arXiv:hep-th/9912271 29 Dec 1999

UCLA/99/TEP/28 Columbia/Math/99

Lectures on Supersymmetric Yang-Mills Theory and Integrable Systems

Eric D’Hoker^a and D.H.Phong^b

a Department of Physics University of California, Los Angeles, CA 90095

b Department of Mathematics Columbia University, New York, NY 10027

Abstract

We present a series of four self-contained lectures on the following topics;

(I) An introduction to 4-dimensional 1 ˇ N ˇ 4 supersymmetric Yang-Mills theory, including particle and field contents, N = 1 and N = 2 superfield methods and the construction of general invariant Lagrangians;

(II) A review of holomorphicity and duality in N = 2 super-Yang-Mills, of Seiberg-Witten theory and its formulation in terms of Riemann surfaces;

(III) An introduction to mechanical Hamiltonian integrable systems, such as the Toda and Calogero-Moser systems associated with general Lie algebras; a review of the recently constructed Lax pairs with spectral parameter for twisted and untwisted elliptic Calogero-Moser systems;

(IV) A review of recent solutions of the Seiberg-Witten theory for general gauge algebra and adjoint hypermultiplet content in terms of the elliptic Calogero-Moser integrable systems.

Contents

1 Introduction 4 1.1 Supersymmetry and the Standard Model . . . . . . . . . . . . . . . . . . . 4 1.2 Supersymmetry and Unification of Forces . . . . . . . . . . . . . . . . . . . 6 1.3 Supersymmetric Yang-Mills dynamics . . . . . . . . . . . . . . . . . . . . . 9

2 Supersymmetric Yang-Mills in 4 Dimensions 10 2.1 Supersymmetry Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.2 Massless Particle Representations . . . . . . . . . . . . . . . . . . . . . . . 11 2.3 Massive Particle Representations . . . . . . . . . . . . . . . . . . . . . . . 12 2.4 Field Contents of Supersymmetric Field Theories . . . . . . . . . . . . . . 13 2.5 N=1 Supersymmetric Lagrangians . . . . . . . . . . . . . . . . . . . . . . . 14 2.6 N=1 Superfield Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.7 Irreducible Superfields of N=1 . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.8 General N=1 Susy Lagrangians via Superfields . . . . . . . . . . . . . . . . 20 2.9 Renormalizable N=2,4 Susy Lagrangians . . . . . . . . . . . . . . . . . . . 22 2.10 N=2 Superfield Methods : unconstrained superspace . . . . . . . . . . . . 23 2.11 N=2 Superfield Methods : harmonic/analytic superspaces . . . . . . . . . . 26

3 Seiberg-Witten Theory 30 3.1 Wilson Effective Couplings and Actions . . . . . . . . . . . . . . . . . . . . 30 3.2 Holomorphicity and Non-Renormalization . . . . . . . . . . . . . . . . . . 32 3.3 Low Energy Dynamics of N=2 super-Yang-Mills . . . . . . . . . . . . . . . 34 3.4 Particle and Field Contents . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.5 Form of the N=2 Low Energy Effective Lagrangian . . . . . . . . . . . . . 37 3.6 Physical Properties of the Prepotential . . . . . . . . . . . . . . . . . . . . 39 3.7 Electric-Magnetic Duality . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 3.8 Monodromy via Elliptic Curves for SU(2) Gauge Group . . . . . . . . . . . 42 3.9 Physical Interpretation of Singularities . . . . . . . . . . . . . . . . . . . . 44 3.10 Hypergeometric Function Representation . . . . . . . . . . . . . . . . . . . 46

4 More General Gauge Groups, Hypermultiplets 48 4.1 Model of Riemann Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.2 Identifying Seiberg-Witten and Riemann Surface Data . . . . . . . . . . . 49 4.3 SU(N) Gauge Algebras, Fundamental Hypermultiplets . . . . . . . . . . . 51 4.4 Classical Gauge Algebras, Fundamental Hypermultiplets . . . . . . . . . . 56

5 Mechanical Integrable Systems 58 5.1 Lax Pairs with Spectral Parameter - Spectral Curves . . . . . . . . . . . . 59 5.2 The Toda Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 5.3 The Calogero-Moser Systems for SU(N) . . . . . . . . . . . . . . . . . . . . 63 5.4 Relation between Calogero-Moser and Toda for SU(N) . . . . . . . . . . . 65 5.5 Relations with KdV and KP Systems . . . . . . . . . . . . . . . . . . . . . 66 5.6 Calogero-Moser Systems for General Lie Algebras . . . . . . . . . . . . . . 67 5.7 Scaling of Calogero-Moser to Toda for General Lie Algebras . . . . . . . . 68

6 Calogero-Moser Lax pairs for general Lie algebras 71 6.1 Lax Pairs with Spectral Parameter for Classical Lie Algebras . . . . . . . . 71 6.2 The General Ansatz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 6.3 Lax Pairs for Untwisted Calogero-Moser Systems . . . . . . . . . . . . . . 76 6.4 Lax Pairs for Twisted Calogero-Moser Systems . . . . . . . . . . . . . . . . 82 6.5 Scaling Limits of Lax Pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7 Super-Yang-Mills and Calogero-Moser Systems 88 7.1 Correspondence Seiberg-Witten and Integrable Systems . . . . . . . . . . . 88 7.2 Calogero-Moser and Seiberg-Witten Theory for SU(N) . . . . . . . . . . . 90 7.3 Four Fundamental Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 91 7.4 Partial Decoupling of Hypermultiplet, Product Groups . . . . . . . . . . . 96

8 Calogero-Moser and Seiberg-Witten for General G 98 8.1 The General Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 8.2 Spectral Curves for Low Rank . . . . . . . . . . . . . . . . . . . . . . . . . 99 8.3 Perturbative Prepotential for SO(2n) . . . . . . . . . . . . . . . . . . . . . 102

9 Appendix A : Notations and Conventions 104 9.1 Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 9.2 Dirac matrices in a Weyl basis . . . . . . . . . . . . . . . . . . . . . . . . . 105 9.3 Dirac matrices in a Majorana basis . . . . . . . . . . . . . . . . . . . . . . 105 9.4 Two-Component Spinors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

10 Appendix B : Lie Algebra Theory 107

11 Appendix C : Elliptic Functions 111 11.1 Basic Definitions and properties . . . . . . . . . . . . . . . . . . . . . . . 111 11.2 Half and Third Period Functions . . . . . . . . . . . . . . . . . . . . . . . 113 11.3 The Function Φ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 11.4 The Functions Λ, Φ_1, Φ_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

List of Tables

1 Particle Contents of the Standard Model . . . . . . . . . . . . . . . . . . . 4 2 Particle Contents of the Minimal Supersymmetric Standard Model . . . . . 5 3 Numbers of Massless States as a function of N and helicity . . . . . . . . . 11 4 Numbers of Massive States as a function of N and spin . . . . . . . . . . . 12 5 U(1) × U(1)_R quantum numbers of chiral superfields . . . . . . . . . . . . 33 6 Exponents entering Seiberg-Witten curves for classical gauge algebras . . . 56 7 Weyl orbit structure of 27 ⊗ 27^∗ of E_6. . . . . . . . . . . . . . . . . . . . . 80 8 Data map between Seiberg-Witten theory and Integrable systems . . . . . 89 9 Root system of finite dimensional simple Lie algebras . . . . . . . . . . . . 109 10 Marks, Co-marks and Exponents . . . . . . . . . . . . . . . . . . . . . . . 109

1 Introduction

Supersymmetry (often abbreviated as susy) maps particles and fields of integer spin (bosons) into particles and fields of half odd integer spin (fermions) and vice versa. Supersymmetry was introduced in quantum field theory in [1] (for textbooks, see [2]). Supersymmetry is a continuous space-time symmetry, generated by a supercharge Q_α, which is a fermionic space-time spinor operator of spin 1/2. As such, Q_α commutes with the usual local and global internal symmetries, such as color and flavor symmetries,

[Q_α, internal charges] = 0 . (1.1)

As a result, in a supersymmetric theory, the spectrum is arranged in pairs (boson, fermion), where the boson and fermion have the same internal quantum numbers and the same mass.

In the present lectures, we shall concentrate on Yang-Mills theories, which are built out of particles and fields of spins at most equal to 1. Thus, we shall not deal with theories of gravity which contain also particles and fields of spins larger than 1. Before reviewing the structure of the spectrum and of the interactions of supersymmetric theories, we shall briefly explain why supersymmetry is an important and integral part of modern particle physics already today and is expected to become so even more in the near future.

1.1 Supersymmetry and the Standard Model

All the particle physics that we know of today is described to stunning accuracy by the particle contents and by the interactions of the Standard Model. The particle contents is given in table 1; all particles have been observed, except for the Higgs.

The interactions between the spin 1 particles and quarks and leptons are dictated by the gauge invariance of the standard model, SU(3)_c × SU(2)_L × U(1)_Y . To each of the factors of the gauge group, there is an independent coupling constant, denoted by g_3, g_2 and g_1. The fine structure constant α, familiar from electromagnetism, and the weak mixing angle θ_W are combinations of the couplings g_2 and g_1.

Spin 0 physical Higgs not yet observed

leptons ( ν_e e^− ) ( ν_μ μ^− ) ( ν_τ τ^− ) Spin^1_2

quarks ( u d ) ( c s ) ( t b ) 8 gluons g strong interactions Spin 1 photon γ electro-magnetic interactions W^±, Z weak interactions

Table 1: Particle Contents of the Standard Model

By inspection of the particle spectrum of the Standard Model, it is immediate that there is not a single candidate for a supersymmetric pair of particles. Thus, it would appear at first sight that supersymmetry has no useful place in particle physics, since the most basic characteristic of a supersymmetric theory is not realized in the Standard Model.

However, in Nature, symmetries are often spontaneously broken. This means that the laws of physics are invariant under a symmetry, but the solution of the equations (such as the ground state of the theory) is not invariant under this symmetry. This situation is familiar from the Standard Model itself and occurs in all three sectors of the theory. In the SU(3)_c or Quantum Chromodynamics (QCD) sector, the spontaneous breaking of approximate chiral symmetry for the up and down quarks is responsible for the comparatively small masses of the pions, as well as for the comparatively large masses of the nucleons. (This effect is discussed in detail in the Banff lectures of Frank Wilczek [3].) In the SU(2)_L × U(1)_Y sector, the spontaneous breaking of SU(2) is responsible for the masses of quarks, leptons, W^± and Z particles, as well as for the emergence of unbroken electromagnetic U(1)_{em}.

Thus, by analogy with mechanisms familiar from the Standard Model, we should expect that also supersymmetry may be spontaneously broken if realized at all in Nature. In the generic mechanisms of supersymmetry breaking, the spectrum continues to be organized in pairs of bosons and fermions with equal quantum numbers, but the mass of the fermion is different from the mass of the boson of the pair.

Considering now pairs of fermions and bosons, but allowing for unequal masses, as is typical of spectra with spontaneously broken supersymmetry, we see that the Standard Model still exhibits no candidates for such pairs, and thus displays no room for supersymmetry to operate, even if spontaneously broken. To have any chance at all of realizing supersymmetry, even spontaneously broken, the particle spectrum of the Standard Model must be extended. The minimal way of doing this, via the introduction of the smallest number of supplementary particles, is called the Minimal Supersymmetric Standard Model. Basically, for each currently known or non-supersymmetric particle, we supply a hypothetical supersymmetric partner. There is one exception : supersymmetry requires at least two Higgs fields. The spectrum is schematically exhibited in table 2.

Non-Susy Sector Susy Partners Spin Susy Partners 2 Higgs (required) Higgsinos 1/2 Leptons (ν_e e^−) · · · sLeptons (ν̃_e ẽ^−) · · · 0 Quarks (u d) · · · sQuarks (ũ d̃) · · · 0 Gluons g Gluinos g̃ Photon γ photino γ̃ 1/2 W^±, Z Winos W̃^±, Zino Z̃

Table 2: Particle Contents of the Minimal Supersymmetric Standard Model

Actually, the existence of super partners in supersymmetric theories is one of the most dramatic and most general predictions that follows from the assumption that supersymmetry has anything to do with Nature at all. Bold as the assumption of this extension of the particle spectrum may be, this is not the first time in the history of particle physics that the number of degrees of freedom associated with an elementary particle is doubled up, as schematically shown in the diagram below for the case of the electron

Thompson electron =⇒ + spin =⇒ + positron =⇒ + susy partner .

The precise mechanism by which supersymmetry is to be broken is not well understood at present. By analogy with QCD, the mechanism may be inherently non-perturbative, but we do not know for a fact that this is the case.

1.2 Supersymmetry and Unification of Forces

The supersymmetric extension of the Standard Model, in which a hypothetical supersymmetric partner is included for each known particle, has appeared in a rather ad-hoc fashion. The full significance of supersymmetry really emerges only when the principle of supersymmetry is considered in conjunction with the principle of the unification of the strong, electro-magnetic and weak forces (and most likely also gravity).

Remarkably, the Standard Model automatically contains a new scale at energies of order 10^{15} GeV . It is surprising to find such a high energy scale in the model, since the masses of the quarks, leptons and gauge bosons are on the order of or smaller than the electro-weak scale of about 250 GeV . To see how this new scale emerges, one must take into account the effect of renormalization of the three couplings g_i, i = 1, 2, 3. (See for example [4].) As the typical energy or mass scale μ of a physical process is altered, the couplings g_i vary according to the renormalization group equations, whose lowest order solutions are given by 4π g^2_i (μ) = b_i 2π ln μ Λ_i i = 1, 2, 3 . (1.2)

Here, b_i are numerical constants, dependent on the gauge group and on the matter contents, and Λ_i are integration constants; we shall not need their explicit values here. The couplings have been measured to very high accuracy at the scale of the mass of the Z particle μ = M_Z, where [5]

g_1(M_Z) ∼ 0.46 < g_2(M_Z ) ∼ 0.64 < g_3(M_Z) ∼ 1.22 (1.3)

These values determine the integration constants Λ_i for given b_i.

The couplings g_2 and g_3 are asymptotically free, i.e. their values decrease as the energy scale is increased because b_2, b_3 > 0. Now, at low energies, the strong coupling g_3 is larger than g_2, and since b_3 > b_2, the coupling g_3 will decrease faster than g_2. Also, the coupling g_1 is not asymptotically free and increases as the energy scale is increased because b_1 < 0. From these general considerations, it is not surprising that the couplings g_i will mutually intersect as the energy scale is raised.

Remarkably however, all three couplings g_i(μ) approximately intersect in one point around M_U ∼ 10^{15} GeV . Even more remarkably, this scale is only a few orders of magnitude below perhaps the most primary scale in physics, the Planck scale M_P ∼ 10^{19} GeV at which quantum gravity is supposed to become important. Adopting the philosophy that such a remarkable coincidence cannot be merely an accident and must have a fundamental physical meaning, we are led to interpret the scale M_U , where the three couplings approximately meet, as a scale where the three different forces are unified into a single one. A unified theory will be governed by a simple gauge group. The smallest such group which contains the gauge group of the Standard Model as a subgroup is SU(5), but the inclusion of a massive neutrino can be realized only in the larger SO(10), and string theory might favor a sequence all the way up to the maximal exceptional group E_8,

SU(3)_c × SU(2)_L × U(1)_Y ⊂ SU(5) ⊂ SO(10) ⊂ E_6 ⊂ E_8 . (1.4)

Starting at the highest energy scales, just below M_P , and running down to lower energy scales, there will initially be only a single force, governed by the unified simple gauge group. The strong, electromagnetic and weak interactions will emerge as the result of a phase transition at the unification scale M_U , where the unified gauge symmetry is broken down to the SU(3)_c ×SU(2)_L ×U(1)_Y gauge group. If the breaking of the gauge symmetry occurs in successive stages, various intermediate breaking scales will also emerge.

The unification scheme is attractive for a number of additional reasons. ⊕ The Abelian gauge interactions U(1)_Y and U(1)_{em} are not asymptotically free and the gauge couplings g_1 and α grow indefinitely as the energy scale is increased. It is usually argued that this behavior leads to a Landau ghost, thus to a failure of unitarity at high energies and ultimately to an inconsistency of the theory. In the unification schemes where the U(1) gauge group arises from the breaking of an asymptotically free gauge theory with simple gauge group, this problem is automatically avoided, because the dynamics of the asymptotically simple group will take over at sufficiently large energies. ⊕ The particle spectrum of the standard model without right handed neutrino fits economically in three family copies of the ¯5 ⊕ 10 of SU(5), while the spectrum including the right handed neutrino fits precisely in three family copies of the 16 spinor representation of SO(10). In view of the recent experimental results on neutrino masses and oscillations, the SO(10) scheme is definitely the preferred one.

However, the unification scheme also has some fundamental problems. ⊖ The additional gauge bosons can mediate baryon number violating transitions, and the proton life-time comes out around 10^{29} years, many orders of magnitude shorter than the present experimental bounds of around 10^{33} years. (See for example [6].)

⊖ As the fundamental scale in the unification models is now large and on the order of 10^{15} GeV , it becomes an issue as to how the comparatively small mass scales of the electro-weak gauge bosons and the quarks and leptons come about. This is called the hierarchy problem. The principles of quantum field theory guarantee that these masses are free parameters, so in principle they could be adjusted by hand to be small. This requires an absurd degree of fine tuning of the various couplings in the theory, and is usually viewed as unnatural.

⊖ Finally, the three gauge couplings g_1, g_2 and g_3 meet only approximately in a single point. With the high precision data made available by the study of the Z-particle and its decays, we now know that strictly within the scenario of the Standard Model and its extrapolation to high energies, the three couplings will not intersect at one point.

The Supersymmetric Extension of the Standard Model, combined with the principle of unification of strong, electro-magnetic and weak forces supplies radical solutions to the above problems.

⊕ The supersymmetric extension of the SO(10) unified theory provides perfect intersection of the couplings g_1, g_2 and g_3 at M_{SU} ∼ 10^{16} GeV . The running of the gauge couplings depends only very slightly upon the scale and mechanism of supersymmetry breaking. The result quoted here is obtained generically when the susy breaking scale is on the order of the electro-weak scale of 100 GeV .

⊕ The proton life-time for the SU(5) or SO(10) supersymmetric unified theories is now much longer (in part because the unification scale is an order of magnitude larger in the supersymmetric theories) and estimated to be on the order of 3 × 10^{33} years. This result is tantalizingly close to the present day bounds for this number, and if supersymmetric unified theories are viable, we may expect to see proton decay within our life-time.

⊕ The hierarchy and fine-tuning problems are dramatically reduced. The smallness of fermion masses is naturally protected by chiral symmetries. In generic non-supersymmetric theories, the smallness of boson masses is not protected and contributions to the boson mass quadratic in the cutoff scale tend to drive boson masses towards the largest scale in the theory. In exactly supersymmetric theories, bosons and fermions are degenerate, so supersymmetry together with chiral symmetry will also protect the smallness of boson masses. In more realistic theories, where supersymmetry is broken (explicitly or spontaneously) at a scale of M_B, the smallness of boson masses will be naturally protected up to the supersymmetry breaking scale. The idea being that above this breaking scale, supersymmetry is exact for all practical purposes, and boson and fermion masses above this scale will be degenerate.

⊕ Finally, the argument of the previous point may be turned around and used to provide a rough estimate of the supersymmetry breaking scale. If supersymmetry is to protect boson masses up to the electro-weak scale, then the supersymmetry breaking scale cannot be too much larger than the electro-weak breaking scale, otherwise supersymmetry will cease to resolve the hierarchy and fine-tuning problems. Including lower bounds from present day experiments on supersymmetric particles, we obtain the challenging range

100 GeV ≤ susy breaking scale ≤ 1000 GeV . (1.5)

As experiments confront energy scales larger than the susy breaking scale, one may naturally expect to find a wealth of supersymmetric partners. Remarkably, if the above scheme is borne out in Nature, the experimental discovery of supersymmetry may not be far off in the future !

1.3 Supersymmetric Yang-Mills dynamics

In view of the remarkable confluence of circumstancial evidence pointing towards a supersymmetric extension of the Standard Model, it has become a priority in particle physics to understand better the perturbative and non-perturbative dynamics of supersymmetric gauge theories and their spontaneous breaking. Over the past few years, substantial progress has been made in the understanding of the non-perturbative dynamics of Yang- Mills theory with extended supersymmetry, namely N = 2 and N = 4. On the one hand, by generalizing Montonen-Olive [7] duality, Seiberg and Witten [8] obtained the exact low energy effective action as well as the exact spectrum of BPS states of N = 2 super Yang-Mills theory (with SU(2) gauge group) and established that the dynamics is always that of a Coulomb phase. On the other hand, by analyzing D3-brane configurations [9] in certain limits, Maldacena [10] arrived at an equivalence conjecture between Type IIB superstring theory on AdS_5 × S^5 and N = 4 superconformal Yang-Mills theory. Assuming this equivalence, further conjectures, purely on N = 4 super Yang-Mills, have emerged, suggesting an extensive degree of non-renormalization [11] perhaps beyond that required by the N = 4 supersymmetry alone [12]. While it is unlikely that N = 4 super Yang-Mills is completely integrable in the sense of 2-dimensional models, both developments mentioned above suggest that the theory may be integrable in restricted sense. While these developments are impressive, the physically most pressing questions such as the dynamics of supersymmetry breaking remain only partially under control to this date.

The purpose of the present lectures is to present an introduction to 4-dimensional supersymmetric gauge theories, including those with extended supersymmetry, as well as to the Seiberg-Witten non-perturbative solutions. Remarkably, these solutions possess a natural and extremely useful mapping onto integrable systems in classical mechanics, a subject to which we also present a review. Finally, the map onto integrable systems, in particular onto Toda and Calogero-Moser systems, is used to give a Seiberg-Witten construction for general gauge algebras and a hypermultiplet in the adjoint representation of the gauge algebra (a theory obtained from N = 4 super Yang-Mills by adding a mass term to the hypermultiplet).

2 Supersymmetric Yang-Mills in 4 Dimensions

We begin by reviewing the particle and field contents and the construction of Lagrangians invariant under supersymmetry for spins less or equal to 1. For textbooks see [2].

2.1 Supersymmetry Algebra

Poincaré symmetry is generated by the translations R^4 and Lorentz transformations SO(3, 1), with generators P_μ and L_{μν} respectively. (Here and below, μ, ν = 0, 1, 2, 3.) The complexified Lorentz group is isomorphic to SU(2)×SU(2), and its finite-dimensional representations are usually labeled by two positive (or zero) half integers (s_+, s_−), s_± ∈ Z/2. Scalar, 4-vector, and rank 2 symmetric tensors transform under (0, 0), (^1_2 ,^1_2 ) and (1, 1) respectively, left and right chirality fermions transform under (^1_2 , 0) and (0,^1_2 ) respectively, and selfdual and anti-selfdual rank 2 anti-symmetric tensors transform under (1, 0) and (0, 1) respectively.

Supersymmetry enlarges the Poincaré algebra by including spinor supercharges, I = 1, · · · , N Q^I_α α = 1, 2 left Weyl spinor

Q̄_{α̇I} = (QI_α)† right Weyl spinor

(2.1)

Here, α is a Weyl spinor label, and N is the number of independent supersymmetries of the algebra. The supercharges transform as Weyl spinors of SO(3, 1), and are translation invariant, so that [P_μ, Q^I_α] = 0. The remaining super-Lie algebra structure relations are

{Q^I_α, Q̄˙_{βJ} } = 2σ^μ_{αβ̇}P_μδ^I_J (2.2)

{Q^I_α, Q^J_β} = 2ϵ_{αβ}Z^{IJ} (2.3)

Here, we have used 2-component spinor notation, which is related to 4-component Dirac spinor notation by γ^μ = ( 0 σ^μ σ̄^μ 0 ) Q^I = ( Q^I_α Q̄^{α̇}_I ) (2.4)

By construction, the generators Z^{IJ} are anti-symmetric in the indices I and J, and commute with all generators of the supersymmetry algebra. For the last reason, the Z^{IJ} are usually referred to as central charges, and we have

Z^{IJ} = −Z^{JI} [Z^{IJ} , anything] = 0 . (2.5)

Note that for N = 1, the anti-symmetry of Z implies that Z = 0.

The supersymmetry algebra is left invariant under a global phase rotation of all supercharges Q^I_α, forming a group U(1)_R. In addition, when N > 1, the different supercharges may be rotated into one another under a unitary transformation, belonging to SU(N )_R. These (automorphism) symmetries of the supersymmetry algebra are called R-symmetries. In quantum field theories, part or all of these R-symmetries may be broken by anomaly effects.

2.2 Massless Particle Representations

To study massless representations, we choose a Lorentz frame in which the momentum takes the form P^μ = (E, 0, 0, E), E > 0. The susy algebra relation (2.2) then reduces to

{Q^I_α, (Q^J_β)^†} = 2(σ^μP_μ)_α˙_βδ^I_J = ( 4E 0 0 0 ) αβ̇ δ^I_J . (2.6)

We consider only unitary particle representations, in which the operators Q^I_α act in a positive definite Hilbert space. The relation for α = β̇ = 2 and I = J implies

{Q^I_2, (Q^I_2)^†} = 0 =⇒ Q^I_2 = 0, Z^{IJ} = 0 . (2.7)

The relation Q^I_2 = 0 follows because the left hand side of (2.7) implies that the norm of Q^I_2|ψ⟩ vanishes for any state |ψ⟩ in the Hilbert space. The relation Z^{IJ} = 0 then follows from (2.2) for α = 2 and β̇ = 1. The remaining supercharge operators are

• Q^I_1 which lowers helicity by 1/2;

• Q̄^I_{˙1} = (Q^I_1)^† which raises helicity by 1/2.

Together, Q^I_1 and (Q^I_1)^†, with I = 1, · · · , N form a representation of dimension 2^N of the Clifford algebra associated with the Lie algebra SO(2N ). All the states in the representation may be obtained by starting from the highest helicity state |h⟩ and applying products of Q^I_1 operators for all possible values of I.

Here, we shall only be interested in CPT invariant theories, such as quantum field theories and string theories, for which the particle spectrum must be symmetric under a sign change in helicity. If the particle spectrum obtained as a Clifford representation in the above fashion is not already CPT self-conjugate, then we shall take instead the direct sum with its CPT conjugate. For helicity ≤ 1, the spectra are listed in table 3. The N = 3 and N = 4 particle spectra then coincide, and the quantum field theories are identical.

Helicity N = 1 N = 1 N = 2 N = 2 N = 3 N = 4 ≤ 1 gauge chiral gauge hyper gauge gauge 1 1 0 1 0 1 1 1/2 1 1 2 2 3+1 4 0 0 1+1 1+1 4 3+3 6 −1/2 1 1 2 2 1+3 4 −1 1 0 1 0 1 1 Total # 2 × 2 2 × 2 2 × 4 8 2 × 8 16

Table 3: Numbers of Massless States as a function of N and helicity

2.3 Massive Particle Representations

For massive particle representations, we choose the rest frame with P^μ = (M, 0, 0, 0), so that the first set of susy algebra structure relations takes the form

{Q^I_α, (Q^J_β)^†} = 2Mδ^β_αδ^I_J . (2.8)

To deal with the full susy algebra, it is convenient to make use of the SU(N ) R-symmetry to diagonalize in blocks of 2 × 2 the anti-symmetric matrix Z^{IJ} = −Z^{JI} . To do so, we split the label I into two labels : I = (a, i) where a = 1, 2 and i = 1, · · · , r, where N = 2r for N even (and we append a further single label when N is odd). We then have

Z = diag(ϵZ_1, · · · , ϵZ_r, #) ϵ^{12} = −ϵ^{21} = 1 , (2.9)

where # equals 0 for N = 2r + 1 and # is absent for N = 2r. The Z_i, i = 1, · · · , r are real central charges. In terms of linear combinations Q^i_{α±} ≡^1_2 (Q^{1i}_α ± σ^0_{αβ̇}(Q^{2i}_β )^†), the only non-vanishing susy structure relation left is (the ± signs below are correlated)

{Q^i_{α±}, (Q^j_{β±})^†} = δ^i_jδ^β_α(M ± Z_i) . (2.10)

In any unitary particle representation, the operator on the left hand side of (2.10) must be positive, and thus we obtain the BPS bound (for Bogomolnyi-Prasad-Sommerfield) M ≥ |Z_i| i = 1, · · · , r = [ N 2 ] . (2.11)

Whenever one of the values |Z_i| equals M, the BPS bound is (partially) saturated and either the supercharge Q^i_{α+} or Q^i_{α−} must vanish. The supersymmetry representation then suffers multiplet shortening. More precisely, if we have M = |Z_i| for i = 1, · · · , r_o, and M > |Z_i| for all other values of i, the susy algebra is effectively a Clifford algebra associated with SO(4N − 2r_o), the corresponding representation is said to be 1/2^{ro} BPS, and has dimension 2^{2N −ro} .

Spin N = 1 N = 1 N = 2 N = 2 N = 2 N = 4 ≤ 1 gauge chiral gauge BPS gauge BPS hyper BPS gauge 1 1 0 1 1 0 1 1/2 2 1 4 2 2 4 0 1 2 5 1 4 6 Total # 8 4 16 8 8 16

Table 4: Numbers of Massive States as a function of N and spin

2.4 Field Contents of Supersymmetric Field Theories

The analysis of the preceding two subsections has revealed that the supersymmetry particle representations for 1 ≤ N ≤ 4, with spin less or equal to 1, simply consist of customary spin 1 vector particles, spin 1/2 fermions and spin 0 scalars. Correspondingly, the fields in supersymmetric theories with spin less or equal to 1 are customary spin 1 gauge fields,^1 spin 1/2 Weyl fermion fields and spin 0 scalar fields, but these fields are restricted to enter in multiplets of the relevant supersymmetry algebras. Here, we shall need only the N = 2 BPS gauge field, instead of the full N = 2 gauge multiplet, and henceforth we shall restrict to this case.

Let G denote the gauge algebra, associated with a compact Lie group G. Then, two kinds of multiplets occur. For any 1 ≤ N ≤ 4, we have a gauge multiplet, which transforms under the adjoint representation of G. For N = 3, 4, this is the only possible multiplet. Furthermore, the quantum field theories with N = 3 supersymmetry turn out to coincide with those with N = 4 supersymmetry in view of CPT invariance. Thus, we shall limit our discussion to the N = 4 theories, as is customarily done. For N = 1 and N = 2, we also have matter multiplets : for N = 1, this is the chiral multiplet, and for N = 2 this is the hypermultiplet, both of which may transform under an arbitrary (unitary, and possibly reducible) representation R of G.

We shall now briefly discuss each of these field multiplets in terms of their components, which are the customary gauge field A_μ, left Weyl fermions ψ_α and λ_α and scalar fields ϕ and H. (The notation is conventional.) A Dirac fermion ψ_D is the direct sum of a left and right Weyl fermion ψ_D = (ψ λ̄), while a Majorana (or real) fermion ψ_M is a Dirac fermion with λ = ψ : ψ_M = (ψ ψ̄). In 4 space-time dimensions, a Majorana fermion is equivalent to a Weyl fermion.

• N = 1 Gauge Multiplet (A_μ λ_α), where λ_α is the gaugino Majorana fermion;

• N = 1 Chiral Multiplet (ψ_α ϕ), where ψ_α is a left Weyl fermion and ϕ a complex scalar, in the representation R of G.

• N = 2 Gauge Multiplet (A_μ λ_{α±} ϕ), where λ_{α±} form a Dirac fermion, and ϕ is the complex gauge scalar. Under the SU(2)_R symmetry of N = 2 supersymmetry, the fields A_μ and ϕ are singlets, while the fields λ_+ and λ_− transform as a doublet.

• N = 2 Hypermultiplet (ψ_{α+} H_± ψ_{α+}), where ψ_{α±} form a Dirac spinor and H_± are complex scalars, transforming under the representation R of G. Under the SU(2)_R symmetry, ψ_± are singlets, while H_+ and H_− transform as a doublet.

• N = 4 Gauge Multiplet (A_μ λ^A_α ϕ^I ), where λ^A_α , A = 1, 2, 3, 4 are left Weyl fermions (equivalent to two Dirac fermions) and ϕ^I , I = 1, · · · , 6 are real scalars (equivalent

1By the principles of unitary quantum field theory, spin 1 vector particles are described by gauge fields.

to three complex scalars). Under the SU(4)_R symmetry of N = 4 supersymmetry, the gauge field A_μ is a singlet, the fermions λ^A_α transform in the fundamental 4, the scalars ϕ^I transform in the rank 2 anti-symmetric 6.

It is very useful to record the transformation properties and representation contents under supersymmetry subalgebras of the N = 2 and N = 4 supersymmetry algebras,

• (N = 2 gauge) = (N = 1 gauge) ⊕ (N = 1 chiral in adjoint rep. of G);

• (N = 2 hyper) = (N = 1 chiral) ⊕ (N = 1 chiral in complex conjugate rep.);

• (N = 4 gauge) = (N = 2 gauge) ⊕ (N = 2 hyper in adjoint rep. of G).

We conclude by remarking that all of the above multiplets are parity self-conjugate, except for the N = 1 chiral multiplet, since it is built out of a single left Weyl fermion.

2.5 N=1 Supersymmetric Lagrangians

Lagrangians invariant under supersymmetry are just customary Lagrangians of gauge, spin 1/2 fermion and scalar fields, (these fields are arranged in multiplets of the supersymmetry algebra, as established previously) with certain special relations amongst the coupling constants and masses. We begin with the construction of Lagrangians invariant under the smallest degree of supersymmetry, namely N = 1. For our purposes, the Lagrangians of interest are of two restricted kinds

• (1) Renormalizable N = 1 supersymmetric gauge theories;

• (2) More general low energy effective N = 1 supersymmetric theories, with the property that any monomial term in the Lagrangian has a total of no more than two derivatives on all boson fields and no more than one derivative on all fermion fields. Such restricted Lagrangian may be viewed as describing phenomena in the limit of low energy and momenta, and are well familiar from soft pion physics.

In 4 space-time dimensions, all Lagrangians in group (1) automatically belong in group (2). Thus, we seek to construct all Lagrangians in (2).

We consider first the case of only the N = 1 gauge multiplet (A_μ λ_α), and proceed by writing down all possible gauge invariant polynomial terms of dimension 4 using minimal coupling. One finds L = − 1 2g^2 trF_{μν}F^{μν} + θ 8π^2 trF_{μν}F̃^{μν} − i 2 trλ̄σ̄^μD_μλ , (2.12) where g is the gauge coupling, θ is the instanton angle, the field strength is F_{μν} = ∂_μA_ν − ∂_νA_μ + i[A_μ, A_ν], F̃_{μν} =^1_2 ϵ_{μνρκ}F^{ρκ} is the Poincaré dual of F , and D_μ = ∂_μλ + i[A_μ, λ]. Remarkably, L is automatically invariant under the N = 1 supersymmetry transformations δ_ξA_μ = iξ̄σ̄_μλ − iλ̄σ̄_μξ δ_ξλ = σ^{μν}F_{μν} ξ (2.13)

where ξ is a spin 1/2 valued infinitesimal supersymmetry parameter. Note that the addition in (2.12) of a Majorana mass term mλλ for λ would spoil supersymmetry.

Unfortunately, as soon as scalar fields are to be included, such as is the case when dealing with chiral multiplets, it is no longer so easy to guess supersymmetry invariant Lagrangians. For example, for a single chiral multiplet (ψ ϕ) already, the restricted case (1) of just renormalizable Lagrangians is much more involved and much less intuitive. We quote here the result and shall leave the derivation of this case as well as of the more general ones for the next subsections. We have L = −∂_μϕ^∗∂^μϕ − iψ̄σ̄^μ∂_μψ − | | | | ∂U ∂ϕ | | | | 2 − Re ( ψψ ∂^2U ∂ϕ^2 ) (2.14)

where U(ϕ) is forced by N = 1 supersymmetry to be a complex analytic (holomorphic) scalar function of ϕ, called the superpotential. Renormalizability furthermore restricts U to be a polynomial of degree no larger than 3 : U(ϕ) = U_0 + U_1ϕ + U_2ϕ^2 + U_3ϕ^3. Here, U_i are complex coupling constants, with U_3 specifying both the scalar quartic self-coupling and Yukawa coupling, and U_2 specifying both the scalar and fermion masses.

2.6 N=1 Superfield Methods

Generally, the construction of invariants is highly facilitated by the use of tensor-type methods, in which all fields which transform linearly into one another are assembled into a single multiplet. Such methods are familiar from the construction of Lorentz invariants or gauge invariants.

The construction of field multiplets containing all fields that transform linearly into one another under supersymmetry presents a new challenge, because such multiplets must hold simultaneously bosonic and fermionic fields. To achieve such superpositions of commuting Bose fields and anti-commuting Fermi fields consistently with Lorentz invariance, requires the introduction of new anti-commuting spin 1/2 parameters or coordinates. For N = 1 supersymmetry, we introduce a (constant) left Weyl spinor coordinate θ_α and its complex conjugate θ̄^{α̇} = (θ_α)^†, satisfying

[x^μ, θ_α] = [x^μ, θ̄^{α̇}] = {θ_α, θ_β} = {θ_α, θ̄^{β̇}} = {θ̄^{α̇}, θ̄^{β̇}} = 0 . (2.15)

Often, θ and θ̄ are regarded as additional space-time coordinates on the same footing as the customary coordinate x^μ, which together then parametrize superspace.

Superderivatives are defined by D_α ≡ ∂ ∂θ^α + iσ^μ_{αα̇}θ̄^{α̇}∂_μ D̄_{α̇} ≡ − ∂ ∂θ̄^{α̇} − iθ^ασ^μ_{αα̇}∂_μ (2.16)

where differentiation and integration of θ coordinates are defined by ∂ ∂θ^α (1, θ^β, θ̄^{β̇}) ≡ ∫ dθ^α(1, θ^β, θ̄^{β̇}) ≡ (0, δ_α^β, 0) . (2.17)

We also define Lorentz scalar differentials by d^2θ ≡ 1 4 dθ_αdθ^α, d^2θ̄ ≡ 1 4 dθ̄^{α̇}dθ̄_{α̇}, d^4θ ≡ d^2θd^2θ̄ , (2.18)

so that ∫ d^2θ θθ = ∫ d^2θ̄ θ̄θ̄ = ∫ d^4θ θθθ̄θ̄ = 1 (2.19)

For general notations and conventions for spinors and their contractions, see Appendix A.

