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Abstract. We statistically examine long time sequences of Brownian motion
for a nonequilibrium version of the Rayleigh piston model and confirm that the
third cumulant of a long-time displacement for the nonequilibrium Brownian
motion linearly increases with the observation time interval. We identify a
multiplicative Langevin equation that can reproduce the cumulants of the long-
time displacement up to at least the third order, as well as its mean, variance
and skewness. The identified Langevin equation involves a velocity-dependent
friction coefficient that breaks the time-reversibility and may act as a generator
of the directionality. Our method to find the Langevin equation is not specific
to the Rayleigh piston model but may be applied to a general time sequence in
various fields.
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1. Introduction

Brownian motion refers to random fluctuating phenomena ubiquitously observed in
nature. Typically, it is observed as trajectories of molecules, colloidal particles, biomo-
tors in cells, agents in active matter, stars within galaxies, interfaces, market prices
and so on [1-8]. These dynamics are often described by the Langevin equation. Once
we obtain the equation, we can predict unknown properties and propose experimental
methods to estimate previously unmeasured quantities from the theoretical point of
view. Indeed, the stochastic energetics [9, 10] based on the Langevin equation was
developed to analyze the Brownian motion of molecular machines and enables us to
approach their design principles. For example, a nonequilibrium equality [11] revealed
that a rotary motor protein dissipates free energy at almost 100% through its rotational
motion [12], but a processive motor protein wastes in parts other than the translational
motion [13]. Thus, the Langevin equation forms the basis of theoretical investigations
that are inseparable from developments of experimental techniques.

The identification of the Langevin equation in equilibrium is well-established
because its form is strictly restricted by the fluctuation-dissipation theorem [14, 15].
Conventionally, nonequilibrium Brownian motion has been described by adding terms
representing nonequilibrium effects to the Langevin equations for the equilibrium
Brownian motion. However, these expressions with the fluctuation-dissipation theorem
are not justified out of equilibrium [9]. The important problem here is that general
principles of identifying the Langevin equation are not known. Indeed, there are many
examples of nonequilibrium Brownian motion that have not been described by the
Langevin equations.
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Thus, our aim in this paper is to obtain a Langevin equation to reproduce the statis-
tical properties of nonequilibrium Brownian motion, particularly directional Brownian
motion exhibiting a finite velocity on average. We focus on higher cumulants of long-
time displacement in the nonequilibrium Brownian motion and find that they work as a
discriminator to identify the Langevin equation. To demonstrate, we adopt a standard
model, called the Rayleigh piston, which is used to derive the equilibrium Langevin
equation from the microscopic dynamics of a large number of degrees of freedom [16,
17]. Its nonequilibrium version is presented in textbooks and has been studied during
the past few decades [18-33]. We numerically identify a multiplicative Langevin equa-
tion (13) that reproduces the cumulants of long-time displacement of this nonequi-
librium Brownian motion at least up to the third order. The multiplicative Langevin
equation contains a linearly velocity-dependent friction coefficient, which can never
appear in equilibrium.

The paper is organized as follows. In section 2, we explain the setup of the Rayleigh
piston model. In section 3, we define the cumulants of the long-time displacement and
confirm that the third cumulant linearly increases with the observation time interval.
In section 4, we identify the Langevin equation that can reproduce the cumulants up to
at least the third order. In section 5, we explain the relation between the original model
and the identified Langevin equation, and then, we numerically estimate the scaling
form of the cumulants in section 6. In section 7, we examine the dynamics of the stalled
state and confirm that the property of the third cumulant is not affected. The final sec-
tion is devoted to a brief summary and some concluding remarks.

2. Setup to generate nonequilibrium Brownian motion

We consider the experimental setup schematically shown in figure 1(a). A rigid piston
of mass M is freely movable in one direction inside an infinite cylinder of cross-sectional
area S. Its position and velocity are denoted by X and V', respectively. The piston
separates the cylinder into two regions filled with ideal gas particles of mass m < M.
The pressure p is equal on both sides, whereas the temperature on the left side, 17,
is different from that on the right side, Tr. Suppose, without loss of generality, that
T1, < Tr. For a later purpose, we define

T = \T11R, (1)

CTR-Th
0= —F— (2)

Assuming that the particles are in equilibrium before colliding with the piston and
that they collide elastically and instantaneously with the piston only once, we model
the collisions between the piston and gas particles by random events with a collision
rate of

pS
kg1t

pS

Ao, V) =
(U7 ) kBTR

(v—V)0(v—V) fl(v) +

eq

(V—=0)0(V—v) felv) (3

eq
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Figure 1. (a) Schematic illustration of the Rayleigh piston driven by a temperature
difference. (b) Typical time sequences of the Brownian motion generated from (7).
M =10, m=0.01, p =10, kgT1, = 6.2 and kgTr = 16.2.

