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Abstract
In this paper we establish energy decay for solutions to the Klein—Gordon
equation on the positive mass hyperboloidal anti-de Sitter Schwarzschild
black hole, subject to Dirichlet, Neumann and Robin boundary conditions
at infinity, for a range of the (negative) mass squared parameter. To do so
we use vector field methods with a renormalised energy to avoid divergences
that would otherwise appear in the energy integrals. For another region of
the parameter space, we use the existence of negative energy solutions to
demonstrate linear instability.
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1. Introduction

1.1. Background and motivation

In recent years, the study of asymptotically anti de Sitter space-times has been brought into
fashion, particularly in the physics community, because of the so-called AdS/CFT correspon-
dence [1]. These space-times have also attracted the attention of the mathematical community
because they are believed to have interesting instability properties. Specifically, it is conjec-
tured that arbitrarily small perturbations of AdS initial data can form black holes under the
evolution of Einstein’s equations: see for example [2—-5]. A special case of this conjecture for
the Einstein-null dust system was proved by Moschidis in [6], and for the Einstein-massless
Vlasov system in [7].
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A natural first step when considering the full non-linear stability of solutions to the Einstein
equations is to study the linear stability problem. That is, the boundedness and decay (or
growth) of solutions to the linear Klein-Gordon equation,

Ot + o =0, M

where g is the metric of an asymptotically AdS space-time with AdS radius /. Notice that as
written above, and with the (— 4+ 4++) convention used here for the metric, a positive « cor-
responds to a negative ‘mass squared parameter’.

Since asymptotically AdS spaces are not globally hyperbolic, the well-posedness of this
equation requires that boundary conditions be imposed at null infinity. This amounts to impos-
ing restrictions on the asymptotic behaviour of the solution as r — oo. When Breitenlohner
and Freedman solved the equation on the exact AdS space-time [8], they found that there
were two branches of the solution, decaying at different rates towards infinity, leading to three
natural types of boundary conditions that may be imposed, referred to as Dirichlet, Neumann,
and Robin conditions. Dirichlet conditions require that the more slowly decaying branch of
the solution vanishes, and Neumann that the more quickly decaying branch vanishes. Robin
conditions require that some combination of the two branches vanish. The well-posedness
of this equation has been established for all three types of boundary conditions, with differ-
ent ranges of a. The work of Holzegel [9] and Vasy [10] established well-posedness in the
range o < 9/4 with Dirichlet boundary conditions (the latter using techniques of microlo-
cal analysis), and later Warnick [11] proved well-posedness in the range 0 < o < 9/4 for
Dirichlet boundary conditions and 5/4 < o < 9/4 for Robin and Neumann boundary condi-
tions. Crucially, the Neumann and Robin cases were dealt with using the notion of the twisted
derivative, which allows certain energy integrals to be renormalised, and which will play an
important role in the present paper.

An interesting feature of the asymptotically AdS analogue of the Schwarzschild black hole
is that the horizon geometry need not be spherical; it can also be a flat plane (or the flat torus
R?/Z?) or a hyperbolic plane (or any genus g > 2 surface which can be obtained as a quotient
of the hyperbolic plane by a freely acting discrete group of isometries). In the physics litera-
ture, black holes with a ‘non-trivial” topology are referred to as fopological black holes (see
for example [12]). In [13], Mann showed that quantum mechanical pair production of such
black holes is possible, and in [14] and [15] Mann and Smith, and Lemos respectively proved
that such black holes can be formed classically by the gravitational collapse of a dust cloud.
It is believed that topological black holes are of interest in understanding theories of quantum
gravity which include topology changing processes [12].

The linear Klein—Gordon equation on the spherical and toroidal (or planar) black holes has
already been studied in a number of works. In [16], Holzegel and Smulevici proved that for
solutions to the Klein—Gordon equation on Kerr—AdS, a non-degenerate energy decays slowly
in time (as an inverse power of the logarithm). In [17], Holzegel and Warnick studied the lin-
ear stability (in the sense of uniform boundedness of solutions of the Klein—Gordon equation)
of stationary AdS black holes in general, and of the spherically symmetric AdS Schwarzschild
black hole in particular. The full non-linear (orbital and asymptotic) stability of the spherical
AdS Schwarzschild black hole was proved in [18] within the class of spherical symmetry. In
the toroidal case, energy decay for solutions to the linear equation (this time at a polynomial
rate) was proved in [19] by Dunn and Warnick. It was also proved here that this decay rate can
only hold with a loss of derivative, due to the existence of null geodesics which remain outside
the horizon for arbitrarily long times. The non-linear stability (again in the class of toroidal
symmetry) was proved by the same authors in [20].
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Another interesting feature of the AdS Schwarzschild black hole is that in the hyperbo-
loidal case, the black hole persists for a range of non-positive mass parameter, and that there
exists a mass M < 0 for which the black hole is extremal. This fact makes the hyperboloidal
black hole a useful toy model when studying extremal or near-extremal Reissner—Nordstrom-
AdS and Kerr—AdS black holes, as in [21]. We also note that when M = 0 and o = 2 (the
conformally coupled case), there exists a non-zero, time-independent solution of the equation.
This suggests that it might be possible to prove the existence of a hairy black hole solution of
the coupled Einstein-scalar field system.

In 441 dimensions the linear and non-linear stability of the analogue of this space-time
was investigated numerically by Dias, Monteiro, Reall, and Santos in [21], who used this as
a toy model to study the instability of rotating black holes to scalar field condensation. They
found numerically that the black hole is unstable to the condensation of a scalar field, for vari-
ous ranges of the mass squared parameter « and black hole mass M. The linear stability in
arbitrary d dimensions has been studied in the M = 0 case by Belin and Maloney in [22], and
applied to the stability of Conformal Field Theories on negatively curved compact spaces. In
particular, in 3+1 dimensions they found growing mode solutions in the case 5/4 < a < 2,
but only when Neumann boundary conditions are imposed; these results are in agreement with
the arguments in this paper. No growing modes were found for Dirichlet boundary conditions,
leaving open the question of whether a decay result can be proved for the M = 0 case when
Dirichlet boundary conditions are imposed.

From the point of view of the AdS/CFT correspondence, the instability of AdS black holes
to condensation by (charged) scalar fields can be dual to superconducting phase transitions
in a field theory on the boundary [23]. The instability of the hyperboloidal AdS black hole to
condensation by an uncharged scalar field (first shown numerically in [21]) is linked to the
non-analyticity of Rényi entropy of a CFT in flat space [24]. Specifically, the instability of the
black hole to scalar hair implies that the Rényi entropy S, is non-analytic as a function of n.

1.2. Contents of the paper

The subject of this paper is the Klein—-Gordon equation on the 3+1 dimensional hyperboloidal
black hole. Throughout, we work in coordinates (¢*,r, o, ¢) which are regular at the horizon
(and where (o, ¢) are coordinates on the hyperbolic plane).

We begin by defining the space-time we will study in section 2. Section 3 examines some
properties of null geodesics in this space-time. Section 4 discusses the Klein—Gordon equa-
tion, recalling results about well-posedness and proving energy boundedness statements. Our
two main results on linear instability and energy decay are contained in sections 5 and 6
respectively.

1.2.1. Energy boundedness. The first important result in this paper occurs in section 4, and
concerns the boundedness of the degenerate energy E,[1)], defined by equation (94). (Here
by ‘energy’, we mean a suitably chosen quadratic form of the field and its first derivatives).
This result says that when the black hole mass M > 0, Eq[¢)] < Eg[¢)], but if M < 0, then
E[¢)] = Ep[¢)]. In other words, if the black hole mass is non-negative, then the energy is
bounded above by its initial value, whereas if the black hole mass is negative, then it is bounded
below by its initial value. In particular, a solution with negative (resp. positive) initial energy
when M > 0 (resp. < 0) has energy which remains bounded away from zero. In section 5 it is
explained how the existence of a solution with energy bounded away from zero implies linear
instability, and such solutions are constructed in certain regions of parameter space.
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1.2.2. Regions of stability and instability. Arguments from [17] and [25] show that if we can
find a solution of the equation, the energy of which remains bounded away from zero, then
we must have linear instability (for a precise definition of what is meant by linear instabil-
ity in this case, see section 5.1). The region in the parameter space for which this is possible
is illustrated here. To most conveniently describe the different regions, we parameterise the
black hole by the horizon radius r = r; (M) and the Klein—-Gordon mass by k = /9/4 — «.
Note that the range 2 < o < 9/4 corresponds to 1/2 > k > 0.

