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Abstract

In this paper, we study the global well-posedness of a coupled system of kinetic
and fluid equations. More precisely, we establish the global existence of weak
solutions for Navier—Stokes—BGK system consisting of the BGK model of
Boltzmann equation and incompressible Navier—Stokes equations coupled
through a drag forcing term. This is achieved by combining weak compactness
of the particle interaction operator based on Dunford—Pettis theorem, strong
compactness of macroscopic fields of the kinetic part relied on velocity
averaging lemma and a high order moment estimate, and strong compactness
of the fluid part by Aubin-Lions lemma.

Keywords: Vlasov equation, BGK model, incompressible Navier—Stokes
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1. Introduction

In the modeling of a fluid-particle system where the particles are dispersed in a fluid flow,
it is often the case that the motions of the particles are described at the kinetic level and the
fluid is described at the macroscopic level, with the acceleration of the particles caused by
the surrounding fluid and the acceleration of the fluid caused by the immersed particles given
by the drag force terms. When the inter-particle interactions are not negligible such as in the
case of polydisperse multiphase flows, crossing jets, a collision type operator that captures the
interactions between the particles must be included in the kinetic equations [8, 25, 31, 40].
The mathematical modeling for the interactions between particles and fluid is classified by
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O’Rourke [40] according to the volume fraction of the gas. In the current work, we are inter-
ested in the dynamics of particles called moderately thick sprays where the volume fraction of
the gas is negligible, but collisions between particles are taken into account. More precisely,
we address the existence of weak solutions for a particle-fluid system in which the BGK
model of Boltzmann equation and the incompressible Navier—Stokes equations are coupled
through a drag force [5, 8, 25, 31]:

Of +v-Vof £V, ((u=v)f) = M(f) = f.

8,u+u~qu+prprxu:f/(ufv)fdv, (1.1)
R3

Vi-u=0,

subject to initial data

(f (v, 0), u(x,0)) =: (fo(x,v), uo(x))-

Here f(x, v, t) denotes the number density function on the phase point (x,v) € T? x R3at time
t € Ry, and u(x,t) and p(x, 1) are the fluid velocity and the hydrostatic pressure on x € T at
time ¢t € R, respectively. u is the kinematic viscosity of the fluid. The first two terms in the
kinetic equation in (1.1) represent the free transport of dispersed particles in a fluid. The third
term is the drag force which explains the acceleration of the immersed particles driven by the
surrounding fluid, which also appears as an external force in the fluid equations taking into
account the acceleration of the fluid caused by the immersed particles.
The local Maxwellian M (f) is defined by

) = UenP
M0 = T woy e"p( 2T, (x,1) )

where the macroscopic fields of f: pr, Uy, and Ty are defined by

pr(x,t) :== [ f(x,v,1)dv,
R3

pr(x, 1) Ur(x, 1) ::/ vf (x, v, 1) dv,

R3
37 (6, )T (3, 1) 1= / v — Uy (e )2 (5, va 1) d,
R3

respectively. These relations give the following cancellation properties:

[ AMD) =7} (v ) v =0,

Note that this provides the conservation of mass, momentum and energy for the uncoupled
BGK model. However, in our coupled model (1.1), this only leads to conservation of mass due
to the presence of drag force terms.

The most general model to describe the dynamics of rarefied particles suspended in a fluid
is the Navier—Stokes—Boltzmann system coupled through the drag force term. Due to various
technical difficulties, however, the global-in-time existence of solutions for such model is
currently not available. In this paper, we consider the case in which the interactions between
the particles are described by the nonlinear relaxation operator of the BGK model. This is
meaningful in the following two senses.
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First, the BGK model is one of the most widely used model equation of the Boltzmann
equation in physics and engineering. This is due to the qualitatively reliable results produced
by the BGK model at much lower computational cost compared to that of the Boltzmann
equation.

Secondly, even though existence theories for particle-fluid systems are well studied nowa-
days, most of the results dealing with the interactions between the suspended particles con-
sider the linear interaction operators. To the best knowledge of the authors, our result seems
to be the first result to consider the particle-fluid model with a nonlinear collision operator for
particle interactions.

History 1: Navier—Stokes—Vlasov system: Recently, the study on particle-fluid system is
gathering a lot of attentions due to their applications, for example, in the study of sedimenta-
tion phenomena, fuel injector in engines, and compressibility of droplets of the spray, etc [3,
8, 40, 44, 49, 51]. Along with that applicative interest, the mathematical analysis for various
modelling is also emphasized. In the case when the direct particle-particle interactions are
absent, there are a number of literature on the global existence of solutions; weak solutions
for Vlasov or Vlasov—Fokker—Planck equation coupled with homogeneous/inhomogeneous
fluids are studied in [9, 15, 27, 34, 50, 54], strong solutions near a global Maxwellian for
Vlasov—Fokker—Planck equation coupled with incompressible/compressible Euler system are
obtained in [10, 12, 23]. We also refer to [13, 14] for the large-time behavior of solutions and
finite-time blow-up phenomena in kinetic-fluid systems. Despite those fruitful developments
on the existence theory, to the best knowledge of the authors, global existence of solutions
for kinetic-fluid models where collisions between the particles are taken into account has
not been studied so far. It is worth mentioning that the local-in-time smooth solutions for the
Vlasov—Boltzmann/compressible Euler equations are studied in [31] and the global existence
of weak solutions of Vlasov/incompressible Navier—Stokes equations with a linear particle
interaction operator taking care of the breakup phenomena is established in [4, 53]. More
recently, the existence of strong solutions to the inhomogeneous Navier—Stokes-BGK system
is also discussed in [17]. In [1, 16], Vlasov/Navier—Stokes system with a nonlinear particle
interaction operator describing an asymptotic velocity alignment behavior is considered and
the global existence of weak solutions is obtained.

