 ∫_ω′_0 0 drdr^′r^2r^{′2} ∫_1 −1 ∫_1 −1 dxdx^′ 1 rr^′ P 1 (q_0r^′ + q_0r + q(k_1 + k_2) − |⃗q|r^′x^′ − |⃗q|rx)(q_0r − |⃗q|rx + q(k_1 + k_2))

. (3.52)

This is finite and so are the corresponding integrals with one or two δ-distributions from S^F. Thus the graphs with two Bremsstrahlung-photons need not be considered in order to investigate the IR-behaviour in cross sections to fourth order.

3.3 Thermal Corrections to μe�

3.3.1 Calculation

In section 3.2.1 we calculated the vertex graph, i.e. T^V_3 , eq. (3.43). One part of it will be important for the discussion of the IR-problem in the cross sections to fourth order (see Sec. 3.4). The other parts will give some thermal corrections to the magnetic moment of the electron. In this section we will be concerned with the calculation of these corrections. Before we explain how the vertex contributes to the electron magnetic moment, we first investigate its structure more closely to be able to identify the before-mentioned parts. To do that we consider the vertex in momentum space, i.e. its Fourier transform. Since we will be interested in electron scattering to determine μ_e− (see below, after (3.70)) we study the matrix element

S_{fi} = ⟨b_s(⃗p, β)^+Ω_β|T^{Vertex}_3 |b_σ(⃗q, β)^+Ω_β ⟩ (3.53)

and write it down explicitly with Fourier transformed quantities. This leads to ∫ d^4x_1d^4x_2d^4x_3g(x_1)g(x_2)g(x_3)(−e^3) 1 (2π)^{32} √ 1 − f_−(p)ū(⃗p)e^{ipx1} · · γ^{μ β}S^F_{11}(x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μ^βD^F_{11}(x_1 − x_2) · · 1 (2π)^{32} √ 1 − f_−(q)u(⃗q)e^{−iqx2} A^{ext}_ν + + the other three terms of T^V_3 =

= −e^3 ∫ d^4x_{1,2,3} 1 (2π)^6 ∫ d^4k_{1,2,3}ĝ(k_{1,2,3})e^{−ik1x1−ik2x2 −ik3x3} · · 1 (2π)^3 √ (1 − f_−(p))(1 − f_−(q))ū(p)e^{ipx1−iqx2} · · γ^μ 1 (2π)^2 ∫ d^4Q^β^S^F_{11}(Q)e^{−iQ(x1−x3)}γ^ν 1 (2π)^2 ∫ d^4R^β^S^F_{11}(R)e^{−iR(x3 −x2)}γ_μ · · 1 (2π)^2 ∫ d^4k^β ^D^F_{11}(k)e^{−ik(x1−x2)}u(q) 1 (2π)^2 ∫ d^4rÂ^{ext}_ν (r)e^{−irx3} +

+ the other three terms of T^V_3 . (3.54)

Having performed the x-integrations we get three δ-distributions, each with a factor (2π)^4. The k_3-integration is trivial and gives a factor (2π)^2. In the other three terms we proceed in the same way, which finally gives − e^3 (2π)^3 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2)ū_s(p) · · [ + √ (1 − f_−(p))(1 − f_−(q)) ∫ d^4kγ^{μ β}^S^F_{11}(p − k_1 − k)γ^{ν β}^S^F_{11}(q + k_2 − k)^β ^D^F_{11}(k) − i √ f_−(p)(1 − f_−(q)) ∫ d^4kγ^{μ β}^S^F_{21}(p − k_1 − k)γ^{ν β}^S^F_{11}(q + k_2 − k)^β ^D^F_{12}(k) + (−i) √ (1 − f_−(p))f_−(q) ∫ d^4kγ^{μ β}^S^F_{11}(p − k_1 − k)γ^{ν β}^S^F_{12}(q + k_2 − k)^β ^D^F_{12}(k) − √ f_−(p)f_−(q) ∫ d^4kγ^{μ β}^S^F_{21}(p − k_1 − k)γ^{ν β}^S^F_{12}(q + k_2 − k)^β ^D^F_{22}(k) ] · · γ_μÂ^{ext}_ν (p − q − k_1 − k_2)u_σ(q). (3.55)

In this expression, the factors γ^{μ β}^S^F(p − k_1 − k)γ^{ν β}^S^F (q + k_2 − k)γ_μ lead to the following ‘γ-matrix structure’ of the vertex contribution (see the explicit representation of the propagators in momentum space, App. A.3.): γ^{μ β}^S^F(p − k_1 − k)γ^{ν β}^S^F(q + k_2 − k)γ_μ ∼ γ^μ(/p − /k_1 − /k + m)γ^ν (/q + /k_2 − /k + m)γ_μ. (3.56)

Since we are interested in the adiabatic limit of these quantities (cf. the discussion in Sec. 3.4 and after eq. (3.58)) and this can be performed trivially, we can omit k_i, i = 1, 2, in the numerator (cf. as well the end of Sec. 2.1.1) and get (using the definition /p := p_λγ^λ and γ^μγ^ν + γ^ν γ^μ = 2g^{μν} , γ^λγ^μγ_λ = −2γ^μ etc.) γ^μ(/p − /k + m)γ^ν (/q − /k + m)γ_μ = = (−2/qγ^ν /p + 4mq^ν + 4mp^ν − 2m^2γ^ν ) + (2/kγ^ν /p + 2/qγ^ν /k − 8mk^ν ) − 2/kγ^ν /k. (3.57)

Because of ū(p) on the left and u(q) on the right of the whole expression (3.55) this gives (using −2/qγ^ν /p = 2/pγ^ν /q − 4p^ν /q − 4q^ν/p + 4pqγ^ν and the Dirac equation) ū(p) [ 4pqγ^ν + 4(/k(p^ν + q^ν ) − mk^ν − (pk + qk)γ^ν ) − 2/kγ^ν /k ] u(q). (3.58)

The first of these terms, independent of k, is the one we will discuss in section 3.4 where we investigate the IR-limit. It is the only term of (3.58) that leads to IR-divergencies. Here we will be concerned with the finite part of the vertex, for which the adiabatic limit can be performed trivially without problems. The goal of the following calculations is to determine the thermal corrections to the magnetic moment of the electron, μ_e− . We will not do that in the most general setting, we will restrict ourselves to ‘small’ temperatures: k_BT ≪ m_e− . From the four terms of T^V_3 , (3.43), then only the first survives, and only the third term of (3.58), proportional to k^λk^ρ, contributes. In this approximation, the first term of (3.58) does not contain any finite parts and gets cancelled completely by the contribution of the bremsstrahlung (see Sec. 3.4), and the second term (proportional to k^λ) vanishes identically as can be seen by symmetry arguments^{40}.

40 Consider the transformation k → −k in (3.55) after inserting the explicit form of the propagators from App. A.3 and considering only the terms ∼ kλ in the numerator.

Thus we have to calculate the following part of the matrix element^{41} (3.55): −2πe^3 i (2π)^5 ū_s(p)(γ_μγ^ν γ_λ)u_σ(q)Â^{ext}_ν · · ∫ d^4k(k^μk^ν) 1 (−2pk + i0) · 1 (−2qk + i0) δ(k^2) 1 e^{β|ku|} − 1 . (3.59)

This can be written as − ie^3 (2π)^4 ū_s(p)(γ_μγ^ν γ_λ)u_σ(q)Â^{ext}_ν T^{μλ}_V (p, q, u), (3.60)

with T^{μν}_V (p, q, u) := −2 ∫ d^4kδ(k^2) 1 e^{β|ku|} − 1 · k^μk^ν (−2pk + i0)(−2qk + i0) . (3.61)

This integral has to be calculated. Because of the Lorentz covariance of this expression and the symmetry with respect to interchanging p ↔ q it must be of the form

T^{μν}_V (p, q, u) = Ag^{μν} +B(p^μp^ν + q^μq^ν) + C(p^μq^ν + q^μp^ν) + + D(p^μu^ν + u^μp^ν + q^μu^ν + u^μq^ν) + G(u^μu^ν).

(3.62)

Now we take the trace in this expression or multiply it with p_μp_ν , p_μq_ν, p_μu_ν or u_μu_ν, respectively, and thus get the following system of five equations:

0 = 4A + 2m^2B + 2pqC + 2(pu + qu)D + G (3.63)

I_2 := ∫ d^4kδ(k^2) 1 (e^{β|ku|} − 1) · pk (−2qk + i0) = m^2A + ( m^4 + (pq)^2 ) B + 2m^2(pq)C + + ( 2m^2(pu) + 2(pq)(pu) ) D + (pu)^2G (3.64)

I_3 := − 1 2 ∫ d^4kδ(k^2) 1 e^{β|ku|} − 1 = (pq)A + 2m^2(pq)B + ( m^4 + (pq)^2 ) C + + ( m^2(qu) + m^2(pu) + (pq)(qu) + (pq)(pu) ) D + (pu)(qu)G (3.65)

I_4 := ∫ d^4kδ(k^2) 1 (e^{β|ku|} − 1) · ku (−2qk + i0) = =(pu)A + ( m^2(pu) + (pq)(qu) ) B + ( m^2(qu) + (pq)(pu) ) C + + ( m^2 + (pu)^2 + (pq) + (pu)(qu) ) D + (pu)G (3.66)

I_5 := − 1 2 ∫ d^4kδ(k^2) 1 e^{β|ku|} − 1 · (ku)^2 (pk − i0)(qk − i0) = = A + ( (pu)^2 + (qu)^2 ) B + 2(pu)(qu)C + ( 2(pu) + 2(qu) ) D + G. (3.67)

41 So this is the temperature dependent part of the first term of (3.55) in the approximation kB T ≪ m_e− . In addition we performed the adiabatic limit: we set ki = 0 in the arguments of T μν_V and Â^{ext}α , g = 1 and get a factor (2π)^2 from each ki-integration.

We will solve this linear system later.

Now we explain why it is the vertex that determines the magnetic moment. First we define Λ^α := T^{μν}_V γ_μγ^αγ_ν . By the definition of the γ-matrices we have then

Λ^α = 2T^{μν}_V g^α_ν γ_μ − T^{μν}_V γ_μγ_ν γ^α. (3.68)

With the Gordon decomposition^{42},

ū_s(p)(p^μ + q^μ)u_σ (q) = 2mū_s(p)γ^μu_σ(q) − i(p_ν − q_ν)σ^{μν} u_σ (q), (3.69)

we get from (3.62), after some manipulations and taking the ū on the left and the u on the right end into account, Λ^α(p, q, u) =γ^α ( − 2A + 2m^2B + 4m^2C − 2(pq)C − 2(pu)D − 2(qu)D − G ) − 2im(B + C)(p_μ − q_μ)σ^{αμ} + 2u^α(2mD + /uG) + 2(p^α + q^α)/uD. (3.70)

To extract information on μ_e− from (3.70) we proceed as described for the case T = 0 in [22], p.236. We consider electron scattering on an external static C-number potential at low energies. We calculate in the rest frame of the heat bath: u = (1,⃗0) and use the standard representation for spinors with the same normalization convention as in [22]: u_s(⃗p) = √ E + m 2E ( χ_{s⃗σ⃗p} E+m χ_s ) , (3.71)

where E := √ ⃗p^2 + m^2. This is most convenient for the non-relativistic case |⃗p| ≪ m_e− we are interested in. Using this approximation and

γ^0 = ( 1 0 0 −1 ) , γ^j = ( 0 σ_j −σ_j 0 ) , σ^{kl} = ϵ^{klm} ( σ_m 0 0 σ_m ) , (3.72)

where σ_j are the Pauli-matrices, we find to leading order in^{|⃗p|}_m

ū_s(⃗p)γ^0u_σ(⃗q) = (χ^+_s , χ_σ), ū_s(⃗p)γ^j u_σ(⃗q) = 1 2m ( χ^+_s , ( ⃗p + ⃗q + i⃗σ × (⃗p − ⃗q) )_j χ_σ ) , ū_s(⃗p)σ^{μν} (p_μ − q_μ)u_σ(⃗q)A_ν = −(χ^+_s , ⃗σχ_σ ) ( (⃗p − ⃗q) × ⃗A ) . (3.73)

These expressions will now be used to calculate the matrix element describing the beforementioned electron scattering we are interested in. In the low temperature approximation this matrix element is given by (3.53) or (3.59), respectively, and just this term contributes as explained above. To compare with the value of μ_e− without any corrections, we consider the first order matrix element, which is given by

⟨b_s(⃗p, β)^+Ω_β|T_1|b_σ(⃗q, β)^+Ω_β ⟩ (3.74)

in addition, where the T_1 here consists of the non-tilde part of (2.68) only, since A^{ext}_μ has to be a classical potential, i.e. of non-tilde type. In momentum space this is given by ie 1 2π ū_s(p)γ^αu_σ(q)Â^{ext}_α (p − q). (3.75)

42 Use σμν := i_2 [γμ, γν ].

Altogether, the first and third order matrix elements (3.74) and (3.59) are equal to (use (3.70)) S_{fi} := ie 1 2π ū_s(p) · · [ γ^α − e^2 (2π)^3 γ^α ( − 2A + 2m^2B + 4m^2C − 2(pq)C − 2(pu)D − 2(qu)D − G ) +

+ e^2 (2π)^3 2im(B+C)(p_μ −q_μ)σ^{αμ} − e^2 (2π)^3 2u^α(2mD+/uG)− e^2 (2π)^3 2(p^α+q^α)/uD ] · · u_σ(q)Â^{ext}_α (p − q). (3.76)

Now we substitute (3.73) in (3.76) and get^{43} S_{fi} = ie 2π [ (χ_s, χ_σ) { Â^{ext}_0 − 1 2m (⃗p + ⃗q) ^⃗A^{ext} − e^2 (2π)^3

W Â^{ext}_0 + e^2 2m(2π)^3 W (⃗p + ⃗q) ^⃗A^{ext} − − 2e^2 (2π)^3

(2mD + G)Â^{ext}_0 −

2e^2 (2π)^3

D(p^0 + q^0)Â^{ext}_0 +

2e^2 (2π)^3 D(⃗p + ⃗q) ^⃗A^{ext} } + +(χ_s, ⃗σχ_σ) ( (⃗p − ⃗q) × ^⃗A^{ext} ){ − i 2m + ie^2 2m(2π)^3 W − i2me^2 (2π)^3

(B + C) }] , (3.77)

where

W := −2A + 2m^2B + 4m^2C − 2(pq)C − 2(pu)D − 2(qu)D − G. (3.78)

The second summand in (3.77) is proportional to the magnetic field^{44} ^⃗B(⃗p − ⃗q) = i(⃗p − ⃗q) × ^⃗A(⃗p − ⃗q), therefore we can identify the magnetic moment_{45}

μ_e− = e 2m { 1 − e^2 (2π)^3 W + 4m^2e^2 (2π)^3

(B + C) }| | | |_{p=q} . (3.79)

Using (3.63) and (3.78) this gives

μ_e− = e 2m { 1 − e^2 (2π)^3

(2A) }| | | |_{p=q} . (3.80)

Thus we only have to know A, the other parameters are irrelevant for the magnetic moment in this approximation. Nevertheless we cannot avoid solving the whole system (3.63) - (3.67). The solution will be calculated in appendix D.3. We only need the solution in the case of p = q, therefore we investigate the solution of the system for q := p − η with q^2 = (p − η)^2 = m^2 and η^2_0 − ⃗η^2 ≪ m^2 and then consider the limit η → 0. Pay attention

43 As mentioned above: we calculate in the system u = (1,⃗0). 44 The following formula is the Fourier transform of ⃗B = rot ⃗A.

45 These are the first order term and the thermal correction; the QED corrections at T = 0 are not included here. - To distinguish factors that do not belong to μ_e− we use the fact that e_2m is the magnetic moment of the electron determined in the framework of relativistic QM. To set p = q to identify the magnetic moment stems from a less intuitive discussion of expressions like (3.77) as it is done in [64], p.347. There it is shown that the quasi-static limit p = q allows the discussion and identification of μ_e− quite similar to the one in the framework of relativistic QM.

to the facht that due to the above definitions we have η_0 = p_0 − p_0 √ 1 − (^{2⃗p⃗η}_{p20} −^{⃗η2}_{p20} ). We emphasize that setting p = q in the linear system and then solving it is in general not allowed, but here it leads to the same result. We will discuss that and what could go wrong this way at the end of Sec. 3.3.2.

Now we present the result for the magnetic moment of the electron, including the QEDcorrection for T = 0 and the corrections due to T > 0, each up to third order in e (see App. D.3, eq. (D.16)):

μ_e− = e 2m { 1 + e^2 8π^2 − e^2 36β^2m^2 } . (3.81)

3.3.2 Discussion of the Result

In this section we want to discuss the result (3.81) for μ_e− a little bit and to compare it with the existing results in literature. We are aware of nine papers wherein μ_e− is calculated^{46}: [3] and [10] - [17]. The results of these papers disagree partially; we can find three different values, which we report here, in units of ‘magnetons’^e_{2m} , where in some of the references temperature dependent values for e and m are used. But in the approximation k_BT ≪ m_e− , which we are considering here this temperature-dependence can be omitted (we refer to the cited literature for a more exact treating, here we are just interested in giving an idea of what the results in literature are like and how they differ from our). Now we give the values from the literature^{47}: − e^2 18β^2m^2

, reported by [10] - [13], [16] and [17], − e^2 36β^2m^2

, reported by [3] and [14], − 19e^2 270β^2m^2

, reported by [15].

(3.82)

So all the results are of the same magnitude with respective factors 1, 2, ∼^5_2 . We agree with the second result and in absolute numbers it reads approximatively (for T = 293 K, ~ and c not set equal to 1 anymore)

μ_e− = −0.62 · 10^{−17} · e 2m . (3.83)

For comparison we give the value of the (T = 0)-corrections up to the same order:^e_{2m} ·^{e2}_{8π2} = 1.16 · 10^{−3} ·^e_{2m} .

Among all these calculations there is just one that is formulated covariantly, [14], - as is ours. We agree with them that all the differing results quoted arise because it is quite tricky to identify the magnetic moment of the electron in a non-covariant setting.

To caution the reader we emphasize that there could be a difference between our result and the one from [14] that could be traced back to their setting p = q too early (cf. the remark after (D.14): Because the determinant of the linear system is zero for p = q it is not allowed to set p = q at the beginning. The procedures of taking the limit q = p − η, η → 0 and solving the equation system do not commute!). If we set p = q ↔ η = 0 at the very

46 There are other papers that give values for μ_e− , e.g. [19] or [20], but for the calculation they refer to one of this nine papers. One paper, [18], we could not find.

47 [11] has the wrong sign due to some error; it is corrected in [13]. And [16] argues that a QFT calculation should reproduce a correction of −^5e^2_{36}β_2 m_2 , which was obtained by some other method, an effective Hamiltonian method, incorporating some intuitive ideas on the nature of the electron and not using covariant QED. He then identifies the value of − e^2_{18}β_2 m_2 as part of it and gives some arguments why the calculations that

lead to the first result in (3.82) just can account for^2_5 of the desired value.

beginning of our calculation, i.e. in (D.1), we get five equations. Two of them are identical. We throw away one of them, arguing with (3.62) that B and C must not be distinguished for p = q and therefore just four variables, A, B, D, G, have to be determined. Solving this new linear system we end up with A = π^3 9β^2m^2

, (3.84)

which fortunately is the same result as we have - but this will not be true in general.

3.4 The Infrared Problem in thermal QED in Cross Sections to Fourth Order

In this section we investigate the adiabatic limit in the cross section for scattering of an electron on an external classical C-number potential to fourth order. To do that we have to consider the contributions from the vertex, the third order self energy and the bremsstrahlung with one BS-photon. There are no other second order contributions and the other third order graphs that could contribute are finite (see Sec. 3.2.3 and 3.2.4). We calculate the cross sections for these processes, which will contain IR-divergent parts in the limit g → 1. Then we investigate if the various divergent parts perhaps cancel. This is not the case for arbitrary temperatures, whereas it is in the approximation k_BT ≪ m_e− . We caution the reader that we often write down the expressions for the (T = 0)-parts as if they had been calculated using ordinary Feynman rules. This is not the case, they have to be treated correctly according to the causal theory as described in 2.1.2. But we have chosen to write them down in this simple manner to keep track of them without complicating the notation. This is possible since the T -independent parts can be treated separately (cf. end of Sec. 3.1.1) and their cancellation was prooved in [22]. The same remark applies to some terms of the temperature dependent part of the third order SE including sub-graphs of singular order ω ≥ 0.

Thus we have to calculate the cross sections for these various processes, i.e. ( ∂σ ∂Ω )_{div.} 4.ord. = |S_{fi,1.ord.} + S^{SE}_{fi,3.ord.} + S^V_{fi,3.ord.}|^2 | | | 4.ord. + |S^{em}_{fi,2.ord.}|^2 + |S^{abs}_{fi,2.ord.}|^2 =

= S^{em}_{fi,2.ord.}(S^{em}_{fi,2.ord.})^∗ + S^{abs}_{fi,2.ord.}(S^{abs}_{fi,2.ord.})^∗ +

+ S_{fi,1.ord.}(S^{V+SE}_{fi,3.ord.})^∗ + S^{V+SE}_{fi,3.ord.}(S_{fi,1.ord.})^∗. (3.85)

To shorten the notation in the calculations we define the following quantities: < θ √ f_±(p) > := ( θ(p_0) √ f_−(p)(1 − f_−(p)) − θ(−p_0) √ f_+(p)(1 − f_+(p)) ) , < θf_±(p) > := ( θ(p_0)f_−(p) + θ(−p_0)f_+(p) ) . (3.86)

Since we are interested in the adiabatic limit we set k_i = 0 wherever this is already possible (according to the remark after (2.32)).

3.4.1 Cross Sections of the Involved Processes

Vertex: We consider the matrix element (3.53)

S_{fi} = ⟨b_s(⃗p, β)^+Ω_β|T^V_3 |b_σ(⃗q, β)^+Ω_β ⟩. (3.87)

We proceed as in Sec. 3.3, but now we are interested in the first, i.e. k-independent part in (3.58). Since the vertex is of third order it contributes to the cross section (3.85) with S_{fi,1.ord.}(S^V_{fi})^∗ + S^V_{fi}(S_{fi,1.ord.})^∗. (3.88) From (3.58) we see that the interesting part of the vertex is proportional to ū(p)γ^ν u(q), i.e. proportional to S_{fi,1.ord.}. Using S^V_{fi} =: hS_{fi,1.ord.} and by inserting the explicit expressions for the propagators into (3.55), we thus have ( ∂σ ∂Ω )_V 4.ord. = |S_{fi,1.ord.}|^22Re(h) = = ie 2π ū_s(p) ^/A^{ext}(p − q)u_σ(q)ū_σ (q) ^/A^{ext,∗}(p − q)u_s(p) −ie 2π √ 1 − f_−(p) √ 1 − f_−(q) · ·Re [ ie^2 (2π)^2 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2)8(pq) ∫ d^4k ·

· { + ( 1 (2π)^2 1 (p − k_1 − k)^2 − m^2 + i0 + + i 2π δ((p − k_1 − k)^2 − m^2) < Θf_±(p − k_1 − k) > ) · · ( 1 (2π)^2 1 (q + k_2 − k)^2 − m^2 + i0 + + i 2π δ((q + k_2 − k)^2 − m^2) < Θf_±(q + k_2 − k) > ) · · ( 1 (2π)^2 −1 k^2 + i0 + i 2π δ(k^2)f(k) )√ (1 − f_−(p))(1 − f_−(q)) − − i ( (−1) 1 2π δ((p − k_1 − k)^2 − m^2) < Θ √ f_±(p − k_1 − k) > ) · · ( 1 (2π)^2 1 (q + k_2 − k)^2 − m^2 + i0 + + i 2π δ((q + k_2 − k)^2 − m^2) < Θf_±(q + k_2 − k) > ) · · ( i 2π δ(k^2) √ f(k)(1 + f(k)) )√ f_−(p)(1 − f_−(q)) + + (−i) ( 1 (2π)^2 1 (p − k_1 − k)^2 − m^2 + i0 + + i 2π δ((p − k_1 − k)^2 − m^2) < Θf_±(p − k_1 − k) > ) · · ( (−1) 1 2π δ((q + k_2 − k)^2 − m^2) < Θ √ f_±(q + k_2 − k)> ) · · ( i 2π δ(k^2) √ f(k)(1 + f(k)) )√ (1 − f_−(p))f_−(q) − − ( (−1) 1 2π δ((p − k_1 − k)^2 − m^2) < Θ √ f_±(p − k_1 − k) > ) · · ( (−1) 1 2π δ((q + k_2 − k)^2 − m^2) < Θ √ f_±(q + k_2 − k)> ) · · ( −1 (2π)^2 1 −k^2 + i0 + i 2π δ(k^2)f(k) )√ f_−(p)f_−(q) }] . (3.89)

Performing the multiplications this gives the following 14 terms ( ∂σ ∂Ω )_V 4.ord. = ( dσ dΩ )_{1.ord.} 8(pq)e^2 (2π)^2 Re [ ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2) ∫ d^4k {

16 : + −i (2π)^6

(1 − f_−(p))(1 − f_−(q)) ((p − k_1 − k)^2 − m^2 + i0)((q + k_2 − k)^2 − m^2 + i0)(k^2 + i0) + 1 : + −1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((p − k_1 − k)^2 − m^2 + i0)((q + k_2 − k)^2 − m^2 + i0) δ(k^2)f(k) +

2 : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((p − k_1 − k)^2 − m^2 + i0)(k^2 + i0) · · δ((q + k_2 − k)^2 − m^2) < Θf_±(q + k_2 − k) > +

4 : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((p − k_1 − k)^2 − m^2 + i0) · · δ((q + k_2 − k)^2 − m^2)δ(k^2) < Θf_±(q + k_2 − k) > f(k) +

3 : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((q + k_2 − k)^2 − m^2 + i0)(k^2 + i0) · · δ((p − k_1 − k)^2 − m^2) < Θf_±(p − k_1 − k) > +

