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Abstract
It is believed that no information can be stored in Hawking radiation, because 
correlations between quanta of different field modes vanish. However, such 
correlations have been defined only with reference to a single moment of 
time. In this article, we develop a method for the evaluation of multi-time 
correlations. We find that these correlations are highly non-trivial: for a 
scalar field in the Schwarzschild black hole, multi-time correlations have 
an explicit dependence on angular variables and on the scattering history of 
Hawking quanta. This result leads us to the conjecture that some pre-collapse 
information can be stored in multi-time correlations after backreaction effects 
have been incorporated in the physical description.

Keywords: Hawking radiation, quantum measurements, black hole 
information paradox, relativistic quantum information, Unruh–Dewitt 
detectors

(Some figures may appear in colour only in the online journal)

1.  Introduction

Statistical correlations between different observables are well defined in any probabilistic 
theory. In quantum theory, correlations between different components of a multi-partite sys-
tem, or different locations in an extended quantum system (e.g. a quantum field) can be exper
imentally determined, and reveal substantial information about the system.

In the context of black hole thermodynamics, it is widely believed that correlations between 
Hawking quanta emitted by a black hole carry no information. The reason is that the reduced 
state of the quantum field far from the horizon is asymptotically Gibbsian at the Hawking 
temperature, modulo the grey-body factor. This is the content of the Hawking–Wald (HW) 
theorem [1, 2], described in detail in section 2. Hence, the values of all physical observables 
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are distributed thermally at late times. This means that there is no correlation between quanta 
of different field modes. However, the statements above apply only to single-time correlations 
of the emitted radiation, i.e. to sets of measurements that are carried out at a single instant of 
time.

In this article, we show that there are no such constraints for multi-time measurements, i.e. 
sets of measurements carried out at different instants of time. We present a general method for 
the evaluation of multi-time correlations, and we employ it for a scalar field in a Schwarzschild 
black hole. In particular, we show that multi-time correlations can be non-thermal, and that 
they have a complex form that allows them to store non-trivial information. Our results dem-
onstrate that any discussion of the informational balance in the process of black hole formation 
and evaporation must take the existence of multi-time correlations into account. We argue that 
multi-time correlations can, in principle, preserve some memory of characteristics of the sys-
tem prior to collapse. This conjecture will be tested by a successful treatment of backreaction.

Our analysis is based on probability formulas for multi-time measurements on a quantum 
field. We derive these formulas by modeling the measuring apparatuses as generalized Unruh–
Dewitt (UdW) detectors [3–5]. An UdW detector is a pointlike quantum system that moves 
along a specific trajectory X(τ) with proper time τ , and it is coupled to a quantum field 
through a term Ô(X(τ)), where Ô(X) is a local composite operator for the field. In our model, 
the detector records quanta of a quantum field, but also the proper time at which the detection 
took place. Hence, by considering multiple UdW detectors at different trajectories, we can 
describe multi-time measurements of quantum field.

The UdW detector model involves a coupling of particle and field degrees of freedom that 
cannot be justified from first principles. However, to leading order in perturbation theory and 
for vanishing detector size, the model leads to the same results with a more rigorous quantum 
measurement formalism that involves genuine QFT couplings between measured system and 
apparatus [6–9]. The use of the UdW detector model allows us to present an elementary and 
self-contained derivation of correlations in Hawking radiation.

As a first application of our model, we study multi-time correlations in the Unruh effect. 
To this end, we consider two accelerated detectors in Minkowski spacetime. This system was 
first studied in [10], where it was shown that the correlations recorded by the detectors are 
not thermal, thus, providing a motivation for the present work. We give a simpler proof of this 
result, discuss its implications, and analyse the structure of the correlation function in differ-
ent regimes.

Then, we study Hawking radiation from an eternal black hole with a quantum field in the 
Unruh vacuum. The latter simulates the late time behavior of a quantum field state in a col-
lapsing black hole spacetime [3]. We derive a general formula for the two-time coincidence 
function, that quantifies the quantum correlations between two of detection events at different 
spacetime points. These correlations are in general non-causal, in the same sense that Bell-
type correlations are non-causal. We find a complex dependence of those correlations on the 
location of the detectors, on energy and on the scattering history of the Hawking quanta in 
the Schwarzschild potential. In particular, the effect of the Schwarzschild potential cannot be 
incorporated in a single function of energy as in the case of single-time measurements. This 
suggests that multi-time correlations could store significant pre-collapse information, once the 
backreaction of the field to the spacetime geometry is taken into account.

The structure of this paper is the following. In section 2, we provide a detailed analysis of 
the HW theorem showing that it does not constrain multi-time correlations. In section 3, we 
discuss multi-time measurements in QFT and we derive the probability formulas for general-
ized UdW detectors. In section 4, we revisit the issue of multi-time correlations in the Unruh 
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effect. In section 5, we evaluate temporal correlations in the Hawking radiation of eternal 
black holes. In section 6, we present the physical interpretation of our results.

2. The HW theorem and its limitations

In the original analysis of black hole radiation, Hawking proved that particle numbers at the 
future null infinity I+ are characterized by a Planckian spectrum [1]. Subsequently, Wald 
showed that all observables at I+ behave thermally [2]. We refer to the latter result as the 
Hawking–Wald (HW) theorem. It is based on a scattering-matrix approach to quantum field 
theory (QFT) in curved spacetime. It implies that there is no correlation between different 
field modes of the emitted radiation [11, 12].

The HW theorem is commonly cited as a proof that no information can be stored in the cor-
relations of Hawking radiation. However, the theorem refers only to asymptotic single-time 
properties of the quantum field, and it makes no statement about multi-time measurements at late 
times. In this section, we present a detailed analysis of the theorem that makes our point explicit.

This is an independent section: its definitions and results are not used elsewhere in this 
paper. The reader interested in the description of multi-time measurements may skip directly 
to section 3.

2.1.  Preliminaries

Let (M, g) be an asymptotically flat spacetime that describes the collapse of a star leading to 
the formation of a black hole with future event horizon H+. Consider a free quantum scalar 
field Φ̂(X) on M. To construct the Hilbert space F  of states for this field, one first identifies the 
real vector space V  of solutions to Klein–Gordon’s (KG) equation with the KG inner product. 
Then, one complexifies V  in order to construct a complex Hilbert space VCCC [13]. The Hilbert 
space F  for the field degrees of freedom is the exponential Hilbert space eVCCC , i.e. the bosonic 
Fock space associated to VCCC

F = eVCCC := CCC ⊕ VCCC ⊕ (VCCC ⊗ VCCC)S ⊕ (VCCC ⊗ VCCC ⊗ VCCC)S ⊕ . . . ,� (1)

where the index S refers to symmetrization. To complexify V , one chooses a subset of com-
plex-valued solutions ua(X) to the KG equation to define an orthonormal basis on VCCC.

In presence of a time-like Killing vector ∂/∂t, the functions ua(X) are positive-frequency 
with respect to t,

i
∂

∂t
ua = ωaua,� (2)

for ωa > 0.
Once the family of solutions ua(X) has been chosen, the field operator is expressed as

φ̂(X) =
∑

a

[
âaua(X) + â†au∗

a(X)
]

,� (3)

in terms of the creation and annihilation operators on the Fock space F .

2.2. The field as a bipartite system

Let W be a closed linear subspace of VCCC, and W⊥ its complement. Then, the field Hilbert space 
splits as a tensor product [14]
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F = eW⊕W⊥
= eW ⊗ eW⊥

.� (4)

Of particular relevance are tensor products of the form equation (4) that are generated by parti-
tioning a Cauchy surface. Let Σ be a Cauchy surface on M, and C1, C2 subsets of Σ, such that 
C1 ∩ C2 = ∅ and C1 ∪ C2 = Σ. We define a subspace WC1 of VCCC that consists of all functions 
f (X) =

∑
a caua(X), such that f (X) = 0, for X ∈ C2; WC2 = W⊥

C1
 is spanned by all functions 

g(X) that vanish for X ∈ C1. The Hilbert space HCi := eWCi describes field states localized in 
Ci, i = 1, 2. Hence, equation (4) can be expressed as

F = HC1 ⊗HC2 .� (5)

The field Hilbert space splits like a bipartite system. This split is essential for the deriva-
tion of the HW theorem, and, consequently, of our discussion of its limitations. However, the 
interpretation of equation (5) as defining a physical bipartite system requires the statistical 
independence of measurement outcomes and state preparations in C1 and C2. The relevant 
condition is the so called ‘split property’ of Borchers and Bucholz [15]—see, also [16] for a 
review—which requires that the two regions do not touch at their boundaries, which is not the 
case here. This implies that caution should be exercised when using notions that treat the field 
as a bipartite system, like, for example, entanglement entropy or theorems about the properties 
of entanglement.

