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Abstract

We study the pressureless Euler equations with nonlocal alignment interactions,
which arises as a macroscopic representation of the Cucker—Smale model on
animal flocks. For the Euler-alignment system with bounded interactions, a
critical threshold phenomenon is proved in Tadmor and Tan (2014 Phil. Trans.
R. Soc. A 372 20130401), where global regularity depends on initial data.
With strongly singular interactions, global regularity is obtained in Do et al
(2018 Arch. Ration. Mech. Anal. 228 1-37), for all initial data. We consider
the remaining case when the interaction is weakly singular. We show a critical
threshold, similar to the system with bounded interaction. However, different
global behaviors may happen for critical initial data, which reveals the unique
structure of the weakly singular alignment operator.
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threshold, blowup
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1. Introduction

We are interested in the Euler-alignment system, which takes the form

Op+V - (pu) =0, (D

Oyt + -V = / B(lx = Y1) (@) — u(@)p(y)dy. @)

The system arises as a macroscopic representation of models characterizing collective
behaviors, in particular alignment and flocking.
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Here, p represents the density of the group, and u is the associated velocity. The term that
appears on the right hand side of (2) is the alignment force. It was first proposed by Cucker
and Smale in [9] in the microscopic agent-based model

|
Xi=vi, myi=g Z¢(|xi —x])(v; —vi). (3)
=1

1 : RT — R is called the communication weight, measuring the strength of the alignment
interaction. A natural assumption on ¥ is that it is a decreasing function, as the strength of the
interaction is weaker when the distance between agents becomes larger.

The alignment force in the Cucker—Smale system (3) tends to align the velocity of all
agents as time becomes large. The corresponding flocking phenomenon has been proved in
[12], under appropriate assumptions on the communication weight.

The Euler-alignment system (1) and (2) can be derived from the Cucker—Smale system (3),
through a kinetic description, as a hydrodynamic limit. See [13] for a formal derivation, [6,
20] for discussions on the kinetic system, and [11, 15] for the rigorous passage to the limit.

1.1. Bounded interaction

The Euler-alignment system (1) and (2) with bounded Lipschitz interactions was first studied
in [19], where a critical threshold phenomenon is proved: subcritical initial data lead to global
smooth solutions, while supercritical initial data lead to finite-time singularity formations.

In a subsequent work [4], a sharp critical threshold condition is obtained in 1D, with the
help of an important quantity

Gl = ) + [ 0l =)ol @
One can easily obtain the dynamics of G, see [4], as follows
0,G + 0,(Gu) = 0. 5)
This together with the dynamics of p
Op + O(pu) =0, (6)

can serve as an alternative representation of (1) and (2). The velocity field # can be recovered
by the relation (4) and the conservation of momentum.
The following theorem describes the sharp critical threshold condition.

Theorem 1.1 ([4]). Consider the 1D Euler-alignment system (5) and (6) with smooth initial
data (po, Gy), and a bounded Lipschitz interaction 1.

e Ifinf Go(x) > O, then there exists a globally regular solution.
o If ir);f Go(x) < 0, then the solution admits a finite time blowup.

For the 2D Euler-alignment system, the threshold conditions are obtained in [19], and also
in [14] with further improvement. However, neither result is sharp.

1.2. Strongly singular interaction
One family of influence functions has the form
P(r) =r—. ©)
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When s > 0, ¥ is unbounded at » = 0. This corresponds to the case when the alignment inter-
action becomes very strong as the distance becomes smaller.

In the case when s > n, where n is the space dimension, 1 (|x|) is not integrable at x = 0. It
has been studied recently that the so-called strongly singular interaction has a regularization
effect, which prevents the solution from finite-time singularity formations. In 1D, global regu-
larity is obtained in [10] for s € (1,2), and in [18] for s € [2, 3) through a different approach.

Theorem 1.2 ([10, 18]). Consider the 1D Euler-alignment system (5) and (6) with smooth
periodic initial data (po, Go), and a strongly singular interaction 1. Suppose py > 0. Then,
there exists a globally regular solution to (5) and (6).

Note that since v is not integrable, the quantity G in (4) is not well-defined. For v defined
in (7), one can use an alternative quantity G = dyu — (—A)$~1/2p_ For general choices of ¢
with the same singularity at x = 0, a similar global regularity result has been obtained in [16].
Very recently, global regularity has been proved in [1] for the critical interaction ¢ (r) = r=!.