5 : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((q + k_2 − k)^2 − m^2 + i0) · · δ((p − k_1 − k)^2 − m^2)δ(k^2) < Θf_±(p − k_1 − k) > f(k) +

6 : + i (2π)^4

(1 − f_−(p))(1 − f_−(q))

(k^2 + i0) · · δ((p − k_1 − k)^2 − m^2) < Θf_±(p − k_1 − k) > · · δ((q + k_2 − k)^2 − m^2) < Θf_±(q + k_2 − k) > +

7 : + 1 (2π)^3

(1 − f_−(p))(1 − f_−(q))δ((q + k_2 − k)^2 − m^2) < Θf_±(q + k_2 − k) > ·

· δ((p − k_1 − k)^2 − m^2)δ(k^2) < Θf_±(p − k_1 − k) > f(k) +

12 : + −i (2π)^4

(1 − f_−(q)) √ f_−(p)(1 − f_−(p)) ((q + k_2 − k)^2 − m^2 + i0) δ((p − k_1 − k)^2 − m^2) · · < Θ √ f_±(p − k_1 − k)> δ(k^2) √ f(k)(1 + f(k)) +

13 : + 1 (2π)^3

(1 − f_−(q)) √ f_−(p)(1 − f_−(p))δ((p − k_1 − k)^2 − m^2) · · < Θ √ f_±(p − k_1 − k)> δ((q + k_2 − k)^2 − m^2) · · < Θf_±(q + k_2 − k) > δ(k^2) √ f(k)(1 + f(k)) +

10 : + −i (2π)^4

(1 − f_−(p)) √ (1 − f_−(q))f_−(q) (p − k_1 − k)^2 − m^2 + i0 δ((q + k_2 − k)^2 − m^2) · · < Θ √ f_±(q + k_2 − k) > δ(k^2) √ f(k)(1 + f(k)) +

11 : + 1 (2π)^3

(1 − f_−(p)) √ (1 − f_−(q))f_−(q)δ((p − k_1 − k)^2 − m^2) ·

· < Θf_±(p − k_1 − k) > δ((q + k_2 − k)^2 − m^2) · · < Θ √ f_±(q + k_2 − k) > δ(k^2) √ f(k)(1 + f(k)) +

14 : + −i (2π)^4 √ f_−(p)(1 − f_−(p))f_−(q)(1 − f_−(q)) k^2 − i0 · · δ((p − k_1 − k)^2 − m^2) < Θ √ f_±(p − k_1 − k)> · · δ((q + k_2 − k)^2 − m^2) < Θ √ f_±(q + k_2 − k) > +

15 : + 1 (2π)^3 √ f_−(p)(1 − f_−(p))f_−(q)(1 − f_−(q)) ·

· δ((p − k_1 − k)^2 − m^2) < Θ √ f_±(p − k_1 − k)> · · δ((q + k_2 − k)^2 − m^2) < Θ √ f_±(q + k_2 − k) > δ(k^2)f(k) }] . (3.90)

Self Energy: We consider the matrix element

S_{fi} = ⟨b_s(⃗p, β)^+Ω_β|T^{SE}_3 |b_σ(⃗q, β)^+Ω_β⟩, (3.91)

with T^{SE}_3 from (3.44) and (3.45). Proceeding as we did with the vertex to obtain (3.55) we get in the momentum space representation

S^{3.ord.SE,A} fi = e^3 (2π)^3 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2)ū_s(p) · · [ + √ (1 − f_−(p))(1 − f_−(q)) · · ∫ d^4k [ − γ^{μ β}^S^F_{11}(p + k − k_1)γ_μ^β ^D^F_{11}(k) ]_β^ S^F_{11}(p − k_1 − k_2) + + √ (1 − f_−(p))(1 − f_−(q)) · · ∫ d^4k [ − γ^{μ β}^S^F_{12}(p + k − k_1)γ_μ^β ^D^F_{12}(k) ]_β^ S^F_{21}(p − k_1 − k_2) + + i √ f_−(p)(1 − f_−(q)) · · ∫ d^4k [ + γ^{μ β}^S^F_{21}(p + k − k_1)γ_μ^β ^D^F_{12}(k) ]_β^ S^F_{11}(p − k_1 − k_2) + + i √ f_−(p)(1 − f_−(q)) · · ∫ d^4k [ − γ^{μ β}^S^F_{22}(p + k − k_1)γ_μ^β ^D^F_{22}(k) ]_β^ S^F_{21}(p − k_1 − k_2) ] · · γ^ν u_σ(q)Â^{ext}_ν (p − q − k_1 − k_2) (3.92) and S^{3.ord.SE,B} fi = e^3 (2π)^3 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2)ū_s(p)γ^ν · · [ + √ (1 − f_−(p))(1 − f_−(q)) · · ∫ d^4k [ −^β^S^F_{11}(q + k_1 + k_2)γ^{μ β}^S^F_{11}(q + k + k_1)γ_μ^β ^D^F_{11}(k) ] + + √ (1 − f_−(p))(1 − f_−(q)) · · ∫ d^4k [ −^β^S^F_{12}(q + k_1 + k_2)γ^{μ β}^S^F_{12}(q + k + k_1)γ_μ^β ^D^F_{12}(k) ] + + (−i) √ (1 − f_−(p))f_−(q) · · ∫ d^4k [ −^β^S^F_{11}(q + k_1 + k_2)γ^{μ β}^S^F_{12}(q + k + k_1)γ_μ^β ^D^F_{12}(k) ] + + (−i) √ (1 − f_−(p))f_−(q) · · ∫ d^4k [ +^β^S^F_{12}(q + k_1 + k_2)γ^{μ β}^S^F_{22}(q + k + k_1)γ_μ^β ^D^F_{22}(k) ] ] · · u_σ(q)Â^{ext}_ν (p − q − k_1 − k_2). (3.93)

As in the vertex contribution (see after (3.88)) S^{SE}_{fi} is proportional to S_{fi,1.ord.} and thus the cross section is given by ( ∂σ ∂Ω )_{SE} 4.ord. = |S_{fi,1.ord.}|^22Re ( S^{3.ord.SE,A} fi + S^{3.ord.SE,B} fi ) = = ie 2π ū_s(p) ^/A^{ext}(p − q)u_σ (q)ū_σ(q) ^/A^{ext,∗}(p − q)u_s(p) −ie 2π √ (1 − f_−(p))(1 − f_−(q)) ·

· Re [ 8m^2 −ie^2 (2π)^2 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2) ∫ d^4k · { + √ (1 − f_−(p))(1 − f_−(q))(−1) · ( 1 (2π)^2 −1 k^2 + i0 + i 2π δ(k^2)f(k) ) · · ( 1 (2π)^2 1 (p + k − k_1)^2 − m^2 + i0 + i 2π δ((p + k − k_1)^2 − m^2) < Θf_±(p + k − k_1) > ) · · ( 1 (2π)^2 1 (p − k_1 − k_2)^2 − m^2 + i0 + + i 2π δ((p − k_1 − k_2)^2 − m^2)< Θf_±(p − k_1 − k_2) > ) + + √ (1 − f_−(p))(1 − f_−(q))(−1) ( i 2π δ(k^2) √ f(k)(1 + f(k)) ) · · ( −1 2π δ((p + k − k_1)^2 − m^2) < Θ √ f_±(p + k − k_1) > ) · · ( −1 2π δ((p − k_1 − k_2)^2 − m^2) < Θ √ f_±(p − k_1 − k_2)> ) + + i √ f_−(p)(1 − f_−(q)) ( −1 2π δ((p + k − k_1)^2 − m^2) < Θ √ f_±(p + k − k_1) > ) · · ( i 2π δ(k^2) √ f(k)(1 + f(k)) )( 1 (2π)^2 1 (p − k_1 − k_2)^2 − m^2 + i0 + + i 2π δ((p − k_1 − k_2)^2 − m^2) < Θf_±(p − k_1 − k_2) > ) + + i √ f_−(p)(1 − f_−(q))(−1) ( 1 (2π)^2 −1 −k^2 + i0 + i 2π δ(k^2)f(k) ) · · ( 1 (2π)^2 1 (p + k − k_1)^2 − m^2 − i0 + −i 2π δ((p + k − k_1)^2 − m^2) < Θf_±(p + k − k_1) > ) · · ( −1 2π δ((p − k_1 − k_2)^2 − m^2) < Θ √ f_±(p − k_1 − k_2)> ) +

+ √ (1 − f_−(p))(1 − f_−(q))(−1) ( 1 (2π)^2 −1 k^2 + i0 + i 2π δ(k^2)f(k) ) · · ( 1 (2π)^2 1 (q + k_1 + k_2)^2 − m^2 + i0 + i 2π δ((q + k_1 + k_2)^2 − m^2) < Θf_±(q + k_1 + k_2) > ) · · ( 1 (2π)^2 1 (q + k + k_1)^2 − m^2 + i0 + + i 2π δ((q + k + k_1)^2 − m^2) < Θf_±(q + k + k_1) > ) + + √ (1 − f_−(p))(1 − f_−(q))(−1) ( i 2π δ(k^2) √ f(k)(1 + f(k)) ) · · ( −1 2π δ((q + k_1 + k_2)^2 − m^2) < Θ √ f_±(q + k_1 + k_2) > ) · · ( −1 2π δ((q + k + k_1)^2 − m^2) < Θ √ f_±(q + k + k_1) > ) + + (−i) √ f_−(q)(1 − f_−(p))(−1) ( i 2π δ(k^2) √ f(k)(1 + f(k)) ) · · ( 1 (2π)^2 1 (q + k_1 + k_2)^2 − m^2 + i0 + + i 2π δ((q + k_1 + k_2)^2 − m^2) < Θf_±(q + k_1 + k_2) > ) · · ( −1 2π δ((q + k + k_1)^2 − m^2) < Θ √ f_±(q + k + k_1) > ) + + (−i) √ f_−(q)(1 − f_−(p)) ( −1 2π δ((q + k_1 + k_2)^2 − m^2) < Θ √ f_±(q + k_1 + k_2) > ) · · ( 1 (2π)^2 −1 −k^2 + i0 + i 2π δ(k^2)f(k) )( 1 (2π)^2 1 (q + k + k_1)^2 − m^2 − i0 + + −i 2π δ((q + k + k_1)^2 − m^2) < Θf_±(q + k + k_1) > )}] .

(3.94)

After having performed the multiplications, this gives the following 30 terms: ( ∂σ ∂Ω )_{SE} 4.ord. = ( dσ dΩ )_{1.ord.} 8m^2e^2 (2π)^2 Re [ ∫ d^4k_1d^4k_2ĝ(k_1)ĝ(k_2) ∫ d^4k {

o : + −i (2π)^6

(1 − f_−(p))(1 − f_−(q)) ((p + k − k_1)^2 − m^2 + i0)(k^2 + i0)((p − k_1 − k_2)^2 − m^2 + i0) + a : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((p + k − k_1)^2 − m^2 + i0)(k^2 + i0) · · δ((p − k_1 − k_2)^2 − m^2) < Θf_±(p − k_1 − k_2) > +

b : + −1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((p + k − k_1)^2 − m^2 + i0)((p − k_1 − k_2)^2 − m^2 + i0) δ(k^2)f(k) +

c : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((p + k − k_1)^2 − m^2 + i0) δ(k^2)f(k) · · δ((p − k_1 − k_2)^2 − m^2) < Θf_±(p − k_1 − k_2) > +

d : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) (k^2 + i0)((p − k_1 − k_2)^2 − m^2 + i0) · · δ((p + k − k_1)^2 − m^2) < Θf_±(p + k − k_1) > +

e : + i (2π)^4

(1 − f_−(p))(1 − f_−(q))

(k^2 + i0) δ((p + k − k_1)^2 − m^2)δ((p − k_1 − k_2)^2 − m^2) ·

· < Θf_±(p + k − k_1) >< Θf_±(p − k_1 − k_2) > +

f : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((p − k_1 − k_2)^2 − m^2 + i0) δ(k^2)f(k) · · δ((p + k − k_1)^2 − m^2) < Θf_±(p + k − k_1) > +

g : + 1 (2π)^3

(1 − f_−(p))(1 − f_−(q))δ(k^2)f(k) ·

· δ((p + k − k_1)^2 − m^2)δ((p − k_1 − k_2)^2 − m^2) · · < Θf_±(p + k − k_1) >< Θf_±(p − k_1 − k_2) > + h : + −1 (2π)^3

(1 − f_−(p))(1 − f_−(q))δ(k^2) √ f(k)(1 + f(k)) ·

· δ((p + k − k_1)^2 − m^2)δ((p − k_1 − k_2)^2 − m^2) · · < Θ √ f_±(p + k − k_1) >< Θ √ f_±(p − k_1 − k_2) > +

i : + −i (2π)^4

(1 − f_−(q)) √ f_−(p)(1 − f_−(p)) (p − k_1 − k_2)^2 − m^2 + i0 δ(k^2) √ f(k)(1 + f(k)) ·

· δ((p + k − k_1)^2 − m^2) < Θ √ f_±(p + k − k_1) > +

j : + 1 (2π)^3

(1 − f_−(q)) √ f_−(p)(1 − f_−(p))δ(k^2) √ f(k)(1 + f(k)) ·

· δ((p − k_1 − k_2)^2 − m^2)δ((p + k − k_1)^2 − m^2) · · < Θf_±(p − k_1 − k_2) >< Θ √ f_±(p + k − k_1) > +

k : + −1 (2π)^5

(1 − f_−(q)) √ f_−(p)(1 − f_−(p)) ((p + k − k_1)^2 − m^2 − i0)(−k^2 + i0) · · δ((p − k_1 − k_2)^2 − m^2) < Θ √ f_±(p − k_1 − k_2) > +

m : + i (2π)^4

(1 − f_−(q)) √ f_−(p)(1 − f_−(p)) (p + k − k_1)^2 − m^2 − i0 δ(k^2)f(k) · δ((p − k_1 − k_2)^2 − m^2) < Θ √ f_±(p − k_1 − k_2)> +

l : + i (2π)^4

(1 − f_−(q)) √ f_−(p)(1 − f_−(p)) −k^2 + i0 · · δ((p + k − k_1)^2 − m^2)δ((p − k_1 − k_2)^2 − m^2) · · < Θf_±(p + k − k_1) >< Θ √ f_±(p − k_1 − k_2) > +

n : + 1 (2π)^3

(1 − f_−(q)) √ f_−(p)(1 − f_−(p))δ(k^2)f(k) ·

· δ((p − k_1 − k_2)^2 − m^2)δ((p + k − k_1)^2 − m^2) · · < Θf_±(p + k − k_1) >< Θ √ f_±(p − k_1 − k_2) > + o^′ : + −i (2π)^6

(1 − f_−(p))(1 − f_−(q)) ((q + k + k_1)^2 − m^2 + i0)(k^2 + i0)((q + k_1 + k_2)^2 − m^2 + i0) + a^′ : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((q + k + k_1)^2 − m^2 + i0)(k^2 + i0) · · δ((q + k_1 + k_2)^2 − m^2) < Θf_±(q + k_1 + k_2) > +

b^′ : + −1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) ((q + k + k_1)^2 − m^2 + i0)((q + k_1 + k_2)^2 − m^2 + i0) δ(k^2)f(k) +

e^′ : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((q + k + k_1)^2 − m^2 + i0) · · δ(k^2)f(k)δ((q + k_1 + k_2)^2 − m^2) < Θf_±(q + k_1 + k_2) > +

c^′ : + 1 (2π)^5

(1 − f_−(p))(1 − f_−(q)) (k^2 + i0)((q + k_1 + k_2)^2 − m^2 + i0) · · δ((q + k + k_1)^2 − m^2) < Θf_±(q + k + k_1) > +

f^′ : + i (2π)^4

(1 − f_−(p))(1 − f_−(q))

(k^2 + i0) δ((q + k + k_1)^2 − m^2)δ((q + k_1 + k_2)^2 − m^2) ·

· < Θf_±(q + k + k_1) >< Θf_±(q + k_1 + k_2) > +

d^′ : + −i (2π)^4

(1 − f_−(p))(1 − f_−(q)) ((q + k_1 + k_2)^2 − m^2 + i0) δ(k^2)f(k) · · δ((q + k + k_1)^2 − m^2) < Θf_±(q + k + k_1) > +

g^′ : + 1 (2π)^3

(1 − f_−(p))(1 − f_−(q))δ(k^2)f(k) ·

· δ((q + k + k_1)^2 − m^2)δ((q + k_1 + k_2)^2 − m^2) · · < Θf_±(q + k + k_1) >< Θf_±(q + k_1 + k_2) > + h^′ : + −1 (2π)^3

(1 − f_−(p))(1 − f_−(q))δ(k^2) √ f(k)(1 + f(k)) ·

· δ((q + k + k_1)^2 − m^2)δ((q + k_1 + k_2)^2 − m^2) · · < Θ √ f_±(q + k + k_1) >< Θ √ f_±(q + k_1 + k_2) > +

i^′ : + −i (2π)^4

(1 − f_−(p)) √ f_−(q)(1 − f_−(q)) ((q + k_1 + k_2)^2 − m^2 + i0) δ(k^2) √ f(k)(1 + f(k)) ·

· δ((q + k + k_1)^2 − m^2) < Θ √ f_±(q + k + k_1) > δ(k^2) +

j^′ : + 1 (2π)^3

(1 − f_−(p)) √ f_−(q)(1 − f_−(q))δ(k^2) √ f(k)(1 + f(k)) ·

· δ((q + k_1 + k_2)^2 − m^2)δ((q + k + k_1)^2 − m^2) · · < Θf_±(q + k_1 + k_2) >< Θ √ f_±(q + k + k_1)> +

k^′ : + −1 (2π)^5

(1 − f_−(p)) √ f_−(q)(1 − f_−(q)) ((q + k + k_1)^2 − m^2 − i0)(−k^2 + i0) · · δ((q + k_1 + k_2)^2 − m^2) < Θ √ f_±(q + k_1 + k_2)> +

l^′ : + i (2π)^4

(1 − f_−(p)) √ f_−(q)(1 − f_−(q)) ((q + k + k_1)^2 − m^2 − i0) δ(k^2)f(k) · · δ((q + k_1 + k_2)^2 − m^2) < Θ √ f_±(q + k_1 + k_2)> +

m^′ : + i (2π)^4

(1 − f_−(p)) √ f_−(q)(1 − f_−(q)) −k^2 + i0 · · δ((q + k + k_1)^2 − m^2)δ((q + k_1 + k_2)^2 − m^2) · · < Θf_±(q + k + k_1) >< Θ √ f_±(q + k_1 + k_2)> +

n^′ : + 1 (2π)^3

(1 − f_−(p)) √ f_−(q)(1 − f_−(q))δ(k^2)f(k) ·

· δ((q + k_1 + k_2)^2 − m^2)δ((q + k + k_1)^2 − m^2) ·

· < Θf_±(q + k + k_1) >< Θ √ f_±(q + k_1 + k_2)> }] .

(3.95)

Bremsstrahlung: The bremsstrahlung is of second order, therefore (see (3.85)) it contributes with

S^{BS,em/abs} fi (S^{BS,em/abs} fi )^∗ (3.96)

to the cross section. The matrix elements are known from (3.39). This gives for the cross section^{48}

48 The factor 1 = ∫ d^3 kδ(⃗k − ⃗k^′) is inserted in order to have k^′ independently from k in the second factor.

We omit the terms proportional to /ki in the numerators since we are interested in the adiabatic limit and these terms could at most give finite contributions (as will be clear from the divergence properties of the terms proportional to pϵ or qϵ. These are investigated in Sec. 3.4.2). On similar grounds we can omit the terms proportional to /k.

( ∂σ ∂Ω )_{BS,em} 4.ord. (k) =

4e^4 (2π)^9 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ^∗(k_2) ∫ dk_0δ(k^2)Θ(k_0) ∫ dk^′_0δ(k^{′2})Θ(k^′_0) ∫ d^3k^′δ(⃗k − ⃗k^′) { ū_s(p)/Â^{ext}(p − q + k)u_σ(q)ū_σ (q)/Â^{ext,∗}(p − q + k^′)u_s(p) ·

· [ + (pϵ) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) ((p − k_1 + k)^2 − m^2 + i0) + + i2π(pϵ) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) · · δ((p − k_1 + k)^2 − m^2) < Θf_±(p − k_1 + k) > + + i2π(pϵ) √ f_−(p)(1 − f_−(q)) √ f(k)δ((p − k_1 + k)^2 − m^2) < Θ √ f_±(p − k_1 + k)> + + (qϵ) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) ((q + k_1 − k)^2 − m^2 + i0) + + i2π(qϵ) √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k) · · δ((q + k_1 − k)^2 − m^2) < Θf_±(q + k_1 − k) > + + i2π(qϵ) √ (1 − f_−(p))f_−(q) √ f(k)δ((q + k_1 − k)^2 − m^2) < Θ √ f_±(q + k_1 − k) > ] · · [ + (pϵ)^∗ √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k^′) ((p − k_2 + k^′)^2 − m^2 − i0) − − i2π(pϵ)^∗ √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k^′) · · δ((p − k_2 + k^′)^2 − m^2) < Θf_±(p − k_2 + k^′) > − − i2π(pϵ)^∗ √ f_−(p)(1 − f_−(q)) √ f(k^′) · · δ((p − k_2 + k^′)^2 − m^2) < Θ √ f_±(p − k_2 + k^′) > + + (qϵ)^∗ √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k^′) ((q + k_2 − k^′)^2 − m^2 − i0) − − i2π(qϵ)^∗ √ (1 − f_−(p))(1 − f_−(q)) √ 1 + f(k^′) · · δ((q + k_2 − k^′)^2 − m^2) < Θf_±(q + k_2 − k^′) > − − i2π(qϵ)^∗ √ (1 − f_−(p))f_−(q) √ f(k^′) · · δ((q + k_2 − k^′)^2 − m^2) < Θ √ f_±(q + k_2 − k^′) > ]} . (3.97)

We get the terms for the absorption from the ones for the emission by changing k ↔ −k (not in Θ(k_0)) and f ↔ 1 + f. Performing the k_0-, k^′_0- and ⃗k^′-integrations we get a factor 1 2|⃗k| , and we see that k

′ = k. In order to compare this with the contributions from the vertex and the self energy we integrate over small photon energies |⃗k| ≤ ω_0 ≪ m_e− , where ω_0 can be interpreted as some finite energy resolution of the detector. Since we are interested in the adiabatic limit we can replace < Θf_±(p − k_1 + k) > by < Θf_±(p) >, etc. Furthermore, we set p^2 = m^2 = q^2. Performing the various multiplications gives the following 2 times 36 terms^{49}: ( ∂σ ∂Ω )_{BS} 4.ord. (k) = ( dσ dΩ )_{1.ord.} 4e^2 (2π)^7 ∫ d^4k_1d^4k_2ĝ(k_1)ĝ^∗(k_2) ∫ |⃗k|≤ω0 d^3k 1 2|⃗k| · {

A : +

−m^2(1 − f_−(p))(1 − f_−(q))(1 + f(k)) (2p(k − k_1) + (k − k_1)^2 + i0)(2p(k − k_2) + (k − k_2)^2 − i0) + C : + −2πim^2 2p(k − k_2 + (k − k_2)^2) − i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2p(k − k_1) + (k − k_1)^2) < Θf_±(p) > +

α : + −2πim^2 2p(k − k_2) + (k − k_2)^2 − i0 √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) ·

· δ(2p(k − k_1) + (k − k_1)^2) < Θ √ f_±(p) > +

V : +

−pq(1 − f_−(p))(1 − f_−(q))(1 + f(k)) (2q(k_1 − k) + (k_1 − k)^2 + i0)(2p(k − k_2) + (k − k_2)^2 − i0) + VII : + −2πipq 2p(k − k_2) + (k − k_2)^2 − i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2q(k_1 − k) + (k_1 − k)^2) < Θf_±(q) > +

1−I : + −2πipq 2p(k − k_2) + (k − k_2)^2 − i0 √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) ·

· δ(2q(k_1 − k) + (k_1 − k)^2) < Θ √ f_±(q) > +

B : + 2πim^2 2p(k − k_1) + (k − k_1)^2 + i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2p(k − k_2) + (k − k_2)^2) < Θf_±(p) > + D : + 4π^2(−m^2)(1 − f_−(p))(1 − f_−(q))(1 + f(k))δ(2p(k − k_1) + (k − k_1)^2) · · δ(2p(k − k_2) + (k − k_2)^2) < Θf_±(p) >< Θf_±(p) > + β : + 4π^2(−m^2) √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) · · δ(2p(k − k_1) + (k − k_1)^2)δ(2p(k − k_2) + (k − k_2)^2) · · < Θ √ f_±(p) >< Θf_±(p) > +

49 Here we summed over four polarizations of the photons, including the unphysical scalar and longitudinal ones (cf. [22] p. 245 and eq. (3.12.42)), and we used

∑_3

n=1 ϵ^{(n)∗}_μ ϵ^{(n)}_ν − ϵ^{(0)∗}_μ ϵ^{(0)}_ν = −gμν .