History 2: BGK model: In spite of its important role as a fundamental model connecting
the particle level description and the fluid level description of gaseous systems, the applica-
tions of the Boltzmann equation at the physical or engineering level have often been limited
by the high numerical cost involved in the numerical computations of the collision operator.
This is especially so if one is interested in dealing with specific flow problems. Looking for a
model equation that shares important features of the Boltzmann equation, and therefore, suc-
cessfully mimics the dynamics of the Boltzmann equation, Bhatnagar et al, and independently
Walender, introduced a relaxation model of the Boltzmann equation, which is called the BGK
model. Since then, the BGK model has seen a wide range of applications in engineering and
physics due to its reliable results at much lower computational cost compared to that of the
Boltzmann equation.

The mathematical study of the BGK model can be traced back to [36] where Perthame
established the existence of weak solutions. Perthame and Pulvirenti later studied the existence
of unique mild solution in a weighted L> space [38]. These works were fruitfully extended
to several directions: gases in the presence of external forces [52], plasma [60, 61], solutions
in L spaces [59] and gas mixture problems [28]. The existence of classical solutions and its
exponential stabilization near equilibrium are studied in [55]. The results on the stationary
problems in a slab can be found in [48]. The ellisoidal extension of the BGK model recently
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drew much attention [2, 56-58]. BGK model also saw various applications in the study of var-
ious macroscopic limits [22, 29, 32, 33, 41-43]. We omit the survey on the numerical compu-
tations related to the BGK model, interested readers may refer to [19, 20, 24, 35, 39, 45, 46].

1.1. Main result

Before we define our solution concept and state the main result, we define norms, function
spaces and notational conventions.

e We denote by C a generic, not necessarily identical, positive constant. It may depend on
final time 7, but not on x.

e For functions f(x,v),g(x), |[f|l.- and |g|
LP(T3)-norm, respectively.

® ||f{[zce represents a weighted L>*-norm:

[fllze o= ess sup(1 + v}") fv).
X,V

L» denote the usual L?(T? x R3)-norm and

e For any nonnegative integer s, H® denotes the sth order L Sobolev space.

e C5([0, T]; E) is the set of s-times continuously differentiable functions from an interval
[0,7] C R into a Banach space E, and LF(0,T;E) is the set of the I functions from an
interval (0, T) to a Banach space E.

In order to state our main theorem on the global existence of weak solutions to the system
(1.1), we also introduce functions spaces as follows:

H:={wel*(T):V,-w=0} and V:={weH (T :V, -w=0}.

We then define a notion of weak solutions to the system (1.1).

Definition 1.1. We say that (f,u) is a weak solution to the system (1.1) if the following
conditions are satisfied:

(i) f € L>®(0,T; (LY NL>®)(T® x RY)),
(i) u € L>=(0,T; H) N L2(0,T; V) N C°([0, T); V'),
(iii) For all ¢ € C}(T? x R? x [0, T]) with ¢(x,v,T) = 0,
T
- / Jogo dxdv — / / f(Bp+v-Vid+ (u—v)-V,¢)dxdvde
T3 xR3 0 JT3xR3
T
= [ [ M) - saavar,
0 T3 xR3

(iv) For all ¢ € C}(T* x [0, T]) with V, - 1) = 0 for almost all 7,

—/T}uo-¢0dx+/Tsu-1/)dx—/OT/T3M-6,¢dxdt+/jA3(u~VQu-1/;dxdt

T T
= —u/ Vi 2 V) dxde — / / f(u—v) - dxdvdr.
0 JT? 0 JT3xR3

Remark 1.2. (1) LL_ means the set of non-negative L' functions. (2) The pressure p is not
contained in the definition since it vanishes when it is tested on the divergence free vectors.
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We are now ready to state our main result:

Theorem 1.3. Let T > 0. Suppose that the initial data ( fo, uo) satisfy

[fo € L=(T* x RY), / (14 | + |Infy]) fodxdv < 0o, and  ug € L*(T?)].
T3 xRR3

Then there exists at least one weak solution to the system (1.1) in the sense of definition 1.1
satisfying the following estimates:

(i) Velocity distribution function is uniformly bounded:
If [l oo (3 x5 x (0.7)) < Cllfoll oo (13 xm3).-

(ii) Total energy is uniformly bounded:

] t
7</ \v|2fdxdv+/ \u|2dx>+u// |V,u|? dxds
2 T3 xR3 T3 0 JT3
13
+// |u—v|2fdxdvds<c</ |v|2f0dxdv+/ |u0|2dx).
0 JT3xR3 T3 xR3 T3

(iii) Entropy is uniformly bounded:

T
/ f]Inf| dxdv+// {M(f) = f} Inf dxdvdr < Gy, 7
T3 xR3 0 JT3xR3

for almost every t € (0,T).