The dynamics in 2D is much more complicated and far less understood. Global regularity
has been obtained recently in [17] only for a small class of initial data.

1.3. Weakly singular interaction

We are interested in the Euler-alignment system (1) and (2) with weakly singular interactions.
This corresponds to the case when 1) (|x|) is integrable, namely v (r) behaves like 7 near the
origin with s € (0,n).

In this case, the quantity G is well-defined as long as the solution (p, u) is smooth, since

[Gllzoe < Mullwroe + [l {lol]zoe -

Soin 1D, one would expect a similar critical threshold phenomenon as theorem 1.1. However,
the result is not always true.

Let us consider a special case when Go(x) = 0. Since G satisfies (5), it is easy to see that
G(x,t) = 0 in all time. The dynamics of p can be written as

Op + Ou(pu) =0, u(x,t) = —/K’(x —y)p(y,t)dy, K"(x) = (x),
®)
that is the aggregation equation with a convex potential K (as ¢ > 0).
The global well-posedness of the aggregation equation has been well-studied. A sharp
Osgood condition has been derived in [2, 3, 5], which distinguishes global regularity and finite
time density concentration: the solution is globally regular if and only if

1
1
dr = oo. )
/o K'(r)
For weakly singular interaction ¥ ~ r* with s € (0, 1) near the origin, or more precisely,
M LY(r) KA, A= A>0, s€(0,1), (10)

uniformly in r € (0, 1], the Osgood condition (9) is violated, and hence the solution gener-
ates concentrations in finite time. The behavior is different from the bounded interaction case
(s = 0), in which (9) holds.

In this paper, we study the global behavior of the Euler-alignment system with weakly
singular interactions.
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The following two theorems show similar behavior to the system with bounded interactions
(theorem 1.1), for both supercritical and subcritical regions of initial data.

Theorem 1.3 (Supercritical threshold condition). Consider the 1D Euler-alignment
system (5) and (6) with smooth initial data (po, Go) and weakly singular interaction 1 satisfy-
ing (10).

If inf Gy (x) <0, then the solution admits a finite time blowup.

Theorem 1.4 (Subcritical threshold condition). Consider the 1D Euler-alignment
system (5) and (6) with smooth initial data (po, Go) and weakly singular interaction v satisfy-
ing (10).

If inf Gy(x) > 0, then there exists a globally regular solution.

The theorems imply that different behaviors between systems with bounded and weakly
singular interactions can only happen for critical initial data

inf Go(x) = 0.

The example above (Go(x) = 0) falls into this category. The following theorem describes a
large set of critical initial data, with which the solution blows up in finite time.

Theorem 1.5 (Blowup for critical initial data). Consider the 1D Euler-alignment sys-
tem (5) and (6) with smooth initial data (po, Go) and weakly singular interaction v satisfying
(10).

If Go(x) > 0, and there exists an interval I = [a,b] with a < b such that for any x € I,
Go(x) = 0 and po(x) > 0, then the solution admits a finite time blowup.

The theorem says, if Gy reaches zero in any non-vacuum interval, then the solution will
blow up in finite time. Very importantly, such initial data will lead to a global smooth solution
if the communication weight is regular, due to theorem 1.1. The different long-time behaviors
distinguish the two types of interactions, and reveal the unique property of the weakly singular
interactions.

The rest of the paper is organized as follows. In section 2, we develop a local well-posed-
ness theory of the 1D Euler-alignment system, as well as a Beale-Kato—Majda criterion that
ensures the regularity. Sections 3 and 4 are devoted to proving theorem 1.3 and 1.4, respec-
tively. A nonlinear maximum principle is introduced to take care of the weak singularity on the
communication weight. The critical case is investigated in section 5. We introduce a new proof
for the blowup of the aggregation equation. It utilizes local information and can be extended
to the Euler-alignment system, proving theorem 1.5. Finally, in section 6, we make comments
on the extension of our theory to higher dimensions.

2. Local well-posedness and blowup criterion

We start our discussion with a local well-posedness theory of our main system in 1D. Recall
the 1D Euler-alignment system in (p, G) representation

Op + Ox(pu) = 0, (11)
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Ou=G —1*p, (13)

where x € , t > 0, and * stands for convolution in x variable. The spacial domain €2 can be
either the whole real line R, or the periodic domain T.