VI : + 2πipq 2q(k_1 − k) + (k_1 − k)^2 + i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2p(k − k_2) + (k − k_2)^2) < Θf_±(p) > + VIII : + 4π^2(−pq)(1 − f_−(p))(1 − f_−(q))(1 + f(k))δ(2q(k_1 − k) + (k_1 − k)^2) · · δ(2p(k − k_2) + (k − k_2)^2) < Θf_±(q) >< Θf_±(p) > + 1−II : + 4π^2(−pq) √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) · · δ(2q(k_1 − k) + (k_1 − k)^2)δ(2p(k − k_2) + (k − k_2)^2) · · < Θ √ f_±(q) >< Θf_±(p) > + γ : + 2πim^2 2p(k − k_1) + (k − k_1)^2 + i0 √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) ·

· δ(2p(k − k_2) + (k − k_2)^2) < Θ √ f_±(p)> + δ : + 4π^2(−m^2) √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) · · δ(2p(k − k_1) + (k − k_1)^2)δ(2p(k − k_2) + (k − k_2)^2) · · < Θf_±(p) >< Θ √ f_±(p) > + ϵ : + 4π^2(−m^2)f_−(p)(1 − f_−(q))f(k)δ(2p(k − k_1) + (k − k_1)^2) · · δ(2p(k − k_2) + (k − k_2)^2) < Θ √ f_±(p)>< Θ √ f_±(p)> + 1−III : + 2πipq 2q(k_1 − k) + (k_1 − k)^2 + i0 √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) ·

· δ(2p(k − k_2) + (k − k_2)^2) < Θ √ f_±(p)> + 1−IV : + 4π^2(−pq) √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) · · δ(2q(k_1 − k) + (k_1 − k)^2) · δ(2p(k − k_2) + (k − k_2)^2) · < Θf_±(q) >< Θ √ f_±(p)> + 1−V : + 4π^2(−pq) √ f_−(p)(1 − f_−(p))f_−(q)(1 − f_−(q))f(k) · · δ(2q(k_1 − k) + (k_1 − k)^2)δ(2p(k − k_2) + (k − k_2)^2) · · < Θ √ f_±(q) >< Θ √ f_±(p)> +

I : +

−pq(1 − f_−(p))(1 − f_−(q))(1 + f(k)) (2p(k − k_1 + (k − k_1)^2) + i0)(2q(k_2 − k + (k_2 − k)^2) − i0) + III : + −2πipq 2q(k_2 − k) + (k_2 − k)^2 − i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2p(k − k_1) + (k − k_1)^2) < Θf_±(p) > + 1−X : + −2πipq 2q(k_2 − k) + (k_2 − k)^2 − i0 √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) ·

· δ(2p(k − k_1) + (k − k_1)^2) < Θ √ f_±(p) > +

E : +

−m^2(1 − f_−(p))(1 − f_−(q))(1 + f(k)) (2q(k_1 − k) + (k_1 − k)^2 + i0)(2q(k_2 − k) + (k_2 − k)^2 − i0) + G : + −2πim^2 2q(k_2 − k) + (k_2 − k)^2 − i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2q(k_1 − k) + (k_1 − k)^2) < Θf_±(q) > +

η : + −2πim^2 2q(k_2 − k) + (k_2 − k)^2 − i0 √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) ·

· δ(2q(k_1 − k) + (k_1 − k)^2) < Θ √ f_±(q) > + II : + 2πipq 2p(k − k_1) + (k − k_1)^2 + i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2q(k_2 − k) + (k_2 − k)^2) < Θf_±(q) > + IV : + 4π^2(−pq)(1 − f_−(p))(1 − f_−(q))(1 + f(k))δ(2p(k − k_1) + (k − k_1)^2) · · δ(2q(k_2 − k) + (k_2 − k)^2) < Θf_±(p) >< Θf_±(q) > + 1−VI : + 4π^2(−pq) √ f_−(p)(1 − f_−(p))(1 − f_−(q)) √ f(k)(1 + f(k)) · · δ(2p(k − k_1) + (k − k_1)^2)δ(2q(k_2 − k) + (k_2 − k)^2) · · < Θ √ f_±(p) >< Θf_±(q) > +

F : + 2πim^2 2q(k_1 − k) + (k_1 − k)^2 + i0

(1 − f_−(p))(1 − f_−(q))(1 + f(k)) ·

· δ(2q(k_2 − k) + (k_2 − k)^2) < Θf_±(q) > + H : + 4π^2(−m^2)(1 − f_−(p))(1 − f_−(q))(1 + f(k))δ(2q(k_1 − k) + (k_1 − k)^2) · · δ(2q(k_2 − k) + (k_2 − k)^2) < Θf_±(q) >< Θf_±(q) > + θ : + 4π^2(−m^2) √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) · · δ(2q(k_1 − k) + (k_1 − k)^2)δ(2q(k_2 − k) + (k_2 − k)^2) · · < Θ √ f_±(q) >< Θf_±(q) > + 1−VII : + 2πipq 2p(k − k_1) + (k − k_1)^2 + i0 √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) ·

· δ(2q(k_2 − k) + (k_2 − k)^2) < Θ √ f_±(q) > + 1−VIII : + 4π^2(−pq) √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) · · δ(2p(k − k_1) + (k − k_1)^2)δ(2q(k_2 − k) + (k_2 − k)^2) · · < Θf_±(p) >< Θ √ f_±(q) > +

1−IX : + 4π^2(−pq) √ f_−(p)(1 − f_−(p))f_−(q)(1 − f_−(q))f(k) · · δ(2p(k − k_1) + (k − k_1)^2)δ(2q(k_2 − k) + (k_2 − k)^2) · · < Θ √ f_±(p)>< Θ √ f_±(q) > +

ι : + 2πim^2 2q(k_1 − k) + (k_1 − k)^2 + i0 √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) ·

· δ(2q(k_2 − k) + (k_2 − k)^2) < Θ √ f_±(q) > +

κ : + 4π^2(−m^2) √ f_−(q)(1 − f_−(q))(1 − f_−(p)) √ f(k)(1 + f(k)) · · δ(2q(k_1 − k) + (k_1 − k)^2)δ(2q(k_2 − k) + (k_2 − k)^2) · · < Θf_±(q) >< Θ √ f_±(q) > + λ : + 4π^2(−m^2)(1 − f_−(p))f_−(q)f(k)δ(2q(k_1 − k) + (k_1 − k)^2) ·

· δ(2q(k_2 − k) + (k_2 − k)^2) < Θ √ f_±(q) >< Θ √ f_±(q) > } + +dito(k ↔ −k, f ↔ 1 + f). (3.98)

3.4.2 Investigation of Possible Cancellations

Now we compare the cross sections we calculated in the foregoing section. We investigate if there is a net cancellation of all the divergent terms or not. The result will be that there is no complete cancellation, certain contributions from the self energy and the bremsstrahlung do not cancel. The vertex on the other hand causes no problems. Furthermore, we will see that there is a complete cancellation if we have small temperatures k_BT ≪ m_e− .

Concretely we will consider the following things: We will integrate the BS-contribution from |⃗k| = 0 to ω_0 ≪ 1, which accounts for soft photons that remain undetected (here ω_0 can be interpreted as some finite energy resolution of the detector). This also fixes the Lorentz system: it is the laboratory system, i.e. the rest system of the bath, i.e. u = (1,⃗0). The k-integration in the V- and SE-contributions will then be considered for values |⃗k| ∈ [0, ω_0] as well, since possible divergencies origin from k = 0 only. Thus we can treat k_0 = |⃗k| as small and omit it where this is possible. Since we are interested in the adiabatic limit, we will set ϵ = 0 ↔ k_i = 0 where this is allowed (cf. the remark after (2.32)). Thus we can for example replace < Θ √ f_±(q + k_1 + k_2) > by < Θ √ f_±(q) >, < Θf_±(p + k − k_2) > by < Θf_±(p) >, etc. In addition we choose the test function g to be symmetric and real, which is no big restriction since we are interested in the limit g → 1. Now we list how several terms compensate and which terms remain in the end.

Vertex and pq-terms of BS: We often use the fact that the two BS-terms that are considered together with one V-term are the complex conjugate of each other and thus the sum is twice the real part.

-: V^1 + BS^I + BS^V gives the terms proportional to pq of the (T = 0)-BS multiplied with (1 − f_−(p))(1 − f_−(q)) and compensates V^{16} (cf. [22], Sec. 3.11). This can be seen as follows: V^1 has an integrand proportional to (since we are interested in the real part we consider the principal value part only) P −f (2p(−k_1 − k) + (−k_1 − k)^2 + i0)(2q(k_2 − k) + (k_2 − k)^2 + i0)

. (3.99)

The BS-contributions BS^I + BS^V plus the corresponding terms from absorption give after some transformation of variables an integrand proportional to P −Θ(k_0) − f (2p(k_1 + k) + (k_1 + k)^2 + i0)(2q(k_2 − k) + (k_2 − k)^2 + i0)

. (3.100)

Now we expand the factors in the denominators (using a formula like ‘^1_{1+x} ∼= 1 − x’ adapted to this case) and compare the resulting terms. We see that the leading divergencies ad up to the (T = 0)-part of the bremsstrahlung and thus compensate V^{16}. The next to leading order term is of the form P f(k)(k + k_1)^2 (2p(k + k_1))^2 1 2q(k_2 − k)

. (3.101)

The transformation k → −k, k_i → −k_i then generates a change in the global sign and thus the integral is identical zero. The other terms are finite and vanish in the adiabatic limit.

-: V^4 +BS^{II} +BS^{VII}: Proceeding as above we get for the vertex an integrand proportional to +δ(2p(−k − k_1) + (−k − k_1)^2)δ(2q(k_2 − k) + (k_2 − k)^2)f(k) (3.102)

and for the bremsstrahlung

−δ(2p(k − k_1) + (k − k_1)^2)δ(2q(k_2 − k) + (k_2 − k)^2)(Θ(k_0) + f(k)). (3.103)

With the help of δ(k^2) it can be seen that the terms ‘(k_2 − k)^2’ etc. in the other δ-distributions can be neglected. Then it follows that the divergent terms (the terms proportional to f(k)) cancel between BS and V and the f-independent term from BS is finite.

-: V^5 + BS^{III} + BS^{VI}: analogous to the previous calculation

-: V^7 + BS^{IV} + BS^{VIII}: dito (Because we consider the real part only).

-: V^{10} + BS^{1−I} + BS^{1−VII}: dito.

-: V^{11} + BS^{1−II} + BS^{1−VIII}: dito.

-: V^{12} + BS^{1−III} + BS^{1−X}: dito.

-: V^{13} + BS^{1−IV} + BS^{1−VI}: dito.

-: V^{15} + BS^{1−V} + BS^{1−IX}: dito.

-: V^{14}: as above since we are interested in the real part only.

-: V^6: dito.

-: V^2: The relevant structure is 1 ((2p(−k_1 − k) + (−k_1 − k)^2) + i0)(k^2 + i0) δ(2q(k_2 − k) + (k_2 − k)^2). (3.104)

We use the δ-distribution to perform the k_0-integration and therefore decompose it according to δ(y(x)) = ∑ k,y(x_k)=0 δ(x−x_k) |y^′(x_k)| . We see that this gives 1 |q0| [δ(k0 − 2q0) + δ(k_0)]. Using this in the complete expression for V^2 leads to a leading order divergency that vanishes because of antisymmetry under the transformation of variables k_i → −k_i (cf. (3.101)). The next to leading order term is finite.

-: V^3 analogous to V^2.

Self energy and m-terms of BS: We use the same methods as for the vertex; in addition we use the following partial fraction decomposition: 1 (2p(k − k_1) + (k − k_1)^2 + i0) · 1 (2p(k − k_2) + (k − k_2)^2 − i0) != != A (2p(k − k_1) + (k − k_1)^2 + i0) + B (2p(k − k_2) + (k − k_2)^2 − i0) , (3.105)

where we demand A^!= −B, which gives A = 1 2p(k_1 − k_2) + (k_1 − k_2)(2k − k_1 − k_2) − i0

. (3.106)

-: SE^b + BS^A is discussed as the terms V^1 + ..., in addition using (3.105). The leading order gives the terms proportional to m^2 of the (T = 0)-BS multiplied with (1 − f_−(p))(1 − f_−(q)) and compensates SE^o (cf. [22], Sec. 3.11). The other terms are finite or can be shown to vanish because of asymmetry under certain transformations of variables (cf. V^1 + ...).

-: SE^{b′} + BS^E + SE^{o′} : compensation in an analogous way.

-: SE^c + SE^f : the relevant term is

−4δ(2p(k − k_1) + (k − k_1)^2)δ(2p(−k_1 − k_2) + (−k_1 − k_2)^2)δ(k^2)f, for (3.107)

BS^B + BS^C it is

2δ(2p(k − k_1) + (k − k_1)^2)δ(2p(k − k_2) + (k − k_2)^2)(Θ(k_0) + f). (3.108)

Using δ(k^2) we see that the terms ∼ (k − k_1)^2 etc. in the argument of the other δ-distributions are negligible. Thus there is no cancellation between the contributions proportional to f because of the factors ‘4’ and ‘2’, respectively, in front of these expressions. The term proportional to Θ(k_0) is finite. This factor ‘2’ which inhibits a cancellation shows up here since we cannot use the afore-mentioned partial fraction decomposition which precisely led to the compensation in the case of SE^b + ....

-: SE^{d′} + SE^{e′} + BS^F + BS^G: is investigated analogously.

-: BS^D + SE^g: dito.

-: BS^H + SE^{g′} : dito.

-: SE^i + SE^m + BS^α + BS^γ : dito.

-: SE^{i′} + SE^{l′} + BS^η + BS^ι: dito.

-: SE^j + SE^n + BS^β + BS^δ: dito.

-: SE^{j′} + SE^{n′} + BS^κ + BS^θ: dito.

-: SE^e, SE^{f′} , SE^l, SE^{m′} : These terms have the same structure as the finite contribution to SE^c + ... . Thus they are finite as well.

-: SE^a, SE^{a′} , SE^k, SE^{k′} , SE^d, SE^{c′} : Here we have the case of a subgraph with singular order ω ≥ 0. The self energy part has to be splitted using the causal method. The result is given in [22], eq. (3.7.41). If we have a close look at that for the momentum p − ϵk_1 with ϵ → 0, we see that the terms that could diverge vanish because they are antisymmetric under the transformation of the integration variable k_1 → −k_1 (cf. V^1...).

-: SE^h + BS^ϵ: These terms contain three δ-distributions that are treated as in V^4 + ...

. More important, however, are the factors that multiply them. For the self energy it is 2 √ f(1 + f)(1 − f_−(p))(1 − f_−(q)), whereas for the bremsstrahlung it is f(1 − f_−(q))f_−(p) (the term proportional to Θ(k_0) is finite). Thus there is no cancellation because of the factor ‘2’ and the different structure in f_±.

-: SE^{h′} + BS^λ: analogously.

We want to add some remarks on the crucial factor ‘two’ in the calculations above: each vertex contribution comes with two corresponding BS-contributions, thus resulting in a net cancellation. For each self energy contribution, on the other hand, there is just one BScontribution. For SE^b + BS^A + SE^o the partial fraction decomposition (3.105) leads to an additional factor two in BS^A, thus leading to a net cancellation. The same considerations apply to SE^{b′} + BS^E + SE^{o′} . However, there is no partial fraction decomposition (3.105) involved in the (T > 0)-contributions since one or two of these factors are replaced by a δ-distribution. Thus there is no additional factor two for these terms and in consequence no cancellation either.

3.4.3 Investigation of Possible Cancellations with Mixed States

In this section we want to analyse possible cancellations using more general asymptotic states. It will turn out that not even the use of general mixed states or coherent superpositions leads to a cancellation of the IR-divergencies.

First, we consider incoherent mixtures of states with one electron, on electron and one photon, ordinary and ‘tilde’, one electron and two photons, ordinary and ‘tilde’. Higher numbers of photons do not have to be considered since we are interested in the cross section to fourth order only. From more than two photons some are merely spectators and not involved in the processes.

We will not use a density matrix formulation for the problem. Thus we will have to calculate the cross sections corresponding to the various parts of the initial and final state, take the weightened mean over the initial contributions and the sum over the final ones. We write for the initial state (we have suppressed to write down the vacuum Ω on which the emission operators act)

|Ψ_{initial}⟩ := + ∫ MS d^4q|b^+(q)⟩⟨b^+ · · ·|c_0(q) + + ∑ i ∫ MS d^4q ∫ ≤ω0 d^3k_1|b^+(q)a^+_i (k_1)⟩⟨· · ·|c_1(q, k_1)_i + + ∑ i ∫ MS d^4q ∫ ≤ω0 d^3k_1|b^+(q)ã^+_i (k_1)⟩⟨· · ·|c̃_1(q, k_1)_i + + ∑ i,j ∫ MS d^4q ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2|b^+(q)a^+_i (k_1)a^+_j (k_2)⟩⟨· · ·|c_2(q, k_1, k_2)_{ij} + + ∑ i,j ∫ MS d^4q ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2|b^+(q)a^+_i (k_1)ã^+_j (k_2)⟩⟨· · ·|c̃_2(q, k_1, k_2)_{ij} + + ∑ i,j ∫ MS d^4q ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2|b^+(q)ã^+_i (k_1)ã^+_j (k_2)⟩⟨· · ·|c̃_2(q, k_1, k_2)_{ij}.

(3.109)

The q-integration is over the mass shell (MS), the k_{1,2}-integration over |⃗k_{1,2}| ≤ ω_0 and the sum runs over four polarizations^{50} i, j = 1, ..., 4. The β-dependence in the various thermal emission operators is suppressed in the notation. Since the c_i’s etc. represent probability densities we have c_0, c_1, ..., c̃_2 ≥ 0 and the normalization condition ∫ MS d^4q [ c_0(q) + ∑ i ∫ ≤ω0 d^3k_1c_1(q, k_1)_i + ∑ i ∫ ≤ω0 d^3k_1c̃_1(q, k_1)_i + + ∑ i,j ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2c_2(q, k_1, k_2)_{ij} + ∑ i,j ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2c̃_2(q, k_1, k_2)_{ij} + + ∑ i,j ∫ ≤ω0 d^3k_1 ∫ ≤ω0 d^3k_2c̃_2(q, k_1, k_2)_{ij} ] = 1.

(3.110)

Furtheron c_2 and c̃_2 are symmetric in the arguments k_1 and k_2 and the indices i, j.

The S-matrix terms involved are the same as in the sections 3.4.1 and 3.4.2. We group them according to the number of bremsstrahlung photons (BSP) involved: zero BSP : the first order contribution and third order vertex and self energy^{51}. One BSP : the second order BS contributions. Two BSP: the three third order terms with two BS photons.

Performing the sum and integration over the possible final states we get 36 contributions to the cross section, each involving a weighting factor c_0, c_1, ... and integrals over the electron and photon momenta. They are listed in appendix E.

Now we investigate the cross section given by (E.2). We first consider the case of sharp momenta for the incoming and outgoing electron, i.e. there is no integration over these momenta. Then^{52} the coefficient of |⟨b^+|0|b^+⟩|^2 equals 1 by the normalization condition (3.110).

Using the δ-distributions, the fact that f ≈ 1 + f ≈^1_{β|ku|} for the leading contributions to the IR-divergencies and the structure of A_μ applied to |a^+⟩, etc. we see that the contributions proportional to the product of zero and two BSP factors are of the following form:

50 We decided for shortness and completeness to indicate the four involved photon polarizations in this way directly in the emission operators.

51 The third order vacuum polarisation could at most give next to leading order in divergencies (cf. Sec. 3.2.3).

52 In the following we write |0|, |1| and |2| in the matrix elements for the zero, one and two BSP-contribution to the S-matrix.

∫ d^3k_1⟨0⟩⟨b^+a^+(k_1)|2|b^+a^+(k_1)⟩ · [ terms involving c_1, ...]. (3.111)

Since the c’s obey the normalization condition and are positive, no integral of the form ∫ dkc(k) can show IR-divergencies. Furthermore, the products ⟨0⟩⟨2⟩ are finite as well (see Sec. 3.2.4), thus the whole contribution involving these products of zero and two BSP contributions is finite.

Therefore, we only have to consider the zero BSP contributions, which are the same as in the calculation with pure states as already mentioned and the one BSP contributions we will examine now.

Using the relations between ⟨b^+a^+|1|b^+⟩, ⟨b^+ã^+|1|b^+⟩, ⟨b^+|1|b^+a^+⟩ and ⟨b^+|1|b^+ã^+⟩ (k ↔ −k and f ↔ 1+f replacements are involved) and the fact that f ≈ 1+f ≈^1_{β|ku|} for the leading contributions to the IR-divergencies we can write the leading one BPS contribution as follows:

1BPS = = ∑ i ∫ d^3k_1 { + |⟨b^+a^+_i (k_1)|1|b^+⟩|^2 [ c_0(q) + ∑ m ∫ d^3l_1c_1(q, l_1)_m + ∑ m ∫ d^3l_1c̃_1(q, l_1)_m +

+ c̃_1(q, k_1)_i + ∑ n ∫ d^3l_2c̃_2(q, k_1, l_2)_{in} + ∑ n ∫ d^3l_2c̃_2(q, k_1, l_2)_{in} ] + + |⟨b^+ã^+_i (k_1)|1|b^+⟩|^2 [ c_0(q) + ∑ m ∫ d^3l_1c_1(q, l_1)_m + ∑ m ∫ d^3l_1c̃_1(q, l_1)_m +

+ c_1(q, k_1)_i + ∑ n ∫ d^3l_2c_2(q, k_1, l_2)_{in} + ∑ n ∫ d^3l_2c̃_2(q, k_1, l_2)_{in} ]}

(3.112)

We look at the p^2, q^2- and pq-contributions in the cross section factors of this expression separately as we did in Sec. 3.4.2. Since the zero BPS contribution are the same as before, we see that each pq-contribution should finally give the same value as before, thus cancelling the vertex contributions. The p^2, q^2-contributions, however, should undergo a change which amounts to a factor 2 for the (T > 0)-parts, accounts especially for the SE-graphs SE^{h,h′} (BS^λ, BS^ϵ have to change in this way) and does not spoil the cancellation of the (T = 0)-parts (i.e. BS^A, BS^E should give the same as before); cf. Sec. 3.4.2.

To investigate this further we write the one BSP cross section in the following form (cf. eq. (3.97)). Unimportant global factors are omitted and the ‘+’ in the argument of F indicates the Θ(+k_0) involved): ∑ i ∫ d^3k|⟨b^+(p)a^+_i (k)|1|b^+(q)⟩|^2 = = ∑ i ∫ d^4k_1 ∫ d^4k_2ĝ(k_1)ĝ^∗(k_2) ∫ d^3k · · [ F (p, q, k_1, k, Θ(k))_i + F (q, p, −k_1, −k, Θ(k))_i ] · · [ F (p, q, k_2, k, Θ(k))^∗_i + F (q, p, −k_2, −k, Θ(k))^∗_i ] (3.113)

The analogous term with ã^+ instead of a^+ reads the same after having replaced k with −k (not in the Θ-function involved). We have from (3.112)

1BPS = + ∑ i ∫ d^4k_1 ∫ d^4k_2ĝ(k_1)ĝ^∗(k_2) ∫ d^3k {

+ ( F (p, q, k_1, k, +)_iF (q, p, −k_2, −k, +)^∗_i + F (q, p, −k_1, −k, +)_iF (p, q, k_2, k, +)^∗_i ) · · [ Q(q, ω_0) + Q^′(q, ω_0, k)_i ] + + ( F (p, q, k_1, −k, +)_iF (q, p, −k_2, k, +)^∗_i + F (q, p, −k_1, k, +)_iF (p, q, k_2, −k, +)^∗_i ) · · [ Q(q, ω_0) + Q̃^′(q, ω_0, k)_i ]} + + ∑ i ∫ d^4k_1 ∫ d^4k_2ĝ(k_1)ĝ^∗(k_2) ∫ d^3k {

+ ( F (p, q, k_1, k, +)_iF (p, q, k_2, k, +)^∗_i + F (q, p, −k_1, −k, +)_iF (q, p, −k_2, −k, +)^∗_i ) · · [ Q(q, ω_0) + Q^′(q, ω_0, k)_i ] + + ( F (p, q, k_1, −k, +)_iF (p, q, k_2, −k, +)^∗_i + F (q, p, −k_1, k, +)_iF (q, p, −k_2, k, +)^∗_i ) · · [ Q(q, ω_0) + Q̃^′(q, ω_0, k)_i ]} . (3.114)

The Q’s abbreviate the terms involving the c’s. Consider the leading contributions to the IRdivergencies in GG^∗, i.e. the terms ‘(k − k_i)^2’ can be omitted. Then each ‘pq’-contribution equals the positive or negative of the corresponding ‘p^2, q^2’-contribution for p → q. Using the continuity of G in p and q and G(p, p, ...) ≠ 0 we see^{53} that it is impossible to find Q’s (and hence c’s) that meet the afore-mentioned conditions (cf. after eq. (3.112)) and lead to a cancellation of all IR-divergencies.

The same consideration applies to the case of sharply peaked momenta centered around q and p of the in- and outgoing electrons, respectively, even if we allow small deviations from p^2 = m^2 = q^2. The case of arbitrary coherent superposition of states can be investigated using similar arguments and does not lead to a cancellation as well.

3.4.4 Discussion of the Results

In this section we make several remarks on the results of the last one and discuss the results established in literature in relation to ours. In section 4 we will present some ideas how the problems that arise here in the IR-behaviour possibly could be cured.

- First we want to emphasize that there is no cancellation of IR-divergencies in QED at finite temperature in the cross sections to fourth order if we do not restrict ourselves to small temperatures (see the second point). The vertex contributions to the divergency cancel with some part of the bremsstrahlung, whereas the self energy contributions do not. Especially the terms ‘SE^h’ and ‘SE^{h′} ’ cause problems since they are of a structure that does not arise in the bremsstrahlung (in ‘SE^h’ and ‘SE^{h′} ’ we have nontilde external legs leading to a factor (1 − f_−(p))(1 − f_−(q)) and an inner tilde vertex leading to 12-propagators. The BS terms either have a factor (1 − f_−(p))(1 − f_−(q)) and no 12-propagator or a 12-propagator and the wrong factor involving f_−). The other SE-terms that do not compensate differ by a factor two from corresponding

53 For p = q, perform the transformation k_1,_2 −→ −k_1,_2 in the second and fourth summand. Then we see that we can write “(GG∗ + GG∗)[2Q + Q′ + Q̃′]” for the sum of the first two and last two summands, respectively.

BS-terms. Thus we disagree with the existing literature that claims IR-finiteness for all temperatures ([1], [2], etc.) and have doubts if proofs of IR-finiteness to all orders ([1]) could rigorously be performed. We will discuss the shortcomings in the literature in point three. In addition to the external states considered usually we have investigated mixed states as well. We find the same result: there is no cancellation of IR-divergencies.