A summary of our results, at least for Neumann boundary conditions, is expressed in the
following diagram of the (x, r1 ) plane (figure 1). Note that 71 2> [ corresponds to M > 0. The
region of linear instability is given by the inequality

L RN O

2 2 1-k’
when ry /Il > 1, together with all points where ry /I < 1. We would expect the threshold
of instability for Dirichlet boundary conditions to be higher than for Neumann boundary
conditions, but the precise region of stability for Dirichlet boundary conditions is yet to be
determined.

@)

1.2.3. Energy decay. In the final section of the paper, we follow the methods of [17] and
particularly [19] to prove a polynomial decay rate for a non-degenerate energy of solutions of
the Klein—Gordon equation when M > 0 and 1/2 > k > 0. Note that this includes the confor-
mally coupled case k = 1/2.

In what follows, suppose that 1) is a solution to the Klein—Gordon equation with
1/2 > k > 0 on the exterior of the M > 0 hyperboloidal AdS Schwarzschild black hole (in
3+1 dimensions), obeying Dirichlet, Neumann or Robin boundary conditions (with the Robin
function 5 non-negative and independent of time) at infinity, and let £[¢)] be the non-degener-
ate energy density defined by equation (113). (When M > 0 and 1/2 > « > 0, this energy is
positive definite.) We begin by proving that this non-degenerate energy is bounded above by
(a multiple of) its initial value.

Theorem 1.1.  For any time T > 0',

[ ewis [ ew @

The next step is to prove an integrated decay, or Morawetz, estimate.
Theorem 1.2. For any time T > 0,

/0 WL [ e @

2
<eg<r T =0

Remark 1.1. The weaker weight on the left hand side of this inequality in fact need only be
applied to the ¢* derivative. It is interesting to note that in this estimate the integrand on the left
hand side is 1/7? times the integrand on the right. This is better than in the toroidal case, which
requires a factor of 1//° on the left. Moreover, in that case the less favourable weights apply to
the derivatives tangent to the torus, as well as the time derivatives. See [19].

!'Recall that if f, g are non-negative functions, then the statement f(x) < g(x) means that there exists a constant
C > 0 such that f(x) < Cg(x) for all x.
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Figure 1. The regions of linear stability and instability for Neumann boundary
conditions.
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Figure 2. The function p(r), with M > 0.

This loss in weight on the left hand side can be removed, provided we control the initial
energy of Oy ).

Theorem 1.3. For any time T > 0,

| ewis [ e+ glonu. )
0Kt <T =0

Finally, using a result from [26] (subsequently used in [19]) which involves combining the
Morawetz estimate above with a quantitative version of the redshift effect taken from [25], we
are able to conclude the following quantitative energy decay estimate.
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Figure 3. The black hole mass M as a function of the horizon radius r, .

]

Figure 4. The function f(r)/r>.
Theorem 1.4. For any time T > 0, and natural number n € N,

1 n
| e s g [ S eoku ©

"=0 =0
Remark 1.2. In all of the above theorems, the implicit constant depends on the space-time

parameters (M, [) and the Klein—-Gordon parameter « but is independent of ¢ and 7.

We can contrast the results above with numerical work done in [21] which looks at the
same problem in 441 dimensions and finds evidence of a linear instability occurring for vari-
ous values of o and M, including a range of positive M.

2. The space-time

The metric

M P dr?
g=— k-2 dt2+%+rzdﬂ,%, 7
r 2 (k_ziM_F%) )

I

r

6
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is a solution of the vacuum Einstein equations with a negative cosmological constant, referred
to as the anti-de Sitter Schwarzschild black hole [27, 28]. Here M is the black hole mass, / is
the AdS radius, k = —1,0, 1 and dQ,% is the metric on a two-dimensional surface of constant
sectional curvature k. In this paper, we will look at the Klein—-Gordon equation associated to
this metric,

Ot + 59 =0, ®)

in the particular case that k = —1, on the exterior of the black hole, and where « satisfies the
Breitenlohner—Friedman bound 0 < « < 9/4 [8]. The cases when k = 1,0 have been studied
already in [17] and [19] respectively.

Remark 2.1. Unlike the cases k = 0, 1 when k = —1 there is a black hole for non-positive
mass, provided that M > M®' := —[/ (3\/§) When equality holds in the above, the black

hole is extremal (see section 3 in [21]). The decay results proved in this paper do not hold
for non-positive M, however see sections 1.2.2 and 1 for results about linear instability in this
case.

Putting k = —1 in (7) we see that there is a coordinate singularity at any value of r where
the polynomial

p(r)=r> —Pr—2MP ©)
vanishes (see figure 2).

Note that p’(r) = 372 — %, so the stationary points of p are precisely the points r = :t?l .
Since p”’(r) = 6r for all r, we see that r = %l is a local minimum for p and r = —?l isa
local maximum. Since p (?l) < 0, it follows that p has precisely one root, say r,, in the
interval (?l, oo). In fact, since p(I) < 0, it must be the case that r > [. Since p(0) < 0 and
p has no stationary points in the interval (0, ?l), it follows that r is the unique positive root
of p.

Remark 2.2. If M < 0, then p need not have a unique positive root. In this case, we define
7, to be the largest positive root. The extremal value of the mass M = —[/(3+/3) corre-
sponds to a horizon radius ri“ =1/ V3, and M =0 corresponds to r = [.

It’s possible to parameterise the metric either by (M,[) or by (ry,/). When switching

between the two it is useful to have a picture of the relation between M and r (see figure 3),
given by

2
ry r T
M=—|—=>-1]. 10
(%) (10)

As in the Schwarzschild metric, there is a coordinate singularity at precisely one value of
the radius, r = r., representing the black hole horizon and, as in that case, we can perform a
change of coordinates which allows the metric to be extended to part of the region 0 < r < r,..
Define a new coordinate #* by

M 1 1
dr =dr+ —

eEIeETy

dr.

(1)
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After a short calculation, we see that the metric in (#*,r) coordinates is

2 oM 2
g——(—1-2Mr (dt*)2+4—M71 drdr s T T EG2 4 2407
r 12 r r? 2 2 1 (12)
(re5) (1)

For later convenience, we will define the two functions

M P2
f)==1- =+, (1
and
M P2
g(r)=—1+—=+ ;7 (1

Since r > [, this metric is regular at the horizon r = r. We will now formally define the
Lorentzian manifold (with boundary) (M, g) to be

M =Ry x Ry, x H? (15)
with the metric (12), where H? is the two dimensional hyperbolic plane, with metric
dQ? | = do® + sinh*(0)d¢? (16)

where 0 < o < oo and ¢ is periodic with period 27. The non-zero components of the inverse
metric are

T ) | , M P
§ =—-— 28 =8 :Tﬂ’g = —1—74-72 )
(—1 + ’ﬁ) 2
1 1
L (17)
8 A r2sinh? (o)

The volume form is

dVol = \/—gdr* drdo d¢ = r* dr* dr dw, (18)

where dw = sinh’ o do d¢ is the volume form of the hyperbolic plane. It will be convenient
to let ¥ denote the covariant derivative on the hyperbolic plane (where we include the factor
of 2 in the metric).