We choose a basis f i(X) of solutions in W, such that f i(X)  =  0 for X ∈ C2, and a basis gj (X)
of solutions in W⊥, such that gj (X)  =  0 for X ∈ C1. Then, the field operator can be written as

φ̂(X) =
∑

i

[
â(1)

i fi(X) + â(1)†
i f ∗i (X)

]
+
∑

j

[
â(2)

j gj(X) + â(2)†
j g∗

j (X)
]

� (6)

where ̂a(1) and ̂a(2) are annihilation operators restricted to the subspace W and W⊥ respectively.
Any state |Ψ〉 ∈ F  can be expressed as a linear combination 

∑
A,B λAB|A〉1 ⊗ |B〉2, where 

|A〉1 and |B〉2  define orthonormal sets in eW and eW⊥
, respectively. Any vector |A〉1 can be con-

structed from the consecutive action of creation operators â(1)†
i  on a reference state |0〉1, and 

any vector |B〉2  can be constructed from the consecutive action of creation operators â(2)†
j  on 

a reference state |0〉2.
Consider now a single-time measurement localized in the region C1. Suppose that the field 

interacts with a measuring apparatus through a composite operator Ô(X) that is a local func-
tional of the field φ̂(X). The interaction depends only on the operators ˆa(1)

i  and â(1)†
i ; hence, it 

affects only the vectors |A〉1. Therefore, all information about such measurements is contained 
in the reduced density matrix ρ̂1 on HC1,

1〈A|ρ̂1|B〉1 :=
∑

C

λACλ
∗
BC.� (7)

In a collapsing black hole spacetime, we consider the Cauchy surface ΣA := (KA) ∪ (Aι0) 
of figure 1. Let C1 be its segment outside the black hole. After the end of the collapse, there is 

a time-like Killing vector ∂∂t outside the black hole. Hence, the modes f i(X) can be chosen to 
be positive-frequency with respect to ∂∂t; the corresponding frequencies ωi  are then interpreted 
as single-particle energies. Therefore, we can choose the basis |A〉1 to be eigenstates of the 
particle number operators, i.e. the elements of the basis are labeled by a sequence of particle 
numbers {ni} for each mode i.

The key point is that the Hilbert space split above is relevant only for a single moment of 
time, i.e. a specific Cauchy surface Σ. Consider a different Cauchy surface Σ′, with a different 
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split C′
1 and C′

2. The functions gj (X) that vanish in C1 do not, in general, vanish in C′
1
1. It fol-

lows that the field operator φ̂(X) for X ∈ C′
1 does not vanish on C2. A localized measurement 

at X ∈ C′
1 involves also the operators â(2)

j  and â(2)†
j . The probabilities for two-time measure-

ment localized at X ∈ C1 and X′ ∈ C′
1 cannot be expressed solely in terms of the reduced 

density matrix, either of the HC1 ⊗HC2 or of the HC′
1
⊗HC′

2
 partition2.

The HW theorem involves a split of the form  (4) in relation to the Cauchy surface 
Σ∞ = I+ ∪H+, and it demonstrates that the reduced density matrix at I+ is Gibbsian,

ρ̂1 =
1
Z

∑
{ni}

e−
∑

i niωi/TH |{ni}〉〈{ni}|� (8)

where TH = (8πM)−1 is the Hawking temperature, and Z =
∑

{ni} e−
∑

i niωi/TH  is the parti-
tion function. The thermal density matrix (8) is approximate as it ignores transient effects, 
i.e. particles created during collapse. It also assumes unit transmission probability for all field 
modes under consideration, i.e. that all ‘emitted’ particles reach I+.

The Cauchy surface Σ∞ is the limit of the Cauchy surface ΣA of figure 1 as A → ι+. Hence, 
the HW theorem can be viewed as a statement about the asymptotic form of the reduced 

Figure 1.  Left: Penrose diagram of a collapsing black hole. Right: Sequential events of 
particle detection (black dots) in a collapsing black hole spacetime.

1 The set of solutions to the KG equation that vanishes on both C1 and C′
1 is of measure zero in V .

2 Since the Fock space split is time-dependent, entanglement between modes outside the black hole and on the 
horizon is also time-dependent. Common statements about this entanglement refer to its asymptotic value. It is 
far from obvious that this asymptotic expression remains relevant after the inclusion of backreaction. The effects 
of backreaction are not asymptotic, for example, the change in the black hole mass is manifested at finite times. 
However, the Hilbert space split (5) is not unique at finite times. Any choice of C1 and C2, such that C1 → I+ and 
C2 → H+ leads to the same asymptotic value of entanglement. In our opinion, this is an indication that entangle-
ment may not be the most appropriate measure of the correlations in Hawking radiation, especially in relation to 
black hole evaporation. One should look for a measure that incorporates information about multi-time correlations 
and it is uniquely defined at finite times.
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density matrix defined with respect to the subset C1 of ΣA. By construction, its conclusions 
are restricted to the outcomes of single-time measurements. The fact that multi-time measure-
ments cannot be solely expressed in terms of a reduced density matrix is not affected by taking 
one of the Cauchy surfaces to infinity.

For example, two-time correlations may be expressed in terms of the joint probability of 
detecting Hawking quanta by two apparatuses at two spacetime points in the Cauchy surfaces 
ΣA and ΣB, as in the right-hand diagram of figure 1. The two detection events can have any 
separation (timelike, spacelike, or null). They cannot be mapped to events on I+ without los-
ing the key information of their causal relation. As it has been shown in relation to the Unruh 
effect, multi-time correlations may well be non-thermal, even if all single-time properties are 
thermal [10].

We conclude that the probabilities of multi-time measurements cannot be expressed 
solely in terms of the Gibbsian reduced density matrix (8). Hence, multi-time correlations in 
Hawking radiation are generically non-thermal, in the sense that they do not coincide with 
correlations obtained from a Gibbsian state.

2.3.  An open quantum systems perspective

Next, we present a more general argument why the HW theorem does not constrain multi-time 
correlations, based on well-known properties of quantum open systems [17, 18].

The HW theorem focuses on field properties at the future null infinity I+. Of course, no 
physical measurements occur literally at null infinity. The HW theorem is best viewed as a 
statement about the long time limit of an open quantum system. Consider the Cauchy surface 
ΣA := (KA) ∪ (Aι0) of figure 1, and the reduced density matrix ρ̂A obtained by tracing out the 
degrees of freedom of the surface KA. The field degrees of freedom (dofs) on the surface Aι0 
are effectively an open system, with the dofs at the horizon playing the role of the environ
ment. Hence, the HW theorem is a statement about asymptotic thermalization in an open 
quantum system.

The key point is that in open quantum systems, the time-evolving reduced density matrix of 
a subsystem does not contain all information about the subsystem. It contains only information 
accessible by single-time measurements. It does not contain sufficient information to correctly 
reproduce the probabilities of multi-time measurements, unless the open system dynamics is 
Markovian [19, 20]. Indeed, the idea that the single-time state contains all accessible informa-
tion is an essential part of the definition of Markovian processes—see, for example, [21–23].

In non-Markovian processes, the environment keeps memory of properties of the system 
and releases this information to the system in a way that is not fully predictable by the open 
system dynamics. At the fundamental level, open quantum systems that are defined by tracing 
out an environment have non-Markovian dynamics. Markovian behavior emerges as a result 
of approximations. Hence, the HW theorem only rules out asymptotic single-time correlations 
in the Hawking radiation. It does not rule out temporal correlations, i.e. correlations defined 
in terms of multi-time measurements.

3.  Probability formulas for Unruh–Dewitt detectors

3.1.  Multi-time measurements in QFT

Multi-time measurements in QFT are not usually discussed in particle physics, where the 
emphasis is on the description of scattering experiments via S-matrix theory. In contrast, 
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multi-time measurements are ubiquitous in quantum optics. The joint detection probabil-
ity of photons at different moments of time is essential for the definition of higher order 
coherences of the electromagnetic field, and for describing phenomena like the Hanbury–
Brown–Twiss effect, photon bunching and anti-bunching [24]. These probabilities are usually 
constructed using Glauber’s photo-detection theory [25]. For a given quantum state ρ̂0 of the 
electromagnetic field, Glauber’s theory expresses the (unnormalized) joint probability density 
Wn(X1, X2, . . . , Xn) for n photodetection events at spacetime points X1, X2, . . . , Xn as

Wn(X1, X2, . . . , Xn) =Tr
(

Êin(+)(Xn) . . . Êi2(+)(X2)Êi1(+)(X1)ρ̂0

× Ê(−)
i1 (X1)Ê

(−)
i1 (X1)Ê

(−)
i2 (X2) . . . Ê(−)

in (Xn)
)

,
�

(9)

where Ê
(±)

(X) is the positive (negative) frequency part of Heisenberg-picture operators that 

represent the electric field strength.
Equation (9) has a restricted domain of applicability: it presupposes that all detectors are 

at rest in a given frame, and it requires a non-local split of the field into positive- and nega-
tive-frequency components. This split could lead to non-causal behavior of the probabilities 
at large separations of the detectors. Nonetheless, the simplicity and broad applicability of 
Glauber’s theory render it into an important paradigm as a QFT measurement theory. Its cru-
cial property is that the joint probability for n detection events at different spacetime points is 
a linear functional of a specific QFT 2n-point function.

In recent years, we developed a new method [6–9] for describing QFT measurements that 
shares the above property with Glauber’s theory. We call this method the Quantum Temporal 
Probabilities (QTP) method, as its original motivation was to provide a general framework for 
temporally extended quantum observables [26–28]. The key idea is to distinguish between the 
time parameter of Schrödinger equation from the time variable associated to particle detection 
[29, 30]. The latter time variable is then treated as a macroscopic quasi-classical one associ-
ated to the detector degrees of freedom. Hence, although the detector is described in micro-
scopic scales by quantum theory, its macroscopic records are expressed in terms of classical 
spacetime coordinates.