- Secondly we see that the restriction to small temperatures k_BT ≪ m_e− finally leads to IR-finite values. In this case only V^1, V^{16}, SE^b, SE^o, SE^{b′} , SE^{o′} , BS^I, BS^V, BS^A and BS^E contribute. In contrast to the literature we have this cancellation in a very straightforward way without the necessity to introduce temperature dependent spinors or a thermal Dirac equation as it is introduced in ([63]) and used by many other authors. Thus we see that the consideration of the Fermi-Dirac-distribution f_±, which in itself is IR-finite causes more than just minor irrelevant changes with respect to the low temperature case (as claimed in [1], [2]): the finiteness present in the latter gets completely lost.

Pay attention to the fact that in this approximation the contributions with |⃗k| > ω_0 from V^1, BS^I and BS^V cancel exactly. That is why there is no contribution to the magnetic moment from this part of the vertex.

- In this third point we discuss several papers and the reasons for which they end up with finite results and why they are wrong or do not contradict our results. A first group of papers ([10], [13], [63] and [65] - [67]) presents calculations in the low temperature approximation k_B T ≪ m_e− only. As mentioned above we agree with the IR-finiteness found by them in this approximation; but as our calculations show, one cannot extract from this any results concerning arbitrary temperatures, and to use this finiteness as a hint for the existence of IR-cancellations to all orders at T > 0 is too optimistic.

A second group of papers ([4] - [7]) is concerned with arbitrary temperatures but neglects the thermal modification of the fermion propagators via f_± on more or less clear reasons. Thus the fact that they find a complete cancellation of IR-divergencies does not contradict our results since we have this as well if we omit the terms with factors f_±.

The papers ([2], [3] and [8]) leave out the doubling of fields in their cancellation and thus especially do not have to face the contributions SE^h, SE^{h′} , which cause the major problems in our calculations. Especially in [2] there are some terms missing: without reason, they claim to have no modification of the bremsstrahlung by the Fermi-Dirac-distribution and in their contribution to the vertex and the self energy they only have the terms V^2, V^3, SE^a, SE^d, SE^{a′} and SE^{c′} , which do not cause any problem anyway. In the paper [1] there are some shortcomings in the considerations after their equation (32): In their general investigation of the n-th order they consider S/kS for each vertex and set g = 1 from the very beginning. But in the third order we are interested in, one has to investigate ū/kS/kSγ^ν u · b and the limit g → 1 has to be performed at the very end. The net effect of the former treatment with respect to the latter is again a the omission of contributions as SE^h, SE^{h′} . The paper [9] also neglects the doubling of fields.

Besides that there are some papers that consider other problems than we did, [68] and [69], to mention just two, which consider φ^3 and φ^4 theories, respectively, which have quite a different structure from QED.

- Furthermore it is clear from the discussion that there are a lot of finite contributions from these various terms considered above. As in the (T = 0)-case they possibly depend on the test function g (see [22], Sec. 3.12). We do not consider this here any further since it is of no importance as long as the whole theory stays divergent in the adiabatic limit as it does now.

4 Conclusion

In this work we investigated QED at finite temperatures in perturbation theory. Using the causal approach to QFT we are not confronted with any UV-divergency and have a method at hand to rigorously discuss the IR-behaviour of the theory by investigating the adiabatic limit.

We have calculated several second and third order graphs and derived corrections to m_e− and μ_e− due to the effects of the temperature. Our results agree with the ones in the literature.

The main result, however, is the fact that the theory is not IR-convergent. Already in the cross sections to fourth order there is no complete cancellation of the various IR-divergent terms in the case of arbitrary temperatures. This result remains valid even if we set the chemical potential μ equal zero with the consequence that f_− = f_+ or if we use more general mixed states or coherent superpositions as initial and final ones. For small temperatures the cancellation can be established in a straightforward way without the necessity to introduce thermal spinors.

Now we give some ideas, which perhaps could be pursued to construct an IR-finite theory for QED at T > 0.

A first idea would be to use the normalization freedom of the causal approach due to the distribution-splitting with singular order ω ≥ 0 to get rid of the divergent terms in the adiabatic limit. But as a close inspection of these terms readily shows, this is not possible since these terms do not have the structure of a polynomial - not even in the adiabatic limit.

Another idea is to change the decomposition of the field operators (2.57), (2.63) into positive and negative frequency parts or to define the thermal absorption and emission operators in a different way. But it seems quite impossible to do that in a reasonable way without violating the causality of the support of the D_2-distribution. Since this property is crucial for the causal construction of the S-matrix, the implementation of this approach seems impossible.

The third - and perhaps most promising - idea is to change the involved scattering states in a suitable way. On grounds of the observation that the divergent vertex contributions cancel and only the self energy (and the corresponding bremsstrahlung terms) cause difficulties we could try to absorb these SE-contributions in the fermionic states by summation (proceeding as for the thermal mass corrections, see Sec. 3.1.3). This reasoning leads to a modified Dirac equation and temperature dependent spinors as it was done in [63] for the low temperature limit. Difficulties surely will arise through the two types of vertices that should be considered in a complete summation scheme and through the mathematical subtleties that origin in the structure of a thermal Dirac equation.

Compare to the case of charged particles in the (T = 0)-theory. To have a unique finite adiabatic limit the unphysical degrees of freedom of the photon have to be considered in the bremsstrahlung ([22], Sec. 3.12.). This can be seen as some manifestation that the physical scattering states are not free electrons but have always a Coulomb-field attached to them. The presence of a thermal bath perhaps influences somehow the effects of these unphysical degrees of freedom.

Another point that is not yet clear is the process of ‘thermalization’: intuitively it should be the case that a particle immersed in a heath-bath looses momentum by repeated scattering processes; this is not the case in our framework. But to take intuition as a guide is not always the best thing to do.

Some other ideas we did not investigate at all are the following: Implementation of the temperature in a different way, i.e. not as a scalar (cf. footnote 26), different treatment of the fermionic part of the theory, i.e. not through the implementation of the Fermi-Dirac-distribution in the theory in a way so similar to the photons or description of the theory using infraparticles (see e.g [56] and references therein) to mention just three.

Finally, we mention that in the opinion of some authors (e.g. [70]) a consistent perturbation theory for a QFT including temperature is not possible at all or at least not in such a direct way as known from the (T = 0)-case. We do not adopt this view, but the physical content and foundations of the theory have to be investigated and thought over very carefully in order to set up a sensible thermal QED. Thus it could be that the theory is not good for arbitrary temperatures because the fermionic contribution from the heat-bath (virtual pair generation) is not incorporated correctly by treating it more or less analogously to the photon-part.

Acknowledgment

I want to thank Professor Scharf for the continuous support during this work, his explanations, the discussions, the freedom he left me pursuing it and his patience with my handwriting. Further I want to thank Nicola Grillo for clearing many points, answering even my silliest questions and the fun it is to be with him in the office. Ivo Schorn I thank for all the things he made me see clear when I was a student. These were the ‘professional’ acknowledgments. The ‘private’ ones I will express personally - except the point with the handwriting: I thank everybody who knows me for her and his patience with it...

APPENDIX

A Contractions, Propagators etc.

A.1 Contractions, Causal Functions and Feynman Propagators at

T > 0 in x-space

In the following let A^−, Ψ^− etc., and A^+, Ψ^+ etc., resp. denote the parts of A, Ψ etc. (see (2.57), (2.63)) with absorption and emission operators, respectively.

Contractions:

[A^{(−)}_μ (x), A^{(+)}_ν (y)] = −g_{μν} (2π)^3 ∫ d^3k 2|⃗k| ( (1 + f(k))e^{−ik(x−y)} + f(k)e^{ik(x−y)} ) =: =: g_{μν}i^βD^{(+)}_{11} (x − y)

[A^{(−)}_μ (x), Ã^{(+)}_ν (y)] = −g_{μν} (2π)^3 ∫ d^3k 2|⃗k| ( √ f(k)(1 + f(k))(e^{−ik(x−y)} + e^{ik(x−y)}) ) =: =: g_{μν}i^βD^{(+)}_{12} (x − y)

[Ã^{(−)}_μ (x), A^{(+)}_ν (y)] = −g_{μν} (2π)^3 ∫ d^3k 2|⃗k| ( √ f(k)(1 + f(k))(e^{−ik(x−y)} + e^{ik(x−y)}) ) =: =: g_{μν}i^βD^{(+)}_{21} (x − y)

[Ã^{(−)}_μ (x), Ã^{(+)}_ν (y)] = −g_{μν} (2π)^3 ∫ d^3k 2|⃗k| ( f(k)e^{−ik(x−y)} + (1 + f(k))e^{ik(x−y)} ) =: =: g_{μν}i^βD^{(+)}_{22} (x − y) [A^{(+)}_μ (x), A^{(−)}_ν (y)] =: g_{μν}i^βD^{(−)}_{11} (x − y) = −g_{μν} i^βD^{(+)}_{11} (y − x) [Ã^{(+)}_μ (x), A^{(−)}_ν (y)] =: g_{μν}i^βD^{(−)}_{12} (x − y) = −g_{μν} i^βD^{(+)}_{12} (y − x) [A^{(+)}_μ (x), Ã^{(−)}_ν (y)] =: g_{μν}i^βD^{(−)}_{21} (x − y) = −g_{μν} i^βD^{(+)}_{21} (y − x) [Ã^{(+)}_μ (x), Ã^{(−)}_ν (y)] =: g_{μν}i^βD^{(−)}_{22} (x − y) = −g_{μν} i^βD^{(+)}_{22} (y − x)

{Ψ^{(−)}_a (x), Ψ̄^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( (1 − f_−(p))(/p + m)_{ab}e^{−ip(x−y)} +

+ f_+(p)(/p − m)_{ab}e^{ip(x−y)} ) =: =: 1 i βS^{(+)}_{11} (x − y)_{ab}

{Ψ^{(−)}_a (x), Ψ̃^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( i √ f_−(p)(1 − f_−(p))(/p + m)_{ab}e^{−ip(x−y)} +

+ i √ f_+(p)(1 − f_+(p))(/p − m)_{ab}e^{ip(x−y)} ) =: =: i^βS^{(+)}_{12} (x − y)_{ab}

{ ¯Ψ̃^{(−)}_a (x), Ψ̄^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( − i √ f_−(p)(1 − f_−(p))(/p + m)_{ab}e^{−ip(x−y)} −

− i √ f_+(p)(1 − f_+(p))(/p − m)_{ab}e^{ip(x−y)} ) =: =: −i^βS^{(+)}_{21} (x − y)_{ab}

{ ¯Ψ̃^{(−)}_a (x), Ψ̃^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( f_−(p)(/p + m)_{ab}e^{−ip(x−y)} +

+ (1 − f_+(p))(/p − m)_{ab}e^{ip(x−y)} ) =: =: 1 i βS^{(+)}_{22} (x − y)_{ab}

{Ψ̄^{(−)}_a (x), Ψ^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( f_−(p)(/p + m)_{ba}e^{ip(x−y)} +

+ (1 − f_+(p))(/p − m)_{ba}e^{−ip(x−y)} ) =: =: 1 i βS^{(−)}_{11} (y − x)_{ba}

{Ψ̃^{(−)}_a (x), Ψ^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( − i √ f_−(p)(1 − f_−(p))(/p + m)_{ba}e^{ip(x−y)} −

− i √ f_+(p)(1 − f_+(p))(/p − m)_{ba}e^{−ip(x−y)} ) =: =: i^βS^{(−)}_{12} (y − x)_{ba}

{Ψ̄^{(−)}_a (x), ¯Ψ̃^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( i √ f_−(p)(1 − f_−(p))(/p + m)_{ba}e^{ip(x−y)} +

+ i √ f_+(p)(1 − f_+(p))(/p − m)_{ba}e^{−ip(x−y)} ) =: =: −i^βS^{(−)}_{21} (y − x)_{ba}

{Ψ̃^{(−)}_a (x), ¯Ψ̃^{(+)}_b (y)} = 1 (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( (1 − f_−(p))(/p + m)_{ba}e^{ip(x−y)} +

+ f_+(p)(/p − m)_{ba}e^{−ip(x−y)} ) =: =: 1 i βS^{(−)}_{22} (y − x)_{ba}

Causal Functions: D = D^(�^) + D^{(+)}:

βD_{11}(x − y) = i (2π)^3 ∫ d^3k 2|⃗k| ( e^{−ik(x−y)} − e^{ik(x−y)} ) =^{T =0}D(x − y)

βD_{12}(x − y) = 0 =^βD_{21}(x − y) βD_{22}(x − y) = −^{T =0}D(x − y)

S = S^(�^) + S^{(+)}:

βS_{11}(x − y)_{ab} = i (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( (/p + m)_{ab}e^{−ip(x−y)} + (/p − m)_{ab}e^{ip(x−y)} ) = =^{T =0}S(x − y)_{ab} βS_{12}(x − y)_{ab} = 0 =^βS_{21}(x − y)_{ab} βS_{22}(x − y)_{ab} =^{T =0}S(x − y)_{ab}

Feynman Propagators:

D^F = D^{ret} � D^(�^) = D^{av} + D^{(+)}:

βD^F_{11}(x − y) = i (2π)^3 ∫ d^3k 2|⃗k| ( e^{−ik(y−x)} + f(k)(e^{−ik(y−x)} + e^{ik(y−x)}) ) +^{T =0}D^{ret}(x − y) =

=^{T =0}D^F(x − y) + i (2π)^3 ∫ d^3k 2|⃗k| ( f(k)(e^{−ik(x−y)} + e^{ik(x−y)}) )

βD^F_{12}(x − y) = −^βD^{(−)}_{12} (x − y) βD^F_{21}(x − y) = −^βD^{(−)}_{21} (x − y)

βD^F_{22}(x − y) = i (2π)^3 ∫ d^3k 2|⃗k| ( e^{ik(y−x)} + f(k)(e^{−ik(y−x)} + e^{ik(y−x)}) ) −^{T =0}D^{ret}(x − y) =

= −(^{T =0}D^F(x − y))^∗ + i (2π)^3 ∫ d^3k 2|⃗k| ( f(k)(e^{−ik(x−y)} + e^{ik(x−y)}) )

S^F = S^(�^) � S^{ret} = �S^{(+)} � S^{av}:

βS^F_{11}(x − y)_{ab} = i (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( (/p − m)_{ab}e^{ip(x−y)} +

+ f_−(p)(/p + m)_{ab}e^{−ip(x−y)} − f_+(p)(/p − m)_{ab}e^{ip(x−y)} ) −^{T =0}S^{ret}(x − y)_{ab}

=^{T =0}S^F (x − y)_{ab} + + i (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( f_−(p)(/p + m)_{ab}e^{−ip(x−y)} − f_+(p)(/p − m)_{ab}e^{ip(x−y)} )

βS^F_{12}(x − y)_{ab} =^βS^{(−)}_{12} (x − y)_{ab} βS^F_{21}(x − y)_{ab} =^βS^{(−)}_{21} (x − y)_{ab}

βS^F_{22}(x − y)_{ab} = i (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( (/p + m)_{ab}e^{−ip(x−y)} +

+ f_+(p)(/p − m)_{ab}e^{ip(x−y)} − f_−(p)(/p + m)_{ab}e^{−ip(x−y)} ) −^{T =0}S^{ret}(x − y)_{ab}

= (^{T =0}S^F(y − x)_{ab})^∗ + + i (2π)^3 ∫ d^3p 2 √ ⃗p^2 + m^2 ( f_+(p)(/p − m)_{ab}e^{ip(x−y)} − f_−(p)(/p + m)_{ab}e^{−ip(x−y)} )

A.2 Relations

βD^{(−)}_{11} (z) = −^βD^{(+)}_{11} (−z),^βD^{(−)}_{12} (z) = −^βD^{(+)}_{12} (−z) βD^{(−)}_{22} (z) = −^βD^{(+)}_{22} (−z),^βD^{(+)}_{22} (z) =^βD^{(+)}_{11} (−z) βD^{(+)}_{21} (z) =^βD^{(+)}_{12} (z) =^βD^{(+)}_{12} (−z)

βD^F_{11}(z) =^βD^F_{11}(−z),^βD^F_{22}(z) =^βD^F_{22}(−z) βD^F_{12}(z) =^βD^+_{12}(z) =^βD^F_{21}(z)

T >0DF 11(z) =^{T >0}D^F_{22}(z) =^{T >0}D^{(+)}_{11} (z) =^{T >0}D^{(+)}_{11} (−z)

βS^{(−)}_{11} (z) =^βS^{(+)}_{22} (z),^βS^{(−)}_{22} (z) =^βS^{(+)}_{11} (z) βS^{(+)}_{12} (z) =^βS^{(+)}_{21} (z),^βS^{(−)}_{12} (z) =^βS^{(−)}_{21} (z) βS^{(−)}_{12} (z) = −^βS^{(+)}_{12} (z)

βS^F_{12}(z) =^βS^{(−)}_{12} (z),^βS^F_{21}(z) =^βS^F_{12}(z) T >0SF 11(z) = −^{T >0}S^F_{22}(z) = −^{T >0}S^{(+)}_{11} (z) =^{T >0}S^{(−)}_{11} (z)

A.3 Covariant Notation and Momentum Space Representation

Covariant Notation

βD^{(+)}_{11} (x − y) = i (2π)^3 ∫ d^4kδ(k^2)e^{−ik(x−y)}(θ(k_0) + f(k))

βD^{(+)}_{12} (x − y) = i (2π)^3 ∫ d^4kδ(k^2)e^{−ik(x−y)} √ f(k)(1 + f(k))

βD^F_{11}(x − y) =^{T =0}D^F(x − y) + i (2π)^3 ∫ d^4kδ(k^2)e^{−ik(x−y)}f(k)

βS^{(+)}_{11} (x − y) = i (2π)^3 ∫ d^4pδ(p^2 − m^2)θ(p_0) · · ( (1 − f_−(p))(/p + m)e^{−ip(x−y)} + f_+(p)(/p − m)e^{ip(x−y)} ) = = i (2π)^3 ∫ d^4pδ(p^2 − m^2)(/p + m)e^{−ip(x−y)} · · ( θ(p_0) − f_−(p)θ(p_0) − f_+(p)θ(−p_0) )

βS^{(+)}_{12} (x − y) = 1 (2π)^3 ∫ d^4pδ(p^2 −m^2)(/p + m)e^{−ip(x−y)} · · ( θ(p_0) √ f_−(p)(1−f_− (p))−θ(−p_0 ) √ f_+(p)(1−f_+ (p)) )

βS^{(+)}_{22} (x − y) = i (2π)^3 ∫ d^4pδ(p^2 − m^2)(/p + m)e^{−ip(x−y)} · · ( − θ(−p_0) + f_−(p)θ(p_0) + f_+(p)θ(−p_0) )

βS^F_{11}(x − y) =^{T =0}S^F (x − y) + i (2π)^3 ∫ d^4pδ(p^2 − m^2)(/p + m)e^{−ip(x−y)} · · ( f_−(p)θ(p_0) + f_+(p)θ(−p_0) )

Momentum Space Representation

β ^D^{(+)}_{11} (k) = i 2π δ(k^2)(θ(k_0) + f(k))

β ^D^{(+)}_{12} (k) = i 2π δ(k^2) √ f(k)(1 + f(k))

β ^D^F_{11}(k) = 1 (2π)^2 −1 k^2 + i0 + i 2π δ(k^2)f(k) =

=^{T =0}^D^F(k) + i 2π δ(k^2)f(k)

β ^D^F_{22}(k) = −1 (2π)^2 1 −k^2 + i0 + i 2π δ(k^2)f(k) =

= −^{T =0} ^D^F(k)^∗ + i 2π δ(k^2)f(k)

β^S^{(+)}_{11} (p) = i 2π δ(p^2 − m^2)(/p + m) ( θ(p_0) − f_−(p)θ(p_0) − f_+(p)θ(−p_0) )

β^S^{(+)}_{12} (p) = 1 2π δ(p^2 − m^2)(/p + m) ( θ(p_0) √ f_−(p)(1 − f_−(p)) − θ(−p_0) √ f_+(p)(1 − f_+(p)) )

β^S^{(+)}_{22} (p) = i 2π δ(p^2 − m^2)(/p + m) ( − θ(−p_0) + f_−(p)θ(p_0) + f_+(p)θ(−p_0) )

β^S^F_{11}(p) = 1

(2π)^2 (/p + m) p^2 − m^2 + i0 + i 2π δ(p^2 − m^2)(/p + m) ( f_−(p)θ(p_0) + f_+(p)θ(−p_0) ) = =^{T =0}^S^F(p) + i 2π δ(p^2 − m^2)(/p + m) ( f_−(p)θ(p_0) + f_+(p)θ(−p_0) )

β^S^F_{22}(p) = [^β^S^F_{11}(p)]^∗

B Three ‘Intuitive’ Observations in TFD

In this appendix we present some unrigorous considerations, which may help to develop some intuition for TFD:

Particle Number Operator: Calculate the expectation value of the ordinary (T = 0)- particle number operator for scalar bosons in the thermal vacuum:

⟨Ω_β |a(⃗k)^+a(⃗k)|Ω_β⟩^{(2.64)}= = ⟨ Ω_β | | (√ 1 + f a(⃗k, β)^+ − √ f ã(⃗k, β) )(√ 1 + f a(⃗k, β) − √ f ã(⃗k, β)^+ )| |Ωβ ⟩ = = ⟨ Ω_β | | | ( − √ f ã(⃗k, β) )( − √ f ã(⃗k, β)^+ )| |Ωβ ⟩ = f(k). (B.1)

Here we made use of ⟨Ω_β |a(⃗k, β)^+ = 0 and a(⃗k, β)|Ω_β⟩ = 0. So the thermal vacuum seems to mimic a black body heath bad as we expect it to do.

Electron in a Heath Bath: Consider the following calculation (for the formulae with e^{−iG} we refer to [24]): b(⃗p, β)^+|Ω_β⟩ = e^{−iG}b(⃗p)^+e^{iG}|Ω_β⟩ = e^{−iG}b(⃗p)^+e^{iG}e^{−iG}|0⟩ = = e^{−iG}b(⃗p)^+|0⟩ = b(⃗p)^+e^{−iG}|0⟩ = b(⃗p)^+|Ω_β⟩. (B.2)

So it could be said that b(⃗p, β)^+ generates an electron with momentum ⃗p in the thermal

setting. But this should not be taken as a sound physical interpretation of the formulae.

A third observation: set T = 0 in the formulae of subsection 2.2.2; then we get two copies

of ordinary QED at T = 0.

C Second Order Calculations

C.1 The D2-Distribution D_2(x, y) = −e^2γ^μ_{ab}γ^ν_{cd} {

+ ( :Ψ̄_a(x)Ψ_b(x)Ψ̄_c(y)Ψ_d (y): + {¯ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) } :Ψ_b(x)Ψ̄_c(y): + + { Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̄_a(x)Ψ_d(y): + + {¯ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) }{ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } )( :A_μ(x)A_ν(y): + [ A^{(−)}_μ (x), A^{(+)}_ν (y) ] ) −

− ( :Ψ̄_a(x)Ψ_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): + {¯ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) } :Ψ_b(x)Ψ̃_c(y): + + { Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } :Ψ̄_a(x) ¯Ψ̃_d(y): + + {¯ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) }{ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } )( :A_μ(x)Ã_ν(y): + [ A^{(−)}_μ (x), Ã^{(+)}_ν (y) ] ) −

− ( :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̄_c(y)Ψ_d (y): + {~ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) } :¯Ψ̃_b(x)Ψ̄_c(y): + + { ¯~ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } :Ψ̃_a(x)Ψ_d(y): + + {~ Ψ^{(−)}_a (x), Ψ^{(+)}_d (y) }{ ¯~ Ψ^{(−)}_b (x), Ψ̄^{(+)}_c (y) } )( :Ã_μ(x)A_ν(y): + [~ A^{(−)}_μ (x), A^{(+)}_ν (y) ] ) +

+ ( :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): + {~ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) } :¯Ψ̃_b(x)Ψ̃_c(y): + + { ¯~ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } :Ψ̃_a(x) ¯Ψ̃_d(y): + + {~ Ψ^{(−)}_a (x), ¯Ψ̃^{(+)}_d (y) }{ ¯~ Ψ^{(−)}_b (x), Ψ̃^{(+)}_c (y) } )( :Ã_μ(x)Ã_ν(y): + [~ A^{(−)}_μ (x), Ã^{(+)}_ν (y) ] )}

− ( − e^2γ^μ_{ab}γ^ν_{cd} { dito with x ↔ y })

+R^′2 =

(C.1)

= −e^2γ^μ_{ab}γ^ν_{cd} {

+ ( :Ψ̄_a(x)Ψ_b(x)Ψ̄_c(y)Ψ_d (y): + 1 i βS^{(−)}_{11} (y − x)_{da} :Ψ_b(x)Ψ̄_c(y): + + 1 i βS^{(+)}_{11} (x − y)_{bc} :Ψ̄_a(x)Ψ_d(y): + + 1 i βS^{(−)}_{11} (y − x)_{da} 1 i βS^{(+)}_{11} (x − y)_{bc} )( :A_μ(x)A_ν(y): +g_{μν} i^βD^{(+)}_{11} (x − y) ) −

− ( :Ψ̄_a(x)Ψ_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): +(−i)^βS^{(−)}_{21} (y − x)_{da} :Ψ_b(x)Ψ̃_c(y): +

+ i^βS^{(+)}_{12} (x − y)_{bc} :Ψ̄_a(x) ¯Ψ̃_d(y): +

+ (−i)^βS^{(−)}_{21} (y − x)_{da}i^βS^{(+)}_{12} (x − y)_{bc} )( :A_μ(x)Ã_ν (y): +g_{μν} i^βD^{(+)}_{12} (x − y) ) −

− ( :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̄_c(y)Ψ_d (y): +i^βS^{(−)}_{12} (y − x)_{da} :¯Ψ̃_b(x)Ψ̄_c(y): +

+ (−i)^βS^{(+)}_{21} (x − y)_{bc} :Ψ̃_a(x)Ψ_d(y): +

+ i^βS^{(−)}_{12} (y − x)_{da}(−i)^βS^{(+)}_{21} (x − y)_{bc} )( :Ã_μ(x)A_ν (y): +g_{μν} i^βD^{(+)}_{12} (x − y) ) +

+ ( :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): + 1 i βS^{(−)}_{22} (y − x)_{da} :¯Ψ̃_b(x)Ψ̃_c(y): + + 1 i βS^{(+)}_{22} (x − y)_{bc} :Ψ̃_a(x) ¯Ψ̃_d(y): + + 1 i βS^{(−)}_{22} (y − x)_{da} 1 i βS^{(+)}_{22} (x − y)_{bc} )( :Ã_μ(x)Ã_ν(y): +g_{μν} i^βD^{(+)}_{22} (x − y) )}

− ( − e^2γ^μ_{ab}γ^ν_{cd} { dito with x ↔ y (and : a ↔ c, b ↔ d, μ ↔ ν.) })

+R^′2 .