Remark 2.3. 1In the definiton of the manifold (15) above, we could replace the hyperbolic
plane H? by any quotient H? /T, where T is a freely-acting discrete subgroup of Isom(M).
The resulting manifold would have the same metric but a different topology. In particular,
H? /T’ may be chosen to be compact, whereas H? is not. For simplicity, we will consider a
compact quotient so that we do not need to worry about convergence of integrals over the
hyperbolic planes. However we could consider the non-compact case by assuming sufficient
decay in the hyperbolic directions.

2.1. Some hypersurfaces and their normals

In what follows it will be convenient to define some hypersurfaces and write down their unit
normal vectors.
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e Let Y« denote the surface of constant #*. The future-directed unit normal is

1 *
v S (19)

or with the index raised

o a grz o a
a _ __of*t* _ 5 | =
movTs (ar*) Nare (a) (20)

The volume element is

dSs,, = +/—g""r*drdw. (21)

o Let f], denote the surface of constant ». The unit normal is

1

ml - dr a’ 22
or with the index raised
o 8 (D) 9\
— rr P . 2
= (o) 7 (5) =

The volume element is

dSi = 4 /g"rz dr* dw. (24)

ML as r — ry. It follows that m*
T

. . 5 .
becomes singular at the horizon r = r., but the product m“dSg, is well behaved, and so
defines a natural vector volume form on the horizon.

Notice that g” — 0 as r —» ry,and g " —

3. Null geodesics

Before beginning the study of the equation, we will look at the null geodesics of the space-
time (M, g). Note that a detailed study of the geodesics of the spherical AdS Schwarzschild
black hole has been made in [29].

3.1. The equation of motion

In this section, we will show that null geodesics in (M, g) obey a one dimensional potential
equation. As usual, we begin by using the symmetries of the Hamiltonian to find conserved
quantities. Let « be an affinely parameterised null geodesic (say with affine parameter s), and
denote the coordinates of v by (x*). The geodesic Lagrangian is

L =g x"x". (25)
The momentum conjugate to the position variable x* is
oL L
Pu = Erm =2g8,X". (26)
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That is,
., I
pre = =2 (r)t" + — N
" (1+r)
aM 1 . 2¢(r
pr - 2 t* + g( ) 2’;,
r(-1+57) (-1+%) 27)

Do = 2726, and
pe = 2% sinh? (o) .

Since g is independent of 7*, the conjugate momentum p,- is conserved along geodesics. Define

D+ e 2M 1 .
E = = —f(r)'+ — 7 = const.
> £(r) P (28)
Inverting the relation (26), we get
1
i = Sg"py. (29)
2
The Hamiltonian is
H=p,"—L=L. (30)

Plugging (26) in to (30), we obtain the formula for the Hamiltonian in terms of the conjugate
momenta,

1
H = 28" Pupv-
- 1 g(r) 2 2 1 2 1 2
=1 alr Hf Py + 5\ ot Sinhz(a)% : (31)
(1+#)
It is then easy to see that
{p2 LR H} =0 (32)
7 sinhz(U) ¢’ ’
and so
1 1
W= ( o —— 2> 33
4 \P7 sinhz(a)p¢ (33)
is conserved along geodesics. In terms of the velocities, rather than the momenta, we see that
m =t (dz + sinh2(0)¢2> . (34)

Finally, H itself is conserved, and since ~y is null, is in fact equal to zero. Putting this all
together, we get

(35)

10
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or after tidying up slightly,
» I 2
P+ ﬁf(r) =E". (36)
Remark 3.1. Notice that the motion in the hyperbolic plane is decoupled from the radial

motion, except for the presence of the constant k% in the equation of motion (36).

3.2. Gravitational attraction of the black hole

If we differentiate (36) with respect to the affine parameter s we get

(e dRF0)Y
r<2r—|—dr - )_0. (37)

It is easy to check that f(r)/r? is a strictly increasing function of r, which tends to 1/ as
r — oo (see figure 4). Therefore, provided that # # 0, it follows that # < 0. That is, a light
ray accelerates radially inwards towards the black hole, and the acceleration decreases to zero
as 1/1° as r increases to infinity.

3.3. Absence of constant r null geodesics

As mentioned above, f(r)/r* is a strictly increasing function of r, and f(r)/r* — 1/I* as
r — o0o. Since f(r; ) =0, it follows that whenever h*/I> > E? there is a unique solution
ro > ry to the equation h*f(r)/r? = E*. We might then expect there to be a null geodesic
with r(s) = ro (and #(s) = 0) for all s. In fact this cannot happen, and #(s) cannot vanish on
any interval (so — €, 5o + €). To see this we look at the Euler-Lagrange equation obtained by
varying r,

doL oL
&or o (38)
That is,
d[am 1 2gr o
e R e B T o
e (<1+p)
o4M_1 . 8 || 7= 206 + sinh(e)d?) = 0 (39)

o\ r —142 (_H%)z

or, expanding the first term using the chain rule

g (4M 1 ., 2g(r Lo4Mo 1 g(r o
o | v 142 ()72 Tt T2 ()22 RACION
e () e ()
(MM e 80 06 4 sinh(0)d?) = 0. (40)

o\ r—142 (qﬂé)z

1
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If i-(s) = 0 for all s € (5o — &, 50 + €), then the two terms in the square brackets do not con-
tribute, and nor does the ¥ term, so we’re left with

aM 1

— Fi° = (1) (i) = 2r(67 + sink? (0)¢?) = 0, @1)
ro—1+ %
which simplifies to
aM 1 . S e 20
— i — ) — = =0.
F e TOE -5 “2)

Since E = f(r)i* when i = 0, we have that i*(s) = E/f(ro) forall s € (so — &, 50 + €) (Where
ro = r(so)). This is independent of s, so *(s) = 0 for all s € (so — &, 50 + ¢). Plugging this in,

of'(r) 21
I “
Now, rf'(r) = 2M/r + 2r* /2, and h*f(r)/r* = E?* so
M
2E? (r + l2> =2Ef(r). (44)

The constant E cannot be 0, since if it were it must be the case that #* = 0, and also that 4 = 0.
This in turn implies that & = 0, ¢ = 0, and so 4 = 0, contradicting the fact that  is a null
vector field along ~. Therefore we can divide by 2E? and rearrange to get

r(s) = =3M forall s € (so — &,50 + €), (45)

which is absurd, since r(s) > ry by definition. It is therefore impossible for 7 to vanish on any
open interval of the parameter s, as asserted.

Remark 3.2. If we allowed the black hole mass M to be negative, this does not immediately
give a contradiction. However, it is quite easy to check that if M*** < M < 0, then —3M < ry,
and so there are still no constant r null geodesics in the exterior of the black hole.

3.4. Time taken to cross the horizon

Consider an outgoing null geodesic (that is, one for which # > 0). From the equation of
motion it follows that

2
F=\E*— rjf(r)’
h2
= B\[1 - 2 f (). (46)
Recalling the definition of E,
. 2M 1
E=f(rnr— — 7,
0 = = @)
we see that
t* ! E+ M1 (48)
= — — Pl
f(r) ro-14+5

12
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Dividing #* by i we get
drr E n 2M 1
T T P

1 1 2M 1
= — +
GNP
Ezrzf(r) r (49)
1 1 27M 1

% 1—3‘—22f(r)+ ”—1—!—%2

where in the last line we have defined o = h?/E?. We can now integrate this equation from
ro to r to get ¢ as a function of r, provided that the denominator does not vanish for any
¥ € (rg, r), thus

rdt*
t*(r)—t(’;:/ —dr,
n dr
T 1 oM 1 ,

= + |
ro f(rl) 1_%]‘(’,/) r! _1+r[72 (50)

There are three cases, according as h*/E* < I>, h*/E* > I>, or W? /E* = .