A superfield is defined as a general function of the superspace coordinates x^μ, θ_α, θ̄^{α̇}. Since the square of each θ^α or of each θ̄^{α̇} vanishes, superfields admit finite Taylor expansions in powers of θ and θ̄. Thus, the most general superfield S(x, θ, θ̄) yields the following component expansion S(x, θ, θ̄) = ϕ(x) + θψ(x) + θ̄χ̄(x) + θ̄σ̄^μθA_μ(x) + θθf(x) + θ̄θ̄g^∗(x) +iθθθ̄λ̄(x) − iθ̄θ̄θρ(x) + 1 2 θθθ̄θ̄D(x) . (2.20) Naturally, in quantum field theory, one restricts to superfields that are either bosonic or fermionic, so that the superfield has definite (anti-) commutation relations with θ and θ̄,

bosonic superfield [S, θ^α] = [S, θ̄_{α̇}] = 0 fermionic superfield {S, θ^α} = {S, θ̄_{α̇}} = 0 . (2.21)

Thus, if S is bosonic, the component fields ϕ, A_μ, f, g and D are bosonic as well, while the fields ψ, χ, λ and ρ are fermionic. On the other hand, if S is fermionic, the component fields ϕ, A_μ, f, g and D are fermionic as well, while the fields ψ, χ, λ and ρ are bosonic. Mathematically, the superfields belong to a Z_2 graded algebra of functions on superspace, with the even grading associated with bosonic fields and the odd grading asssociated with fermionic fields. We shall denote the grading by g(S).

Superderivatives on superfields satisfy the following graded differentiation rule

D_α(S_1S_2) = (D_αS_1)S_2 + (−)^{g(S1)g(S2)}S_1(D_αS_2) D_{α̇}(S_1S_2) = (D_{α̇}S_1)S_2 + (−)^{g(S1)g(S2)}S_1(D_{α̇}S_2) , (2.22) where g(S_i) is the grading of the field S_i.

The only elementary superfields we shall need here are bosonic and they have the property that the zero-th order term, the field ϕ(x), is a Lorentz scalar. We shall also encounter a composite fermionic superfield, whose first component is a spinor, and which is associated with the gauge field strength. If S is a bosonic scalar superfield, then ϕ, f, g, D are scalars while ψ, χ λ, ρ are left-handed Weyl spinors, and A_μ is a gauge field.

On superfields, supersymmetry transformations are naturally realized in a linear way via super-differential operators (just as on ordinary fields, translations and Lorentz transformations are realized in a linear way via differential operators). The infinitesimal supersymmetry parameter is still a constant left Weyl spinor ξ, as in (2.13) and we have

δ_ξS = (ξQ + ξ̄Q̄)S (2.23)

with the supercharges defiend by

Q_α = ∂ ∂θ^α − iσ^μ_{αα̇}θ̄^{α̇}∂_μ Q̄_{α̇} = − ∂ ∂θ̄^{α̇} + iθ^ασ^μ_{αα̇}∂_μ (2.24)

The super-differential operators D_α and Q_α differ only by a sign change, and generate left and right actions of supersymmetry respectively. Their relevant structure relations are

{Q_α, Q̄˙_β} = 2σ^μ_{αβ̇}P_μ {D_α, D̄˙_β} = −2σ^μ_{αβ̇}P_μ (2.25)

where P_μ = i∂_μ. Since left and right actions mutually commute, all 4 components of D anti-commute with all 4 components of Q : {Q_α, D_β} = {Q_α, D̄^{β̇} } = 0, and their complex conjugate relations. Further useful relations are that the product of any three D’s or any three Q’s vanishes, D_αD_βD_γ = Q_αQ_βQ_γ = 0 (2.26) as well as their complex conjugate relations.

2.7 Irreducible Superfields of N=1

The type of superfield introduced above is in general highly reducible, and the irreducible components may be found by imposing supersymmetric conditions on the superfield. (a) The Chiral Superfield Φ is obtained by imposing the condition

D̄_{α̇}Φ = 0 . (2.27)

The anti-chiral superfield Φ^† is obtained by imposing D_αΦ^† = 0. These conditions are invariant under the supersymmetry transformations of (2.23) since D or D̄ and Q or Q̄ anti-commute. Equation (2.27) may be solved in terms of the composite coordinates

x^μ_± = x^μ ± iθσ^μθ̄, (2.28) which satisfy D̄_{α̇}x^μ_+ = 0, D_αx^μ_− = 0, (2.29)

and we have (a factor of √ 2 has been inserted multiplying ψ to give this field standard normalization)

Φ(x, θ, θ̄) = ϕ(x_+) + √ 2θψ(x_+) + θθF (x_+) Φ^†(x, θ, θ̄) = ϕ^∗(x_−) + √ 2θ̄ψ̄(x_−) + θ̄θ̄F^∗(x_−) (2.30)

The component fields ϕ and ψ are the scalar and left Weyl spinor fields of the chiral multiplet respectively, as discussed previously. The field F has not appeared previously. The field equation for F is always algebraic, so that F is a non-dynamical or auxiliary field of the chiral multiplet.

(b) The Vector Superfield is obtained by imposing the condition

V = V^† (2.31)

on a general superfield of the type (2.20). This condition sets χ = ψ, g = f and ρ = λ in (2.20), and requires that the fields ϕ, A_μ and D be real. It is conventional to use a specific notation for vector superfields and it is convenient to define its expansion by V (x, θ, θ̄) = v(x) + θχ(x) + θ̄χ̄(x) + θθf(x) + θ̄θ̄f^∗(x) + θ̄σ̄^μθA_μ(x) +iθθθ̄(λ̄(x) + 1 2 σ̄^μ∂_μχ(x)) − iθ̄θ̄θ(λ(x) + 1 2 σ^μ∂_μχ̄(x)) + 1 2 θθθ̄θ̄(D(x) + 1 2 ∂_μ∂^μv(x)) (2.32)

The advantage of the shifts by derivatives in the fields will become clear shortly.

The gauge superfield is a special case of a vector superfield. On a single (Abelian) vector superfield V , the reality condition V^† = V is preserved upon addition of a chiral superfield Λ and its complex conjugate Λ^†, as follows,

V −→ V^′ = V + iΛ − iΛ^† . (2.33)

(Below, we shall assume that Λ has the same component field decomposition as Φ in (2.30), in order to save on some notation.) Under this transformation, the component fields λ and D of V are unchanged, v, χ and f transform in a purely algebraic way, v −→ v^′ = v + iϕ − iϕ^∗ χ −→ χ^′ = χ + i √ 2ψ f −→ f^′ = f + iF (2.34) while the field A_μ transforms as an Abelian gauge field

A_μ −→ A^′_μ = A_μ + ∂_μ(ϕ + ϕ^∗) . (2.35)

Thus, it is natural to view (2.33) as the superfield generalization of a gauge transformation on an Abelian gauge superfield V .

The non-Abelian generalization of the gauge field is such that V takes values in the Lie algebra G of the gauge group G (or equivalently transforms under the adjoint representation of G) and that the transformation (2.33) is replaced by the following non-linear gauge transformation law, e^V −→ e^{V ′} = e^{−iΛ†} e^V e^{iΛ} . (2.36)

which again preserves the reality condition V^† = V , assuming that Λ is a chiral superfield transforming under the adjoint representation of the gauge algebra G.

As is clear from (2.34), (and an analogous result holds for the non-Abelian case), the component fields v, χ and f may be gauged away in an algebraic way, without implying any dynamical constraints. The gauge in which this is achieved is called the Wess-Zumino gauge, and is almost always imposed when performing practical calculations in the superfield formulation. What remains is the gauge superfield in Wess-Zumino gauge, given by V (x, θθ̄) = θ̄σ̄^μθA_μ(x) + iθθθ̄λ̄(x) − iθ̄θ̄θλ(x) + 1 2 θθθ̄θ̄D(x) (2.37) The component fields A_μ and λ are the gauge and gaugino fields of the gauge multiplet respectively, as discussed previously. The field D has not appeared previously and is an auxiliary field, just as F was an auxiliary field for the chiral multiplet.

The role of the auxiliary fields F and D in the superfield formalism is to provide a linearization of the supersymmetry transformations, as well as to allow for an off-shell realization on the fields of the supersymmetry algebra, as given in (2.23).

Working out the supersymmetry transformation (2.23) on chiral and vector superfields in terms of components, we see that the only contribution to the auxiliary fields is from the θ∂ term of Q and thus takes the form of a total derivative. However, because the form (2.37) was restricted to a Wess-Zumino gauge, F and D transform by a total derivative only if F and D are themselves gauge singlets, in which case we have δ_ξF = i √ 2∂_μ(ξ̄σ̄^μψ) (2.38) δ_ξD = ∂_μ(iξ̄σ̄^μλ − iλ̄σ̄^μξ) . (2.39)

(For non-gauge singlet auxiliary fields, the transformation laws will involve in addition nontotal-derivative terms; we shall not need their expressions here.) These transformation properties guarantee that the F and D auxiliary fields yield supersymmetric invariant

Lagrangian terms. Thus, we have two different ways of building terms for an invariant Lagrangian,

F − terms L_F = F = ∫ d^2θ Φ (2.40)

D − terms L_D = 1 2 D = ∫ d^4θ V . (2.41)

The first starts from a chiral superfield Φ and the second from a vector superfield V .

2.8 General N=1 Susy Lagrangians via Superfields

The F and D terms used to construct invariants in the previous subsection need not be elementary fields, and may be gauge invariant composites of elementary fields instead. Allowing for this possibility, we may now derive the most general possible N = 1 invariant Lagrangian in terms of superfields. To do so, we need the following ingredients.

(1) Any complex analytic function U depending only on left chiral superfields Φ^i (but not on their complex conjugates) is itself a left chiral superfield,

D̄_{α̇}Φ^i = 0 =⇒ D̄_{α̇}U(Φ^i) = 0 . (2.42)

Thus, for any complex analytic function U, called the superpotential, we may construct an invariant contribution to the Lagrangian by forming an F -term

L_U = ∫ d^2θ U(Φ^i) + complex conjugate . (2.43)

Using the component expansion of (2.30), this Lagrangian takes the component form

L_U = ∑ i F^i ∂U ∂ϕ^i − 1 2 ∑ i,j ψ^iψ^j ∂^2U ∂ϕ^i∂ϕ^j + complex conjugate (2.44)

(2) Actually, the gauge field strength is a fermionic left chiral (spinor) superfield W_α, which is constructed out of the gauge superfield V by

W_α = − 1 4 D̄D̄(e^{−V} D_αe^{+V} ) . (2.45)

In view of (2.26), we automatically have D̄˙_βW_α = 0, so that W_α is chiral. Decomposing W_α in components, one finds

W_α(x, θ, θ̄) = −iλ_α(x_+) + θ_αD(x_+) − i 2 (σ^μσ̄^ν)_α^βθ_βF_{μν}(x_+) + θθσ^μ_{αβ̇}D_μλ̄^{β̇}(x_+) (2.46)

The gauge field strength may be used as a chiral superfield along with elementary (scalar) chiral superfields to build up N = 1 supersymmetric Lagrangians via F -terms. In view of our restriction to Lagrangians with no more than two derivatives on Bose fields, W can enter at most quadratically. Denoting by W^a_α the components of the gauge multiplet, with the index a running over the adjoint representation, we shall be interested in bilinears of the form W^{αa}W^b_α = −λ^aλ^b − iθλ^aD^b − iθλ^bD^a − 1 2 θ(σ^μσ̄^ν)(λ^aF^b_{μν} + λ^bF^a_{μν}) −θθ ( iλ^aσ^μ∂_μλ̄^b + iλ^bσ^μ∂_μλ̄^a + 1 4 (F^{μνa} + iF̃^{μνa})(F^b_{μν} + iF̃^b_{μν}) − D^aD^b ) (2.47)

in Wess-Zumino gauge. It is understood that all fields on the right hand side depend upon the composite coordinate x^μ_+ = x^μ + iθσ^μθ̄, just as was the case in (2.46).

Elementary (scalar) chiral superfields may enter in any functional way without generating more than 2 derivatives. Thus, the most general gauge kinetic and self-interaction term is from the F -term of the gauge field strength W_α and the elementary (scalar) chiral superfields Φ^i as follows,

L_G = ∫ d^2θ τ_{ab}(Φ^i)W^aW^b + complex conjugate . (2.48)

Here, a and b stand for the gauge index running over the adjoint representation of G. The functions τ_{ab}(Φ^i) are again required to be complex analytic. It is assumed that the function τ_{ab}(Φ^i) under suitable gauge transformations of Φ^i will transform under the symmetrized square of the adjoint representation of G.

The gauge kinetic Lagrangian may also be worked out in components, and is given by (index summation over indices i, j and a, b are suppressed for the sake of brevity) L_G = −λ^aλ^b ( F^i ∂τ_{ab} ∂ϕ^i − 1 2 ψ^iψ^j ∂^2τ_{ab} ∂ϕ^i∂ϕ^j )

− 1 2 √ 2 ∂τ_{ab} ∂ϕ^i ψ^i ( −iλ^aD^b − iλ^bD^a − 1 2 (σ^μσ̄^ν)(λ^aF^b_{μν} + λ^bF^a_{μν} ) )

−τ_{ab} ( iλ^aσ^μ∂_μλ̄^b + iλ^bσ^μ∂_μλ̄^a + 1 4 (F^{μνa} + iF̃^{μνa})(F^b_{μν} + iF̃^b_{μν}) − D^aD^b ) (2.49)

(3) The left and right chiral superfields Φ^i and (Φ^i)^†, as well as the gauge superfield V , may be combined into a gauge invariant vector superfield K(e^V Φ^i, (Φ^i)^†), provided the gauge algebra is realized linearly on the fields Φ^i. (For the general case, including when part or all of the gauge group is realized non-linearly, see Wess and Bagger [2]; we shall not need this case here.) The function K is called the Kähler potential. Assuming that the gauge transformations Λ act on V by (2.36), the chiral superfields Φ transform as

Φ −→ Φ^′ = e^{−iΛ}Φ , (2.50) so that e^V Φ transforms as Φ. An invariant Lagrangian may be constructed via a D-term,

L_K = ∫ d^4θK(e^V Φ^i, (Φ^i)^†) . (2.51)

Upon expanding L_K in components, one sees immediately that the leading terms are L_K ∼ −D_μϕ^∗D^μϕ − iψ̄σ̄^μD_μψ , (2.52) and thus already generates an action with two derivatives on boson fields. As a result, K must be a function only of the superfields Φ^i and (Φ^i)^† and V , but not of their derivatives. The expansion of the full Kähler part Lagrangian is L_K = −g_{ii}∗ D_μϕ^iD^μϕ^{i∗} − ig_{ii}∗ψ̄^{i∗}σ̄^μD_μψ^i + 1 4 R_{ik}∗_{jl}∗ ψ^iψ^jψ̄^{k∗}ψ̄^{l∗} +g_{ii}∗ (F^i − 1 2 Γ^i_{jk}ψ^jψ^k)(F^{i∗} − 1 2 Γ^{i∗}_j∗_k∗ ψ^{j∗} ψ^{k∗}) − i 2 D^a(T^a)^j_iϕ^i ∂K ∂ϕ^j + √ 2g_{ii}∗ (T^a)^i_kϕ^kψ̄^{i∗} + complex conjugate . (2.53)

Here, complex conjugation is to be added only on the last line. The matrices T^a are the representation matrices of G in the representation under which the Φ^i transform. The covariant derivatives are given by

D_μϕ^i = ∂_μϕ^i − A^a_μ(T^a)^i_jϕ^j D_μψ^i = ∂_μψ^i − A^a_μ(T^a)^i_jψ^j + Γ^i_{jk}D_μϕ^j ψ^k (2.54)

and Γ is the usual Levi-Civita connection for the Kähler metric g_{ii}∗ ≡ ∂^2K ∂ϕ^i∂ϕ^{i∗} (2.55)

and R_{ik}∗_{jl}∗ is its Riemann curvature tensor.

Putting toghether contributions from L_K, L_U and L_G, we have the most general N = 1 supersymmetric Lagrangian with the restrictions of above.

2.9 Renormalizable N=2,4 Susy Lagrangians

We shall now derive the Lagrangians invariant under the larger supersymmetry algebras associated with N = 2 and N = 4 supersymmetry. In this subsection, we shall restrict attention to renormalizable Lagrangians, leaving the general case for the next subsection. Thus, we seek an N = 2 microscopic renormalizable super-Yang-Mills theory with gauge algebra G, and treat N = 4 as a special case thereof. Following our general classification of supersymmetry representations, two fields are possible. The gauge multiplet with component fields (A_μ λ_± ϕ) transforms under the adjoint representation of G, which we simply denote by G, and the hypermultiplet with component fields (ψ_+ H_± ψ_−) transforms under a representation R of G.

To construct the most general renormalizable Lagrangian for these fields, we use our results on invariant N = 1 supersymmetric Lagrangians. To do so, we decompose the N = 2 gauge and hypermultiplets under an N = 1 supersymmetry,

N = 2 gauge (rep G) : V ⊕ Φ V ∼ (A_μ λ_+) Φ ∼ (λ_− ϕ) (2.56) N = 2 hyper (rep R) : H_1 ⊕ H_2 H_1 ∼ (H_+ ψ_+) H_2 ∼ (H_− ψ_−) (2.57)

and promote the N = 1 supermultiplets V , Φ, H_1 and H_2 to N = 1 superfields by including their respective auxiliary fields. Thus, V may be viewed now as an N = 1 vector (or gauge) superfields, while Φ and H_f , f = 1, 2 may be viewed as N = 1 chiral superfields.

Following the results of §2.8, we may immediately write down the most general N = 1 and G-gauge invariant Lagrangian for these fields,

L = Re ∫ d^2θ ( τ W^aW^a + U(Φ, H_f ) ) + ∫ d^4θ ( Φ^†e^{VG} Φ + ∑ f H^†_f e^{VR} H_f ) (2.58)

Here, V_G and V_R stand for the field V in the representations G and R respectively. The complex analytic function τ_{ab}(Φ, H_f ) that was allowed for a general N = 1 supersymmetric Lagrangian must be constant for renormalizability, and equal to τ δ_{ab} by gauge invariance, for a simple algebra G. The constant τ is related to the gauge coupling g and the instanton angle θ by τ = θ 2π + 4πi g^2

. (2.59)

The reality of g guarantees that Imτ > 0. The superpotential U(Φ, H_f ) would be a general G-invariant function for N = 1 supersymmetry, but for N = 2 is restricted to be of the form U(Φ, H_a) = H^T_1 ΦH_2 + H_1mH_2 (2.60) where m is the hypermultiplet mass matrix.

2.10 N=2 Superfield Methods : unconstrained superspace

In order to realize N = 2 susy transformations linearly on complete multiplets, we seek a formulation in terms of superfields [13], just as for N = 1. The coordinates of N = 2 unconstrained superspace are collectively denoted z_M , and given by

z_M = {x^μ, θ_{αi}, θ̄^{α̇i}, i = 1, 2} , (2.61)

with [x, θ] = {θ, θ} = 0 as usual. The internal SU(2)_R index i is raised or lowered with the help of the anti-symmetric ϵ_{ij} or ϵ^{ij} tensor, where ϵ^{12} = −ϵ_{12} = 1. Unconstrained superspace is real in the sense that it is invariant under the following complex conjugation

(x^μ)^† = x^μ (θ_{αi})^† = θ̄^{α̇i} . (2.62)

Superderivatives (in the absence of central charges) are defined by

D^i_α = ∂ ∂θ^α_i + iσ^μ_{αα̇}θ̄^{α̇i}∂_μ D̄_{α̇i} = − ∂ ∂θ̄^{α̇i} − iθ^α_i σ^μ_{αα̇}∂_μ , (2.63)

while supercharges (in the absence of central charges) are given by

Q^i_α = ∂ ∂θ^α_i − iσ^μ_{αα̇}θ̄^{α̇i}∂_μ Q̄_{α̇i} = − ∂ ∂θ̄^{α̇i} + iθ^α_i σ^μ_{αα̇}∂_μ . (2.64)

Superderivatives and supercharges generate commuting left and right actions of susy, so that {Q^i_α, D^j_β} = {Q^i_α, D̄^{β̇j}} = 0, together with complex conjugate relations.

An unconstrained superfield is defined as a general function of z_M , with a Taylor expansion of the form

S(z_M ) = ϕ(x) + θ_iψ^i(x) + θ̄^jχ̄_j(x) + θ̄^iσ̄^μθ_jA^j_{μi}(x) + θ_{αi}θ_{jβ}f^{αβij}(x) +θ̄^{α̇i}θ̄^{β̇j}g^∗_{α̇β̇ij} (x) + · · · + θ_iθ_jθ_kθ_lθ̄^mθ̄^nθ̄^oθ̄^pD^{ijkl}_{mnop}(x) . (2.65) Supersymmetry transformations are linearly realized on unconstrained superfields via the super-differential operators Q and Q̄ by δ_ξS = (ξ^iQ_i + ξ̄_iQ̄^i)S , (2.66) where ξ^i and ξ̄_i are infinitesimal spinor parameters. The unconstrained superfield S, just as a general N = 1 superfield, is reducible. Thus, we seek suitable sets of N = 2 supersymmetric constraints to decompose S into irreducible components. Since Q and D mutually anticommute, we may impose on S that some of its superderivatives vanishes.

We define a N = 2 chiral superfield by imposing the constraints D̄_{α̇i}Φ = 0 i = 1, 2 . (2.67)

Notice that in order to preserve SU(2)_R symmetry, we are forced to impose the above constraint for both values of i. The chirality constraints (2.67) may be solved by introducing the combinations x^μ_± = x^μ ± iθ_iσ^μθ̄^i (2.68) which satisfy D̄_{α̇i}x^μ_+ = 0, D^{αi}x^μ_− = 0 . (2.69)

Thus, the superfield Φ depends only upon x^μ_+ and θ_{αi} and has the component expansion Φ(x_+, θ) = ϕ(x_+) + θ^{αi}ψ_{αi}(x_+) + θ^{αi}θ^{βj}f_{αβij}(x_+) +θ^{αi}θ^j θ^kχ_{αijk}(x_+) + θθθθD(x_+ ) . (2.70)

When Φ is a scalar superfield, for example, the components ϕ, f^{[αβ](ij)} and D are scalars, ψ and χ are spin 1/2 and f^{(αβ)[ij]} is a self-dual rank 2 antisymmetric tensor field. (This chiral superfield will naturally incorporate the field strength of the N = 2 gauge multiplet, as we shall see later). Any complex analytic function F(Φ) of an N = 2 chiral superfield is automatically also an N = 2 chiral superfield.

The term with the highest power of θ of a (gauge invariant) N = 2 chiral superfield transforms under N = 2 susy by a total space-time derivative, so that it may be used to construct N = 2 invariant Lagrangians. Introducing the chiral measure d^4θ ≡ d^2θ^1d^2θ^2, the combination L_D = D = ∫ d^4θ Φ (2.71)

is an invariant Lagrangian.

The N = 2 chiral superfield is reducible, unlike its N = 1 counterpart. To achieve an Abelian irreducible superfield, we may additionally impose the constraints

D^{αi}D^j_αW = D̄^i_{α̇}D̄^{α̇j}W̄ . (2.72)

As a result we have f_{[αβ](ij)} = χ_{αijk} = 0, while ϕ, ψ, f_{(αβ)[ij]} and the auxiliary field D are unaffected. It is customary to represent the solution to these constraints in the form of an N = 1 superfield expansion,

W (x_+, θ) = Φ(x_+, θ^1) + √ 2θ^{α2}W_α(x_+, θ^1) + θ^2θ^2G(x_+, θ^1) . (2.73)

Here, Φ is the N = 1 chiral superfield contained in the N = 2 gauge multiplet, while we shall denote by V the N = 1 gauge superfield contained in the N = 2 gauge multiplet, and denote the field strength superfield associated with V by W_α. The auxiliary field G is then a field that may be expressed in terms of Φ and V as follows,

G(x_+, θ^1) = − 1 2 ∫ d^2θ̄^1Φ(x_+ − iθ_1σθ̄^1, θ^1, θ̄^1)^†e^{−2V (x+−iθ1σθ̄1,θ1,θ̄1)} . (2.74)

The component field contents of W is that of an Abelian N = 2 gauge multiplet.

The N = 2 gauge superfield for a non-Abelian gauge algebra G is obtained by introducing the G-valued supergauge fields A_{αi} and Ā_{α̇i}, and the associated gauge covariant superderivatives D_{αi} = D_{αi} + iA_{αi} D̄_{α̇i} = D̄_{α̇i} + iĀ_{α̇i} . (2.75)

The N = 2 gauge superfield is now governed by the Poincaré algebra, the gauge algebra G and the SU(2)_R-symmetry covariant constraints

D̄_{α̇i}W = 0 D^{αi}D^j_αW = D̄^i_{α̇}D̄^{α̇j}W̄ . (2.76)

The component field contents is that of an N = 2 multiplet for gauge algebra G.

Invariant actions for the N = 2 gauge supermultiplet may be obtained by integrating a chiral gauge invariant function of W . An N = 2 chiral superfield is obtained for any complex analytic function trF(W ), called the prepotential. The most general gauge invariant, N = 2 supersymmetric Lagrangian is given by

S_F = ∫ dz_M trF(W ) + complex conjugate (2.77)

where the superspace measure is defined by dz_M ≡ d^4x_+d^4θ. Upon integrating out θ^2 and θ̄2 from dz_M , we readily recover the N = 1 superfield form for the action S_F ,

S_F = − 1 2 ∫ d^2θ ( ∂F ∂Φ^a G^a ) − ∫ d^2θ

∂^2F ∂Φ^a∂Φ^b W^{αa}W^b_α (2.78)

where the index a labels the components of the adjoint representation.

2.11 N=2 Superfield Methods : harmonic/analytic superspaces

The above construction of the gauge superfield on N = 2 unconstrained superspace does not appear to extend to the off-shell hypermultiplet. The obstacle arises from the fact that strong constraints have to be imposed on the superfield in order to retain only dynamical fields with spin less or equal to 1/2. Any such set of constraints turns out to be so strong that it entails the field equations as well. Harmonic and analytic superspace methods were introduced to remedy this situation. We discuss here only the case of N = 2.

In harmonic superspace [14] new bosonic coordinates are introduced, in addition to the space-time coordinates z_M . From a supergroup viewpoint, additional bosonic coordinates appear naturally for any extended supersymmetry. For example, the conformal supergroups SU(2, 2|N ) have maximal bosonic subgroups SU(2, 2) × SU(N )_R, where the internal SU(N )_R is associated with new bosonic coordinates in superspace.

N = 2 harmonic superspace is parametrized by x^μ, θ_{αi}, θ̄^{α̇i} and the new bosonic coordinates u^±_i , i = 1, 2, with u^{±i} = ϵ^{ij}u^±_j and ( u^−_1 u^+_1 u^−_2 u^+_2 ) ∈ SU(2)_R { u^{+i}u^−_i = 1 u^{±i}u^±_i = 0

(2.79)

The variables u^±_i form a complex orhonormal frame, transforming under the fundamental representation of SU(2)_R in its index i, and under a U(1) in its ± indices. Harmonic superspace is real in the sense that it is invariant under the following complex conjugation

(x^μ)^† = x^μ (θ_{αi})^† = θ̄^{α̇i} (u^{±i})^† = u^∓_i (2.80)

Supersymmetry transformations on harmonic superspace are just the supersymmetry transformations on unconstrained superspace, implemented with the invariance of u^±_i , δx^μ = iξ^iσ^μθ̄_i − iθ^iσ^μξ̄_i δθ_{αi} = ξ_{αi} δu^±_i = 0 δθ̄^i_{α̇} = ξ̄^i_{α̇} (2.81)

An analytic basis for harmonic superspace with parameters x^μ_A, θ^±_α , θ̄^±_{α̇} , u^±_i is obtained via the following invertible change of variables

x^μ_A ≡ x^μ − iθ^+σ^μθ̄^− − iθ^−σ^μθ̄^+ θ^±_α ≡ θ^i_αu^±_i θ̄^±_{α̇} ≡ θ̄^i_{α̇}u^±_i (2.82)

In the analytic basis, the susy transformation laws take the form

δx^μ_A = −2i(ξ^iσ^μθ̄^+ + θ^+σ^μξ̄_i)u^−_i δθ^±_α = ξ^i_αu^±_i δu^±_i = 0 δθ̄^±_{α̇} = ξ̄^i_{α̇}u^±_i . (2.83)

Besides the space-time derivative D_μ = ∂/∂x^μ_A, we have SU(2)_R covariant superderivatives

D^+_α = ∂ ∂θ^{α−} D^−_α = − ∂ ∂θ^{α+} + 2iσ^μ_{αα̇}θ̄^{α̇−}D_μ D̄^+_{α̇} = ∂ ∂θ̄^{α̇−} D̄^−_{α̇} = − ∂ ∂θ̄^{α̇+} − 2iθ^{α−}σ^μ_{αα̇}D_μ (2.84)

and covariant derivatives with respect to the internal coordinates u^±_i ,

D^{++} = u^{i+} ∂ ∂u^{i−} − 2iθ^+σ^μθ̄^+D_μ + θ^{α+} ∂ ∂θ^{α−} + θ̄^{α̇+} ∂ ∂θ̄^{α̇−} , (2.85)

as well as D^{−−} = (D^{++} )^† and D^0 = 1/2[D^{++} , D^{−−} ].

Analytic superspace is defined as the subspace of harmonic superspace parametrized by the coordinates z_A = {x^μ_A, θ^+_α , θ̄^+_{α̇} } and u^±_i (2.86)

only (i.e. it is the subspace in which θ^−_α = θ̄^−_{α̇} = 0). All N = 2 susy transformations leave this subspace invariant. Analytic superspace is real in the sense that it has a natural complex conjugation which will be denoted by^c, and acts by

(x^μ_A)^c = x^μ_A, (θ^±_α )^c = θ̄^±_{α̇} (θ̄^±_{α̇} )^c = −θ^±_α (u^{i±})^c = −u^±_i . (2.87)

The square of the operation^c equals plus/minus the identity on bosonic/fermionic coordinates. (The complex conjugation^† introduced previously induces a complex conjugation in the analytic basis of harmonic superspace as well (x^μ_A)^† = x^μ_A, (θ^±_α )^† = θ̄^∓_{α̇} , (u^{i±})^† = ∓u^∓_i which does not leave analytic superspace invariant.)

Functions on analytic superspace naturally generalize the notion of chiral superfield for N = 1. Viewed as functions on harmonic superspace, they satisfy the constraints

D^+_α Φ = D̄^+_{α̇} Φ = 0 (2.88) and are thus functions of the form Φ(z_A, u) with the following decomposition

Φ(z_A, u) = ϕ(x_A, u) + θ^+ψ(x_A, u) + θ̄^+χ̄(x_A, u) + θ^+θ^+f(x_A, u) + θ̄^+θ̄^+g(x_A, u) +θ̄^+σ̄^μθ^+A_μ(x_A, u) + iθ^+θ^+θ̄^+λ̄(x_A, u) − iθ̄^+θ̄^+θ^+ν(x_A, u) + 1 2 θ^+θ^+θ̄^+θ̄^+D(x_A, u) (2.89)

If Φ has U(1) charge q, then the component field ϕ has charge q, the fields ψ and χ have charge q − 1, f, g and A_μ have charge q − 2, λ and ν have charge q − 3 and D has charge q − 4. For q even, one may impose the reality condition (Φ^{(q)})^c = Φ^{(q)}.

The dependence on the internal coordinates u^±_i produces an infinite number of component fields which are functions of z_A. Indeed, an analytic superfield with U(1) charge q > 0 has a decomposition of the form

Φ^{(q)}(z_A, u) = ∞∑ n=0 ϕ^{(i1···in+q j1···jn)}(z_A)u^+_{(i1} · · · u^+_{in+q} u^−_{j1} · · · u^−_{jn)} . (2.90) Both the N = 2 gauge multiplet and the hypermultiplet may be treated as analytic superfields, with an off-shell N = 2 Lagrangian, which contains precisely the appropriate number of fields on-shell.

An invariant integration on analytic superspace may be defined in terms of the measure dz_A·du, which may be expressed in terms of the “space-time measure” dz_A ≡ d^4x_Ad^2θ^+d^2θ̄^+ and the “internal measure” du. The latter is defined by ∫ du u^+_{(i1} · · · u^+_{im} u^−_{j1} · · · u^−_{jn)} = δ_{m+n,0} . (2.91)

In order to get a U(1)-invariant Lagrangian, the integration against the measure dz_A of U(1)-charge −4 requires an analytic superfield of U(1) charge 4.

The hypermultiplet analytic superfield has U(1)-charge 1, and is denoted by Φ^+. A good field equation for this superfield will be such that the infinite tower of auxiliary fields associated with the u-dependence of Φ^+ collapses to just the correct number of physical fields. Thus, the field equations cannot just be built up from the superderivatives D^− and D̄−, but must involve derivation with respect to u. The natural candidate is the operator D^{++} , and the correct hypermultiplet free field equation is D^{++} Φ^+ = 0. The most general U(1)-invariant action may be easily constructed along these lines, and one finds [14],

S[Φ^+] = ∫ dz_A du {(Φ^+)^cD^{++} Φ^+ + U(Φ^+, (Φ^+)^c)} (2.92)

U(Φ^+, (Φ^+)^c) = a(Φ^+)^4 + b(Φ^+)^c(Φ^+)^3 + c((Φ^+)^c)^2(Φ^+)^2 + b^∗((Φ^+)^c)^3Φ^+ + a^∗((Φ^+)^c)^4

The couplings all have dimensions of mass^{−2} and thus are non-renormalizable.

The N = 2 gauge analytic superfield has U(1)-charge 2, and is denoted V^{++}. It is real under the complex conjugation^c that leaves analytic superspace invariant, (V^{++})^c = V^{++}.

Gauge transformations are generated by analytic superfields Λ of U(1) charge 0, since they must act consistently on the analytic superfields V^{++} and on analytic hypermultiplets Φ^+. The appropriate transformation laws are

(V^{++})^′ = e^{iΛ} (V^{++} − iD^{++} ) e^{−iΛ} (Φ^+)^′ = e^{iΛ}Φ^+ . (2.93)

Since Λ is analytic, the superderivatives D^+_α = D^+_α and D̄^+_{α̇} = D̄^+_{α̇} are automatically covariant, while the remaining covariant derivatives are constructed by

D^{++} = D^{++} + iV^{++} D^−_α = D^−_α + iA^−_α D^−_{α̇} = D^−_{α̇} + iA^−_{α̇} (2.94)

The superconnections A^−_α and A^−_{α̇} may be expressed in terms of V^{++}, but we shall not need their explicit form here.

The gauge field strength W is an analytic superfield and was constructed in terms of the superfield V^{++} in [14], W = − i 4 e^{iv} { D̄^+_{α̇} D̄^{α̇+} ( e^{−iv}D^{−−}e^{iv} )} e^{−iv} . (2.95)

Here, v is a general superfield (i.e. neither analytic nor chiral), defined by

(D^{++} + iV^{++}) e^{iv} = 0 . (2.96)

An explicit expression for W in terms of V^{++} was obtained in [15] and is given by W (z, u) = i 4 D̄^+_{α̇} D̄^{α̇+ ∞}∑ n=1 (−i)^n ∫ du_1 · · · du_n V^{++}(z, u_1) · · · V^{++}(z, u_n) (uu_1)(u_1u_2) · · · (u_nu)

(2.97)

where we have defined (u_au_b) = u^{+i}_a u^+_{bi}. Remarkably, the superfield W constructed in the analytic superspace approach turns out to be independent of u altogether, and its kinematics thus reduces to that discussed in the preceding section on unconstrained superspace.

The most general N = 2 supersymmetric and G-gauge invariant action is thus

S = Re ∫ dz_M du trF(W ; τ ) + ∫ dz_A du {(Φ^+)^cD^{++}Φ^+ + U(Φ^+, (Φ^+)^c)} (2.98)

where the potential U was given in (2.92). The prepotential function F is an arbitrary complex analytic function of its arguments. In view of arguments similar to the ones given for N = 1, F is also complex analytic in its coupling constants τ . The renormalizable case corresponds to F(W ; τ ) = iτ W^2 and U = 0.

3 Seiberg-Witten Theory

Seiberg-Witten theory deals with the construction of the non-perturbative dynamics of N = 2 super-Yang-Mills theory in the limit of low energy and momemnta. The prime motivation is the exploration of the fully non-perturbative dynamics of gauge theories, a problem of quantum field theory that has been outstanding for several decades now. The restriction to N = 2 theories is made because the stronger constraints of extended supersymmetry lead to simplified – yet highly non-trivial – dynamics of super-Yang-Mills theory. The dynamics of the even more restricted N = 4 theory is even simpler than that of the N = 2 theory, but the low energy approximation, obtained in Seiberg-Witten theory, becomes rather trivial in this theory.

3.1 Wilson Effective Couplings and Actions

Despite the large degree of supersymmetry, it is rather unlikely that the quantum field theory defined by the Lagrangian (2.58) will be exactly solvable, in the sense that all its correlation functions or even all its S-matrix elements could be obtained in explicit form. Fortunately, many of the physically most interesting questions, that have to do with the non-perturbative dynamics of the theory, are related to the properties of the vacuum and the lowest energy (and momentum) excitations above the vacuum. Thus, there already is great interest in obtaining information on the non-perturbative dynamics of these theories in the limit of low energy only. The Wilson renormalization group [16] provides the ideal tool for deriving such low energy effective theories.

• The starting point is the bare quantum field theory with a (energy-momentum) cutoff Λ, in which all masses, energies and momenta of all fields are restricted to be less than Λ. (It is usually safest to consider such cutoffs in the Euclidean version of the theory, where they can be imposed in a Lorentz invariant way.) The bare coupling is denoted g(Λ).

• It is assumed that the masses, energies and momenta of physical relevance are much smaller that Λ.