In QTP, the interaction between the field and the measurement apparatus is described by 
a local interaction Hamiltonian 

∫
d3xÔ(x)Ĵ(x). In this expression, Ô(x) is a local composite 

operator for the field and Ĵ(x) is a current operator in the apparatus’s Hilbert space. As a 
result, the probability density for n measurement events, analogous to equation (9), is a linear 
functional of the field 2n-point function

G(X1, X2, . . . , Xn; X′
1, X′

2, . . . , X′
n) := Tr

{
T
[
Ô(Xn) . . . Ô(X2)Ô(X1)

]
ρ̂0

×T̄
[
Ô(X′

1)Ô(X′
2) . . . Ô(X′

n)
]}

,
�

(10)

where T  stands for time-ordering and T̄  for reverse-time-ordering.
The QTP probability assignment that features the correlation functions (10) is constructed 

through a decoherent histories analysis of the measurement process [31–33]. In particular, 
it involves the identification of specific sets of histories associated to particle detection and 
the requirement that they satisfy approximate decoherence conditions. We note that histories 
theory incorporates the quantum state reduction rule in its probability assignment.

In this paper, we employ a simpler description of measurements by modeling the meas-
uring apparatuses as generalized UdW detectors. This model allows for an elementary and 
self-contained derivation of a probability formula for multi-time probabilities that coincides 
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with that of QTP in a particular regime. In particular, the probability assignment in the UdW 
models is obtained from the application of Born’s rule for the detector’s degrees of freedom, 
and it does not require a decoherent histories analysis.

3.2.  A single UdW detector

A generalized UdW detector is a pointlike quantum system that follows a spacetime trajectory 
Xµ(τ). Its internal degrees of freedom are described by a Hilbert space H. Its self-Hamilto-
nian ĥ generates time-translations with respect to the proper time parameter τ . The detector 
interacts with a quantum field φ̂, through a coupling term V̂  that takes the following form in 
the interaction picture

V̂(s) = λ

∫
dτgσ(s − τ)

∫
d4XÔ(X)δ4(X − X(τ))m̂(τ),� (11)

where λ is a coupling constant, m̂(τ) = eiĥτ m̂e−iĥτ for some operator m̂  in the detector’s 
Hilbert space, Ô(X) is a local composite operator of the field and gσ(s) is a ‘switching’ func-
tion, i.e. a function that determines when the detector-field interaction is on. Our analysis 
holds for generic switching functions, however, we find convenient to employ Gaussians

gσ(s) = e−
s2

2σ2 ,� (12)

with width σ. They satisfy the identity

√
gσ(τ − s)gσ(τ − s′) = gσ(τ − s + s′

2
)gσ(

s − s′

2
).� (13)

We assume that the self-Hamiltonian ĥ of the detector has a unique ground state |0〉 at zero 
energy. We denote the other energy eigenstates as |ε〉, for ε > 0. We assume that the detector is 
initially (coordinate time t  =  ti) prepared at |0〉 and the field at state |Ψ〉. We consider a switch-
ing function centered at τ , and we evaluate the probability Prob(ε, τ) that the detector is found 
with energy ε at some coordinate time t  =  tf  after the coupling has been switched off. To this 
end, we employ the Dyson expansion for the associated evolution operator Û(tf , ti)

Û(tf , ti) = Î +
∞∑

n=1

(−i)n
∫ tf

ti
dt1

∫ t1

ti
dt2 . . .

∫ tn−1

ti
dtnV̂c(t1)V̂c(t2) . . . V̂c(tn).

� (14)

In equation  (14), Vc(t) := τ̇(t)V̂(τ(t)), where τ(t) is the inverse function of X0(τ) that 
expresses τ  as a function of t. It is necessary to express the interaction operator in terms of 
the coordinate time t, because time ordering is defined with respect to the causal structure of 
spacetime, encapsulated in t, and not with respect to proper time parameters. This distinction is 
trivial for one detector, but it is essential for the system of multiple detectors that is examined 
later. Since the switching-on functions vanish outside [ti, tf ], we can take ti → −∞ and tf → ∞.

To leading order in the coupling constant λ,

Prob(ε, τ) =
∫

dτgσ(τ − τ ′)P(ε, τ ′),� (15)

where

P(ε, τ) = αε

∫
dsgσ(

s
2
)e−iεsG(2)[X(τ +

s
2
), X(τ − s

2
)].� (16)
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In equation (16), αε = λ2|〈ε|m̂|0〉|2, and G2(X, X′) is the field two-point function associated 
to the composite operators Ô(X),

G(2)(X, X′) = 〈Ψ|Ô(X)Ô(X′)|Ψ〉.� (17)

The probability Prob(ε, τ) is a density with respect to ε, but not with respect to τ . The proper 
time τ  appears as a parameter in equation (15) and not as a random variable. In classical prob-
ability theory, we could define an unnormalized probability density W(ε, τ) with respect to τ  
by dividing Prob(ε, τ) with the effective duration of the interaction T =

∫
dsgσ(s) =

√
2πσ2 . 

Then, equation (15) would become

W(ε, τ) =
∫

dτ ′fσ(τ − τ ′)P(ε, τ ′),� (18)

where fσ = 1√
2πσ2

e−
x2

2σ2  is a probability distribution on R . Hence, the probability distribution 

W(ε, τ) is the convolution of P(ε, τ) with the smearing function fσ.
The definition (18) of density with respect to time is not rigorous for quantum probabili-

ties, because it involves the combination of probabilities defined with respect to different 
experimental set-ups, i.e. different switching functions for the Hamiltonians. Nonetheless, 
equation (18) can be derived from first principles in the context of the QTP method [6, 8, 9].  
The QTP method involves an explicit modeling of the interaction between the measuring 
apparatus using QFT. In particular, the composite operators Ô(X) for X = (t,xxx) appear 
from a local interaction term 

∫
d3x Ô(xxx)Ĵ(xxx), where Ĵ(xxx) is a current operator on the Hilbert 

space of the detector. In QTP, the smearing functions gσ are not interpreted in terms of a 
switching-on of the interaction, but they describe the sampling of a temporal observable 
associated to the value of the proper time τ  at the instant of detection and incorporate 
the coarse-graining necessary for the definition of classicalized pointer variables in the 
apparatus.

For the purposes of this paper, it suffices to consider the probability density (15) derived 
from the elementary UdW detector model described above. Our conclusions about Hawking 
radiation do not depend on the details of an elaborate quantum measurement description. 
However, the probability formulas can also be rigorously derived within perturbative QFT, in 
a way that avoids the main shortcoming of the UdW detector [6, 8, 9], namely, that it involves a 
coupling of particle and field degrees of freedom, that cannot be justified from first principles.

Two regimes are particularly important. If σ is much smaller than all natural time scales 
of the system, then we may approximate W(ε, τ) with P(ε, τ), i.e. treat fσ as a delta function. 
The opposite regime corresponds to very large σ, so that all information about the temporal 
localization of particle detection is lost. In this limit, W(ε, τ) is time-independent and coin-
cides with the time average of the probability P(ε, τ).

3.3.  A pair of detectors

Next, we consider a pair of generalized Unruh–Dewitt detectors, moving along the spacetime 
paths Xµ

1 (τ1) and Xµ
2 (τ2). Each detector is described by a Hilbert space Ha, a self- Hamiltonian 

ĥa, and an interaction operator m̂a, where a = 1, 2. The detectors couple to the field via inter-
action terms of the form  (11) with composite operators Ôa(X) and coupling constants λa. 
Hence, the interaction operator V̂c(t) that enters the Dyson expansion is
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V̂c(t) =
2∑

a=1

λaτ̇a(t)
∫

dsg(a)
σ [τa(t − s)]Ôa[Xa(τa(s))]m̂a(τ(s)).� (19)

For simplicity, we specialize to detectors that are identical to all internal character-
istics, and differ only on their spacetime paths. Hence, ĥ1 = ĥ2 = ĥ, m̂1 = m̂2 = m̂, 
Ô1(X) = Ô2(X) = Ô(X), λ1 = λ2 = λ.

We assume that both detectors are initially in their ground state. We evaluate the joint prob-
ability Prob(ε1, τ1; ε2, τ2), that the first detector was switched on around proper time τ1, the 
second detector was switched on around proper time τ2, and they were found with energies 
ε1 and ε2 respectively after the interactions were switched off. The leading contribution to 
the probability amplitude comes from the second-order term in the Dyson expansion, hence, 
Prob(ε1, τ1; ε2, τ2) is of order λ4. Again we take the limits ti → −∞ and tf → ∞, since we 
assume that the coordinate time ti refers to a Cauchy surface prior the switching on of both 
detectors and tf  refers to a Cauchy surface after both detectors have been switched off.

It is convenient to work with the coincidence function

C(ε1, τ1; ε2, τ2) :=
1

2πσ2 [Prob(ε1, τ1; ε2, τ2)− Prob(ε1, τ1)Prob(ε2, τ2)] ,
� (20)

that quantifies the deviation from uncorrelated detection. The coincidence function can be 
expressed as

C(ε1, τ1; ε2, τ2) =

∫
dτ ′1dτ ′2fσ(τ1 − τ ′1) fσ(τ2 − τ ′2)K(ε1, τ ′1; ε2, τ ′2),� (21)

where

K(ε1, τ1; ε2, τ2) = αε1αε2

∫
ds1

∫
ds2gσ(

s1

2
)gσ(

s2

2
)e−iε1s1−iε2s2

×G(4)[X1(τ1 +
s1

2
), X2(τ2 +

s2

2
), X2(τ2 −

s2

2
), X1(τ1 −

s1

2
)].

�

(22)

The field four-point function G(4)(X1, X2, X′
1, X′

2) is defined by

G(4)(X1, X2, X′
1, X′

2) : = 〈Ψ|T̄ [Ô(X1)Ô(X2)]T [Ô(X′
2)Ô(X′

1)]|Ψ〉
− G(2)(X1, X′

1)G
(2)(X2, X′

2),
�

(23)

where T  stands for time-ordering and T̄  for reverse-time ordering.
The four-point function G(4) involves mixed time-ordered and anti-time-ordered elements. 