(C.2) The four summands of the A^′_2-part of this expression shall be denoted by A^α, B^α, C^α, D^α, the respective four summands in the first factor of A^α, ..., D^α by 1, 2, 3, 4, the respective two in the second factor of A^α, ..., D^α by 1, 2. For the R^′_2-part we choose the same notation with a superscript^β instead of^α. After carrying out the multiplications in this expression we then can refer to the several parts by A^α_{11}, D^β_{32} etc. By A_{kl}, ..., D_{kl} we will denote A^α_{kl} + A^β_{kl}, ..., D^α_{kl} + D^β_{kl}.

After having done this calculation, we arrive at the following expression for D_2:

βD_2(x, y) =‘A + B + C + D^′ = A^α_{11} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)Ψ̄_c(y)Ψ_d (y)::A_μ(x)A_ν (y):

A^β_{11} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_d (y)Ψ̄_a(x)Ψ_b(x)::A_ν(y)A_μ (x):) A^α_{12} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)Ψ̄_c(y)Ψ_d (y): g_{μν}i^βD^{(+)}_{11} (x − y) A^β_{12} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_d (y)Ψ̄_a(x)Ψ_b(x): g_{μν} i^βD^{(+)}_{11} (y − x))

A^α_{21} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ_b(x)Ψ̄_c(y): 1 i βS^{(−)}_{11} (y − x)_{da} :A_μ(x)A_ν (y):

A^β_{21} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ_d(y)Ψ̄_a (x): 1 i βS^{(−)}_{11} (x − y)_{bc} :A_ν(y)A_μ(x):)

A^α_{22} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_d(y): 1 i βS^{(+)}_{11} (x − y)_{bc} :A_μ(x)A_ν (y):

A^β_{22} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_b(x): 1 i βS^{(+)}_{11} (y − x)_{da} :A_ν(y)A_μ (x):)

A^α_{31} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ_b(x)Ψ̄_c(y): 1 i βS^{(−)}_{11} (y − x)_{da}g_{μν} i^βD^{(+)}_{11} (x − y)

A^β_{31} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ_d(y)Ψ̄_a (x): 1 i βS^{(−)}_{11} (x − y)_{bc}g_{μν} i^βD^{(+)}_{11} (y − x))

A^α_{32} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_d(y): 1 i βS^{(+)}_{11} (x − y)_{bc}g_{μν}i^βD^{(+)}_{11} (x − y)

A^β_{32} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_b(x): 1 i βS^{(+)}_{11} (y − x)_{da}g_{μν}i^βD^{(+)}_{11} (y − x))

A^α_{41} : −e^2γ^μ_{ab}γ^ν_{cd} 1 i βS^{(−)}_{11} (y − x)_{da} 1 i βS^{(+)}_{11} (x − y)_{bc} :A_μ(x)A_ν(y):

A^β_{41} : − (−e^2γ^ν_{cd}γ^μ_{ab} 1 i βS^{(−)}_{11} (x − y)_{bc} 1 i βS^{(+)}_{11} (y − x)_{da} :A_ν(y)A_μ (x):)

A^α_{42} : −e^2γ^μ_{ab}γ^ν_{cd} 1 i βS^{(−)}_{11} (y − x)_{da} 1 i βS^{(+)}_{11} (x − y)_{bc}g_{μν} i^βD^{(+)}_{11} (x − y)

A^β_{42} : − (−e^2γ^ν_{cd}γ^μ_{ab} 1 i βS^{(−)}_{11} (x − y)_{bc} 1 i βS^{(+)}_{11} (y − x)_{da}g_{μν}i^βD^{(+)}_{11} (y − x))+

B^α_{11} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)Ψ̃_c(y) ¯Ψ̃_d(y)::A_μ(x)Ã_ν (y):

B^β_{11} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_d (y)Ψ̃_a (x) ¯Ψ̃_b(x)::A_ν(y)Ã_μ(x):) B^α_{12} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x)Ψ_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): g_{μν} i^βD^{(+)}_{12} (x − y) B^β_{12} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y)Ψ_d (y)Ψ̃_a (x) ¯Ψ̃_b(x): g_{μν} i^βD^{(+)}_{12} (y − x)) B^α_{21} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ_b(x)Ψ̃_c(y): (−i)^βS^{(−)}_{21} (y − x)_{da} :A_μ(x)Ã_ν (y):

b^β_{21} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ_d(y)Ψ̃_a(x): (−i)^βS^{(−)}_{21} (x − y)_{bc} :A_ν(y)Ã_μ (x):) B^α_{22} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x) ¯Ψ̃_d(y): i^βS^{(+)}_{12} (x − y)_{bc} :A_μ(x)Ã_ν (y):

B^β_{22} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y) ¯Ψ̃_b(x): i^βS^{(+)}_{12} (y − x)_{da} :A_ν(y)Ã_μ (x):) B^α_{31} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ_b(x)Ψ̃_c(y): (−i)^βS^{(−)}_{21} (y − x)_{da}g_{μν}i^βD^{(+)}_{12} (x − y) B^β_{31} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ_d(y)Ψ̃_a(x): (−i)^βS^{(−)}_{21} (x − y)_{bc}g_{μν} i^βD^{(+)}_{12} (y − x)) B^α_{32} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̄_a(x) ¯Ψ̃_d(y): i^βS^{(+)}_{12} (x − y)_{bc}g_{μν}i^βD^{(+)}_{12} (x − y) B^β_{32} : + (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̄_c(y) ¯Ψ̃_b(x): i^βS^{(+)}_{12} (y − x)_{da}g_{μν} i^βD^{(+)}_{12} (y − x)) B^α_{41} : +e^2γ^μ_{ab}γ^ν_{cd}(−i)^βS^{(−)}_{21} (y − x)_{da}i^βS^{(+)}_{12} (x − y)_{bc} :A_μ(x)Ã_ν (y):

B^β_{41} : + (−e^2γ^ν_{cd}γ^μ_{ab}(−i)^βS^{(−)}_{21} (x − y)_{bc}i^βS^{(+)}_{12} (y − x)_{da} :A_ν(y)Ã_μ (x):) B^α_{42} : +e^2γ^μ_{ab}γ^ν_{cd}(−i)^βS^{(−)}_{21} (y − x)_{da}i^βS^{(+)}_{12} (x − y)_{bc}g_{μν}i^βD^{(+)}_{12} (x − y) B^β_{42} : + (−e^2γ^ν_{cd}γ^μ_{ab}(−i)^βS^{(−)}_{21} (x − y)_{bc}i^βS^{(+)}_{12} (y − x)_{da}g_{μν}i^βD^{(+)}_{12} (y − x)) C^α_{11} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̄_c(y)Ψ_d(y)::Ã_μ(x)A_ν (y):

C^β_{11} : − (e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_d(y)Ψ̄_a(x)Ψ_b(x)::Ã_ν(y)A_μ(x):) C^α_{12} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̄_c(y)Ψ_d(y): g_{μν} i^βD^{(+)}_{12} (x − y) C^β_{12} : − (e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_d(y)Ψ̄_a(x)Ψ_b(x): g_{μν} i^βD^{(+)}_{12} (y − x)) C^α_{21} : +e^2γ^μ_{ab}γ^ν_{cd} :¯Ψ̃_b(x)Ψ̄_c(y): i^βS^{(−)}_{12} (y − x)_{da} :Ã_μ(x)A_ν (y):

C^β_{21} : − (e^2γ^ν_{cd}γ^μ_{ab} :¯Ψ̃_d(y)Ψ̄_a(x): i^βS^{(−)}_{12} (x − y)_{bc} :Ã_ν(y)A_μ(x):) C^α_{22} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x)Ψ_d(y): (−i)^βS^{(+)}_{21} (x − y)_{bc} :Ã_μ(x)A_ν (y):

C^β_{22} : − (e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y)Ψ_b(x): (−i)^βS^{(+)}_{21} (y − x)_{da} :Ã_ν(y)A_μ(x):) C^α_{31} : +e^2γ^μ_{ab}γ^ν_{cd} :¯Ψ̃_b(x)Ψ̄_c(y): i^βS^{(−)}_{12} (y − x)_{da}g_{μν} i^βD^{(+)}_{12} (x − y) C^β_{31} : − (e^2γ^ν_{cd}γ^μ_{ab} :¯Ψ̃_d(y)Ψ̄_a(x): i^βS^{(−)}_{12} (x − y)_{bc}g_{μν} i^βD^{(+)}_{12} (y − x)) C^α_{32} : +e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x)Ψ_d(y): (−i)^βS^{(+)}_{21} (x − y)_{bc}g_{μν} i^βD^{(+)}_{12} (x − y) C^β_{32} : − (e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y)Ψ_b(x): (−i)^βS^{(+)}_{21} (y − x)_{da}g_{μν} i^βD^{(+)}_{12} (y − x)) C^α_{41} : +e^2γ^μ_{ab}γ^ν_{cd}i^βS^{(−)}_{12} (y − x)_{da}(−i)^βS^{(+)}_{21} (x − y)_{bc} :Ã_μ(x)A_ν (y):

C^β_{41} : − (e^2γ^ν_{cd}γ^μ_{ab}i^βS^{(−)}_{12} (x − y)_{bc}(−i)^βS^{(+)}_{21} (y − x)_{da} :Ã_ν(y)A_μ (x):) C^α_{42} : +e^2γ^μ_{ab}γ^ν_{cd}i^βS^{(−)}_{12} (y − x)_{da}(−i)^βS^{(+)}_{21} (x − y)_{bc}g_{μν}i^βD^{(+)}_{12} (x − y) C^β_{42} : − (e^2γ^ν_{cd}γ^μ_{ab}i^βS^{(−)}_{12} (x − y)_{bc}(−i)^βS^{(+)}_{21} (y − x)_{da}g_{μν}i^βD^{(+)}_{12} (y − x))−

D^α_{11} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̃_c(y) ¯Ψ̃_d(y)::Ã_μ(x)Ã_ν (y):

D^β_{11} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_d(y)Ψ̃_a(x) ¯Ψ̃_b(x)::Ã_ν(y)Ã_μ (x):) D^α_{12} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_b(x)Ψ̃_c(y) ¯Ψ̃_d(y): g_{μν}i^βD^{(+)}_{22} (x − y) D^β_{12} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_d(y)Ψ̃_a(x) ¯Ψ̃_b(x): g_{μν} i^βD^{(+)}_{22} (y − x)) D^α_{21} : −e^2γ^μ_{ab}γ^ν_{cd} :¯Ψ̃_b(x)Ψ̃_c(y): 1 i βS^{(−)}_{22} (y − x)_{da} :Ã_μ(x)Ã_ν (y):

D^β_{21} : − (−e^2γ^ν_{cd}γ^μ_{ab} :¯Ψ̃_d(y)Ψ̃_a (x): 1 i βS^{(−)}_{22} (x − y)_{bc} :Ã_ν(y)Ã_μ(x):)

D^α_{22} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_d(y): 1 i βS^{(+)}_{22} (x − y)_{bc} :Ã_μ(x)Ã_ν (y):

D^β_{22} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_b(x): 1 i βS^{(+)}_{22} (y − x)_{da} :Ã_ν(y)Ã_μ (x):)

D^α_{31} : −e^2γ^μ_{ab}γ^ν_{cd} :¯Ψ̃_b(x)Ψ̃_c(y): 1 i βS^{(−)}_{22} (y − x)_{da}g_{μν} i^βD^{(+)}_{22} (x − y)

D^β_{31} : − (−e^2γ^ν_{cd}γ^μ_{ab} :¯Ψ̃_d(y)Ψ̃_a (x): 1 i βS^{(−)}_{22} (x − y)_{bc}g_{μν} i^βD^{(+)}_{22} (y − x))

D^α_{32} : −e^2γ^μ_{ab}γ^ν_{cd} :Ψ̃_a(x) ¯Ψ̃_d(y): 1 i βS^{(+)}_{22} (x − y)_{bc}g_{μν}i^βD^{(+)}_{22} (x − y)

D^β_{32} : − (−e^2γ^ν_{cd}γ^μ_{ab} :Ψ̃_c(y) ¯Ψ̃_b(x): 1 i βS^{(+)}_{22} (y − x)_{da}g_{μν}i^βD^{(+)}_{22} (y − x))

D^α_{41} : −e^2γ^μ_{ab}γ^ν_{cd} 1 i βS^{(−)}_{22} (y − x)_{da} 1 i βS^{(+)}_{22} (x − y)_{bc} :Ã_μ(x)Ã_ν(y):)

D^β_{41} : − (−e^2γ^ν_{cd}γ^μ_{ab} 1 i βS^{(−)}_{22} (x − y)_{bc} 1 i βS^{(+)}_{22} (y − x)_{da} :Ã_ν(y)Ã_μ (x):)

D^α_{42} : −e^2γ^μ_{ab}γ^ν_{cd} 1 i βS^{(−)}_{22} (y − x)_{da} 1 i βS^{(+)}_{22} (x − y)_{bc}g_{μν} i^βD^{(+)}_{22} (x − y)

D^β_{42} : − (−e^2γ^ν_{cd}γ^μ_{ab} 1 i βS^{(−)}_{22} (x − y)_{bc} 1 i βS^{(+)}_{22} (y − x)_{da}g_{μν}i^βD^{(+)}_{22} (y − x)). (C.3)

C.2 Proof of the Causal Support of D2

Pay attention to :Ψ_dΨ̄_a:= − :Ψ̄_aΨ_d:.

A_{11} :0 : causal A_{12} :^βD^{(+)}_{11} (x − y) −^βD^{(+)}_{11} (y − x) =^βD^{(+)}_{11} (x − y) +^βD^{(−)}_{11} (x − y) = =^βD_{11}(x − y) =^{T =0}D(x − y) : causal A_{21} + A_{31} :1. + 2.term :^βS^{(−)}_{11} (y − x)_{da} +^βS^{(+)}_{11} (y − x)_{da} = =^βS_{11}(y − x)_{da} =^{T =0}S_{da}(y − x) : causal 2. + 1.term :^βS^{(+)}_{11} (x − y)_{bc} +^βS^{(−)}_{11} (x − y)_{bc} : analogously −→ causal A_{22} + A_{32} :1. + 2.term :^βS^{(−)}_{11} (y − x)_{da}^βD^{(+)}_{11} (x − y) +^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (y − x) = =^βS^{(−)}_{11} (y − x)_{da}^βD^{(+)}_{11} (x − y) +^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (x − y) + +^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (y − x) −^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (x − y) = =^βS_{11}(y − x)_{da}^βD^{(+)}_{11} (x − y) −

−^βS^{(+)}_{11} (y − x)_{da} (−^βD^{(+)}_{11} (y − x) +^βD^{(+)}_{11} (x − y)) =D(x−y) : causal

2. + 1.term :^βS^{(+)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (x − y) +^βS^{(−)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (y − x) :

analogously −→ causal A_{41} :^βS^{(−)}_{11} (y − x)_{da}^βS^{(+)}_{11} (x − y)_{bc} −^βS^{(−)}_{11} (x − y)_{bc}^βS^{(+)}_{11} (y − x)_{da} = =^βS^{(−)}_{11} (y − x)_{da}^βS^{(+)}_{11} (x − y)_{bc} +^βS^{(−)}_{11} (y − x)_{da}^βS^{(−)}_{11} (x − y)_{bc} − −^βS^{(−)}_{11} (x − y)_{bc}^βS^{(+)}_{11} (y − x)_{da} −^βS^{(−)}_{11} (y − x)_{da}^βS^{(−)}_{11} (x − y)_{bc} = =^βS^{(−)}_{11} (y − x)_{da}^βS_{11}(x − y)_{bc} −

−^βS^{(−)}_{11} (x − y)_{bc}[^βS^{(+)}_{11} (y − x)_{da} +^βS^{(−)}_{11} (y − x)_{da}] = =^βS^{(−)}_{11} (y − x)_{da}^βS_{11}(x − y)_{bc} −

−^βS^{(−)}_{11} (x − y)_{bc}^βS_{11}(y − x)_{da} : causal A_{42} :^βS^{(−)}_{11} (y − x)_{da}^βS^{(+)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (x − y) − −^βS^{(−)}_{11} (x − y)_{bc}^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (y − x) = =^βS^{(−)}_{11} (y − x)_{da}^βS^{(+)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (x − y) +

+^βS^{(−)}_{11} (y − x)_{da}^βS^{(−)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (x − y) − −^βS^{(−)}_{11} (x − y)_{bc}^βS^{(+)}_{11} (y − x)_{da}^βD^{(+)}_{11} (y − x) − −^βS^{(−)}_{11} (y − x)_{da}^βS^{(−)}_{11} (x − y)_{bc}^βD^{(+)}_{11} (x − y) the first two terms are proportional to^βS_{11}(x − y)_{bc}, the other terms are treated as the first one in A_{22} + A_{32} −→ causal

B_{11} + C_{11} :0 : causal B_{12} + C_{12} :1. + 2.term :^βD^{(+)}_{12} (x − y) −^βD^{(+)}_{12} (y − x) = 0

2. + 1.term : −^βD^{(+)}_{12} (y − x) +^βD^{(+)}_{12} (x − y) = 0 B_{21} + C_{31} :1. + 2.term : −^βS^{(−)}_{21} (y − x)_{da} −^βS^{(+)}_{21} (y − x)_{da} = 0

2. + 1.term :^βS^{(−)}_{21} (x − y)_{bc} +^βS^{(+)}_{21} (x − y)_{bc} = 0 B_{31} + C_{21} :1. + 2.term :^βS^{(+)}_{12} (x − y)_{bc} +^βS^{(−)}_{12} (x − y)_{bc} = 0

2. + 1.term : −^βS^{(+)}_{12} (y − x)_{da} −^βS^{(−)}_{12} (y − x)_{da} = 0 B_{22} + C_{32} :1. + 2.term : −^βS^{(−)}_{21} (y − x)_{da}^βD^{(+)}_{12} (x − y) −^βS^{(+)}_{21} (y − x)_{da}^βD^{(+)}_{12} (y − x) = = −^βD^{(+)}_{12} (x − y)^βS_{21}(y − x)_{da} = 0 2. + 1.term :^βS^{(−)}_{21} (x − y)_{bc}^βD^{(+)}_{12} (y − x) +^βS^{(+)}_{21} (x − y)_{bc}^βD^{(+)}_{12} (x − y) = =^βD^{(+)}_{12} (x − y)^βS_{21}(x − y)_{bc} = 0 B_{32} + C_{22} :1. + 2.term :^βS^{(+)}_{12} (x − y)_{bc}^βD^{(+)}_{12} (x − y) +^βS^{(−)}_{12} (x − y)_{bc}^βD^{(+)}_{12} (y − x) = =^βD^{(+)}_{12} (y − x)^βS_{12}(x − y)_{bc} = 0 2. + 1.term : −^βS^{(+)}_{12} (y − x)_{da}^βD^{(+)}_{12} (y − x) −^βS^{(−)}_{12} (y − x)_{da}^βD^{(+)}_{12} (x − y) = = −^βD^{(+)}_{12} (x − y)^βS_{12}(y − x)_{da} = 0 B_{41} + C_{41} :1. + 2.term : −^βS^{(−)}_{21} (y − x)_{da}^βS^{(+)}_{12} (x − y)_{bc} + +^βS^{(+)}_{21} (y − x)_{da}^βS^{(−)}_{12} (x − y)_{bc} = = −^βS^{(+)}_{12} (x − y)_{bc}^βS_{21}(y − x)_{da} = 0 2. + 1.term :^βS^{(−)}_{21} (x − y)_{bc}^βS^{(+)}_{12} (y − x)_{da} −^βS^{(+)}_{21} (x − y)_{bc}^βS^{(−)}_{12} (y − x)_{da} = = −^βS^{(+)}_{21} (x − y)_{bc}^βS_{12}(y − x)_{da} = 0 B_{42} + C_{42} :1. + 2.term : −^βS^{(−)}_{21} (y − x)_{da}^βS^{(+)}_{12} (x − y)_{bc}^βD^{(+)}_{12} (x − y) + +^βS^{(+)}_{21} (y − x)_{da}^βS^{(−)}_{12} (x − y)_{bc}^βD^{(+)}_{12} (y − x) = =^βS^{(−)}_{21} (y − x)_{da}^βS^{(+)}_{12} (x − y)_{bc}[−^βD^{(+)}_{12} (x − y) +^βD^{(+)}_{12} (y − x)] = 0 2. + 1.term :^βS^{(−)}_{21} (x − y)_{bc}^βS^{(+)}_{12} (y − x)_{da}^βD^{(+)}_{12} (y − x) − −^βS^{(+)}_{21} (x − y)_{bc}^βS^{(−)}_{12} (y − x)_{da}^βD^{(+)}_{12} (x − y) = =^βS^{(+)}_{21} (x − y)_{bc}^βS^{(−)}_{12} (y − x)_{da}[^βD^{(+)}_{12} (y − x) −^βD^{(+)}_{12} (x − y)] = 0

D_{11} :0 : causal D_{12} :^βD^{(+)}_{22} (x − y) −^βD^{(+)}_{22} (y − x) =^βD^{(+)}_{11} (y − x) +^βD^{(−)}_{11} (y − x) = =^βD_{11}(y − x) =^{T =0}D(y − x) : causal D_{21} + D_{31} :1. + 2.term : −^βS^{(−)}_{22} (y − x)_{da} −^βS^{(+)}_{22} (y − x)_{da} = = −^βS_{22}(y − x)_{da} = −^{T =0}S_{da}(y − x) : causal 2. + 1.term :^βS^{(−)}_{22} (x − y)_{bc} +^βS^{(+)}_{22} (x − y)_{bc} : analogously −→ causal D_{22} + D_{32} :1. + 2.term : −^βS^{(−)}_{22} (y − x)_{da}^βD^{(+)}_{22} (x − y) −^βS^{(+)}_{22} (y − x)_{da}^βD^{(+)}_{22} (y − x) = = −^βS^{(−)}_{22} (y − x)_{da}^βD^{(+)}_{22} (x − y) −^βS^{(+)}_{22} (y − x)_{da}^βD^{(+)}_{22} (x − y) − −^βS^{(+)}_{22} (y − x)_{da}^βD^{(+)}_{22} (y − x) +^βS^{(+)}_{22} (y − x)_{da}^βD^{(+)}_{22} (x − y) = = −^βS_{22}(y − x)_{da}^βD^{(+)}_{22} (x − y) +

+^βS^{(+)}_{22} (y − x)_{da} [−^βD^{(+)}_{22} (y − x) +^βD^{(+)}_{22} (x − y)]

=^T =0D(y−x)

: causal

2. + 1.term :^βS^{(−)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (y − x) + +^βS^{(+)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (x − y) : analogously −→ causal D_{41} : −^βS^{(−)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} +^βS^{(+)}_{22} (y − x)_{da}^βS^{(−)}_{22} (x − y)_{bc} = = −^βS^{(−)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} −^βS^{(+)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} + +^βS^{(+)}_{22} (y − x)_{da}^βS^{(−)}_{22} (x − y)_{bc} +

+^βS^{(+)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} = = −^βS_{22}(y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} +

+^βS^{(+)}_{22} (y − x)_{da}[^βS^{(−)}_{22} (x − y)_{bc} +^βS^{(+)}_{22} (x − y)_{bc}] = = −^βS_{22}(y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc} +

+^βS^{(+)}_{22} (y − x)_{da}^βS_{22}(x − y)_{bc} : causal D_{42} : −^βS^{(−)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (x − y) + +^βS^{(+)}_{22} (y − x)_{da}^βS^{(−)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (y − x) = = −^βS^{(−)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (x − y) −

−^βS^{(+)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (x − y) + +^βS^{(+)}_{22} (y − x)_{da}^βS^{(−)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (y − x) + +^βS^{(+)}_{22} (y − x)_{da}^βS^{(+)}_{22} (x − y)_{bc}^βD^{(+)}_{22} (x − y) the first two terms are proportional to^βS_{22}(y − x)_{da}, the other terms are treated as the first one in D_{22} + D_{32} −→ causal Thus we proved that D_2 has causal support, and the requirements for the inductive causal construction are met. In addition we can see that the sum of the B- and C-contributions to D_2 equals zero.

C.3 Some Calculations for T2

1. Calculation of ω^{VP} The (T > 0)-parts of the vacuum polarization have ω ≤ −1, thus they can be split trivially. This will be shown in the following.