• One introduces an arbitrary renormalization scale μ, with

physical masses, energies, momenta ≪ μ ≪ Λ . (3.1)

One considers the Wilson effective theory, in which only the particles and fields of masses, energies and momenta less than μ (i.e. the light fields) are retained as quantum degrees of freedom from the original bare theory. All particles and fields with masses, energies and momenta between the renormalization scale μ and the cutoff scale Λ (i.e. the heavy fields) are integrated out. (The separation between light and heavy modes is not usually gauge invariant. One may either work with gauge invariant degrees of freedom directly, which is always hard, or, in perturbation theory, one may replace gauge invariance with BRST invariance. Since BRST invariance is a global symmetry, separation into light and heavy modes may be achieved as usual.) The effect of this integration over the heavy fields is summarized in terms of (an infinite series of) additional terms in the Lagrangian. The resulting object is usually referred to as the Wilson effective Lagrangian or effective action.

For example, in a theory of only a gauge field A, with gauge field strength F and a single coupling g, the bare theory (ignoring gauge fixing and ghost terms) involves the bare field strength F_{(Λ)} and the bare coupling g(Λ). The Wilson effective theory involves the field strength F_{(μ)} and the effective gauge coupling g(μ), as well as an infinite series of higher dimension operators with numerical coefficients which are functions of μ and Λ,

L_{bare} = 1 2g(Λ)^2 trF^2_{(Λ})

L_{eff} = 1 2g(μ)^2 trF^2_{(μ)} + 1 Λ^2 f(g, μ Λ )trF^3_{(μ)} + · · · (3.2)

Here, it is understood that the fields F_{(Λ)} and F_{(μ)} contain only modes of masses and energies less than Λ and less than μ respectively.

The Wilson effective Lagrangian at scale μ essentially amounts to a Taylor series expansion in the light fields obtained by integrating out the heavy fields. Such a Taylor expansion is analytic by construction, and does not exhibit any infrared singularities by construction. (This may be contrasted with the effective Lagrangian defined as generating functional of connected one-particle-irreducible Feynman graphs, which does exhibit infrared singularities whenever massless particles are around.)

However, there is a generic situation in which the Wilson effective Lagrangian does exhibit singularities. This occurs when one considers not a single theory, but rather a family of theories obtained for example by varying one or several of the masses in the theory. Let m be such as mass. Assume that we begin by analyzing a theory in which the mass m is larger than the renormalization scale μ. Thus, by the rules for the construction of the Wilson effective theory, we integrate out completely all the modes associated with this mass m, and obtain a certain effective Lagrangian L_m. No infrared singularity occurs since all the modes that were integrated out are massive. Now, consider varying m, and rendering m smaller than μ. The effective Lagrangian L_m still makes sense. However, as soon as m < μ, L_m strictly speaking is no longer the Wilson effective action, since particles with mass m < μ have been completely integrated out. Nonetheless, L_m is a useful effective action, especially because it is analytic in m, while the true Wilson effective action will have discontinuities at m = μ. As m → 0, the effective action L_m will in general develop singularities, associated with the fact that massless modes will now have been integated out along with massive ones. It is a fact that the only singularities in the Wilson effective action arise due to particles and fields becoming massless. Thus, the singularity structure of the effective action corresponds to the appearance of massless particles in the spectrum.

3.2 Holomorphicity and Non-Renormalization

Supersymmetric theories invariably have holomorphic data, such as the superpotential U(Φ) or the gauge coupling τ_{ab}(Φ). Under the Wilson renormalization group procedure, which preserves supersymmetry, these holomorphic data are modified in a holomorphic way, and become the effective superpotential U^{eff} (Φ) and the effective gauge coupling τ^{eff}_{ab} (Φ). The analyticity of the Wilson renormalization group procedure, pointed out in the preceding subsection, guarantees that complex analyticity will also be preserved [17, 18]. This property of supersymmetric data places severe restrictions on the renormalization group flow in supersymmetric theories, and provides one of the key ingredients for Seiberg- Witten theory.

The couplings entering these holomorphic data, such as the mass m and Yukawa coupling λ in U(Φ), or the gauge coupling τ in τ_{ab}(Φ), are naturally complex numbers, and the dependence of U or τ_{ab} on them may be viewed as holomorphic as well. Remarkably, this holomorphicity property is also preserved under the Wilson renormalization procedure. The reason is that the complex parameters m and λ and τ may be viewed as vacuum expectation values of chiral superfields. The holomorphic dependence on these new superfields is preserved under the Wilson renormalization procedure, just as that of the dynamical chiral superfields was. The net result is that there will be highly restricted renormalization effects (or none at all) on such complex couplings. To render this discussion more concrete, we present two important examples.

(1) Absence of mass and Yukawa coupling renormalization

Consider a renormalizable theory of a single chiral scalar superfield Φ, with superpotential U(Φ; λ, m) = mΦ^2 + λΦ^3. Holomorphicity considerations [18], discussed above, imply that the effective superpotential U^{eff} (Φ; λ, m) will be a holomorphic function of the superfield Φ and of the couplings λ and m. Now, as λ and m have both been promoted to superfields, the superpotential U(Φ; λ, m) has two U(1) symmetries. The first U(1) is just phase rotations of Φ, λ and m in such a way that U is invariant. The second U(1)_R is the R-symmetry generator, under which the superpotential must have charge 2. The charge assignments are listed in table 5. Both symmetries remain after quantization and are preserved under the Wilson renormalization group flow, so that U^{eff} has the same quantum numbers as U. From the table 5, it is clear that the only quantity invariant under both U(1) and U(1)_R is λΦ/m. Since the Wilson effective Lagrangian is analytic in the light fields, U^{eff} gets only contributions of the form

mΦ^2 ( λΦ m )n . (3.3)

Field Φ m λ U and U^{eff} λΦ/m U(1) 1 -2 -3 0 0 U(1)_R 1 0 -1 2 0

Table 5: U(1) × U(1)_R quantum numbers of chiral superfields

But, these are all tree level contributions and can arise in the effective superpotential U^{eff} only if they were already part of U. (One loop and higher order contributions would include non-local terms in the effective action, as well as contributions that are not analytic in the fields, such as is the case in the Coleman-Weinberg effective potential, which has terms of the type ϕ^4 ln ϕ^2.) Thus, λ and m are not renormalized, a property that holds for all values of the couplings, perturbative or non-perturbative. These conclusions are borne out by explicit (super-) Feynman graph arguments in perturbation theory.

(2) Gauge Coupling Renormalization : β-functions

The complex gauge coupling τ enters in a holomorphic way in the gauge kinetic and self-coupling terms, and we wish to derive the effects of the Wilson renormalization group procedure on this term as well [17]. ∫ d^2θ τ tr(W W ) =⇒ ∫ d^2θ τ_{eff} tr(W W ) . (3.4)

We may again use U(1)_R symmetry, but now, in the presence of gauge interactions, this symmetry suffers a triangle anomaly. In view of Adler-Bardeen type arguments, the perturbative contribution to the U(1)_R anomaly is purely 1-loop and may be evaluated directly from the triangle graph, with no need for the inclusion of radiative corrections. The result is summarized by the Wilson β-function for the coupling g (ignoring temporarily θ),

β_W (g) = ∂g(μ) ∂ ln μ | | | |_Λ ,g(Λ) = (−3C_2(G) + T_2(R)) g^3 16π^2

. (3.5)

Here, we use the standard notations for the quadratic Casimir and Dynkin index in an arbitrary representation R of G

T^a_RT^a_R = C_2(R)I_R tr(T^a_RT^b_R) = T_2(R)δ^{ab} . (3.6)

Integrating the equation for the coupling flow, and restoring the θ dependence in terms of a complex valued generalization of the renormalization scale μ, we have

τ (μ) − τ (μ^′) = 1 2πi (−3C_2(G) + T_2(R)) ln μ^′ μ (3.7)

For 3C_2(G) > T_2(R), the theory is asymptotically free, while for 3C_2(G) = T_2(G), the theory has vanishing β-function and will be conformally invariant provided no explicit mass parameters arise. For 3C_2(G) < T_2(R), the theory becomes strongly coupled at short distances : the microscopic dynamics of such theories is not well formulated in terms of these degrees of freedom and we shall not consider this case any further here. (3) Applications to N = 2 and N = 4 theories

Let us now consider an N = 2 super-Yang-Mills theory, where the gauge algebra is G and the representation of the hypermultiplet is R_H. Then, the repesentation in terms of N = 1 chiral multiplets is R = G ⊕ R_H ⊕ R^∗_H , and we have T_2(R) = C_2(G) + 2T_2(R_H ), so that τ (μ) − τ (μ^′) = 1 πi (−C_2(G) + T_2(R_H )) ln μ^′ μ (3.8)

Moving onto the N = 4 theory, for which R_H = G, we see that the β function vanishes identically and the theory is UV finite. If the vacuum expectation value of the gauge scalars vanishes, this theory is exactly (super-) conformally invariant, while if the vacuum expectation value is non-zero, superconformal invariance is spontaneously broken.

3.3 Low Energy Dynamics of N=2 super-Yang-Mills

The gauge multiplet part of the renormalizable N = 2 supersymmetric Lagrangian is derived from expanding the superfields Lagrangian of (2.58) in terms of component fields and dropping the contribution of the hypermultiplet, L = − 1 2g^2 trF F − θ 16π^2 trF F̃ − 1 2g^2 trD_μϕ^†D^μϕ + 1 2g^2 tr[ϕ^†, ϕ]^2 − i 2g^2 trλ̄σ̄^μD_μλ − i 2g^2 trψ̄σ̄^μD_μψ + i √ 2 g^2 tr([ϕ^†, ψ]λ) − i √ 2 g^2 tr([λ̄, ϕ]ψ̄) . (3.9)

We note the symmetry in λ ↔ ψ, which is a manifestation of R-symmetry. To derive the low energy dynamics of this theory, we begin by identifying the ground state(s). Since L is supersymmetric, its Hamiltonian is positive, and the energy of any state, including the ground state is positive or zero. If we can find a state with exactly zero energy, then this state is one of the possible ground states or vacua of the theory, and supersymmetry in this vacuum will be unbroken.

At the semi-classical level, a solution of vanishing energy will require that the following quantities vanish simultaneously,

F_{μν} = 0 D_μϕ = 0 tr([ϕ^†, ϕ]^2) = 0 (3.10)

so that the gauge field A_μ is pure gauge. By a gauge choice, we may pick A_μ = 0, so that ϕ must be constant, and only the last equation of (3.10) remains to be solved. Since ϕ ∈ G, which is the Lie algebra of a compact gauge group, tr([ϕ^†, ϕ]^2) = 0 implies [ϕ^†, ϕ] = 0. Now, ϕ is a complex field, in the adjoint representation of G, and may thus be decomposed into its hermitian and anti-hermitian parts ϕ = ϕ_1 + iϕ_2, with ϕ^†_{1,2} = ϕ_{1,2} and [ϕ_1, ϕ_2] = 0.

Thus, ϕ_1 and ϕ_2 may be simultaneously diagonalized, each with real eigenvalues. This implies that the original ϕ may be diagonalized with complex eigenvalues. Thus, we find not just a single zero energy state, but rather a family of zero energy states, each of which is a candidate vacuum. It is customary to denote these ground states by |0⟩, but it is understood that this symbol really is parametrized by the vacuum expectation values of the gauge scalar ϕ. While these results were derived here within the semi-classical approximation, they hold true in the full quantum theory as well.

A convenient basis for the diagonal matrices is provided by the Cartan generators h_j of G, with j = 1, · · · , n = rank(G), which obey [h_i, h_j] = 0. The vacuum expectation value of the gauge scalar is then ⟨0|ϕ|0⟩ = n∑ j=1 a_jh_j (3.11)

The complex parameters a_j, j = 1, · · · , n are called the quantum moduli or quantum order parameters of the vacuum. The semiclassical limits of these parameters are denoted by ā_j, j = 1, · · · , n and are called the classical moduli or classical order parameters.

For generic values of the moduli a_j, the vacuum expectation value ⟨0|ϕ|0⟩ will have all distinct eigenvalues. Since the field transforms under the adjoint representation of G, the standard Higgs mechanism will break the gauge symmetry to that of the Cartan subalgebra U(1)^n. Actually, the role of the different Cartan generators may be permuted under the set of residual (discrete) gauge transformations which form the Weyl(G) group. Thus, the detailed symmetry breaking is given by [8]

G −→ U(1)^n/Weyl(G) . (3.12)

In other words, the theory after symmetry breakdown reduces to n copies of (supersymmetric) electro-magnetism, and for this reason is often said to be in the Coulomb phase.

At the semi-classical level, non-generic values of a_j may yield a larger symmetry group. It will be one of the fundamental results of Seiberg-Witten theory that in the full quantum theory, such larger residual symmetry groups do not survive quantization, so that the theory is always in the Coulomb phase. For sufficiently large gauge algebra or for sufficiently large hypermultiplet contents, novel phenomena, such as the coexistence of massless electrically charged particles with massless magnetic monopoles is possible at so-called Argyres-Douglas points or curves [19].

3.4 Particle and Field Contents

Since we are left with n = rank(G) factors of U(1), we have n different massless U(1) gauge N = 2 supersymmetry multiplets. The fields in these multiplets may be read off from our general classification, (A_{jμ}, λ_{j±}, ϕ_j) ⟨0|ϕ_j |0⟩ = a_j j = 1, · · · , n . (3.13)

• For each of the dim(G) − rank(G) roots α of G, we have a massive vector boson multiplet appearing in the spectrum as a single particle state, described by the field multiplet

(V_{αμ}, λ_{α±}, ϕ_α) α = root of G . (3.14)

Counting the number of fields for each spin, and comparing with the N = 2 entries of table 4, we see that this massive vector boson multiplet must be a BPS multiplet ! As a result, we have the BPS formula for the masses of this multiplet in terms of the central charges, which are given by α · a, M^W_α = |⃗α · ⃗a| ⃗a = (a_1, · · · , a_n) . (3.15) • As the simple gauge algebra G is broken to a subalgebra which includes U(1) factors, general arguments show that ‘t Hooft-Polyakov magnetic monopoles will arise [20]. In fact, precisely one magnetic monopoles arises for each possible embedding of SU(2) into G, i.e. for each root β of G.

It is instructive to recall the set-up of the basic ‘t Hooft-Polyakov solution in the Bogomolnyi-Prasad-Sommerfield (BPS) limit [21]. The limit consists in ignoring the quartic Higgs field potential, but retaining the boundary conditions on the Higgs field that it should tend towards a constant value at spatial ∞. (This is automatically the set-up we have in N = 2 super-Yang-Mills when the gauge symmetry is broken to a U(1) factor.) Now, the magnetic monopole is a stable, static soliton solution, magnetically charged under the unbroken U(1). In the BPS limit, the energy is given by E = 1 g^2 ∫ d^3x ( tr(D_iϕ)^2 + trB^2_i )

= 1 g^2 ∫ d^3xtr(D_iϕ ± B_i)^2 ∓ 2 g^2 ∫ d^3x∂_i(trϕB_i) (3.16)

where the ± signs are correlated. The second term on the rhs of (3.16) is proportional to the magnetic charge. The first term on the rhs of (3.16) is always positive or zero, and this fact guarantees that the energy is bounded from below by the magnetic charge of the monopole. This so-called BPS bound is really nothing else than the BPS bounds we have encountered in the study of extended supersymmetry. A BPS solution (which preserves N = 1 supersymmetry) is obtained by saturating the BPS bound upon setting the first term on the rhs of (3.16) to zero.

This construction will give us a BPS formula (at the semi-classical level) for the mass of the ‘t Hooft-Polyakov magnetic monopole in terms of the vacuum expectation value of the gauge scalar. Appling this construction for any SU(2) subgroup of G, specified uniquely by a root ⃗β of G, and using the fact that ϕ = ⃗a · ⃗a, we find the semi-classical magnetic monopole BPS mass formula

M^M_β = | | | | ⃗β · τ⃗a | | | | τ = θ 2π + 4πi g^2

(3.17)

Here, we have also included the effect of the θ angle, which is to produce an electric charge on the magnetic monopole and make it into a dyon [22].

• In fact, a general dyon (single particle state) may be specified by two roots : one root ⃗α for its electric charge as in the construction of vector boson masses; and one (co)root ⃗β for its magnetic charge as in the construction of the magnetic monopole masses. The full quantum BPS mass formula for such a dyon is [7], [23] M^D_{(⃗α,⃗β)} = |⃗α · ⃗a + ⃗β · ⃗a_D| . (3.18) In the semi-classical limit, the quantity ⃗a_D is given by ⃗a_D = τ⃗a, but at the full quantum level the expression for ⃗a_D in terms of ⃗a will be modified. One of the goals of Seiberg- Witten theory will be to predict precisely what the relation between these two quantities is. Given this information, the masses of all BPS states (including vector bosons, magnetic monopoles and dyons) will be known exactly in terms of the vacuum moduli parameters a_j. In the more constrained N = 4 theory, the relation a_D = τ a will not be renormalized at the full quantum level.

3.5 Form of the N=2 Low Energy Effective Lagrangian

With the preceding subsection, we know precisely what the particle spectrum of the N = 2 super-Yang-Mills theory will be. Upon restriction to the low energy part of the spectrum, the effects of the massive vector bosons and magnetic monoples and dyons will decouple. Only the n massless N = 2 Abelian U(1) gauge supermultiplets will remain.^2 Thus, we are left with the problem of determining the most general low energy effective action of n massless U(1) gauge supermultiplets, with fields (A^j_μ, λ^j_±, ϕ^j ), as function of the vacuum moduli parameters a_j, which are the expectation values of the gauge scalars ϕ^j.

We have two methods available to do this : we could start directly from the manifestly N = 2 supersymmetric formulation of §2.10; or start from an N = 1 standard superfield formulation and attempt to impose the extra N = 2 susy by hand. It turns out to be very instructive to start with the latter. To do this, we first construct the most general N = 1 invariant Lagrangian with this field content, and we shall then enforce the supplementary constraints of N = 2 supersymmetry [24]. In terms of N = 1 superfields, the n multiplets decompose into r Abelian U(1) vector superfields V_j ∼ (A_{jμ}, λ^j_− = λ^j) and n chiral superfields Φ^j ∼ (λ^j_+ = ψ^j, ϕ^j), which are neutral under the U(1)^n gauge group. The field strength superfields are simply

W^j_α = − 1 4 D̄D̄D_αV^j . (3.19)

2We note here though that for special values of the vacuum moduli, one or several of the dyons may also becomes massless. This phenomenon and its symptoms in the Wilson effective action are central features of the theory. They will be investigated extensively in the next subsections.

The full effective action is now gotten by putting together the superpotential part L_U , the gauge coupling part L_G and the Kähler part L_K of subsection §2.8. Since the chiral superfields Φ^j are neutral, the Kähler potential does not involve the gauge fields V_j. We have L = ∫ d^4θ K(Φ^j, (Φ^j )^†) + Re ∫ d^2θ { U(Φ^j ) + τ_{ij}(Φ^k)W^iW^j } . (3.20)

Here, the superpotential U(Φ^j) and the gauge coupling τ_{ij}(Φ^k) are complex analytic functions of the chiral superfields Φ^j.

The first step towards enforcing N = 2 supersymmetry is to expand the superfields of (3.20) in terms of components and eliminate the auxiliary fields. This step is necessary because the auxiliary fields of the N = 1 superfields do not have a natural place in or good transformation properties under N = 2 supersymmetry. The result is

L = −g_i¯_j (D_μϕ^iD^μϕ̄^{j̄} + iψ̄^{j̄}σ̄^μD_μψ^i) − 1 2 g^{ij̄} ∂U ∂ϕ^i ∂Ū ∂ϕ̄^{j̄} + Re { ψ^iψ^j ∂^2U ϕ^i∂ϕ^j }

−Re { τ_{ij}( i 2 F^i_{μν}F^{jμν} − 1 2 F^i_{μν}F̃^{jμν} + λ̄^iσ̄^μD_μλ^j) } . (3.21)

Here, the Kähler metric g_i¯_j is given in terms of the Kähler potential K by

g_i¯_j(ϕ, ϕ̄) = ∂^2K(ϕ, ϕ̄) ∂ϕ^i∂ϕ̄^{j̄} . (3.22)

The covariant derivative D_μ is taken with respect to the Levi-Civita connection Γ^i_{jk} of the metric g_i¯_j, D_μϕ^i = ∂_μϕ^i + Γ^i_{jk}ϕ^j∂_μϕ^k . (3.23) No gauge field enters here, because the chiral multiplet in which ϕ^i and ψ^i belong are neutral under the gauge group.

To enforce N = 2 supersymmetry directly is still not so easy. However, as part of N = 2 supersymmetry, we know that the fields A^j_μ and ϕ^j of the N = 2 gauge supermultiplets have to transform as singlets under the SU(2)_R symmetry, while the fermions λ^i and ψ^i must combine into an SU(2)_R doublet. Thus, we may first enforce, as a necessary condition for N = 2 supersymmetry, the requirement that ψ^i and λ^i enter symmetrically.

Clearly, there is no Yukawa interaction for the field λ^i, and thus, the Yukawa interaction must also be absent for the ψ fields. Thus, U(ϕ^i) can be at most linear in ϕ^i. In fact, if U(ϕ^i) has any dependence on ϕ^i at all, then the |∂U|^2 term will always be strictly positive and supersymmetry will be broken spontaneously. Discarding this possibility, U must be constant, and may hence be set to U = 0 : the superpotential is absent !

Next, the kinetic terms of λ^i and ψ^i must be equal. This requires the relation 1 2i (τ_{ij} (ϕ) − τ_{ij} (ϕ)) = ∂^2K(ϕ, ϕ̄) ∂ϕ^i∂ϕ̄^j . (3.24)

To solve (3.24), we make use of the holomorphicity of τ_{ij} and of its symmetry under i ↔ j. Considering τ_{ij} as a given holomorphic function, K is determined by a linear differential equation, which is trivially solved in terms of holomorphic functions T_i(ϕ),

K(ϕ, ϕ̄) = T_i(ϕ)ϕ̄^i + T_i(ϕ)ϕ^i (3.25)

with the relation 1 2i τ_{ij} (ϕ) = ∂T_j(ϕ) ∂ϕ^i = ∂T_i(ϕ) ∂ϕ^j . (3.26)

The second equality in (3.26) holds in view of the fact that τ_{ij} is symmetric, and immediately implies that T_i(ϕ) is a pure gradient of a single holomorphic function, called the prepotential and usually denoted by F(ϕ). We have then

T_i(ϕ) = 1 2i ∂F(ϕ) ∂ϕ^i (3.27)

Remarkably, the entire low energy effective action L has now been completely determined in terms of this single prepotential function F(ϕ). In view of the arguments presented earlier showing holomorphicity as a function of the masses, gauge coupling and Yukawa couplings, we know that F is also holomorphic as a function of the gauge coupling τ and the hypermultiplet masses m : F(ϕ; m_a, τ ). The N = 2 low energy effective action for the r U(1) gauge multiplets is thus

L = Im(τ_{ij}) F^i_{μν}F^{jμν} + Re(τ_{ij} ) F^i_{μν}F̃^{jμν} + Im(∂_μϕ̄^j∂^μϕ_{Dj}) + fermions (3.28)

with ϕ_{Dj} = ∂F(ϕ) ∂ϕ^j τ_{ij}(ϕ) = ∂^2F(ϕ) ∂ϕ^i∂ϕ^j . (3.29)

Here, it is understood that the gauge scalar ϕ^j takes on a vacuum expectation value a^j, which are arbitrary complex numbers.

That the Lagrangian (3.28) is fully invariant under the N = 2 susy follows almost trivially by obtaining it from the expansion of the manifestly N = 2 supersymmetric Lagrangian for gauge group U(1)^n of (2.98) and without hypermultiplets.

3.6 Physical Properties of the Prepotential

Since F(ϕ) only depends upon the field and not upon space-time derivatives ∂_μϕ, F is uniquely determined by its values on the expectation values a_j, so we consider now the complex analytic function F(a_j; m_a, τ ). F is subject to two fundamental physical properties.

• F(a_j; m_a, τ ) is complex analytic by N = 2 supersymmetry;

• τ_{ij}(a) =^{∂2F}_{∂ai∂aj} obeys Im(τ_{ij}) > 0 since this function plays the role of a metric on the gauge kinetic terms. Unless Im(τ_{ij} ) > 0, some gauge fields will propagate with negative probability.

As a result of the above two properties of F, we find that F cannot be a single valued function of the vacuum moduli a_j (or of the gauge coupling τ ). Indeed, if F were singlevalued, then Im(τ_{ij}) will be a single-valued harmonic function, which by the second point above is bounded from below. But, by the maximum pinciple, such a harmonic function must in fact be constant. If it is not constant, then it can never be bounded from below or from above. These properties form the basis for the construction of F given by Seiberg and Witten [8].

Actually, we can easily explore the properties of the function F in the regime of large vacuum expectation values, since the effects of renormalization are then known from asymptotic freedom, and we find for say G = SU(N), τ_{ij} = θ_{ij} 2π + 4πi g^2_{ij} ∼ i 2π ln(a_i − a_j)^2/μ^2 , (3.30)

as a_j → ∞. Integrating up to derive F, we find F ∼ i 8π ∑ i,j (a_i − a_j)^2 ln(a_i − a_j)^2/μ^2 . (3.31)

The expression for F in this limit clearly shows that F is neither constant nor single-valued.

In fact, the nature of the multiple-valuedness (also called the monodromy) of F and of τ_{ij} is understood in part. A 2π rotation of any a_i − a_j amounts to a shift of the θ_{ij} angle by 4π. This shift is physically immaterial since the instanton angles θ_{ij} are periodic with period 2π. However, this cannot be the source of all the monodromy of F. For, if it were, then the expression (3.30) would continue to be the source of this monodromy down to a_i − a_j → 0. But, as a_i − a_j → 0, we would invariably led into a domain where Im(τ_{ij} ) < 0, violating the positivity property Im(τ_{ij} ) > 0 explained previously. The source of additional monodromy is much more subtle and will be explained next.

3.7 Electric-Magnetic Duality

We begin by discussing first the case of G = SU(2) gauge group and no hypermultiplets. The fields are then the single gauge scalar ϕ, the gauge field A_μ with field strength F_{μν}, and the prepotential is a complex analytic function F(ϕ) dependent on a single complex ϕ only. The effective Lagrangian is then

L = Im { τ (ϕ)(F_{μν} + iF̃_{μν})^2 } + ∂_μ ( ϕ_D ϕ )_† J∂^μ ( ϕ_D ϕ ) + fermions J = ( 0 i −i 0 ) (3.32)

The kinetic term is manifestly invariant under the linear action of an M ∈ SL(2, R) = Sp(2, R) on ϕ_D and ϕ, with ( ϕ_D ϕ ) −→ M ( ϕ_D ϕ ) M^†JM = J (3.33)

This group is generated by translations T_β and an inversion S, given by

T_β = ( 1 β 0 1 ) S = ( 0 −1 1 0 ) . (3.34)

The action of T_β on ϕ, ϕ_D and τ (ϕ) is as follows ϕ_D −→ ϕ_D + βϕ ϕ −→ ϕ τ (ϕ) −→ τ (ϕ) + β . (3.35)

This shift is precisely of the form of a shift in the angle θ, and will be immaterial only if β is an integer multiple of 2. Thus, while the full SL(2, R) leaves the kinetic term invariant, only a subgroup Γ_0(2) ⊂ SL(2, Z) will leave the quantum mechanical physics of the problem unchanged. The action of S on ϕ, ϕ_D and τ (ϕ) is as follows ϕ_D −→ −ϕ ϕ −→ ϕ_D τ (ϕ) −→ −1/τ (ϕ) . (3.36) Considering the special case where θ = 0, the transformation on the remaining coupling g in τ is by inversion : g → 1/g, and thus exchanges small and large coupling regimes.

Thus far, we have implemented the action of the transformation S only on the scalar kinetic term, and it remains to implement S on the gauge field. But, the gauge part of the action does not manifestly exhibit a symmetry in which g → 1/g. The key novel ingredient is the fact that upon g → 1/g, the gauge field A_μ must simultaneously be replaced by its dual field A_{Dμ}. This transformation interchanges the roles of electric and magnetic fields, as was considered by Montonen and Olive [7].

The fact that g → 1/g is related to an electric-magnetic duality transformation may be seen intuitively from the Dirac quantization condition. If we denote by g the unit of electric charge and by g_D the unit of magnetic charge, then the Dirac condition requires g · g_D ∼ 1 in units where h̄ = 1. Thus, as g → 1/g, we have equivalently g ↔ g_D, and electric and magnetic charge are being exchanged.

Electric-magnetic duality in the free Maxwell’s equations ∂_μF̃^{μν} = ∂_μF^{μν} = 0 is a manifest symmetry, realized by F^{μν} ↔ F̃^{μν}. At the level of the Lagrangian, the symmetry is obscured by the fact that the Bianchi identity ∂_μF̃^{μν} = 0 has been solved for in terms of the gauge potential, thus obscuring duality symmetry.

To exhibit duality in the action, we must arrange to have both the field equations ∂_μF^{μν} = 0 and the Bianchi identities ∂_μF̃^{μν} = 0 emerge as field equations. This may be done by formulating the action in terms of an independent field strength field F_{μν} and by enforcing the Bianchi identity by introducing a Lagrange multiplier field A_{Dμ}. We shall carry out this duality transformation only on the gauge field, but a full supersymmetric argument is possible as well. We have

S_G = ∫ Imτ (ϕ)(F + iF̃ )^2 + 2 ∫ A_{Dμ}∂_νF̃^{μν} . (3.37)

We consider the Lagrange multiplier A_{Dμ} as a field in its own right, and introduce its field strength F_{Dμν} = ∂_μA_{Dν} − ∂_ν A_{Dμ}. Upon integration by parts, the last term in S_G is then ∫ F_{Dμν}F^{μν}, and we may complete the square in F as follows

S_G = ∫ Im [ τ (ϕ){F + iF̃ + 1 τ (ϕ) (F_D + iF̃_D)}^2 − 1 τ (ϕ) (F_D + iF̃_D)^2 ] . (3.38)

Integrating out the unconstrained field F by Gaussian integration, we are left with the same action S_G, but formulated entirely in terms of the dual gauge field A_{Dμ}, and given by S_G = ∫ Im [ − 1 τ (ϕ) (F_D + iF̃_D)^2 ] . (3.39)

Thus, the S transformation in which τ (ϕ) → −1/τ (ϕ) has been realized on the gauge field as well. The precise monodromy group is generated by the transformations T_2 and S of (3.34), and this group is a subgroup Γ_0(2) of the group SL(2, Z), which is generated by T_1 and S.

3.8 Monodromy via Elliptic Curves for SU(2) Gauge Group

We have now obtained a precise formulation of the monodromy problem associated with the Seiberg-Witten theory for SU(2) gauge group. • ( a_D a ) transforms linearly under the Γ_0(2) ⊂ SL(2, Z) monodromy group;

• τ (a) = ∂a_D/∂a obeys the condition Imτ (a) > 0;

• The monodromy T_2 is realized in the limit where a → ∞.

Generally, such monodromy problems are very hard to solve. Here however, we have one very important hint : a complex quantity τ with positive definite imaginary part. Such quantities are also fundamental in the theory of Riemann surfaces, where they describe the moduli of Riemann surfaces and the positivity condition ensures regularity of the surface. In our case, the relevant Riemann surface is an elliptic curve or equivalently a torus.

The torus is conveniently described as an elliptic curve in CP^2, parametrized by two complex coordinates (k, y), and given by

y^2 = (k − Λ^2)(k + Λ^2)(k − u) . (3.40)

Here Λ is an overall scale, and u parametrizes the modulus τ of the elliptic curve. One may view the elliptic curve as realized by a double cover of the complex plane (the two sheets corresponding to the ±y branches) with branch points ±Λ^2, u and ∞, and branch cuts for example along [−Λ^2, +Λ^2] and [u, ∞].

A canonical basis for the homology 1-cycles (in which the cycles A and B intersect precisely once) is provided by the following closed curves; A : circling the banch cut [−Λ^2, +Λ^2] once; and B : from branch points +Λ^2 to u circling from the upper to the lower sheets and back. This choice of homology cycles is not unique however, even when we require single intersection. Any change of homology basis by a symplectic transformation with integer coefficients will preserve canonical intersection ( B A ) −→ M ( B A ) M^†JM = J M ∈ SL(2, Z) (3.41)

Notice the similarity with the transformation properties of ϕ_D and ϕ in (3.33).

There is a unique holomorphic 1-form (or Abelian differential of the first kind), dk/y, whose Abelian integral is z(P ) − z(Q) = ∫ P Q dk y . (3.42)

This integral is multiple valued, and the periods of the torus are defined by the following contour integrals ω = ∮ A dk y ω_D = ∮ B dk y (3.43)

The value of the matrix of periods (ω_D ω) is subject to monodromy as the canonical homology basis of A and B cycles is changed, and transforms according to ( ω_D ω ) −→ M ( ω_D ω ) M^†JM = J M ∈ SL(2, Z) (3.44)

This transformation law is strongly suggestive in view of its similarity with the transformation law for ϕ_D and ϕ in (3.33). The modulus of the elliptic curve is defined by τ = ω_D ω Imτ > 0 , (3.45)

where the last condition guarantees that the curve is non-singular.

We are now ready to identify the data of Seiberg-Witten theory and those of the family of elliptic curves parametrized by the modulus τ , or equivalently by the complex parameter u. The modulus of the curve τ is identified with the Seiberg-Witten gauge coupling τ (a), so that τ = ω_D ω = τ (a) = ∂a_D ∂a = (∂a_D ∂u )( ∂a ∂u )_{−1} (3.46)

These equalities are readily solved by simply identifying ∂a ∂u = ω = ∮ A dk y ∂a_D ∂u = ω_D = ∮ B dk y . (3.47)

Integration in u may be carried out on both equations, and we obtain the final form of the Seiberg-Witten solution, a = ∮ A dλ a_D = ∮ B dλ (3.48)

where the differential 1-form dλ, usually called the Seiberg-Witten differential is such that its u-derivative is holomorphic. Its form may be obtained explicitly by integration in u, and is unique up to the addition of any exact differential, ∂dλ ∂u = dk y = dk √ (k^2 − Λ^4)(k − u) =⇒ dλ = (k − u)dk y + exact (3.49)

Notice that the Seiberg-Witten differential dλ has a pole at k = ∞.

The explicit solution is obtained by using the homology A and B cycles defined above, and is given by the following parametric representation of complete elliptic integrals

a_D(u) = √ 2 π ∫ u Λ2 dk √ k − u √ k^2 − Λ^4 a(u) = √ 2 π ∫_Λ2 Λ2 dk √ k − u √ k^2 − Λ^4

. (3.50)

The T_2 monodromy condition is readily verified in the limit u → ∞

a_D(u) = √ 2u π ∫_1 Λ2/u dy √ y − 1 √ y^2 −^{Λ4}_{u2} ∼ −i √ 2u ln u π (3.51)

a(u) ∼ √ 2u π ∫_Λ2 −Λ2 dk √ Λ^4 − k^2 = √ 2u (3.52)

The function a_D(a) and τ (a) are then obtained by eliminating u.

3.9 Physical Interpretation of Singularities

The elliptic curve y^2 = (k − Λ^2)(k + Λ^2)(k − u) has precisely 3 singularities at u = ±Λ^2, ∞ where the curve degenerates. These singularities translate into singular behavior of a_D(a) and τ (a). For all other u ∈ C, these quantities are regular.

Recall from the discussion of the Wilson effective action that singularities will arise in τ (a) and F(a) if and only if the mass(es) of some particle(s) that was integrated out in the Wilson remnormalization group procedure actually becomes zero. Now, we know the masses of all massive vector bosons, magnetic monopoles and dyons, because these particles belong to short BPS multiplets of N = 2 supersymmetry and so their masses obey the BPS bound M = |n_2a + n_ma_D| (3.53)

where n_e and n_m are the electric and magnetic charges respectively. Whenever a_D/a becomes a rational number, some dyon masses will become zero. In our case, there are only three candidate values for the vacuum moduli where this can happen, and we now study those in turn, using the explicit solution of (3.50). • u → ∞ corresponds to the large a limit, where asymptotic freedom applies and we find a(u) ∼ √ u a_D(u) ∼ √ u ln u Λ^2

∼ a ln a (3.54)

• u → +Λ^2 a(u) ∼ i π a_D ln a_D Λ a_D(u) ∼ (u − Λ^2) (3.55)

Using the BPS mass formula, we see that at this point any particle with zero electric charge n_e will be massless : these are just the pure magnetic monopoles, with (n_e = 0, n_m ≠ 0). • u → −Λ^2 (a − a_D)(u) ∼ (u + Λ^2) a(u) ∼ i π (a_D − a) ln a_D − a Λ (3.56)

Using the BPS mass formula, we see that at this point any particle with zero charge n_e + n_m will be masseless : these are the dyons, with (n_e, n_m = −n_e).

The monodromy matrices at each of these singularities can be derived from the presence of the logarithm in each of the above formulas. One finds

D_∞ = ( 1 2 0 1 ) D_{+Λ}2 = ( 1 0 −2 1 ) D_{−Λ}2 = ( −1 2 −2 3 ) . (3.57)

As a consistency check that the above singularities are the only ones required to satisfy the monodromy conditions in a consistent way, one may check that the product of all three monodromies is proportional to the identity matrix D_∞D_{+Λ}2 D_{−Λ}2 = −I.

Physically, the remarkable new phenomenon that emerges from this study of the Wilson effective action is that magnetic monopoles and dyons, which are usually encountered as heavy semi-classical soliton solutions, may actually become massless at strong coupling.

3.10 Hypergeometric Function Representation

In their original paper, Seiberg and Witten [8] were actually able to identify the additional monodromies at u = ±Λ^2, without solving first for (a, a_D). Their arguments were as follows. Since F is not global, it has at least 3 singularities. As explained earlier, the appearance of a singularity in the Wilson effective action is due to a particle becoming massless. The key physical input is the realization that the particle becoming massless is a monopole. The magnetic coupling τ_D can then be evaluated in the dual formulation in terms of the dual gauge field A_D, giving the monodromy matrix D_{+Λ}2 . The remaining monodromy matrix D_{−Λ}2 follows from the relation D_∞D_{+Λ}2 D_{−Λ}2 = −I for the homotopy group of the sphere with 3 punctures. In this way, the three monodromy matrices of (3.57) are recovered. Here we indicate briefly how the monodromy problem can be solved in terms of hypergeometric functions, if all three monodromies D_∞, D_{+Λ}2 , and D_{−Λ}2 are already known and given by (3.57).