1. K?/E? < P: In this case, since f(r)/r* < 1/2, we have that

aZ 2

Looking at the asymptotic behaviour, we see that

o? h? 2 2Ml
-5 =1 (12),

2 >0 (forall r > ry). (51)

E2P r r3
h2
leETpaSrHOO. (52)

Since f(r) ~ r?/I? as r —> o0, it follows that

a2 hz r2
f(r)\/l—er(r)N\/l—Ezlzl2 as r — oo, (53)
SO (f(r) 1 - ‘f;f(r)) ~!is integrable. Similarly,

1om 1 2M1*

O S T ST 54

which is certainly integrable. Therefore,

lim 1*(r) < oo. (55)

r—o0

Informally we say that the geodesic reaches 7 = oo in finite coordinate time.
2. h?/E? > I*: In this case there is a unique value r* > ry > r4 such that
1 — &*f (Fimax) /T2ax = 0.Itis also true that 7 vanishes when 7 = .. Now, as r approaches

Fmaw | — @?/72f(r) behaves like a constant multiple of (rmax — 7). But (rmax — 7)~'/2 is

13
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integrable near rp,y, and so in this case r increases to rpax, With *(rn.) < oo, at which
point i changes sign, and the geodesic becomes ingoing.
3.h*/E? = I*.  Inthis case,

a? o? 2M
1—r2f(r):r2<1+r), (56)
and so
1 1 Pr 21 N
—_— ~ —— ~ ——asr .
f(r) 1*O‘f2f(r) rrPa  ar > (57
r2

But this is not integrable! In other words,

lim ¢*(r) = 0. (58)

r—o0

Informally we say that the geodesic takes an infinite coordinate time to reach » = oo.
If we look instead at an ingoing null geodesic, that is one for which 7 < 0 then

. / h?

Since it must be the case that initially h2f(ry)/r3 < E?, and since h*f(r)/r? is an increasing
function of r, it follows that h*f(r)/r* < E? for all r € (ry, ro). Therefore for r € (ry, ),

t*(r)_’*_/m 1 1 A ) 60
0 r Sf(r) -« (r) r 71+%2 (60)

and so the coordinate time at which the null geodesic  crosses the horizon r = r, t*(r1) is
finite. Combining these two results, we see that the only null geodesics which do not cross
the horizon in finite coordinate time are those outgoing null geodesics for which #?/E? = 2,
which spiral out towards future null infinity, but do not reach it in finite coordinate time.

It is also interesting to note the following proposition.

Proposition 3.1. Define the vector field

o M L0

(2 .
@), o

If~y isanull geodesic, then g(X, <) ismonotonically decreasing along . Thatis, 7 (g(X, 7)) < 0.

X=r

Proof. Consider,
7 (8(X.9)) = Vi (Xu3")
= 4"V ;X,, (since y is a geodesic)
= 414V, X, )
="V X
= 4"3" (V (. Xy) + Bguw) (for any function 8, since  is null).

14
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It now suffices to find a function § such that the V(, X,y + (g,., is negative definite. We define
the deformation tensor of X by H,’iu = V(. X,). A long but straightforward calculation (or an
appeal to one’s favourite computer algebra package) gives

MP + 7 Fr(3m
- _MEET) lz‘: ) 4y + r(p (r)j D 4 2 (02 + sinh*()dg?) .
(63)
If we set By(r) = Mllj(f)’3, then the (dr*)? terms cancel, leaving
Pr(r + Pr+4MP Prr(3M +r _
I + Bog = — ( ( POE )dr2 + % (da2 + 31nh2(0)d¢>2)) . (64)

We can now put 5 = Sy + §3, where df is positive, so that the coefficient of (dt*)2 is
negative, but sufficiently small that the other terms remain negative. A suitable choice is

§B8(r) = Pr/p(r), giving

Pr(r +4MP) 3MP
¥ + =—|dP + dr? + 72 (do? + sinh?(o)dg? s
s ( GE o (0245%)
(65)
which is negative definite. This completes the proof. O

4. The Klein—Gordon equation

The study of the Klein—Gordon in the rest of this paper closely follows the methods and struc-
ture of [17] and [19]. Throughout we will assume that ) is smooth, but this restriction can be
lifted by a density argument.

4.1. Twisted derivatives

For a given smooth, positive function f : M — R, which we shall refer to as a twisting func-
tion, we define the twisted derivative of a function ¢ : M — R to be

V0 =1V, (}”) . (66)

Note that the twisted ‘derivative’ is not in fact a derivation; that is, it does not obey the product
rule. This manifests itself in the fact that

~ \%
V(1) = —Yul 67)
f
which is not in general zero, but
Vuf =0. (68)
However the twisted derivative is a tensor, and as with the covariant derivative it satisfies
6;} (g;wll)) = g#u%pdj- (69)

If f and ¢ have the same asymptotic behaviour as r — oo, then the leading order term in
v /f is annihilated by the derivative, and V¢ will decay more rapidly than V. This will allow

15
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the use of energy methods which would otherwise be prevented by the slow decay of some
solutions towards infinity. Specifically, the standard energy integrals of solutions satisfying
Neumann boundary conditions do not converge, but the twisted energy integrals do. (See for
example the introduction of [11]). To this end we will choose
3

flr) ~r2tr (70)
which is the asymptotic behaviour of a solution obeying Neumann boundary conditions (see
for example [11, 19]). _ _

The formal L? adjoint of V, denoted V1, is given by

= 1
Vi = Al (fv). 1)
Note that
o~ 1 W
S (09 (7))
1
= J;VH (fVHp —pVEf), (72)
Lf
= U —v—=,
¢ f
so we can rewrite the Klein—-Gordon equation in terms of twisted derivatives as
VI VFp 4+ Vip =0, (73)
where
B Lf | o
v—-(F+3). (74)

We refer to the function V as the potential associated with twisting function f.

4.2. The twisted energy-momentum tensor

For a sufficiently regular function ¢ : M — R, define the twisted energy-momentum tensor

~ -~ 1 -~
T ] = ViVt = g (Vo V7w + vo?). 75)

This is the same as the usual definition of the energy momentum tensor of a massive scalar
field, except that the derivatives are replaced by twisted derivatives, and the mass term m?)?
is replaced by V2. It is clearly a symmetric tensor of type (0,2) but unlike the usual energy
momentum tensor it is not in general divergence free. The following basic properties of the
twisted energy momentum tensor were proved in [17].

Proposition 4.1.
1. Ify € C* (M — R), then

VI ] = (<VIV" = Vi) Vou + 5[, (76)

16
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where

S 2 VbWV o VIS
Sy — v |
W= =5+
2. Let ) € C* (M — R) be a solution to the Klein-Gordon equation, and let X be a smooth
vector field. Define the twisted vector and scalar currents respectively to be

T[] = T [v]X",

\RTA VLTS (77)

~ ~ ~ (78)
X X v v
K*[y] = 1L, T* [] + X"S, [¢],
where wa = V(uXy) is the deformation tensor of X. Then
VHIL] = KX (79)

3. If the twisting function f is chosen so that the associated potential V is non-negative, then
T[] obeys the dominant energy condition, that is, if X is a future directed causal vector

field, then so is —J*[1)]

Remark 4.1.

(1) Part 1. of this proposition is analogous to the usual formula for the divergence of the
energy-momentum tensor, except for the additional term S[i] which means that T[¢)] is
not divergence free even when 1 is a solution of the Klein—Gordon equation.

(i) If X is a Killing vector field, then IT* = 0, and if Xf = 0, then X'S, [¢)] = 0. If both of
these are true, then KX[¢)] = 0 and so JX[¢/] is a conserved current.

(ii1) Because of part 3 of proposition 4.1 above, we shall choose a twisting function f so that
V=0

4.3. Boundary conditions

Definex = \/% — a.Notethattherange0 < « < 9/4correspondsto3/2 > k > 0,andthecon-

formally coupled case o = 2 corresponds to x = 1/2. We say thata function ) € C'(M — R)
obeys

1. Dirichlet boundary conditions at infinity iff £ > 0 and
FITRY —5 0, as r — oo. (80)
2. Neumann boundary conditions at infinity iff 0 < x < 1 and

FITEV b — 0, as r — oc. (81)

3. Robin boundary conditions at infinity iff 0 < x < 1 and

PR b+ BriTRh —s 0, as r —s oo, (82)

for some non-negative, time-independent, smooth function S defined on conformal
infinity.