One of the key elements in the proof is the derivation of the third moment estimate that
remains uniformly bounded with respect to the mollification parameter €. To derive the weak
compactness of the local Maxwellian, we first need to obtain the compactness of the macro-
scopic fields. For the compactness of the local density and bulk velocity, the second moment
estimate combined with the velocity averaging lemma is enough to derive the desired result.
However, we need a moment estimate strictly higher than 2 to derive the compactness of the
local temperature(see [36]). In view of this, we observe that the third moment of the regular-
ized distribution function f; can be controlled by the kinetic energy of the suspended particles
and a fluid-particle type estimate (See section 3 for the definitions of f; and 7.):

T T
I feIVI3dxdvdt<C(H(ns*us—V)fe(l+IVI)||u+ [ fg|v|2dxdvdr),
0JT3xR3 0 T3 xR3

for some C > 0 independent of &, which in turn is bounded by L3 norm of the fluid velocity.

For the existence of solutions to the fluid equations, a strong compactness is required to
control the convection term. For this, we again need to have some uniform bounds for the
local density and local moments together with the total energy estimates. This, combined with
the smoothing effect from the viscosity enables us to use the Aubin—Lions lemma to have the
strong compactness.

The outline of this paper is as follows: In section 2, we record several technical lemmas.
In section 3, we set up a regularized approximate system for the Navier—Stokes-BGK model
(1.1). Then, we prove the existence of the regularized model in section 4, and derive several
key a priori estimates independent of the regularizing parameter in section 5. Section 6 is
devoted to the proof of the main theorem.
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2. Preliminaries: auxiliary lemmas

In this section, we record various technical lemmas that will be crucially used later. We
first state the lower bound estimate of the local temperature, which is essential for the local
Maxwellian to be well-defined.

Lemma 2.1 ([38, proposition 2.1]). There exists a positive constant C,, which depends
only on q, such that

3/2
pr(x,1) < Cyllf 1T} (1) (g >3 0rg =0).
We also need to control the growth of the local Maxwellian by that of the distribution
functions:

Lemma 2.2 ([38, p 291]). Suppose ||f|[1oe < 00 for g > 5. Then there exists a positive
constant C,, which depends only on q, such that

[IM(Pllzge < Collfllzge (g > 5 org =0).

The next lemma says that, unlike the above estimate, the constant depends also on the final
time and the lower bounds of macroscopic fields if we are to control the growth of derivatives
either.

Lemma 2.3 ([56, proposition 4.1]). Assume that f satisfies

(D fllzge + [ Vaafllzge < Cu,
(2) pr +|Usl + Ty < Gy,
(3) pr. Ty > Cs,

Sor some constants C; > 0 (i = 1,2,3). Then, we have

[M()lzge + IViyM(f)llLge < Cr {WHL;O + ||Vx,vf||L;°}’

where Ct > 0 depends only on C,, Cy, C3 and the final time T.

The Lipschitz continuity of the local Maxwellian can be measured in the same weighted
L space as follows:

Lemma 2.4 ([56, proposition 6.1]). Assume f, g satisfy (h denotes either f or g)

(1) ||h||L;>° < Cy,
(2) pn + U + Ty < Cy,
(3) Phs Th > C3)

Sor some constants C; > 0 (i = 1,2,3). Then, we have

[M(f) = M(@)llze < Crllf — gllge

where Cr > 0 depends only on C, C,, Cs and the final time T.

In the lemma below, we give an interpolation-type inequality for local moments of f. For
this, we set (k=0,1,2,--)
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mf (x, 1) == /]R3 [ (x,v,t)dv and  Mf(r) ::/T [v[*f (x, v, ) dxdv.

3 R3

Lemma2.5([7,lemma]). Let > 0andg € L (T? x R x (0,T)) withmgg(x,t) < 0o
Sor almost every (x,t). Then we have

4 a+3
mag(x.1) < { S8l + 1) (mpgl, 1) 7+ ae. (x.1),
Sforany a < B.
We next state the velocity averaging lemma.

Lemma 2.6 ([9, lemma 3.2]). For 1<p<5/4, let {g"}, be bounded in
LP(T3 x R3 x (0,T)). Suppose that f* is bounded in L>(0,T; (L' N L>)(T3 x R3)) and
[v|2f" is bounded in L= (0, T; L' (T? x R?)). If f* and g" satisfy the equation

Of" +v-Vof" = V", fmo =fo € LP(T? x R?),

Sfor a multi-index k. Then, for any 1 (v), such that |1p(v)| < c|v| as|v| = oo, the sequence

{ sznd)(v) dv}n

is relatively compact in LP(T3 x (0,T)).