We look for (a_D, a) as solutions of a second order differential equation with regular singular points. For simplicity, set Λ = 1. Consider the equation (− d^2 dz^2 + V (z))ψ(z) = 0 (3.58)

where V (z) is a meromorphic function with at most double poles. Then the equation admits two independent solutions ψ_1, ψ_2 which get transformed into a linear combination of each other under analytic continuation around each of the poles of V (z). In the present case, there should be 3 singularities at z = −Λ^2, Λ^2, ∞, and a candidate for V (z) is V (z) = − 1 4 ( 1 − λ^2_1 (z + 1)^2 + 1 − λ^2 (z − 1)^2 − 1 − λ^2_1 − λ^2 + λ^2_3 (z + 1)(z − 1) ) (3.59)

As z → ∞, V (z) ∼ −^1_4^{1−λ23}_{z2} . The solutions behave asymptotically like z^{(1±λ3)/2} if λ_3 ≠ 0, and like √ z and √ z ln z when λ_3 = 0. Comparing with the desired behavior for a and a_D, we set λ_3 = 0. Next, considering asymptotics as z → Λ^2, we are led to the choice λ_1 = λ_2 = 1.

Now the solutions ψ of (3.58) are related to those of the standard hypergeometric equation x(1 − x)f^{′′} + [c − (a + b + 1)x]f^′ − abf = 0 by

ψ(z) = (z + 1)^{(1−λ1)/2}(z − 1)^{(1−λ2)/2}f( z + 1 2 ) . (3.60) with a = b = −^1_2 , c = 0. Since a basis for the hypergeometric equation is given by f_1(x) = (1 − x)^{c−a−b}F (c − a, c − b; c + 1 − a − b; 1 − x) , f_2(x) = (−x)^{−a}F (a, a + 1 − c; a + 1 − b; 1 x ) , (3.61)

the natural candidate for (a, a_D) is

a_D(u) = i u − 1 2 F ( 1 2 , 1 2 ; 2; 1 − u 2 ) (3.62) a(u) = √ 2(u + 1)^{12} F (− 1 2 , 1 2 ; 1; 2 u + 1

) . (3.63)

Recalling that the hypergeometric function admits an integral representation F (a, b; c, z) = Γ(c) Γ(b)Γ(c − b) ∫_1 0 dt t^{b−1}(1 − t)^{c−b−1}(1 − tz)^{−a} (3.64) we obtain the following integral representation for (a, a_D)

a_D(u) = i u − 1 2 Γ(2) Γ(^1_2 )Γ(^3_2 )

∫_1 0 dt t^{− 12} (1 − t)^{12} ( 1 − t u − 1 2 )_− 1_2

(3.65) a(u) = √ 2(u + 1)^{12}

Γ(1) Γ(^1_2 )Γ(^1_2 )

∫_1 0 dt t^{− 12} (1 − t)^{− 12} ( 1 − t u + 1 2u ) 1_2

(3.66)

A change of variables gives back the expressions (3.50) proposed earlier for (a, a_D).

4 More General Gauge Groups, Hypermultiplets

In the previous section, we reviewed Seiberg-Witten theory for an N = 2 super-Yang-Mills theory with gauge group SU(2) and no hypermultiplets present. The key ingredients were

• The SW curve Γ(u) given by y^2 = (k − Λ^2)(k + Λ^2)(k − u);

• The SW differential dλ = (k − u)y^{−1}dk;

• The relation between the periods of dλ, the quantum moduli a and a_D and the prepotential F by a = 1 2πi ∮ A dλ a_D = 1 2πi ∮ B dλ a_D = ∂F ∂a (4.1)

(Henceforth, we shall include an extra factor of 2πi in the normalization of dλ.) In this section, we shall review the known generalizations of this construction to

• higher gauge algebras SU(N), SO(N), Sp(N), and exceptional algebras;

• including hypermultiplets in various representations of the gauge algebra, with the constraint that the theory remain asymptotically free or have vanishing β-function.

A useful starting point is again the symmetries of the gauge scalar kinetic term, which we shall rewrite as follows 2Im∂_μϕ^i∂^μϕ_{Di} = i∂_μ ( ϕ_{Di} ϕ_i )_† J_{ij} ( ϕ_{Di} ϕ_i ) J = ( 0 −I I 0 ) (4.2)

where the indices i, j = 1, · · · , n = rank(G). This part of the low energy effective Lagrangian is invariant under the continuous symmetry group Sp(2n, R). The subgroup of Abelian transformations of the type

T_β : ( ϕ_{Di} ϕ_i ) −→ ( I β 0 I ) ( ϕ_{Di} ϕ_i ) (4.3)

plays a special role. Its effect on the gauge coupling matrix τ_{ij} is by shifts by β :

T_β : Re(τ_{ij} ) −→ Re(τ_{ij} ) + β_{ij} . (4.4)

However, these transformations have the effect of shifting the instanton angles θ_{ij} by 2πβ_{ij}, and thus the entries β_{ij} must be integers. This restriction restricts the full invariance group of the gauge scalar kinetic term to the subgroup Sp(2n, Z).

The group Sp(2n, Z) may be viewed as being generated by transformations T_β, as in (4.3), with integer entries, together with the inversion τ −→ τ^{−1}. This transformation exchanges weak and strong coupling, and may be interpreted as a generalized electricmagnetic duality transformation, extending the case of SU(2) gauge group.

4.1 Model of Riemann Surfaces

Consider a compact Riemann surface Γ without boundary of genus g; such a surface may be thought of as a sphere with g handles attached to it. Let {A_i, B_i, i = 1, · · · , g} be a basis of closed 1-cycles for the homology H_1(Γ, Z) of Γ, so that the intersection form # is canonical

#(A_i, A_j) = #(B_i, B_j) = 0 #(A_i, B_j) = −#(B_j, A_i) = δ_{ij} . (4.5)

Dual to this canonical homology basis are the g independent holomorphic 1-forms Ω_i, i = 1, · · · , g (Abelian differentials of the 1-st kind) with periods ω_{ij} = ∮ A_i Ω_j ω_{Dij} = ∮ B_i Ω_j . (4.6)

The period matrix τ_{ij} is defined by τ ≡ ω_Dω^{−1} τ_{ij} = ∑ k ω_{Dik}(ω^{−1})_{kj} . (4.7)

The Riemann Theorems imply two key properties of the period matrix

(1) Imτ > 0 for non − degenerate Γ (2) τ_{ij} = τ_{ji} . (4.8)

Finally, a change in homology basis from {A_i, B_i} to {A^′_i, B^′_i} that preserves the intersection form # is an element of Sp(2g, Z), since the intersection matrix is equivalent to the symplectic matrix in 2g dimensions, ( B_i A_i ) −→ ( B^′_i A^′_i ) = M ( B_i A_i ) M ∈ Sp(2g, Z) . (4.9) Thus, the monodromy group of the Abelian integrals of (4.6) is a subgroup of Sp(2g, Z).

4.2 Identifying Seiberg-Witten and Riemann Surface Data

A natural generalization of the Seiberg-Witten construction for SU(2) gauge group emerges in the following way.

• The Seiberg-Witten curve is a family of Riemann surfaces Γ(u_1, · · · , u_n), parametrized by n complex parameters u_1, · · · , u_n, which play the role of vacuum moduli and parametrize the flat directions of N = 2 vacua. The family of curves may contain singular curves for certain values of u_i, but these singularities should arise only when physical massless particles appear.

• The curves Γ(u_i) must be invariant under the Weyl group Weyl(G), which is the residual gauge invariance after the gauge algebra G has been broken down to its Cartan subalgebra, U(1)^n.

• The Seiberg-Witten differential dλ is a meromorphic 1-form on Γ such that ∂dλ/∂u_i is a holomorphic 1-form (or Abelian differential of the first kind) on Γ. The residues at the poles of dλ are then automatically independent of u_i, and are linear combinations of the hypermultiplet mass parameters. Physically, the fact that the residues of dλ are independent of the u_i means that the hypermultiplet masses (entering in the N = 1 superpotential) are not renormalized and thus are unchanged under any changes in u_i. Linearity of the residues in terms of the hypermultiplet mass parameters is required by the BPS mass formula, in which the hypermultiplet mass parameters enter linearly.

• The periods of Γ then enter in the following way. Since ∂dλ/∂u_j are holomorphic 1-forms, a period matrix τ_{ij} may be constructed from by integrating these 1-forms on a set of homology cycles A_i, B_i, i = 1, · · · , n as follows. We begin by defining the periods ω_{ij} = ∂a_i ∂u_j = 1 2πi ∮ A_i ∂dλ ∂u_j ω_{Dij} = ∂a_{Di} ∂u_j = 1 2πi ∮ B_i ∂dλ ∂u_j (4.10)

where we have identified the periods ω and ω_D with the relevant super-Yang-Mills quantities. The gauge coupling constant matrix τ may now be naturally connected with the Riemann surface data by τ = ∂a_D ∂u ( ∂a ∂u )_{−1} . (4.11)

By making this identification, we guarantee that Im(τ ) > 0, τ_{ij} = τ_{ji} and holomorphicity of τ_{ij} as a function of u_i. Recall that these were the key ingredients in the Seiberg-Witten construction. Upon integrating in u_k, we obtain the fundamental relations

a_i = 1 2πi ∮ A_i dλ a_{Di} = 1 2πi ∮ B_i dλ . (4.12)

• For the simplest cases, to be explained shortly, Γ is precisely of genus g = n, and A_i, B_i i = 1, · · · , n form a basis of H_1(Γ, Z). But more generally, n ≤ g, and A_i, B_i form a suitable subset of H_1(Γ, Z).

• A crucial requirement of the Seiberg-Witten and Riemann surface correspondence is that the prepotential F defined by the Riemann surface data, a_{Dk} = ∂F/∂a_k, must have the logarithmic singularities F^{pert} predicted by perturbative field theory in the regime of large vacuum expectation values. For G = SU(N) and no hypermultiplet, these singularities have been described in (3.31). For general gauge algebra G with roots R(G) and hypermultiplet of mass m in a representation R of G with weights W(R), they are given by F^{pert}(a) = i 8π [ ∑ α∈R(G) (α · a)^2 ln

(α · a)^2 μ^2 − ∑ λ∈W(R) (λ · a + m)^2 ln

(λ · a + m)^2 μ^2 ] (4.13)

In view of the above correspondence, obtaining the Seiberg-Witten solution for any given gauge algebra and hypermultiplet representation has been reduced to obtaining the Seiberg-Witten curve Γ(u_i), the Seiberg-Witten differential dλ and the cycles A_i, B_i on Γ(u_i). The monodromy problem is in general very difficult to solve, and more indirect arguments are needed to proceed. The key considerations that have been made use of in the construction for SU(N), SO(N) and Sp(N) gauge algebras, with either no hypermultiplets or hypermultiplets in the fundamental representation of the gauge algebra are as follows.

• Matching the singularity structure of the curve Γ(u_i) with the appearance of massless particles in the N = 2 super-Yang-Mills theory;

• U(1)_R charge assignments;

• Decoupling limits to smaller gauge algebras and smaller hypermultiplet contents, including to the smallest of them all, namely the SU(2) gauge algebra which is known from the original Seiberg-Witten work;

• Educated guesswork.

4.3 SU(N) Gauge Algebras, Fundamental Hypermultiplets

We treat first the case of G = SU(N) gauge theory (for which n = N − 1), and N_f hypermultiplets in the fundamental representation of SU(N). We shall limit ourselves to asymptotically free theories, for which the number of fundamental hypermultiplets is constrained by N_f < 2N_c. The curve proposed in [25] is given by

Γ(u_i) = {(k, y) y^2 = A(k)^2 − Λ̄^2B(k)} Λ̄ ≡ Λ^{N − 12 Nf} (4.14)

where the functions A and B are given by A(k) = N∏ i=1 (k − u_i) B(k) = N_f∏ α=1 (k + m_α) , (4.15)

and m_α are the hypermultiplet masses. The Seiberg-Witten differential is defined to be

dλ = k d ln (y + A(k)) (4.16)

We observe that even when N_f = 0 and N = 2, this curve and differential are different from the curve found originally for SU(2) in §3.8. Indeed, the Seiberg-Witten curves associated with a given gauge theory are not unique, although they may satisfy the same criteria outlined above. We shall check below that these criteria are satisfied by the curve (4.14) for the SU(N) gauge theory with N_f hypermultiplets in the fundamental representation.

When Λ = 0, the curve degenerates to two copies of the complex plane given by y = ±A(k), which have a double intersection precisely (and only) at the zeroes u_i of A(k). As Λ ≠ 0, the double zeros open up into branch cuts. The end points x^±_k of these branch cuts are defined by A(x^±_k )^2 − B(x^±_k ) = 0. (4.17)

There will be precisely N branch cuts, so that the genus of the curve is n = N − 1. Thus, the set of cycles A_i and B_i may be chosen to be a basis of H_1(Γ, Z). The Seiberg-Witten differential may be written as dλ = k dk y ( A^′(k) − 1 2 A(k) B^′(k) B(k) ) . (4.18)

since this expression differs from the one in (4.16) by the term Λ̄^2 kB^′(k)dk/B(k), which has zero periods. It is easy to see that the residues of dλ are independent of u_i, since the only poles (at finite k) appear at k = −m_α through the term inverse in B(k). In fact, around k = −m_α, we have y ∼ A(k), and the behavior of dλ is given by dλ ∼ 1 2 m_α dk k + m_α . (4.19)

Similarly, the pole at k = ∞ has a residue independent of u_i and thus ∂dλ/∂u_i is holomorphic.

There are a number of simple checks on the validity of this curve. First, by making a hypermultiplet mass, say m_{Nf} large, while keeping m_{Nf} Λ̄^2 fixed, we decouple precisely the hypermultiplet with mass m_{Nf} . The limit of the corresponding curve agrees with the curve with one less hypermultiplet. Second, by letting one of the vacuum expectation values become large, one obtains a limit in which the gauge group SU(N) → SU(N − 1). Again the corresponding limits of the curves agree. Lastly, it was argued based upon the Picard-Lefschetz construction, that the strong coupling monodromies agree with the values expected from the dyon quantum numbers in the theory.

However, the true check which we need to carry out is that the family of Riemann surfaces reproduce the correct logarithmic singularities found in the perturbative regime for the prepotential F^{pert} (c.f. (4.13)). This is the regime where Λ is small compared to the gauge scalar vacuum expectation values a_i and the hypermultiplet masses m_α.

The first step is to derive the quantum order parameters a_k =^1_{2πi} ∮ A_k dλ in terms of

their classical limits u_k. Now the cycles A_k, 2 ≤ k ≤ N, can be chosen to be contours surrounding the branch cuts between x^−_k and x^+_k , which remain at a fixed distance from u_k while the branch cuts themselves shrink to u_k as Λ̄ → 0. This means that for Λ small compared to u_k, we may expand dλ = k( A^′ A − 1 2 B^′ B ) ∞∑ m=0 Γ(m +^1_2 ) Γ(^1_2 )m! k ( B A^2 )m dk (4.20)

This reduces dλ to a rational differential on a sphere with punctures. The method of residues applies readily to the evaluation of the periods around A_k, and we find

a_i = u_i + ∞∑ m=1 Λ̄^{2m} 2^{2m}(m!)^2 ( ∂ ∂u_i )_2m_{−1}

S_i(u_i; u)^m . (4.21)

The function S_i(k; u) is defined by

S_i(k; u) = Λ̄^{−2}(k − u_i)^2 B(k) A(k)^2 = ∏ α(k + m_α) ∏ l≠i(k − ul) 2 . (4.22)

The evaluation of the dual variables a_{Dk} =^1_{2πi} ∮ B_k dλ is more difficult. This is because

the cycles B_k correspond to paths going from x^−_1 to x^−_k on each sheet, unlike the A_k cycles which can be chosen at a fixed distance from the cut x^−_k , x^+_k cut as Λ̄ → 0. The expansion (4.20) cannot be applied to the evaluation of the B_k periods as it stands. However, we can restore its validity by introducing a parameter ξ with |ξ| small, and deform dλ to dλ(ξ) = k (A^′ A − 1 2 B^′ B )( 1 − ξ^2 B A^2

)_− 1_2 dk = ∞∑ m=0 Γ(m +^1_2 ) Γ(^1_2 )m! k ( A^′ A − 1 2 B^′ B )( ξ^2B A^2 )m dk (4.23)

The main advantage is that for fixed small ξ, the expansion is reliable and the evaluation of the periods of dλ(ξ) reduce to integrals of rational differentials, just as before in the evaluation of the A_k-periods (in practice, for each order ξ^{2m}, it suffices to retain terms with poles of order up to 2m). The periods a_{Dk} of dλ are then obtained by analytic continuation to ξ = 1.

It is now easy to identify the logarithmic terms in the resulting prepotential. Clearly, we have dλ = 1 2 N_f∑ α=1 m_α dk k + m_α + N∑ l=1 a_l dk k − u_l + O(Λ) (4.24)

since the residues of dλ at k + m_α = 0 are known to be^1_2 m_α, while the periods a_i of dλ around the A_i cycles tend to the residues of dλ at u_i as Λ → 0. The B_i periods of dλ are ∫ x−_i x^−_1 dλ = 1 2 N_f∑ α=1 m_α ln(x^−_i + m_α) + N∑ l=1 a_l ln(x^−_i − u_l) + O(Λ) , (4.25)

(where we have omitted, here as well as below, a similar expression with x^−_k replaced by x^−_1 , arising from the lower bound of the integral). This can be rewritten as ∫ x−_i x^−_1

dλ = a_i ln Λ̄ + 1 2 N_f∑ α=1 (a_i + m_α) ln(x^−_i + m_α) − N∑ l=1 (a_i − a_l) ln(x^−_i − u_l) + O(Λ) (4.26)

since the branch points x^−_i satisfy N∏ l=1 (x^−_i − u_l)^2 = Λ̄^2 N_f∏ j=1 (x^−_i + m_j) (4.27)

Since u_i, x^−_i are analytic functions of a_j which differ from a_i by O(Λ̄) only, it follows that ∫ k−_i k^−_1

dλ = a_i ln Λ̄ + 1 2 N_f∑ α=1 (a_i + m_α) ln(a_i + m_α) − N∑ l=1 (a_i − a_l) ln(a_i − a_l) + O(Λ) (4.28)

where the terms O(Λ̄) are analytic functions of Λ̄. Thus there are no higher powers of ln Λ̄ in the prepotential, in agreement with the non-renormalization theorem for N = 2 supersymmetric gauge theories. In view of the constraint ∑N k=1 a_k = 0, we may consider a prepotential F(a_1, · · · , a_N ) which is a function of all variables a_k, whose restriction to the hyperplane ∑N k=1 a_k = 0 is the usual prepotential. In terms of this prepotential F(a_1, · · · , a_N ), we have a_{Dk} =^∂_{∂ak} F(a_1, · · · , a_N )−^∂_{∂a1} F(a_1, · · · , a_N ). The expressions found in (4.28) identify the perturbative part of the prepotential

F^{pert} = − 1 8πi ( N∑ l,m=1 (a_l − a_m)^2 ln

(a_l − a_m)^2

Λ^2 − N∑ l=1 N_f∑ j=1 (a_l + m_j)^2 ln

(a_l + m_j)^2 Λ^2

) (4.29)

which is exactly the expression (4.13) required for the SU(N) gauge theory with N_f hypermultiplets of masses m_j, 1 ≤ j ≤ N_f , in the fundamental representation.

The same methods can be used to determine explicitly the successive instanton corrections to the prepotential, corresponding to the successive terms O(Λ̄^d) in (4.23). Clearly, the only remaining ingredient we need is a full expansion of the branch points x^−_k in terms of u_k and Λ. For this, we recast the defining equation (4.17) for the branch points as a fixed point equation x^±_k = u_k ± Λ̄S(x^±_k )^{12} (4.30)

The exact solution of this fixed point equation is given by

x^±_k = u_k + ∞∑ m=1 (±)^mΛ̄^m m! ( ∂ ∂u_k )^{m−1}S_k(u_k)^{m2} (4.31)

It is now clear that we can evaluate the periods of the Seiberg-Witten differential to any order in Λ̄. The answers will be in terms of the classical moduli parameters u_k. To get the correct prepotential, as we already saw in the determination of F^{pert}, it is crucial that all expressions be recast in terms of the quantum moduli a_k. This can be done routinely, since the equation (4.21) allows to write a_k and u_k in terms of each other. Although the calculations can become very cumbersome beyond one instanton order, the methods are straightforward and have a certain flexibility. Originally developed in the context of hyperelliptic curves [26][27], they have been now extended successfully by I.P. Ennes, S.G. Naculich, H. Rhedin, and H.J. Schnitzer to the study of more complicated spectral curves than (4.14). These include the ones corresponding to matter in the symmetric and the antisymmetric representation of SU(N) [28], as well as product groups [29], and other curves arising from M Theory. Another method which has been used in the determination of the prepotential from Seiberg-Witten curves is the method of Picard-Fuchs equations. These methods give exact differential equations satisfied by the periods of the Seiberg- Witten differential, but they can get complicated very quickly as the genus of the curve increases [30].

However, the prepotential obeys a simple and remarkable renormalization group type equation [31] ∂F ∂Λ | | | | a_i = 2N − N_f 2πi N∑ i=1 u^2_i , (4.32)

which can actually be used to determine explicitly all instanton corrections, once the dependence of u_i is known in terms of the quantum moduli a_i (Simpler cases of (4.32) had been found in [32]. A broad framework for such equations had also been provided in [34], in the context of the tau function for soliton equations).

We shall limit ourselves here to exhibiting the expression for the prepotential up to 2-instanton order, and to the cases where N_f < 2N

F = F^{(0)} + F^{(1)} + F^{(2)} + O(Λ̄^6) . (4.33)

Here, F^{(0)} is the classical and perturbative contribution

2πiF^{(0)} = − 1 4 ∑ j≠i (a_i − a_j)^2 ln

(a_i − a_j)^2 Λ^2

− (ln 2 − 2N + N_f ) ∑ i a^2_i + 1 4 ∑ i,α (a_i + m_α)^2 ln

(a_i + m_α)^2 Λ^2

, (4.34)

F^{(1)} is the one instanton contribution, given by

2πiF^{(1)} = Λ̄2 4 ∑ i S_i(a_i; a) , (4.35)

and F^{(2)} is the two instanton contribution, given by

2πiF^{(2)} =

Λ̄^4 16 [∑ j≠i S_i(a_i; a)S_j(a_j; a) (a_i − a_j)^2 + 1 4 ∑ i S_i(a_i; a)

∂^2S_i(a_i; a) ∂a^2_i ] . (4.36)

Here, the function S_i(k; a) is as defined in (4.22), but with u_i replaced by a_i. There is perfect agreement between the quantum field theory calculations and these results derived directly from Seiberg-Witten theory [26].

We note also that a set of linear recursion relations was very recently obtained for the prepotential, from which instanton corrections to very high order may be read off almost without calculations [35]. In a related direction, the renormalization group equation can be imbedded into a full hierarchy of equations satisfied by the prepotential [34]. These equations can also be exploited to derive instanton corrections [36]. For SU(N) theories with hypermultiplets in the fundamental representation, the prepotential has also been shown to satisfy WDVV equations [33]. Clearly, all these properties are indicative of a deeper underlying structure which is still yet to be fully uncovered. Finally, we note that the renormalization group methods may also be used to perform systematic expansions at strong coupling, for small values of the quantum moduli parameters [37]. These results have found exciting applications to twisted topological supersymmetric gauge theories as well [38]. Various reviews may be found in [39].

4.4 Classical Gauge Algebras, Fundamental Hypermultiplets

The curves Γ(u_i) for the other classical gauge groups SO(N) and Sp(N) have also been constructed [40], and we have A(k) = k^a n∏ i=1 (k^2 − u^2_i ) B(k) = Λ^ck^b N_f∏ α=1 (k^2 − m^2_α) . (4.37)

The values of the exponents a, b and c are given in table 6.

For simplicity, we have here restricted for Sp(2n) to the case where we have at least two massless hypermultiplets. The general case was treated in [27].

In the same paper [27], it was shown that the prepotentials for the SO(N) and Sp(N) cases could be simply expressed in terms of the prepotentials for the SU(N) cases. One finds for the case G = SO(2n + 1),

F_{SO(2n+1);Nf} (a_1, · · · , a_n; m_1, · · · , m_{Nf} ; Λ) = F_{SU (2n);2Nf +2}(a_1, · · · , a_n, −a_1, · · · , −a_n; m_1, · · · , m_{Nf} , −m_1, · · · , −m_{Nf} , 0, 0; Λ) (4.38)

G a b c SU(n + 1) 0 0 2n + 2 − 2N_f SO(2n + 1) 0 2 4n − 2 − 2N_f Sp(2n) 2 0 4n + 4 − 2N_f SO(2n) 0 4 4n − 4 − 2N_f

Table 6: Exponents entering Seiberg-Witten curves for classical gauge algebras for Sp(2n), with at least two massless hypermultiplets, F_{Sp(2n);Nf} (a_1, · · · , a_n; m_1, · · · , m_{Nf −2}, 0, 0; Λ) = F_{SU (2n);2Nf −4}(a_1, · · · , a_n, −a_1, · · · , −a_n; m_1, · · · , m_{Nf −2}, −m_1, · · · , −m_{Nf −2}; Λ) (4.39)

and, finally, for SO(2n), we have F_{SO(2n);Nf} (a_1, · · · , a_n; m_1, · · · , m_{Nf} ; Λ) = F_{SU (2n);2Nf +4}(a_1, · · · , a_n, −a_1, · · · , −a_n; m_1, · · · , m_{Nf} , −m_1, · · · , −m_{Nf} , 0, 0, 0, 0; Λ) (4.40) Again, these Seiberg-Witten expressions agree perfectly with the perturbative results known directly from quantum field theory.

5 Mechanical Integrable Systems

We consider Hamiltonian mechanical systems with a finite number of degrees of freedom, namely positions x_i and momenta p_i, i = 1, · · · , n. The Hamiltonian, Poisson bracket and Hamilton equations are as always H(x_i, p_i) ẋ_i = {x_i, H} = ∂H ∂p_i {x_i, p_j } = δ_{ij} ṗ_i = {p_i, H} = − ∂H ∂x_i . (5.1)

While for the purposes of classical mechanics, these quantities and equations are customarily used with real valued x_i, p_i and H, there is absolutely no difficulty in letting x_i, p_i and H be complex. For our purposes, derived from Seiberg-Witten theory, the natural setting is complex analyticity and it will be crucial to allow for this complex generalization.

A Hamiltonian mechanical system defined in (5.1) is (completely) integrable if and only if there exist precisely n functionally independent integrals of motion I_i(x, p), i = 1, · · · , n, such that İ_i = {I_i, H} = 0 {I_i, I_j} = 0 . (5.2)

(More precisely, the system is integrable if the first relation holds, while it is completely integrable when both equations hold.) For a practical guide to integrable systems, see for example [41]. As a result of the existence of precisely as many integrals of motion as there are position degrees of freedom x_i, it is possible to perform a canonical transformation from the variables x_i, p_i to action-angle variables, I_i, ψ_i, i = 1, · · · , n, for which time evolution is linear I_i(t) = I_i(0) ψ_i(t) = ψ_i(0) + c_iI_it (5.3)

for some constants c_i. In other words, for a completely integrable system, in action-angle variables, time evolution reduces to a linear flow on an n-dimensional torus, parametrized by the angle variables ψ_i.

There is no general classification of Hamiltonians H(x_i, p_i) which correspond to completely integrable systems. There is also no systematic test to determine whether a given Hamiltonian H(x_i, p_i) is integrable or not. Thus, deciding whether a given system is integrable is a difficult and challenging problem in mechanics.

However, there is a general correspondence that has been used very fruitfully in the study of integrable systems. This is the case whenever there exists a Lax pair. A Lax pair is a pair of N × N matrix-valued functions L(x, p) and M(x, p) which depend upon the dynamical variables x and p, such that the Lax equation L̇ = [L, M] is equivalent to the Hamilton equations of the Hamiltonian mechanical system associated with H, L̇ = [L, M] ⇐⇒ ( ẋ_i = {x_i, H} ṗ_i = {p_i, H} ) . (5.4)

The dimension N of the Lax matrices is not a priori known, and there is again no systematic test or algorithm to establish the existence of a Lax pair, even less to find it explicitly. A Lax pair is not unique, since one is always free to perform a gauge transformation on L and M by L^S = S^{−1}LS M^S = S^{−1}MS − S^{−1}Ṡ . (5.5)

As soon as a Lax pair is known to exist for a given Hamiltonian system, integrals of motion immediately follow. Indeed, traces of powers of L are found to be time independent as well as gauge invariant,

I_i ≡ trL^{ni} =⇒ İ_i = n_i tr(L^{ni−1}[L, M]) = 0 . (5.6)

Here, the traces of L can be defined for all positive integer values n_i, and all such I_i are integrals of motion. However, since the matrix L is of dimension N, we know from Cayley’s theorem that all I_i with n_i ≥ N will be functionally dependent upon traces of lower powers. Thus, to get “enough” integrals of motion for complete integrability, we need n ≤ N. For all known integrable systems, this condition appears to be fullfilled, though we are not aware of any general theorem to that effect. Amongst all traces of powers of L, we choose n functionally independent I_i, i = 1, · · · , n for certain choises of integers n_i. In particular, the original Hamiltonian will be functionally dependent upon these integrals of motion

H = h(I_1, · · · , I_n) (5.7)

since it is time-independent itself.

5.1 Lax Pairs with Spectral Parameter - Spectral Curves

A stronger form of integrability which exists in many known integrable systems, is the fact that the Lax operators L and M may depend upon an additional (complex) spectral parameter, usually denoted by z. The Lax operators become then matrix-valued functions L(z), M(z) of z. The Hamiltonian H and the whole mechanical system does not depend upon z, yet for all values of z, L(z) and M(z) are a Lax pair, L̇(z) = [L(z), M(z)] ⇐⇒ ( ẋ_i = {x_i, H} ṗ_i = {p_i, H} ) . (5.8)

A Lax pair L(z), M(z) obeying these relations is called a Lax pair with spectral parameter. Again, there is no systematic way to establish the existence of a Lax pair with spectral parameter, and there is no algorithm for finding it, even if the system is known to be integrable or even if a Lax pair without spectral parameter is already known explicitly.

To any Lax pair with spectral parameter, there is naturally associated a spectral curve, defined by Γ = {(k, z) ∈ C × C; det (kI − L(z)) = 0} . (5.9) and a natural one-form dλ, defined by dλ = kdz (5.10) While L(z) and M(z) depend upon 2r phase space variables x_i and p_i, i = 1, · · · , n, the spectral curve is time-independent and gauge invariant and depends only upon the n functionally independent integrals of motion I_i. Furthermore, if L(z) is a meromorphic function of z (up to a gauge transformation, which may or may not be meromorphic), then the form dλ is a meromorphic form on the spectral curve Γ. Depending on the periodicity properties of the Lax pair L(z), M(z) with respect to z, the domain of definition of z may be more properly viewed as the sphere of the torus, and a different variable than z may be more suitable in the definition 5.10 for the Seiberg-Witten differential (examples of this are discussed in subsequent sections). The curve Γ is correspondingly a branched covering of the sphere or of the torus.

5.2 The Toda Systems

The non-periodic Toda system is a non-relativistic system of n + 1 points on a linear chain, with exponential nearest neighbor interactions (see for example [41]). The Hamiltonian is given by H = 1 2 n+1∑ i=1 p^2_i − M^2 n∑ i=1 e^{xi+1−xi} . (5.11) By translation invariance of the x_i by a common constant, it is clear that the center of mass x_0 = ∑ i x_i degree of freedom may be decoupled from the system, effectively leaving a system of r coupled degrees of freedom. The simplest non-periodic system with n = 1 reduces to the Liouville system.

The periodic Toda system is a non-relativistic system of n+1 points on a circular chain, with exponential nearest neighbor interactions, given by H = 1 2 n+1∑ i=1 p^2_i − M^2 n+1∑ i=1 e^{xi+1−xi} , (5.12) with the periodicity condition x_{n+2} = x_1. Again, the center of mass coordinate decouples leaving a coupled system of r degrees of freedom. The simplest periodic Toda system is for n = 1 and reduces to the Sine-Gordon model.

Actually, both Toda systems admit a natural Lie algebraic interpretation. This may be seen by viewing the linear chain of the non-periodic system as the Dynkin diagram for the Lie algebra A_n ∼ SU(n + 1), and the circular chain of the periodic Toda system as the Dynkin diagram for the untwisted affine Lie algebra A^{(1)}_n . The set R_∗ of simple roots for each Lie algebra is well-known, A_n e_i − e_{i+1} i = 1, · · · , n A^{(1)}_n e_i − e_{i+1} i = 1, · · · , n + 1, e_{r+2} = e_1 . (5.13)

In terms of the simple roots, and the vector notation for position and momentum variables, x = (x_1, · · · , x_{n+1}) and p = (p_1, · · · , p_{n+1}), both Toda Hamiltonians take on a unified form, H = 1 2 p^2 − M^2 ∑ α∈R∗ e^{−α·x} . (5.14) Lie algebraically, the non-periodic Toda system is associated with the finite dimensional Lie algebra A_n, while the periodic Toda system is associated with the infinite dimensional untwisted affine Lie algebra A^{(1)}_n .

Now, for any finite-dimensional semi-simple Lie algebra G or one of the associated untwisted G^{(1)} or twisted affine Lie algebras, we may associate a Toda system based on the set of simple roots R_∗ of the Lie algebra. For a Lie algebra G of rank n, we introduce the position x = (x_1, · · · , x_n) and momentum p = (p_1, · · · , p_n) variables and define the Toda Hamiltonian associated with a Lie algebra G (which may be finite dimensional or affine) in terms of the set of simple roots R_∗(G), as follows, H = 1 2 p^2 − M^2 ∑ α∈R∗(G) e^{−α·x} . (5.15) Remarkably, this Toda system is completely integrable for any Lie algebra G.

In fact, for any finite dimensional Lie algebra G, or its untwisted affine extension G^{(1)}, the Toda system admits a Lax pair [42]. To exhibit this Lax pair, we need the following ingredients,

• h = (h_1, · · · , h_n) is the array of Cartan generators of G, with [h_i, h_j] = 0;

• E_α is the generators of G associated with the root α;

• R_∗ = R_∗(G) is the set of simple roots of G;

• α_0 is the affine root (to be included for G^{(1)});

• a representation ρ of G, so that all generators h_i, E_α can be viewed as N-dimensional matrices, if ρ is of dimension N.

The Lax matrices then take on the form L = p · h + ∑ α∈R∗ Me^{− 12 α·x}(E_α − E_{−α}) + μ^2e^{12 α0·x}(zE_{−α0} − z^{−1}E_{α0} ) (5.16) M = − 1 2 ∑ α∈R∗ Me^{− 12 α·x}(E_α + E_{−α}) + μ^2 2 e^{12 α0·x}(zE_{−α0} + z^{−1}E_{α0} ) (5.17)

For a non-periodic Toda system, associated with a finite dimensional Lie algebra G, we set μ = 0 in (5.16), and any dependence on the spectral parameter z disappears. For the periodic Toda system, associated with the untwisted affine Lie algebra G^{(1)}, we have μ ≠ 0, and the Lax pair has a spectral parameter z.

For non-simply laced Lie algebras G (i.e. for which not all roots have the same lengths), one may also define a Toda system associated with the twisted affine Lie algebra (G^{(1)})^†. The roots of this algebra are the duals (or co-roots) to the roots of G^{(1)}, and the twisted affine Toda system associated with these algebras is also integrable, and admit a Lax pair with operators given by (5.16) but with roots replaced with co-roots.

For the periodic Toda systems, we have a Lax pair with spectral parameter and thus we have a spectral curve, as defined in (5.9). For the case of A^{(1)}_n with ρ the fundamental representation, this curve may be worked out more explicitly. Indeed, the determinant that enters (5.9) is det(kI − L(z)) = A(k) − 1 2 (z +

Λ̄^2 z ) . (5.18)

The simplicity of the z-dependence is due to the fact that the generators E_{α0} and E_{−α0} are matrices of rank 1, so that their coefficients enter linearly in the expansion of the determinant. The remaining polynomial A(k) is independent of z and is of degree N = n + 1. Since trL = 0, and k multiplies the identity matrix, the form of A(k) is

A(k) = k^N + k^{N −2}J_2 + k^{N −3}J_3 + · · · + J_N = N∏ i=1 (k − u_i) (5.19)

where the parameters J_i are functions of the integrals of motion I_i = trL^i only. The integrals of motion can in principle be expressed in terms of the dynamical variables x_i and p_i, but we shall not need these relations here.

By a change of variables, y = z − A(k), the equation for the curve (5.9) may be evaluated explicitly using (5.19), and we get

Γ = {(k, y) ∈ C × C, y^2 = A(k)^2 − Λ̄^2} . (5.20)

Remarkably, this curve is identical to the Seiberg-Witten curve for an N = 2 supersymmetric SU(N) gauge theory without hypermultiplets. In fact, also the Seiberg-Witten differential admits a very simple expression, given by dλ = kd ln z = A^′(k)kdk √ A(k)^2 − Λ̄^2

. (5.21)

The coincidence of the spectral curves of Toda systems and the Seiberg-Witten curves of N = 2 supersymmetric Yang-Mills theory was first noted in [43], in the case of SU(2) without matter hypermultiplets. It is natural to speculate that, for all gauge groups G, a similar correspondence should hold between Toda systems and Seiberg-Witten curves of N = 2 supersymmetric Yang-Mills theories without matter hypermultiplets, for all gauge groups. However, due to subtleties related to the renormalization group flow, the correct correspondence is rather between Toda systems for the dual group (G^{(1)})^∨ and the G Yang- Mills theory, as shown in [44]. We shall come back in §6 to this emergence of the dual group (G^{(1)})^∨, in the context of Calogero-Moser systems.