2
LRy = [ ™ v

where v is the velocity of a colliding particle, kg is the Boltzmann constant, fg?l/ R(v)
is the Maxwell distribution, and 6(-) is the Heaviside step function. The coefficients
p/ksTi/r are equivalent to the number densities of the particles. Using the laws of the
conservation of energy and momentum, the transition probability per unit time from

V to V', W(V'|V), is given by
dv

with

!
= )\ _—
WVV) = A V) )
with
 M+m_, M-m
v = 5 Vv o V. (6)

Then, noting that X = V| the time evolution of the probability density of X and V at
time ¢, P(X,V,t), is governed by the following master-Boltzmann equation:

8P(X7V>t>_ GP(X,V,t) / / / /
S = Vel [V (VIVP(X V)
—/dV’W(V’\V)P(X,V,t). (7)

Using the Gillespie algorithm [34], we numerically obtain statistically correct trajec-
tories of the master-Boltzmann equation (7) without any approximations. Typical time
sequences of X are demonstrated in figure 1(b).

https://doi.org/10.1088/1742-5468 /ab54bc 4
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3. Cumulants of the displacement as observables

As is done in typical experiments, we observe periodically the position X numerically
produced from (7) with setting the interval of two successive observations as t. We are
interested in the long-time properties of the directional Brownian motion but not in
the instantaneous velocity V. Rather, we concentrate on the displacement of X in the
interval t,

AX; = X(to+t) — X(to). (8)

The long-time fluctuations of the Brownian motion are fully characterized by cumu-
lants ((AX;)").; more concretely,

(AXy)e = (AXY), 9)
(AX)*)e = ((AX, — (AX}))%), (10)
(AX))e = (AX; — (AX,))?) (11)

for n = 1,2,3. Here ty-dependence can be ignored in the statistics for steady states. (-)
indicates a sample average and/or an average over . The skewness is defined from
these cumulants as ((AX;)%)/(((AX,)?)e)>2.

These cumulants depend on the observation interval £. For usual Brownian motion,
the first or second cumulant is expected to increase linearly with the interval t for
sufficiently large ¢t. When the probability density of AX,/t satisfies the large deviation
property, ((AX;)"). = O(t) as t = 00, except when ((AX;)"). = 0 [35]. We then focus
on the growth rate of the nth cumulant

_ o ((AX)™).
=T (12)
where s; and s/2 are the mean velocity and the diffusion constant for Brownian
motion, respectively. In real time sequences, we determine s, as the slope of cumulants
around a finite value of ¢ such as t > t, or typically ¢t ~ 10¢,, where t, is a characteristic
relaxation time.

We demonstrate that the growth rate s3 for the third cumulant can be finite in non-
equilibrium Brownian motion. Figure 2 shows a linear increase in the third cumulant
as a function of ¢ for the time sequences of X produced by (7). We obtain s3 # 0 out
of equilibrium, 71, # Tr, and s3 = 0 at equilibrium, 71, = Tr. Thus, the third cumulant
((AX;)3). is never neglected for the nonequilibrium Brownian motion even in the limit
of sparse observation ¢ — oo.

4. Effective Langevin equation

Hereafter, we focus on whether or not the nonequilibrium Brownian motion is described
by a certain effective model. The third cumulant works as a discriminator to determine
the validity of various candidate models of the long-time behavior. For instance, a stan-
dard Langevin equation for a particle under a constant force f with a constant friction

https://doi.org/10.1088/1742-5468 /ab54bc 5
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Figure 2. Third cumulant of the displacement AX; as a function of the observation
interval ¢t. The parameters of (7) are M =10, m=0.01, p =10 and kg7 = 10 for
0 =0, 0.5, and 1.0. The three lines are linear fittings to the data for § = 0, 0.5, and
1.0, respectively.

coefficient, ’yX = [+ V29ksT&(t), gives s3 = 0 for any f; therefore, it is not appropriate
as an effective model. The multiplicative Langevin equation with v(X) might become
the next candidate, but this does not satisfy the translational invariance with respect to
X. An underdamped Langevin equation for V = X, i.e. MV = f — AV + /2vksT&(¢),
with the mass M of the object, also shows s3 = 0.

