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Abstract – Magnetic properties of Ising nanotubes with double surface and core walls were
studied using Monte Carlo study. Total and partial magnetizations and magnetic susceptibilities
with walls surface and in the core walls have been given. The effect of crystal field and reduced
exchange interactions at surface on total magnetization at surface and core walls were studied.
Magnetic hysteresis cycles with double surface and core walls have been found.
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Introduction. – In previous works [1,2], magnetic
nanosystems and nanotube/nanowire devices, have gar-
nered considerable attention. The Blume-Capel model
and the effective-field theory (EFT) on a cylindrical Ising
nanowire have been studied [3]. The magnetic prop-
erties of nanograins of La0.67Sr0.3MnO3 are studied us-
ing Monte Carlo simulation (MCS) [4]. Liu et al. [5]
have used the EFT and MCS to study the mixed spins
1/2 and 2 diamond chain with the Ising model (IM).
The magnetic hysteresis and thermodynamic properties
of double-walled carbon nanotubes are studied [6,7]. On
the other hand, triple of hysteresis cycles have been ob-
served in spin-1/2 core and spin-1 surface [8]. Kocaka-
plan et al. have applied the effective field theory to study
magnetic and thermal properties of a nanoscaled spin-
1/2 hexagonal Ising nanowire [9]. Experimentally, syn-
thesis and photoeletrochemical performance of AuAg/CdS
double-walled nanotubes have been studied by ref. [10]. In
a previous work [11], the hierarchical Co3O4/NiO core-
shell nanotubes were fabricated by the deposition of NiO
shells via a chemical bath treatment using electrospun
Co-C composite nanofibers as templates, followed by a
calcination process in air. Desmecht et al. [12] have
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studied the intact sp2 carbon atoms followed by post-
functionalization to graft a dipyridylamine ligand on the
surface of both solids and pristine carbon nanotubes.
In recent years, there have been breakthroughs in both
experimental and theoretical investigations of magnetic
nanotubes [13–15]. The core-double-shell structured mag-
netic halloysite nanotube nano-hybrid has been reported
in ref. [16]. Some results on nanotubes may have potential
applications in different research fields, such as electronics,
optics, mechanics and even biomedicine and molecular de-
vices [17,18]. The magnetic properties of diamond-shaped
graphene quantum dots have been investigated by varying
their sizes with the Monte Carlo simulation [19].

In the present work, magnetizations and magnetic sus-
ceptibilities with walls surface and in the core walls have
been studied. Magnetic hysteresis cycles with double sur-
face and core walls have been established. The introduc-
tion is presented in the current section. The Ising model is
given in the following section. The method of simulation
is illustrated in the third section. The results and discus-
sion have been detailed in the fourth section. Finally, we
have given the conclusion in the final section.

Ising model. – We consider an Ising nanowire with
double surface wall and core wall the mixed spins σ = 3/2

46002-p1



R. Masrour and A. Jabar

Upper View Side View

Fig. 1: Schematic representation of the Ising nanowire with
double surface and core walls. The open and black circles on
each section represent the spin-3/2 and spin-1 magnetic atoms
at the surface wall and in the core wall, respectively.
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Fig. 2: The total and partial magnetizations and magnetic
susceptibilities of the Ising nanowire with walls surface (MS)
wall and in the core wall (Mσ) for r = −1.0, p = +1.0, dS = 0,
dσ = 0 and h/JSS = 0.2.

and S = 1, respectively. The Hamiltonian of our system
is given by

H = −
∑
〈i,j〉

SiSj − r
∑
〈i,k〉

Siσk

− p
∑

〈k,m〉
σkσm − dS

∑
i

S2
i − dσ

∑
k

σ2
k

− h/JSS

(∑
i

Si +
∑

k

σk

)
, (1)

with r = JSσ/JSS, p = Jσσ/JSS , ds = ΔS/JSS, dσ =
Δσ/JSS and t = T/JSS, Δ and h are the crystal field and
external field, respectively. JSσ and JSS are the exchange
interactions between S-σ and S-S, respectively.