3. Global existence for a regularized system

In this section, we consider a regularized system of (1.1). As in [7], we regularize the fluid
velocity in the drag forcing and convection terms, and apply a high-velocity cut-off to the drag
force in the fluid part to relax some difficulties in the system (1.1). More precisely, let ¢ > 0
and 7 be a standard mollifier:

0<7eCE(T), suppy C B(O.1), / n(x)de = 1,
’]1‘3

and we set a sequence of smooth mollifiers 7. (x) = (1/¢3)n(x/¢). We also introduce a cut-off
function . € C*°(R3):

suppye € B(0,1/¢), 0<7.<1, v =10nB(0,1/(2¢)), and ~. — lase— 0.
Then the regularized system for the system (1.1) is defined as follows:
Ofe + v Vife + Vo - (e % ue =) fo) = M(f2) — [,
Ot + (1. 02) - Vot + Voo = plhgte == [ .00 =g, 3.1
Vi u. =0,
subject to regularized initial data:

(fe (2, v,0), e (x,0)) =2 (fore(x,v), 0 (%)), (x,v) € T? x R,
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Here * represents the convolution with respect to the spatial variable x. ug . is any C*> approx-
imation of u such that upe — ug strongly in L?(T?)as ¢ — 0, and f; . is defined by

2
f(),s =nx* {f01f0<1/6} + Ee_‘vl .

where 1, denotes the characteristic function on A. Note that fy . satisfies fy. — fo strongly
in LP(T? x R?) for all p < co and weakly-* in L>®(T? x R?), Msfy. — Maf; strongly in
L>°(T3) and uniformly bounded with respect to €,

In the following two sections, we prove the proposition below on the global-in-time exist-
ence of weak solutions and local-in-time uniform bound estimates of the regularized system
3.1).

Proposition 3.1.
(1) Forany T > 0 and € > 0, there exists at least one weak solution (fz, u.) of the regularized
system (3.1) in the sense of definition 1.1.

(2) Moreover, there exists a T, € (0,T], which only depends on T,
such that

uo|| 2 + Mofo, and ||fo]|

e Total energy estimate:

t
sup (nus(r)niz ML)+ [ 190 ds) <c. (32)
0<I<T. 0

o Fluid-kinetic mixed estimate:

[(ne x ue —v)(L+ V) fellr < C(fo,uo, Ts)- 3.3)

o Third moment and entropy estimate:

IMifellor) + sup / £ ()] dxdv < C(fo, o, To).
0<1< T, JT3 xR

Here, in particular, C; > 0 depends only on T,, T,

u()”Lz + MZfO, and Hf()”Loo.

Since the proof is rather long, we divide the proof into two parts in sections 4 (Existence
and Uniqueness) and 5 (Uniform-in-€ estimates ) below.

4. Proof of proposition 3.1 (1): existence of ( £, u.)

We construct the solution (f;,u.) to the regularized system (3.1) as a limit of the approx-
imation sequence (fZ,u”) for the system (3.1) given by the following decoupled and linear-
ized system:

O v VIt £ V- (el =) f2F1) = M(f2) = f2,
O™+ (e +ull) -Vl 4 VoIt — pA ! = — /R Ve (V) (ul = v) f2 dv, .1
V- ugH =0,
with the initial data and first iteration step:

(e, v, 1), ul (%, 1)) =0 = (foe(x,v),upe(x)) forall n>1,

and
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(fEO(x, v, 1),ud(x, t)) = (foc(x,v),u0c(x)),  (x,v,1) € T> x R* x (0, 7).

Before we consider (4.1), we consider the existence of characteristics:

Lemma 4.1. For u € L>(0,T;L*(T?)) such that |[ul|p(o1,2) < 00 and a fixed € >0,
define the backward characteristic Z.(s) := (Xe(s), Ve(s)) := (X (858, x,v), Ve(s; 1, x,v)) by

d
aXs(S) = Ve(s),
J (4.2)
&VE(S) = e *u(X:(s),s) — Ve(s),
with the terminal datum
X.(t)=x and V.(¢) =w.
Then Z.(s) is globally well-defined and satisfies
|ZE (S)‘ g CT,e,u(l + |V|) and ‘vx,vzs (S)| < CT,E,u’ (43)

for some positive constant Crc, = C (T, e, ||ul| 1 (Q,T;Lz)).

Proof. The existence part is clear due to the regularization. For the estimate of (4.3), we
rewrite (4.2) as

4.4)

A straightforward computation yields
Xl <l + [ Wenlar<c+ [ zmler
0 0
and

12
-5 T—5 CT
[Ve(s)| < eyl +/ e [(ne x u)(Xe(7). 7)| A7 < Crlv| + 75 1l el 2

where we used
1
Ine x oo < limellezllullee < 7 Inllee ulle= o2
Thus we obtain

|Z(s)| < Cr|v| + Creu +/ |Ze(7)| dT,
0
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which gives
|Z<(s)] < Crea(l+ ), 4.5)

for some positive constant Cr.c, depending on T, €, and ||| (o,7.2)- Similarly, using
1
IVa(ne )l < IVanelliz iz < 7 IVallzz [l o722
we get
|V Xe(s)] < C+/ |ViwVe(T)|dT,
0
[VirVe(s)| < Cr+ CT/ [(Vane) * u(Xe (1), 7)||VanZe (T)| dT
0
Cr [*
<Cr+ =572 Va2 lull 2| Vi Ze ()] dr.
0
Thus we have

|VivZe(s)| < Cr + CT,s/ |VivZe(7)|dT,
0

which, from Gronwall’s inequality, yields

|VinZe(s)| < Creu

Here, Crc,, is a positive constant depending on T, e, and ||ul| o (,7:12)- O

We now state the results on existence and uniqueness of the regularized and decoupled
system (4.1), and its uniform bound estimates in n in the proposition below.