5.3 The Calogero-Moser Systems for SU(N)

The Calogero-Moser systems are non-relativistic mechanical models of n + 1 particles on a (complex line) with two body interactions, which are not limited to nearest neighbor interactions. The original Calogero-Moser system comes in three varieties [45]

• The Rational Calogero-Moser System H = 1 2 n+1∑ i=1 p^2_i − 1 2 m^2 n+1∑ i≠j 1 (x_i − x_j)^2

(5.22)

• The Trigonometric Calogero-Moser System H = 1 2 n+1∑ i=1 p^2_i − 1 2 m^2 n+1∑ i≠j 1 sin^2(x_i − x_j)

(5.23)

• The Elliptic Calogero-Moser System H = 1 2 n+1∑ i=1 p^2_i − 1 2 m^2 n+1∑ i≠j ℘(x_i − x_j; ω_1, ω_2) (5.24)

As is clear from the above definitions, the interaction potential of the rational and trigonometric systems is a rational and trigonometric (or simply periodic) function respectively, while for the elliptic systems, the potential is the Weierstrass elliptic (doubly periodic) function defined by

℘(x; ω_1, ω_2) ≡ 1 x^2 + ∑ (m,n)≠(0,0) ( 1 (x + 2mω_1 + 2nω_2)^2 − 1 (2mω_1 + 2nω_2)^2 ) . (5.25)

Here, 2ω_1 and 2ω_2 are the periods, and ℘ may be thought of as the electric field due to an electric dipole of unit strength on a torus with sides 2ω_1 and 2ω_2. The three systems are related by the following limits : as ω_2 → ∞ with ω_1 fixed, the elliptic system tends to the trigonometric one, while as in addition ω_1 → ∞, the system tends to the rational case. In view of these limiting relations, it suffices to carry out our analysis of integrability and construction of Lax pairs (with spectral parameter) for the elliptic Calogero-Moser systems. Integrability is preserved under these limits and will smoothly carry over to the trigonometric and rational cases.

It turns out also that the elliptic Calogero-Moser system is the system of interest for Seiberg-Witten theory. An important clue is the microscopic gauge coupling τ of (2.59). In theories where this microscopic gauge coupling does not get renormalized, it can be expected to play a central role in the prepotential and hence in the Seiberg-Witten curves. Thus for theories such as super Yang-Mills with matter in the adjoint representation (so that the beta function vanishes, in view of (3.7)), the correct corresponding integrable model should involve a torus with moduli τ . This requirement is satisfied by the Calogero- Moser systems in their elliptic versions, but not in their rational or trigonometric versions. The latter versions have appeared however in many other physical contexts. We refer to [46] for some recent applications.

The Calogero-Moser systems are naturally interpreted in terms of A_n = SU(n + 1) Lie algebra data. Consider the set R of all roots of A_n; in an orthonormal basis e_i, i = 1, · · · , n + 1, they are given by

R(A_n) = {e_i − e_j, i ≠ j = 1, · · · , n + 1} . (5.26)

In terms of the set of all roots of A_n and the position x = (x_1, · · · , x_{n+1}) and momentum p = (p_1, · · · , p_{n+1}) variables, we can recast the Hamiltonian as follows H = 1 2 p^2 − 1 2 m^2 ∑ α∈R ℘(α · x; ω_1, ω_2) (5.27)

It is easy to generalize the above Hamiltonian to other Lie algebras, but we shall postpone this discussion to §6, since a great number of subtleties arise in the integrability properties of these systems.

The elliptic Calogero-Moser system for G = A_n = SU(n + 1) admits a Lax pair with spectral parameter z, first derived in [47],

L_{ij} (z) = p_iδ_{ij} − m(1 − δ_{ij})Φ(x_i − x_j; z) (5.28) M_{ij} (z) = d_i(x)δ_{ij} + m(1 − δ_{ij})Φ^′(x_i − x_j; z) . (5.29)

Here d_i(x) = m ∑ k≠i ℘(xi − xk), Φ ′(x; z) = ∂_xΦ(x; z), and Φ(x; z) is a Lamé function, given by Φ(x; z) = σ(z − x) σ(x)σ(z) e^{xζ(z)} (5.30)

where the Weierstrass function ζ is related to ℘ by ℘(z) = −ζ^′(z) and ζ(z) = σ^′(z)/σ(z). The Lamé function Φ(x; z) satisfies the Lamé equation, ( d^2 dz^2 − ℘(x) ) Φ(x; z) = 2℘(z)Φ(x; z) . (5.31)

This Lax pair and the corresponding spectral curve has sparked a rich theory of elliptic solitons and spectral covers. We refer to [48] [49] for some of these developments. Complete integrability and the existence of a classical R-matrix has been investigated in [50] and [51]. For us, the above Lax pair will be of fundamental importance for a different reason: the associated spectral curve and differential dλ = kdz will turn out to give exactly the Seiberg-Witten curve for the SU(N) N = 2 super-Yang-Mills theory, with a hypermultiplet in the adjoint representation.

5.4 Relation between Calogero-Moser and Toda for SU(N)

Remarkably, Toda systems may be obtained as a limit of elliptic Calogero-Moser systems [52]. Qualitatively, the limit is expected to arise as follows : in Calogero-Moser systems, all roots of the algebra are being summed over, while for Toda systems, only the simple roots enter. Thus, upon taking the limit, all interactions that are not nearest neighbor must vanish, leaving only the nearest neighbor interaction of simple roots.

The limit is taken on the parameters m, ω_2 and on the position variables x_i by letting ω_1 = −iπ and

Re(ω_2) → ∞ m = Me^{δω2} x_j = X_j + 2ω_2 δ j M, X_j , 0 < δ ≤^1_N fixed

(5.32)

A very convenient way to investigate the limit is to expand the ℘-function in terms of trigonometric functions

℘(x; −iπ; ω_2) = 1 2 ∞∑ k=−∞ 1 ch(x + 2kω_2) − 1

. (5.33)

(for a derivation of this formula, see Appendix C). Since ℘(x; ω_1, ω_2) is even in x, we restrict to i < j without loss of generality and we have

m^2℘(x_i − x_j; −iπ, 2ω_2) = 1 2 ∞∑ k=−∞ M^2e^{2δω2} ch[X_i − X_j + 2ω_2(δ(i − j) + k)] − 1

. (5.34)

When δ > 1/N, it is easy to see that no limit will exist, which is why we have excluded this case from the outset in (5.32).

Because we have 0 < δ ≤ 1/N all terms in the infinite sum (5.34), except n = 0, 1, converge to 0. The limits of the remaining terms are

k = 0 term −→ { M^2 exp(X_j − X_i) j − i = 1 0 j − i ≠ 1 (5.35) and k = 1 term −→ { M^2 exp(X_N − X_1) δN = 1 0 δN < 1 . (5.36)

The contribution from the k = 0 term emerges for any values of δ, and it should be manifest that this limit precisely corresponds to the Toda exponential interaction between nearest neighbors, i.e. based on the simple roots of A_n = SU(n + 1). The contribution from the k = 1 term on the other hand is absent for all values δN < 1. In this case, the limiting Toda system is based only on the simple roots of A_n and corresponds to the non-periodic case. When δN = 1 on the other hand, the k = 1 term survives and yields the Toda exponential interaction for the affine root −α_0. In this case, the limiting Toda system is based on the simple roots of A_n as well as the affine root −α_0, and corresponds to the periodic Toda system, associated with the untwisted affine Lie algebra A^{(1)}_n . In summary

{ δN < 1 −→ non − periodic Toda for A_n δN = 1 −→ periodic Toda for A^{(1)}_n (5.37)

5.5 Relations with KdV and KP Systems

The Toda and Calogero-Moser systems are also connected with higher dimensional integrable systems. Some remarkable connections are:

• Toda Field Theory : The basic fields are ϕ = (ϕ_1, · · · , ϕ_n) with ϕ_i(t, x) 2-dimensional fields, ∂_μ = (∂_t, ∂_x), and Lagrangian L = 1 2 ∂_μϕ · ∂^μϕ − M^2 ∑ α∈R∗ e^{α·ϕ} . (5.38)

These theories are integrable as field theories and the simplest cases are Liouville theory, which enters into the study of non-critical string theory and two-dimensional quantum gravity [53], as well as Sine-Gordon theory which is equivalent to the massive Thirring model of fermions [54].

• Korteweg-de Vries (KdV) equation : The fundamental field is a single scalar u(t, x) in 2 dimensions and the field equation is

∂_tu = 6u∂_xu − ∂^3_xu (5.39)

Of special interest are rational solutions, which are of the form u(t, x) = 2 ∑ j 1 (x − x_j(t))^2

. (5.40)

By a theorem of Airault-McKean-Moser [55], this Ansatz for u solves the KdV equation provided the positions x_j(t) are subject to certain constraints as well as to the following time-evolution equation [47]

∂_tx_j = {x_j, trL^3} (5.41)

where L is the Lax operator for the rational Calogero-Moser system.

• Kadomzev-Petviashvili (KP) equation : The fundamental field is a scalar u(t, t^′, x) in three dimensions (one space and two times) with the field equation

3∂^2_t′ u = ∂_x(∂_tu − 6u∂_xu − ∂^3_xu) . (5.42)

The t^′-independent solutions are governed by the KdV equation. It has been shown by Krichever [47] that the elliptic solutions are of the form u(t, t^′, x) = 2 ∑ j ℘(x − x_j(t, t^′)) (5.43)

provided the positions x_j(t, t^′) obey the following time-evolution equations

∂_tx_j = {x_j, trL^3} ∂_t′ x_j = {x_j, trL^2} (5.44)

where L is the Lax operator for the elliptic Calogero-Moser system.

So far, these properties have not yet entered directly into the connection between integrable systems and Seiberg-Witten theory. However, it is now known that the symplectic forms arising in Seiberg-Witten theory from the differential dλ can be viewed as restrictions to the space of algebraic-geometric solutions of symplectic forms for soliton equations [56][57]. It is likely that more connections will emerge in the near future.

5.6 Calogero-Moser Systems for General Lie Algebras

As Olshanetsky and Perelomov [58] realized very early on, the Hamiltonian system (3.1) is only one example of a whole series of Hamiltonian systems associated with each simple Lie algebra. More precisely, given any simple Lie algebra G, Olshanetsky and Perelomov [58] introduced the system with Hamiltonian H(x, p) = 1 2 n∑ i=1 p^2_i − 1 2 ∑ α∈R(G) m^2_{|α|}℘(α · x), (5.45)

where n is the rank of G, R(G) denotes the set of roots of G, and the m_{|α|} are mass parameters. To preserve the invariance of the Hamiltonian (3.5) under the Weyl group, the parameters m_{|α|} depend only on the orbit |α| of the root α, and not on the root α itself. (For A_{N −1} = SU(N), it is common practice as we saw earlier to use N pairs of dynamical variables (x_i, p_i), since the roots of A_{N −1} lie conveniently on a hyperplane in C^N . The dynamics of the system are unaffected if we shift all x_i by a constant, and the number of degrees of freedom is effectively N − 1 = n.) As in the original SU(N) case, the elliptic systems (3.5) admit rational and trigonometric limits. Olshanetsky and Perelomov succeeded in constructing a Lax pair for all these systems in the case of classical Lie algebras, albeit without spectral parameter [58].

Twisted Calogero-Moser Systems defined by Lie Algebras

It turns out that the Hamiltonian systems (5.45) are not the only natural extensions of the basic elliptic Calogero-Moser system. A subtlety arises for simple Lie algebras G which are not simply-laced, i.e., algebras which admit roots of uneven length. This is the case for the algebras B_n, C_n, G_2, and F_4 in Cartan’s classification. For these algebras, the following twisted elliptic Calogero-Moser systems were introduced by the authors in [59, 60]

H^{twisted} G = 1 2 n∑ i=1 p^2_i − 1 2 ∑ α∈R(G) m^2_{|α|}℘_{ν(α)}(α · x). (5.46)

Here the function ν(α) depends only on the length of the root α. If G is simply-laced, we set ν(α) = 1 identically. Otherwise, for G non simply-laced, we set ν(α) = 1 when α is a long root, ν(α) = 2 when α is a short root and G is one of the algebras B_n, C_n, or F_4, and ν(α) = 3 when α is a short root and G = G_2. The twisted Weierstrass function ℘_ν (z) is defined by

℘_ν (z) = ν−1∑ σ=0 ℘(z + 2ω_a σ ν ), (5.47)

where ω_a is any of the half-periods ω_1, ω_2, or ω_1 + ω_2. Thus the twisted and untwisted Calogero-Moser systems coincide for G simply laced. For G = B_n, C_n, the twisted Calogero-Moser models introduced here are equivalent to the systems introduced by Inozemtsev [52], while for G = F_4, G_2, they are new integrable systems. The original motivation for twisted Calogero-Moser systems was based on their scaling limits (which will be discussed in the next section) [59, 60].

5.7 Scaling of Calogero-Moser to Toda for General Lie Algebras

The key feature of the scaling limit of the SU(N) Calogero-Moser system to the SU(N) Toda system was the collapse of the sum over the entire root lattice of A_{N −1} in the Calogero-Moser Hamiltonian to the sum over only simple roots in the Toda Hamiltonian for the Kac-Moody algebra A^{(1)}_{N −1}. Our task is to extend this mechanism to general Lie algebras. It turns out that there are two possible extensions, depending on whether we use the Coxeter number or the dual Coxeter number [60].

Scaling Limits based on the Coxeter Number

For this, we consider the following generalization of the preceding scaling limit

m = Mq^{− 12 δ}, (5.48) x = X − 2ω_2δρ^∨, (5.49)

Here x = (x_i), X = (X_i) and ρ^∨ are n-dimensional vectors. The vector x is the dynamical variable of the Calogero-Moser system. The parameters δ and ρ^∨ depend on the algebra

G and are yet to be chosen. As for M and X, they have the same interpretation as earlier, namely as respectively the mass parameter and the dynamical variables of the limiting system. Setting ω_1 = −iπ, the contribution of each root α to the Calogero-Moser potential can be expressed as

m^2℘(α · x) = 1 2 M^2 ∞∑ k=−∞ e^{2δω2} ch(α · x − 2kω_2) − 1

(5.50)

It suffices to consider positive roots α. We shall also assume that 0 ≤ δ α · ρ^∨ ≤ 1. The contributions of the k = 0 and k = −1 summands in (5.50) are proportional to exp{2ω_2(δ − δ α · ρ^∨)} and exp{2ω_2(δ − 1 + δ α · ρ^∨)} respectively. Thus the existence of a finite scaling limit requires that δ ≤ δ α · ρ^∨ ≤ 1 − δ. (5.51) Let α_i, 1 ≤ i ≤ n be a basis of simple roots for G. If we want all simple roots α_i to survive in the limit, we must require that

α_i · ρ^∨ = 1, 1 ≤ i ≤ n. (5.52)

This condition characterizes the vector ρ^∨ as the level vector. Next, the second condition in (5.51) can be rewritten as δ{1 + max_α (α · ρ^∨)} ≤ 1. But

h_G = 1 + max_α (α · ρ^∨) (5.53)

is precisely the Coxeter number of G, and we must have δ ≤^1_{hG} . Thus when δ <^1_{hG} , the contributions of all the roots except for the simple roots of G tend to 0. On the other hand, when δ =^1_{hG} , the highest root α_0 realizing the maximum over α in (5.53) survives. Since −α_0 is the additional simple root for the affine Lie algebra G^{(1)}, we arrive in this way at the following theorem, which was proved in [60]

Theorem 1. Under the limit (5.48), with δ =^1_{hG} , and ρ^∨ given by the level vector, the Hamiltonian of the elliptic Calogero-Moser system for the simple Lie algebra G tends to the Hamiltonian of the Toda system for the affine Lie algebra G^{(1)}.

Scaling Limit based on the Dual Coxeter Number

If the Seiberg-Witten spectral curve of the N = 2 supersymmetric gauge theory with a hypermultiplet in the adjoint representation is to be realized as the spectral curve for a Calogero-Moser system, the parameter m in the Calogero-Moser system should correspond to the mass of the hypermultiplet. In the gauge theory, the dependence of the coupling constant on the mass m is given by τ = i 2π h^∨_G ln m^2 M^2 ⇐⇒ m = Mq^− 1 2h∨G (5.54)

where h^∨_G is the quadratic Casimir of the Lie algebra G. This shows that the correct physical limit, expressing the decoupling of the hypermultiplet as it becomes infinitely massive, is given by (5.48), but with δ =^1_{h∨G} . To establish a closer parallel with our preceding discussion, we recall that the quadratic Casimir h^∨_G coincides with the dual Coxeter number of G, defined by

h^∨_G = 1 + max_α (α^∨ · ρ), (5.55)

where α^∨ = 2α/α^2 is the coroot associated to α, and ρ = 1 2 ∑ α>0 α (5.56)

is the well-known Weyl vector.

For simply laced Lie algebras G (ADE algebras), we have h_G = h^∨_G , and the preceding scaling limits apply. However, for non simply-laced algebras (B_n, C_n, G_2, F_4), we have h_G > h^∨_G , and our earlier considerations show that the untwisted elliptic Calogero-Moser Hamiltonians do not tend to a finite limit under (5.48), q → 0, M is kept fixed. This is why the twisted Hamiltonian systems (5.46) have to be introduced. The twisting produces precisely to an improvement in the asymptotic behavior of the potential which allows a finite, non-trivial limit. More precisely, we can write

m^2℘_ν (x) = ν^2 2 ∞∑ n=−∞ m^2 ch ν(x − 2nω_2) − 1

. (5.57)

Setting x = X − 2ω_2δ^∨ρ, we obtain the following asymptotics

m^2℘_ν (x) = ν^2M^2 { e^{−2ω2(δ∨α∨·ρ−δ∨)−α∨·X} + e^{−2ω2(1−δ∨α∨·ρ−δ∨)+α∨·X}, if α is long; e^{−2ω2(δ∨α∨·ρ−δ∨)−α∨·X} , if α is short. (5.58)

This leads to the following theorem [60]

Theorem 2. Under the limit x = X + 2ω_2^1_{h∨G} ρ, m = Mq^{−1/(2h∨G )}, with ρ the Weyl vector and q → 0, the Hamiltonian of the twisted elliptic Calogero-Moser system for the simple Lie algebra G tends to the Hamiltonian of the Toda system for the affine Lie algebra (G^{(1)})^∨.

So far we have discussed only the scaling limits of the Hamiltonians. However, similar arguments show that the Lax pairs constructed below also have finite, non-trivial scaling limits whenever this is the case for the Hamiltonians. The spectral parameter z should scale as e^z = Zq^12 , with Z fixed. The parameter Z can be identified with the loop group parameter for the resulting affine Toda system.

6 Calogero-Moser Lax pairs for general Lie algebras

While the Lax pair for the elliptic SU(N) Calogero-Moser system was constructed [47] shortly after the proposal of the Calogero-Moser systems was made [58], the Lax pairs L(z), M(z) for elliptic Calogero-Moser systems associated with general Lie algebras were constructed only recently [59].

The key complication encountered when passing from SU(N) to other Lie algebras is the following. For SU(N), the Lax operators L and M are N × N matrices, and thus belong to the (complexified) Lie algebra of SU(N). In other words, the existence and calculation of a Lax pair is essentially a problem in the Lie algebra of SU(N). For general Lie algebra G however, it will turn out that L and M cannot belong to G for generic values of the spectral parameter. Thus, the problem of the existence and calculation of the Lax pairs becomes a problem in a more general algebra in which G will have to be embedded.

Before presenting the Lax pairs with spectral parameter for general simple Lie algebras, we describe them first in a concrete and relatively simpler case, namely when G is one of the classical algebras B_n, C_n, or D_n, and the elliptic Calogero-Moser system is untwisted. In these cases, the operators L(z) and M(z) have a suggestive expression in terms of matrices.

6.1 Lax Pairs with Spectral Parameter for Classical Lie Algebras

Following Olshanetsky and Perelomov [58], it is convenient to consider the Lax pair for the root system R(BC_n) ≡ R(B_n) ∪ R(C_n), although this set is not strictly speaking the root system of an algebra. The expression (5.45) defines then the corresponding (untwisted) elliptic Calogero-Moser system, with mass parameters m_1, m_2, and m_4. The cases B_n, C_n, and D_n are recovered with the following choices of masses

B_n m_4 = 0 C_n m_1 = 0 D_n m_1 = m_4 = 0 (6.1)

We claim that the elliptic Calogero-Moser system associated to R(BC_n) is integrable and admits a Lax pair with spectral parameter if

m_1(m^2_1 − 2m^2 + √ 2 m_2m_4) = 0 (6.2)

In this case, the Lax pair L(z), M(z) is of the form

L(z) = P + X, M(z) = D + Y (6.3)

Here the matrices P, X, D, Y are all (2n + 1) × (2n + 1) dimensional, with P, D diagonal matrices

P = diag(p_1, · · · , p_n; −p_1, · · · , −p_n; 0)

D = diag(d_1, · · · , d_n; +d_1, · · · , +d_n; 0) (6.4)

and X, Y of the form X = A B_1 C_1 B_2 A^T C_2 C^T_2 C^T_1 0 , Y = A^′ B^′_1 C^′_1 B^′_2 A^{′T} C^′_2 C^{′T}_2 C^{′T}_1 0

(6.5)

The entries of the matrix D are given by

d_i = −2m_2 ∑ k ℘(x_k) + m^2_1 m_2

℘(x_i) + √ 2 m_4℘(2x_i) + m_2 ∑ k≠i [℘(x_i − x_k) + ℘(x_i + x_k)] (6.6)

those of the matrix X by

A_{ij} = m_2(1 − δ_{ij})Φ(x_i − x_j, z) B_{1ij} = m_2(1 − δ_{ij})Φ(x_i + x_j, z) + √ 2 m_4δ_{ij}Φ(2x_i, z) B_{2ij} = m_2(1 − δ_{ij})Φ(−x_i − x_j, z) + √ 2 m_4δ_{ij}Φ(−2x_i, z) C_{1i} = m_1Φ(x_i, z) C_{2i} = m_1Φ(−x_i, z) (6.7)

and those of the matrix Y are given by similar formulas, with A, B, C, and Φ(x, z) replaced respectively by A^′, B^′, C^′, and Φ^′(x, z). We note that for z = ω_a, where ω_a is one of the half periods, then the preceding Lax pair reduces to the one found by Olshanetsky and Perelomov [58].

The matrices L(z), M(z) can now be verified directly to be a Lax pair by calculation. However, as preparation for the general Ansatz for the Lax pair for general simple Lie algebras, we note that they arise by the following representation theoretic construction. The verification that they form a Lax pair for the elliptic BC_n Calogero-Moser system can then be carried out in the general framework provided in the next section §6.2.

We embed G = B_n into GL(N, C), with N = 2n + 1, by embedding the fundamental representation of B_n into the fundamental representation of GL(N, C). The weights of B_n obtained by the decomposition of the adjoint representation of GL(N, C) automatically contain all the roots of the BC_n system. Let λ_I , 1 ≤ I ≤ N, be the weights of the fundamental representation of B_n. In terms of an orthonormal basis of vectors e_i, 1 ≤ i ≤ n, we have λ_i = e_i; λ_{i+n} = −e_i 1 ≤ i ≤ n; λ_{2n+1} = 0. (6.8)

Let u_I, 1 ≤ I ≤ N, be the weights of the fundamental representation of GL(N, C). They are vectors in C^N . They can be verified to decompose orthogonally as √ 2 u_I = λ_I + v_I , (6.9) for vectors v_I which are orthogonal to λ_J , and satisfy v_i = v_{i+n}, 1 ≤ i ≤ n. We can deduce the decomposition of the roots of GL(N, C) into weights of B_n. There are three orbits, consisting of the weights of B_n with length^2 = 2, which may be viewed as the roots of D_n √ 2 (u_i − u_j) = e_i − e_j + v_i − v_j √ 2 (u_{n+j} − u_{n+i}) = e_i − e_j − v_i + v_j √ 2 (u_i − u_{n+j} ) = e_i + e_j + v_i − v_j √ 2 (u_{n+i} − u_j) = −e_i − e_j + v_i − v_j, i ≠ j, (6.10)

the weights of length^2 = 4 (additional roots of C_n) √ 2 (u_i − u_{n+i}) = 2e_i √ 2 (u_{n+i} − u_i) = −2e_i (6.11)

and the weights of length^2 = 1 (additional roots of B_n) √ 2 (u_i − u_N ) = e_i + v_i − v_{2n+1} √ 2 (u_N − u_{n+i}) = e_i − v_i + v_{2n+1} √ 2 (u_{n+i} − u_N ) = −e_i + v_i − v_{2n+1} √ 2 (u_N − u_i) = −e_i − v_i + v_{2n+1} (6.12)

Then the matrices X, Y are of the form X = ∑ α∈R(BCn) Φ(α · x)( ∑ λ_I−λ_J =α C_{IJ} E_{IJ} ) Y = ∑ α∈R(BCn) Φ^′(α · x)( ∑ λ_I−λ_J =α C_{IJ} E_{IJ} ) (6.13)

where the matrices E_{IJ} are given by (E_{IJ} )_{LM} = δ_{IL}δ_{JM} , and C_{IJ} are constants proportional to the masses m_1, m_2, and m_4.

We can now generalize this set up to the case of an arbitrary simple Lie algebra G.

6.2 The General Ansatz

Let the rank of G be n, and d be its dimension. Let Λ be a representation of G of dimension N, of weights λ_I , 1 ≤ I ≤ N. We fix a Cartan subalgebra H for GL(N, C) which contains the Cartan subalgebra H_G of G. A basis for H consists then of a basis h_i, 1 ≤ i ≤ n, of Cartan generators for G, together with a complementary set h̃_i, n + 1 ≤ i ≤ N, of generators of GL(N, C) satisfying [h_i, h_j] = [h_i, h̃_j] = [h̃_i, h̃_j] = 0. By adding to the h̃_i suitable linear combinations of the h_i, we may assume that the h_i and h̃_i are mutually orthogonal with respect to the Cartan-Killing form tr[Ad_{hi} , Ad~_{hj} ] = 0.

Let u_I ∈ C^N be the weights of the fundamental representation of GL(N, C). Project orthogonally the u_I ’s onto the λ_I ’s as

su_I = λ_I + v_I, λ_I ⊥ v_J . (6.14)

The coefficient s is determined by the normalizations of the various weights. Let e_i, 1 ≤ i ≤ n, be an orthonormal basis for the weight space of G, and set λ_I = ∑n i=1 λ_{Ii}e_i. Then s u_I ·e_k = λ_I ·e_k = λ_{Ik}. In particular, the vector s e_k, viewed as a vector in the weight space of GL(N, C) can be expressed as s e_k = ∑N I=1(s e_k · u_I) u_I = ∑N I=1 λ_{Ik}u_I. Squaring and summing over k gives

s^2 = 1 n N∑ I=1 λ^2_I = I_2(Λ) (6.15)

where I_2(Λ) is by definition the second Dynkin index of the representation Λ of G. We note that α_{IJ} = λ_I − λ_J (6.16) is a weight of Λ ⊗ Λ^∗ associated to the root u_I − u_J of GL(N, C). More precisely, let E_{IJ} = u_I u^T_J be the usual generators for GL(N, C). Then the basic commutation relations in terms of E_{IJ} , h_i, h̃_i are

[E_{IJ} , E_{KL}] = δ_{JK} E_{IL} − δ_{IL}E_{KJ} (6.17) [h, E_{IJ} ] = (λ_I − λ_J )E_{IJ} , [h̃, E_{IJ} ] = (v_I − v_J )E_{IJ} (6.18) The generators E_{II} form an alternative basis for H. Comparing the commutators of E_{II} and (h, h̃) with E_{IJ} , I ≠ J, we obtain easily the relation between E_{II} and (h, h̃) E_{II} = 1 s^2

(λ_I · h + v_I · h̃) (6.19)

The centralizer of H_G in GL(N, C) may be larger that the Cartan subalgebra H of GL(N, C). We denote it by H ⊕ GL_0. For all simple Lie algebras in their lowest dimensional faithful representation, we have GL_0 = 0, except in the cases of F_4 and E_8, where the dimension of GL_0 is 2 and 56 respectively.

The Lax pairs for both untwisted and twisted Calogero-Moser systems will be of the form L = P + X, M = D + Y, (6.20) where the matrices P, X, D, and Y are given by X = ∑ I≠J C_{IJ} Φ_{IJ} (α_{IJ} , z)E_{IJ} , Y = ∑ I≠j C_{IJ} Φ^′_{IJ} (α_{IJ} , z)E_{IJ} (6.21)

and by P = p · h, D = d · (h ⊕ h̃) + Δ. (6.22)

Here Δ is an element of GL_0. The functions Φ_{IJ} (x, z) and the coefficients C_{IJ} are yet to be determined. We begin by stating the necessary and sufficient conditions for the pair L(z), M(z) of (4.1) to be a Lax pair for the (twisted or untwisted) Calogero-Moser systems. For this, it is convenient to introduce the following notation

Φ_{IJ} = Φ_{IJ} (α_{IJ} · x), Φ^′_{IJ} = Φ^′_{IJ} (α_{IJ} · x) (6.23) ℘^′_{IJ} = Φ_{IJ} (α_{IJ} · x, z)Φ^′_{JI} (−α_{IJ} · x, z) − Φ^′_{IJ} (α_{IJ} · x, z)Φ^′_{JI} (−α_{IJ} · x, z). (6.24) Then the Lax equation L̇(z) = [L(z), M(z)] implies the Calogero-Moser system if and only if the following three identities are satisfied ∑ I≠J C_{IJ} C_{JI} ℘^′_{IJ} α_{IJ} = s^2 ∑ α∈R(G) m^2_{|α|}℘_{ν(α)}(α · x) (6.25) ∑ I≠J C_{IJ} C_{JI} ℘^′_{IJ} (v_I − v_J ) = 0 (6.26) ∑ K≠I,J C_{IK}C_{KJ} (Φ_{IK}Φ^′_{KJ} − Φ^′_{IK}Φ_{KJ} ) = sC_{IJ} Φ_{IJ} d · (u_I − u_J ) + ∑ K≠I,J Δ_{IJ} C_{KJ} Φ_{KJ} − ∑ K≠I,J C_{IK}Φ_{IK} Δ_{KJ} (6.27)

In fact, applying the commutation relations (6.17) shows readily that the conditions Ẋ = [P, Y ] and ẋ = p are equivalent. The remaining terms in the equation L̇ = [L, M] decompose into two equations, Ṗ = [X, Y ]_H and [X, Y ]_{GL(N,}C_{)⊖H} + [X, D] = 0. Now the commutator [X, Y ] is given by [X, Y ] = ∑ J /∈{I,L} C_{IJ} C_{JL}(Φ_{IJ} Φ^′_{JL} − Φ^′_{IJ} Φ_{JL})E_{IL} (6.28)

The component [X, Y ]_H is obtained by retaining only the terms E_{II} . Expressing E_{II} in terms of (h, h̃) as in (6.19), we find that the equation Ṗ = [X, Y ]_H is equivalent to ṗ · h = 1 s^2 ∑ I≠J C_{IJ} C_{JI} ℘^′_{IJ} (λ_I · h + v_I · h̃). (6.29)

In view of (6.23), ℘^′_{IJ} = −℘^′_{JI} , and we may antisymmetrize in I and J. Since h, h̃ are linearly independent, the resulting equation can only hold if the second identity (6.26) is satisfied. Assuming this, the equation reduces then to the Calogero-Moser equation of motion ṗ = 1 2 ∑ α∈R(G) m^2_{|α|}℘^′_{ν(α)}(α · x) (6.30)

if the first identity (6.25) is imposed. Finally, the terms in the third identity (6.27) are recognized as just the coefficients of E_{IJ} , I ≠ J, in [X, Y ]_{GL(N,}C_{)⊖H}, [d · (h ⊕ h̃, X], and [Δ, X] respectively. Thus the identity (6.27) is equivalent to the vanishing of [X, Y ]_{GL(N,}C_{)⊖H} + [X, D], completing the argument.

The following theorem was established in [59]:

Theorem 3. A representation Λ, functions Φ_{IJ} , and coefficients C_{IJ} with a spectral parameter z satisfying (6.25), (6.26), (6.27) can be found for all twisted and untwisted elliptic Calogero-Moser systems associated with a simple Lie algebra G, except possibly in the case of twisted G_2. In the case of E_8, we have to assume the existence of a ±1-valued cocycle.

6.3 Lax Pairs for Untwisted Calogero-Moser Systems

Returning to the case of the untwisted elliptic Calogero-Moser system for the BC_n system, we can now at the same stroke explain how the matrices (6.13) are found, and verify that they lead to a Lax pair. Given the Ansatz (6.3), the embedding of the fundamental representation of B_n into the fundamental representation of GL(N, C) (N = 2n + 1) described in §6.1, and the choice Φ_{IJ} (x, z) = Φ(x, z) for all I, J, the main issue reduces to the existence and determination of the constants C_{IJ} .

For each i ≠ j, there are two distinct roots of GL(N, C) which project to e_i − e_j, namely √ 2(u_i − u_j) and √ 2(u_{n+j} − u_{n+i}). The conditions (6.25) and (6.26) become

2m^2 = C^2_{ij} + C^2_{n+j,n+i} 0 = C^2_{ij}(v_i − v_j) + C^2_{n+j,n+i}(−v_i + v_j) (6.31)

Similar equations are obtained for the roots e_i + e_j. Using the linear independence of the vectors v_i, we find the conditions

m^2 = C^2_{ij} = C^2_{n+i,n+j} = C^2_{n+i,j} 2m^2_4 = C^2_{i,n+i} m^2_1 = C^2_{iN} = C^2_{n+i,N} (6.32)

These equations can be solved by taking m_2 = C_{ij} = C_{n+i,n+j} = C_{n+i,j} 2m_4 = C_{i,n+i} m_1 = C_{iN} = C_{n+i,N} (6.33)

With this choice of coefficients C_{IJ} , we turn to the third condition (6.27). Letting i and j take values between 1 and n, there are 6 cases to be considered: (1) I = i, J = j;

(2) I = i, J = N; (3) I = i, J = n + j with i ≠ j; (4) I = i, J = n + i; (5) I = N, J = n + j; and (6) I = n + i, J = n + j. We set dė_i = 0. Then case (4) is satisfied, cases (3) and (6) give the same equations as case (1), and case (5) gives the same equation as case (2). The cases (1) and (2) themselves lead to the following equations

m_2d · (v_i − v_j) = ∑ k≠i,j m^2[℘(x_i − x_j) − ℘(x_k − x_j) + ℘(x_i + x_k) − ℘(x_k + x_j)]

+m^2_1[℘(x_i) − ℘(x_j)] + √ 2m_2m_4[℘(2x_i) − ℘(2x_j)], m_1d · (v_i − v_N ) = ∑ k≠i m_1m_2[℘(x_i − x_j) + ℘(x_i + x_k) − 2℘(x_k)] + √ 2m_1m_4[℘(2x_i) − ℘(x_i)] (6.34)

We may assume that m_2 ≠ 0, since otherwise the system decomposes trivially into a set of non-interacting one-dimensional systems. Then the most general solution of the first equation in the preceding condition is

d · v_i = d_0 + m^2_1 m_2

℘(x_i) + √ 2m_4℘(2x_i) + ∑ k≠i m_2[℘(x_i − x_k) + ℘(x_i + x_k)] (6.35)

where d_0 is an arbitrary function of x which is independent of i. Substituting this into the second equation yields

m_1d · v_N = m_1d_0 + m_1(−2m_2 + √ 2m_4 + m^2_1 m_2

)℘(x_i) + 2m_1m_2 ∑ k ℘(x_k) (6.36)

Since the left hand side is independent of i, our construction works only when m_1(m^2_1 − 2m^2 + √ 2m_2m_4) = 0, which is the condition we stated earlier in §6.1. When it is satisfied, a vector d can clearly be found. Choosing d_0 so that d · v_N = 0, we obtain the Lax pair announced previously for the BC_n system.

We summarize now some important features of the Lax pairs we obtain in Theorem 3.

• In the case of the untwisted Calogero-Moser systems, we can choose Φ_{IJ} (x, z) = Φ(x, z), ℘_{IJ} (x) = ℘(x) for all G.

• Δ = 0 for all G, except for E_8.

• For A_n, the Lax pair (6.20) corresponds to the choice of the fundamental representation for Λ. A different Lax pair can be found by taking Λ to be the antisymmetric representation.

• As we saw before, for the BC_n system, the Lax pair is obtained by imbedding B_n in GL(N, C) with N = 2n + 1. When z = ω_a (half-period), the Lax pair obtained this way reduces to the Lax pair obtained by Olshanetsky and Perelomov [58].

• For the B_n and D_n systems, additional Lax pairs with spectral parameter can be found by taking Λ to be the spinor representation.

• For G_2, a first Lax pair with spectral parameter can be obtained by the above construction with Λ chosen to be the 7 of G_2. A second Lax pair with spectral parameter can be obtained by restricting the 8 of B_3 to the 7 ⊕ 1 of G_2.

• For F_4, a Lax pair can be obtained by taking Λ to be the 26 ⊕ 1 of F_4, viewed as the restriction of the 27 of E_6 to its F_4 subalgebra.

• For E_6, Λ is the 27 representation. • For E_7, Λ is the 56 representation.

• For E_8, a Lax pair with spectral parameter can be constructed with Λ given by the 248 representation, if coefficients c_{IJ} = ±1 exist with the following cocycle conditions c(λ, λ − δ)c(λ − δ, μ) = c(λ, μ + δ)c(μ + δ, μ) when δ · λ = −δ · μ = 1, λ · μ = 0 (6.37) c(λ, μ)c(λ − δ, μ) = c(λ, λ − δ) when δ · λ = λ · μ = 1, δ · μ = 0 (6.38) c(λ, μ)c(λ, λ − μ) = −c(λ − μ, −μ) when λ · μ = 1. (6.39)

The matrix Δ in the Lax pair is then the 8 × 8 matrix given by

Δ_{ab} = ∑ δ·βa=1 δ·βb=1 m_2 2 (c(β_a, δ)c(δ, β_b) + c(β_a, β_a − δ)c(β_a − δ, β_b))℘(δ · x) − ∑ δ·βa=1 δ·βb=−1 m_2 2 (c(β_a, δ)c(δ, β_b) + c(β_a, β_a − δ)c(β_a − δ, β_b))℘(δ · x) Δ_{aa} = ∑ βa·δ=1 m_2℘(δ · x) + 2m_2℘(β_a · x), (6.40)

where β_a, 1 ≤ a ≤ 8, is a maximal set of 8 mutually orthogonal roots. The vector d and coefficients C_{IJ} are given by C_{λμ} = { m_2 c(λ, μ) λ · μ = 1 c(λ, μ) = ±1 0 otherwise

(6.41) C_{λ,c} = { ∑_8 a=1 1 2 (λ · β_a)c(λ, β_a(λ · β_a))C_{βa,c} λ ≠ ±β_b ±C_{βb,c} λ = ±β_b (6.42) √ 60 d · u_λ = ∑ δ·λ=1 m_2℘(δ · x) + 2m_2℘(λ · x). (6.43)

Explicit expressions for the constants C_{IJ} and the functions d(x), and thus for the Lax pair are particularly simple when the representation Λ consists of only a single Weyl orbit of weights. This is the case when Λ is either

• the defining representation of A_n, C_n or D_n;

• any rank p totally anti-symmetric representation of A_n;

• an irreducible fundamental spinor representation of B_n or D_n;

• the 27 of E_6; the 56 of E_7.