It can similarly be shown that the probabilistic correlations for n detectors are linear func-
tionals of correlation functions G(2n) of n time-ordered and n anti-time-ordered entries. Such 
correlation functions do not appear in the usual formulation of QFT in terms of transitions 
between in and out states, i.e. the S-matrix formalism. They appear in the Closed-Time-Path 
(CTP) formulation of QFT, developed by Schwinger and Keldysh [34–36]. This formulation 
allows one to derive probabilities for observables at any moment of time, and not only for 
asymptotic properties. The CTP correlation functions are obtained by functional differentia-
tions of a generating functional Z[J+, J−],

G(2n)(X1, . . . , Xn, X′
1, . . . , X′

n) =

(
δ2n ln Z[J+, J−]

δJ−(X1) . . . δJ−(Xn)J+(X′
1) . . . δJ+(X′

n)

)

J±=0
.� (24)
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The CTP generating functional is defined as

Z[J+, J−] := 〈ψ|Û†[J−]Û[J+]|ψ〉,� (25)

where Û[J] = T e−i
∫

d4XÔ(X)J(X), and T  stands for time-ordered exponential.
In this paper, we will focus on QFTs with Gaussian CTP generating functional. This is the 

case for a free scalar field φ̂(X) in a vacuum state, where the composite operators Ô(X) coin-
cide with φ̂(X), or one of its derivatives.

For Gaussian generating functionals, the four-point correlation function G(4) is functionally 
determined by the two-point correlation functions G(2),

G(4)(X1, X2, X′
1, X′

2) = G(2)(X2, X′
1)G

(2)(X1, X′
2) + G(2)

F (X′
2, X′

1)G
(2)∗
F (X2, X1)

� (26)
where

G(2)
F (X, X′) = θ(X0 − X0′)G(2)(X, X′) + θ(X0′ − X0)G(2)(X′, X)� (27)

is the Feynman-two point function. For non-Gaussian generating functionals, an extra term 
should be added to equation (26), to account for the part of the four-point function that is 
functionally independent from the two point function. For example, if |ψ〉 is chosen as the 
vacuum for a self-interacting scalar field, the additional term is standardly evaluated through 
a perturbative expansion [36].
Equation (26) implies that the function (22) is a sum of two terms,

K(ε1, τ1; ε2, τ2) = K0(ε1, τ1; ε2, τ2) + KF(ε1, τ1; ε2, τ2),� (28)

where

K0(ε1, τ1; ε2, τ2) = αε1αε2

∫
ds1

∫
ds2gσ(

s1

2
)gσ(

s2

2
)e−iε1s1−iε2s2

G(τ1 +
s1

2
, τ2 −

s2

2
)G∗(τ1 −

s1

2
, τ2 +

s2

2
)

�
(29)

KF(ε1, τ1; ε2, τ2) = αε1αε2

∫
ds1

∫
ds2gσ(

s1

2
)gσ(

s2

2
)e−iε1s1−iε2s2

GF(τ1 −
s1

2
, τ2 −

s2

2
)G∗

F(τ1 +
s1

2
, τ2 +

s2

2
)

�
(30)

where we wrote

G(τ1, τ2) := G(2)[X1(τ1), X2(τ2)]� (31)

GF(τ1, τ2) := G(2)
F [X1(τ1), X2(τ2)].� (32)

Of particular interest is the case of paths that generate stationary correlations, i.e. paths 
Xi(τi) such that G(Xi(τ1), Xj(τ2)) is a function only of τ1 − τ2 for all i, j = 1, 2. We denote 
these functions by ∆1 if the entries in the two-point function correspond to the same path, and 
by ∆2 if they correspond to different paths, i.e.

∆1(s) = G(X1(s), X1(0)), ∆2(s) = G(X1(s), X2(0)).� (33)

We will call the functions ∆1 and ∆2 correlators.
For such paths, the single-time probability density W(ε, τ) of equation  (16) is time- 

independent
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W(ε) = αε

∫
dsgσ(

s
2
)e−iεs∆1(s).� (34)

Furthermore, the term KF, equation (30), involves an integral
∫

dxe−
x2

4σ2 −i(ε1+ε2)x =
√

4πσ2e−σ2(ε1+ε2)
2
,

where x = s1+s2
2 . Hence for εaσ � 1, KF(ε1, τ1; ε2, τ2) � 0. The term K0, equation  (29), 

involves an integral 
∫

dye−
y2

16σ2 −i(ε1−ε2)y/2 = 4
√
πσ2e−σ2(ε1−ε2)

2
, where y = s1 − s2. For 

εaσ � 1, we can approximate 4
√
πσ2e−2σ2(ε1−ε2)

2
= 4πδ(ε1 − ε2). Then, K(ε1, τ1; ε2, τ2) 

depends only on the difference τ2 − τ1,

K(ε1, τ1; ε2, τ2) = 4παε1αε2δ(ε1 − ε2)Q(ε1 + ε2, τ1 − τ2)� (35)

through the correlation function

Q(ε, τ) =
∫

dxgσ(x/
√

2)e−iεx∆2(τ + x)∆∗
2(τ − x).� (36)

Substituting equation  (35) into equation  (21) we find that the coincidence function 
C(ε1, τ1; ε2, τ2) depends only on ∆τ := τ1 − τ2 . Hence,

C(ε1, ε2;∆τ) = 4παε1αε2δ(ε1 − ε2)

∫
dτ ′gσ(

1
2
(∆τ − τ ′))Q(ε1 + ε2, τ ′).

� (37)

3.4.  Energy coarse-graining

So far, we assumed maximal accuracy in the determination of energy. In a realistic macro-
scopic detector, energy must be coarse-grained. We can sample energy only with accuracy 
∆ε, that must be much smaller than the recorded energies ε, but must also satisfy ∆εσ � 1. 
To incorporate energy coarse-graining we convolute the probability density and coincidence 
functions defined above with a probability distribution w(ε) peaked around 0 and with width 
equal to ∆ε, for example, a Gaussian w(ε) = (

√
2π∆ε)−1 exp

(
− ε2

2(∆ε)2

)
.

As long as ∆ε � ε the changes to the probabilities are negligible, except for terms in 
the probability distributions that oscillate rapidly as eiεL for some length scale L, where 
L � (∆ε)−1. Such terms are strongly suppressed. For the Gaussian smearing function w(ε), 
the suppression factor is e−

1
2 L2(∆ε)2

.
In what follows, we will refrain from writing energy coarse-graining explicitly in order to 

avoid cluttering our notation. We will take its contribution into account by dropping all sup-
pressed oscillatory terms from the calculated probability distribution. Such terms appear in the 
calculations of section 5.4 and of the appendix B.

4. Temporal correlations in the Unruh effect

In this section, we revisit the correlations of accelerated detectors, first studied in [10]. We 
consider a massless scalar field φ̂(X) in Minkowski spacetime, and we choose Ô(X) = φ̂(X). 
Then, the two point function G(2)(X, X′) is the usual Wightman function.
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The Wightman function of a massless scalar field at a thermal state of temperature T [37] is

G(2)
T (t,xxx; t′,xxx′) = − T sinh(2πT|xxx − xxx′|)

8π|xxx − xxx′| sinh(πT(t − t′ − iε− |xxx − xxx′|)) sinh(πT(t − t′ − iε+ |xxx − xxx′|))
,

�
(38)

where ε > 0 is taken to zero. For T → 0, we obtain the vacuum Wightman function

G(2)
0 (t,xxx; t′,xxx′) = − 1

4π2[(t − t′ − iε)2 − (xxx − xxx′)2]
.� (39)

We will compare the detection rate and correlations between accelerated detectors in the vac-
uum and static detectors in a thermal bath. First, consider a detector at constant proper acceler-

ation a. The detector moves along the trajectory X(τ) = (a−1 sinh(aτ), a−1(cosh(aτ)− 1), 0, 0). 

The correlator ∆(a)
1 (s) := G(2)

0 (X(τ + s), X(τ)) is

∆
(a)
1 (s) = − a2

16π2 sinh2 ( 1
2 a(s − iε)

) .� (40)

The correlator ∆
(T)
1 (s) := G(2)

T (X(τ + s), X(τ)) for a static detector at trajectory 
X(τ) = (τ , 0, 0, 0) in a thermal bath of temperature T is

∆
(T)
1 (s) = − T2

4 sinh2 (πT(s − iε))
.� (41)

Obviously, ∆(T)
1 (s) = ∆

(a)
1 (s), if T equals the Unruh temperature TU := a

2π . The detection 
rates given by equation (34) are also identical.

Next, we consider a pair of accelerated detectors moving along the spacetime trajectories

X1(τ1) = (a−1 sinh(aτ1), a−1(cosh(aτ1)− 1), 0, 0)

and X2(τ2) = (a−1 sinh(aτ2), a−1(cosh(aτ2)− 1), d, 0).