Proposition 4.1. Let g > 5. For any T> 0 and n € N, there exists a unique solution
(f2, u) of the regularized and decoupled system (4.1) such that f € L>(0,T;L2° (T3 x R%))
and u® € (H'(0,T; L*(T?)) N L*(0, T; H'(T*))). Moreover, (f,u?) satisfies the following
uniform-in-n estimates:

() If2 Nl o (2 xr3x 0.1)) < Cillforellzoe (m3xrey

(ii) ||| oo 0,122 ()2 0,7 (19)) < Caes N OUE |2 (13 (0.7)) < Caes
(iti) [[f2 ] o= 0,7:100 (13 xR3)) + I Va2 llLoe (01200 (1 2y < Caee,

() prz + | Upe| + Tpp < Csee ppes Tpe > G

Here, Cy = C{(T) depends only on T, whereas Cyc = Cy(T,fo,uo,€), Cse = C3(T,fo,
uy, Vg, €) and Ci. = Ci(T. fo,e) (i =4,5,06).

Remark 4.2. The upper bound estimate of 7 in L>(T3 x R3 x (0,T)) does not depend
on both € and n.

Proof. We prove this proposition using induction. The case n = 0 is trivially satisfied. As-

sume that we have obtained (f",u") € L*°(T?® x R3 x (0,T)) x L>=(0, T; L*(T?)) that satis-
fies all the statement of proposition 4.1.
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(1) Existence and uniqueness of (f""!,u"*!): Under the assumption (f",u") € L>®
(T?* x R® x (0,T)) x L>(0,T; L*(T%)), (4.1); can be seen as an inhomogeneous trans-
port equation:

OfIT v Vfi o (e wul —v) - Vit =212 = M(fD). (4.6)

Thus, in view of the uniform bound on M (fI') given by lemma 2.2, the existence follows
straightforwardly once the well-posedness of the characteristic:

201 (s) i= (X (), VI (9)) 2= (X0 (s31,0). VI (53,0, 0))

defined by

d n n
SXIH(5) = Ve (s), 0
d n n n n
SVIH(s) = s (X2 (5),) = VI Gs),

N

s<T,
“@.7

with the terminal datum

X"ty =x and V'T'(t) =,
is verified, which is provided by lemma 4.1.
On the other hand the assumption (f",u") € L>(T? x R x (0,T)) x L>(0, T; L*(T%))
together with the high-velocity cut-off function 7. (v) implies that the drag forcing term
in the fluid part belongs to L?(T? x (0, T)) at least. Thus, by a standard existence theory
of incompressible Navier—Stokes equations with a mollified convection term [30], we can
obtain the global-in-time existence and uniqueness of solution #"*! solving the fluid part
in (4.1) with the regularity mentioned in proposition 4.1.

(2) Uniform bound estimates in n: We now prove the uniform-in-n bounds in proposition
4.1.

o Estimate of ||/ (7)||.~: Integrating (4.6) along the characteristic defined in (4.7), we get
the mild form:

t
S ) = @ O) + [ SIMUD (@ 9 b @)
0
Then, lemma 2.2 gives
t
2 D)l < Woellee® +62T/ [M(f2)(s)||ze ds
0

t
< Crllfocllim + Cr / 172 (5) | d.
0

Therefore, by Gronwall’s inequality, we have

n o < o > 1.
OZ?ST‘VE(I)||L Crllfocll for n (4.9)

o Estimate of [|u? (¢) | o (0,7.22) and || 02 (1) || 12(0,722): Multiplying (4.1) by u*! and inte-
grating it over T? gives
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1d
sap [t P [ vt Eacs = [ =g
> X
(4.10)

due to

/ prsuZ-H dx = — / IAYE uZ-H dx =0,

T3 T3

and

€

/ (e % uthy - Vol wt dx = 0.
T3

On the other hand, the term on the right hand side of (4.10) can be estimated as

Lo e =z s < Collom (14 e+ )
X
< Cre (14 a2l + )

thanks to (4.9) and the cut-off function .. Thus we have
1 d n n n n
gdjllus“ 17 + plI Va7 < Cre (1+ [lu2ll7 + luZ™72)

and this gives the uniform bound of u" in L>(0, T; L*(T*)) N L?(0, T; H'(T?)). Now we
turn to the estimate of || 9,u(¢)||,2(o,.12). For this, we multiply (4.1) by 9,u(¢), integrate
over x, and use a similar argument as above to derive

d
[azr P B [ Gt Pac= = [ o - v urt ey
T3 2dt s T3 x R3
< CEH&MZHHLZ
1
< G+ ot
Integrating the above inequality with respect to time, we obtain
12 12 2
Ot HLZ(O,T;LZ) + | V" HL‘x’(O,T;LZ) < CeT + p| Vit el 72,

which gives ||3tug+1 ||L2(O,T;L2) < C(e).
o Estimate of ||/ || 1o 07:20%) + [ Ve 120 0.15200): Let us take Cre > 0 such that

eZT

T
5 [ Wlellsar < cr

Note that the constant above Cr . does not depend on n due to the uniform bound estimate
of ul in the previous part. Then it follows from (4.4) that

2T

T
€
V) > = S [ Il lodr > vl = Cr..

that is,
14+ Cre + VY| =141y for n>1 and 0<t<T.