The well-posedness of the Klein—Gordon equation with any of the above types of boundary
conditions was established in [11].

17
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4.4. An appropriate choice of twisting function

The simplest possible choice of twisting function is f(r) = rm3ite After a straightforward
calculation, this gives a potential

M3 =2k  3—8k+4r?
vir) = 2r3 + 4r2 )

Itis easy to check that 3 — 8x + 452 > 0for0 < k < 1 /2, so this is a suitable choice of twist-
ing function for that range (provided that M > 0). Importantly this range includes the confro-
mally coupled case k = 1/2. As will be explained in section 1, we do not expect to be able to
find a twisting function which is suitable for the range 1/2 < x < 3/2, for all values of M > 0.

(83)

Remark 4.2. The twisted derivative is introduced in order to deal with divergent energy
integrals for solutions obeying Neumann and Robin boundary conditions, but is not neces-
sary for Dirichlet boundary conditions (see for example [9]), so the difficulty in finding an
appropriate twisting function for £ > 1/2 is not in principle a barrier to the decay of solutions
satisfying Dirichlet conditions.

4.5. Energy boundedness

4.5.1. The degenerate energy. Let

0
T= .
or*
Since the metric (12) is independent of ¢, T is a Killing vector field. Moreover, since we have
chosen f to be a function of r only, 7f = 0. It follows that

VAT =0 (85)

(84)

whenever 1 is a solution of the Klein—-Gordon equation. Let B[[IQ ;ZZ]] denote the region of

M with T) <t* <T, and R <r <Ry, where 0< T, <T, < oo, i+ <R; <Ry < o0,

B[Tl .In)

Integrating equation (85) over (Roy R2)

Enl: [Ri.Ra]] — Er, [: [Ri,Ro]) = F, [0 [T1. Ta]] — Fe [0 [T1. T2]] (86)

and using the divergence theorem, we get

where

Skl = [ Tl ass.. @
and |

Fisinrl = [, o ass (88)
A direct (but rather long) calculatiorn gives
Er [t [R1,Ro]] = % /Z o (=" (@0 + " (Vo) + [Vl + Vo2 )~ drdo, (89)
and

Fol: [T, Ta)) = /Z oy (8O0 + 870 (V) Pdrde. (90)
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(Recall that Y is the covariant derivative on the hyperbolic plane.)
Remark 4.3. The formula (89) clearly defines a positive-definite energy if V > 0.

In order to get the fluxes over the whole exterior of the black hole, we will take the limits
Ry — ry and R, — oo. Since g —s 0 as r — ry,

Fy; [T, To]] := rlirg Felb: [T, 1)),
:/ g’*r(al*qj))zri_ drdw 1)
Hir1y)

where Hr, ) is the region of the horizon r = ry where T} <t < T>.
Remark 4.4. Note that g " has the same sign as M, and hence so does F[i); [Ty, T»]].

If ¢ obeys Dirichlet or Neumann boundary conditions, then by counting powers of r in the
metric components it can be seen that

lim F,[y; [Ty, T5]] = 0. (92)

r—00

If instead v obeys Robin boundary conditions, then

~ 1 3 2
3 . — _ 1 _ . —5+kK *
Ji FA 0 ) ==t 3 [ 900 ((73770)) o

b

1 2 1 2
= lim ——2/ g (f%ﬂid)) dw + —2/ ﬂ(rf%mz/}) dw|,
e | 28 g, 25 Jug,

(having carried out the integral in #*)

1 )2 1 e )2
- B(r2 ¢) dw+ — 5(rz 1/)) dw.
2[2 H2 /F 212 H2 /F
Ty,00 Ty,00

(93)
Now define the renormalised energy of 1) at time t* to be
Eel) = Eeltslrecoll + o [ B(r i) dw
1+ = Cp* s [P+ 212 s (94)

2
H /T

where it is understood that if 1) does not obey Robin boundary conditions, then 3 = 0. Since
it is assumed that 5 > 0, E,- is positive definite whenever & is.
Taking the limits Ry — 74 and R, — oo in (86), we get

Er,[] = Er, [¢] — F¢; [T1, T2]]. (95)
It follows that if M > 0, then

Er,[Y] < Er, [¢], (96)
and if M < 0, then

Er,[¥] > Er,[¢]. 97)

(And if M = 0, then Er,[¢)] = Er,[¢).

We see that there are two cases to be considered, depending on whether the black hole
mass M is positive or negative. When M > 0, the function t* — E,«[¢] is non-increasing. In
particular it is bounded above by its initial value. It is in this setting that we will prove that
for 0 < x < 1/2, the energy decays polynomially (see theorem 6.1). On the other hand, when
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M < 0, the function * — E«[¢)] is non-decreasing, and in particular is bounded below by its
initial value.

Remark 4.5. 1In the case M > 0, if a solution % has a negative initial energy then its en-
ergy will remain bounded away from zero for all time, and similarly if M < 0 a solution with
positive initial energy will remain bounded away from zero. When M = 0, any solution with
non-zero energy will remain bounded away from zero. In section 5, we shall use the existence
of such solutions to demonstrate linear instability in certain regions of the parameter space (as
illustrated in figure 1)

5. Linear instability

Having proved energy boundedness (96), we are in a position to show that, provided M > 0,
the existence of negative energy initial data for the Klein—-Gordon equation implies linear insta-
bility, and we will explain exactly what is meant by linear instability here. Similarly, when
M < 0 we will show that the existence of positive energy initial data implies linear instability.
We will then find a region in the parameter space in which such initial data exist.

5.1 Negative energy implies instability when M > 0

We begin by noting that if a solution v to the Klein—-Gordon equation has negative energy
initially

Eoly] <0, (98)
then in view of (96) it has negative energy for all times * > 0
E[Y] < Eoly] < 0. (99)

In particular it is impossible to have Ex[¢)] — 0 as t* — 00, and so we see that the exis-
tence of negative energy solutions provides a barrier to decay. More specifically, consider the
following result (which appears in [25] as corollary 1.2).

Theorem 5.1. Suppose that solutions of the Klein—-Gordon equation, with boundary con-
ditions fixed, on some asymptotically AdS black hole are bounded in H' x L*. Furthermore
suppose that there exists no quasinormal mode on the imaginary axis. Then for any solution

of the Klein-Gordon equation with initial data in D'(A) = H*(%), we have

||¢Hgl(2,*) + ||3z*1/1||y(z,*) — Oast* — oo. (100)

Remark 5.1. Here H' and L? are the twisted Sobolev spaces defined in [11]. They are
defined in the same way as the usual Sobolev spaces, but with twisted derivatives replacing
ordinary partial derivatives.

We also note that lemma A.1 from [26] implies that if s is a quasinormal mode on the
imaginary axis, then s = 0.

The contrapositive of this theorem, combined with the fact that a negative energy solution
cannot tend to zero tells us that if there exists a negative energy solution, then either

1. There exists a quasinormal frequency on the imaginary axis, which in view of the above
must be zero, giving a solution which is constant in time, or
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2. No uniform boundedness statement holds.

It is in this sense that we say that the existence of a negative energy solution implies linear
instability.

Remark 5.2. Exactly the same argument applied to (97) shows that when M < 0 the exist-
ence of a positive energy solution implies linear instability.

5.2. The existence initial data leading to instability

In this section, we will find a sufficient condition on M and « for the existence of negative
energy initial data when M > 0. We moreover show the existence of positive energy initial
data whenever M < 0. If M and  obey one of these condition, then we can conclude from the
previous section that there is linear instability.