Then, the weights λ and μ of Λ provide unique labels instead of I and J, and the values of C_{IJ} = C_{λμ} are given by a simple formula C_{λμ} = √ α^2

2 m_{|α|} when α = λ − μ is a root

0 otherwise

(6.44)

The expression for the vector d may be summarized by sd · u_λ = ∑ λ·δ=1; δ^2=2 m_{|δ|}℘(δ · x) (6.45) (For C_n, the last equation has an additional term, as given in (6.6).) In each case, the number of independent couplings m_{|α|} equals the number of different root lengths.

In the other remaining cases, the vector d and coefficients C_{IJ} are given as follows. For G_2 in the 7 representation, we have C_{λ,μ} = { m_2 λ · μ = ±^1_3 0 otherwise

(6.46)

C_{λ,7} = √ 2 m_2 (6.47) √ 2 d · u_λ = ∑ δ^2=1,λ·δ=1 m_2℘(δ · x) + m_2℘(λ · x) (6.48) √ 2 d · u_7 = 1 2 ∑ κ^2=2/3

m_2℘(κ · x). (6.49)

For F_4 in the 26 ⊕ 1, we have C_{λμ} = { m_2 λ · μ = 0,^1_2 0 otherwise

(6.50)

C_{λ,a} = m_2(1 − δ_{[λ],a}) (6.51) C_{a,b} = 0 (6.52) √ 6 d · u_λ = 2m_2℘(λ · x) + m_2 ∑ δ^2=1,λ·δ ℘(δ · x) − 1 2 m_2 ∑ κ∈[λ] ℘(κ · x) (6.53) √ 6 d · u_a = −m_2 ∑ [κ]=a ℘(κ · x) + 1 2 m_2 ∑ κ ℘(κ · x). (6.54)

Here we have grouped the 24 short roots of F_4 into three classes 8^v = {±e_i; 1 ≤ i ≤ 4}, 8^s = {^1_2

∑_4

i=1 ϵ_ie_i;

∏_4

i=1 ϵ_i = 1}, 8^c = {^1_2

∑_4

i=1 ϵ_ie_i;

∏_4

i=1 ϵ_i = −1}, and the index a runs through the index set {v, s, c}.

We shall illustrate the methods in a particularly simple case, namely E_6. Recall that the root system of E_6 is ± e_i ± e_j, 1 ≤ i < j ≤ 5 ± 1 2 ( √ 3 e_6 + 5∑ i=1 ϵ_ie_i), ∏_5

i=1 ϵ_i = 1. (6.55)

The simple roots are chosen as in table 8 in Appendix B. The weights of the 27 representation of E_6 are given by 2 √ 3 e_6 1 2 √ 3 e_6 − 1 2 5∑ i=1 ϵ_ie_i, ∏_5

i=1 ϵ_i = 1 − 1 2 √ 3 e_6 ± e_i, 1 ≤ i ≤ 5. (6.56)

The Weyl orbit structure of 27 ⊗ 27^∗ is

Weyl Orbit Multiplicity # Weights Length^2 [000000] 27 1 0 [000001] 6 72 2 [100010] 1 270 4

Table 7: Weyl orbit structure of 27 ⊗ 27^∗ of E_6.

We shall require the following simple property of the roots α and weights λ of E_6 in the 27 representation:

λ ± α = weight ⇐⇒ λ · α = ∓1 (6.57) When λ ± α is not a weight, λ · α = 0. To see this, we note that |λ · α| ≤^{2√}_3 × √ 2 < 2, since all weights λ of 27 satisfy λ^2 =^4_3 . As λ · α is an integer, it can only assume the values 0, 1 or −1. If λ − α = μ is a weight, then λ · α − μ · α = 2. Since μ · α ∈ {0, ±1}, we must have λ · α = 1. The argument for λ + α is similar. The reverse implication in (6.57) is a basic fact of the theory of Lie algebras.

We return now to the construction of the Lax pair. Since E_6 is simply laced, ℘_{IJ} (x) = ℘(x) for all I, J. With C_{IJ} given by (6.44), the first condition (6.25) for a Lax pair reduces to ∑ α∈R(G) ℘^′(α · x) ∑ λ_I−λ_J =α 1 = s^2 ∑ α∈R(G) ℘^′(α · x) (6.58)

However, it follows from (6.15) that s^2 =^1_6 27 ×^4_3 = 6. On the other hand, for all roots α, the multiplicity ∑ λ_I−λ_J =α 1 of the Weyl orbit is also 6. Thus the condition (6.25) is

satisfied.

To obtain the second condition (6.26), it suffices to verify that ∑ λ_I−λ_J =α (v_I − v_J ) = 0 (6.59)

for each root α. Pairing the left hand side with an arbitrary vector u_K gives ∑ λ_I−λ_J =α (v_I − v_J ) · u_K = ∑ λ_I−λ_J =α (s(δ_{IK} − δ_{JK} ) − 1 s α · λ_K ) (6.60)

Using again the fact that s^2 and the multiplicity of the Weyl orbit are both 6, this can be rewritten as ∑ λ_I−λ_J =α (v_I − v_J ) · u_K = √ 6 { ( ∑ λ_I−λ_J =α (δ_{IK} − λ_{JK} )) − α · λ_K } (6.61)

When α · λ_K = 0, λ ± α is not a weight, and both expressions on the right hand side of (6.61) vanish. When α · λ_K = ±1, there exists a unique weight so that λ_K ∓ α is a weight. Thus both expressions on the right hand side of (6.61) are ±1, and the right hand side still vanishes. This establishes (6.26).

Recall that in the case of E_6, we choose Δ = 0 and Φ_{IJ} (x, z) = Φ(x, z) for all I, J, I ≠ J. In view of the key identity (11.30) for Φ(x, z), the third identity (6.27) for the Lax pair can be rewritten as √ 6C_{IJ} d · (u_I − u_J ) = m^{2√}_2[ ∑ [℘(α_{IK} · x) − ∑ ℘(α_{KJ} · x)], (6.62)

where both sums on the right hand side are restricted to those K ≠ I, J for which λ_I − λ_K and λ_K − λ_J are both roots. This implies that (λ_I − λ_K )^2 = (λ_J − λ_K)^2 = 2, and hence λ_I · λ_K = λ_J · λ_K =^1_3 .

We consider separately the two possibilities where (λ_I − λ_J )^2 = 4 and (λ_I − λ_J )^2 = 2. In the first case, λ_I − λ_J is not a root, and C_{IJ} = 0. In particular, (λ_I − λ_J )^2 = 4, and hence λ_I · λ_J = −^2_3 . By setting β = λ_I − λ_K , the first sum on the right of (6.62) can be viewed as the sum over all roots β with β · λ_I = 1, β · λ_J = −1. Indeed, in this case, λ_I − λ_J is not a root, and the restriction K ≠ I, J is automatically satisfied. Furthermore, β · λ_I = λ_I · λ_I − λ_K · λ_I = 1, β · λ_J = λ_I · λ_J − λ_K · λ_J = −1. Conversely, a root β with these properties can be written as β = λ_I − λ_K = λ_K − λ_J . Similarly, by introducing β = λ_K − λ_J , the second sum on the right of (6.62) can be viewed as the sum over all roots β with β · λ_I = −1, β · λ_J = 1. The right hand side of (6.62) becomes ∑ β·λ_I=−β·λ_J =1 ℘(β · x) − ∑ β·λ_I=−β·λ_J =−1 ℘(β · x), (6.63) which vanishes since ℘(x) is even. Thus the third condition for the Lax pair is satisfied when λ_I − λ_J is not a root.

Assume now that λ_I − λ_J is a root. Then (λ_I − λ_J )^2 = 2 and λ_I · λ_J =^1_3 . Introducing β = λ_I − λ_K and arguing as before, we can view the first sum on the right hand side of (6.62) as the sum over all roots β with β ·λ_I = −1, β ·λ_J = 0, and β ≠ λ_I −λ_J . Expressing the other sum in the same way, we obtain √ 6m^√_2d · (u_I − u_J ) = m^{2√}_2( ∑ β·λ_I=−1,β·λ_J =0 ℘(β · x) − ∑ β·λ_J =−1,β·λ_I=0 ℘(β · x)) (6.64)

where we have added and subtracted the terms corresponding to β = λ_I − λ_J . Now recall that the only possible values for β · λ are 0 or ±1. Thus the above right hand side can be rewritten as m^{2√}_2( ∑ β·λ_I=−1 ℘(β · x) − ∑ β·λ_J=−1 ℘(β · x) (6.65)

up to the following combination of terms

− m^√_2( ∑ β·λ_I=−1;β·λ_J =±1 ℘(β · x) − ∑ β·λ_I=−1;β·λ_J =±1 ℘(β · x)). (6.66)

But in this last combination, the terms with β ·λ_I = β ·λ_J = −1 cancel out. The remaining sums are over β · λ_I = −β · λ_J = 1 and β · λ_I = −β · λ_J = 1 respectively. Since the function ℘(x) is even, the flip β → −β shows that the expression (6.66) cancels. Thus the third condition for the Lax pair is satisfied by setting d · u_I = m^√_2 ∑ β·λ_I=−1 ℘(β · x), which is

the prescription we gave earlier.

6.4 Lax Pairs for Twisted Calogero-Moser Systems

Recall that the twisted and untwisted Calogero-Moser systems differ only for non-simply laced Lie algebras, namely B_n, C_n, G_2 and F_4. These are the only algebras we discuss in this paragraph. The construction (6.20) gives then Lax pairs for all of them, with the possible exception of twisted G_2. Unlike the case of untwisted Lie algebras however, the functions Φ_{IJ} have to be chosen with care, and differ for each algebra. More specifically,

• For B_n, the Lax pair is of dimension N = 2n, admits two independent couplings m_1 and m_2, and

Φ_{IJ} (x, z) = { Φ(x, z), if I − J ≠ 0, ±n Φ_2(^1_2 x, z), if I − J = ±n . (6.67)

Here a new function Φ_2(x, z) is defined by

Φ_2( 1 2 x, z) = Φ(^1_2 x, z)Φ(^1_2 x + ω_1, z) Φ(ω_1, z)

(6.68)

The vector d and coefficients C_{IJ} are given by C_{IJ} = { m_2 I − J ≠ 0, ±n m_1 I − J = ±n (6.69)

d · v_i = m_2 ∑ J−i≠0,n ℘((e_i − λ_J ) · x) + 1 2 m_1℘_2(e_i · x). (6.70)

• For C_n, the Lax pair is of dimension N = 2n + 2, admits one independent coupling m_2, and Φ_{IJ} (x, z) = Φ_2(x + ω_{IJ} , z), (6.71) where ω_{IJ} are given by ω_{IJ} = 0, if I ≠ J = 1, 2, · · · , 2n + 1; ω_2, if 1 ≤ I ≤ 2n, J = 2n + 2; −ω_2, if 1 ≤ J ≤ 2n, I = 2n + 2.

(6.72)

The vector d and coefficients C_{IJ} are given by C_{IJ} = m_2 I, J = 1, · · · , 2n; I − J ≠ ±n 1√ 2 m_4 = √ 2m_2 I = 1, · · · , 2n; J = 2n + 1, 2n + 2; I ↔ J 2m_2 I = 2n + 1, J = 2n + 2; I ↔ J

(6.73) √ 2 d · u_I = ∑ J−I≠0,±n m_2℘_2((λ_I − λ_J ) · x) + 8m_2℘(2λ_I · x); I = 1, · · · , 2n(6.74) √ 2 d · u_{2n+1} = 2n∑ J=1 ℘_2(λ_J · x) + 2m_2℘_2(ω_2) (6.75) √ 2 d · u_{2n+2} = 2n∑ J=1 ℘_2(λ_J · x + ω_2) + 2m_2℘_2(ω_2). (6.76)

• For F_4, the Lax pair is of dimension N = 24, two independent couplings m_1 and m_2, Φ_{λμ}(x, z) = Φ(x, z), if λ · μ = 0; Φ_1(x, z), if λ · μ =^1_2 ; Φ_2(^1_2 x, z), if λ · μ = −1.

(6.77)

where the function Φ_1(x, z) is defined by

Φ_1(x, z) = Φ(x, z) − e^{πiζ(z)+η1z}Φ(x + ω_1, z) (6.78)

Here it is more convenient to label the entries of the Lax pair directly by the weights λ = λ_I and μ = λ_J instead of I and J. The vector d and coefficients C_{IJ} are given by

C_{λμ} = m_2 λ · μ = 0 1√ 2 m_1 λ · μ =^1_2 0 λ · μ = −^1_2 √ 2m_1 λ · μ = −1

(6.79)

√ 6 d · v_λ = ∑ δ long δ·λ=1 m_2℘(δ · x) − ∑ κ∈[λ] 1 2 √ 2 m_1℘_2(κ · x) + 1 √ 2 m_1℘_2(λ · x). (6.80)

Here [λ] is the classification of the 24 short roots of F_4 into 8^v, 8^s, and 8^c introduced in the previous section.

• For G_2, candidate Lax pairs can be defined in the 6 and 8 representations of G_2, but it is still unknown whether elliptic functions Φ_{IJ} (x, z) exist which satisfy the required identities.

We illustrate the construction of Lax pairs for twisted Calogero-Moser systems by reproducing here the construction of [59] in the simplest case of B_n. Since we are dealing here with the twisted Calogero-Moser system for a non-simply laced algebra, we let G = B^∨_n , and choose Λ to be the fundamental representation of B^∨_n , which is of dimension N = 2n. The weights λ of Λ are

λ_i = −λ_{i+n} = e_i, 1 ≤ i ≤ n. (6.81)

Via the Ansatz described in (6.25-6.27), the representation Λ is imbedded in GL(N, C) with s^2 = 2, and √ 2 u_i = e_i + v_i, √ 2 u_{n+i} = −e_i + v_i, 1 ≤ i ≤ n. (6.82)

The roots of GL(N, C) decompose into short roots of B^∨_n √ 2 (u_i − u_j) = e_i − e_j + v_i − v_j, i ≠ j (6.83) √ 2 (u_{ν+i} − u_{ν+j} ) = e_i − e_j + v_i − v_j, i ≠ j (6.84) √ 2 (u_i − u_{ν+j} ) = e_i + e_j + v_i − v_j, i ≠ j (6.85) √ 2 (u_{ν+i} − u_j) = −e_i − e_j + v_i − v_j, i ≠ j (6.86)

and long roots of B^∨_n √ 2 (u_i − u_{ν+i} = 2e_i (6.87) √ 2 (u_{ν+i} − u_i) = −2e_i. (6.88)

Recall that the constants C_{IJ} are given in this case by C_{IJ} = { m_2, if I − J ≠ 0, ±n m_1, if I − J = ±n (6.89)

Then the condition (6.26) in the requirements for Lax pairs is satisfied, since each short root of B^∨_n has two roots of GL(N, C) as preimages, and they come with opposite values of v_i − v_j. Each long root of B^∨_n has no v-dependence at all, and thus does not enter

(6.26). The condition (6.25) in the requirements for Lax pairs is an easy consequence of the functional equations (11.32) and (11.30) for the Φ(x, z) and Λ(x, z) functions. Thus our main task is to find coefficients d_I so that the last condition (6.27) for the Lax pair be satisfied.

We set Δ = 0. Using the antisymmetry of the right hand side of (6.27) under x → −x and I → J on the left hand side, we see that d(−x) = d(x). Using this symmetry, we may restrict attention to the cases I < J. Two cases arise, J = n + I and J − I ≠ 0, n, which we discuss separately. Consider first the case J = n + I, in which (6.27) reduces to

m_I Λ(2x_i) d · 2e_i = ∑ K≠i,n+i m^2{Φ(α_{iK} · x)Φ^′(α_{K(n+i)} · x) − Φ^′(α_{iK} · x)Φ(α_{K(n+i)} · x)}

= m^2Φ(2x_i) n∑ k≠i {℘(α_{ik} · x) − ℘(α_{k(n+i)} · x) (6.90) +℘(α_{i(n+k)} · x) − ℘(α_{(n+k)(n+i)} · x)} (6.91)

The right hand side is easily seen to vanish, which simply requires that d · e_i = 0. Next, we consider the case J − I ≠ 0, n, for which (6.27) becomes

m_2Φ(α_{IJ} · x) s d · (u_I − u_J ) = ∑ I−K≠0,±n K−J≠0,±n m^2{Φ(α_{IK} · x)Φ^′(α_{KJ} · x) − Φ^′(α_{IK} · x)Φ(α_{KJ} · x)} + ∑ I−K=±n K−J≠0,±n m_1m_2{Λ(α_{IK} · x)Φ^′(α_{KJ} · x) − Λ^′(α_{IK} · x)Φ(α_{KJ} · x)} + ∑ I−K0̸,±n K−J=±n m_1m_2{Φ(α_{IK} · x)Λ^′(α_{KJ} · x) − Φ^′(α_{IK} · x)Λ(α_{KJ} · x)} + ∑ I−K=±n K−J=±n m^2_1{Λ(α_{IK} · x)Λ^′(α_{KJ} · x) − Λ^′(α_{IK} · x)Λ(α_{KJ} · x)} (6.92)

The last sum in the preceding equation vanishes identically, because the conditions I −K = ±n and K − J = ±n imply that I − J = 0, ±2n, which is impossible since I ≠ j. By noticing that if I − K = ±n, we have that λ_I = −λ_K for all I and K, we can easily make the second and third sum collapse to single terms. Thus we obtain

m_2Φ(α_{IJ} · x) s d · (u_I − u_J ) = ∑ I−K≠0,±n K−J≠0,±n m^2{Φ(α_{IK} · x)Φ^′(α_{KJ} · x) − Φ^′(α_{IK} · x)Φ(α_{KJ} · x)}

+m_1m_2{Λ(2λ_I · x)Φ^′(−(λ_I + λ_J ) · x) − Λ^′(2λ_I · x)Φ(−(λ_I + λ_K) · x)} +m_1m_2{Φ((λ_I + λ_J ) · x)Λ^′(−2λ_J · x) − Φ^′((λ_I + λ_J ) · x)Λ(−2λ_J · x)} (6.93)

We now make use of the relations (11.32) and (11.33) for the functions Φ and Λ to simplify the right hand side of (6.93). Omitting an overall factor of m_2Φ(α_{IJ} · x), (6.93) is reduced to s d · (u_I − u_J ) = ∑ I−K≠0,±n K−J≠0,±n {℘(α_{IK} · x) − ℘(α_{KJ} · x)} + 1 2 m_1{℘_2(λ_I · x) − ℘_2(λ_J · x)} (6.94)

This is solved by setting d · v_i = ∑ J−i≠0,n m_2℘((e_i − λ_j) · x) + 1 2 m_1℘_2(e_I · x). (6.95)

6.5 Scaling Limits of Lax Pairs

All the Lax pairs we constructed have finite scaling limits. This follows from the asymptotic behavior of the function Φ(u, z) Φ(u, z) → { +e^{− 1}2^u(1 − Z^{−1}e^{u−ω2} ), Re(u) → +∞ −e^{12 u}(1 − Ze^{−u−ω2} ), Re(u) → −∞ (6.96)

in the range |Re u| < 2ω_2. This asymptotic behavior results in finite limits for the expression C_{IJ} Φ_{IJ} (α · x) under the scalings defined in §5.7 for the Hamiltonians. The behavior of the functions C_{IJ} Φ^′_{IJ} (α · x) is similar, and thus both operators L(z) and M(z) have well defined and finite limits.

More precisely, consider first the scaling limits of the untwisted Calogero-Moser systems defined with δ = 1/h_G , where h_G is the Coxeter number. This means that we let x = X + 2ω_2δρ^∨, e^z = Zq^{− 1}2 as in Theorem 1, and set C_{IJ} = { M_{|α|}e^{δω2} c_{IJ} , when α_{IJ} = α ∈ R(G) 0, when α_{IJ} /∈ R(G) (6.97)

Then the matrices L(z), M(z) converge as ω_2 → +∞ to matrices L(Z), M(Z) of the form (5.16), where the root system is the one associated with the affine algebra G^{(1)}, and the generators E_α are given by E_α = ∑ α_{IJ} =α c_{IJ} E_{IJ} . (6.98)

The matrices L(Z), M(Z) form a Lax pair for the Toda system associated with the affine algebra G^{(1)}.

Similarly, consider now the scaling limits of the twisted Calogero-Moser systems defined with δ^∨ = 1/h^∨_G , where h^∨_G is the dual Coxeter number. This means that we let x = X + 2ω_2δ^∨ρ^∨, e^z = Zq^{− 1}2 as in Theorem, and set C_{IJ} = { M_{|α|}e^{δ∨ω2} c_{IJ} , when α_{IJ} = α ∈ R(G) 0, when α_{IJ} /∈ R(G) (6.99)

Then the matrices L(z), M(z) of the Lax pair for the twisted Calogero-Moser systems B_n, C_n, and F_4 all have finite limits. The entries of their limits are given as follows. For B_n and F_4, the entries of the limit of L(z) and M(z) are given respectively by

C_{IJ} Φ_{IJ} (α · x, z) → ±κ_G M_{|α|}c_{IJ} e^{∓ 1}2^{α∨·X} , if l^∨(α^∨) = ±1; ∓κ_G M_{|α|}c_{IJ} e^{± 12 α∨0 ·X} , if l^∨(α^∨) = ±l^∨_0 ; 0 otherwise

(6.100)

and by C_{IJ} Φ^′_{IJ} (α · x, z) → −^1_2 κ_G M_{|α|}c_{IJ} e^{∓ 1}2^{α∨·X} , if l^∨(α^∨) = ±1; −^1_2 κ_G M_{|α|}c_{IJ} e^{± 12 α∨0 ·X} , if l^∨(α^∨) = ±l^∨_0 ; 0 otherwise.

(6.101)

Here κ_G is a constant depending on the Lie algebra, with κ_{Bn} = 1 and κ_{F4} = 2. As for the case of C_n, the entries of the limits of the matrices L(z) and M(z) are given respectively by

C_{IJ} Φ_{IJ} (α · x, z) → ±2M_{|α|}c_{IJ} e^{∓ 12 α∨·X}, if l^∨(α^∨) = ±1; ∓2M_{|α|}c_{IJ} e^{± 12 α∨0 ·X}Z^{− 12 ∓ 12} , if l^∨(α^∨) = ±l_0, I < J; ∓2M_{|α|}c_{IJ} e^{± 1}2^{α∨0 ·X}Z^12^{∓ 1}2 , if l^∨(α^∨) = ±l_0, J < I; 0 otherwise,

(6.102)

and by

C_{IJ} Φ^′_{IJ} (α · x, z) → −2M_{|α|}c_{IJ} e^{∓ 1}2^{α∨·X}, if l^∨(α^∨) = ±1; −2M_{|α|}c_{IJ} e^{± 1}2^{α∨0 ·X}Z^{− 1}2^{∓ 1}2 , if l^∨(α^∨) = ±l_0, I < J; −2M_{|α|}c_{IJ} e^{± 12 α∨0 ·X}Z^{12 ∓ 12} , if l^∨(α^∨) = ±l_0, J < I; 0 otherwise.

(6.103)

In each case, the resulting matrices L(Z), M(Z) form a Lax pair for the Toda system associated with (G^{(1)})^∨. In other words, starting with the Lax pair for the twisted Calogero- Moser system for B_n, C_n, and F_4, we obtain respectively a Lax pair for the Toda system associated with (B^{(1)})^∨ = A^{(2)}_{2n−1}, (C^{(1)}_n )^∨ = D^{(2)}_{n+1}, and (F^{(1)}_4 )^∨ = E^{(2)}_6 .

We note that recently Lax pairs of root type have been considered [61] which correspond, in the above Ansatz (5.3-5), to Λ equal to the adjoint representation of G and the coefficients C_{IJ} vanishing for I or J associated with zero weights. This choice yields another Lax pair for the case of E_8. However, as the authors have themselves pointed out [62], the Lax pairs they obtained do not tend to finite limits under the scalings defined in Theorems 1 and 2. Thus the corresponding spectral curves do not appear to be suitable as Seiberg-Witten curves for supersymmetric Yang-Mills theories.

7 Super-Yang-Mills and Calogero-Moser Systems

In this section, we begin by discussing the general correspondence between integrable systems and N = 2 super Yang-Mills theory and then treat the correspondence in detail for SU(N) gauge group and a hypermultiplet in the adjoint representation of the gauge group. Why the effective prepotential of N = 2 supersymmetric gauge theories can be realized by a fibration of spectral curves remains one of the most important unanswered questions in Seiberg-Witten theory. However, assuming this fact, it is easy to see, as Donagi and Witten pointed out, the emergence of integrable models.

7.1 Correspondence Seiberg-Witten and Integrable Systems

The key ingredient is the symplectic form ω on the fibration of Jacobians (or Prym varieties) associated to the spectral curves Γ ω = δ ( n∑ i=1 dλ(z_i) ) (7.1)

Here we have identified the Jacobian (or Prym) of Γ with the symmetric product of r copies of Γ, and the differential δ in (7.1) is taken with respect to both the z_i variables and the vacuum parameters u_i for the base of the fibration. Evidently, ω is then of the form ω = ω_{ji}du_j ∧ dz_i, with no components of the form du_i ∧ du_j or dz_i ∧ dz_j. It follows that the Poisson brackets {u_k, u_l} all vanish. Thus the vacuum moduli parameters of the gauge theory can be viewed as a maximal pairwise commuting set of Hamiltonians with respect to the symplectic form ω. This correspondence between N = 2 supersymmetric gauge theories and integrable models is quite attractive in its generality. However, it should be stressed that it is probably incomplete. Indeed, in all known cases, one particular Hamiltonian amongst the infinite set of Hamiltonians seems to play a special role, namely as a beta function for the gauge theory. Also, there is at this moment no systematic rule for how to identify the integrable model corresponding to a given gauge theory.

Schematically, the aspects of the correspondence between the data that arise in both settings can be summarized as follows in table 8.

In the table, τ stands for the complex Yang-Mills coupling, R and m stand for the hypermultiplet representation and mass respectively. The exact integrable system that arises in the correspondence will depend upon the gauge algebra G and the representation R of the hypermultiplet. Its systematic identification is one of the major problems of the study of supersymmetric Yang-Mills theories.

One of the first cases obtained in all generality is when the gauge algebra is simple and no hypermultiplets are present [44]. We have established previously that the Seiberg- Witten curve for N = 2 super-Yang-Mills for SU(N) gauge group and no hypermultiplets,

N = 2 super-Yang-Mills Data Integrable Systems Data Integrable Hamiltonian system associated (G, R, τ, m, Γ, λ) with Lie algebra G x_i, p_i ∈ C, i = 1, · · · , n = rank(G) S.W. curve Γ spectral curve det (kI − L(z)) = 0 S.W. differential dλ dλ = k dz ω = δ( ∑n i=1 dλ(z_i)) symplectic form vacuum moduli a_i integrals of motion I_i beta function of RG equation Hamiltonian

Table 8: Data map between Seiberg-Witten theory and Integrable systems

arrived at by arguments of singularity analysis, R-symmetry properties and limiting behavior, is precisely of the same form as the spectral curve for the period Toda system associated with the Lie algebra A_{N −1} = SU(N). The correct generalization of this correspondence involves the periodic Toda system associated with the twisted affine Lie algebra (G^{(1)})^∨. The appearance of the dual affine algebra (G^{(1)})^∨ is due to the grading of the term z +^μ_z in the spectral curve det(kI − L(z)) = 0. When L(z), M(z) is the Lax pair for the G^{(1)} Toda system, this term will appear with the grading h_G , if k and the Casimirs u_l of G are given gradings 1 and l respectively. Identifying u_l with the vacuum moduli u_l of the gauge theory, we find that the instanton generated term z +^μ_z should have instead grading h^∨_G , where h^∨_G is the dual Coxeter number. This is why the correct integrable system for pure super-Yang-Mills theory with gauge algebra G should be the periodic Toda system associated with (G^{(1)})^∨. For the classical Lie algebras G, the spectral curves derived from the (G^{(1)})^∨ Toda system were found to be in precise agreement with the preceding constructions in terms of the singularity structure of the Seiberg-Witten curves, R-symmetry properties and the matching of various decoupling limits.

Thus the case of pure Yang-Mills theories, with simple gauge algebra G and no additional hypermultiplets, has been settled. The main problem we wish to address is the identification of the integrable models corresponding to N = 2 supersymmetric Yang-Mills either with product gauge algebras, or with additional matter hypermultiplets. Among these, one theory is particularly attractive and has a certain universal aspect, in the sense that many other theories follow from it in suitable decoupling limits. This is the Yang- Mills theory with simple gauge algebra G, and one matter hypermultiplet in the adjoint representation of G.

The first case to be treated successfully was G = SU(N), where the integrable model was identified by Donagi and Witten [64] as the SU(N) Hitchin system [80]. Several authors [65] subsequently recognized the spectral curves of the SU(N) Hitchin system as identical to the spectral curves of the SU(N) elliptic Calogero-Moser system. This correspondence between SU(N) Seiberg-Witten theory and SU(N) Calogero-Moser system was however still rather rudimentary, since the vacuum parameters of the Yang-Mills theory were still obscure, and the prepotential arising from the Calogero-Moser system were not yet known to satisfy the monodromy properties required by field theory. Our purpose in this section is to address these issues in the case of G = SU(N), and to show that for general G, the integrable model corresponding to the Yang-Mills theory with a hypermultiplet in the adjoint representation is the twisted Calogero-Moser system associated to the Lie algebra G.

7.2 Calogero-Moser and Seiberg-Witten Theory for SU(N)

The full correspondence between Seiberg-Witten theory for N = 2 SU(N) super-Yang- Mills theory with one hypermultiplet in the adjoint representation of the gauge algebra, and the elliptic SU(N) Calogero-Moser systems was obtained in [66]. We describe it here in some detail.

All that we shall need here of the elliptic Calogero-Moser system is its Lax operator L(z), whose N × N matrix elements are given by

L_{ij}(z) = p_iδ_{ij} − m(1 − δ_{ij})Φ(x_i − x_j, z) (7.2)

Notice that the Hamiltonian is simply given in terms of L by H(x, p) =^1_2 trL(z)^2 + C℘(z) with C = −^1_2 m^2N(N − 1).

The correspondence between the data of the elliptic Calogero-Moser system and those of the Seiberg-Witten theory is as follows.

• The parameter m in (7.2) is the hypermultiplet mass;

• The gauge coupling g and the θ-angle are related to the modulus of the torus (or elliptic curve) Σ = C/(2ω_1Z + 2ω_2Z) by τ = ω_2 ω_1 = θ 2π + 4πi g^2

; (7.3)

• The Seiberg-Witten curve Γ is the spectral curve of the elliptic Calogero-Moser model, defined by

Γ = {(k̃, z) ∈ C × Σ, det(k̃I − L(z)) = 0} (7.4)

and the Seiberg-Witten 1-form is dλ = k dz. Γ is invariant under the Weyl group of SU(N). It can be viewed as N copies of the torus Σ, glued along suitable cuts on each copy. We use here the notation k̃ in the equation for the spectral curve, in order to reserve the notation k for a more convenient variable to be introduced later.

• Using the Lax equation L̇ = [L, M], it is clear that the spectral curve is independent of time, and can be dependent only upon the constants of motion of the Calogero- Moser system, of which there are only N. These integrals of motion may be viewed as parametrized by the quantum moduli of the Seiberg-Witten system.

• Finally, dλ = k̃dz is meromorphic, with a simple pole on each of the N sheets above the point z = 0 on the base torus. The residue at each of these poles is proportional to m, as required by the general set-up of Seiberg-Witten theory, explained in §2.

7.3 Four Fundamental Theorems

While the above mappings of the Seiberg-Witten data onto the Calogero-Moser data are certainly natural, there is no direct proof for them, and it is important to check that the results inferred from it agree with known facts from quantum field theory. To establish this, as well as a series of further predictions from the correspondence, we give four theorems (the proofs may be found in [66] for the first three theorems, and in [67] for the last one).

Theorem 4. The spectral curve equation det(k̃I − L(z)) = 0 can be expressed as

det(k̃ − L(z)) = ϑ_1

(_1 2ω1 (z − m^∂_{∂k} )|τ ) ϑ_1(^z_{2ω1} |τ ) H(k) | | | k=k̃+m∂z ln ϑ_1(^z_{2ω1} |τ )

= 0 (7.5)

where H(k) is a monic polynomial in k of degree N, whose zeros (or equivalently whose coefficients) correspond to the moduli of the gauge theory. If H(k) = ∏N i=1(k − k_i), then

lim_{q→0} 1 2πi ∮ A_i k̃dz = k_i − 1 2 m. (7.6)

Here, ϑ_1 is the Jacobi ϑ-function, which admits the following simple series expansion in powers of the instanton factor q = e^{2πiτ}

ϑ_1(u|τ ) = ∑ r∈^1_2 +Z

q^{12 r2} e^{2πir(u+ 12 )} (7.7)

Thus, in terms of the new variable k defined by

k = k̃ + m∂_z ln ϑ_1( z 2ω_1 |τ ) + 1 2 m (7.8)

the equation of the spectral curve equation can be written perturbatively in q as ∑ n∈Z (−)^nq^{12 n(n−1)}e^{nz}H(k − n · m) = 0 (7.9) where we have set ω_1 = −iπ without loss of generality. The series expansion (7.9) is superconvergent and sparse in the sense that it receives contributions only at integers that grow like n^2. But more important, it provides a geometric interpretation of the order parameters of the super Yang-Mills theory: at q = 0, the base torus Σ degenerates into a sphere with two punctures at w = 0 and w = ∞, if we introduce the new variable

w = e^z (7.10)

Each of the copies of the torus Σ making up the spectral curve Γ upstairs degenerates correspondingly into a sphere with two punctures. Now the equation (7.9) of the spectral curve Γ at q = 0 becomes H(k) − wH(k − m) = 0 (7.11) Thus the punctures lying above w = 0 are given by the N zeroes k_i of the polynomial H(k), while those lying above w = ∞ are given by k_i − m. Now the A-cycles on Γ can be chosen to be circles of a fixed radius around each of the points k_i. At the degeneration point q = 0, the Seiberg-Witten differential dλ = k̃dz can be written as dλ = k̃ d ln w = kd ln H(k) H(k − m) − md ln ϑ_1( z 2πi |τ ) − 1 2 m dz (7.12)

The second terms on the right does not contribute to A-periods, while the other two terms readily give 1 2πi ∮ A_i dλ| | |_{q=0} = k_i − 1 2 m. (7.13)

as asserted in Theorem 4. This relation provides the key starting point of the correspondence between Calogero-Moser systems and supersymmetric gauge theories, by identifying the classical vacua parameters in terms of the moduli of the Calogero-Moser spectral curves.

The parametrization of spectral curves by polynomials H(k) has been extended from SU(N) Calogero-Moser systems to SU(N) spin Calogero-Moser systems in [73], using methods of quantum field theory on Riemann surfaces [68]. For SU(N) Calogero-Moser systems, a different derivation from [66] has been recently obtained in [69].

The expansion (7.9) actually allows us to determine the exact value of the quantum vacua parameters a_i as power series in q. Geometrically, for q ≠ 0, each copy of the torus making up Γ has a branch cut of length O(|q|^{1/2}) which shrinks to the puncture k_i as q → 0. But the contours A_i can still be chosen at a fixed, nonvanishing distance from k_i. Thus the A_i-periods of dλ can be evaluated by residue formulas, just as in the case of the fundamental representation. More specifically, applying the methods in [26] for the perturbative solution of fixed point equations, we find w = H(k) H(k − m) [ 1 + ∞∑ n=1 q^n n! ∂^n ∂y^n F^n(y)_{|y=1} ] (7.14) where the function F (y) is defined by

F (y) = ∞∑ n=1 q^{12 n(n+1)}(−)^n [ y^{−n}η^+_n (k) − y^{n+1}η^−_n (k − m) ]

η^±_n (k) = H(k ± mn)H(k ∓ m) H(k)^{n+1} (7.15)

We would like to stress that the expansion (7.15) is a reliable expansion only when the denominators of the expressions η^±_n (k) and η^±_n (k − m) are bounded away from 0. As explained earlier, this can be achieved in the evaluation of the A-periods, by fixing the A-cycles away from the points k_i. We can deduce then the full expansion in q of the Seiberg-Witten differential dλ = k̃d ln w. Each term in the expansion is rational in k with poles at k_i and k_i − βm, and the corresponding residues are easily evaluated. For example, we obtain to order q^2

a_i = k_i + qS̄_i(k_i) + 1 4 q^2(S̄_i)^{′′′} (k_i) + O(q^3) S̄_i(k) ≡ H(k + m)H(k − m) ∏ j≠i(k − kj ) 2 (7.16)

For the super Yang-Mills theory with matter in the adjoint representation, the microscopic gauge coupling q = e^{2πiτ} is analogous to the renormalization scale Λ encountered earlier for the fundamental representation, and the full expansion in q of the vacua parameters a_i is required to evaluate the contributions to the prepotential F of instanton processes to an arbitrary order.

Theorem 5. The prepotential of the Seiberg-Witten theory obeys a renormalization grouptype equation that simply relates F to the Calogero-Moser Hamiltonian, expressed in terms of the quantum order parameters a_j

a_j = 1 2πi ∮ A_j dλ ∂F ∂τ | | | a_j = H(x, p) = 1 2 N∑ i=1 k^2_i (7.17)

Furthermore, in an expansion in powers of the instanton factor q = e^{2πiτ} , the quantum order parameters a_j may be computed by residue methods in terms of the zeros of H(k). (The polynomial H(k) is not to be confused with the Calogero-Moser Hamiltonian H(x, p); the notation is conventional.)