Theorem 2.1 (Local well-posedness). Consider the 1D Euler-alignment system (11)—
(13) with smooth initial data with finite mass (po, Go) € (H* N LY )(Q) x H*(Q), for s > 1/2.
Suppose the communication weight is integrable:

Y e LN(Q). (14)
Then, there exists a time T > 0 such that the solution
(p,G) € C([0,T); (H* N LL)(Q)) x C([0, T]; H*(€2)). (15)

Moreover; given any finite time T, the solution stays smooth up to time T, in the sense of (15),
if and only if

T
/0 (oDl + [GC. 1)) di < +o. (16)

Proof. We first state an H’-estimate on p
d
3 1PC DIz S el + 0aellzoe] (ol + 1Oelz) - (17)

The proof can be found, for instance, in [4, theorem appendix A.2]. We include a short sketch
for the sake of completeness.
We start with acting operator A® := (I — A)*/? on the continuity equation (11) and inte-

grate by parts against A*p. It yields

1d , 1

sl == [ Wouupnpars 5 [ o (o ax

2dt Q 2 Jq

1
<A O u] pllea ol + 5 l10sall s [l

The estimate (17) can be obtained by applying the following Kato—Ponce type commutator
estimate

[ [A* O, u] pll2 S (|Gt | o< [l ]

i+ 105l pll

As G satisfies the same continuity equation as p, we have

d
G IGC DI S IGllee + [0alse] (1617 + 19eu]e) - (18)
Putting these two estimate together, we obtain
d
3 PGl + 1GC D7) S llpllese + [1Gllees + [10uallzee] (llpllF + 1GIF: + [0z ) -

(19)
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From the relation (13), we can estimate 0,u by p and G as follows. For a fixed time ¢,

10wl oo < (|9 % plleee + |Gl <[Pl + (|Gl
[Oullas < |90 # pllas + 1Gllas < (19l llpllas + 11

H-

Since ||¢]| 1 is bounded, we now arrive at the estimate
d
3 PGl + 1GC0l7) S UG Dllese +1GC e (€ DI+ 1GC 1))

For s > 1/2, we have the embedding H*(2) C L>(2). Therefore,
1/2
G0l + G < oGl + NG Da S (oGl + IGC D)

It implies

& (G0l +1GC0IE) S (0l +16C01)

Local well-posedness then follows directly from the Cauchy—Lipschitz theorem.
Moreover, applying Gronwall inequality to (19), we obtain

T
pC. Dz + 1GC Dz < (Ilpollz + IGollz:) exp VO (o€ Dl +1IGC 1)l dz | -

Therefore, if condition (16) is satisfied, p(-,#), G(-,t) € H*(R) for all ¢ € [0, T).
On the other hand, if condition (16) is violated, namely

[ ol + 166Dl 1 = o

the same embedding H*(2) C L*>°(£2) would imply

/ (o)
0

Hence (15) cannot hold, and the solution cannot be smooth. This ends the proof of the theo-

rem. O

We shall make several remarks regarding theorem 2.1.

we + G 1)]

Remark 2.1. A local well-posedness proof for 1D Euler-alignment system has been done in
[4, theorem appendix A.1], with an additional assumption on

/ xy’ (x)dx < +o0.
)

Here, we relax the assumption by making use of the (p, G) formulation of the system.

If assumption (14) is violated, namely ) is not integrable at the origin, then the behavior
of the equation changes dramatically due to the strongly singular interaction. We refer to [10,
16] for discussions on local and global regularities under such setup.
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Remark 2.2. Condition (16) is called the Beale—Kato—Majda (BKM) type criterion. It pro-
vides a sufficient and necessary condition under which the solution stays smooth. Condition
(16) is equivalent to

T
/ [|0cu(-, 1)|| Lo dt < 400,
0

which is a standard sufficient condition to ensure the well-posedness of the characteristic
paths for pressureless Euler dynamics. The equivalency is due to the following estimates

T T
/ ||0xu(-,t)||Loodt</ oG D)llze + 191G, )l ) dr,
0 0

t
oG D)llzee +11G(5 D)l < (lpollzee + 1GollL<) exp UO ||5xu(',S)||L°°dS} :

Remark 2.3. When 2 = R, assumption (14) can be further generalized to

¥ € L'(R) + const.