Using the above estimate, we find
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Joe(Z2FN(0)) = foe (Z21(0))(1 + Cre + VI (O))(1 + Cre + [VEF(0)]) 7
< CT,a,quO,sHL;O(l + )7,

for 0 < g < oc. Similarly, with the aid of lemma 2.2, we estimate

M)(ZE (1), 1) S MEZE (1), T) (A + Cre + [VE (D)) + Cre + VI (1)) 71
Cre g M) llege (1 + V)71

<
< Creglfeflege (14 )™

Combining all the above estimate, we have
12
2 v ] < Creglfocllige (1+ V)™ + CT.E.q/O 172 ()l zge (1 + [v])~"ds.

This readily gives

Hfan+1 (t) ||L;’° < CT,E,q“vaE

1
Lo + Creyq / 1F2(5) - dis. @.11)
0

We next estimate the first-order derivative for f"*1. Note that the estimate in lemma 4.1 is
now uniform in n due to the uniform bound estimate of «” in L>°(0, T; L?(T?)). This and
using the similar argument as the above yield

|Vx,vfsn+l (x, v, 1)
< e21|vx,va,a (ZS-H 0))] |Vx,vzg+1 (0)]

t
4 / )V, M) (20 (5).5) | V22 (5)| s
0
t
< Crel[Vafoc e (1 + o)~ + Cr. / IV MOz (1 4+ )7 ds
0

1
< Crel Vel (L4 )0+ Cre [ (12l + 19582l ) (14 )05
0
Hence we obtain
t
Vet e < CrellFaafocllz + Crc [ (11211 + 19saf2le )
0

(4.12)
Combining (4.11) and (4.12), we have

I O)llge + 1 Vaaf 2™ (1)

t
< Cre (oellge +IVaafoellzze ) + Cre /0 (2l + 1V caf2 - ) ds,

-
ILs

which yields the desired result.

o Estimates of macroscopic fields of f: We show that macroscopic fields of f satisfy
ppr + |Up| + Ty < Crc and pys, s > Crc for some positive constant Cr.c. For this, we
take into account the integration of (4.8) and recall how we regularized f; to see
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f(x,v,1) / So(Z2(0)) dv > / ce Ve OF gy
R3

> / ce Cre(4M dy > ¢y,
R3

R (4.13)

where we used (4.5) together with the uniform estimate of . This gives the lower bound
for ps. Then, the lower bound for 7. follows directly from lemma 2.1. The upper bounds
can be obtained by exactly the same manner as in [38]. O

4.1. Proof of proposition 3.1. (1)

We are now ready to prove the existence and uniqueness of (f;, u.) stated in proposition 3.1.
(1). We split the proof into five steps as follows.

Step A.- Cauchy estimate for f*: It follows from (4.8) that
£ 1) = £ v ) = / ) (M) (271 (5).5) — M) (Z206), ) s
= / ) (M) (221 (5),5) — MUZ) (Z206),)) d
+ /0 ) (M) (Z2(5),5) — MU (Z25),5)) ds

=11+ D,

I can be estimate as follows.

= [ SITLMU) (02 5) + (1 @)Z205).8) - @6) — 2206 s

<Cre / IV MO e 224 s) — Z2(s) ds(1 + [v])

< Cre(1+ )™ /0 (Ilf;’(s)llL;o + Va2 (9)lle ) 1227 ) = Z2(s)] ds.

For I, we define p?, UZ, TZ to be the macroscopic fields constructed from f7, and recall from

[Sh A

(4.11) and (4.13) that
IfZllee < Cre and  pl > Cr. (4.14)

These estimates, together with lemma 2.1 gives the lower bound of 77 independent of n:
"> Cr.. (4.15)

We can also derive from (4.14) the upper bounds for the regularized macroscopic fields:
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o= [ v <l < cr
R3

n C n
/feVdV < 7Hfa
R3 Pe
2

n __ 1 n|. 12 1 n C n C 7|2
== [ ra— 2 [ v < Sl + 2 < e
(4.16)

Estimates (4.14), (4.15), (4.16) show that f and its macroscopic fields (p?, U?, T?) satisfy the
assumptions of lemma 2.4. Therefore, we have from lemma 2.4:

o) = -
<o

Lo < Cre,

B < Crat b0 [ 107 =)0l as @17
0

Here we used lemma 2.4 and the similar argument as in the proof of proposition 4.1. This
yields

2 =0l < Cre [ 102 =12 b+ Cre [ 122716) = 2265 as.
0 0

Step B.- Cauchy estimate for the characteristic Z"!:  We first find from (4.7) that

X (s) - X2 (s)| < / Vi () - V2(r)] dr.

We next estimate the characteristic for velocity as
t
V) = V) € [ € e (X2 (0).7) = el (X2 (0). )
N
t
[ e (X2 — e (X2, )
N
t
< Cre [ IVl (r) - X2l
N
T
o [l = ) s
0
T
< CT,s/ X2 () = X2(r)| + (e — u2™")(7) |2 d,
0
where we used the uniform bound estimate of ||| (o,7;.2) in 7. Thus we have

T T
121 (s) — Z2(5)| < Cre /0 201 (7) — Z2(r)  dr + Cr.e /0 1 — ()2

Step C.- Cauchy estimate for the fluid velocity #": For notational simplicity, we set
witl = "1 — 4" Then it follows from (4.1), that w"*! satisfies

O (W) - Vol (el Vw4 G = pl) — At

= [ marzar— [ e -0z - e (4.18)
R3 R3
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and V, - w"*! = 0. Multiplying (4.18) by w"*! and integrating it over T° gives