The microscopic gauge coupling τ corresponds geometrically to the moduli of the base torus Σ, so that the renormalization group equation (7.17) is mathematically a statement about deformations of complex structures. The main underlying equation is the following δa_{Di} = N∑ j=1 ∮ A_j k̃Ω_i (7.18) where Ω_i, 1 ≤ i ≤ N, is the basis of holomorphic Abelian integrals dual to the A_i basis of cycles. It can be derived by showing that the deformation δdλ of the Seiberg-Witten differential satisfies a ¯∂-equation, and solving this equation in terms of the prime form [66]. Now the Abelian differentials Ω_i can also be written as

Ω_i = 1 2πi ∂ ∂a_i dλ_i (7.19)

The equation (7.18) implies ∂ ∂τ (∂F ∂a_i ) = 1 4πi ∂ ∂a_i ( N∑ j=1 ∮ A_j k̃^2dz ) (7.20)

from which the renormalization group equation (7.17) follows.

The general form of the prepotential F for the SU(N) super Yang-Mills theory with matter in the adjoint representation is

F = F^{(pert)} + ∞∑ n=1 q^nF^{(n)}, (7.21)

where F^{(pert)} is the perturbative part which can be determined by standard methods of quantum field theory

F^{(pert)} = τ 2 ∑ i a^2_i − 1 8πi ∑ i,j [ (a_i − a_j)^2 ln(a_i − a_j)^2 − (a_i − a_j − m)^2 ln(a_i − a_j − m)^2 ] , (7.22)

and F^{(n)} are the terms due to instanton processes. The renormalization group equation (7.17) shows that all the coefficients F^{(n)} can just be read off from an expansion of the Hamiltonian H(x, p) in terms of the vacua parameters a_i. Such an expansion is easily obtained by writing H(x, p) in terms of the Calogero-Moser integrals of motion k_i, and inverting the relations (7.16) giving a_i in terms of k_i. For example, to two-instanton order, the results can be described as in Part (b) of the following theorem [66]:

Theorem 6. (a) The perturbative part F^{(pert)} of the prepotential given by the Calogero- Moser spectral curves is indeed of the form (7.22);

(b) To two-instanton order, the instanton corrections can be expressed in terms of a single function

S_i(a) = ∏N j=1 [(a_i − a_j)^2 − m^2] ∏ j≠i(a − aj) 2 . (7.23)

as follows

F^{(1)} = 1 2πi ∑ i S_i(a_i)

F^{(2)} = 1 8πi [∑ i S_i(a_i)∂^2_i S_i(a_i) + 4 ∑ i≠j S_i(a_i)S_j(a_j) (a_i − a_j)^2 − S_i(a_i)S_j(a_j) (a_i − a_j − m)^2 ] (7.24)

Part (a) of Theorem 6 cannot be obtained from the renormalization group equation. We discuss briefly its proof, which is important, because it is the defining criterion for the Calogero-Moser spectral curves to provide an exact solution of the four-dimensional supersymmetric gauge theory. The main problem in establishing (a) is to determine the leading terms in the periods a_{Di} of the Seiberg-Witten differential dλ. Recall that as q moves away from 0, each puncture k_i and k_i + m on each sheet above the base torus Σ opens into a cut. Let k^±_i be the end points of the cut near k_i. They can be identified as the solutions of the equation dk dz = 0 (7.25)

This equation can be solved perturbatively in q. To O(q) order, we find

k^±_i = k_i ± q^{1/2}k^{(1)}_i , k^{(1)}_i = 2

H^{1/2}(k_i − m)H^{1/2}(k_i + m) ∏ j≠i(ki − kj ) (7.26)

Similarly, the end points of the cut near k_i + βm can be identified as k^±_i + m.

The B-cycles for the spectral curve Γ can be chosen as paths from k^+_i to k^+_i + m. Thus the dual periods a_{Di} are given by a_{Di} = 1 2πi ∫ k+_{i +}m k^+_i dλ = 1 2πi ∫ k+_{i +}m k^+_i

k d ln w (7.27)

The most difficult step in the evaluation of (7.27) is how to express the differential d ln w in terms of dk. For the periods a_i, this step was easy, because the A-cycles could be kept at fixed distance from k_i. Here, the B-cycles end at k^+_i , which is at distance q^{1/2} → 0 from k_i, in view of (7.26). Thus the expansion (7.15) for w does not apply in the present case. However, it turns out that an approximation for w as a function of k can be found to order O(q). It is given by

w = H(k) H(k − m) × 1 + √ 1 − 4qη^+_1 (k) 1 + √ 1 − 4qη^−_1 (k − m)

(7.28)

where the functions η^+_1 (k) and η^−_1 (k − m) are defined in (7.15). Expanding in q, the differential dλ can now be expressed in terms of rational functions of k. The same analytic continuation methods used in the case of the fundamental representation apply, giving the leading terms of a_{Di}. The perturbative part F^{(pert)} can be read off from a_{Di} =^{∂F}_{∂ai} , establishing (a).

The perturbative corrections to the prepotential are of course predicted by asymptotic freedom. The formulas in (b) for the instanton corrections F^{(1)} and F^{(2)} are new, as they have not yet been computed by direct field theory methods. Perturbative expansions of the prepotential in powers of m have also been obtained in [70].

The moduli k_i, 1 ≤ i ≤ N, of the gauge theory are evidently integrals of motion of the system. To identify these integrals of motion, denote by S be any subset of {1, · · · , N}, and let S^∗ = {1, · · · , N} \ S, ℘(S) = ℘(x_i − x_j) when S = {i, j}. Let also p_S denote the subset of momenta p_i with i ∈ S. We have [67]

Theorem 7. For any K, 0 ≤ K ≤ N, let σ_K(k_1, · · · , k_N ) = σ_K(k) be the K-th symmetric polynomial of (k_1, · · · , k_N ), defined by H(u) = ∑N K=0(−)^Kσ_K(k)u^{N −K}. Then

σ_K(k) = σ_K(p) + [K/2]∑ l=1 m^{2l} ∑ |Si∩Sj|=2δij 1≤i,j≤l σ_{K−2l}(p_{(∪}l_{i=1Si)}∗ ) l∏ i=1 [℘(S_i) + η_1 ω_1

] (7.29)

The proof of Theorem 7 requires some new elliptic function identities, linking combinations of the function Φ(x, z) with determinants of the δ̄-operator on the torus [68]. These identities indicate a close relationship between elliptic Calogero-Moser systems and free fermions.

7.4 Partial Decoupling of Hypermultiplet, Product Groups

The spectral curves of certain gauge theories can be easily derived from the Calogero-Moser curves by a partial decoupling of the hypermultiplet. Indeed,

• the masses of the gauge multiplet and hypermultiplet are |a_i − a_j| and |a_i − a_j + m|.

In suitable limits, some of these masses become ∞, and states with infinite mass decouple. The remaining gauge group is a subgroup of SU(N).

• When the effective coupling of a gauge subgroup is 0, the dynamics freeze and the gauge states become non-interacting.

Non-trivial decoupling limits arise when τ → ∞ and m → ∞. When all a_i are finite, we obtain the pure Yang-Mills theory. When some hypermultiplets masses remain finite, the U(1) factors freeze, the gauge group SU(N) is broken down to SU(N_1)×· · ·×SU(N_p), and the remaining hypermultiplets are in e.g. fundamental or bifundamental representations. For example, let N = 2N_1 be even, and set

k_i = v_1 + x_i, k_{N1+j} = v_2 + y_j, 1 ≤ i, j ≤ N_1, (7.30)

with ∑N_1 i=1 x_i = ∑N_1 j=1 y_j = 0. (The term v = v_1 − v_2 is associated to the U(1) factor of the gauge group). In the limit m → ∞, q → 0, with x_i, y_j, μ = v − m and Λ = mq^1N kept fixed, the theory reduces to a SU(N_1) × SU(N_1) gauge theory, with a hypermultiplet in the bifundamental (N_1, N̄_1) ⊕ (N̄_1, N_1), and spectral curve

A(x) − t(−)^{N1}B(x) − 2^{N1} Λ^{N1} ( 1 t − t^2) = 0, (7.31) where A(x) = ∏N_1 i=1(x − x_i), B(x) = ∏N j=1(x + μ − y_j), t = e^z. This agrees with the curve found by Witten [71] using M Theory, and by Katz, Mayr, and Vafa [72] using geometric engineering.

The prepotential of the SU(N_1) × SU(N_1) theory can be also read off the Calogero- Moser prepotential. It is convenient to introduce x^{(I)}_i , I = 1, 2, by x^{(1)}_i = x_i, x^{(2)}_i = y_i, 1 ≤ i ≤ N_1. Set

A^I_i = ∏ j≠i j∈I (x − x^{(I)}_j ), B^I(x) = ∏ j∈J |I−J|=1 (μ ± (x − x^{(J)}_j )), S^I_i (x) =

B^I (x) A^I_i (x)^2

, (7.32)

where the ± sign in B^I (x) is the same as the sign of J − I. Then the the first two orders of instanton corrections to the prepotential for the SU(N_1) × SU(N_1) theory are given by

F^{(1)}_{SU (N1)×SU (N1)} =

(−2Λ)^{N1} 2πi ∑ I=1,2 ∑ i∈I S^I_i (x^{(I)}_i ) (7.33)

F^{(2)}_{SU (N1)×SU (N1)} =

(−2Λ)^{2N1} 8πi ∑ I=1,2 ∑ i∈I S^I_i (x^{(I)}_i )

∂^2S^I_i (x^{(I)}_i ) ∂x^{(I)2}_i + ∑ i≠j i,j∈I S^I_i (x^{(I)}_i )S^I_j (x^{(I)}_j ) (x^{(I)}_i − x^{(I)}_j )^2 .

These formulas can serve as useful checks on candidates for Seiberg-Witten curves for theories with product gauge groups obtained by other methods [71, 29].

8 Calogero-Moser and Seiberg-Witten for General G

We consider now the N = 2 supersymmetric gauge theory for a general simple gauge algebra G and a hypermultiplet of mass m in the adjoint representation.

8.1 The General Case

Then, we have the following results, established in [74]

• the Seiberg-Witten curve of the theory is given by the spectral curve Γ = {(k, z) ∈ C × Σ; det(kI − L(z)) = 0} of the twisted elliptic Calogero-Moser system associated to the Lie algebra G. The Seiberg-Witten differential dλ is given by dλ = kdz.

• The function R(k, z) = det(kI − L(z)) is polynomial in k and meromorphic in z. The spectral curve Γ is invariant under the Weyl group of G. It depends on n complex moduli, which can be thought of as independent integrals of motion of the Calogero-Moser system.

• The differential dλ = kdz is meromorphic on Γ, with simple poles. The position and residues of the poles are independent of the moduli. The residues are linear in the hypermultiplet mass m. (Unlike the case of SU(N), their exact values are difficult to determine for general G).

• In the m → 0 limit, the Calogero-Moser system reduces to a free system, the spectral curve Γ is just the producr of several unglued copies of the base torus Σ, indexed by the constant eigenvalues of L(z) = p · h. Let k_i, 1 ≤ i ≤ n, be n independent eigenvalues, and A_i, B_i be the A and B cycles lifted to the corresponding sheets. For each i, we readily obtain

a_i = 1 2πi ∮ A_i dλ = k_i 2πi ∮ A dz = 2ω_1 2πi k_i a_{Di} = 1 2πi ∮ B_i dλ = k_i 2πi ∮ B dz = 2ω_1 2πi τ k_i (8.1)

Thus the prepotential F is given by F =^τ_2 ∑n i=1 a^2_i . This is the classical prepotential and hence the correct answer, since in the m → 0 limit, the theory acquires an N = 4 supersymmetry, and receives no quantum corrections.

• The m → ∞ limit is the crucial consistency check, which motivated the introduction of the twisted Calogero-Moser systems in the first place [59, 60]. In view of Theorem 2 and subsequent comments, in the limit m → ∞, q → 0, with

x = X + 2ω_2 1 h^∨_G ρ m = Mq^− 1 2h∨G (8.2)

with X and M kept fixed, the Hamiltonian and spectral curve for the twisted elliptic Calogero-Moser system with Lie algebra G reduce to the Hamiltonian and spectral curve for the Toda system for the affine Lie algebra (G^{(1)})^∨. This is the correct answer. Indeed, in this limit, the gauge theory with adjoint hypermultiplet reduces to the pure Yang-Mills theory, and the Seiberg-Witten spectral curves for pure Yang-Mills with gauge algebra G have been shown by Martinec and Warner [44] to be the spectral curves of the Toda system for (G^{(1)})^∨.

• As in the known correspondences between Seiberg-Witten theory and integrable models [66], we expect the following equation ∂F ∂τ = H^{twisted} G (x, p), (8.3) to hold. Note that the left hand side can be interpreted in the gauge theory as a renormalization group equation.

• For simple laced G, the curves R(k, z) = 0 are modular invariant. Physically, the gauge theories for these Lie algebras are self-dual. For non simply-laced G, the modular group is broken to the congruence subgroup Γ_0(2) for G = B_n, C_n, F_4, and to Γ_0(3) for G_2. The Hamiltonians of the twisted Calogero-Moser systems for non-simply laced G are also transformed under Landen transformations into the Hamiltonians of the twisted Calogero-Moser system for the dual algebra G^∨. It would be interesting to determine whether such transformations exist for the spectral curves or the corresponding gauge theories themselves.

Spectral curves for certain gauge theories with classical gauge algebras and matter in the adjoint representation have also been proposed in [71] and [72], based on branes and M-theory. Some generalizations of the construction by Witten [71] for SU(N) were given in [75], [76] and [77]. Relations between the dynamics of gauge theories from branes and integrable systems were proposed and analyzed in [78]. A possible role in Seiberg-Witten theory for Ruijsenaars-Schneider and related relativistic systems has been investigated in [79].

8.2 Spectral Curves for Low Rank

In the case of G = D_n, the trigonometric limit (q → 0) of the spectral curve R(k, z) = 0 can be written down explicitly and takes a particularly simple form (see (8.16) below). Now the equation R(k, z) = 0 for the spectral curve is polynomial in p_j , ℘, g_2, g_3, and Δ, where g_2, g_3 are the usual Eisenstein series of weights 4 and 6, and Δ = g^3_2 − 27g^2_3 is the discriminant. In the limit q → 0, only Δ vanishes. Since the weight of Δ is 12 and the degree of the spectral curves is 2n, the spectral curves are determined by their trigonometric limit when n ≤ 5.

The derivation of the trigonometric limit is as follows. Let Z be the spectral parameter defined by 1 Z = 1 2 coth z 2 − 1 z (8.4)

Then in the trigonometric limit τ → i∞, the elliptic functions ℘(z) and Φ(x, z) reduce to ℘(z) → 1 Z^2 − 1 6 (8.5) Φ(x, z) → 1 2 coth x 2 − 1 Z (8.6)

Now the spectral curve Γ depends on the dynamical variables p_i, x_i, but only through n combinations u_i = u_i(m). At m = 0, u_i(m) are just the n independent Casimirs of G, which are polynomials in p of degrees γ_i + 1. As m is deformed away from 0, the u_i(m) are still recognizable by their leading p behavior. Thus we may carry out our calculations with any choice of the variables x_i. A particularly convenient choice is x = ξρ^∨, α · x = ξ l(α), ξ → ∞. (8.7) Then Φ(α · x, z) → − 1 Z + { +^1_2 , if α > 0 −^1_2 , if α < 0.

(8.8)

Let P = diag(p_1, · · · , p_n), μ = μ^+ + μ^−, with μ^± given by

μ^+_{ij} = { 1, if i < j 0, if i ≥ j μ^−_{ij} = { 1, if i > j 0, if i ≤ j (8.9)

Then the function R(k, z) can be expressed as

R(k, z) = det ( kI − P +^m_Z μ −^m_2 (μ^+ − μ^−) (^m_Z −^m_2 )μ (^m_Z +^m_2 )μ kI + P +^m_Z μ +^m_2 (μ^+ − μ^−) ) (8.10)

By taking column and row linear combinations, we find R(k, z) = det[(kI + P − mμ^−)(kI − P − mμ^+) + k(m + 2 m Z )μ] (8.11)

Although each of the two factors in the above determinant is triangular, the determinant is still difficult to evaluate due to the presence of the third term k(m +^m_Z )μ. It is here that we must introduce the rank 1 matrix μ + I, and make a shift similar to the key one in the study of SU(N) Calogero-Moser systems: defining a new variable A by

0 = A^2 + mA + 2k m Z − k^2 (8.12)

we can write R(k, z) = det[(AI + P − mμ^−)(AI − P − mμ^−) + (mA + 2k m Z )(μ + I)] (8.13)

Since μ + I = uu^T with u^T = (1, · · · , 1), and det(M + uu^T ) = det M(1 + u^T M^{−1}u) for any invertible matrix M, () can be expressed as R(k, z) = n∏ j=1 (A^2 − p^2_j ) + (mA + 2 m Z ) n∑ j=1 j−1∏ i=1 ((A + m)^2 − p^2) n∏ i=j+1 (A^2 − p^2_i ) (8.14)

In analogy with the SU(N) case, we introduce a polynomial H(A) by H(A) = n∏ j=1 (A^2 − p^2_j ) = n∑ j=0 (−1)^{n−j} A^{2j}u_{2n−2j}. (8.15)

The final expression for R(k, z) is in terms of H(A) R(k, z) = m^2 + mA − 2k^m_z m^2 + mA H(A) + mA + 2k^m_Z m^2 + 2mA

H(A + m). (8.16)

The similarity with the equation (7.5) for the SU(N) Calogero-Moser spectral curves is now manifest. Just as in the case of SU(N), the parameters p_j can be identified with the classical vacuum parameters of the gauge theory.

We derive now explicit formulas for R(k, z) for n ≤ 5. Let R(k, z) = n∑ j=0 (−1)^{n−j} P_{2j}u_{2n−2j} (8.17)

Then (8.16) implies the following recursive relation

0 = P_{2(j+1)} − (2k^2 + m^2 − 4k m Z )P_{2j} + k^2(k − 2 m Z )^2P_{2(j−1)} (8.18)

with P_0 = 1, P_2 = k^2. This works out to

P_4 = k^4 − 4k^2 m^2 Z^2

+ m^2k^2 (8.19)

P_6 = k^6 − 12k^4 m^2 Z 2 + 16k^3 m^3 Z^3

− 4k^3 m^3 Z − 4k^2 m^4 Z^2

+ 3k^4m^2 + k^2m^4 (8.20)

P_8 = k^8 − 24k^6 m^2 Z^2

+ 6k^6m^2 + 64k^5 m^3 Z^3

− 16k^5 m^3 Z − 48k^4 m^4 Z^4

(8.21) −8k^4 m^4 Z^2

+ 5k^4m^4 + 32k^3 m^5 Z^3

− 8k^3 m^5 Z − 4k^2 m^6 Z^2

+ k^2m^6 (8.22)

P_{10} = k^{10} − 40k^8 m^2 Z^2

+ 160k^7 m^3 Z^3

− 240k^6 m^4 Z^4

+ 128k^5 m^5 Z^5

(8.23)

+m^2[10k^8 − 40k^7 m Z + 160k^5 m^3 Z^3

− 160k^4 m^4 Z^4

] (8.24)

+m^4[15k^6 − 48k^5 m Z + 12k^4 m^2 Z^2

+ 48k^3 m^3 Z^3

] (8.25)

+m^6[7k^4 − 12k^3 m Z − 4k^2 m^2 Z^2

] + m^8k^2. (8.26)

Let now 0 = R(k, z) = ∑n j=0 Q_{2j}(k)u_{2n−2j} be the equation of the spectral curve for general q. Using the limit of ℘ and its derivatives, we may identify the functional dependence on ℘(x) which gave rise to each of the terms in (8.18). The result is Q_0 = 1 (8.27) Q_2 = k^2 (8.28) Q_4 = k^4 − 4k^2m^2℘ (8.29) Q_6 = k^6 − 12k^4m^2℘ − 8k^3m^3℘^′ (8.30) Q_8 = k^8 − 24k^6m^2℘ − 32k^5m^3℘^′ − 48k^4m^4℘^2 + 64g_2k^2m^6℘ (8.31) Q_{10} = k^{10} − 40k^8m^2℘ − 80k^7m^3℘^′ − 240k^6m^4℘^2 − 64k^5m^5℘℘^′ (8.32) +704g_2k^4m^6℘ + 512g_2k^3m^7℘^′ − 768k^2m^8g_3℘. (8.33) This completes our derivation of the spectral curves for D_n for n ≤ 5.

8.3 Perturbative Prepotential for SO(2n)

With the parametrization (8.16) in terms of the polynomial H(A), it is now easy to evaluate the logarithmic terms of the prepotential F. We have already shifted the variable k to the variable A defined by (8.12). A complete shift of the variables (k, z) to new variables (A, u) is obtained by setting e^u = k^2 − (A + m)^2 k^2 − A^2

(8.34) The equation () of the curve becomes

e^u = H(A + m) H(A) . (8.35)

It remains to determine the Seiberg-Witten differential dλ = kdz in terms of A and u. Evidently, k can be solved in terms of A and u using (8.34). To write z in terms of A and u, we note that z can be expressed in terms of Z by (8.4), which can be solved in terms of A and k using (8.12). The final outcome is

e^z = 2 Z + 1 2 Z − 1 = (k − A)(k + A + m) (k + A)(k − A − m) (8.36)

dλ = −Adu − md ln(k^2 − (A + m)^2) (8.37) This is now essentially the same set-up as the spectral curves and Seiberg-Witten differential for the SU(N) Calogero-Moser system. The same methods used earlier give immediately the logarithmic terms in the prepotential

F^{1−loop} = − 1 8πi ∑ α∈R(Dr) (α · a)^2 ln(α · a)^2 − (α · a + m)^2 ln(α · a + m)^2 (8.38)

These are the logarithmic singularities expected from field theory considerations.

Acknowledgments

These notes are based on lectures delivered by E.D. at the 1999 Banff Summer School, and by D.H.P. at the meeting Mathematics from Physics in May 1999 at the University of Illinois, Urbana-Champaign. The authors would like to thank respectively Jacques Hurtubise, Yvan Saint-Aubin, Luc Vinet for their invitation to lecture at Banff, and Steve Bradlow, John D’Angelo, Robert Leigh, and Mike Stone for their invitation to lecture at Urbana. They would like to express their appreciation for the very warm hospitality extended to them at each place. E.D. also acknowledges the Aspen Center for Physics and the Laboratoires de Physique Théorique at Ecole Polytechnique and at Ecole Normale Supérieure, where part of these notes were drafted. The research of E.D. is supported in part by NSF Grants No. PHY-95-31023 and PHY-98-19686, as well as by the Centre National de Recherche Scientifique (CNRS). The work of D.H.P. is supported in part by the NSF grant DMS-98-00783.

9 Appendix A : Notations and Conventions

Vector indices run over the following values μ, ν, · · · = 0, 1, 2, 3 and i, j, · · · = 1, 2, 3. The flat Minkowski space-time metric is given by −η_{00} = η_{11} = η_{22} = η_{33} = 1, which is invariant under translations and under the Lorentz group SO(1, 3). Three- and four dimensional totally anti-symmetric Levi-Civita symbols are defined by ϵ_{ijk} = ϵ^{ijk}, ϵ^{123} = 1; ϵ_{μνρσ} = −ϵ^{μνρσ}, ϵ^{0123} = 1 . (9.1) The Poincaré dual of an anti-symmetric rank 2 tensor is defined by F̃_{μν} = 1 2 ϵ_{μνρσ}F^{ρσ} (9.2) and the duality operation squares to minus the identity : ~F̃ = −F .

9.1 Spinors

The Pauli matrices are defined by

σ^0 = ( −1 0 0 −1 ) σ^1 = ( 0 1 1 0 ) σ^2 = ( 0 −i i 0 ) σ^3 = ( 1 0 0 −1 ) (9.3) and their “conjugates” are given by σ̄^0 = σ^0 and σ̄^i = −σ^i. The Clifford-Dirac γ matrices obey the Clifford algebra relations {γ^μ, γ^ν } = γ^μγ^ν + γ^ν γ^μ = −2η^{μν} I (9.4) with γ^0 anti-Hermitian and γ^i Hermitian. The matrix γ_5 obeys

{γ_5, γ^μ} = 0 γ_5 = γ^5 = (γ_5)^† = iγ^0γ^1γ^2γ^3 (γ_5)^2 = I . (9.5) Representation matrices for the (reducible) spinor representation of the Lorentz group SO(1, 3) are defined by Σ^{μν} = i 2 [γ^μ, γ^ν] with [γ_5, Σ^{μν} ] = 0 . (9.6) The charge conjugation matrix C is defined by Cγ_μC^{−1} = −(γ_μ)^T (9.7) which implies the useful identities

CΣ_{μν} C^{−1} = −(Σ_{μν} )^T , Cγ_μγ_5C^{−1} = (γ_μγ_5)^T , Cγ_5C^{−1} = (γ_5)^T (9.8)

9.2 Dirac matrices in a Weyl basis

In a Weyl basis γ^5 is chosen to be diagonal; this basis is convenient for chiral fermions.

γ^μ = ( 0 σ^μ σ̄^μ 0 ) , γ_5 = ( 1 0 0 −1 ) C = iγ^2γ^0 (9.9)

9.3 Dirac matrices in a Majorana basis

In a Majorana basis all γ^μ matrices are chosen to be real. This basis is particularly convenient when dealing with Majorana fermions, or when converting from the two-component notation.

γ^0 = ( 0 iσ^2 iσ^2 0 ) γ^1 = ( −σ^3 0 0 −σ^3 ) γ^2 = ( 0 iσ^2 −iσ^2 0 ) γ^3 = ( σ^1 0 0 σ^1 )

γ^5 = ( σ^2 0 0 −σ^2 ) C = ( 0 −iσ^2 iσ^2 0 ) (9.10)

9.4 Two-Component Spinors

The correspondence between two-component and four-component spinors will be made in the Weyl basis, given previously. Left-handed spinors transform under the (1/2, 0) representation of the Lorentz group and are denoted by χ_α or their transpose by χ^α. Right-handed spinors transform under the (0, 1/2) representation of the Lorentz group and are denoted by ψ̄^{α̇} or their transpose by ψ̄_{α̇}. One has the following relations

χ^α = ϵ^{αβ}χ_β χ_α = ϵ_{αβ}χ^β ψ̄^{α̇} = ϵ^{α̇β̇}ψ̄_{β̇} ψ̄_{α̇} = ϵ_{α̇β̇}ψ̄^{β̇} (9.11)

with the following conventions for ϵ :

ϵ^{12} = ϵ_{21} = −ϵ^{21} = −ϵ_{12} = 1, ϵ^{11} = ϵ^{22} = 0; ϵ_{αβ}ϵ^{βγ} = δ_α^γ ϵ^{˙1˙2} = ϵ ˙_2˙_1 = −ϵ^{˙2˙1} = −ϵ ˙_1˙_2 = 1, ϵ^{˙1˙1} = ϵ^{˙2˙2} = 0, ϵ_{α̇}˙_βϵ^{β̇γ̇} = δ_{α̇}^{γ̇} (9.12)

Contraction conventions are ψχ = ψ^αχ_α, ψ̄χ̄ = ψ̄_{α̇}χ̄^{α̇} χσ^mψ̄ = χ^ασ^m_{αα̇}ψ̄^{α̇}, χ̄σ̄^mψ = χ̄_{α̇}σ̄^{mα̇α}ψ_α (9.13)

Transposition Identities ψχ = χψ (χψ)^† = χ̄ψ̄ = ψ̄χ̄ χσ^mψ̄ = −ψ̄σ̄^mχ, (χσ^mψ̄)^† = ψσ^mχ̄ χσ^mσ̄^nψ = ψσ^nσ̄^mχ (χσ^mσ̄^nψ)^† = ψ̄σ̄^nσ^mχ̄ (9.14)

Fierz Identity (ψφ)χ̄˙_β = − 1 2 (φσ^mχ̄)(ψσ_m)˙_β (9.15) Relating Four-component Spinors and Two-component Spinors in a Weyl basis

Left Weyl : Ψ_L = ( χ_α 0 ) Dirac : Ψ_D = ( χ_α ψ̄α̇ )

Right Weyl : Ψ_R = ( 0 ψ̄α̇ ) Majorana : Ψ_M = ( ψ_α ψ̄α̇ ) (9.16)

Transposition identities in four-component form ψ̄_1Γψ_2 = ψ̄_2Γ̃ψ_1 with Γ = +Γ̃ Γ = 1, γ_5, γ^mγ_5 Γ = −Γ̃ Γ = γ^m, γ_{[μ}γ_{ν]} (9.17)

10 Appendix B : Lie Algebra Theory

In Figure 1, we give the Dynkin diagrams for the finite dimensional simple Lie algebras; for the untwisted affine Lie algebras (left column) and for the twisted affine Lie algebras (right column). The simple roots are labeled following Dynkin notation, and are given in an orthonormal basis in Table 9, where we also list the dimension, the Coxeter and dual Coxeter numbers (to be defined below). We list the set of all roots in Table 9, and of the highest roots in Table 10. Below we provide additional notations and definitions [63].

Let G be one of the finite dimensional simple Lie algebras of rank n, let α_i, and α^∨_i ≡ 2α_i/α^2_i , i = 1, · · · , n be its simple roots and coroots respectively. The coroot α^∨ of any root is defined by α^∨ = 2α/α^2. Any (co-)root admits a unique decomposition into a sum of simple (co-)roots, with integer coefficients l_i and l^∨_i . α = n∑ i=1 l_iα_i α^∨ = n∑ i=1 l^∨_i α^∨_i . (10.1)

The coefficients l_i and l^∨_i are either all positive or all negative according to whether α (or α^∨) is positive or negative respectively. They are related by

l^∨_i = α^2_i α^2 l_i, i = 1, · · · , n. (10.2) The highest root α_0 and co-root α^∨_0 play special roles. The extension of the simple root system of an algebra G by α_0 generates the untwisted affine Lie algebra G^{(1)}, while the extension of the simple coroot system of G by α^∨_0 generates the dual affine Lie algebra (G^{(1)})^∨. When G is non-simply laced, (G^{(1)})^∨ coincides with one of the twisted affine Lie algebras. The Dynkin diagrams of these various Lie algebras are given in Table 1. The decompositions of α_0 and α^∨_0 onto roots or coroots

α_0 = n∑ i=1 a_iα_i α^∨_0 = n∑ i=1 a^∨_i α^∨_i . (10.3)

define the marks a_i and the comarks a^∨_i , which are given in Table 4. The Coxeter number h_G and the dual Coxeter number h^∨_G are defined by

h_G = 1 + n∑ i=1 a_i h^∨_G = 1 + n∑ i=1 a^∨_i , (10.4)

and their values are given in Table 9. For simply laced Lie algebras, for which all roots have the same length (normalized to α^2_i = 2), we have a^∨_i = a_i and h_G = h^∨_G . The dual Coxeter number equals the quadratic Casimir operator in the adjoint representation, h^∨_G = C_2(G).

108

G all roots A_n ±(e_i − e_j), 1 ≤ i < j ≤ n + 1 B_n ±(e_i − e_j); ± (e_i + e_j), 1 ≤ i < j ≤ n; ± e_i, 1 ≤ i ≤ n C_n ±(e_i − e_j); ± (e_i + e_j), 1 ≤ i < j ≤ n; ± 2e_i, 1 ≤ i ≤ n D_n ±(e_i − e_j), ± (e_i + e_j), 1 ≤ i < j ≤ n E_6 ±(e_i − e_j), ± (e_i + e_j), 1 ≤ i < j ≤ 5; ±^1_2 ( √ 3e_6 +

∑_5 i=1 ϵ_ie_i), ∏ i ϵ_i = +1 E_7 ±(e_i − e_j), ± (e_i + e_j), 1 ≤ i < j ≤ 6; ±^1_2 ( √ 2e_7 +

∑_6 i=1 ϵ_ie_i), ∏ i ϵ_i = −1 E_8 ±(e_i − e_j), ± (e_i + e_j), 1 ≤ i < j ≤ 8;^1_2

∑_8 i=1 ϵ_ie_i, ∏ i ϵ_i = +1 G_2 ±(e_i − e_j), 1 ≤ i < j ≤ 3; ± (e_i −^1_3 (e_1 + e_2 + e_3)), i = 1, 2, 3 F_4 ±(e_i − e_j), ± (e_i + e_j), 1 ≤ i < j ≤ 4; ± e_i, 1 ≤ i ≤ 4; ±^1_2

∑_4 i=1 ϵ_ie_i

Table 9: Root system of finite dimensional simple Lie algebras

G marks (a_i) comarks (a^∨_i ) exponents γ_i A_n (1,1,1,· · ·,1,1) (1,1,1,· · ·,1,1) 1,2,3,· · · ,n B_n (1,2,2,· · ·,2,2) (1,2,2,· · ·,2,1) 1,3,5,· · ·,2n-1 C_n (2,2,2,· · ·,2,1) (1,1,1,· · ·,1,1) 1,3,5,· · ·,2n-1 D_n (1,2,· · ·,2,1,1) (1,2,· · ·,2,1,1) 1,3,5,· · ·,2n-3,n-1 E_6 (1,2,3,2,1,2) (1,2,3,2,1,2) 1,4,5,7,8,11 E_7 (2,3,4,3,2,1,2) (2,3,4,3,2,1,2) 1,5,7,9,11,13,17 E_8 (2,3,4,5,6,4,2,3) (2,3,4,5,6,4,2,3) 1,7,11,13,17,19,23,29 G_2 (2,3) (2,1) 1,5 F_4 (2,3,4,2) (2,3,2,1) 1,5,7,11

Table 10: Marks, Co-marks and Exponents

The highest weight vectors λ_j , j = 1, · · · , n of the fundamental representations (also called fundamental weights) of G are defined by

α^∨_i · λ_j = δ_{ij}. (10.5)

The highest weight vector λ of any finite dimensional representation Λ of G is then uniquely specified by positive or zero integers q_i, i = 1, · · · , n, with

Λ ≡ (q_1, · · · , q_n) λ = n∑ i=1 q_iλ_i (10.6)

The Weyl orbit of the highest weight vector of (q_1, · · · , q_n) is denoted by [q_1, · · · , q_n].

The level l(λ) and the co-level l^∨(α) are defined by l(λ) = λ · ρ^∨, l(α_i) = 1, i = 1, · · · , n; l^∨(λ) = λ · ρ, l^∨(α^∨_i ) = 1, i = 1, · · · , n. (10.7)

Here, the level vector ρ^∨ is related to the Weyl vector ρ by exchanging weights λ_i and coweights λ^∨_i = 2λ_i/α^2_i . Both are uniquely determined by the above normalization, and may be expressed in terms of the fundamental weights and coweights by ρ = n∑ i=1 λ_i = 1 2 ∑ α∈R+(G) α ρ^∨ = n∑ i=1 λ^∨_i = 1 2 ∑ α^∨∈R+(G)^∨ α^∨. (10.8)

Here, we have provided the relation between the Weyl vector and the half sum of all positive roots, and its dual relation. It is clear from (A.3), (A.4) and (A.8) that the Coxeter and dual Coxeter numbers are related to the level of the highest root and the co-level of the highest coroot

h_G = 1 + α_0 · ρ^∨ = 1 + l(α_0) h^∨_G = 1 + α^∨_0 · ρ = 1 + l^∨(α^∨_0 ). (10.9)

As α (resp. α^∨) ranges through R(G) (resp. R(G)^∨), the maxima of l(α) and l^∨(α^∨) are h_G − 1 and h^∨_G − 1 respectively.

The exponents γ_i, i = 1, · · · , n are such that the numbers γ_i + 1 are the degrees of the independent Casimir operators of the algebra G. Their values are also listed in Table 4.

11 Appendix C : Elliptic Functions

In this appendix we review some basic definitions and properties of elliptic functions on an elliptic curve of periods 2ω_1 and 2ω_2 and modulus τ = ω_2/ω_1, Imτ > 0. The half periods are ω_1, ω_2 and ω_3 = ω_1 + ω_2. For a useful source, see [81].