This allows us to include more types of communication weight, for instance, ¢ = 1. We in-
clude a short proof for the sake of completeness.

Proof of remark 2.3. Let ¢ = o + ¢, where 1)y € L'(R) and c is a constant. Define
G = O + 1y * p. Then, the (p, G) representation of the 1D Euler-alignment system reads

Op+ O(pu) =0, 0,G+ 0(Gu) = —cmdu, O =G —1gyx*p,

where m = [, po(x)dx is the total mass which is preserved in time.
Due to the extra term in the dynamics of G, the H® estimate on G (18) becomes

d
GO SMNGlee + 10ll=] (IGIF: + 10dl) + eml| Gl | Deaelv

SO+ 1G] + 0sull=] (1G]zs + 10:ull7:) -

The rest of the proof stays the same as theorem 2.1. O

A natural question would be, whether the BKM criterion (16) can be further reduced to

T
/ |G(-, 1)||Loedt < 400 (20)
0

In other word, whether boundedness of G implies boundedness of p. If so, the global regular-
ity of the system becomes equivalent to the boundedness of G.

The following proposition shows that condition (20) indeed serves as a BKM criterion for
the 1D Euler-alignment system, when the communication weight is bounded.

Proposition 2.1 [An enhanced BKM criterion for the system with bounded inter-
actions] Consider the initial value problem of the 1D Euler-alignment system (11)—(13)

with smooth initial data (po, Go) € (H* N LL)(Q) x H*(Y), where s > 1/2. Suppose the com-
munication weight is bounded and integrable:
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¥ € (L' N L>)(Q) + const.
Suppose the criterion (20) is satisfied for time T. Then, the solution is smooth up to time T,

namely

(p.G) € C((0.7]: (H* 1 LY)()) x C([0.T]: H*(€2)).

Proof. It suffices to prove that (20) implies (16).
Consider the characteristic path X(¢): = X(t;x¢) starting at xo € 2

d
&X(t;xo) =u(X(t;x0),1), X(0;x0) = xo.

Since 1 is bounded, we can estimate

10xu(-s 1) oo SNG(s D)oo + m[)]|es. 21)

Then, criterion (20) implies
T T
[ 1oat0lle= < [ 16Dt + mle=T < +oc.
0 0

So the characteristic path X(#,xo) is well-defined for 7 € [0, T'.
As p satisfies the continuity equation (11), we get

< PX(0),1) = ~u(X(0,1p(X(1), 1)
Then,
p(X(T), T) = po(x) exp {—/0 8xu(X(t),t)dt] < po(x) exp {/0 ||8xu(~,t)||Loodt} < +o0.

Hence, the boundedness of G (20) does imply the boundedness of p (16). O

Using proposition 2.1, one can easily prove theorem 1.1, by showing criterion (20) is satis-
fied if and only if inf, Go(x) > 0. We refer readers to [4] for details.

When the communication weight is weakly singular, proposition 2.1 might be false. In
particular, the estimate (21) is no longer available. One alternative bound could be

10su (-, )l < NG(s D)lleoe + (oG 1) lzos ]2

It implies an implicit bound
t t
[lpC D)o < [lpol|zoe exp {mlwllu/o ||p(-,S)||L<>ods+/O IIG(nt)IILocdS],

which is not enough to obtain boundedness of p.

In fact, a counterexample such that proposition 2.1 fails for weakly singular interaction has
been mentioned in the introduction, where Go(x) = 0. The corresponding aggregation system
(8) is known to have a finite time loss of regularity as long as % is unbounded at the origin.
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Therefore, the global regularity theory of the Euler-alignment system with bounded interac-
tion cannot be directly extended to the case when the interaction is weakly singular.

3. Supercritical threshold condition

3.1. Finite time blowup on G

In this section, we prove theorem 1.3: solution forms a singularity in finite time, for supercriti-
cal initial data

;ggfz Go(x) < 0.

Under such configuration, there exists an xo € € such that Gy(xp) < 0. Denote X(¢) be the
characteristic path starting at xg

d
$X(I) =u(X(1),t), X(0)= xo.

As long as the solution stays smooth, alongside X (), we have
d

aG(X(t),t) = —owu(X(1),1)G(X(1),1).