A^α_{41} + A^β_{41} : [ βS^{(−)}_{11} (y − x)γ^{μ β}S^{(+)}_{11} (x − y) −^βS^{(+)}_{11} (y − x)γ^{μ β}S^{(−)}_{11} (x − y)

]_{ret} = = [_β S^{(−)}_{11} (y − x)γ^{μ β}S_{11}(x − y) −^βS_{11}(y − x)γ^{μ β}S^{(−)}_{11} (x − y)

]_{ret} = = [ T =0S(−) 11 (y − x)γ^{μ T =0}S_{11}(x − y) −

−^{T =0}S_{11}(y − x)γ^{μ T =0}S^{(−)}_{11} (x − y)

]_{ret} + + [ T >0S(−) 11 (y − x)γ^{μ T =0}S_{11}(x − y) −

−^{T =0}S_{11}(y − x)γ^{μ T >0}S^{(−)}_{11} (x − y)

]_{ret} + = [ (T = 0)-part]^{ret} + [_{T >0} S^{(−)}_{11} (y − x)γ^{μ T =0}S_{11}(x − y)

]_{ret} + + [ −^{T =0}S_{11}(y − x)γ^{μ T >0}S^{(−)}_{11} (x − y)

]_{ret} . (C.4)

We consider the singular order of the (T > 0)-parts in momentum space. According to (2.36) we thus have to investigate the following expression (we suppress some unimportant factors):

lim_{δ→0} ρ(δ)⟨Π̂( p δ ), ϕ̌(p)⟩^!= ⟨Π̂_0(p), ϕ̌(p)⟩,

with

Π̂(p) := ∫ d^4q^{T >0}^S^{(−)}_{11} (q)γ^{μ T =0}^S_{11}(q − p) ∼ ∼ ∫ d^4qtr [ γ^ν (/q + m)γ^μ (/q − /p + m) ] δ(q^2 − m^2) · · [ f_−(q)θ(q_0) + f_+(q)θ(−q_0) ] δ((q − p)^2 − m^2)sign(q_0 − p_0).

Now we calculate the q_0-integral using

δ(q^2 − m^2) = 1 √ ⃗q^2 + m^2 ( δ(q_0 − √ ⃗q^2 + m^2) + δ(q_0 + √ ⃗q^2 + m^2) ) , which gives us (we choose polar coordinates, x := cos(θ))

lim_{δ→0} ρ(δ) ∫ d^4pϕ̌(p) ∫_∞ 0 drr^2 ∫_1 −1 dx ∫_{2π} 0 dϕ {

[ 4g^{νμ} pq δ + 4 p^ν δ q^μ − 4q^ν p^μ δ ] 1 √ r^2 + m^2 1 e^{β|qu|−βμ} + 1 · · sign( √ r^2 + m^2 − p_0 δ ) 1 2 δ(− p_0 δ √ r^2 + m^2 + |⃗p| δ rx + p^2 2δ^2 ) + + [ 4g^{νμ} pq δ + 4 p^ν δ q^μ − 4q^ν p^μ δ ] 1 √ r^2 + m^2 1 e^{β|qu|+βμ} + 1 · · sign(− √ r^2 + m^2 − p_0 δ ) 1 2 δ( p_0 δ √ r^2 + m^2 + |⃗p| δ rx + p^2 2δ^2 ) } , where we have q_0 = + √ r^2 + m^2 in the first summand and q_0 = − √ r^2 + m^2 in the second.

With the remaining δ-distribution we calculate the x-integral:

= lim_{δ→0} ρ(δ) ∫ d^4p ∫_∞ 0 dr ∫_{2π} 0 dϕ ϕ̌(p) |⃗p| δ √ r^2 + m^2 · · [ 4g^{νμ} pq δ + 4 p^ν q^μδ − 4 q^ν p^μ δ ] sign( √ r^2 + m^2 − p_0 δ ) · · ( e^β |_{√r2+m2 u0−(u1 sin ϕ+u2 cos ϕ) 1} |⃗p| q_{−p2 r2−m2 p20+2 p22δ p0 √r2 +m2− p44δ2 − u3|⃗p| (p0√r2+m2−p22δ )}|_{−βμ +1)−1} + analogous terms.

In the first summand we have x =^{p0} √ r2+m2 |⃗p|r − p2 |⃗p|r2δ . Because of −1 ≤ x ≤ 1, this equation

requires r to fulfil some additional condition. This claims r ∼^1_δ for δ → 0, and the following considerations are thus valid also for u = (1, 0). After investigation of the integrand we can verify that all assumptions of the theorem of Lebesgue are met and it thus applies^{54}. Thus we can perform the limit in the integrand and it follows that the whole expression converges to zero, for all ρ(δ) ∼ δ^{−m}, m ∈ N (because lim_{δ→0}(^1_{δm}^1_{e |⃗p|δ +1} ) = 0 ∀⃗p ≠ ⃗0)! Thus we have

ω^{VP} = −∞, and the quasi asymptotics equals zero.

2. On the Vacuum of Thermal QED in 2. Order

We have to show that the vacuum expectation value of the vacuum graph is finite in the adiabatic limit. Thus we consider the Fourier transform of ∫ d^4xd^4yT^{VG}_2 (x, y)g(x)g(y) (use T^{VG} ∼ SSD, cf. (3.20)), which gives 1 ϵ^4 ∫ d^4pT̂^{VG}_2 (ϵp)ĝ_0(p)ĝ_0(−p).

For the B + C-terms this equals^{55} 1 ϵ^4 ∫ d^4pĝ_0(p)ĝ_0(−p) ∫ d^4q_1d^4q_2tr [ γ^μ(/q_1 + m)γ_μ(/q_2 + m) ] δ(q^2_1 − m^2)δ(q^2 − m^2) · · [ θ(q_{1,0}) √ 1− − θ(−q_{1,0}) √ 1+ ][ θ(q_{2,0}) √ 2− − θ(−q_{2,0}) √ 2+ ] δ((q_1 − q_2 − ϵp)^2) √ f(1 + f). Evaluation of the trace gives 8(2m^2 − q_1q_2), and with δ(q^2_i − m^2) the q_{1,0}- and q_{2,0}-integrals are calculated. then we insert 1 = ∫ d^4kδ(q_1 − q_2 − ϵp − k) and evaluate the k_0-integral with

54 Some problems possibly could be caused by p ∈ {p ∈ M | p^2 = 0}. But since this is a set of measure zero with respect to the measure d^4 p this is not the case.

55 Here √ 1/2± := √ f±(q_{1/2})(1 − f±(q_{1/2})).

δ(k^2) and the d^3q_2-integral using δ(⃗q_1 −⃗q_2 −ϵ⃗p −⃗k). Thus we arrive at terms of the following form: 1 ϵ^4 ∫ d^4pĝ_0(p)ĝ_0(−p) ∫ d^3k ∫ d^3q_1 · · [ 2m^2 − √ |⃗q_1|^2 + m^2 √ (⃗q_1 − ϵ⃗p − ⃗k)^2 + m^2 + ⃗q^2_1 − ϵ⃗q_1⃗p − ⃗q_1⃗k ] · · 1 √ |⃗q_1|^2 + m^2 √ (⃗q_1 − ϵ⃗p − ⃗k)^2 + m^2 √ 1− √ 2− √ f(k)(1 + f(k)) ·

· δ( √ |⃗q_1|^2 + m^2 − √ (⃗q_1 − ϵ⃗p − ⃗k)^2 + m^2 − ϵp_0 − |⃗k|). Here the limit ϵ → 0 can be performed without problems, the whole expression (without the factor^1_{ϵ4} ) converges to a p-independent constant, which can be cancellated by a suitable normalization term^{56}. Thus we established the existence of the adiabatic limit of the vacuum expectation value for the B + C-part of the vacuum graph.

As for the A + D-term: ∫ d^4q_1d^4q_2tr[....]δ(q^2_1 − m^2)δ(q^2 − m^2) · · [ θ(q_{1,0}) − f_−(q_1)θ(q_{1,0}) − f_+(q_1)θ(−q_{1,0}) ] · · [ − θ(−q_{2,0}) + f_−(q_2)θ(q_{2,0}) + f_+(q_2)θ(−q_{2,0}) ] · · δ((q_1 − q_2 − p)^2) [ θ(q_{1,0} − q_{2,0} − p_0) + f(q_1 − q_2 − p) ] . Its (T = 0)-part is discussed in [22], p.263 (it equals d(p) as it is defined there) and does not cause any problems because of the factor θ(p^2 − 4m^2). The temperature dependent part has the same ‘δ-structure’ as the term discussed above and thus converges in the adiabatic limit to a constant, which can be cancelled by suitable normalization as well.

3. Calculation of ω^{SE} The (T > 0)-parts of the self energy have a singular order of ω = −∞. This will be shown in the following.

A^α_{22} + A^β_{32} : [ βS^{(−)}_{11} (y − x)^βD^{(+)}_{11} (x − y) +^βS^{(+)}_{11} (y − x)^βD^{(+)}_{11} (y − x)

]_{ret} = = [ βS_{11}(y − x)^βD^{(+)}_{11} (x − y) +^βS^{(+)}_{11} (y − x)^βD_{11}(y − x)

]_{ret} = = [_{T =0}

S_{11}(y − x)^{T =0}D^{(+)}_{11} (x − y) +^{T =0}S^{(+)}_{11} (y − x)^{T =0}D_{11}(y − x)

]_{ret} + + [_{T =0}

S_{11}(y − x)^{T >0}D^{(+)}_{11} (x − y) +^{T >0}S^{(+)}_{11} (y − x)^{T =0}D_{11}(y − x)

]_{ret} = = [ (T = 0)-part

]_{ret} + [_{T >0} S^{(+)}_{11} (y − x)^{T =0}D_{11}(y − x)

]_{ret} + + [_{T =0}

S_{11}(y − x)^{T >0}D^{(+)}_{11} (x − y)

]_{ret} . 56 See the discussion in the main text after eq. (3.20).

We consider the singular order of the temperature dependent parts in momentum space, according to (2.36) we thus have to calculate the following limit (we disregard some unessential factors):

lim_{δ→0} ρ(δ)⟨Σ̂( p δ ), ϕ̌(p)⟩^!= ⟨Σ̂_0(p), ϕ̌(p)⟩,

with

Σ̂(p) := ∫ d^4q^{T >0}^S^{(+)}_{11} (p − q)^{T =0} ^D_{11}(q) ∼ ∼ ∫ d^4qδ((p − q)^2 − m^2)γ^ν (/p − /q + m)γ_ν · · [ − f_−(p − q)θ(p_0 − q_0) − f_+(p − q)θ(q_0 − p_0) ] δ(q^2)sign(q_0).

We calculate the q_0-integral using δ(q^2), which gives terms of the following form:

lim_{δ→0} ρ(δ) ∫ d^4pϕ̌(p) ∫ d^3q 1 |⃗q| (/q − /p δ + 2m)f_−( p δ − q)θ( p_0 δ − q_0)δ( p^2 δ^2 − 2 p_0 δ |⃗q| + 2 |⃗p| δ |⃗q|x − m^2). With the remaining δ-distribution we calculate the x-integral and get (we use δ(^{p2}_{δ2} −2^{p0}_δ |⃗q|+ 2^{|⃗p|}_δ |⃗q|x − m^2) =^δ_{2|⃗p||⃗q|} δ(x −^{− p} 2 δ +2p0|⃗q|+m2 δ 2|⃗p||⃗q| )): = lim_{δ→0} ρ(δ) ∫ d^4p ∫_∞ 0 dr ∫_{2π} 0 dϕϕ̌(p) (/q −^{/p}_δ + 2m)δ 2|⃗p| θ( p_0 δ − r) · · ( e^{β|ru0−(u1 sin ϕ+u2 cos ϕ) 12π} q_{−4p2 r2+2p2 m2−δ2m4+2 p0p2δ r−4p0 δm2r−u3 12|⃗p| (−p2δ +m2 δ+2p0 r)|−βμ+1)−1.} Proceeding as above for the vacuum polarization we finally get ω^{SE} = −∞.

4. Some Calculations for the Thermal Mass C_0: We choose u = (1,⃗0), ⃗p ‖ k_3-axis. The k_0-integration is performed using the δdistribution. Then we write the integral in polar coordinates, the ϕ-integration is trivial, giving a factor 2π, and the x-integration is straightforward and yields an integrand proportional to ∫_1 −1 dx [ m p^2 − m^2 − 2p_0r + 2|⃗p|rx + i0 + m p^2 − m^2 + 2p_0r + 2|⃗p|rx + i0 ] = = 1 2|⃗p|r ln ( p^2 − m^2 − 2p_0r + 2|⃗p|r + i0 p^2 − m^2 − 2p_0r − 2|⃗p|r + i0 ) + 1 2|⃗p|r ln ( p^2 − m^2 + 2p_0r + 2|⃗p|r + i0 p^2 − m^2 + 2p_0r − 2|⃗p|r + i0 ) .

This is well defined for all values of r and x as can be seen readily. If we now have p^2 = m^2 it can be verified using ln(a + ib) = ln( √ a^2 + b^2) + iarg(a + ib) that the real and the imaginary parts are zero each.

C_{p,u}: Because the parts proportional to (pu) and p^2, respectively, in the integrals for C_p, C_u in (3.31) have the same structure as C_0, which was defined by the corresponding integral with m^2 in the numerator, these parts can be omitted for p^2 = m^2. Solving the remaining integrals as above and additionally using ∫_∞ 0 dr^r_{eβr −1} =^{π2}_{6β2} , equation (3.32) can be verified.

D Third Order Calculations

For D_3 the general calculation scheme is as follows: we write down the various involved products of T_k’s according to the causal approach. Then we perform the contractions which lead to contributions with external legs we are interested in and consider only these terms.

D.1 Calculations for the Vertex Graph

1. Calculation of D^V_3

R^′_3(x_1, x_2, x_3) = ∑ P2 T (Y, x_3)^⌢T (X) =

= T_2(x_1, x_3)^⌢T_1(x_2)

R^′31

+ T_2(x_2, x_3)^⌢T_1(x_1)

R^′32

+ T_1(x_3)^⌢T_2(x_1, x_2)

R^′33 ,

A^′_3(x_1, x_2, x_3) = ∑ P2 ⌢ T (X)T (Y, x_3) =

=^⌢T_1(x_2)T_2(x_1, x_3)

A^′31

+^⌢T_1(x_1)T_2(x_2, x_3)

A^′32

+^⌢T_2(x_1, x_2)T_1(x_3)

A^′33 .

This is calculated using the following formulae (see (2.7)): ⌢ T_1(x) = −T_1(x),^⌢T_2(x_1, x_2) = −T_2(x_1, x_2) + T_1(x_1)T_1(x_2) + T_1(x_2)T_1(x_1).

The three terms of the second equation define the three parts of R^′_{33}: R^′_{33,1} + R^′_{33,2} + R^′_{33,3}, analogously for A^′_{33}. We take here just the terms with external fields we are interested in (cf. Sec. 3.2.1): In x_3 there shall be an ‘ordinary field’ A^{ext}_μ (x_3), no ‘tilde field’; in x_1 shall be Ψ̄(x_1) or Ψ̃(x_1), in x_2 Ψ(x_2) or ¯Ψ̃(x_2).

R^′_{31}(x_1, x_2, x_3) = − T_2(x_1, x_3)

=T Compton 2 T_1(x_2) =

=e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)(−1)γ^ν Ψ(x_3) :: A_μ(x_1)A_ν (x_3) : · · { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) }

− e^3 : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)(−1)γ^ν Ψ(x_3) :: Ã_μ(x_1)A_ν (x_3) : · · { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } .

After performing the contractions, we have R^′_{31} = − e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_1 − x_2)A_ν (x_3) + e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{12} (x_1 − x_2)A_ν(x_3) + e^3 : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{21} (x_1 − x_2)A_ν (x_3) − e^3 : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_1 − x_2)A_ν(x_3).

Now to R^′_{32}:

R^′_{32}(x_1, x_2, x_3) = − T_2(x_2, x_3)

=T Compton 2 T_1(x_1) =

= −e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ^μΨ(x_2) :: A_μ(x_2)A_ν (x_3) : · · { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) }

− e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ^μ ¯Ψ̃(x_2) :: Ã_μ(x_2)A_ν (x_3) : · · { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } . After performing the contractions (pay attention to :Ψ(x_2)....Ψ̄(x_1):→ − :Ψ̄(x_1)....Ψ(x_2): !), this gives R^′_{32} =

+ e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_2 − x_1)A_ν (x_3) − e^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν(x_3) + e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{21} (x_2 − x_1)A_ν (x_3) − e^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_2 − x_1)A_ν(x_3).

Now we turn to R^′_{33}:

R^′_{33,1} = − T_1(x_3) T_2(x_1, x_2)

=T Møller 2 =

= − e^3 { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · · : Ψ̄(x_1)γ^αΨ(x_1)Ψ̄(x_2)γ_αΨ(x_2) :^βD^F_{11}(x_1 − x_2) + e^3 { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · · : Ψ̄(x_1)γ^αΨ(x_1)Ψ̃(x_2)γ_α ¯Ψ̃(x_2) :^βD^F_{12}(x_2 − x_1) + e^3 { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · · : Ψ̃(x_1)γ^α ¯Ψ̃(x_1)Ψ̄(x_2)γ_αΨ(x_2) :^βD^F_{12}(x_2 − x_1) − e^3 { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · · : Ψ̃(x_1)γ^α ¯Ψ̃(x_1)Ψ̃(x_2)γ_α ¯Ψ̃(x_2) :^βD^F_{22}(x_1 − x_2).

Considering only the interesting terms here as well we get R^′_{33,1} =

+ e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) :^βD^F_{11}(x_1 − x_2)A_ν (x_3) − e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) :^βD^F_{12}(x_2 − x_1)A_ν (x_3) − e^3 : Ψ̃(x_1)γ^μ (−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_1)γ_μΨ(x_2) :^βD^F_{12}(x_2 − x_1)A_ν (x_3) + e^3 : Ψ̃(x_1)γ^μ (−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) :^βD^F_{22}(x_1 − x_2)A_ν (x_3).

Now to the next term:

R^′_{33,2} = T_1(x_3)T_1(x_1)T_1(x_2) =ie { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · ·ie { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · ·ie { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } . Contracting as above and disregarding uninteresting external legs we have R^′_{33,2} =

+ ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_1 − x_2)A_ν (x_3) − ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3) − ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3) + ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_1 − x_2)A_ν (x_3).

For the last term of R^′_{33} we have R^′_{33,3} = T_1(x_3)T_1(x_2)T_1(x_1) =ie { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · ·ie { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } · ·ie { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } . Again contracting and considering interesting external legs only (Pay again attention to :Ψ(x_2)....Ψ̄(x_1):→ − :Ψ̄(x_1)....Ψ(x_2):!) this leads to R^′_{33,3} =

+ ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_2 − x_1)A_ν (x_3) − ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3) − ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(−)}_{11} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{21} (x_2 − x_1)A_ν (x_3) + ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(−)}_{21} (x_1 − x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_2 − x_1)A_ν (x_3).

Now we calculate A^′_3 in quite the same way:

A^′_{31}(x_1, x_2, x_3) = − T_1(x_2) T_2(x_1, x_3)

=T Compton 2 =

= + e^3 { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } · · : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)(−1)γ^ν Ψ(x_3) :: A_μ(x_1)A_ν(x_3) : − − e^3 { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } · · : Ψ̃(x_1)γ^{μ β}S^F_{21}(x_1 − x_3)(−1)γ^ν Ψ(x_3) :: Ã_μ(x_1)A_ν(x_3) : .

Doing the contractions this results in A^′_{31} =

+ e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_2 − x_1)A_ν (x_3) − e^3 : Ψ̄(x_1)γ^{μ β}S^F_{11}(x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{21} (x_2 − x_1)A_ν (x_3) − e^3 : Ψ̃(x_1)γ^{μ β}S^F_{12}(x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3) + e^3 : Ψ̃(x_1)γ^{μ β}S^F_{12}(x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_2 − x_1)A_ν (x_3).

The next term is

A^′_{32}(x_1, x_2, x_3) = − T_1(x_1) T_2(x_2, x_3)

=T Compton 2 =

= − e^3 { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · · : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ^μ Ψ(x_2) :: A_μ(x_2)A_ν (x_3) : − e^3 { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · · Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ^μ ¯Ψ̃(x_2) :: Ã_μ(x_2)A_ν (x_3) : , which gives after contracting:

A^′_{32} =

− e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_1 − x_2)A_ν (x_3) + e^3 : Ψ̃(x_1)γ^μ (−i)^βS^{(+)}_{21} (x_1 − x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{21} (x_1 − x_2)A_ν(x_3) − e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{12} (x_1 − x_2)A_ν (x_3) + e^3 : Ψ̃(x_1)γ^μ (−i)^βS^{(+)}_{21} (x_1 − x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_1 − x_2)A_ν(x_3).

Now to A^′_{33}:

A^′_{33,1} = − T_2(x_1, x_2)

=T Møller 2 T_1(x_3) =

= −e^3 : Ψ̄(x_1)γ^αΨ(x_1)Ψ̄(x_2)γ_αΨ(x_2) :^βD^F_{11}(x_1 − x_2) · · { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) }

+ e^3 : Ψ̄(x_1)γ^αΨ(x_1)Ψ̃(x_2)γ_α ¯Ψ̃(x_2) :^βD^F_{12}(x_2 − x_1) · · { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) }

+ e^3 : Ψ̃(x_1)γ^α ¯Ψ̃(x_1)Ψ̄(x_2)γ_αΨ(x_2) :^βD^F_{12}(x_2 − x_1) · · { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) }

− e^3 : Ψ̃(x_1)γ^α ¯Ψ̃(x_1)Ψ̃(x_2)γ_α ¯Ψ̃(x_2) :^βD^F_{22}(x_1 − x_2) · · { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } .

Disregarding terms with uninteresting external legs and performing the contractions we arrive at

A^′_{33,1} =

+ e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) :^βD^F_{11}(x_1 − x_2)A_ν (x_3)

− e^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) :^βD^F_{12}(x_2 − x_1)A_ν (x_3)

− e^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) :^βD^F_{12}(x_2 − x_1)A_ν (x_3)

+ e^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) :^βD^F_{22}(x_1 − x_2)A_ν (x_3).

The next term is

A^′_{33,2} = T_1(x_1)T_1(x_2)T_1(x_3) =ie { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · ·ie { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } · ·ie { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } . Once more we perform the procedure of contracting and disregarding uninteresting terms with the result

A^′_{33,2} =

+ ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_1 − x_2)A_ν (x_3)

− ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3)

− ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3)

+ ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_1 − x_2)A_ν (x_3).

Finally

A^′_{33,3} = T_1(x_2)T_1(x_1)T_1(x_3) =ie { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } · ·ie { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · ·ie { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } . We calculate as above ( :Ψ(x_2)....Ψ̄(x_1):→ − :Ψ̄(x_1)....Ψ(x_2):!) This gives

A^′_{33,3} =

+ ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{11} (x_2 − x_1)A_ν (x_3)

− ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μΨ(x_2) : i^βD^{(+)}_{12} (x_2 − x_1)A_ν (x_3)

− ie^3 : Ψ̄(x_1)γ^μ 1 i βS^{(+)}_{11} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{21} (x_2 − x_1)A_ν (x_3)

+ ie^3 : Ψ̃(x_1)γ^μ(−i)^βS^{(+)}_{21} (x_1 − x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ ¯Ψ̃(x_2) : i^βD^{(+)}_{22} (x_2 − x_1)A_ν (x_3).

Now we calculate D = R^′ − A^′ and order it according to the external legs. We thus arrive at the following expression (the arguments of ‘SSD’ are (x_1 − x_3), (x_3 − x_2), (x_1 − x_2), always in this order)

D^V_3 = + e^3 : Ψ̄(x_1)γ^μ·

−^βS^{(−)}_{11} γ^{ν β}S^{(+)}_{11}^βD^F_{11} + +^βS^{ret}_{11} γ^{ν β}S^{(+)}_{11}^βD^{(+)}_{11} + +^βS^{(−)}_{11} γ^{ν β}S^{av}_{11}^βD^{(−)}_{11} + +^βS^{(+)}_{11} γ^{ν β}S^{(−)}_{11}^βD^F_{11} − −^βS^{av}_{11} γ^{ν β}S^{(−)}_{11}^βD^{(−)}_{11} − −^βS^{(+)}_{11} γ^{ν β}S^{ret}_{11}^βD^{(+)}_{11}

· γ_μΨ(x_2) : A_ν (x_3) +

+ e^3 : Ψ̃(x_1)γ^μ·

+^βS^{(−)}_{21} γ^{ν β}S^{(+)}_{11}^βD^F_{12} − −^βS^{ret}_{21} γ^{ν β}S^{(+)}_{11}^βD^{(+)}_{12} − −^βS^{(−)}_{21} γ^{ν β}S^{av}_{11}^βD^{(−)}_{12} − −^βS^{(+)}_{21} γ^{ν β}S^{(−)}_{11}^βD^F_{12} + +^βS^{av}_{21} γ^{ν β}S^{(−)}_{11}^βD^{(−)}_{12} + +^βS^{(+)}_{21} γ^{ν β}S^{ret}_{11}^βD^{(+)}_{12}

· γ_μΨ(x_2) : A_ν (x_3) +

+ e^3 : Ψ̄(x_1)γ^μ·

−^βS^{(−)}_{11} γ^{ν β}S^{(+)}_{12}^βD^F_{12} + +^βS^{ret}_{11} γ^{ν β}S^{(+)}_{12}^βD^{(+)}_{12} + +^βS^{(−)}_{11} γ^{ν β}S^{av}_{12}^βD^{(−)}_{12} + +^βS^{(+)}_{11} γ^{ν β}S^{(−)}_{12}^βD^F_{12} − −^βS^{av}_{11} γ^{ν β}S^{(−)}_{12}^βD^{(−)}_{12} − −^βS^{(+)}_{11} γ^{ν β}S^{ret}_{12}^βD^{(+)}_{12}

· γ_μ ¯Ψ̃(x_2) : A_ν (x_3) +

+ e^3 : Ψ̃(x_1)γ^μ·

+^βS^{(−)}_{21} γ^{ν β}S^{(+)}_{12}^βD^F_{22} − −^βS^{ret}_{21} γ^{ν β}S^{(+)}_{12}^βD^{(+)}_{22} − −^βS^{(−)}_{21} γ^{ν β}S^{av}_{12}^βD^{(−)}_{22} − −^βS^{(+)}_{21} γ^{ν β}S^{(−)}_{12}^βD^F_{22} + +^βS^{av}_{21} γ^{ν β}S^{(−)}_{12}^βD^{(−)}_{22} + +^βS^{(+)}_{21} γ^{ν β}S^{ret}_{12}^βD^{(+)}_{22}

· γ_μ ¯Ψ̃(x_2) : A_ν (x_3) .