The trajectories are separated by coordinate distance d, normal to the acceleration. The detec-
tor clocks are synchronized so that X1(0)  =  (0, 0, 0, 0,) and X2(0)  =  (0, 0, d, 0,). The associ-

ated correlator ∆(a)
2 (s) := G(2)

0 (X1(τ + s), X2(τ)) becomes

∆
(a)
2 (s) = − a2

16π2 sinh
( 1

2 a(s − iε− q)
)
sinh

( 1
2 a(s − iε+ q)

) ,� (42)

where

q =
2
a
sinh−1

(
ad
2

)
� (43)

is the proper time that it takes a light signal to travel from one detector to the other.
The paths for two static detectors at distance q in a thermal bath are X1(τ1) = (τ1, 0, 0, 0) 

and X2(τ2) = (τ2, 0, q, 0). The correlator ∆(T)
2 (s) := G(2)

0 (X1(τ + s), X2(τ)) is

∆
(T)
2 (s) = − sinh(2πTq)

2πqT
T2

4 sinh (πT(s − iε− q)) sinh (πT(s − iε+ q))
.

� (44)
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For T  =  TU, the correlators in equations (42) and (44) are related by

∆
(a)
2 (s) =

sinh aq
aq

∆
(T)
2 (s).� (45)

Hence, the coincidence function C(a)(ε1, τ1; ε2, τ2) for a pair of accelerated detectors differs 
from the coincidence function C(T)(ε1, τ1; ε2, τ2) for a pair of static detectors at the Unruh 
temperature by a distance-dependent factor

C(a)(ε1, τ1; ε2, τ2) =

(
aq

sinh aq

)2

C(T)(ε1, τ1; ε2, τ2).� (46)

For qa � 1, the two expressions almost coincide. Hence, the coincidences of accelerated 
detectors are thermal. However, for qa � 1, they deviate significantly from thermal coinci-
dences, as they are suppressed by an exponential factor r e−2aq . In the appendix B, we present 
a detailed calculation of C(a)(ε1, τ1; ε2, τ2) that improves on the results of [10].

Finally, we examine the case of two detectors separated along the direction of their accel-
eration. To this end, we consider trajectories

X1(τ1) = (a−1 sinh(aτ1), a−1 cosh(aτ1)− 1, 0, 0)

and X2(τ2) = (a−1 sinh(aτ2), a−1 cosh(aτ2)− 1 + d, 0, 0).

The clocks are synchronized so that X1(0)  =  (0, 0, 0, 0,) and X2(0)  =  (0, d, 0, 0,). In this case, 
the correlation function is non-stationary. The correlation function

G(2)
0 (X1(τ), X2(τ + s))

= − a2

16π2
(
sinh

( 1
2 a(s − iε)

)
− dae−aτ

)
(sinh

( 1
2 a(s − iε) + daeaτ )

)
� (47)

depends explicitly on τ . This dependence cannot be removed even if we take d to be a func-
tion of both τ1 and τ2. Again the coincidence function differs from the one of static detectors 
in a thermal bath. Unlike thermal correlations, the correlations of accelerated detectors are 
not isotropic. Temperature is a spatial scalar but acceleration is a spatial vector, and as such it 
defines a preferred direction.

In our opinion, the results above imply that the Rindler vacuum, obtained from Fulling–
Rindler quantization [38], cannot be taken literally as the quantum state of the field in the 
accelerated reference frame. In Fulling–Rindler quantization, the restriction of the Minkowski 
vacuum in one Rindler wedge is a thermal state with respect to the Rindler time coordinate 
associated to accelerated observers. If this state were interpreted as the quantum state of the 
field in the accelerated frame, one would expect that all field observables with support on one 
Rindler wedge (including the correlations) would be distributed as if they were in a Gibbsian 
state.

However, the interpretation of the Rindler vacuum has no bearing on the— fundamentally 
local—physics of the Unruh effect [39]. In particular, it does not challenge its thermodynamic 
character. The latter is established by the fact that microscopic systems undergoing constant 
acceleration in the Minkowski vacuum end up in a thermal state, regardless of their type of 
interaction with the quantum field [40, 41]. The results of [10] and of this paper suggest that 
this thermodynamic characterization is not valid for extended systems of size a−1 or larger. In 
contrast, a model for an extended quantum system was recently shown to also thermalize at 
the Unruh temperature [42]. Further analysis is required in order to settle this issue.
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5.  Multi-time correlations in Hawking radiation

In this section, we evaluate the coincidences for detectors in the Schwarzschild–Kruskal 
spacetime. We focus on the case of the Unruh vacuum, because it mimics the late-time behav-
ior of quantum fields in black hole spacetimes that are formed in gravitational collapse [3].

5.1.  Preliminaries

We consider a scalar field in the Schwarzschild manifold for a black hole of mass M. In the 
usual coordinate system (t, r, θ,φ), and for r  >  2M, the metric is

ds2 = −
(

1 − 2M
r

)
dt2 +

dr2

1 − 2M
r

+ r2(dθ2 + sin2 θdφ2).� (48)

The Regge–Wheeler coordinate r∗ := r + 2M log
( r

2M − 1
)
 becomes −∞ at the horizon 

and ∞ at spatial infinity. We also define the advanced radial coordinate u:  =  t  −  r* and the 
retarded radial coordinate v = t + r∗. The Kruskal coordinates, allowing for the maximal 
analytic extension of Schwarzschild spacetime, are U = −κ−1e−κu and V = κ−1eκv, where 
κ = (4M)−1 is the surface gravity of the horizon.

Three quantum states have been proposed as vacua for QFTs on the maximally extended 
Schwarzschild manifold. These are

	 •	�the Boulware vacuum |B〉, defined in terms of normal modes that are positive frequency 

with respect to the Killing vector ∂∂t [43]; 
	 •	�the Unruh vacuum |U〉, defined in terms of incoming normal modes of the form e−iωv at 

I− and outgoing normal modes of the form e−iωU  at the past event horizon [3]; 
	 •	�the Hartle–Hawking–Israel vacuum |H〉, defined in terms of incoming modes that are 

positive frequency with respect to V , and outgoing modes that are positive frequency with 
respect to U [44, 45].

The Wightman function associated to all three vacua is of the form [46, 47]

G(X, X′) =

∞∑
�=0

∫ ∞

−∞

dω
4πω

e−iω(t−t′)(2�+ 1)P�(ΩΩΩ ·ΩΩΩ′) fω,�(r, r′),� (49)

where X = (t, r, θ,φ), X′ = (t′, r′, θ′,φ′); ΩΩΩ and ΩΩΩ′ are vectors on the unit sphere corre
sponding to (θ,φ) and (θ′,φ′), respectively; and P� are the Legendre polynomials. The func-
tions fω,�(r, r′) are constructed from the mode solutions to the Klein–Gordon equation,

φω,�,m =
1√

4πωr
Rω,�(r)Y�,m(θ,φ)e−iωt,� (50)

where the radial functions Rω,�(r) satisfy

−d2Rω,�

dr∗2 +

(
1 − 2M

r

)[
2M
r3 +

�(�+ 1)
r2

]
Rω,� = ω2Rω,�.� (51)

Equation (51) has the form of an one dimensional Schrödinger equation with a potential

V�(r∗) =
(

1 − 2M
r

)[
2M
r3 +

�(�+ 1)
r2

]
� (52)
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that vanishes at r∗ → ±∞. The solutions can be expressed in terms of scattering theory in one 

dimension, and for ω2 > 0 they have double degeneracy. We choose the solutions 
−→
R ω,� and 

←−
R ω,�, defined by their asymptotic behaviors

−→
R ω,�(r) =

{
eiωr∗ +

−→
A ω,�e−iωr∗ , r∗ → −∞

Bω,�eiωr∗ r∗ → ∞
� (53)

←−
R ω,�(r) =

{
Bω,�e−iωr∗ r∗ → −∞

e−iωr∗ +
←−
A ω,�eiωr∗ , r∗ → ∞

.� (54)

The functions fω,�(r, r′) are different in each vacuum. For the Unruh vacuum [47],

fω,�(r, r′) =
1

rr′

[−→
R ω,�(r)

−→
R ∗

ω,�(r
′)

1 − e−
2πω
κ

+ θ(ω)
←−
R ω,�(r)

←−
R ∗

ω,�(r
′)

]
,� (55)

where we extend the definition of Rω,� to negative ω , by R−ω,� = R∗
ω,�. See, [47] for the func-

tions fω,�(r, r′) in other vacua.

5.2. The coincidence function

In what follows we will consider paths X(τ) = (τ , r, θ,φ) that correspond to static detectors. 
The associated correlators are stationary when expressed in terms of the Killing time coordi-
nate t = τ/L(r) rather than the proper times τ . For this reason, we will use the Killing time 
as path parameter, and we will consider energies E = L(r)ε defined in terms of Killing-time 
translations.

For a pair of detectors along the paths X1(t1) = (t1, r, θ,φ) and X2(t2) = (t2, r′, θ′,φ′), the 
correlator is

∆2(s) =
∫ ∞

−∞

dω
4πω

e−iωsFω(Θ, r, r′)� (56)

where cosΘ = ΩΩΩ ·ΩΩΩ′, and

Fω(Θ, r, r′) =
∞∑
�=0

(2�+ 1)P�(cosΘ) fω,�(r, r′).� (57)

The correlator for a single path X(t) = (t, r, θ,φ) is

∆1(s) =
∫ ∞

−∞

dω
4πω

e−iωsFω(0, r, r).� (58)

By equation (18), the detection rate for a single static detector with Eσ � 1 is constant

W(E) = −αE

2E
F−E(0, r, r).� (59)

Using equation (55), we recover the standard expression [47]

W(E) =
αE

2E

∑∞
�=0(2�+ 1)|−→R E,�(r)|2

e
2πE
κ − 1

.� (60)
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In particular, for a detector far from the black hole

W(E) =
αETE

2E(e
2πE
κ − 1)

,� (61)

where TE =
∑∞

�=0(2�+ 1)|BE,�|2 is the escape probability from the potential.
The coincidence function C(E1, t1; E2, t2) of equations  (21) and (22) is a function of 

∆t = t1 − t2. For Eiσ � 1, we obtain the analogue of equation (37),

C(E1, E2;∆t) = 4παE1αE2δ(E1 − E2)Z(E1,∆t),� (62)

where

Z(E,∆t) =

√
2σ2

4π

∫
dω1dω2

ω1ω2
e−i(ω1−ω2)∆te−σ2(2E+ω1+ω2)

2−2σ2(ω1−ω2)
2

× Fω1(Θ, r, r′)F∗
ω2
(Θ, r, r′).