This implies

G(X(£),1) = Go(xo) exp [ /0 t 3xu(X(s),s)ds] <.

Moreover, ¥ * p(-,t) > 0 for any ¢ > 0. From (13), we get

d

3 CX().1) = —G*(X(1). 1) + G(X (). 1) (v * p(-.1)) (X(1)) < —G*(X(1),1).

Applying a classical comparison principle, we obtain

1 =gy
G(X(1).,1) < ——— —" —oc.
t + GQ(XU)
Therefore, there exists a finite time 7' < fm, such that
Jim G(X(2), 1) = —oo. (22)

The BKM criterion (16) fails at time 7, which leads to a loss of regularity.
Now, we discuss the behavior of the solution (p, u), if the first blowup happens at time 7,
in the form (22).

Lemma 3.1. Suppose there exists a finite time T such that the solution (p,u) stays smooth
fort €[0,T), and G becomes singular at time T, and location x = X(T; x,). Then, the solution
develops a shock at time T and location x, namely

lh_r}% Owu(X(t;x0), 1) = —o0.

Moreover, if po(xo) > 0, then the density concentrates at the shock location (called singular
shock)

lim p(X(#;x0),t) = +o0.

t—T
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Proof. From (13), we know O,u < G. This together with (22) implies shock formation
Au(X(t:x0).1) < G(X(£:x0).1) =3 —oc.

Define F = G/p. Then, F satisfies the local transport equation
O,F + u0.F = 0.
Since po(x0) > 0, Fy is bounded and smooth in a neighborhood of xo. Then, F is well-
defined alongside the characteristic path X(#,x¢), and
F(X(I;X()),t) = F()()CO).

Therefore, we obtain a concentration of density

p(X(t:x0),1) = g‘;((f(’))) G(X (£ x0),1) = +00.

O

Lemma 3.1 does not rule out the possibility that blowup happens before G becomes singu-
lar. It says, if there are no other types of blowup, the solution has to form a singular shock at
the time when G blows up.

Indeed, the BKM criterion (16) could fail if p becomes unbounded.

We now construct an example when p blows up before G. This would imply that the crite-
rion (20) itself does not guarantee the regularity of the system. So proposition 2.1 is no longer
true for the system with weakly singular interactions.

3.2. An example: p blows up before G

Take 2 = R. Let py be a smooth function supported in [0, 1].
Let 77 be a smooth function such that n > 0, max, 7(x) = 1, and supp(n) = [0, 1]. Consider
the following G

Go(x) = —en(x — L), (23)
where L > 0 is a large number, and € > 0 is a small positive number to be chosen. As
inf Go(x) = —e < 0, Gy is a supercritical initial condition.

Note that supp(Gy) = [L, L + 1]. If L is large enough, supp(po) N supp(Gy) = 0. Starting
from any xo € supp(pp), we have Go(xp) =0 and consequently G(X(z; xo), ) = 0. So,
O = —1) % p in the support of p, since O,u is locally depended on G. Therefore, the dynam-
ics of p does not depend on G, and it is the same as the aggregation equation (8). Since 1) is
singular, we know the density p concentrates at a finite time 7, which is independent of L
and e.

The goal is to show G remains regular at time 7. It suffices to prove that G is bounded from
below at T,. To this end, we shall obtain a lower bound estimate on G. Fix xy € supp(Gy).
Then, along its characteristic path, we have

%G(X(t;xo),t) = G(X(5x0), DX (5 x0). 1) = —G2 + G xp. (24)

As G(X(1; xp), t) < 0, we need an upper bound on % * p.
If the supports of p(-,#) and G(-, t) are well-separated, namely

dist(supp(p(- 1)), supp(G(-,1))) = 1, (25)
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for r € [0, T.], then we have the estimate

VY p(X(t;x0),1) = /

suppp(t)

BX(130) — . )00 1)y < (1) / Py, 1)dy = (1)m.

suppp(t)

Let us denote the constant C = 1(1)m. It is uniform in xy € supp(Gy) and ¢ € [0, T.]. Apply
the estimate to (24), we get

d
&G(X(t;xo), 1) > —-G* - CG.
An explicit calculation yields
C
G(X(t;XO), f) 2 —W

Go(xo)

So, if Go(xg) = —C, then

G(X(t:x0)1) > —C, Vi€ {o, L (C_GO("O)> ]

¢ "\ 26,(w)
fim |2 (E22)] =+
o le M\ T )| T

It means that if we pick e small enough, G(-, #) can be bounded below by —C for a sufficiently
long time. In particular, we can choose € small enough, e.g.
B C
2eCT — 1°
so that G is bounded until ¢t = T.,.
It remains to show that condition (25) holds at ¢ € [0, T’ ].