Recall that for solutions obeying Dirichlet or Neumann boundary conditions, the initial
energy is given by the formula

Eoly)] = %/E (*g’*’* (O )* + 8" (V,0)? + Vo + sz) r?drdw. (101)

The first three terms in the integrand are clearly non-negative, but the potential

M3 -2k 3 —8k+4r?
vir) = 2r3 + 4r2

may be negative when either x > 1/2 or M < 0. Setting ¢(r) = f(r) causes the first three
terms to vanish and carrying out the integral in r, we get

(102)

1 2 —342r 1-2x
E()[i/}] = ZVOI (H /F) (3 — 2I<E) I"+ M + ml”+ . (103)
For k < 3/2, the sign of this quantity is determined by the sign of the term in brackets,
1 -2k
S=M+ ——
tra—a" (104)
We can express M in terms of r as
2
ry r+
M=—|—=-1]). 1
2 ( 2 ) (105)

Plugging this into (104) and rearranging slightly, we see that

2
(e (1 1-2
52<12 (1 s T ) ) (106)

Thus Ey[¢p] < 0 if and only if

2 1 1-2k
+

L , 107
12< 2 1—k (107

Since M > 0 corresponds to r /I > 1, we see that there is linear instability provided that

r? 1 1-2k
+

. 108
2 1—k (108)
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(Indeed, whenever this inequality is satisfied we can obtain a negative energy solution by solv-
ing the equation with initial data f(r), and conclude that we have linear instability.)
Similarly Ep[¢] > 0 if and only if

2

r 1 1-2&
i S T 109
AR R e (10%
and hence there will be instability when
r 1 1-2k
>+ . . 110
S R (10

In fact, by working slightly harder we can find positive energy initial data whenever M < 0.
The idea is that since the only term in the energy that can be negative is the one involving V)2,
we can proceed as follows: let

. G! forr > R,
w(t 7,0, ¢) - {\I/(t*,r,o', qﬁ), for r < R.

The integral over r > R will involve only the term V4)? and so will be negative. However for
R sufficiently large we can make it as small as we please. By making || sufficiently small we
can also ensure that the integral of the V1) term over r < R is, although negative, as small we
please. It now suffices to take W to oscillate sufficiently rapidly in the hyperbolic directions
so that the integral of |Y7\If| outweighs the two negative terms. Then Ey[¢)] > 0 and we have
linear instability as claimed.

This is illustrated in figure 1.

(111)

5.3. The case M =0

Before finishing, a few remarks about the physically interesting M = 0 (or equivalently
ry = [l) case are in order.

5.3.1. Linear scalar hair when M =0. 1t is a simple calculation to check that if M = 0 and
k = 1/2 (the conformally coupled case), then setting ¢ (r) = 1/r we have

@w+%w=o (112)

That is, there is a non-zero time-independent solution to the Klein—Gordon equation (or linear
scalar hair, in the language of the physics community) which obeys Neumann boundary con-
ditions. In particular, this solution does not decay in time, so we have linear instability. This
is consistent with (108).

5.3.2. Growing modes when M =0. In [22] growing mode solutions were found in the case
M =0 and 1/2 < k < 1, but only when Neumann boundary conditions are imposed. This
agrees with our argument, as putting M = 0 in (104), we see that Ep[¢)] < 0 if and only if
1/2 < k < 1. However, no growing modes were found in [22] for Dirichlet boundary condi-
tions. The question of whether a decay result can be proved for the M = 0 case when only
Dirichlet boundary conditions are imposed remains open, as does the question of decay in the
M=0,0<k < 1/2case.
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6. Decay rates

In this section we will only consider the case M > 0 and 0 < k < 1/2 so that the twisting
function f(r) = r—2 %" gives a positive potential V.

6.1. Non-degenerate energy boundedness

The renormalised energy is degenerate at the horizon, in the sense thatas r — ry, g — 0,
so that E,«[¢)] does not control (6,1#) 2. For M > 0 degeneracy can be removed using the

celebrated redshift effect of Dafermos and Rodnianski [30]. Define the non-degenerate renor-
malised energy density of 1 by

£lv] = 10+ () + (@ + 7 Y0 (113)

Note that the coefficients in £ have the same asymptotic behaviour as the coefficients in the
degenerate energy, but without the degeneracy at the horizon. We then obtain the following
theorem, the proof of which is to be found in section 3.3 of [30].

Theorem 6.1. (Non-degenerate energy boundedness) Consider the Klein—-Gordon equa-
tion (8) on the Lorentzian metric (7), for fixed M > 0,1 >0 and 0 < k < 1/2. There exists a
constant C > 0 (depending on M, | and k) such that for any solution v of the Klein—-Gordon
equation, obeying Dirichlet, Neumann, or Robin boundary conditions at infinity, and for any
T, < T,

E]drdw < C E[Y)drdw. (114)
S, o,

6.2. The Morawetz estimate

In this section, we will prove an integrated decay estimate for solutions of the Klein—-Gordon
equation. To do so, we will use energy methods. These methods were first used by Morawetz
for the obstacle problem in Minkowski space in [31] and [32]. More recently they were applied
in the study of Schwarzschild black holes in [33] and [30].

Theorem 6.2. Consider the Klein—Gordon equation (8) on the Lorentzian metric (7), for
JixedM >0,1>0and0 < k < 1/2. There exists a constant C > 0 (depending on M, | and k)
such that for any solution of the Klein—-Gordon equation with 0 < k < 1/2, and any T) < T,

1 1 =~ \2
/ (7¢2+ @)+ (V) \Wf) A drdw<C | EWldrdw.  (115)
BlT112] r r o,

The proof of this theorem requires lemmas 6.1 and 6.2. We shall present the proof of
theorem 6.2 assuming these, and then give the somewhat technical proofs of the two lemmas.
Lemma 6.1. Define vector fields

0 0

X = rh(r)a, Y =k(r) Ers

(116)
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and set

JP(LX,Y,wl,wz)[zb] = Tw[z/J]X” + W1<V)w€u"/] + W2(r>¢2XM - iw []Y",
= ) ] — k(r)TE ], (117)

where h, k, w;, and w, are arbitrary smooth functions of 1, to be determined later. We refer to
JXYww2) a6 modified current.

Then,
(X,Y.wiw2) 2 — 2 —
—VHIIII ] =S ie (0 0) + Sy (V) + S, 0090
+ Si [V + Sootr® + Sore 8-t + So, ¥V, (118)

where,

o [12 (1= R) P — (1 =25) PP + (5 — 2k) BMP? — kI'r — (1 — 2&) MI*) h(r)
rx — (r2 B 12)3

r(rr =13 (P = Br+2MPE) KW (r .
( ) ér (r2 _ l;:3 ) ( ) + Wl(r)g,, + th rk/(r):| ’
[2 (kP 4 (1 = &) Pr+ (3 — 26) M) h(r) = 3r (P — Pr — 2MP) 1/ (r)
S = 207
—wi (r)g"},
[omr —KVE=2=r)PA)h(r)—r(rr =B (r .
sv, = | ML= Eon 0 D0 g+ Zf(r)k’(r)} ,

rh’ (r)
2

S = — {(1 — k) h(r) + +wi(r)], (119)

Soo = |:;h’(r)V(r) — rwa(r)H (r)

M (3 —2k)’ N (1 — k) (3 — 8K+ 4r?)
4r3 4r?

+ rwh(r) + 2nw2(r)} h(r)

— 0K H2 — Kz
- [3 e ]wmmm(r)h/(r)}

Soe = — " "W/ (r), and

Sor = — [8" Wi (r) + 2rh(r)w2(r)].