�

(63)

For Eσ � 1, both ω1 and ω2 take values very close to  −E. Then, we can approximate 
σ√
π

e−σ2(2E+ω1+ω2)
2 � δ(2E + ω1 + ω2) and also set ω1 = ω2 = −E  in the denominator. 

Hence, the dominant contribution to Z(E,∆t) is

Z(E,∆t) =
σ

4
√

2πE2

∫
dξe−2σ2ξ2−iξ∆tF−E+ ξ

2
(Θ, r, r′)F∗

−E− ξ
2
(Θ, r, r′).

� (64)
Equation (64) is the main result of the section. It provides a closed expression for the coin-

cidence function. It is valid for all three vacua described earlier. Here, we focus on the Unruh 
vacuum. An exact evaluation requires the knowledge of the solutions Rω,�, or equivalently of 
the Wightman function for the Schwarzschild spacetime. There are no known analytic expres-
sions for these functions. However, an approximate expression for the Wightman function 
can, in principle, be derived from a Gaussian approximation in the path integral [48, 49]. 
Technically, the evaluation of the coincidence function is analogous to the calculation of the 
two point correlations of the stress tensor [50], because they both involve the field four-point 
function. Unlike stress–energy correlations, the evaluation of the coincidence function does 
not require renormalization.

In what follows, we will evaluate the coincidences in two approximations. First, we will 
consider a simplified model that is often employed in demonstrations of Hawking radiation: 
we assume that the potential V�(r) vanishes, hence, there is no scattering. Second, we will 
examine the asymptotic behavior of the coincidences for r∗, r∗′ → ±∞ using a simplified 
description of one dimensional scattering. In the appendix B, we present a formal calculation 
of the coincidence function through a stationary phase approximation.

5.3.  Effectively 2-d black hole

We evaluate the coincidences (64), by assuming that the potential vanishes. The mode func-

tions are then 
−→
R ω,�(r) = eiωr∗ and 

←−
R ω,�(r) = e−iωr∗. In this approximation, the angular 

degrees of freedom decouple and the field behaves as in a two-dimensional black hole. In 
particular, the function Fω(r, r′) of equation (57) becomes proportional to the delta function 
δ2(Θ) =

∑∞
�=0(2�+ 1)P�(cosΘ) on the unit two-sphere; in absence of scattering, the direc-

tion of propagation does not change. For the Unruh vacuum,
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Fω(Θ, r, r′) =
δ2(Θ)

rr′

[
eiω(r∗−r′∗)

1 − e−
2πω
κ

+ θ(ω)e−iω(r∗−r′∗)

]
.� (65)

As in the associated two dimensional QFT, the corresponding Wightman function has an infra-
red divergence, and it needs to be regularized by introducing an infrared cut-off µ. The coinci-
dence function depends on the regularization parameter µ, but this dependence is of the order 
E2

µ2 e−σ2E2
. Hence, it is strongly suppressed for Eσ � 1. In this regime, we can approximate 

e−
2π(E± 1

2 ξ)

κ  with e−
2πE
κ , to obtain

Z(E,∆t) =
1

8E2r2r′2
gσ( 1

2∆u)

(e
2πE
κ − 1)2

δ2(Θ)δ2(0).� (66)

The formal divergence δ2(0) arises because the calculation is essentially two-dimensional.
Particle detection events are correlated along the light-cone. They are non zero only if both 

events have the same coordinate u, modulo the temporal accuracy σ of the measurement. Only 
outgoing correlations are non-trivial, i.e. pairs of detection events where the detector closer to 
the black hole clicks first. Since C(E1, E2;∆t) > 0, Hawking photons bunch, i.e. they tend to 
be detected in pairs.

5.4.  Asymptotic behavior of coincidences

We evaluate the coincidence function for the Unruh vacuum in the regime where the asymp-

totic expressions (53) and (54) for r∗ → ±∞ apply. For Eσ � 1, the contribution from the 
←−
R ω,�(r) solutions is negligible. In this section, we effect a rather drastic simplification of the 
scattering amplitudes that leads to simple results. The expressions we derive here are spe-
cial cases of the formal expressions derived through a stationary phase approximation in the 
appendix B.

We use the geometric optics approximation to equation (51) that is valid in the limit of 
large frequencies. We assume that the wave is fully transmitted if the energy ω2 is larger 
than the maximum of the potential V�(r∗). The maximum is found at r0 = 2M/x0, where 

x0 = 3
8 (−λ+ 1 +

√
1 + 14

9 λ+ λ2), where λ = �(�+ 1). The value of the potential maxi-

mum is Vmax(�) = κ2[2λ− (λ− 1)x0]x2
0. We denote by �c(ω/κ) the value of � that solves 

the equation ω/κ =
√

2λ− (λ− 1)x0x0. Vmax(�) is well approximated by the linear func-
tion κ2( 4

3�+
3
4 ), so �c(ω/κ) =

3
4 [(ω/κ)

2 − 3
4 ]. This implies that for ω/κ <

√
3

2 , no particle 
crosses the barrier. Obviously, the geometric optics approximation is unreliable at low ener-
gies, including the most interesting regime of ω ∼ κ. However, it suffices for demonstrating 
the behavior of the coincidence function.

In the geometric-optics approximation,

|Bω,�| = 1, and |−→A ω,�| = 0 for � � �c(ω/κ)

|Bω,�| = 0, and |−→A ω,�| = 1 for � > �c(ω/κ).
� (67)

The maximum of the potential is very close to r  =  3M, with less than 2% deviation for all 
� > 1. Hence, we can take r  =  3M as the point of reflection for � > �c. This corresponds 

to r∗ = r̄∗ = (3 − 2 ln 2)M � 1.61M . Requiring that 
−→
R ω,�(r = 3M) = 0, we obtain 

−→
A ω,� = −e2iωr̄∗ for � > �c.
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We evaluate equation (64) at the limit Eσ � 1, where we can approximate e
2π(E± 1

2 ξ)

κ  with 
e

2πE
κ . We obtain the following.

Case I: both detectors are far from the horizon. We find that

Z(E,∆t) =
1

8E2r2r′2
gσ( 1

2∆u)

(e
2πE
κ − 1)2

TE(Θ)2,� (68)

where

TE(Θ) =

�c(E/κ)∑
�=0

(2�+ 1)2P�(cosΘ).� (69)

The result has the same form with equation (66), modulo the angular dependence encoded in 
the function TE(Θ). However, there is a significant difference. In four dimensions, the correla-
tions are not along a null geodesic that connects the two detection events, since the condition 
∆u = 0 ignores the angular coordinates. In fact, curves that satisfy ∆u = 0 are spacelike—
unless Θ = 0, in which case they are null. Hence, correlations between Hawking quanta are 
non-causally connected.

Case II: both detectors are near the horizon. For this case, we define ∆r∗ref := r∗ − (2r̄∗ − r′∗), 
the difference in distance traveled between one outcoming Hawking quantum detected at r* 
and one incoming Hawking quantum that was reflected at ̄r∗ and then detected at r′∗. We also 
define ∆uref := ∆t −∆r∗ref  and ∆vref := ∆t +∆r∗ref, where the index makes reference to a 
reflected quantum.

Then, equation (64) gives

Z(E,∆t) =
1

8E2r2r′2(e
2πE
κ − 1)2

{
gσ(

1
2
∆u)

[
δ2(Θ)

]2

+2 cos(2E∆r∗)gσ(
1
2
∆t)δ2(Θ)SE(Θ)

+SE(Θ)2
[

gσ(
1
2
∆v) + gσ(

1
2
∆uref) + gσ(

1
2
∆vref)

]}
,

�

(70)

where

SE(Θ) =

∞∑
�=�c(E/κ)+1

(2�+ 1)P�(cosΘ) = δ2(Θ)− TE(Θ).� (71)

In the derivation of equation (70), we ignore rapidly oscillatory terms that are suppressed after 
coarse-graining of energy—see, section 3.4.

The first term in equation (66) refers to a pair of outcoming Hawking quanta. The second 
term is non-zero only for ∆t = 0, irrespective of the distance between the two detectors. This 
term is multiplied by an oscillating factor that persists after energy coarse-graining at a scale 
∆E, unless ∆r∗ � (∆E)−1.

The third term corresponds to a pair of Hawking quanta that are both incoming after reflec-
tion. The last two terms corresponds to pairs of Hawking quanta, such that one is detected 
while outgoing, and the other is detected when incoming after reflection.

The approximations employed here fail for detectors arbitrarily close to the horizon. 
The problem is not so much with the geometric optics approximation, as with the condition 
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Eσ � 1; the reason is that E → 0 on the horizon. Given any large negative r*, V�(r∗) is sig-
nificant at r*, hence, the asymptotic form of the solution is not applicable at r*. The inclusion 
of all values of � leads to the divergent term [δ2(Θ)]2.