The nonvanishing third cumulant, s3 # 0, does not imply the absence of the effective
model. For the directional Brownian motion generated from (7), we identify the mul-
tiplicative Langevin equation that reproduces the cumulants of the long-time displace-
ment up to at least the third order. The equation is written as

MV = —y(V)V 4+ /29(V)ksT - £(1), (13)

(V) =71 =mV) (14)

where the constants 7y, 71, and T are determined by the system parameters. The sym-
bol - denotes the Itd product, and ¢ is Gaussian white noise with zero mean and unit
variance. At the top of figure 3, the growth rate s3 of the third cumulant obtained
from the numerical integration of the effective Langevin equation (13) using the Euler—
Murayama method is plotted parallel to s3 obtained from the original Brownian motion
of the Rayleigh piston (7). The points of the two figures coincide with each other within
the statistical error. The values of s; and sy are also consistent between (7) and (13), as
shown at the bottom of figure 3. Thus, we conclude that the multiplicative Langevin
equation (13) can be employed as an effective model for (7) reproducing the long-time
statistical properties.
In the long time sequence generated from (7), we determine the parameters as

Yo =2¢"'pS (15)

m
kgT’
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Figure 3. Coincidence of s, s; and s3 for the time sequence generated from
equation (7) with those for the time sequence generated from the Langevin
equation (13). Each dotted line corresponds to equations (31), (32) or (33), i.e.
s3 = L.bazd with az = ¢*(kgT/pS)*\/ksT /m, s, = 0.5a,6 with oy = ¢m/M+/kgT /m,
or so = o with ag = ¢kpT /pS+\/kgT/m. The parameters (M,m,p,T) are given in
the top-left section of the figure, whereas 0 < ¢ < 1.

m
with
b= \/f 2T (a7
8 VT1, + V1xr

according to the argument in section 5. The method to deduce the Langevin equa-
tion (13) for general Brownian motion from the time sequence is discussed in section 8.

5. Relation between (7) and (13)

Let us introduce a nondimensional small parameter

£ = E<<1

Using the Kramers—Moyal expansion and a perturbation expansion in powers of € for
(7), we have [22, 36]

(18)

https://doi.org/10.1088/1742-5468 /ab54bc 7
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+ O(e%), (19)

orP _V8_P 0 W(V)VP YoksT O*P  2e20pSkpT 93P
o ox oV M M? oV? M? ovs3

which is explained in the appendix. Here, vy and 7; are given by (15) and (16),
respectively. T = /I Tr corresponds to the kinetic temperature of the piston, i.e.
M(V?). = kgV/Ti Tk + O(£?) [21, 22].

Ignoring the contribution of O(e?) by noting that both 7o and 7; are of O(e), (19)
corresponds to a Langevin equation

MV = —V 4 /29kpTE(t), (20)

which cannot reproduce the directional motion and s; = 0. Thus, we cannot ignore the
O(&?) terms. Including the contribution of O(e?), (19) becomes similar to the Fokker—
Planck equation but still contains the third derivative term, which implies that the
effective dynamics for the nonequilibrium Brownian motion of (7) is not straightfor-
wardly concluded from the Kramers—Moyal expansion.

Suppose that (19) is transformed into

OP 9P 9 (v(V)V \  keT & (V) \
8t—_V8X+8V< M P>+M8V2 ar ) TOE) 21

by coarse-graining in time. The expression (21) is consistent with the multiplicative
Langevin (13). Although we do not know the procedure to derive (21), we know it is
appropriate from the numerical examination shown in figure 3. The Langevin-like equa-
tion derived in [37] is not compared with (21) because the statistical properties of the
noise are not obvious.

6. Scaling form for the cumulants

Hereafter, we explain a scaling form for the cumulants that plays a central role in
identifying the effective Langevin equation (13) for any parameter value in € < 1. We
introduce the rescaled dimensionless variables

t
T=T, (22)
V
V=—,
Vi (23)
X
X =
Vint: 2h

to summarize the numerical experiments. The variables satisfy V = dX’/dr. Here,
t, = M /7o from (20), Vi, = \/kgT /M is the effective thermal velocity and Vint, is the
characteristic length scale. The probability density of X and V at 7, P(X,V, 1), is
given by

https://doi.org/10.1088/1742-5468 /ab54bc 8
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dX dV

Then, using these new variables, (19) is rewritten as

oP opP 0 0?P PP

Loy (- 2 42— 2

57 EXY + o <( egﬂ))V’P) + ENE + 6}18V3 + O(e%) (26)
with

. ™ TR i TL i
o FE) (@), o

as derived in the appendix. Here, g; ~ \/7/326 for 0 < § < 1.