2. Calculation of ω^V We have to investigate (see (2.36))

lim_{δ→0} ρ(δ)⟨Λ̂( p δ , q δ ), ϕ̌(p, q)⟩^!= ⟨Λ̂_0(p, q), ϕ̌(p, q)⟩ with

Λ̂(p, q) := ∫ d^4kγ^{μ β}^S^{av}(p − k)γ^{ν β}^S^{ret}(q − k)γ_μ^β ^D^{(+)}(k) + ..., where the “...” stands for terms without essential differences in their structure with respect to the determination of the singular order. We choose the Lorentz-system wherein u = (1,⃗0) and use δ(k^2) to perform the k-integration. This gives integrals of the following form:

lim_{δ→0} ρ(δ) ∫ d^4pd^4qϕ̌(p, q) ∫ d^3k 1 2|⃗k| [ ∼ 1 δ^2 + ... γ- and slash-factors ] ·

· δ( p^2 δ^2 − 2pk δ − m^2)δ( q^2 δ^2 − 2qk δ − m^2)θ(− p_0 δ + k_0)θ( q_0 δ − k_0) 1 e^{β|⃗k|} − 1 . We calculate the |⃗k|-integral with one of the δ-distributions and the x-integral with the other. Proceeding as in the determination of ω^{VP} (see App. C.3) we derive ω^V = −∞.

D.2 Calculations for the Third Order Self Energy

1. Calculation of D^{3:ord:SE}_3 The procedure is essentially the same as in the corresponding calculation for the vertex. Nevertheless, we write it down here in detail to give a reference of the various signs, factors i, etc., which are crucial for the discussion of a possible cancellation of the IR-divergencies. There are two graphs that have to be calculated, denoted by ‘A’ and ‘B’, respectively, (see Sec. 3.2.2). As in the calculation for the vertex we have:

R^′_3(x_1, x_2, x_3) = ∑ P2 T (Y, x_3)T̃ (X) = − T_2(x_1, x_3)T_1(x_2)

R^′31

− T_2(x_2, x_3)T_1(x_1)

R^′32 − − T_1(x_3)T_2(x_1, x_2)

R^′33_,1

+ T_1(x_3)T_1(x_1)T_1(x_2)

R^′33_,2

+ T_1(x_3)T_1(x_2)T_1(x_1)

R^′33_,3 ,

A^′_3(x_1, x_2, x_3) = ∑ P2 T̃ (X)T (Y, x_3) = − T_1(x_2)T_2(x_1, x_3)

A^′31

− T_2(x_1)T_2(x_2, x_3)

A^′32 −

− T_2(x_1, x_2)T_1(x_3)

A^′33_,1

+ T_1(x_1)T_1(x_2)T_1(x_3)

A^′33_,2

+ T_1(x_2)T_1(x_1)T_1(x_3)

A^′33_,3 .

First we consider graph B (disregarding terms with external legs different from Ψ̄(x_3), A_ν(x_3) and Ψ(x_1) or ¯Ψ̃(x_1)):

R^′_{31} = − T_2(x_1, x_3)

trivial graph

T_1(x_2) =

+ ie^3 : Ψ̄(x_3)γ^ν Ψ(x_3)Ψ̄(x_1)γ^μΨ(x_1) :: A_ν(x_3)A_μ(x_1) : · · ( : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) )

− ie^3 : Ψ̄(x_3)γ^ν Ψ(x_3)Ψ̃(x_1)γ^μ ¯Ψ̃(x_1) :: A_ν(x_3)Ã_μ(x_1) : · · ( : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) ) .

After having performed the contractions providing us with the external legs we are interested in, we have R^′_{31} =

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μ 1 i βS^{(−)}_{11} (x_2 − x_1)γ^μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{11} (x_1 − x_2) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ(−i)^βS^{(−)}_{21} (x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{12} (x_1 − x_2) + ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ_μi^βS^{(−)}_{12} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν(x_3)i^βD^{(+)}_{21} (x_1 − x_2) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ_μ 1 i βS^{(−)}_{22} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν(x_3)i^βD^{(+)}_{22} (x_1 − x_2).

The next term, R^′_{32} = − T_2(x_2, x_3)

Compton

T_1(x_1), is calculated as R^{Vertex}_{31} (see App. D.1):

R^′_{32} = − e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ^μ Ψ(x_2) :: A_μ(x_2)A_ν(x_3) : · · { : Ψ̄(x_1)γ^αΨ(x_1 : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1 : Ã_α(x_1) }

− e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ^μ ¯Ψ̃(x_2) :: Ã_μ(x_2)A_ν(x_3) : · · { : Ψ̄(x_1)γ^αΨ(x_1 : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1 : Ã_α(x_1) } . Performing the relevant contractions gives

R^′_{32} =

− e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ^μ 1 i βS^{(+)}_{11} (x_2 − x_1)γ_μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{11} (x_2 − x_1) + e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ^μi^βS^{(+)}_{12} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{12} (x_2 − x_1) − e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ^μ(−i)^βS^{(+)}_{21} (x_2 − x_1)γ_μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_2 − x_1) + e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ^μ 1 i βS^{(+)}_{22} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν(x_3)i^βD^{(+)}_{22} (x_2 − x_1).

The next term is

R^′_{33,1} = − T_1(x_3) T_2(x_1, x_2) SE =

− ie^3 ( : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) ) · · : Ψ̄(x_2)γ^{ν β}S^F_{11}(x_2 − x_1)^βD^F_{11}(x_2 − x_1)γ_ν Ψ(x_1) :

+ ie^3 ( : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) ) · · : Ψ̃(x_2)γ^{ν β}S^F_{21}(x_2 − x_1)^βD^F_{12}(x_2 − x_1)γ_ν Ψ(x_1) : − ie^3 ( : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) ) · · : Ψ̄(x_2)γ^ν (−1)^βS^F_{12}(x_2 − x_1)^βD^F_{12}(x_2 − x_1)γ_ν ¯Ψ̃(x_1) : − ie^3 ( : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) ) · · : Ψ̃(x_2)γ^{ν β}S^F_{22}(x_2 − x_1)^βD^F_{22}(x_2 − x_1)γ_ν ¯Ψ̃(x_1) : , which after performing the relevant contractions leads to

R^′_{33,1} =

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^{μ β}S^F_{11}(x_2 − x_1)γ_μΨ(x_1) : A_ν (x_3)^βD^F_{11}(x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^{μ β}S^F_{21}(x_2 − x_1)γ_μΨ(x_1) : A_ν (x_3)^βD^F_{12}(x_2 − x_1) − ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^{μ β}S^F_{12}(x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν (x_3)^βD^F_{12}(x_2 − x_1) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^{μ β}S^F_{22}(x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν (x_3)^βD^F_{22}(x_2 − x_1).

Now we come to R^′_{33,2} = T_1(x_3)T_1(x_1)T_1(x_2) =ie { : Ψ̄(x_3)γ^αΨ(x_3) : A_α(x_3)− : Ψ̃(x_3)γ^α ¯Ψ̃(x_3) : Ã_α(x_3) } · ·ie { : Ψ̄(x_1)γ^αΨ(x_1) : A_α(x_1)− : Ψ̃(x_1)γ^α ¯Ψ̃(x_1) : Ã_α(x_1) } · ·ie { : Ψ̄(x_2)γ^αΨ(x_2) : A_α(x_2)− : Ψ̃(x_2)γ^α ¯Ψ̃(x_2) : Ã_α(x_2) } ,

which gives after having done the contractions R^′_{33,2} =

+ ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^μ 1 i βS^{(−)}_{11} (x_2 − x_1)γ_μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{11} (x_1 − x_2) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^μ(−i)^βS^{(−)}_{21} (x_2 − x_1)γ_μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{12} (x_1 − x_2) − ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^μi^βS^{(−)}_{12} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν(x_3)i^βD^{(+)}_{21} (x_1 − x_2) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^μ 1 i βS^{(−)}_{22} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν(x_3)i^βD^{(+)}_{22} (x_1 − x_2).

R^′_{33,3} is calculated analogously, the result is the same as for R^′_{33,2} but with x_1 and x_2 exchanged - before performing the contractions! After having done them, we have (disregarding terms with uninteresting external legs): R^′_{33,3} =

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^μ 1 i βS^{(+)}_{11} (x_2 − x_1)γ_μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{11} (x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(+)}_{11} (x_3 − x_2)γ^μ i^βS^{(+)}_{12} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{12} (x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^μ(−i)^βS^{(+)}_{21} (x_2 − x_1)γ_μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_2 − x_1) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(+)}_{12} (x_3 − x_2)γ^μ 1 i βS^{(+)}_{22} (x_2 − x_1)γ_μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{22} (x_2 − x_1).

Now we come to A^′_3:

A^′_{31} = −T_1(x_2)T_2(x_1, x_3) is calculated just as R^′_{31}, but with the order of the factors reversed. With the relevant contractions this gives A^′_{31} =

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μ 1 i βS^{(+)}_{11} (x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{11} (x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ(−i)^βS^{(+)}_{21} (x_2 − x_1)γ^μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μi^βS^{(+)}_{12} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{12} (x_2 − x_1) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ 1 i βS^{(+)}_{22} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{22} (x_2 − x_1).

The next term is A^′_{32} = −T_1(x_1) T_2(x_2, x_3)

Compton

. Performing the relevant contractions this leads to (pay attention to the fact that :Ψ...Ψ̄:→ − :Ψ̄...Ψ:):

A^′_{32} =

+ e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μ 1 i βS^{(−)}_{11} (x_2 − x_1)γ^μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{11} (x_1 − x_2) − e^3 : Ψ̄(x_3)γ^{ν β}S^F_{11}(x_3 − x_2)γ_μi^βS^{(−)}_{12} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_1 − x_2) + e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ(−i)^βS^{(−)}_{21} (x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{12} (x_1 − x_2) − e^3 : Ψ̄(x_3)γ^{ν β}S^F_{12}(x_3 − x_2)γ_μ 1 i βS^{(−)}_{22} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{22} (x_1 − x_2).

Now we turn to A^′_{33,1} = − T_2(x_2, x_3) SE T_1(x_3), which gives with the relevant contractions

A^′_{33,1} =

+ ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μ^βS^F_{11}(x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)^βD^F_{11}(x_2 − x_1) − ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ^βS^F_{21}(x_2 − x_1)γ^μ Ψ(x_1) : A_ν (x_3)^βD^F_{12}(x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μ^βS^F_{12}(x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν(x_3)^βD^F_{12}(x_2 − x_1) + ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ^βS^F_{22}(x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)^βD^F_{22}(x_2 − x_1).

The next term is A^′_{33,2} = T_1(x_1)T_1(x_2)T_1(x_3) ⇒ (after having done the relevant contractions)

A^′_{33,2} =

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μ 1 i βS^{(−)}_{11} (x_2 − x_1)γ^μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{11} (x_1 − x_2)

+ ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ(−i)^βS^{(−)}_{21} (x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{12} (x_1 − x_2)

+ ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μi^βS^{(−)}_{12} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_1 − x_2)

− ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ 1 i βS^{(−)}_{22} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{22} (x_1 − x_2).

Finally we have to calculate A^′_{33,3} = T_1(x_2)T_1(x_1)T_1(x_3) ⇒ (proceeding as above)

A^′_{33,3} =

+ ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μ 1 i βS^{(+)}_{11} (x_2 − x_1)γ^μΨ(x_1) : A_ν(x_3)i^βD^{(+)}_{11} (x_2 − x_1)

− ie^3 : Ψ̄(x_3)γ^ν 1 i βS^{(−)}_{11} (x_3 − x_2)γ_μi^βS^{(+)}_{12} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{12} (x_2 − x_1)

− ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ(−i)^βS^{(+)}_{21} (x_2 − x_1)γ^μΨ(x_1) : A_ν (x_3)i^βD^{(+)}_{21} (x_2 − x_1)

+ ie^3 : Ψ̄(x_3)γ^ν i^βS^{(−)}_{12} (x_3 − x_2)γ_μ 1 i βS^{(+)}_{22} (x_2 − x_1)γ^μ ¯Ψ̃(x_1) : A_ν (x_3)i^βD^{(+)}_{22} (x_2 − x_1).

Thus we know A^′ and R^′ from the third order self energy graph B. This gives the following result for D = R^′ − A^′ of graph B (the arguments of ‘SS’ are (x_3 − x_2), (x_2 − x_1), always in this order):

D^{3.ord.SE,B}

3 = e^3 : Ψ̄(x_3) ·

−γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(−)}_{11} γ_μ^βD^{(+)}_{11} (x_1 − x_2)− −γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(−)}_{21} γ_μ^βD^{(+)}_{12} (x_1 − x_2)− −γ^{ν β}S^F_{11} γ^{μ β}S^{(+)}_{11} γ_μ^βD^{(+)}_{11} (x_2 − x_1)− −γ^{ν β}S^F_{12} γ^{μ β}S^{(+)}_{21} γ_μ^βD^{(+)}_{21} (x_2 − x_1)− −γ^{ν β}S^{(+)}_{11} γ^{μ β}S^F_{11}γ_μ^βD^F_{11}(x_2 − x_1)− −γ^{ν β}S^{(+)}_{12} γ^{μ β}S^F_{21}γ_μ^βD^F_{12}(x_2 − x_1)+ +γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(−)}_{11} γ_μ^βD^{(+)}_{11} (x_1 − x_2)+ +γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(−)}_{21} γ_μ^βD^{(+)}_{12} (x_1 − x_2)− −γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(+)}_{11} γ_μ^βD^{(+)}_{11} (x_2 − x_1)− −γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(+)}_{21} γ_μ^βD^{(+)}_{21} (x_2 − x_1)+ +γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(+)}_{11} γ_μ^βD^{(+)}_{11} (x_2 − x_1)+ +γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(+)}_{21} γ_μ^βD^{(+)}_{21} (x_2 − x_1)− −γ^{ν β}S^F_{11} γ^{μ β}S^{(−)}_{11} γ_μ^βD^{(+)}_{11} (x_1 − x_2)− −γ^{ν β}S^F_{12} γ^{μ β}S^{(−)}_{21} γ_μ^βD^{(+)}_{12} (x_1 − x_2)− −γ^{ν β}S^{(−)}_{11} γ^{μ β}S^F_{11}γ_μ^βD^F_{11}(x_2 − x_1)− −γ^{ν β}S^{(−)}_{12} γ^{μ β}S^F_{21}γ_μ^βD^F_{12}(x_2 − x_1)+ +γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(−)}_{11} γ_μ^βD^{(+)}_{11} (x_1 − x_2)+ +γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(−)}_{21} γ_μ^βD^{(+)}_{12} (x_1 − x_2)− −γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(+)}_{11} γ_μ^βD^{(+)}_{11} (x_2 − x_1)− −γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(+)}_{21} γ_μ^βD^{(+)}_{21} (x_2 − x_1)

· Ψ(x_1) : A_ν (x_3) +

+e^3 : Ψ̄(x_3) ·

−γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(−)}_{12} γ_μ^βD^{(+)}_{21} (x_1 − x_2)+ +γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(−)}_{22} γ_μ^βD^{(+)}_{22} (x_1 − x_2)− −γ^{ν β}S^F_{11} γ^{μ β}S^{(+)}_{12} γ_μ^βD^{(+)}_{12} (x_2 − x_1)+ +γ^{ν β}S^F_{12} γ^{μ β}S^{(+)}_{22} γ_μ^βD^{(+)}_{22} (x_2 − x_1)− −γ^{ν β}S^{(+)}_{11} γ^{μ β}S^F_{12}γ_μ^βD^F_{12}(x_2 − x_1)+ +γ^{ν β}S^{(+)}_{12} γ^{μ β}S^F_{22}γ_μ^βD^F_{22}(x_2 − x_1)+ +γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(−)}_{12} γ_μ^βD^{(+)}_{21} (x_1 − x_2)− −γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(−)}_{22} γ_μ^βD^{(+)}_{22} (x_1 − x_2)− −γ^{ν β}S^{(+)}_{11} γ^{μ β}S^{(+)}_{12} γ_μ^βD^{(+)}_{12} (x_2 − x_1)+ +γ^{ν β}S^{(+)}_{12} γ^{μ β}S^{(+)}_{22} γ_μ^βD^{(+)}_{22} (x_2 − x_1)+ +γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(+)}_{12} γ_μ^βD^{(+)}_{12} (x_2 − x_1)− −γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(+)}_{22} γ_μ^βD^{(+)}_{22} (x_2 − x_1)− −γ^{ν β}S^F_{11} γ^{μ β}S^{(−)}_{12} γ_μ^βD^{(+)}_{21} (x_1 − x_2)+ +γ^{ν β}S^F_{12} γ^{μ β}S^{(−)}_{22} γ_μ^βD^{(+)}_{22} (x_1 − x_2)− −γ^{ν β}S^{(−)}_{11} γ^{μ β}S^F_{12} γ_μ^βD^F_{12}(x_2 − x_1)+ +γ^{ν β}S^{(−)}_{12} γ^{μ β}S^F_{22} γ_μ^βD^F_{22}(x_2 − x_1)+ +γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(−)}_{12} γ_μ^βD^{(+)}_{21} (x_1 − x_2)− −γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(−)}_{22} γ_μ^βD^{(+)}_{22} (x_1 − x_2)− −γ^{ν β}S^{(−)}_{11} γ^{μ β}S^{(+)}_{12} γ_μ^βD^{(+)}_{12} (x_2 − x_1)+ +γ^{ν β}S^{(−)}_{12} γ^{μ β}S^{(+)}_{22} γ_μ^βD^{(+)}_{22} (x_2 − x_1)

· ¯Ψ̃(x_1) : A_ν (x_3).

Now we simplify this expression; in the first part, the ten terms with a type 1-vertex in x_2 give after suitable modification (consider the support properties of the quantities involved)

D^{3.ord.SE,B;x2:type1}

3,Ψ̄Ψ = −

βS^{av}_{11} (x_3 − x_2)γ^{μ β}S_{11}(x_2 − x_1)γ_μ^βD^{(−)}_{11} (x_1 − x_2)

+^βS^{ret}_{11} (x_3 − x_2)γ^{μ β}S^{(−)}_{11} (x_2 − x_1)γ_μ^βD_{11}(x_1 − x_2) −^βS_{11}(x_3 − x_2)γ^{μ β}S^F_{11}(x_2 − x_1)γ_μ^βD^{ret}_{11} (x_1 − x_2) −^βS_{11}(x_3 − x_2)γ^{μ β}S^{ret}_{11} (x_2 − x_1)γ_μ^βD^{(−)}_{11} (x_1 − x_2) = = +^βS^{av}_{11} (x_3 − x_2)γ^{μ β}S^{av}_{11} (x_2 − x_1)γ_μ^βD^{(−)}_{11} (x_1 − x_2) −^βS^{ret}_{11} (x_3 − x_2)γ^{μ β}S^{(−)}_{11} (x_2 − x_1)γ_μ^βD^{av}_{11}(x_1 − x_2) +^βS^{av}_{11} (x_3 − x_2)γ^{μ β}S^{(−)}_{11} (x_2 − x_1)γ_μ^βD^{ret}_{11} (x_1 − x_2) −^βS^{ret}_{11} (x_3 − x_2)γ^{μ β}S^{ret}_{11} (x_2 − x_1)γ_μ^βD^{(−)}_{11} (x_1 − x_2).

The terms with type 2 in x_2 give

D^{3.ord.SE,B;x2:type2}

3,Ψ̄Ψ = 0,

because both D_{12} and S_{12} are equal to zero. Likewise we have

D^{3.ord.SE,B;x2:type1}

3,Ψ̄ ¯Ψ̃ = 0 and D

3.ord.SE,B;x2:type2 3,Ψ̄ ¯Ψ̃ = 0.

D_3 for graph A is calculated in the same way.

2. Singular Order The structure of the third order SE graphs is S(x_3 − x_2)S(x_2 − x_1)D(x_1 − x_2). This gives after Fourier transformation Ŝ(q) ∫ d^4kŜ(q + k)D̂(k), which means that only ω^{2.ord.SE} is relevant, because the first factor (S) has singular order ω ≤ −1 and the second one is exactly the second order SE. Since the temperature dependent parts of the second order SE have singular order ω ≤ −1 the temperature dependent parts of the third order SE can be split trivially.

D.3 Calculations for the Thermal Corrections to μe�

In this appendix we present the calculations to solve the linear system (3.63) - (3.67), which reads in matrix form 0 I_2 I_3 I_4 I_5 =

= 4 2m^2 2(pq) 2(pu + qu) 1 m^2 m^4 + (pq)^2 2m^2(pq) 2(pu)(m^2 + pq) (pu)^2 pq 2m^2(pq) m^4 + (pq)^2 (m^2 + pq)(pu + qu) (pu)(qu) pu m^2(pu)+(pq)(qu) m^2(qu)+(pq)(pu) m^2 +(pu)^2 +(pq)+(pu)(qu) pu 1 (pu)^2 + (qu)^2 2(pu)(qu) 2(pu + qu) 1 ·

· A B C D G .

(D.1)

Before solving that, we calculate the four integrals I_2, ..., I_5, as defined in (3.63) - (3.67).

I_2 = ∫ d^4kδ(k^2) 1 (e^{β|ku|} − 1) · pk (−2qk + i0) . (D.2)

We choose the Lorenz system with u = (1,⃗0) and q = (q_0, 0, 0, |⃗q|). Then we perform the k_0- integration with the δ-distribution and choose polar coordinates for the spatial integration (x := cos(θ)). This gives

I_2 = ∫_∞ 0 dr r 2 ∫_1 −1 dx ∫_{2π} 0 dφ 1 e^{β|ku|} − 1 · · [ p_0r − p_1r sin(φ) √ 1 − x^2 − p_2r cos(φ) √ 1 − x^2 − p_3rx −2q_0r + 2|⃗q|rx + i0 +

+ −p_0r − p_1r sin(φ) √ 1 − x^2 − p_2r cos(φ) √ 1 − x^2 − p_3rx 2q_0r + 2|⃗q|rx + i0 ] . (D.3)

Now we perform the φ-integration, which leads to a solvable r-integral (use ∫_∞ 0 dr^r_{eβr −1} = π2 6β2 ).Thus we have

I_2 = π^3 12β^2

∫_1 −1 dx [ p_0 − p_3x −q_0 + |⃗q|x + i0 + −p_0 − p_3x q_0 + |⃗q|x + i0 ] . (D.4)

In the second term we transform x → −x and see that in the sum with the first term the imaginary part vanishes identically and the real part gives the same contribution two times.

Now the x-integration can be performed, and we have after transforming back to a general Lorentz system^{57}

I_2 = − π^3 6β^2 1 √ (qu)^2 − m^2 ·

· ( −2pq + 2(pu)(qu) √ (qu)^2 − m^2 + [ (pu)m^2 − (pq)(qu) (qu)^2 − m^2 ] ln | | | qu − √ (qu)^2 − m^2 qu + √ (qu)^2 − m^2 | | | ) . (D.5)

The next integral is easier to calculate (use again ∫_∞ 0 dr^r_{eβr −1} =^{π2}_{6β2} ):

I_3 = − 1 2 ∫ d^4kδ(k^2) 1 e^{β|ku|} − 1 = − ∫_∞ 0 dr r 2 1 e^{βr} − 1 · 4π = −2π · π^2 6β^2 = − π^3 3β^2

. (D.6)

Now to I_4:

I_4 = ∫ d^4kδ(k^2) 1 (e^{β|ku|} − 1) · ku (−2qk + i0) . (D.7)

We proceed as in the calculation of I_2 above and finally get

I_4 = π^3 6β^2 1 √ (qu)^2 − m^2 ln | | | | qu − √ (qu)^2 − m^2 qu + √ (qu)^2 − m^2 | | | |. (D.8)

There remains one integral to calculate:

I_5 = − 1 2 ∫ d^4kδ(k^2) 1 (e^{β|ku|} − 1) · (ku)^2 (pk − i0)(qk − i0) . (D.9)

Again we choose polar coordinates. The k_0-integration is done with δ(k^2), and the rintegration decouples from the other variables and can be performed (using formulae as for the r-integration in I_2). Then we transform x → −x, φ → φ − π in the term with k_0 = −r, which leads to an integral ∫_π −π . We transform its part

∫_0 −π with φ → φ + 2π to ∫_{2π} π . Now we can see that the term with k_0 = −r equals the complex conjugate of the term with k_0 = r and thus the sum is two times its real part. We get

I_5 = − 1 2 π^2 6β^2

∫_1 −1 dx ∫_{2π} 0 dφ 1 (p_0 − |⃗p|x) · 1 (q_0 − q_1 sin(φ) √ 1 − x^2 − q_2 cos(φ) √ 1 − x^2 − q_3x) . (D.10)

The φ-integration now gives^{58} ∫_{2π} 0 dφ 1 q_0 − q_1 sin(φ) √ 1 − x^2 − q_2 cos(φ) √ 1 − x^2 − q_3x = 2π √ |⃗q|^2x^2 − 2q_0q_3x + (m^2 + q^2_3) . (D.11)

Thus we have

I_5 = − π^3 6β^2

∫_1 −1 dx 1 (p_0 − |⃗p|x) √ |⃗q|^2x^2 − 2q_0q_3x + (m^2 + q^2_3)

. (D.12)

57 Here we give some relations necessary to perform this transformation from the special system with u = (1,⃗0), q = (q_0, 0, 0, |⃗q|) back to a general one: p_0 → pu, |⃗p| → √ (pu)^2 − m^2, q_0 → qu, |⃗q| → √ (qu)^2 − m^2, p_3 →^(pu^{)(}qu^)−pq

√_( qu)2 −m2 . These relations can be verified straightforward.

58 It has to be verified that the possible poles are integrable. This is done best by cutting them from the integration interval and then extend the result to this border values of the interval. In addition, using q^2 = m^2 > 0, |x| ≤ 1, etc. it can be shown that the radicand in the resulting formulae is always positive.