One important feature of the Euler-alignment system (1) and (2) is that the velocity is uni-
formly bounded in time

Note that

(s D)l oo < luto|oe -

Indeed, a maximum principle can be easily derived from (2) (see for instance [19]). Moreover,
under additional assumptions, not only boundedness but also contraction on u can be proved,
which reveals the so-called flocking phenomenon.

Take x; € supp(po) and x; € supp(Gy). Then,

% (X(10:2) = X(1:31)) = u(X(£;22), 1) — w(X(5;1),1) = =2l ]| e = =2[[uo[ o

Hence,
X(t;x0) = X(t;x1) = (x2 —x1) — 2t||ugl|z= = (L — 1) — 2¢[[ug|| o~

If we take L big enough (e.g. L = 2 + 2T, ||ug||r=), then the distance will remain big at time
T.. Therefore, (25) holds for ¢ € [0, T.].

3.83. The BKM criterion

The example above states that p could blow up before G. On the other hand, G could blow up
before p as well. Examples can be constructed similarly, by letting € in (23) large.
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Therefore, both terms in the BKM criterion (16) are necessary to ensure regularity. This is
very different from the system with bounded interactions.

4. Subcritical theshold condition

In this section, we turn to study the Euler-alignment system with weakly singular interactions,
for subcritical initial data

;élgfz Go(x) > 0. (26)
Since G satisfies the continuity equation (12), it is easy to show that positivity preserves in
time, namely

G(x,t) >0, YxeQ, t>0.

Hence, the blowup (22) cannot happen. However, unlike the case with bounded interactions,
the boundedness of G (criterion (20)) is not enough to ensure global regularity, as argued in
section 3.3. In order to prove theorem 1.4, we need to obtain bounds on both G and p.

4.1. A global estimate on p

We start with an estimate on p. Along the characteristic path, we have

& p(X(0).1) = —p(X(@). 00X ().1) = ~p G+ p v+ .

The first term on the right hand side is a good term that helps bring down the value of p along-
side the characteristic path, while the second term is a bad term.

4.1.1. Step 1: An estimate on the good term. Letq = p/G = 1/F. Then, g satisfies the trans-
port equation

0iq + udg = 0.
Since Gy satisfies (26), go is bounded and smooth. Clearly, we have
q(X(t;x),1) = qo(x).

Therefore, we obtain a lower bound estimate on G

. = PEEX).)  p(X(5x).1)  p(X (%), 1)
CXEDD= (X))~ w® ol

It yields an estimate on the good term

—pG < —Cyp%, (27)

where the constant C; = 1/||¢o|| = is bounded and depend only on the initial data.

4.1.2. Step 2:An estimate on the bad term. To estimate the bad term, and to compare with the
good term, we need a local bound on ¥ * p.

A nonlinear maximum principle is introduced in [8] which offers a local bound, at the
extrema of p, when ¢ is strongly singular. Here, we state a lemma which serves as a nonlinear
maximum principle for weakly singular interactions.
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Lemma 4.1 (Nonlinear maximum principle). Ler i) be a weakly singular communica-
tion weight satisfying condition (10). Consider a function f € LL (R) and a point x, such that
S (xx) = maxf(x). Then, there exists a constant C > 0, depending on A, s and || f|

L, such that

P flx) < Of ()" (28)

Proof. Firstof all, since ¢ xf < (A|x|~%) £, it suffices to prove (28) for ¢)(x) = |x|~*. For
any a > 0, we compute

(] =) ) (xi) = Sl —y)y[~dy + Fx —y)|y|~dy
[y[<a ly|>a
— () / | ~dy — / (FOe) = Fee =Dy + [ fle —p)ly|~dy
lyl<a [yl<a [y|>a

21*5

<) —a [ () sl =Dy a [ ple -y
lyl<a ly|>a
1—s

= 20 ) = 20 ) I = )