Lemma 6.2. Define vector fields X, Y and modified current JXY¥1%2) a5 in lemma 6.1.
Then, provided that h(r) = o(r?), h(r)wi(r) = o(r?), and h(r)wi(r) = o(r), k(r) is bounded,
and that wy(r) = ky /73, where 0 < ky < r4V(ry)/2,

/ —vr K ] dVol < € | E[] drdw (120)
BIT1.T2] P

for some constant C independent of T; and T>.
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Proof of theorem 5.1. We begin by noting that if we can pick a modified current satisfying
the conditions of lemma 6.2, which also satisfies

%zﬁ + % (Op)* + (6,1/})2 +7 |Y71/1’2 <cr (fV”JfLX’WI’WZ) [w]) (121)

for some positive constant C, then the proof is complete. For then integrating this inequality
with respect to d¢* dr dw and using lemma 6.2, the result follows. The difficulty in this proof
lies in choosing the functions wy, w,, i and k so that these conditions, particularly (121), all
hold. In fact, this will have to be done in two stages, using two modified currents: one to con-

trol all but the |Y7w|2 terms on the left hand side of (121), and another to control the remaining
term.
We begin by simplifying matters and setting 4(r) = 1. Because we do not wish to consider

— (1 = K).

the |W¢|2 term, we will take wy such that this term vanishes. That is, set wy (r)
Plugging these choices into (118), we get the following slightly simpler equation,

P (Pr 4 3MPr* — P'r+ MI*)

—gEre) ) = + 2gf*’k’(r>] (0-0)°

F(r? — 2y’

[k + (1 — k) Pr+ (3 —2k) M ml (v ’
+ 207 t{=rs } (%) (122)
. (3 — 2k) (4k, - M(3— ZH))wz

] 4r

2 2 _ 2 = -
| _2MP (s (1 i 5 F) +zf(r)k'<r>] 0¥+ D200,
r(2 — ) r

We choose k' so that the coefficient of 9 ¢§r¢ vanishes. That is, take

oy 1 2ME (kr* + (1 — k) I?)
k (r) —fm r(r2 _ l2)2 > 0. (123)

Note that this gives a positive contribution to the (9;+)) 2 term, and does not affect any other
terms. The only remaining cross term is ¥V ,1), which we will deal with using Young’s in-
equality with an e. For each fixed value of r, we have

- 1 /~ 2
> — 2 .
%] > (a(rw im0 (F) ) (124)
Pick e(r) = €o/r, for some constant £y > 0. Then
2k2 = 2k2€() 2 k2 = 2
=2 > - -2 .
P YV, > p Y eur (er) (125)

Our next goal is to pick ¢ so that these terms can be absorbed by the 1> and (%ﬂ/}) 2 terms

respectively. At this stage we will have to treat the cases 0 < x < 1/2 and k = 1/2 separately.
To begin with, let us suppose that 0 < k£ < 1/2. Looking at the 1/ term first,
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(3-2k) 2k — 3M (3 =2k)) 2kgp _ (3—2k) (2 —0) ko — 3M (3 - 2k))

= 126
23 r 2r3 ’ (126)
where we have defined the positive number
460
0= ——.
(B _2x) (127)
Recall that k, must be chosen in the range
MG3—2x)7 (3—8k+4k*)r
0< ko <1 V(ry)2 =ML . ), | : )r+. (128)
Since k < 1/2,
2
M (3 —2k) - M(3—2Ii), (129)
4 2
and therefore there is an 7y > 0 such that
M(3 -2 M (3 —2k)
( K) tp < ( K) _ (130)
2 4
Set
M (3 -2k
=B (131)
2
for some 0 < 7 < 19, and take 6 = 1. Then
_ _ _ 1 _ _
(3-2k) ((2-0) ko — M (3 — 2k)) _ (3—-2k)n < 0. (132)
2r3 2r3
Moreover, looking at the (6,1/1) 2 term, note that
k; 1 2 M(3-2
2eor r3—2k 2
/
- M’ (133)

r

where ' = 2n/ (3 — 2k). Choosing 1’ < aM /2, (where a > 0 is small) which is possible
since n may be as small as we please, we see that

k4 (1 — k) Pr+ (3 —25) M ke
2Pr 201’
Iir3+(1 —[{)lzr—i—(l_a_sz)Mlz (134)
> )
20Lr

> 0,

providing we choose 0 < a < 1 — 2k, which is possible since xk < 1/2. Putting this all to-
gether, we have that
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P (Pr? +3MPr? — I'r + MIY)

V] = l + zgf*’k’m] (0’

r(r:— 12)3
kr 4+ (1 — k) Pr+ (1 —a—2k) MP ol 7 N2
2Ly +(1—K)g ] (V,¢>
+ (3_23“)7]1#2. (135)
2r
It is then easy to see that
1 =~ N2 1
_VHJP(LX,Y,Wth)[w] >c (’A (at*¢)2 + 2 (er) + r3¢2> , (136)

for some sufficiently small constant ¢ > 0.
Now suppose instead that £ = 1/2. This time, the ¥? term is

2k2 -M . 2k2€0 _ 2k2(1 - 60) —M’ (137)

r r3 r

and we must choose k; in the range 0 < k, < M. Writing k; = M, where 0 < 6 < 1, we see
that it if we have 6 (1 — g¢) > 1/2, then the coefficient of ¥ will be positive. Similarly, the

coefficient of (%/(/J) Zis

P+ Pr+4MP?P k 1 g0 (P + Pr) + MPE (49 — 6)

B 1, _ , 138
2Pr 2eor 28 2Peor (138)

which is certainly positive provided that 4eyp — 6 > 0. If we take (for example) g = 1/4 and
6 = 5/6, then both these inequalities hold, and we can again conclude (136).

We will now look for a current which is able to control the ‘Wzﬁ‘z In order to eliminate as
many of the other terms as possible, set 4(r) = 0 and k(r) = 0. This gives a divergence,
~ N2 . ~
ST ] < (1)g” (B 9) — wi(r)g” (V) = 2mi(r)g 0 vV
2 *r rr N
—wi(r) |[Vo[" = g Wi(r)woev — " Wi (NeV, ¢

— 2 — 2
—wi(r) [3 L E (32r32“) }wz. (139

We now use the fact that we control ¢ as well as the squared ¢* and r derivatives (with ap-
propriate weights). In order to control a positive quantity, we need to choose w; to be negative,
and in order to have the right weight in front of the (9,-1) % term, we need to w; to decay at
least as fast as 1//2. Taking wy (r) = —1/r2, it is then easy to see that

1 2 1 70,1, 1 2 2 (S 2 L,

3 V| < VR + C <r4 (Ortp)” +r (er) + 3¢ ) , (140)
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for some positive constant C. Therefore,

L @4 () [P0 < 0 (<R ] - v ) (4
Upon integrating, we have the required inequality. O
Proof of lemma 6.1. As above set

X = rh(r)a, Y = k(r)

(142)

and
JED ] = Ty [YIX” + w1 (MY 1) + wa (R Xy, — T [9]YY. (143)

This proof is a (rather long) calculation. We will consider each term separately. The first term
is,

Vo (T felx”) = KVl

N - (144)
=1}, T" + S, X".
Using the formula for § in terms of f(r) and V(r), we calculate
S,X" = rh(r)S,,
— h(r) {(3 R V(R - 2 8;2* LI ’22”” Vot Vop|
(145)

Now we will look at the term involving the deformation tensor. Define a new tensor
Q = 11X — h(r)g. It turns out that Q has no do or d¢ terms, and

8w Q" = —h(r) + rh'(r). (146)

It is then a brief calculation to get

0T (0] = (@ + 5 () = i (1) " | ,0%, 0

2
+ % [h(r) — rh' (r)] V(r)y?. (147)
And using the formula for the twisted energy-momentum tensor, we get
gu T[] = =V, V79 — 2V (r)¢?. (148)

Putting these three equations together, we get

Vi (TH 1K) = QT[] + h(r)g T 0] +5,X",

= o4 300 - e+ LS h e | G
— 4K — OK :‘432 r
+ [((3 2y IS )h(r) - Eh'(r)V(r)} o (149)
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Next, we look at the second term,
Vi (w1 (9E9) = w1 ()0, 4 + V0 (w1 (1)) V. (150)