We first simulate (7) for (M, m, T, p,S) = (10,0.01,10,10,1)and 0 < § < 1, and deter-
mine the scaled version of growth rates ((AX;)")./7 as a function of g for sufficiently
long 7. Numerical fitting by the least-squares method gives estimates for n = 1,2, 3 as

<Ai¢>c = (1.002 £ 0.009)eg1, o
2
w — 2.0006 = 0.0005, )
3
w = (12.02 + 0.06)cg; v

with asymptotic standard errors. Rewriting the above fits in dimensional forms, we
have estimates of
(AXy) ¢ [ksTm

si="—— =3\ " (31)

_ (AX})?)c _ kT kT
S2=—— =P/ o (32)

AX)¥e 303 [ksT [kgT\>
= YRR () o @

where ¢ > t.. Next, we change the parameters M, m, p, 11, and Tr and simulate (7)
while keeping S =1 without loss of generality. We plot the numerical results of the
growth rates si, s5 and s3 in figure 3. It is remarkable that all the data are collapsed
in each line corresponding to (31) and (32) or (33) for 0.032 < e < 0.141 and 0 < 6 < L.
Thus, we can determine the value of the growth rates s, for any parameter value. Note
that (28)—(30) depend on only € and ¢;, consistent with the parameters included in
(26), without O(e?) errors. This confirms that the contribution of O(e?) in (26) does not
affect the Brownian motion for ¢ < 1.

From (31)—(33), we obtain the mean displacement as of O(t)), the variance of the dis-
placement as O(t) and the skewness of the displacement as O(¢~'/2§). Thus, the skewness

https://doi.org/10.1088/1742-5468 /ab54bc 9
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Figure 4. The dynamics of the piston under the stall force —e26pS. M = 10,
m=0.01, p =10, kg7 = 10 and 0 < § < 1. (a) Time sequences of the piston when
d = 1.0. (b) (AX,) for the observation interval ¢ = 100. (c) ((AX;)?)./t as a function
of a3d. The line is ((AX;)3)./t = 1.5a30.

vanishes in the long-time limit ¢ — oo, and then the displacement of the Brownian
motion may be considered to obey a Gaussian distribution. However, we cannot draw the
Langevin equation (13) starting from the Gaussian distribution. This indicates that the
third cumulant is superior to skewness in examining the long-time dynamics.

7. Nonequilibrium Brownian motion without directionality

Here, we compare the Langevin equation (13) with the general form of the Langevin
equation in equilibrium systems. In an equilibrium system, when the stationary distri-
bution of V is

M MV?
P(V) =/ .
V) =\ okt &P ( ZkBT> ’ (34)

a multiplicative Langevin equation for V' is generally given by

MV = —4eq(V)V + 1/27e(V)EsT © £(t), (35)

where ® denotes the anti-It6 product. The nonlinear friction coefficient Yeq(V) is limited
to the time-symmetric form, i.e. Yeq(V) = Yeq(—V'), when the detailed balance condition
or time-reversibility is imposed [38, 39]. To compare the Langevin equation (13) with
the standard form (35), we change the product of (13) from Itd to anti-Itd. We obtain

MV = 25pS —v(V)V +/29(V)ksgT ® £(t), (36)

which is essentially different from the standard form (35) in two aspects: the constant
force term €2§pS and the time-irreversibility of the friction coefficient, v(V) # y(—=V).

https://doi.org/10.1088/1742-5468 /ab54bc 10
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We notice that the effective Langevin equation looks similar to (35) when a drift
term —e26pS is added. Correspondingly, the piston with a constant force —e2dpS
exhibits rather typical Brownian motion without the mean displacement, as shown in
figure 4(a). The statistical average in figure 4(b) indicates (V') = 0, as expected. In this
sense, £20pS in (36) may be regarded as a force generated by the temperature difference.
Even in the stalled state with (V') = 0, the dynamics of the piston are not equivalent to
Brownian motion satisfying detailed balance, as the third cumulant ((AX;)?). is scaled
in the same manner as in (33); see figure 4(c). This non-Gaussian nature is due to the
time-asymmetric friction coefficient (V') # ~(=V).