Take a = ||f ||z /(2f (x«)), we obtain

(7 200 < (2221185 sy
L

We now apply lemma 4.1 with f = p(-, ¢). Fix any time #, and let x,. be the location where
maximum of p(-, ) is attained. Then,

p(xa, )Y % p(xs, 1) < Cop(xs, 1), (29)
where the constant C, = C,(A, s,m) > 0.
4.1.3. Step 3: a uniform upper bound on p. Combining the two estimates (27) and (29), we
obtain that if x, is a point such that p(x,, ) = max, p(x, t), then

Op(xes1) < —C1p(x4,1)* 4 Cop(xs,1)' .
So, when p is large enough such taht p > (C,/C;)"/(!=%), then 9,p(x., 1) < 0. Therefore, we
obtain an apriori bound on the density

loCa )l < mas {floolie. (C2/ €)YV} =€, Wiz,

Note that the bound C, = C,(A, s, m, ||po||>, ||qol|z) is independent of time. Therefore,
(-, 7)|| o is uniformly bounded.

4.2. An estimate on G

We are left to bound G, which is not hard to obtain given the apriori estimate on p.

Along the characteristic path, G satisfies (24). Recall
d
&G(X(t), )= —-G*+Gv*p.

The uniform bound on p implies a bound on ¥ * p
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¢ pllie= < lllwllpllee < 9l Cpr V12 0.

Therefore, we obtain

d
d6x(0).1) < ~G(G - [W]1sC)
So, G cannot grow along the characteristic path if G > ||¥||1C,. It yields a uniform bound

on G
IG(,1)[|ze < {[|Gollzees [[¥][iCp}

5. The critical case

This section is devoted to discussing the critical case, when the initial condition satisfies

Ec[»lelﬂg Go(x) =0. (30)

Theorems 1.3 and 1.4 show that the behavior of the Euler-alignment system with weakly
singular interactions is the same as the system with bounded interactions, in both subcriti-
cal and supercritical regimes. Therefore, different behaviors can only happen in the critical
scenario.

One special critical initial condition is Gy(x) = 0. The system reduces to the aggregation
equation (8). As we have argued in the introduction, the weakly singular interaction will drive
the solution towards a finite time blowup. Therefore, theorem 1.1 no longer holds.

A natural question arises: what happens for general critical initial data?

Recall the dynamics of the density p along the characteristic path

%p(x(f),f) =—pG+pxp.

If Go(xo) = 0, then from (24) we have G(X(¢),t) = 0. Therefore, the good term —pG turns off
near X(¢), and the local behavior of dynamics becomes the same as the aggregation equation.

To capture such behavior, we shall first provide an alternative proof to the blowup of the
aggregation equation. Unlike [2], the proof traces local information along the characteristic
paths. The idea is partly inspired by [7].

5.1. A ‘local’ proof for the blowup of the aggregation equation
Let us consider the aggregation equation in the form
Op+ Oc(pu) =0, O = —Ux*p.

Without loss of generality, we assume that p, is strictly positive in some interval I = [a, D),
namely

po(x) = c¢c>0, VxE€la,b] 31)
Let r(r) = X(t;b) — X(t; a). Then,
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d X(t;b)

&) = u(X(5:5),1) — u(X(5),0) = /X o Det(y, 1)dy

X(1;b)
:*/ (¥ p)(y.1) / / Y(y —2)p(z, 1)dy
X(t:a) X(t,a)
(t:b)  pX(6:D)
/ / )p(z, t)dzdy.
X(t;a)

For y,z € [X(t;a), X(t;b)], we have |y — z| < 2r(#). By weakly singular condition (10), this
implies ¥(y — z) > )\(2r ) 5. Therefore, we obtain

d X(l;b)

370 < =A@r(0) () /X - p(z,1)dz. (32)

The following lemma shows a local conservation of mass along characteristic paths.

Lemma 5.1 (Conservation of mass). Let p be a strong solution of the continuity equa-
tion

Op + O(pu) = 0.

Let X(t;x1), X(t,x2) be two characteristic paths starting at x; and x,, respectively. Then,

X(t;x2) X2
/ p(x, t)dx = / po(x)dx, Vit>=0. (33)

X(t;x1)
Namely, the mass in the interval [X(t;x1), X (t; x2)] is conserved in time.