11.1 Basic Definitions and properties

The Weierstrass function is defined by

℘(z; 2ω_1, 2ω_2) ≡ 1 z^2 + ∑ (m1,m2) ≠(0,0)

{ 1 (z + 2ω_1m_1 + 2ω_2m_2)^2 − 1 (2ω_1m_1 + 2ω_2m_2)^2 } . (11.1)

The function ℘ is related to the Weierstrass functions ζ and σ by

℘(z; 2ω_1, 2ω_2) = − d dz ζ(z; 2ω_1, 2ω_2) = − d^2 dz^2 log σ(z; 2ω_1, 2ω_2). (11.2)

These functions satisfy

℘(−z) = ℘(z), ℘(z + 2ω_a) = ℘(z) a = 1, 2, 3 ζ(−z) = −ζ(z), ζ(z + 2ω_a) = ζ(z) + 2η_a σ(−z) = σ(z), σ(z + 2ω_a) = −σ(z)e^{2ηa(z+2ωa)}, (11.3) where η_a = ζ(ω_a) and

σ(z) = z + O(z^5) ζ(z) = 1 z + O(z^3) ℘(z) = 1 z^2

+ O(z^2). (11.4)

The function σ may be expressed in terms of the Jacobi ϑ-function

σ(z; 2ω_1, 2ω_2) = 2ω_1 exp

( η_1z^2 2ω_1

)ϑ_1(^z_{2ω1} |τ ) ϑ^′_1(0|τ )

, (11.5)

which in turn is defined in terms of q = e^{2πiτ} v = z 2ω_1

(11.6) by ϑ_1(u|τ ) = 2q^{14} sin πu ∞∏ n=1 (1 − q^ne^{2πiu})(1 − q^ne^{−2πiu})(1 − q^n). (11.7)

An identity basic to the theory of θ-functions is

ϑ^′_1(0|τ ) = 2π 2ω_1 q^{1/8} ∞∏ n=1 (1 − q^n)^3 (11.8)

The function ℘ satisfies the differential equation

℘^′(z)^2 = 4(℘(z) − ℘(ω_1))(℘(z) − ℘(ω_2))(℘(z) − ℘(ω_3)). (11.9)

These and additional properties of elliptic functions may be found in [81]. To evaluate scaling limits, the following formula for ℘(z; 2ω_1, 2ω_2) [52] is more useful

℘(z; 2ω_1, 2ω_2) = − η_1 ω_1 + ( π 2ω_1

)^2 ∞∑ n=−∞ 1 sinh^{2 iπ}_{2ω1} (z − 2nω_2)

, (11.10)

where η_1 ω_1 = − 1 12 + 1 2 ∞∑ n=1 1 sinh^2 iπnτ

. (11.11)

Since a proof of this formula is not given in [52], we provide a proof here for the convenience of the reader. First observe that

(1 − q^ne^{2πiu})(1 − q^ne^{−2πiu}) = 4q^{2n}sin (πu + nπτ )sin (πu − nπτ ) . (11.12)

It follows that

ϑ_1(u|τ ) = 2q^{1/8}sin (πu) ∞∏ n=1 (1 − q^n)^3 ∞∏ n=1 (4q^2)^n ∞∏ n=1 sin (nu + nπτ ) sin (nu − nπτ ) (11.13)

However, ln ∞∏ n=1 (4q^2) = 2 ln 2 ∞∑ n=1 1 + ln q ∞∑ n=1 n = 2 ln 2ζ(0) + ln qζ(−1) , (11.14)

where ζ(s) is the Riemann zeta function. Since ζ(0) = −^1_2 and ζ(−1) = −^1_{12} , we find ln ∏_∞ n=1(4q^2) =^1_2 q^{− 112} . In view of the identity (11.8), we arrive at ϑ_1(u|τ ) ϑ^′_1(0|τ ) = ω_1 π q^{− 112} ∞∏ n=0 sin π(u − nτ ). (11.15)

It follows that σ(z) = 2ω^2_1 π exp (η_1 z^2 2ω_1 − iπτ 6 ) ∞∏ n=−∞ sin π( z 2ω_1

− nτ ) (11.16)

Differentiating twice, we obtain ζ(z) = η_1 ω_1 z + π 2ω_1 ∞∑ n=−∞ cotan π( z 2ω_1

− nτ ) (11.17) ℘(z) = − η_1 ω_1 + π^2 4ω^2_1 ∞∑ n=−∞ 1 sin^2π(^z_{2ω1} − nτ )

. (11.18)

The constant η_1/ω_1 can be easily determined. If we choose ω_1 = −iπ, Re ω_2 > 0, and compare the expansion (10.15) with the fact that ℘(z) =^1_{z2} +^1_{20} z^2g_2 + O(z^4), we find η_1 ω_1 = − 1 12 + 1 2 ∞∑ n=1 1 sh^2nω_1

. (11.19)

11.2 Half and Third Period Functions

Elliptic functions at half and third period (which are the only ones that we shall need here, since the order of twisting is at most 3) are expressible in terms of the original periods using Landen’s transformations [81]. It is convenient to make a definite choice for the period that is to be twisted; we shall choose this period to be ω_1. It is straightforward to adapt these formulas when an arbitrary period 2ω_a, a = 1, · · · , 3 is twisted. Formulas for Twists of Order 2 : Elliptic Functions with Half Periods

Henceforth, we shall reserve the notation ℘(z), ζ(z) and σ(z) for the corresponding Weierstrass functions with periods 2ω_1 and 2ω_2, as defined in §B (a). The elliptic functions at half period ω_1 are given by

℘_2(z) = ℘(z; ω_1, 2ω_2) = ℘(z) + ℘(z + ω_1) − ℘(ω_1) = 1 ℘(ω_1)

[℘(z)℘(z + ω_1) − (℘(ω_1) − ℘(ω_2))(℘(ω_1) − ℘(ω_3))]

ζ_2(z) = ζ(z; ω_1, 2ω_2) = ζ(z) + ζ(z + ω_1) + z℘(ω_1) − η_1

σ_2(z) = σ(z; ω_1, 2ω_2) = σ(z)σ(z + ω_1) σ(ω_1) e^{12 z2℘(ω1)−zη1} (11.20)

This gives rise to the duplication formula 4℘(2z) = ℘(z) + ℘(z + ω_1) + ℘(z + ω_2) + ℘(z + ω_1 + ω_2). (11.21)

Formulas for Twists of order 3 : Elliptic Functions at Third Periods

Similarly, we have the following formulas for the third period elliptic functions ℘_3(z) = ℘(z; 2ω_1/3, 2ω_2) = ℘(z) + ℘(z + 2ω_1/3) + ℘(z + 4ω_1/3) −℘(2ω_1/3) − ℘(4ω_1/3) ζ_3(z) = ζ(z; 2ω_1/3, 2ω_2) = ζ(z) + ζ(z + 2ω_1/3) + ζ(z + 4ω_1/3) +z℘(2ω_1/3) + z℘(4ω_1/3) − η_1

σ_3(z) = σ(z; 2ω_1/3, 2ω_2) = σ(z)σ(z + 2ω_1/3)σ(z + 4ω_1/3) σ(2ω_1/3)σ(4ω_1/3) e^{12 z2℘(ω1)−zη1} (11.22)

This gives rise to the triplication formula

9℘(3z) = 2∑ j,k=0 ℘(z + j 2ω_1 3 + k 2ω_2 3 ). (11.23)

All of the above formulas may be established by identifying singularities in z and establishing that the remainder must be independent of z by Liouville’s theorem.

The functions at half and third periods, defined above are related to one another in a way analogous to (B.4)

℘_ν (z; 2ω_1, 2ω_2) = − d dz ζ_ν (z; 2ω_1, 2ω_2) = − d^2 dz^2 log σ_ν (z; 2ω_1, 2ω_2), (11.24)

where ν = 1, 2, 3.

11.3 The Function Φ

We define the function Φ by

Φ(x, z) = Φ(x, z; 2ω_1, 2ω_2) = σ(z − x) σ(z)σ(x) e^{xζ(z)}, (11.25)

where σ(z) and ζ(z) are the Weierstrass functions of (B.4) and (B.7). As a function of z, Φ(x, z) is periodic with periods 2ω_1 and 2ω_2, is holomorphic except for an essential singularity at z = 0, and has a single zero at z = x. As a function of x, Φ(x, z) has multiplicative monodromy, given by Φ(x + 2ω_a, z) = Φ(x, z)e^{2ωaζ(z)−2ηaz}, (11.26) is holomorphic in x except for a simple pole at x = 0, and has a single zero at x = z. Some useful asymptotics are given as follows Φ(x, z) = 1 x − 1 2 x℘(z) + O(x^2) Φ(x, z) = {− 1 z + ζ(x) + O(z)}e^{xζ(z)} z → 0. (11.27)

Products of the function Φ(x_α, z), with ∑n α=1 x_α = 0, are periodic in z, with periods 2ω_1 and 2ω_2, and meromorphic in z since the essential singularities cancel. As a result, they satisfy_n ∏ α=1 Φ(x_α, z) = P_n[℘(z); x_α] + ℘^′(z)Q_n[℘(z); x_α], (11.28)

where P_n and Q_n are polynomials of degrees [^n_2 ] and [^{n−3}_2 ] in ℘(z) respectively, with x_αdependent coefficients. The simplest case is Φ(x, z)Φ(−x, z) = ℘(z) − ℘(x) (11.29) In general, the polynomials P and Q may be determined by the fact that the r.h.s. of (B.19) has a simple zero at each point z = x_α, and that the pole highest order in z has coefficient (−1)^n.

The function Φ(x, z) satisfies a fundamental differential equation,

Φ(x, z)Φ^′(y, z) − Φ(y, z)Φ^′(x, z) = (℘(x) − ℘(y))Φ(x + y, z), (11.30) where Φ^′(x, z) denotes the derivative with respect to x of Φ(x, z).

11.4 The Functions Λ, Φ_1, Φ_2

The functions Λ and Φ_2 are defined by Λ(2x, z) = Φ_2(x, z) =

Φ(x, z)Φ(x + ω_1, z) Φ(ω_1, z)

. (11.31)

The essential singularity in z and the monodromy in x of Λ(2x, z) coincide with those of Φ(x, z). We shall need the following two basic differential equations,

Λ(2x, z)Λ^′(2y, z) − Λ^′(2x, z)Λ(2y, z) = 1 2 (℘_2(x) − ℘_2(y))Λ(2x + 2y, z), Φ_2(x, z)Φ^′_2(y, z) − Φ_2(y, z)Φ^′_2(x, z) = (℘_2(x) − ℘_2(y))Φ_2(x + y, z), (11.32) as well as differential equation that involves both Φ and Λ, Λ(2x, z)Φ^′(−x − y, z) − Λ^′(2x, z)Φ(−x − y, z) −Λ(−2y, z)Φ^′(x + y, z) + Λ^′(−2y, z)Φ(x + y, z) = 1 2 (℘_2(x) − ℘_2(y))Φ(x − y, z).(11.33) By letting y → x in (B.23), and taking into account the known zeros of Λ, we derive another useful formula Λ(2x, z)Λ(−2x, z) = ℘_2(z) − ℘_2(x). (11.34) Actually, Φ_2(x, z) may be viewed as the function Φ(x, z) associated with a torus of periods ω_1 and 2ω_2.

The function Φ_1(x, z) is defined by Φ_1(x, z) = Φ(x, z) + f(z)Φ(x + ω_1, z) (11.35) f(z) = −e^{πiζ(z)+η1z}. (11.36) It obeys the monodromy relation Φ_1(x + ω_1, z) = f(z)^{−1}Φ_1(x, z), as well as the following differential equations

Φ_1(x, z)Φ^′_1(y, z) − Φ^′_1(x, z)Φ_1(y, z) = (℘_2(x) − ℘_2(y))Φ_1(x + y, z) (11.37) Φ_1(x, z)Φ^′(y, z) − Φ(y, z)Φ^′_1(x, z) = {℘(x + ω_1) − ℘(y)}Φ_1(x + y, z) +{℘(x) − ℘(x + ω_1)}Φ(x + y, z), (11.38) and Φ(2x, z)Φ^′_1(−x − y, z) − Φ^′(2x, z)Φ_1(−x − y, z) − Φ(−2y, z)Φ^′_1(x + y, z) (11.39) + Φ^′(−2y, z)Φ_1(x + y, z) = (℘(2x) − ℘(2y))Φ_1(x − y, z), Λ(2x, z)Φ^′_1(−x − y, z) − Λ^′(2x, z)Φ_1(−x − y, z) − Λ(−2y, z)Φ^′_1(x + y, z) (11.40) + Λ^′(−2y, z)Φ_1(x + y, z) = 1 2 (℘_2(x) − ℘_2(y))Φ_1(x − y, z).

References

[1] Yu.A. Golfand and E.P. Lichtman, JETP Letters 13 (1971) 452; J.-L. Gervais and B.

Sakita, Nucl. Phys. B34 (1971) 632; D.V. Volkov and V.P. Akulov, JETP Lett. 16 (1972) 438; J. Wess and B. Zumino, “Nucl. Phys. B70 (1974) 39.

[2] J. Wess and J. Bagger, Supersymmetry and Supergravity, Princeton Univ. Press 1983;

P. West, Introduction to Supersymmetry and Supergravity, World Scientific 1990; S.J. Gates, M.T. Grisaru, M. Rocek and W. Siegel, Superspace, Benjamin Cummings Publ. Comp. 1983.

[3] F. Wilczek, Banff 1999 Lectures.

[4] M.E. Peskin and D.V. Schroeder, “An Introduction to Quantum Field Theory”, Addison-Wesley, 1995; T.P. Cheng and L.F. Li, “Gauge Theory of Elementary Particle Physics”, Oxford University Press, 1984; S. Weinberg, “The Quantum Theory of Fields”, Cambridge University Press, 1996.

[5] WWW Reviews of Particle Physics, http://www-pdg.lbl.gov/1999.

[6] K.S. Babu, J.C. Pati and F. Wilczek, “Fermion Masses, Neutrino Oscillations and Proton decay in the light of SuperKamiokande”, hep-ph/9812538.

[7] C. Montonen and D. Olive, Phys. Lett. B72 (1977) 117; P. Goddard, J. Nuyts and D.

Olive, Nucl. Phys. B125 (1977) 1.

[8] N. Seiberg and E. Witten, “Electro-magnetic duality, monopole condensation, and confinement in N = 2 supersymmetric Yang-Mills theory”, Nucl. Phys. B426 (1994) 19-53, hep-th/9407087; “Monopoles, duality, and chiral symmetry breaking in N = 2 supersymmetric QCD”, Nucl. Phys. B431 (1994) 494, hep-th/9410167.

[9] J. Polchinski, “String Theory”, Cambridge University Press, 1998.

[10] J. Maldacena, “The large N limit of superconformal theories and supergravity”, Adv.

Theor. Math. Phys. 2 (1998) 231, hep-th/9711200 ; SS. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge theory correlators from non-critical string theory”, Phys. Lett. B428 (1998) 105, hep-th/9802109 ; E. Witten, “Anti-de Sitter Space and holography”, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[11] S. Lee, S. Minwalla, M. Rangamani and N. Seiberg, “Three point functions of chiral operators in D=4, N=4 SYM at large N”, Adv. Theor. Math. Phys. 2 (1998) 697, hep-th/9806074 ; E. D’Hoker, D.Z. Freedman and W. Skiba, “Field theory tests for the correlators in the AdS/CFT correspondence”, Phys. Rev. D59 045008 (1999), hepth/9807098 ; K. Intriligator and W. Skiba, “Bonus symmetry and the operator product expansion of N=4 super Yang-Mills”, hep-th/9905020.

[12] P. Howe and P. West, “Superconformal invariants and extended supersymmetry”, Phys. Lett. B400 (1997) 307, hep-th/9611075; P.S. Howe, E. Sokatchev and P. West, “Three point functions in N=4 Yang-Mills”, Phys. Lett. B444 (1998) 341, hepth/9808162.

[13] R. Grimm, M. Sohnius and J. Wess, “Extended supersymmetry and gauge theories”, Nucl. Phys. B133 (1978) 275.

[14] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, “Unconstrained N=2 matter, Yang-Mills and Supergravity theories in harmonic superspace”, Class. Quant. Grav. 1 (1984) 469; G.G. Hartwell, P.S. Howe, “(N,p,q) harmonic superspace”, Int. J. Mod. Phys. A10 (1995) 3901; P.S. Howe, “A superspace survey”, Class. Quant. Grav. 12 (1995) 1823.

[15] B.M. Zupnik, “The action of the supersymmetric N=2 gauge theory in harmonic superspace”, Phys. Lett. B183 (1987) 175; “Solutions of constraints of the supergauge theory in SU(2)/U(1) harmonic superspace”, Theor. Mat. Fiz. 69 (1986) 207.

[16] K.G. Wilson and J. Kogut, “The renormalization group and the epsilon expansion”, Phys. Rep. 12 (1974) 75.

[17] M.A. Shifman and A.I. Vainshtein, Nucl. Phys. B277 (1986) 456; Nucl. Phys. B359 (1991) 571; D. Amati, K. Konishi, Y. Meurice, G.C. Rossi and G. Veneziano, Phys. Rep. 162 169.

[18] N. Seiberg, “Naturalness versus supersymmetric nonrenormalization theorems”, Phys.

Lett. B318 (1993) 469; Phys. Rev. D49 (1994) 6857.

[19] P.C. Argyres and M. Douglas, “New phenomena in SU(3) supersymmetric gauge theory”, Nucl. Phys. B448 (1995) 93; hep-th/9505062.

[20] G. ’t Hooft, “Magnetic monopoles in unified gauge theories”, Nucl. Phys. B79 (1974) 276; A.M. Polyakov, “Particle Spectrum in the quantum field theory”, JETP Letters 20 (1974) 194.

[21] M.K. Prasad and C.M. Sommerfield, Phys. Rev. Lett. 35 (1975) 760; E.B. Bogomolnyi, Sov. J. Nucl. Phys. 24 (1976) 449.

[22] E. Witten, “Dyons of charge e theta /2 pi”, Phys. Lett. B86 (1979) 283.

[23] E. Witten and D. Olive, Phys. Lett. B78 (1978) 97.

[24] B. de Wit, A. Van Proeyen, Nucl. Phys. B245 (1984) 89; S. Ferrara, Mod. Phys. Lett.

A6 (1991) 2175; A. Strominger, Comm. Math. Phys. 133 (1990) 163.

[25] A. Klemm, W. Lerche, S. Theisen, and S. Yankielowicz, “Simple singularities and N=2 supersymmetric gauge theories”, Phys. Lett. B 344 (1995) 169, hep-th/9411058; P. Argyres and A. Faraggi, “The vacuum structure and spectrum of N=2 supersymmetric SU(N) gauge theory”, Phys. Rev. Lett. 73 (1995) 3931, hep-th/9411057 P. Argyres, M.R. Plesser, and A. Shapere, “The Coulomb phase of N = 2 supersymmetric QCD”, Phys. Rev. Lett. 75 (1995) 1699, hep-th/9505100; M.R. Abolhasani, M. Alishahiha, and A.M. Ghezelbash, “The moduli space and monodromies of the N=2 supersymmetric Yang-Mills theory with any Lie gauge group”, Nucl. Phys. B 480 (1996) 279-295, hep-th/9606043; M. Alishahiha, F. Ardalan, and F. Mansouri, “The moduli space of the supersymmetric G(2) Yang-Mills theory”, Phys. Lett. B381 (1996) 446, hep-th/9512005 A. Hanany and Y. Oz, “On the quantum moduli space of vacua of the N=2 supersymmetric SU(N) Yang-Mills theories”, Nucl. Phys. B 452 (1995) 73, hep-th/9505075; A. Hanany, “On the quantum moduli space of vacua of N=2 supersymmetric gauge theories”, Nucl. Phys. B 466 (1996) 85, hep-th/9509176.

[26] E. D’Hoker, I.M. Krichever, and D.H. Phong, “The effective prepotential for N = 2 supersymmetric SU(N_c) gauge theories”, Nucl. Phys. B489 (1997) 179, hep-th/9609041.

[27] E. D’Hoker, I.M. Krichever, and D.H. Phong, “The effective prepotential of N = 2 supersymmetric SO(N_c) and Sp(N_c) gauge theories”, Nucl. Phys. B489 (1997) 211, hep-th/9609145.

[28] S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of a Seiberg- Witten curve from M-theory : the anti-symmetric representation”, Nucl. Phys. B533 (1998) 275, hep-th/9804105; I.P. Ennes, S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of a Seiberg-Witten curve from M-theory : the symmetric case”, Int. J. Mod. Phys. A14 (1999) 301, hep-th/9804151; “One instanton predictions for non-hyper-elliptic curves derived from M-theory”, Nucl. Phys. B536 (1998) 245, hep-th/9806144; “One instanton predictions of Seiberg-Witten curves for product groups”, hep-th/9901124; “Two antisymmetric hypermultiplets in N=2 SU(N) gauge theory: Seiberg-Witten curve and M theory interpretation”, hep-th/9904078; “Tests of M Theory from N=2 Seiberg-Witten theory”, hep-th/9911022; I. Ennes, C. Lozano, S. Naculich, and H. Schnitzer, “Elliptic models and M-Theory”, hep-th/9912133.

[29] I.P. Ennes, S.G. Naculich, H. Rhedin, and H.J. Schnitzer, “One instanton predictions of Seiberg-Witten curves for product groups”, hep-th/9901124 ; U. Feichtinger, “The Prepotential of N=2 SU(2) x SU(2) Supersymmetric Yang-Mills Theory with Bifundamental Matter”, hep-th/9908143.

[30] A. Ceresole, R. D’Auria, and S. Ferrara, Phys. Lett. B 339 (1994) 71-76, hepth/9408036 ; A. Klemm, W. Lerche, and S. Theisen, Int. J. Mod. Phys. A11 (1996) 1929, hep-th/9505150; J. Isidro, A. Mukherjee, J. Nunes and H. Schnitzer, “A new derivation of Picard-Fuchs equations for effective N=2 super Yang-Mills theories”,

Nucl. Phys. 492 (1997) 647, hep-th/9609116; Int. J. Mod. Phys. A13 (1998) 233, hep-th/9703176; Nucl. Phys. B502 (1997) 363, hep-th/9704174.

[31] E. D’Hoker, I.M. Krichever, and D.H. Phong, “The renormalization group equation for N = 2 supersymmetric gauge theories”, Nucl. Phys. B 494 (1997) 89-104, hepth/9610156.

[32] M. Matone, “Instanton recursion relations in N=2 susy gauge theories”, Phys. Lett.

B357 (1996) 342, hep-th/9506102; T. Eguchi and S.K. Yang, “Prepotentials of N=2 susy gauge theories and soliton equations”, hep-th/9510183; T. Nakatsu and K. Takasaki, “Whitham-Toda Hierarchy and N = 2 supersymmetric Yang-Mills Theory”, Mod. Phys. Lett. A11 (1996) 157, hep-th/9509162; J. Sonnenschein, S. Theisen and S. Yankielowicz, “On the relation between the holomorphic prepotential and the quantum moduli in susy gauge theories”, Phys. Lett. B367 (1996) 145, hep-th/9510129; K. Takasaki, “Whitham deformations and tau functions in N=2 supersymmetric gauge theories”, hep-th/9905224; J. Edelstein, M. Gomez-Reina and J. Mas, “Instanton corrections in N=2 supersymmetric theories with classical gauge groups and fundamental matter hypermultiplets”, hep-th/9904087.

[33] A. Marshakov, A. Mironov, and A. Morozov, “WDVV-like equations in N = 2 SUSY Yang-Mills theory”, Phys. Lett. B 389 (1996) 43, hep-th/9607109 A. Marshakov, A. Mironov, and A. Morozov, “More evidence for the WDVV equations in N = 2 SUSY Yang-Mills theory”, hep-th/9701123 ; J.M. Isidro, “On the WDVV equation and M theory”, Nucl. Phys. B 539 (1999) 379-402, hep-th/9805051.

[34] I.M. Krichever, “The tau function of the universal Whitham hierarchy, matrix models, and topological field theories”, Comm. Pure Appl. Math. 47 (1994) 437-475; I.M. Krichever, “The dispersionless Lax equations and topological minimal models”, Comm. Math. Phys. 143 (1992) 415-429; B.A. Dubrovin, “Hamiltonian formalism for Whitham hierarchies and topological Landau-Ginzburg models”, Comm. Math. Phys. 145 (1992) 195-207; B.A. Dubrovin, “Integrable systems in topological field theory”, Nucl. Phys. B 379 (1992) 627-689; B.A. Dubrovin, “Geometry of 2D topological field theories”, Trieste Lecture Notes, 1995.

[35] G. Chan and E. D’Hoker, “Instanton Recursion Relations for the Effective Prepotential in N = 2 Super Yang-Mills”, hep-th/9906193.

[36] J.D. Edelstein and J. Mas, “Strong coupling expansion and Seiberg-Witten Whitham equations”, Phys. Lett. B452 (1999) 69, hep-th/9901006.

[37] M. Douglas and S. Shenker, “Dynamics of SU(N) supersymmetric gauge theory”, Nucl. Phys. B447 (1995) 271, hep-th/9503163 ; E. D’Hoker and D.H. Phong, “Strong coupling expansions of SU(N) Seiberg-Witten theory”, Phys. Lett. B397 (1997) 94, hep-th/9701055.

[38] M. Marino and G. Moore, “The Donaldson-Witten function for gauge groups of rank larger than one”, Comm. Math. Phys. 199 (1998) 25, hep-th/9802185; M. Marino, “The uses of Whitham hierarchies”, hep-th/9905053.

[39] W. Lerche, “Introduction to Seiberg-Witten theory and its stringy origins”, Proceedings of the Spring School and Workshop on String Theory, ICTP, Trieste (1996), hep-th/9611190, Nucl. Phys. Proc. Suppl. B 55 (1997) 83 ; A. Marshakov, “On integrable systems and supersymmetric gauge theories”, Theor. Math. Phys. 112 (1997) 791-826, hep-th/9702083 ; A. Klemm, “On the geometry behind N=2 supersymmetric effective actions in four dimensions”, Trieste 1996, “High Energy Physics and Cosmology”, 120-242, hep-th/9705131 ; A. Marshakov and A. Mironov, “Seiberg-Witten systems and Whitham hierarchires: a short review”, hep-th/9809196 ; E. D’Hoker and D.H. Phong, “Seiberg-Witten theory and Integrable Systems”, hep-th/9903068 ; C. Lozano, “Duality in topological quantum field theories”, hep-th/9907123.

[40] P. Argyres and A. Shapere, “The vacuum structure of N=2 QCD with classical gauge groups”, hep-th/9509175; U.H. Danielsson and B. Sundborg, “The moduli space and monodromies of N=2 supersymmetric SO(2r + 1) gauge theories”, hep-th/9504102; A. Brandhuber and K. Landsteiner, “On the monodromies of N = 2 supersymmetric Yang-Mills theories with gauge group SO(2n)”hep-th/9507008,

[41] A.M. Perelomov, “Integrable systems of Classical Mechanics and Lie algebras”, Vol. I, Birkhauser, Boston, 1990 and references therein; A.N. Leznov and M.V. Saveliev, “Group theoretic methods for integration of non-linear dynamical systems”, Birkhauser, Boston, 1992.

[42] M. Adler and P. Van Moerbeke, “The Toda lattice, Dynkin diagrams, singularities and Abelian varieties”, Invent. Math. 103 (1991) 223; “Completely integrable systems, Euclidean Lie algebras and curves”, Advances in Math. 38 (1980) 267; “Linearization of Hamiltonian systems, Jacobi varieties, and representation theory”, Advances Math. 38 (1980) 318.

[43] A. Gorskii, I.M. Krichever, A. Marshakov, A. Mironov and A. Morozov, “Integrability and Seiberg-Witten exact solution”, Phys. Lett. B355 (1995) 466, hep-th/9505035;

[44] E. Martinec and N. Warner, “Integrable systems and supersymmetric gauge theories”, Nucl. Phys. B 459 (1996) 97-112, hep-th/9509161.

[45] F. Calogero, “Exactly solvable one-dimensional many-body problems”, Lett. Nuovo Cim. 13 (1975) 411-416; J. Moser, “Three integrable Hamiltonian systems connected with isospectral deformations”, Advances Math. 16 (1975) 197; B. Sutherland, “Exact results for a quantum many-body problem in one dimension II”, Phys. Rev. A 5 (1972) 1372-1376 ; F. Calogero, C. Marchioro and O. Ragnisco, “Exact solution of the classical and quantal one-dimensional many body problem with the two body potential V (ax) = G^2A^2/sinh^2(ax)”, Lett. Nuovo Cim. 13 (1975) 383-387 ; S.N.M. Ruijsenaars, “Systems of Calogero-Moser type”, in Proceedings of the 1994 CRM Banff Summer School, Particles and Fields, ed. G. Semenoff and L. Vinet, (1999) 251-352.

[46] A. Polychronakos, “Lattice integrable systems of Haldane-Shastry type”, Phys. Rev.

Lett. 70 (1993) 2329-2331 ; “New integrable systems from unitary matrix models”, Phys. Lett. B 277 (1992) 102-108 ; “Generalized statistics in one-dimension”, presented at Les Houches Summer School in Theoretical Physics, Session 69: Topological Aspects of Low-dimensional Systems, Les Houches, France, 7-31 Jul 1998, hepth/9902157 ; L. Lapointe and L. Vinet, “Exact operator solution of the Calogero- Sutherland model, Commun. Math. Phys. 178 (1996) 425-452, q-alg/9509003.

[47] I.M. Krichever, “Elliptic solutions of the Kadomtsev-Petviashvili equation and integrable systems of particles”, Funct. Anal. Appl. 14 (1980) 282-290.

[48] A. Treibich and J.L. Verdier, “Solitons Elliptiques”, The Grothendieck Festschrift, Vol. III (1990) 437-480, Birkhäuser, Boston ; R. Donagi and E. Markham, “Spectral curves, algebraically integrable Hamiltonian systems, and moduli of bundles”, 1993 CIME lecture notes, alg-geom/9507017 ; E. Markham, “Spectral curves and integrable systems”, Comp. Math. 93 (1994) 255-290 ; R. Donagi, “Seiberg-Witten integrable systems”, alg-geom/9705010.

[49] Adams, M.R., J. Harnard, and J. Hurtubise, “Coadjoint orbits, spectral curves, and Darboux coordinates. The geometry of Hamiltonian systems” (Berkeley, CA 1989), 9-21, Math. Sci. Res. Inst. Publ. 22, Springer, New York, 1991; Adams, M.R., J. Harnard, and J. Hurtubise, “Darboux coordinates and Liouville-Arnold integration in loop algebras”, Comm. Math. Phys. 155 (1993) 385-413; Hurtubise, J., “Integrable systems and algebraic surfaces”, Duke Math. J. 83 (1996) 19-50; Erratum, Duke Math. J. 84 (1996) 815.

[50] H. Braden, “A conjectured R-matrix”, J. Phys. A 31 (1998) 1733-1741.

[51] H.W. Braden and V.M. Buchstaber, “The general analytic solution of a functional equation of addition type”, Siam J. Math. anal. 28 (1997) 903-923.

[52] I. Inozemtsev, “Lax representation with spectral parameter on a torus for integrable particle systems”, Lett. Math. Phys. 17 (1989) 11-17; “The finite Toda lattices”, Comm. Math. Phys. 121 (1989) 628-638.

[53] E. D’Hoker and R. Jackiw, “Classical and Quantal Liouville Theory”, Phys. Rev.

D26 (1982) 3517; E. D’Hoker and P. Kurzepa, Mod. Phys. Lett. A5 (1990) 1411; E. D’Hoker, “Equivalence of Liouville Theory and 2-d Quantum Gravity”, Mod. Phys. Lett. A6 (1991) 745.

[54] M.J. Ablowitz, D.J. Kaup, A.C. Newell, H. Segur, “Method for solving the sine- Gordon equation”, Phys. Rev. Lett. 30 (1973) 1262; S. Coleman, “The quantum sine- Gordon equation as the massive Thirring model”, Phys. Rev. D11 (1975) 2088; L.D. Faddeev, E.K. Sklyanin, L.A. Takhtajan, “The quantum inverse problem method”, Theor. Math. Phys. 40 (1980) 688.

[55] H. Airault, H. McKean, and J. Moser, “Rational and elliptic solutions of the KdV equation and integrable systems of N particles on a line”, Comm. Pure Appl. Math. 30 (1977) 95-125.

[56] I.M. Krichever and D.H. Phong, “On the integrable geometry of N = 2 supersymmetric gauge theories and soliton equations”, J. Differential Geometry 45 (1997) 349-389, hep-th/9604199; I. Krichever and D.H. Phong, “Spin chain models with spectral curves from M theory”, hep-th/9912180.

[57] I.M. Krichever and D.H. Phong, “Symplectic forms in the theory of solitons”, Surveys in Differential Geometry IV (1998), edited by C.L. Terng and K. Uhlenbeck, 239-313, International Press, hep-th/9708170; I.M. Krichever, “Elliptic solutions to difference non-linear equations and nested Bethe ansatz”, solv-int/9804016.

[58] M.A. Olshanetsky and A.M. Perelomov, “Completely integrable Hamiltonian systems connected with semisimple Lie algebras”, Inventiones Math. 37 (1976) 93-108; “Classical integrable finite-dimensional systems related to Lie algebras”, Phys. Rep. 71 C (1981) 313-400.

[59] E. D’Hoker and D.H. Phong, “Calogero-Moser Lax pairs with spectral parameter for general Lie algebras”, Nucl. Phys. B 530 (1998) 537-610, hep-th/9804124.

[60] E. D’Hoker and D.H. Phong, “Calogero-Moser and Toda systems for twisted and untwisted affine Lie algebras”, Nucl. Phys. B 530 (1998) 611-640, hep-th/9804125.

[61] A. Bordner, E. Corrigan, and R. Sasaki, “Calogero-Moser systems: a new formulation”, Prog. Theor. Phys. 100 (1998) 1107, hep-th/9805106; A. Bordner, R. Sasaki and K. Takasaki, “Calogero-Moser systems II: symmetries and foldings”, Prog. Theor. Phys. 101 (1999) 487, hep-th/9809068.

[62] S.P. Khastgir, R. Sasaki and K. Takasaki, “Calogero-Moser Models IV : Limits to Toda theory”, Prog. Theor. Phys. 102 (1999) 5, hep-th/9907102.

[63] P. Goddard and D. Olive, “Kac-Moody and Virasoro algebras in relation to quantum physics”, International J. Mod. Phys. A, Vol. I (1986) 303-414 ; V. Kac, Infinitedimensional Lie algebras, Birkhäuser, Boston, 1983.

[64] R. Donagi and E. Witten, “Supersymmetric Yang-Mills and integrable systems”, Nucl.

Phys. B 460 (1996) 288-334, hep-th/9510101.

[65] E. Martinec, “Integrable structures in supersymmetric gauge and string theory”, hepth/9510204 ; A. Gorsky and N. Nekrasov, “Elliptic Calogero-Moser system from twodimensional current algebra”, preprint ITEP-NG/1-94, hep-th/9401121 ; N. Nekrasov, “Holomorphic bundles and many-body systems”, Comm. Math. Phys. 180 (1996) 587-604, hep-th/9503157 ; M. Olshanetsky, “Generalized Hitchin systems and the Knizhnik-Zamolodchikov-Bernard equation on elliptic curves”, hep-th/9510143

[66] E. D’Hoker and D.H. Phong, “Calogero-Moser systems in SU(N) Seiberg-Witten theory”, Nucl. Phys. B 513 (1998) 405-444, hep-th/9709053.

[67] E. D’Hoker and D.H. Phong, “Order parameters, free fermions, and conservation laws for Calogero-Moser systems”, Asian J. Math. 2 (1998) 655-666, hep-th/9808156.

[68] E. D’Hoker and D.H. Phong, “The geometry of string perturbation theory”, Rev.

Modern Physics 60 (1988) 917-1065 ; “Loop amplitudes for the fermionic string”, Nucl. Phys. B 278 (1986) 225; “On determinants of Laplacians on Riemann surfaces”, Comm. Math. Phys. 105 (1986) 537.

[69] K. Vaninsky, “On explicit parametrization of spectral curves for Moser-Calogero particles and its applications”, December 1998 preprint.

[70] J. Minahan, D. Nemeschansky, and N. Warner, “Instanton expansions for mass deformed N = 4 super Yang-Mills theory”, Nucl. Phys. B528 (1998) 109, hepth/9710146.

[71] E. Witten, “Solutions of four-dimensional field theories via M-Theory”, Nucl. Phys.

B 500 (1997) 3, hep-th/9703166.

[72] S. Katz, P. Mayr, and C. Vafa, “Mirror symmetry and exact solutions of 4D N = 2 gauge theories”, Adv. Theor. Math. Phys. 1 (1998) 53, hep-th/9706110 ; S. Katz, A. Klemm, and C. Vafa, “Geometric engineering of quantum field theories”, Nucl. Phys. B 497 (1997) 173, hep-th/9609239 ; M. Bershadsky, K. Intriligator, S. Kachru, D.R. Morrison, V. Sadov, and C. Vafa, “Geometric singularities and enhanced gauge symmetries” Nucl. Phys. B 481 (1996) 215, hep-th/9605200 ; S. Kachru and C. Vafa, “Exact results for N=2 compactifications of heterotic strings”, Nucl. Phys. B 450 (1995) 69, hep-th/9505105

[73] E. D’Hoker and D.H. Phong, “Lax pairs and spectral curves for Calogero-Moser and Spin Calogero-Moser systems”, Regular and Chaotic Dynamics (1999), hepth/9903002.

[74] E. D’Hoker and D.H. Phong, “Spectral curves for super Yang-Mills with adjoint hypermultiplet for general Lie algebras”, Nucl. Phys. B 534 (1998) 697-719, hep-th/9804126.

[75] A Brandhuber, J. Sonnenschein, S. Theisen and S. Yankielowicz, “M Theory and Seiberg-Witten curves: orthogonal and symplectic groups”, Nucl. Phys. B 504 (1997) 175, hep-th/9705232; K. Landsteiner and E. Lopez, “New curves from branes”, hepth/9708118 K. Landsteiner, E. Lopez, and D.A. Lowe, “N=2 supersymmetric gauge theories, branes and orientifolds”, Nucl. Phys. B 507 (1997) 197, hep-th/9705199;

[76] A.M. Uranga, “Towards mass deformed N = 4 SO(N) and Sp(K) gauge theories from brane configurations”, Nucl. Phys. B 526 (1998) 241-277, hep-th/9803054;

[77] T. Yokono, “Orientifold four plane in brane configurations and N = 4 USp(2N) and SO(2N) theory”, Nucl. Phys. B 532 (1998) 210-226, hep-th/9803123; K. Landsteiner, E. Lopez and D. Lowe, “Supersymmetric gauge theories from Branes and orientifold planes”, JHEP 9807 (1998) 011, hep-th/9805158.

[78] A. Gorsky, “Branes and Integrability in the N=2 susy YM theory”, Int. J. Mod.

Phys. A12 (1997) 1243, hep-th/9612238; A. Gorsky, S. Gukov and A. Mironov, “Susy field theories, integrable systems and their stringy brane origin”, Nucl. Phys. B518 (1998) 689, hep-th/9710239; A. Cherkis and A. Kapustin, “Singular Monopoles and supersymmetric gauge theories in three dimensions”, Nucl. Phys. B525 (1998) 215, hep-th/9711145.

[79] H. Braden, A. Marshakov, A. Mironov, and A. Morozov, “The Ruijsenaars-Schneider model in the context of Seiberg-Witten theory”, hep-th/9902205 ; Y. Ohta, “Instanton correction of prepotential in Ruijsenaars model associated with N=2 SU(2) Seiberg- Witten, hep-th/9909196 ; H.W. Braden, A. Marshakov, A. Mironov, and A. Morozov, “Seiberg-Witten theory for a nontrivial compactification from five-dimensions to four dimensions”, Phys. Lett. B 448 (1999) 195-202, hep-th/9812078 ; K. Takasaki, “Elliptic Calogero-Moser systems and isomonodromic deformations”, math.qa/9905101 ; A.M. Khvedelidze and D.M. Mladenov, “Euler-Calogero-Moser system from SU(2) Yang-Mills theory”, hep-th/9906033 ; A. Gorsky and A. Mironov, “Solutions to the reflection equation and integrable systems for N=2 SQCD with classical groups”, Nucl. Phys. B550 (1999) 513-530, hep-th/9902030 ; I. Krichever, “Elliptic analog of the Toda lattice”, hep-th/9909224

[80] N. Hitchin, “Stable bundles and integrable systems”, Duke Math. J. 54 (1987) 91.

[81] A. Erdelyi, ed. “Higher Transcendental Functions”, Bateman Manuscript Project, Vol. II, R.E. Krieger, Florida, 1981.