8. Concluding remarks

We have proposed a new principle to identify the Langevin equation describing non-
equilibrium Brownian motion by focusing on the statistical properties of long-time
displacement. To demonstrate our new principle, we have studied the nonequilib-
rium version of the Rayleigh piston model (7) and have identified the Langevin equa-
tion (13) that can reproduce the cumulants up to at least the third order. The identified
Langevin equation involves the velocity-dependent friction coefficient (V') # ~(=V),
which breaks the time-reversibility. This leads to a breaking of the detailed balance and
the non-Gaussian nature of the Brownian motion; moreover, it leads to the divergence
of the entropy production defined by a log ratio of the weight for a trajectory and its
time reverse. Thus, (13) can reproduce the long-time fluctuations, but we need another
viewpoint to investigate the thermodynamic properties of (7).

Our results show that the nonequilibrium Rayleigh piston provides a good model for
theoretical statistical mechanics because of the following two reasons: first, our numer-
ical study ensures that the nonequilibrium Rayleigh piston is described by the Langevin
equation at a coarse-grained scale. Second, the expression of the Langevin equation (13)
is not straightforwardly deduced from the equilibrium expression. The newly found
Langevin equation contains a friction coefficient that is completely different from the
friction coefficient in equilibrium systems and that has not been considered in previous
studies. Our expression stimulates theoretical studies to derive the Langevin equa-
tion and moreover opens the discussion to determine a standard form for nonequi-
librium Brownian motion. At present, even the growth rate of the higher cumulants
is difficult to determine. In the Nosé-Hoover equation of motion with non-constant
friction coefficients, higher cumulants of the velocity fluctuations have been calculated
[40]. By examining this example, we may find a systematic method for calculating
higher cumulants under general nonequilibrium setups.

Before ending this paper, we make some remarks. Our method may be applied to a
general time sequence and may then stimulate various fields such as colloidal particles,
biomotors in cells, agents in active matter, stars within galaxies, interfaces, market
prices and so on. We emphasize that the experimental trial does not have an associated
cost: it does not require expensive equipment of high time resolution and memorizes
only the long time sequences. We wonder if a mechanism, i.e. the time asymmetry of the
friction coefficient generating an apparent force, occurs in a large variety of directional

https://doi.org/10.1088/1742-5468 /ab54bc 11
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Brownian motion in nature. We hope that the present experimental analysis is relevant
to the time series of various cases of directional Brownian motion. The most important
point is to determine the dependence of the third cumulant for the displacement as a
function of the observation time interval. Once we obtain this dependence, the friction
coefficients may be deduced heuristically. In what follows, we try to propose a scheme
to deduce the friction coefficients and Langevin equations. Suppose that M and T are
known from other experiments. First, we assume the form of the Langevin equation as

MV = f—7(1 = V)V + /270(1 = nV)ksT - £(t), 37

that is, we assume that a fluctuation-dissipation-like theorem holds even in nonequi-
librium. In (37), we adopted the It6 product without loss of generality, as the change
in the product generates only a constant force absorbed into f. Next, we calculate
the cumulants of the displacement for a time interval ¢ by solving (37) analytically or
numerically for various 7; and f and denote the cumulants as ((AX;)")2"/, specifying 71
and fin (37). Finally, we obtain simultaneous equations for v; and f such that
n\71,f
lim % =S, (n=123) (38)

t—o00

where s, denotes the growth rates of the nth cumulant in (12) determined from the
experimental time sequence. By solving these equations, we arrive at estimates for v,
and f. If the simultaneous equations (38) do not have a solution, the time sequence may
not be explained by (13) or (37) but belongs to another statistical category. We believe
that our findings will lead to a fundamental change in the standard form of nonequi-
librium Brownian motion.
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Appendix. Derivations of (19) and (26)

Applying the Kramers—-Moyal expansion to the master-Boltzmann equation (7), we
obtain

OPIX.V,0) _ 0P
ot 09X
o~ (D" 9 2m k/oo -
* Pt kKl OVE\ M +m e dv)‘(”?‘/)(v V) P(X,V,t). (A.1)

By rescaling the variables according to (22)—(24) ast — 7, X — X, and V =V, (A.1)
is rewritten in dimensionless form as
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OP(X,V,7) V@P

or T Tox
11 m(—l)kak(%? S
+ = — Z - - / do M3, V) (0 — V)*P(X,V, 1),
TA+ATE ) vk \1+e2) | (A2)
where
AB,V) = A3 @ = V)0 — V)e T 22 + AV —8)0(V —0)es 7 (A3)
and