1d
5&”“’2“ 172 + 1l Vw1

1 1 1 1
= [ Tt e [ e d
X

= [ e =g g

i+ D+ T,

thanks to
/ (e % ul) - VW™ Wit dx = 0.
T3
We then estimate J;(i = 1,2,3) as

= / (Vatge xwith) -wit gt d"Jr/ (e xwi™h) - Vawl -l dx
i T3

< Cellu iz Iwe 2 + Cellu ez W i [ Vaowt e,
T < Cellf2 e el 2 Iwe e,
T3 < Ce(1 A [l ) W a2 = £2 7 ee

Hence, together with the uniform bound estimate of (fZ, #”) in n and Young’s inequlity, we get
Jl +J2 +J3 < CEHW};J’_IH%} + Ca"wg+l|‘L2||VxW};+l||L2
+ CelWell 2 W 2 + Collwe e llf2 — f2 e
< Ce (Iwella + Wiz + Il = f2 7 2=) -

so that

d _
3 W A VG < Ce (Iw2IEe + w1z + (12 = £ ) -

Step D.- Cauchy estimate for (7, u”, Z!),cn: Combining the estimates in previous steps, we
haveforall 0 <t < T

V2 ) = 2O llege + 12271 (1) = ZE@O) e + 2™ (1) — (1) |12
T
< Cr,s/o 2 () =27 D) lege + 122 (7) = Z2(7) e + [l (7) — wl ™ (7) |12 a7,
from which we can conclude that(f,u”),eny 1is a Cauchy sequence in

L>(0,T; Ly (T? x R3))) x L>=(0, T; L*(T?)). Therefore, for a fixed € > 0, there exist lim-
iting functions f;, u., Z. such that

sup (Ilfé’(t) —fe@llege + 1Z2(t) — Z(2) || Lo + [l (1) — ue(t)l\Lz) -0
0<I<T
(4.19)
asn — oQ.
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Step E.- (f+, uc, Z. ) cn solve the regularized system (3.1):  Now we will show that
M) = MUl — 0.

which, combined with the standard argument as in [4], leads to the conclusion that (f;, Z., u.)
solve the regularized system (3.1).
For this, we note from (4.19) the assumption ¢ > 5 that, for ¢(v) = 1,v, |v|?

[romar= [ rooar

< [ =sloela

n [2(v)]
< = fellzge /}R3 mdv

< Cff = fellge — 0.
Therefore, we have
Pz = Pes
PeUL = pele,
PEIULP + 3pLT2E = pe|Uel® + 3p.T.

uniformly in x and . Here (p, U., T.) represent the macroscopic fields constructed from f.
Then, since we have p? > Cr. from (4.13), this yields

pe = pe, Ul = U, T2 — T, uniformly in x, .

Now, recall that we proved in Step A that f and its macroscopic fields (p?, U”, T") satisfy the
assumptions of lemma 2.4. Thus, the convergence of f7'in || - ||z~ and the uniform convergence
of (pf, UL, T?) to (pe, Ue, Te) imply that f. and (pe, Ue, T.) also satisfy the assumptions of

g* e
lemma 2.4. Therefore, we conclude from lemma 2.4 and (4.19) that

[M(fZ) = M(fo)llege < Crellfe = fellige — 0.

This completes the proof.

5. Proof of proposition 3.1. (2): uniform-in-¢ estimates on ( £, u.)

In this section, we establish several uniform-in-e estimates for (f, u.) given in proposition
3.1. (2). For notational simplicity, we drop the subscript f'in py_, Uy, and Ty, when there is no
confusion, i.e. we denote by p. := pr, U, := U, and T := T..

o Uniform bounds of the total energy: A straightforward computation yields from (3.1),
that

d
&les +2M>f. < 2/1 |7 * ue (x, ) [mfe dx.
T;

This, together with lemma 2.5; myf. < C(myf.)*/5, Minkowski’s inequality;
|72 * ue(2)||5s < C|luc(t)||zs, the uniform bound estimate of ||fz ||~ in proposition 4.1,
(see also Remark 4.2), and Holder inequality gives

d
G Mafe + 2Mafe < lne e (1)l s mafe(O)llss < Cllue ()| (Mafe) 2. (5.1)
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Applying Gronwall’s inequality, we obtain
t 5 t 5
w0 < € (00 + [ eoleas) < (14 [ uoleas) |
0 0
(5.2)

due to Mrfy. < CM,fy, where C > 0 is independent of €. We next turn to the uniform
estimate of the fluid velocity. For this, we multiply (3.1), by u., integrate over x to get

1d

el Vel == [ (= o) e
T3 xR3

= /3 3f€|u5|275(v) dxdv +/ feus . V’Y&:(V) dxdv
T3 xR

B T3 xR3
< / |ue |mfe dx.
el
Then, by using the argument in (5.1) and (5.2), we can bound the last term as
[ et < s s
T

< Cllue (1)1 (Mafe)*?

t 4
< Clluclls (1 + [ )l ds)
0

P 12\ 4
< Clluc[m <1+(/0 e ()17 dS) ) ; (5.3)

where we used the Sobolev embedding L3(T?) < H'(T?) in the last line. We then use the
Young’s inequality to proceed