The possible spin projections of σ = 3/2 and S = 1 spins
moments are (+3/2; +1/2; −1/2; −3/2) and (+1; 0;−1),
respectively.

Method of simulations. – The Ising nanowire of dou-
ble surface and core walls with mixed spins 3/2 and 1 has
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Fig. 3: The reduced transition temperature tC of the Ising
nanowire with walls surface (MS) wall and in the core wall
(Mσ) vs. reduced crystal field at surface (S) with dS = 0 (a)
and with reduced crystal field at surface (S) with dσ = 0 (b)
for r = −1.0, p = +1.0 and h/JSS = 0.2.

been presented in fig. 1. This system is assumed to re-
side in the unit cells and the nanowire consists of the total
number of spins N = (NS + Nσ) ∗ L, with NS = Nσ = 18
and L = 10. The Monte Carlo simulation is applied to
simulate the Hamiltonian given by eq. (1). Free boundary
conditions on the lattice were imposed and the configura-
tions were generated by sequentially traversing the lattice
and making single-spin flip attempts. The flips are either
accepted or rejected according to a heat-bath algorithm
under the Metropolis approximation. Our data were gen-
erated with 105 Monte Carlo steps per spin, discarding
the first 104 Monte Carlo simulations. Starting from dif-
ferent initial conditions, we performed the average of each
parameter and estimated the Monte Carlo simulations, av-
eraging over many initial conditions. Our program calcu-
lates the following parameters, namely:

The internal energy per site E of the Ising nanowire
with double surface wall and core wall is

E =
1
N

〈H〉. (2)
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Fig. 4: The total magnetization vs. the reduced exchange inter-
actions at surface of the Ising nanowire with different values of
reduced crystal field at surface dS = 0, −2.5, −3.0, −3.2, −3.5
(a) and dσ = 0.0, −0.5, −1.0, −1.5, −2.0 (b) for r = −1.0,
t = 1 and h/JSS = 0.2.

Magnetizations of the Ising nanowire with double surface
wall and core wall, respectively, are

Mσ =
1

Nσ

〈∑
i

σi

〉
, (3)

MS =
1

NS

〈∑
i

Si

〉
. (4)

Total magnetization of IN with double surface wall and
core wall is

Mtot =
NSMS + NσMσ

NS + Nσ
. (5)

Magnetic susceptibilities of the Ising nanowire (IN) with
double surface wall and core wall are given by

χS = β
(〈

M2
S

〉 − 〈MS〉2
)
, (6)

χσ = β
(〈

M2
σ

〉 − 〈Mσ〉2
)
, (7)

where β = 1
kBT , T denotes the absolute temperature and

kB is the Boltzmann’s constant.
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Fig. 5: The total magnetization vs. the reduced crystal
field at surface of the Ising nanowire with different val-
ues of reduced exchange interactions between surface and
core r = −0.5, −1.0, −1.5, −2.0, −2.5, p = +1.0 (a) and
reduced exchange interactions between spins σ-σ, p =
+0.2, +0.5, +1.0, +1.5, +2.0, r = −1.0 (b) for dS = 0, t = 1
and h/JSS = 0.2.

Total magnetic susceptibility of IN with double surface
and core walls is given by

χtot =
NSχS + Nσχσ

NS + Nσ
. (8)

Results and discussion. – Figure 2 displays the total
and partial of magnetizations and magnetic susceptibili-
ties of the Ising nanowire with surface and core walls for
r = −1.0, p = +1.0, dS = 0, dσ = 0 and h/JSS = 0.2. The
maximums of magnetic susceptibilities are situated at re-
duced transition temperature tC = 4.4. The system goes
from ferromagnetic phase to paramagnetic phase. A sec-
ond phase transition was observed at the reduced transi-
tion temperature tC .