1y,
A= <TR) . (A.4)

We further transform the integral of (A.2) as

/Oo do M@, V)(6 — V)* = /Oo du {A" Hu— ATV O(u— A7)

— AR (u — AV)FY(AY —u) ez “u?, (A.5)
Applying the perturbative expansion in € and performing the integration, we have
2¢2 \" < ~ k k—2
<1 n 52) /dv)\(v, V(0 — V)" =0(e"7) (A.6)

for k > 2. The explicit forms for 1 < k£ < 3 are calculated as

( 2¢7 ) /d@ MO V) (0= V) = —4(A+ A™HY — V2 (A2 — A72)V% 4+ 0(£?),

1+¢?
(A.7)
2¢” ’ ~ N (5 ~ 2 -1 2
(HgQ) /dv Ao, V)(0 = V)" =8(A+ A7) +0(), (A.8)
22 \° -
<1 n 52) /df} Ao, V)(0— V) = 12v21(A% — A He + O(e?). (A.9)
Substituting these evaluations into (A.2), we obtain (26), that is
877(X,V,T)__ 8_73 0 _\/E Tk 11,
Q5 V0X+8V 1 8{(TL) (TR> }51/ VP(X,V,T)
82
+ a_WP<X’ V,T)

T\ (TL\T| o
) (R) o

The transformation of (A.10) into the dimensional form leads to (19).

https://doi.org/10.1088/1742-5468 /ab54bc 13


https://dx.doi.org/10.1088/1742-5468/2019/00/000000

Multiplicative Langevin equation to reproduce long-time properties of nonequilibrium Brownian motion

References

[1]
[2]
[3]

[4]
[5]
[6]
[71
(8]

(91
(10]

[11]
[12]
[13]
[14]
[15]
[16]
(17]

(18]
(19]

[20]
[21]

(22]
(23]

[24]

[25]
[26]

[27]
[28]
[29]
[30]

[31]

Svoboda K, Schmidt C F, Schnapp B J and Block S M 1993 Direct observation of kinesin stepping by optical
trapping interferometry Nature 365 721-7

Noji H, Yasuda R, Yoshida M and Kinosita K J 1997 Direct observation of the rotation of Fi-ATPase
Nature 386 299-302

Paxton W F, Kistler K C, Olmeda C C, Sen A, Angelo S K S, Cao Y, Mallouk T E, Lammert P E and
Crespi V H 2004 Catalytic nanomotors: autonomous movement of striped nanorods J. Am. Chem. Soc.
126 13424-31

Jiang H R, Yoshinaga N and Sano M 2010 Active motion of a Janus particle by self-thermophoresis in a
defocused laser beam Phys. Rev. Lett. 105 268302

Reid M J and Brunthaler A 2004 The proper motion of sagittarius A*. II. The mass of sagittarius A* The
Astrophys. J. 616 872

Takeuchi K A and Sano M 2010 Universal fluctuations of growing interfaces: evidence in turbulent liquid
crystals Phys. Rev. Lett. 104 230601

Ide K and Sornette D 2002 Oscillatory finite-time singularities in finance, population and rupture Physica A
307 63

Bouchaud J P and Cont R 1998 A Langevin approach to stock market fluctuations and crashes Eur. Phys. J.
B 6 543

Sekimoto K 2010 Stochastic Energetics (Lecture Notes in Physics vol 799) (Berlin: Springer)

Seifert U 2012 Stochastic thermodynamics, fluctuation theorems and molecular machines Rep. Prog. Phys.
75 126001

Harada T and Sasa S 2005 Equality connecting energy dissipation with a violation of the fluctuation-response
relation Phys. Rev. Lett. 95 130602

Toyabe S, Okamoto T, Watanabe-Nakayama T, Taketani H, Kudo S and Muneyuki E 2010 Nonequilibrium
energetics of a single F-ATPase molecule Phys. Rev. Lett. 104 198103

Ariga T, Tomishige M and Mizuno D 2018 Nonequilibrium energetics of molecular motor Kinesin Phys. Rev.
Lett. 121 218101

van Kampen N G 2007 Stochastic Processes in Physics and Chemistry 3rd edn (Elsevier: Amsterdam)

Risken H 1984 The Fokker—Planck Equation (Berlin: Springer)

van Kampen N G 1961 A power series expansion of the master equation Can. J. Phys. 39 551

Ford G W, Kac M and Mazur P 1965 Statistical mechanics of assemblies of coupled oscillators J. Math.
Phys. 6 504-15