By a calculation very similar to that in the proof of lemma 5.2 in [19], we get

3-8k +4Kx>  M(2—2k)? 3-2kg,
e kR ) (151)

V, Vi = [

Therefore,

Vi (1 (N0V ) = W)+ w (DD

3-8k +4k2  M(2—2k)? 5
+ { 3 + g | miyT +

=w) (r)zb%’w + wl(r)elﬂ/)%“l/) — wl(r)wﬁulﬁ“w

3-8k +4r2 M2 —2k)? > 3-2k =,
" { 4r? * 2r3 wir)e” + 2r mYVY,
(152)

3 -2k
wi

G IAT

where we have used the formula 0,9 = %H@/J - 1#%#1 to express the partial derivatives in
terms of twisted derivatives. Notice that

32k~
uavins (153)
2r

V, IVH) = VAV ) =
and that
V' =g 01+ 8"V, (154)
Putting this in (152) we get
~ . ~ \2
Vi (m)0V0) =wi()g™ @ 0) +wi(rg” (V0)
+ 2w1(r)g’*’8,*w6,1/) + wi(r) |Y71/)|2 + w’l(r)g’*’z/)at*d;

~ _ 2 _ 2
W, (M"Y + [3 b M(zzrfﬁ) ] wi(ed. (155

The third term is
Vi (wa (PP XH) = wh(r)? X" + 2wa ()0, X" + wa(r)h*V . XH,
= [rwh(r)h(r) + 26w2(P)h(r) + rwa(r) ()] 42 + 2rwa (r)h(r) OV 0, (156)

where we have used the formula

1
VX! = =0, (v—gx") (157)
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to calculate the divergence. For the fourth term, again using the formula for the divergence of
the twisted energy-momentum tensor, we have

 (Tulolr) =TT 4 5,1
= Hﬁuf‘“’, (the second term vanishes since O,-f = 0), (158)
= 28""K (r) (B 0)” + 26 (K (r) D ¥V 0.

Putting these four terms together completes the proof. [

Proof of lemma 6.2. Integrating —V*J5" """ [)] and using the divergence theorem,
we get

gk (XY wiw) — (XY wi,w2) m _ (XY, w1,m2) n
/M[R],RZ] v J!i ’ W}} dVol = /E[R1~R2] Jﬂ ’ W]n dSZJTZ /E[RI-RZJ Jl‘ 2 [’l[)]l’l dSZTl
T2 T

[11.75]

(X,Y.wi,w2) " _ (XY wiw2) o =
+ /E[Tlsz] J”' [Q/J]m dSZRl /i[’]le JH [’l/)}m dSERz :
Ry Ry
(159)

As before, we will take the limits Ry — r and R, — oo. Using the formulas (20) and (23)
for n* and m*, it is straightforward to calculate

I [glat = 0, (160)
and
wi,ws h(r) g o h(r) 7 (S )
‘]l(tx, )['(/J]m'u =1 ) \/7 (ar*¢) %\/? (er>
|W| +wi(r) =100 + wi (r)V/gTYV

v v

rh(r) _l r 2
+ 20 (oatr) - 00 ) 02 (t61)

It is now easy to check by counting powers of r, using the asymptotic behaviour imposed by
Dirichlet, Neumann or Robin boundary conditions, and the assumptions on 4, w; and w; in the
statement of the lemma, that

lim JE) [lmt dSg, = 0. (162)

R,—00 2[71 1] M

Now, using the fact that g — 0o as r — r4 so that the (6,1&) 2 and z/ﬁ,zp terms vanish

in the limit, we get
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lim JEEw) [yt dS
Ri—ry Jslin] H Ry
Ry

- / wi(r )8 0 i dr* dw
H[T1.T2)

3 3
N / rehlre) eer (e~ O (g 4oagey) (rim(r+) - ’iV(r+)> v? ) A d,
HI[T1T2] (,1 + %) 2 ?

. roh(r
</[ ]wl(r+)g’ 'wa,*wridz* dw + V4 (r4) Flu; [T, T2]]
HIT1T2

(%)

+ /H - (h(r+) <r3+wz(r+) - %V(u)) wz) dr* dw. (163)

By Young’s inequality,

2(9. 2
wi(r 0 < e + —WI(“)%( 8 (164)
for ant € > 0. Therefore
. (X,wi,w2) _
lim S W lmt dSER1

Ri—rq il[:—] 1]
1

wl(r+)2+ ryh(ry)
X r2

3
+/ (h(r+) <riwz(r+) - r+V(r+)> + 6g’*’) Y*dr* dw.
HIT1T2] 2

Flih; [T1, T]] (165)

Setting wy(r) = ko/r?, with 0 < k, < r3.V(r1)/2, we see that the second term can be made
negative provided we choose ¢ sufficiently small. For such an €, we have therefore

/ - — VI (] dVol < CF[ip; [Ty, Ta]] < CEq[¥]. (166)
Bl

Finally, the terms involving J” [1] are bounded exactly as in the proof of energy boundedness.

O

6.3. Integrated decay without weight loss

It is possible to restate the Morawetz estimate theorem 6.2 so that the radial weights are the
same on both sides of the inequality. The price that is paid is that the right hand side also
includes the energy of 0,«).

Theorem 6.3. Consider the Klein—Gordon equation (8) on the Lorentzian metric (7), for
Jixed M >0,1>0and 0 < k < 1/2. There is a constant C > 0 (depending on M, | and k)
such that for any smooth solution 1 to the Klein—-Gordon equation, satisfying Dirichlet, Neu-
mann or Robin boundary conditions at infinity,
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/B[T . E[Y] dr* drdw < c/ (E[Y] + E[0]) drdw. (167)

ZT[
The proof uses the following Hardy-type inequality, which is lemma 5.3 in [19].

Lemma 6.3. Let R > r,. Then there is a constant C > 0 such that

o0 o0 2 o0
/ P dr<C (/ L +/ (%,a;)z P dr) (168)
ry ry r R

for all smooth functions ¢ : [ry,00) — R such that lim,_, oo v/r¢ = 0.

Proof of theorem 6.3. From the Hardy inequality (168), and the original Morawetz esti-
mate theorem 6.2, it follows that

/ Prdrfdrdw < C | &[] drdw. (169)
BIT12] S,

Since [81* g + l%] = 0, it follows that 0, is also a solution of the Klein—Gordon equation,
and therefore we can apply equation (169) to get

/B[Tﬂz] (3;*¢)2 dr*drdw < C . E[0ryp] drdw. (170)

The ﬁrw) 2 term appears with the same weight on both sides in (6.2), so the only remaining
term to bound is the |W1/1|2 term with the correct weight. To do so, we use a modified current

as in the proof of theorem 6.2. We will choose the current so that |Y71/J|2 has a positive coef-
ficient in minus the divergence, and all the cross terms vanish. The fact that we control 1> and
all its other derivatives means that we will then be able to control the other derivatives. Using
the formula (118), and setting i(r) = 1, wi(r) = — (1 — 2&), w2(r) = 0 and choosing k(r) so
that the 9«1V, cross term vanishes. This choice means that the leading order term in the
coefficient of 1% appears with a positive sign and so can be discarded. The cross terms all van-
ish, and the remaining terms all have the same weights as in the bounds above. This completes
the proof. O

6.4. Quantitative decay

We have now done enough to establish a quantitative decay estimate for a solution of the
Klein—Gordon equation.

Theorem 6.4. Consider the Klein—Gordon equation (8) on the Lorentzian metric (7), for
fixed M >0,1>0and 0 < k < 1/2. There is a constant C > 0 (depending on M, | and k)
such that if ¢ is a solution of the Klein—-Gordon equation satisfying Dirichlet, Neumann or
Robin boundary conditions, then

C < "
ElY]drdw < m; 205[31*1/1] dr dw, (171)

foranyn € N.

The proof of this theorem is exactly as in [19].
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