Case III: one detector near and one far from the horizon. In this case, we recover equa-
tion (68). In the geometric optics approximation, there is no interference between different 
partial waves when crossing the barrier and no correlation between escaped and reflected 
quanta. In the general case, such terms exist—see, the appendix B.

We conclude that there are significant multi-time correlations in Hawking radiation. They 
are strongly dependent on the potential V�(r) and on the angular separation of the two events. 
In contrast, for single-time measurements, the effect of the potential is contained in a sin-
gle function that corresponds to the escape probability. Even with the rough approximation 
effected here, we can see that correlation measurements reveal significant information about 
the history of the Hawking quanta, especially for detectors close to the horizon. The more 
elaborate analysis of appendix B reveals further degrees of complexity.

6.  Physical interpretation

We showed that there are non-trivial multi-time correlations in Hawking radiation, and that 
their form is not constrained by the HW theorem. We evaluated these correlations using a 
simple method based on generalized UdW detectors. In this section, we discuss the physical 
implications of our results.

Black hole thermodynamics. Our results reaffirm the thermodynamic character of black holes. 
We showed that the thermal behavior of Hawking radiation is manifested only in single-time 
measurements, which access the information of the field two point function. Multi-time measure-
ments access information from higher-order field correlation functions, and they do not manifest 
thermal behavior. Hence, the thermodynamic description of Hawking radiation requires coarse-
graining at the level of the two-point function, i.e. the same coarse-graining that defines the ther-
modynamic level of description for matter thermodynamics3. We believe that this point is crucial 
for understanding the origins of the Generalized Second law in black hole thermodynamics.

Recovering pre-collapse information. Since there is no physical mechanism to block black 
hole radiation, a black hole will continuously lose energy, until it evaporates completely—see, 
figure 2. At the end of this process, all mass of the black hole will have been emitted as radia-
tion. Since the horizon will have disappeared, the reduced density matrix of Hawking quanta 
will be the full density matrix for matter, and it will be thermal according to the HW theorem. 
Hence, if we consider the full process of collapsing matter, black hole formation and evapora-
tion, we end up with a mixed state even if the initial state of the total system of matter and 
gravity is pure. This implies a non-unitary evolution law that takes pure states to mixed ones 
[12], hence, loss of information. This conclusion is often regarded as unacceptable, whence 
one refers to the above argument as the ‘paradox’ of black hole information loss.

Researchers looking for a restoration of unitarity often use the heuristic image of informa-
tion storage, and they inquire where the missing information could be stored. The HW theorem 

3 To see this, note that for non-relativistic fields the restriction to single-time measurements, and hence, to two-point 
functions, is equivalent to a description in terms of a single-particle reduced density matrix [8], through which the 
quantum Boltzmann equation is defined. For relativistic fields, the restriction leads to the Kadanoff–Baym equa-
tion [52], or to the relativistic Boltzmann equation [36, 51].
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is usually taken to imply that information cannot be stored in Hawking radiation correlations. 
The usual argument is the following. Even if we include the effects of backreaction from the 
quantum field, one expects that the black hole geometry changes in a quasi-stationary way, so 
that the geometry can be well approximated by a Schwarzschild solution with a slowly chang-
ing mass. Hence, the semiclassical approximation will be good until the black hole shrinks 
near the Planck mass. Quantum gravity effects at this stage cannot affect the radiation that has 
already been emitted. It follows that the final state cannot be very different from thermal, i.e. 
highly mixed and with a limited capacity to carry information.

Our work shows that, on the contrary, correlations associated to multi-time measurements 
of the quantum field are non-trivial: they have a sufficiently complex form, and they keep 
memory of processes involving the scattering of Hawking quanta—this is shown in sec-
tion 5.4 and in the appendix B. Hence, multi-time correlations can carry significant amount of 
information. This information does not amount to a small modification of thermal behavior—
as, for example, when considering the effect of a non-vacuum field initial state [53, 54]. As in 
the simpler analysis of the Unruh effect in section 4, there are multi-time measurements with 
the probabilities strongly deviating from those of a Gibbsian state. Even though we studied the 
special case of Schwarzschild spacetime, there is nothing special in the behavior of multi-time 
correlations found here . We expect that an analysis of the Kerr–Newman family of solutions 
will show that the correlations have an even more complex form.

For the reasons above, we find it highly plausible that backreaction stores some pre-col-
lapse information in multi-time correlations. This storage process requires no new physics 
and no input from quantum gravity, because it has a clear analogue in non-equilibrium statisti-
cal mechanics. In that context, information is lost to the thermodynamic level of description 
because it is transferred to thermodynamically inaccessible degrees of freedom, including non-
local correlations. Hence, thermodynamical entropy increases. This analogy between black-
hole information loss and inaccessible information in non-equilibrium statistical mechanics 
has been pointed out by Page [55] and by Calzetta and Hu [56].

The argument above becomes clear by considering backreaction expressed in terms of 
perturbations around the classical geometry. According to the Schwinger–Dyson equations, 
the coupling of the scalar field to gravitational perturbations, either classical or quantum, is 
an interaction channel through which information is transferred to higher-order correlation 
functions of the scalar field. This information cannot be retrieved from quantities that depend 
solely on the two-point function. One such quantity is the expectation value of the stress-
tensor, that defines the level of description relevant to back-reaction. The missing information 
is dispersed over all spacetime, and this is why it can only be accessed by multi-time measure-
ments, i.e. measurements that are not localized in a single spacetime region.

The transfer of information to inaccessible degrees of freedom is a continuous and persistent 
process that does not require significant transfer of energy. This means that backreaction could 
dramatically change the information balance in the higher order correlation functions, without 
significantly affecting the expectation value of the stress–energy tensor. Hence, there is no con-
flict: pre-collapse information can be contained in higher order correlation functions while the 
semi-classical approximation remains adequate until the later stages of black hole evaporation.

In future work, we will test the above conjecture in simple backreaction models. We do not 
expect unitarity to be restored, even if the conjecture proves correct. We think that the issues 
of unitarity and of information survival are conceptually distinct, in particular, the latter does 
not imply the former.

Our investigation into the retrieval of pre-collapse information is primarily motivated by the 
possibility that multi-time correlations could define quantum informational hair for a black 
hole. By this we mean the following. In General Relativity, the no-hair theorem asserts that the 
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black hole keeps no information from the initial state except for mass, angular momentum and 
charge. At the level of QFT in curved spacetime, the long-time behavior of the quantum field 
is accurately described by the Unruh vacuum that also carries no memory of the initial state 
except for mass, angular momentum and charge. In this sense, the universality of the Unruh 
vacuum is a quantum manifestation of the classical no-hair theorem4. The question is whether 
this loss of information of the initial state persists after the inclusion of backreaction.

The no-hair property will be true after backreaction, if we can prove that the probabilities 
of multi-time measurements at late times are obtained by a unique generating functional that 
does not depend on pre-collapse properties of the system. In contrast, if the results of multi-
time measurements after the collapse allows us to retrodict properties of the system before 
collapse in a mathematically rigorous way, then quantum informational hair exist.

Unitarity and information. Our perspective about non-unitarity in the black hole evaporation 
process coincides with that of Unruh and Wald [58]. We view the non-unitarity of quantum 
gravity as a prediction of the semi-classical QFT analysis, rather than a paradox or a break-
down of quantum theory. Non-unitarity originates from the fact that an instant of ‘time’ 
after evaporation, i.e. the spacelike surface S of figure 2, is not a Cauchy surface. In fact, 

Figure 2.  Penrose diagram for black hole collapse and total evaporation.

4 The universality of the Unruh vacuum is well accepted, even though there is no general proof—as far as we know. 
We believe that the Unruh vacuum exhibits this universality also when multi-time correlations are taken into ac-
count. We analysed the simple models for gravitational collapse of [3, 57], and found that multi-time correlations 
after the formation of the horizon (not necessarily late times) are strongly dominated by the Unruh vacuum terms. 
Hence, no significant pre-collapse information is stored in multi-time correlations prior to the incorporation of 
backreaction.
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the Kodama–Geroch–Wald theorem implies that even the surface ΣA of figure 2 fails to be 
Cauchy [59]. In other words, the spacetime develops ‘pathologies’ even before evaporation.

We think that it is more accurate to talk about the breakdown of the notion of a single-time 
quantum state, rather than violation of unitarity. After all, single-time states—or equivalently, 
evolving single-time observables, as in the Heisenberg picture—are inseparably linked to 
Cauchy surfaces both in classical and in quantum field theory. This suggests that generaliza-
tions of quantum theory that are based on the notion of history [33, 60, 61]— treating single-
time quantum states as derived concepts—are more appropriate for the physics of black hole 
evaporation [62], and arguably, for quantum gravity [30, 63–65].

The multi-time measurements described here fit naturally with a histories description. The 
associated probabilities can be defined in terms of history variables and the decoherence func-
tional [6, 8, 9], i.e. the mathematical object that generalizes the notion of the quantum state and 
incorporates probabilities in histories theory. Hence, they remain meaningful notions even in 
non-globally hyperbolic spacetimes, such as the evaporating black hole spacetime of figure 2.

Multi-time probabilities incorporate novel notions of quantum information that are not 
accessible in the description of a system in terms of single-time quantum states. For example, 
entanglement refers specifically to single-time correlations, it cannot be employed for correla-
tions between spacetime regions that are not spacelike separated. In fact, the heuristic image 
of information being stored ‘somewhere’ is misleading for such correlations. We believe that 
a covariant generalization of existing quantum information concepts is crucial for understand-
ing information in relativistic systems.
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Appendix A.  Evaluation of coincidences in accelerated detectors

We calculate the coincidence function (37) for a pair of accelerated detectors using the cor-
relation function (42). We consider three regimes.