Proof. Compute

d X(t:x2)
— plx, 1)dx
dr Jx ()

X(t:x2)

d d
= p(X(t;x2), 1) =X(t;x2) — p(X(t;x1), ) =X (£, x1) +/ O,p(x, )dx
dr dr X(t:x1)
X(l‘;XQ)

= p(X(t;x2), Hu(X(£;x2), 1) — p(X(t;x1), Hu(X(t;x1), 1) +/X Op(x, t)dx

(tx1)

X (t:x2) X(t;x2)

= / O (p(x, Hu(x, 1)) dx + / Orp(x, 1)dx = 0.
X(t:x1) X(1:x1)

This directly implies the conservation of mass (33). O

Applying lemma 5.1 to (32) with x; = a and x, = b, and using the lower bound assumption
(31), we obtain

b
%rm <—27A(r(n) / po(2)dz < —27%c(b— a)A(r(r)' .

For s € (0, 1), it is easy to show that r(¢) reaches zero in finite time. Indeed, a standard
comparison principle yields
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r(t) < [(b—a)" —27c(b— a)rst] ",
where the right hand side touches zero at

2S
T, = ——— < o0
 e(b—a)l=shs
Then, r(z) should reach zero no later than T..
The quantity r(¢#) = 0 means that two characteristic paths run into each other. It indicates a
shock formation with d,u(x, 1) — —oo. Therefore, the solution loses regularity in finite time.

5.2. Finite-time blowup for a class of critical initial data

Now, let us consider the Euler-alignment system (11)—(13) with critical initial data (30).
Suppose there exists an interval I = [a, b] such that p, is strictly positive, and Gy is zero,
namely

Vx€lab], polx)=c>0, Golx)=0. (34)
Then, from (24) we obtain
G(x,t)=0, V>0, xe€l[X(t;a),X(t;D)].

Therefore, the dynamics of p between the two characteristic paths X(;a) and X(f; b) should
be the same as the dynamics of the corresponding aggregation equation, as long as the solution
stays smooth. The blowup estimates for the aggregation equation in section 5.1 can be directly
applied to the Euler-alignment system. Therefore, the same type of blowup as the aggregation
equation happens in finite time. This ends the proof of theorem 1.5.

Remark 5.1. The condition (34) contains a large family of critical initial data, under which
the global behaviors of the Euler-alignment system is different between the bounded and
weakly singular interactions. The condition is sharp in the following sense.

Consider the following critical initial data (pg, Go):

Jqgo € L, suchthat po(x) = go(x)Go(x). (35)

Then, the arguments in section 4 can be easily extended, allowing Go(x) = 0. Hence, the solu-
tion exists globally in time.

Note that condition (35) implies that Gy(x) = 0 only occurs at po(x) = 0. which is almost
the opposite of condition (34). Therefore, condition (34) is a sharp condition so that the global
behaviors of systems with bounded and weakly singular interactions are different from each
other.

Rare exceptions could happen. For instance, Gy(x) =0 only at a single point x, with
po(xo) > 0. It satisfies neither (34) nor (35). In this case, a more subtle ‘local’ proof is re-
quired for the corresponding aggregation system in order to obtain a finite time blowup. This
will be left for further investigations.
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6. Extensions to higher dimensions

The global behaviors of the Euler-alignment system (1) and (2) are much less understood
in higher dimensions. With bounded interactions, the system was first studied in [19] in two
dimensions. Threshold conditions on initial data were obtained, but the result was not sharp.

The G quantity can be defined as G = V - u + 1 x p. However, it does not satisfy the con-
tinuity equation anymore. The dynamics of G reads

9,G+V - (Gu) = tr(Vu®?) — (V - u)*.

The right hand side is called the spectral gap, which is generally non-zero in two or higher
dimensions.

The system in (p, G) formulation in 2D has been studied in [14], where improved threshold
conditions are obtained. However, the result is still far from being sharp, due to the lack of
control in the spectral gap.

For the Euler-alignment system with weakly singular interactions, our arguments on local
well-posedness (section 2) as well as both supercritical and subcritical threshold conditions
(sections 3 and 4) can be extended to higher dimensions, using similar techniques to handle the
spectral gap. However, we are not able to distinguish the behaviors between the systems with
bounded and weakly singular interactions (section 5) until we get a sharp threshold condition.
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