Having performed this integration (which can be done quite straightforward), we transform the result back into a general Lorentz frame^{59} and thus have

I_5 = −π^3 12β^2 √ (pq)^2 − m^4 [ ln ( √(pq)_2 − m_4 ( qu −^{(pu)(qu)−pq} √_{(pu)2−m2} ) + · · · √ (pq)^2 − m^4 ( qu −^{(pu)(qu)−pq} √_{(pu)2−m2} ) − · · · · · · +^1 √_{(pu)2−m2} ( m^2(pu)^2 − m^4 + (pq)^2 − (pq)(pu)(qu) ) − · · · · · · −^1 √_{(pu)2−m2} ( m^2(pu)^2 − m^4 + (pq)^2 − (pq)(pu)(qu) ) + · · · · · · − m^2(pu) + (pq)(qu) · · · + m^2(pu) − (pq)(qu) ) −

− ln

( √(pq)_2 − m_4 ( qu +^{(pu)(qu)−pq} √_{(pu)2−m2} ) + · · · √ (pq)^2 − m^4 ( qu +^{(pu)(qu)−pq} √_{(pu)2−m2} ) − · · · · · · +^1 √_{(pu)2−m2} ( m^2(pu)^2 − m^4 + (pq)^2 − (pq)(pu)(qu) ) + · · · · · · −^1 √_{(pu)2−m2} ( m^2(pu)^2 − m^4 + (pq)^2 − (pq)(pu)(qu) ) − · · · · · · + m^2(pu) − (pq)(qu) · · · − m^2(pu) + (pq)(qu) )] .

(D.13)

Now we want to solve the linear system (D.1). We did that using Maple and get the general solution for A, ..., G. Then we set q := p − η with q^2 = (p − η)^2 = m^2 and let it be simplified and factorised. Thus we get (since we will not need the solutions for B, C, D and G here, we just give the one for A): A = ( − 8(pu)^2I_3m^2 − 4m^4I_2 + 4m^4I_3 − 4(pu)^4I_2 + 4(pu)^4I_3 + 8(pu)^2m^2I_2 −

− 8(pu)^3I_4(pη) − 2(pu)^2I_2(pη) − 6(pu)^3I_3(ηu) + 6I_3(pu)^2(pη) + 2m^2I_2(pη) + + 6I_3m^2(pu)(ηu) − 4m^2(pu)^2I_4(ηu) − 10m^2(pu)I_2(ηu) + 8(pu)I_4m^2(pη) +

+ 4(pu)^2m^2I_5(pη) + 4I_4m^4(ηu) − 4I_5m^4(pη) − 6I_3m^2(pη) + 10(pu)^3I_2(ηu) + + 2(pu)^2I_3(ηu)^2 − 2(pu)^2I_5(pη)^2 + 2m^2I_2(ηu)^2 + 4I_5m^2(pη)^2 − − 8(pu)^2I_2(ηu)^2 − 4(pu)m^2I_5(pη)(ηu) + 4m^2(pu)I_4(ηu)^2 − 6I_4m^2(pη)(ηu) +

+ 10(pu)^2I_4(ηu)(pη) − 4(pu)I_3(pη)(ηu) + 4(pu)I_2(pη)(ηu) + 2I_3(pη)^2 − − 4(pu)I_4(pη)^2 − I_2(ηu)^2(pη) + 2I_4(pη)^2(ηu) +

+ 2(pu)I_2(ηu)^3 + 2(pu)I_5(pη)^2(ηu) − 4(pu)I_4(ηu)^2(pη) − I_5(pη)^3 ) / / ( + 4m^4(pη) − 8m^2(pη)(pu)^2 + 4(pu)^4(pη) + 2m^4(ηu)^2 −

− 2(pu)^2m^2(ηu)^2 − 4m^2(pη)^2 + 4(pη)^2(pu)^2 + 2(pu)m^2(ηu)^3 −

− m^2(pη)(ηu)^2 − 2(pu)^2(ηu)^2(pη) + (pη)^3 ) . (D.14)

Having a close look at the solution we see what is the problem of setting p = q ↔ η = 0 too early. The determinant of the linear system and the denominator in the solutions, resp., is zero for this values. Therefore we must not set η = 0 but expand the various quantities involved in ‘powers of η’. Then we will see that all possibly divergent terms cancel and we

59 See footnote 57.

are left with finite values for η → 0. This expansion is rather delicate and we have to pay attention not to throw away any term too early or even to forget some at all. A crucial thing with the linear system considered is the fact that it remains defined even if we set η = 0 at the very beginning; we then can reduce the system to four equations and solve it. And we are in the lucky case that we only need to know A for which we get the same result this way. But this is not true in general and here it is also wrong for the other variables B, etc.

To do these things we introduce some notation: set ⃗η =: ϵ|vecη_e with ϵ ∈ R, ϵ ≪ 1, ⃗η_e ∈

R, ⃗η^2_e = 1, so that the limit in M , η → 0, can be discussed as an ordinary limit in R, ϵ → 0.

Pay attention to the fact that η_0 depends on ⃗η through q^2 = (p − η)^2 = m^2. We have η_0 = p_0 − p_0 √ 1 − (^{2⃗p⃗η}_{p20} −^{⃗η2}_{p20} ). Thus η_0 is not simply proportional to ϵ! This has to be investigated for ⃗q ≠ 0 and ⃗q = 0 separately. But considering the first case it will be clear that the second follows by simply setting ⃗q = 0.

Since the more direct but in general wrong method of setting p = q at the beginning leads to the same result we will not present here a detailed derivation of the calculations. We just give the general direction: All quantities involved in the numerator and denominator of A have to be expanded in ϵ up to a suitable order. Especially the integrals I_2, ..., I_5 have to be expanded. This is a tedious but strightforward task. We emphasize especially the following: The structure of A is

A = ~L_0 + ~L_1ϵ + ~L_2ϵ2 + ~L_3ϵ3 + · · ·

~l_2ϵ2 + ~l_3ϵ3 + ~l_4ϵ4 = = 1 ~l_2ϵ2 · 1 (1 + e^{l3}e_{l2} ϵ + e^{l4}e_{l2} ϵ^2) + · · ·

(~L_0 + ~L_1ϵ + ~L_2ϵ^2 + ~L_3ϵ^3 + · · · ).

(D.15)

Now we expand the numerator, identify which term of A has to be known up to which order and calculate it straightforward. This leads to

μ_e− = e 2m { 1 + e^2 8π^2 − e^2 (2π)^3 ( 2π^3 9β^2m^2 )} . (D.16)

E The Cross Section with General Mixed States

The cross section involving the initial state (3.109) and the corresponding mixture for the final state reads as follows (‘0’,‘1’ and ‘2’ in the matrix elements stand for contributions with zero, one or two bremsstrahlungs photons involved, the sums run from 1 to 4 and the k_1, ...-integrations over k_1, ... ≤ ω_0. ‘MS’ indicates the mass shell and ‘MS_I’ a small part of the mass shell centered around p. b^+ in the final state is always understood with the momentum p, in the initial one with momentum q.):

∫ MSI d^4p ∫ MS d^4q {

+ | |⟨b^+|0 + 1 + 2|b^+⟩ | |^2c_0(q) + + ∑ i ∫ d^3k_1 | |⟨b^+|0 + 1 + 2|b^+a^+_i (k_1)⟩ | |^2c_1(q, k_1)_i +

+ ∑ i ∫ d^3k_1 | |⟨b^+|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ i,j ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ | |^2c_2(q, k_1, k_2)_{ij} +

+ ∑ i,j ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ i,j ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m ∫ d^3l_1 | |⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+⟩ | |^2c_0(q) +

+ ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_1 | |⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)⟩ | |^2c_1(q, k_1)_i +

+ ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_1 | |⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | ⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ |_2 c_2(q, k_1, k_2)_{ij} + + ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m ∫ d^3l_1 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+⟩ | |^2c_0(q) +

+ ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_1 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)⟩ | |^2c_1(q, k_1)_i +

+ ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_1 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ | |^2c_2(q, k_1, k_2)_{ij} +

+ ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m ∑ i,j ∫ d^3l_1 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+ã^+_m(l_1)|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m,n ∫ d^3l_1 ∫ d^3l_2 | |⟨b^+a^+_m(l_1)a^+_n (l_2)|0 + 1 + 2|b^+⟩ | |^2c_0(q) +

+ ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | ⟨b^+a^+_m(l_1)a^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)⟩ |_2 c_1(q, k_1)_i + + ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | |⟨b^+a^+_m(l_1a^+_n (l_2))|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)a^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ | |^2c_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)a^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)a^+_n (l_2)|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m,n ∫ d^3l_1 ∫ d^3l_2 | |⟨b^+a^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+⟩ | |^2c_0(q) +

+ ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | |⟨b^+a^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)⟩ | |^2c_1(q, k_1)_i +

+ ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | |⟨b^+a^+_m(l_1ã^+_n (l_2))|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ | |^2c_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+a^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} +

+ ∑ m,n ∫ d^3l_1 ∫ d^3l_2 | |⟨b^+ã^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+⟩ | |^2c_0(q) +

+ ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | |⟨b^+ã^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)⟩ | |^2c_1(q, k_1)_i +

+ ∑ m,n ∑ i ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 | |⟨b^+ã^+_m(l_1ã^+_n (l_2))|0 + 1 + 2|b^+ã^+_i (k_1)⟩ | |^2c̃_1(q, k_1)_i +

+ ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+ã^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)a^+_j (k_2)⟩ | |^2c_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | ⟨b^+ã^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+a^+_i (k_1)ã^+_j (k_2)⟩ |_2 c̃_2(q, k_1, k_2)_{ij} + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 | |⟨b^+ã^+_m(l_1)ã^+_n (l_2)|0 + 1 + 2|b^+ã^+_i (k_1)ã^+_j (k_2)⟩ | |^2c̃_2(q, k_1, k_2)_{ij} } .

(E.1)

Now we collect the contributions that are not zero and of order not higher than four. Thus we are left with: ∫ MSI d^4p ∫ MS d^4q {

+|⟨b^+|0|b^+⟩|^2 [ c_0(q) + ∑ i ∫ d^3k_1c_1(q, k_1)_i + ∑ i ∫ d^3k_1c̃_1(q, k_1)_i + + ∑ i,j ∫ d^3k_1 ∫ d^3k_2c_2(q, k_1, k_2)_{ij} + ∑ i,j ∫ d^3k_1 ∫ d^3k_2c̃_2(q, k_1, k_2)_{ij} + + ∑ i,j ∫ d^3k_1 ∫ d^3k_2c̃_2(q, k_1, k_2)_{ij} ] +

+ ∑ i ∫ d^3k_1 [ + |⟨b^+|1|b^+a^+_i (k_1)⟩|^2c_1(q, k_1)_i + |⟨b^+|1|b^+ã^+_i (k_1)⟩|^2c̃_1(q, k_1)_i +

+ |⟨b^+a^+_i (k_1)|1|b^+⟩|^2c_0(q) + ∑ j ∫ d^3k_2|⟨b^+|1|b^+a^+_i (k_1)⟩|^2c_2(q, k_1, k_2)_{ij} + + ∑ j ∫ d^3k_2|⟨b^+|1|b^+ã^+_i (k_1)⟩|^2c̃_2(q, k_1, k_2)_{ij} + |⟨b^+ã^+_i (k_1)|1|b^+⟩|^2c_0(q) + + ∑ j ∫ d^3k_2|⟨b^+|1|b^+a^+_i (k_1)⟩|^2c̃_2(q, k_1, k_2)_{ij} + + ∑ j ∫ d^3k_2|⟨b^+|1|b^+ã^+_i (k_1)⟩|^2c̃_2(q, k_1, k_2)_{ij} + + ∑ j ∫ d^3k_2|⟨b^+a^+_i (k_1)|1|b^+⟩|^2c_1(q, k_2)_j + + ∑ j ∫ d^3k_2|⟨b^+ã^+_i (k_1)|1|b^+⟩|^2c_1(q, k_2)_j + + ∑ j ∫ d^3k_2|⟨b^+a^+_i (k_1)|1|b^+⟩|^2c̃_1(q, k_2)_j + + ∑ j ∫ d^3k_2|⟨b^+ã^+_i (k_1)|1|b^+⟩|^2c̃_1(q, k_2)_j ] +

+ ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_12Re [ ⟨b^+|0|b^+⟩δ_{mi}δ(l_1 − k_1)⟨b^+a^+_m(l_1)|2|b^+a^+_i (k_1)⟩^∗c_1(q, k_1)_i ] + + ∑ m ∑ i ∫ d^3l_1 ∫ d^3k_12Re [ ⟨b^+|0|b^+⟩δ_{mi}δ(l_1 − k_1)⟨b^+ã^+_m(l_1)|2|b^+ã^+_i (k_1)⟩^∗c̃_1(q, k_1)_i ] + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 ·

· 2Re [ ⟨b^+|0|b^+⟩δ_{mi}δ_{nj}δ(l_1 − k_1)δ(l_2 − k_2) ·

· ⟨b^+a^+_m(l_1)|2|b^+a^+_i (k_1)⟩^∗δ(l_2 − k_2)δ_{nj}c_2(q, k_1, k_2)_{ij} ] + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_22Re [ ⟨b^+|0|b^+⟩δ_{mi}δ_{nj}δ(l_1 − k_1)δ(l_2 − k_2) · · { ⟨b^+a^+_m(l_1)|2|b^+a^+_i (k_1)⟩^∗ 1 2 δ(l_2 − k_2)δ_{nj} +

+ ⟨b^+ã^+_n (l_2)|2|b^+ã^+_j (k_2)⟩^∗ 1 2 δ(l_1 − k_1)δ_{mi} } c̃_2(q, k_1, k_2)_{ij} ] + + ∑ m,n ∑ i,j ∫ d^3l_1 ∫ d^3l_2 ∫ d^3k_1 ∫ d^3k_2 ·

· 2Re [ ⟨b^+|0|b^+⟩δ_{mi}δ_{nj}δ(l_1 − k_1)δ(l_2 − k_2) ·

· ⟨b^+ã^+_m(l_1)|2|b^+ã^+_i (k_1)⟩^∗δ(l_2 − k_2)δ_{nj}c̃_2(q, k_1, k_2)_{ij} ]} . (E.2)

The products of identical δ-distributions showing up in some terms of this formula indicate that we should have done this calculation using wave packets instead of sharp momentum states in the description of the asymptotic states. Since the products of zero- and two-BS contributions play no rôle in our discussion since they are finite (cf. Sec. 3.4.3), we will not do this here explicitly, we just state that the analogous calculation involving wave packets leads to the same result with only one of the identical δ’s in each term. Thus we throw away one of them in the expression above.

References

[1] D. Indumathi, “Cancellation of Infrared Divergences at Finite Temperature”, Annals Phys. 263, 310 (1998), hep-ph/9607206.

[2] K. Ahmed and S. Saleem, “Renormalization and Radiative Corrections at Finite Temperature Revisited”, Phys. Rev. D35, 1861 (1987).

[3] A. Palanques-Mestre and R. Tarrach, “Electrons In A Heated Vacuum”, Lett. Nuovo Cim. 43, 237 (1985).

[4] E.P. Tryon, “Quantum Electrodynamics In a Photon Sea”, Phys. Rev. Lett. 32, 1139 (1974).

[5] T. Altherr, “Infrared Singularities Cancellation in Reaction Rates at Finite Temperature”, Phys. Lett. B262, 314 (1991).

[6] H.A. Weldon, “Suppression of Bremsstrahlung at Nonzero Temperature”, Phys. Rev.

D49, 1579 (1994) hep-ph/9308243.

[7] H.A. Weldon, “Cancellation of Infrared Divergences in Thermal QED”, Nucl. Phys.

A566, 581c (1994). More or less the same as hep-ph/9311245.

[8] D. Eimerl, “Infrared Divergence At Finite Temperature”, Phys. Rev. D12, 427 (1975).

[9] W. Keil, “Radiative Corrections and Renormalization at Finite Temperature: A Real Time Approach”, Phys. Rev. D40, 1176 (1989).

[10] J.F. Donoghue, B.R. Holstein and R.W. Robinett, “Quantum Electrodynamics at Finite Temperature”, Ann. Phys. 164, 233 (1985).

[11] G. Peressutti and B.S. Skagerstam, “Finite Temperature Effects in Quantum Field Theory”, Phys. Lett. 110B, 406 (1982).

[12] Y. Fujimoto and H.Y. Jae, “The Electron Magnetic Moment at High Temperature”, Phys. Lett. 114B, 359 (1982).

[13] A.E. Johansson, G. Peressutti and B.S. Skagerstam, “Quantum Field Theory at Finite Temperature: Renormalization and Radiative Corrections”, Nucl. Phys. B278, 324 (1986).

[14] F. Ruiz Ruiz and R.F. Alvarez-Estrada, “Thermo Field Dynamics and One Loop Order QED at Finite Temperature”, Z. Phys. C34, 131 (1987).

[15] P.H. Cox, W.S. Hellman and A. Yildiz, “Finite Temperature Corrections to Field Theory: Electron Mass and Magnetic Moment, and Vacuum Energy”, Ann. Phys. 154, 211 (1984).

[16] G. Barton, “Temperature Dependence of the Electron Spin Magnetic Moment”, Phys.

Lett. B162, 185 (1985).

[17] T. Yabuki and A. Kanazawa, “The Anomalous Magnetic Moment of an Electron at Finite Temperature”, Prog. Theor. Phys. 85, 381 (1991).

[18] Shen, Xu and Tsui “QED at Finite Temperatures, 1-loop Corrections to the Magnetic Moment and the Mass of the Electron”, Comm. Theor. Phys. 15, 209 (1991).

[19] P. Elmfors and B. Skagerstam, “Anomalous Magnetic Moment at Finite Chemical Potential and External Field Effects”, Z. Phys. C49, 251 (1991).

[20] K. Ahmed and S.S. Masood, “Vacuum Polarization at Finite Temperature and Density in QED”, Annals Phys. 207, 460 (1991).

[21] H. Epstein and V. Glaser, “The Rôle of Locality in Perturbation Theory”, Annales Poincaré Phys. Theor. A19, 211 (1973).

[22] G. Scharf, Finite Quantum Electrodynamics: The Causal Approach, Berlin, Springer, 2nd edition, 1995.

[23] N.P. Landsman and C.G. van Weert, “Real and Imaginary Time Field Theory at Finite Temperature and Density”, Phys. Rept. 145, 141 (1987).

[24] I. Ojima, “Gauge Fields at Finite Temperatures: ’Thermo Field Dynamics’, KMS Condition and their Extension to Gauge Theories”, Ann. Phys. 137, 1 (1981).

[25] H. Umezawa, H. Matsumoto and M. Tachiki, Thermo Field Dynamics and Condensed States, Amsterdam, North-holland, 1982.

[26] S.K. Lamoreaux, “Experimental Verifications of the Casimir Attractive Force between Solid Bodies”, quant-ph/9907076.

[27] A. Roy, C. Lin and U. Mohideen, “Improved Precision Measurement of the Casimir Force”, Phys. Rev. D60, 111101 (1999), quant-ph/9906062.

[28] L. Hollberg and J.L. Hall, “Measurement of the Shift of Rydberg Energy Levels Induced by Blackbody Radiation”, Phys. Rev. Lett. 53, 230 (1984).

[29] G.. Grammer and D.R. Yennie, “Improved Treatment for the Infrared Divergence Problem in Quantum Electrodynamics”, Phys. Rev. D8, 4332 (1973).

[30] A. Aste, “Two-Loop Diagrams in Causal Perturbation Theory”, Annals Phys. 257, 158 (1997), hep-th/9608193.

[31] M. Dutsch, “Finite QED and Quantum Gauge Field Theory”, Acta Phys. Polon. B27, 2421 (1996).

[32] G. Hardy, Divergent Series, Oxford, Clarendon Press, 1949. [33] B. Malgrange, Séminaire Schwartz 21, (1959-60).

[34] A. Aste, G. Scharf and U. Walther, “Power Counting Degree versus Singular Order in the Schwinger Model”, Nuovo Cim. 111A, 323 (1998), hep-th/9805022.

[35] V.S. Vladimirov, Y.N. Drozzinov and B.I. Zavialov, Tauberian Theorems for Generalized Functions, Kluwer Acad. Publ., 1988.

[36] M. Dutsch, T. Hurth, F. Krahe and G. Scharf, “Causal Construction of Yang-Mills Theories. I”, Nuovo Cim. 106A, 1029 (1993).

[37] M. Dutsch, T. Hurth, F. Krahe and G. Scharf, “Causal Construction of Yang-Mills Theories. II”, Nuovo Cim. 107A, 375 (1994).

[38] M. Dutsch, T. Hurth and G. Scharf, “Causal Construction of Yang-Mills Theories. III”, Nuovo Cim. 108A, 679 (1995).

[39] M. Dutsch, T. Hurth and G. Scharf, “Causal Construction of Yang-Mills Theories. IV.

Unitarity”, Nuovo Cim. 108A, 737 (1995).

[40] M. Dutsch, “On Gauge Invariance of Yang-Mills Theories with Matter Fields”, Nuovo Cim. 109A, 1145 (1996).

[41] M. Dutsch, “Slavnov-Taylor Identities from the Causal Point of View”, Int. J. Mod.

Phys. A12, 3205 (1997), hep-th/9606105.

[42] A. Aste, G. Scharf and M. Dutsch, “On Gauge Invariance and Spontaneous Symmetry Breaking”, J. Phys. A A30, 5785 (1997) hep-th/9705216.

[43] A. Aste, G. Scharf and M. Dutsch, “Electroweak Theory without Spontaneous Symmetry Breaking. II”, hep-th/9702053.

[44] A. Aste, G. Scharf and M. Dutsch, “Perturbative Gauge Invariance: Electroweak Theory. II” Annalen Phys. 8 (1999) 389.

[45] I. Schorn, “Gauge Invariance of Quantum Gravity in the Causal Approach”, Class.

Quant. Grav. 14, 653 (1997).

[46] I. Schorn, “Ghost Couplings in Causal Quantum Gravity”, Class. Quant. Grav. 14, 671 (1997).

[47] N. Grillo, “Some Aspects of Quantum Gravity in the Causal Approach”,

hep-th/9903011.

[48] N. Grillo, “Causal Quantum Gravity”, hep-th/9910060. For more detailed expositions:

hep-th/9911118, hep-th/9912097, hep-th/9912114 and hep-th/9912128.

[49] G. Scharf and M. Wellmann, “Quantum Gravity from Perturbative Gauge Invariance”,

hep-th/9903055.

[50] G. Scharf, W.F. Wreszinski, B.M. Pimentel and J.L. Tomazelli, “Causal Approach to (2+1)-dimensional QED”, Ann. Phys. 231, 185 (1994).

[51] J.L. Boldo, B.M. Pimentel and J.L. Tomazelli, “The Causal Phase in QED in Threedimensions”, Int. J. Theor. Phys. 36, 1565 (1997) hep-th/9508161.

[52] F. Krahe, “On the Algebra of Ghost Fields”, hep-th/9502097.

[53] S. Guggenbühl, “A Weak Existence Theorem in QFT”, Ph.D. Thesis, 1999, to appear. [54] A. Aste and G. Scharf, “Non-abelian Gauge Theories as a Consequence of Perturbative Quantum Gauge Invariance”, Int. J. Mod. Phys. A14, 3421 (1999) hep-th/9803011.

[55] A. Aste, G. Scharf and M. Dutsch, “Gauge Independence of the S-Matrix in the Causal Approach”, J. Phys. A A31, 1563 (1998) hep-th/9710093.

[56] P.A. Henning, “Thermo Field Dynamics for Quantum Fields with Continuous Mass Spectrum”, Phys. Rept. 253, 235 (1995).

[57] P.A. Henning, K. Nakamura and Y. Yamanaka, “Thermal Field Theory in Non- Equilibrium States”, hep-ph/9511202.

[58] R. Haag, Local Quantum Physics: Fields, Particles, Algebras, Berlin, Springer, 2nd edition, 1996.

[59] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics, New York, Springer, vol.I 1979, vol. II 1981 (2nd ed. of vol. II: 1997).

[60] O. Steinmann, “Perturbative Quantum Field Theory at Positive Temperatures: An Axiomatic Approach”, Commun. Math. Phys. 170, 405 (1995) hep-th/9405135.

[61] R.L. Kobes, G.W. Semenoff and N. Weiss, “Real Time Feynman Rules for Gauge Theories with Fermions at Finite Temperature and Density”, Z. Phys. C29, 371 (1985).

[62] W. Israel, “Nonstationary Irreversible Thermodynamics: A Causal Relativistic Theory”, Ann. Phys. 100, 310 (1976).

[63] J.F. Donoghue and B.R. Holstein, “Renormalization and Radiative Corrections at Finite Temperature”, Phys. Rev. D28, 340 (1983), Erratum -ibid. D29, 3004 (1984).

[64] C. Itzykson and J.-B. Zuber, Quantum Field Theory, Singapore, McGraw-Hill, 1980.

[65] K. Jagannathan, “μ Decay at T ≠ 0 and Infrared Singularities”, Phys. Rev. D41, 1667 (1990).

[66] A. Niegawa and K. Takashiba, “Cancellation of Infrared Singularities in Finite Temperature Reaction Rates”, Nucl. Phys. B370, 335 (1992).

[67] S. Varma, “Finite Temperature Radiative Corrections to Compton Scattering”, Phys.

Rev. D46, 3630 (1992).

[68] T. Altherr, “Infrared Problem In gφ^4-theory at Finite Temperature”, Phys. Lett. B238, 360 (1990).

[69] T. Grandou, M. Le Bellac and D. Poizat, “Cancellation of Infrared and Collinear Singularities in Relativistic Thermal Field Theories”, Nucl. Phys. B358, 408 (1991).

[70] N.P. Landsman, “The Inherent Nonperturbativeness of Thermal Field Theories (and a Possible Perturbativization)”, Nucl. Phys. A525, 397 (1991).