Figure 3(a) shows the reduced transition temperature
tC of the Ising nanowire with surface wall vs. reduced crys-
tal field dσ. Figure 3(b) gives the variation of the reduced
transition temperature tC vs. crystal field dS for r = −1.0,
p = +1.0 and h/JSS = 0.2. For dσ < −1.5, the surface is
ordered before the core walls and for dσ > −1.5, surface
and core walls are ordered at the same time. The value
(dσ)C = 1.5 can be defined as the particular dσ value
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Fig. 6: The total magnetization vs. the reduced crys-
tal field at core of the Ising nanowire with different val-
ues of reduced exchange interactions between surface and
core r = −0.2, −0.5, −1.0, −1.5, p = +1.0 (a) and re-
duced exchange interactions between surface and surface p =
+0.2, +0.3, +0.4, +1.0, r = −1.0 (b), with different reduced
crystal field dσ = 0.0, −1.5, −1.8, −1.9, −2.0 (c) for t = 1 and
h/JSS = 0.2.

at which (tC)σ = (tC)S . The inverse phenomenon is ob-
served in fig. 3(b) when dS < −1.5, the surface transition
for which the surface is ordered before the core walls. For
dS > −1.5, the behavior is similar to that obtained in
fig. 3(a).
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Fig. 7: The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for r = −0.1 (a), −1.0 (b),
−1.3 (c) for p = +1.0, dS = 0, dσ = 0 and t = 1.

We have presented, in fig. 4, the absolute value of to-
tal magnetization vs. the reduced exchange interactions at
surface of the Ising nanowire with different values of crys-
tal field dS = 0, −2.5, −3.0, −3.2, −3.5 (a) and dσ = 0.0,
−0.5, −1.0, −1.5, −2.0 (b) for r = −1.0, t = 1 and
h/JSS = 0.2. For p < −1.3, the total magnetization is
constant, decreases rapidly in the −0.49 < p < −0.15
range and increases in the −0.087 < p < 0.51 range until
it reaches saturation. For p < −1.68, the absolute value
of the total magnetization is constant and decreases with
absolute value of the crystal field until p = −0.1, 0.005,
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Fig. 8: The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for p = +0.2 (a), +0.7 (b),
+1.2 (c) for r = −1.0, dS = 0, dσ = 0 and t = 1.

0.02, 0.4 and 0.7 for dσ = 0.0, −0.5, −1.0, −1.5, −2.0,
respectively. After that the total magnetization increases
until it reaches saturation for different values of dσ such
as given in fig. 4(a).

Figures 5(a) and (b) illustrate the absolute value of
the total magnetization vs. the reduced crystal field at
the surface of the Ising nanowire with different values
of exchange interactions (r = −0.5, −1.0, −1.5, −2.0, −2.5
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Fig. 9: The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for dS = −1.5 (a), −3.0 (b),
−5.0 (c) for r = −1.0, p = +1.0, p = +0.2, dσ = 0 and t = 1.

and p = +1.0) and (p = +0.2, +0.5, +1.0, +1.5, +2.0
and r = −1.0), respectively for dS = 0, t = 1 and
h/JSS = 0.2. The total magnetization is constant
for dσ > −1 and dσ ≤ −5 and decreases with ab-
solute values of r until dσ = −2.19, −2.6, −2.99, −3.61
and −3.99 for r = −0.5, −1.0, −1.5, −2.0, −2.5, respec-
tively. After that the total magnetization increases un-
til it reaches their saturation for different values of r
(see fig. 5(a)). The absolute value of total magnetization
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Fig. 10: The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for dσ = −0.4 (a), −1.0 (b),
−1.5 (c) for r = −1.0, p = +1.0, p = +0.2, dS = 0 and t = 1.

decreases with increasing the absolute value of crystal
field until dσ = −0.92, −1.62, −2.58, −3.52 and −4.45 for
p = +0.2, +0.5, +1.0, +1.5, +2.0, respectively. After that
the total magnetization increases until it reaches their sat-
uration for different values of p (see fig. 5(b)).