Callen H B 1985 Thermodynamics and an Introduction to Thermostatistics 2nd edn (New York: Wiley)

Feynman R P, Leighton R B and Sands M 1963 The Feynman Lectures on Physics vol 1 (Boston, MA:
Addison-Wesley) ch 39.4

Lieb E H 1999 Some problems in statistical mechanics that I would like to see solved Physica A 263 491-9

Gruber C and Lesne A 2006 Encyclopedia of Mathematical Physics ed J P Francoise et al (Amsterdam:
Elsevier)

Gruber C and Piasecki J 1999 Stationary motion of the adiabatic piston Physica A 268 412

Gruber C and Frachebourg L 1999 On the adiabatic properties of a stochastic adiabatic wall: evolution,
stationary non-equilibrium, and equilibrium states Physica A 272 392

Kestemont E, Van den Broeck C and Mansour M M 2000 The ‘adiabatic’ piston: and yet it moves
FEurophys. Lett. 49 143-9

Munakata T and Ogawa H 2001 Dynamical aspects of an adiabatic piston Phys. Rev. E 64 036119

Chernov N I, Lebowitz J L and Sinai Y G 2002 Dynamics of a massive piston in an ideal gas Russ. Math.
Surv. 57 1045-125

Meurs P, Van den Broeck C and Garcia A L 2004 Rectification of thermal fluctuations in ideal gases Phys.
Rev. E 70 051109

Mansour M M, Garcia A L and Baras F 2006 Hydrodynamic description of the adiabatic piston Phys. Rev.
E 73 016121

Cencini M, Palatella L, Pigolotti S and Vulpiani A 2007 Macroscopic equations for the adiabatic piston
Phys. Rev. E 76 051103

Fruleux A, Kawai R and Sekimoto K 2012 Momentum transfer in non-equilibrium steady states Phys. Rev.
Lett. 108 160601

Sarracino A, Gnoli A and Puglisi A 2013 Ratchet effect driven by Coulomb friction: the asymmetric Rayleigh
piston Phys. Rev. E 87 040101

https://doi.org/10.1088/1742-5468 /ab54bc 14


https://dx.doi.org/10.1088/1742-5468/2019/00/000000
https://doi.org/10.1038/365721a0
https://doi.org/10.1038/365721a0
https://doi.org/10.1038/365721a0
https://doi.org/10.1038/386299a0
https://doi.org/10.1038/386299a0
https://doi.org/10.1038/386299a0
https://doi.org/10.1021/ja047697z
https://doi.org/10.1021/ja047697z
https://doi.org/10.1021/ja047697z
https://doi.org/10.1103/PhysRevLett.105.268302
https://doi.org/10.1103/PhysRevLett.105.268302
https://doi.org/10.1086/424960
https://doi.org/10.1086/424960
https://doi.org/10.1103/PhysRevLett.104.230601
https://doi.org/10.1103/PhysRevLett.104.230601
https://doi.org/10.1016/S0378-4371(01)00585-4
https://doi.org/10.1016/S0378-4371(01)00585-4
https://doi.org/10.1007/s100510050582
https://doi.org/10.1007/s100510050582
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1103/PhysRevLett.104.198103
https://doi.org/10.1103/PhysRevLett.104.198103
https://doi.org/10.1103/PhysRevLett.121.218101
https://doi.org/10.1103/PhysRevLett.121.218101
https://doi.org/10.1139/p61-056
https://doi.org/10.1139/p61-056
https://doi.org/10.1063/1.1704304
https://doi.org/10.1063/1.1704304
https://doi.org/10.1063/1.1704304
https://doi.org/10.1016/S0378-4371(98)00517-2
https://doi.org/10.1016/S0378-4371(98)00517-2
https://doi.org/10.1016/S0378-4371(98)00517-2
https://doi.org/10.1016/S0378-4371(99)00095-3
https://doi.org/10.1016/S0378-4371(99)00095-3
https://doi.org/10.1016/S0378-4371(99)00237-X
https://doi.org/10.1016/S0378-4371(99)00237-X
https://doi.org/10.1209/epl/i2000-00129-8
https://doi.org/10.1209/epl/i2000-00129-8
https://doi.org/10.1209/epl/i2000-00129-8
https://doi.org/10.1103/PhysRevE.64.036119
https://doi.org/10.1103/PhysRevE.64.036119
https://doi.org/10.1070/RM2002v057n06ABEH000572
https://doi.org/10.1070/RM2002v057n06ABEH000572
https://doi.org/10.1070/RM2002v057n06ABEH000572
https://doi.org/10.1103/PhysRevE.70.051109
https://doi.org/10.1103/PhysRevE.70.051109
https://doi.org/10.1103/PhysRevE.73.016121
https://doi.org/10.1103/PhysRevE.73.016121
https://doi.org/10.1103/PhysRevE.76.051103
https://doi.org/10.1103/PhysRevE.76.051103
https://doi.org/10.1103/PhysRevLett.108.160601
https://doi.org/10.1103/PhysRevLett.108.160601
https://doi.org/10.1103/PhysRevE.87.040101
https://doi.org/10.1103/PhysRevE.87.040101