Case I: d  =  0. The Planckian detection spectrum arises for aσ � 1 [10]. To leading order in 
(σa)−1, Q(ε, τ) is independent of σ,

Q(ε, τ) =
a4

256π4

∫ ∞−iη

−∞−iη

dxe−iεx

sinh2[ 1
2 a(x − τ)] sinh2[ 1

2 a(x − τ)]

=
a2

64π2(e2πε/a − 1)
a coth aτ sin ετ − ε cos ετ

sinh2 aτ
.

�
(A.1)

The physically relevant regime corresponds to energies such that εσ � 1. In equation (37), 
Q(ε, τ) is peaked around ε = 0 and it oscillates with ετ . For εσ � 1, we can remove the 
dependence of gσ on τ ′ in equation (37), to obtain the following expression for the coinci-
dence function

C(ε1, ε2;∆τ) = 4παε1αε2δ(ε1 − ε2)gσ(
1
2
∆τ)Q̄(ε1 + ε2),� (A.2)
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where

Q̄(ε) :=
∫ ∞

−∞
dτQ(ε, τ) =

ε2 coth πε
2a

128π(e
2πε

a − 1)
.� (A.3)

In evaluating equation  (A.3), we employed the integral 
∫∞

0 dx(b coth bx sin x − cos x)/  
sinh2(bx) = π

4b2 coth
π
2b.

Case II: σ � q. For finite d, equation (36) becomes

Q(ε, τ) =
a4

256π4

∫ ∞−iη

−∞−iη

dxgσ(x/
√

2)e−iεx

sinh[ 1
2 a(x − u)] sinh[ 1

2 a(x + u)] sinh[ 1
2 a(x − v)] sinh[ 1

2 a(x + v)]
� (A.4)

where u = τ − q and v = τ + q.
We examine the case that the detector resolution is much smaller than the time it takes a 

signal from one detector to the other, σ � q. In this regime, the peaks at |x| = v and |x| = u 
do not overlap. Then, for |τ | � σ , we approximate

Q(ε, τ) =
a4

256π4 sinh(aτ) sinh(aq)

×

[
gσ(u/

√
2)

∫ ∞−iη

−∞−iη

dxe−iεx

sinh[ 1
2 a(x − u)] sinh[ 1

2 a(x + u)

−gσ(v/
√

2)
∫ ∞−iη

−∞−iη

dxe−iεx

sinh[ 1
2 a(x − v)] sinh[ 1

2 a(x + v)]

]
.

�

(A.5)

We carry out the integration, to obtain

Q(ε, τ) = sgn(q)
a3e−a(|τ |+|q|)

8π3(e
2πε

a + 1)

(
gσ(u/

√
2)

sin εu
sinh au

− gσ(v/
√

2)
sin εv
sinh av

)
.

�

(A.6)

In equation (A.6), we approximated sinh(aτ) sinh(aq) ∼ sgn(q) 1
4 e−a(|τ |+|q|), since aτ � aσ � 1  

and a|q| � aσ � 1.
By equation (37), the coincidence function involves two separate contributions. The first 

comes from oscillations with frequency ε1 + ε2 around τ = q, and the second from oscilla-
tions with same frequency around τ = −q. We evaluate each term separately. We obtain an 
analytic approximation valid for εσ � 1, by substituting e−a|τ | with e−a|q|, and removing the 
τ ′ dependence from the gσ terms,

C(ε1, ε2; τ) = sgn(q)|αε1 |2
a2 tanh

(
πε1

a

)

2π(e
4πε1

a + 1)
e−2a|q|δ(ε1 − ε2)

×
(

gσ(
∆τ − q√

2
)− gσ(

∆τ + q)√
2

)

)
,

�

(A.7)

where we employed the integral 
∫∞
−∞ dx sin(bx)/ sinh(x) = π

2 tanh bπ
2

.

Case III: σ → ∞. We set gσ = 1 in equation (A.4). Then,

Q(ε, τ) =
a3

32π3(e
2πε

a + 1) sinh aq sinh aτ

(
sin ε(τ − q)
sinh a(τ − q)

− sin ε(τ + q)
sinh a(τ + q)

)
.

�

(A.8)
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The coincidence function is τ  independent

C(ε1, ε2; τ) = |αε1 |2
a2 tanh

(
πε1

a

)

4π2(e
4πε1

a + 1)
δ(ε1 − ε2)M(qa, ε/a),� (A.9)

where

M(x, b) :=
1

sinh x

∫ ∞

0

dy
sinh y

(
sin b(y − x)
sinh(y − x)

− sin b(y + x)
sinh(y + x)

)
.� (A.10)

In figure A1, M is plotted as a function of x for different values of b. Since the measurement 
cannot resolve the delayed propagation of signals between the detectors, M is peaked around 
q  =  0 for all b with a width of order a−1.

Appendix B.  Stationary phase evaluation of correlations in Hawking radiation

In this section, we evaluate the coincidence function for the Unruh vacuum in the regime 
where the asymptotic expressions (53) and (54) for r∗ → ±∞ apply. Since the integral (64) 
is strongly dominated by values of ω  around  −E, we employ the usual stationary phase 
approximation for wave-packet propagation in one-dimensional scattering. That is, we expand 

ln
−→
A ω,� and Bω,� as a series around ω = −E, keeping only the zero-th order term for the real 

part and up to the first-order term for the imaginary part.

Figure A1.  The function M, defined by equation (A.10) is plotted as a function of x 
for different values of b.
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Hence, we write

Bω,� = B∗
E,�e

−iφ′
�(E)(ω+E),� (B.1)

−→
A ω,� =

←−
A ∗

E,�e
−iχ′

�(E)(ω+E),� (B.2)

where χ�(ω) = arg
←−
A ω,� For Eσ � 1, the contribution from the 

←−
R ω,�(r) solutions is negli-

gible. We also approximate e
2π(E± 1

2 ξ)

κ  with e
2πE
κ . We obtain the following results.

Case I: both detectors are far from the horizon. Equation (64) becomes

Z(E,∆t) =
1

8E2r2r′2
gσ( 1

2∆u)

(e
2πE
κ − 1)2

TE(Θ)2� (B.3)

where

TE(Θ) =

∞∑
�=0

(2�+ 1)|BE,�|2P�(cosΘ).� (B.4)

Case II: We find

Z(E,∆t) =
1

8E2r2r′2(e
2πE
κ − 1)2

{
gσ(

1
2
∆u)

[
δ2(Θ)

]2
+ gσ(

1
2
∆v)SE(Θ)2

+2 cos(2E∆r∗)gσ(
1
2
∆t)δ2(Θ)SE(Θ) + CE(Θ, r + r′ +∆t) + CE(Θ, r + r′ −∆t)

}
,

�

(B.5)
where

SE(Θ) =

∞∑
�=0

(2�+ 1)|−→A E,�|2P�(cosΘ) = δ2(Θ)− TE(Θ)� (B.6)

CE(Θ, x) =
∞∑
�=0

∞∑
�′=0

(2�+ 1)(2�′ + 1)
−→
A E,�

−→
A ∗

E,�′P�(cosΘ)P�′(cosΘ)

×gσ

[
1
2
(

1
2
(χ′

�(E) + χ′
�′(E)) + x

]
.

�

(B.7)

In the derivation of equation (B.5), we ignore rapidly oscillatory terms that are suppressed 
after coarse-graining of energy—see, section 2.3.

The first two terms in equation (B.5) are characterized by ∆u = 0 and ∆v = 0, modulo the 
temporal accuracy σ of the measurement. Incoming correlations (∆v = 0) are due to pairs of 
Hawking quanta that have been reflected by the potential before they become detected. The 
third term is non-zero only for ∆t = 0 irrespective of the distance between the two detectors.

The last two terms corresponds to a pair of Hawking quanta, one detected while outgoing 
and the second detected while incoming after reflection on the potential. It involves inter-
ferences from different partial waves, because the effective time χ′

�(E) before a Hawking 
quantum is reflected depends on the angular momentum �.
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Case III: one detector near and one far from the horizon. We assume that r∗ → ∞ and 
r′∗ → −∞.

We obtain

Z(E,∆t) =
1

8E2r2r′2(e
2πE
κ − 1)2

[DE(Θ,∆u) + FE(Θ,∆t − (r + r′))] ,� (B.8)

where

DE(Θ, x) =
∞∑
�=0

∞∑
�′=0

(2�+ 1)(2�′ + 1)BE,�B∗
E,�′P�(cosΘ)P�′(cosΘ)

× gσ

[
1
2
(

1
2
(φ′

�(E) + φ′
�′(E)) + x)

]
,

�

(B.9)

FE(Θ, x) =
∞∑
�=0

∞∑
�′=0

(2�+ 1)(2�′ + 1)BE,�
−→
A ∗

E,�B
∗
E,�′

−→
A E,�′P�(cosΘ)P�′(cosΘ)

× gσ

[
1
2
(

1
2
(φ′

�(E)− χ′
�(E) + φ′

�′(E)− χ′
�′(E)) + x)

]
.

� (B.10)
The first term in equation  (B.8) corresponds to the detection of one outgoing Hawking 

quantum near the horizon and one quantum that escaped the potential well. It involves interfer-
ences from different partial waves, because the effective time φ′

�(E) of transmission depends 
on the angular momentum �. The second term corresponds to the correlations of one incoming 
quantum near the horizon after it has been reflected by the potential and of one quantum that 
has escaped.
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