Total magnetization vs. the reduced crystal field at
core with of IN with different values of reduced ex-
change interactions between surface and core r =
−0.2, −0.5, −1.0, −1.5, p = +1.0 and reduced exchange
interactions between surface-surface p = +0.2, +0.3, +0.4,
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Fig. 11: The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for t = +1.5 (a), +2.0 (b),
3.0 (c) for r = −1.0, p = +1.0, p = +0.2, dS = 0 and dσ = 0.0.

+1.0, r = −1.0 are given in figs. 6(a) and (b) with differ-
ent reduced crystal field dσ = 0.0, −1.5, −1.8, −1.9, −2.0
for t = 1 and h/JSS = 0.2. We see that the total magneti-
zation becomes constant for dS > −2 whatever the values
of r, p and dσ and it remains constant when dS < −8
and decreases rapidly elsewhere. For (dS)C = −4.66, the
system does not depend on the crystal field dS = dσ such
as given in fig. 6(c).
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Figure 7 presents the magnetic hysteresis cycles of IN
with double surface and core walls for r = −0.1 (a),
−1.0 (b), −1.3 (c) for p = +1.0, dS = 0, dσ = 0 and
t = 1. The coercive field and remanent magnetization
increase with increasing the absolute values of exchange
interactions between surface and core walls. In a previous
work [20], they found that the remanent magnetization de-
creases with the decreasing of shell (or surface) exchange
coupling. This result is in good agreement with our re-
sults. The triple loops are composed of one central loop
and two-sided symmetric loops.

Magnetic hysteresis cycles of the Ising nanowire with
double surface and core walls for p = +0.2, +0.7, +1.2 are
presented in figs. 8(a)–(c), for r = −1.0, dS = 0, dσ = 0
and t = 1. The coercive field increases with increasing the
absolute values of exchange interactions between surface-
surface walls.

It is shown that as p decreases the hysteresis curve
changes from one central loop to triple loops.

In fig. 9, we plot the magnetic hysteresis cycles of the
IN with double surface and core walls for dS = −1.5 (a),
−3.0 (b), −5.0 (c) for r = −1.0, p = +1.0, p = +0.2,
dσ = 0 and t = 1. It is shown that as dS decreases
the hysteresis curve changes from triple loops to one
loops. The superparamagnetism behavior is observed for
dS = −5.0.

The magnetic hysteresis cycles of the Ising nanowire
with double surface and core walls for dσ = −0.4 (a), −1.0
(b), −1.5 (c) as shown in fig. 10, for r = −1.0, p = +1.0,
p = +0.2, dS = 0 and t = 1. It is shown that as dσ de-
creases the hysteresis curve changes from triple loops to
one loops.

Finally, we display in fig. 11 the magnetic hystere-
sis cycles of IN with double surface and core walls for
t = +1.5 (a), +2.0 (b), 3.0 (c) for r = −1.0, p = +1.0,
p = +0.2, dS = 0 and dσ = 0.0. It is shown that as the re-
duced temperature increases the hysteresis curve changes
from triple loops to one loops. The system presents the
superparamagnetism for t = 3.0. The magnetic coercive
field and remanent magnetization decrease with increas-
ing the absolute value of the crystal field and temperature
values.

Conclusions. – The magnetic behavior of the nan-
otube with double surface and core walls has been investi-
gated. The reduced transition temperature of this system
is obtained. The system goes from ferromagnetic phase to
paramagnetic phase and the second phase transition is ob-
served at the reduced transition temperature. The order

and disorder depend on crystal field and exchange interac-
tions in the surface and in the core walls. The coercive field
and remanent magnetization increase with increasing the
absolute values of exchange interactions. The triple loops
are composed of one central loop and two-sided symmetric
loops. The magnetic coercive and magnetization remanent
decrease with increasing the absolute value of crystal field
and temperatures.
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