[32]
[33]

[34]
[35]

[36]
(37]
[38]
[39]

[40]

Multiplicative Langevin equation to reproduce long-time properties of nonequilibrium Brownian motion

Itami M and Sasa S 2014 Macroscopically measurable force induced by temperature discontinuities at solid-
gas interfaces Phys. Rev. E 89 052106

Ttami M and Sasa S 2015 Nonequilibrium statistical mechanics for adiabatic piston problem J. Stat. Phys.
158 37-56

Gillespie D T 1977 Exact stochastic simulation of coupled chemical reactions J. Phys. Chem. 81 2340

Bodineau T and Derrida B 2004 Current fluctuations in nonequilibrium diffusive systems: an additivity prin-
ciple Phys. Rev. Lett. 92 180601

Alkemade C T J, van Kampen N G and MacDonald D K C 1963 Non-linear Brownian movement of a gener-
alized Rayleigh model Proc. R. Soc. A 271 449

Plyukhin A V and Schofield J 2004 Langevin equation for the extended Rayleigh model with an asymmetric
bath Phys. Rev. E 69 021112

Graham R and Haken H 1971 Generalized thermodynamic potential for Markoff systems in detailed balance
and far from thermal equilibrium Z. Phys. 243 289

Graham R and Haken H 1971 Fluctuations and stability of stationary non-equilibrium systems in detailed
balance Z. Phys. 245 141

Hoover W F and Holian B L 1996 Kinetic moments method for the canonical ensemble distribution Phys.
Lett. A 211 253

https://doi.org/10.1088/1742-5468 /ab54bc 15


https://dx.doi.org/10.1088/1742-5468/2019/00/000000
https://doi.org/10.1103/PhysRevE.89.052106
https://doi.org/10.1103/PhysRevE.89.052106
https://doi.org/10.1007/s10955-014-1115-7
https://doi.org/10.1007/s10955-014-1115-7
https://doi.org/10.1007/s10955-014-1115-7
https://doi.org/10.1021/j100540a008
https://doi.org/10.1021/j100540a008
https://doi.org/10.1103/PhysRevLett.92.180601
https://doi.org/10.1103/PhysRevLett.92.180601
https://doi.org/10.1098/rspa.1963.0029
https://doi.org/10.1098/rspa.1963.0029
https://doi.org/10.1103/PhysRevE.69.021112
https://doi.org/10.1103/PhysRevE.69.021112
https://doi.org/10.1007/BF01394858
https://doi.org/10.1007/BF01394858
https://doi.org/10.1007/BF01402335
https://doi.org/10.1007/BF01402335
https://doi.org/10.1016/0375-9601(95)00973-6
https://doi.org/10.1016/0375-9601(95)00973-6

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Multiplicative Langevin equation to reproduce long-time properties of nonequilibrium Brownian motion﻿﻿﻿﻿
	﻿﻿Abstract
	﻿﻿1. ﻿﻿﻿Introduction
	﻿﻿2. ﻿﻿﻿Setup to generate nonequilibrium Brownian motion
	﻿﻿3. ﻿﻿﻿Cumulants of the displacement as observables
	﻿﻿4. ﻿﻿﻿Eective Langevin equation
	﻿﻿5. ﻿﻿﻿Relation between (﻿7﻿) and (﻿13﻿)
	﻿﻿6. ﻿﻿﻿Scaling form for the cumulants
	﻿﻿7. ﻿﻿﻿Nonequilibrium Brownian motion without directionality
	﻿﻿8. ﻿﻿﻿Concluding remarks
	﻿﻿﻿Acknowledgments
	﻿Appendix. ﻿﻿﻿Derivations of (﻿19﻿) and (﻿26﻿)
	﻿﻿﻿References﻿﻿﻿﻿