[ et a
']1‘3

" ' 1/2\ ®
<2||us||zl+c(1+( JACXCIRY )
0
1 t 4 t 4
<t 51Vl + ¢ ([ h@os) o [Ivaoie)
0 0

t t 4
<CClcl + 1Tl 4 € [ uios o [ 1Tl e)
0 0

In the last line, we used Holder inequlity:

t t 1/4
[ il as < e ( / ||ua<s>||izds) .
0 0

Therefore, we have

1d

2dr H”eHiZ + /LHVx”Ele}

4
i’g ds> .

t t
i
< CH+ Clluc|?. + EHVXHEH%Z + C/O ||u5(s)\|i2 ds+C </0 IV e (s)
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Integrating the above inequality over the time interval [0, ¢}, we find

t 1 1
H%%+MAH%%®MMNUMJQ+C+CAWMM@M+CAH%®WAS

t s 4
+c/ (/ ||qu€(7)||izdr) ds.
0 0

We then apply the Gronwall’s inequality to obtain that there exists a0 < T, < T such that

1
n%@%+/nw%®Mm<c for 0<i<T.. (5.4)
0

due to ||up||z2 < Clluol|z2, where C > 0 is independent of €. We also combine (5.2) and
(5.4) to have
Mofo() <C for 0<1<T,, (5.5)

where C > 0 is independent of €.
e Uniform bound of || (7. * u. — v)(1 + |v|) f2||1: We divide the integral as

H(ns * Us — V)(l + |V|)f5HL‘

Ts Tx
:/ / |(17e * ue fv)[fgdxdvdtJr/ / |(Ne * ue — v)||v|fe dxdvde
0 JTIxR3 0 JTxR

= 1] +12,

and estimate /; and I, separately. For the estimate of /;, we first note that

T. T.
I g/ / \ns*us|psdxdt+/ /mlfsdxdt

0 T 0 T

Tx

Ty
</’wmmwﬂmmmmm+c/|W¢mmm
0 0

where the second term on the right hand side of the above inequality can be uniformly
bounded as

t 4
Il < (14 [ (o)l )
0

<cQ+(AW%®M@QU34

<C for te(0,T,),

by using the same argument as in the estimate of the total energy. For the first term,
we use lemma 2.5; mqof. < C(mfz)3* to get ||pelss < C||mLf5||iS/f4, where C >0 is
independent of . A similar argument as in the previous estimate then yields
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T
/0 it (Ol 12 0 375 i

T,
<c /0 ot (1) s o ()L, d

Ty t 3
<c [l (14 [ Il as) a

0 0

T. T« t 3/2
< [Thulware [Tl ([ leokos) o

Ts
< [ uetolm ar
0

<c(/ a0l )

<C’

1/2

for 0 <t < Ty, where C > 0 is independent of € due to (5.4). For I,, we decompose
similarly as

T, T,
L < / / [Ne * ue|mf- dxdt+/ Mof. dt.
0o Jm 0

The uniform boundedness of the second term on the right hand side is obtained in (5.5).
The computation for the first term is treated in (5.3). This concludes the desired result.

e Uniform bound of third moment: We adopt the argument from [6, 37], unlike in [6, 37],
we show that the third moment is controlled by the kinetic-fluid mixed estimate due to the
presence of the drag force term. We multiply (3.1) by

(1+ 1) 2y
(T k)7

and integrate on T> x R3 x [0, T.] to get

T T«
- / / V- Vo ® dxdvdr = / / Of-® dxdvdt
0 T3 xR3 0 T3 xR3

T.
+/ / V- { (e xuec —v) . } © dxdvds
0 T3 xR?

[ e e

O(x,v) =

We denote the left hand side by L and the three terms on the right hand side by R,(i = 1,
2, 3).

© The estimate of L: By divergence theorem, we have
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T«
L= / / fov - V. dxdvdr
0 T3 xR3
T / XV
= Fe{v(1 + |v|P)/? ~Vx{}dxdvdt
tA AWW DAV -V Gy
/R/ L1+ ) LA . 20) T
= {v v : v
S - (DA TENEDEE
T, 2 2
_ (1 2\1/2 V] —(x-v) dxdvds
/ Awwf(+“” kP2 Tt ey ) O

(1 + )2 (V)2
—_ ]l — ———— % dxdvdr.
/ Auwe (1+ )2 T+ e f

On the other hand, we observe

S CIL N S B
(= RBME =~ T+ RPPE ~ T+hE = "

and

MR 1
(ECTEa

for (x,v) € T? x R, This yields

1 T
- / / v[*f. dxdvdt.
8 0 T3 x R3

o The estimate of Ry: Since ® does not depend on ¢, we can integrate in time as
Ri= [ (T - £0) daray
T3 xR3

<[ ) ) (14 ) ey
T3 xR3

g C7
where we used ®(x,v) < (1 + |v[?) for (x,v) € T> x R? and (3.2), and the constant

C > 0O is independent of €.
o The estimate of R,: Using divergence theorem, we estimate

(L+ ) 2x-w
Ry = / ‘/sz]Rz 775 * U — V)fs} W dxdvdr

+ ) 2x v
/ /nr*xR% Ne* e — V) fo}- V{ (EAEBLE }dxdvdt
_ e — v o212 v{x- v+l +vP) v
[ s gy (G D

Note that

vix- v} +x(1+ )
(L4 )1+ |x?)1/2

<2 for (x,v)€T3><R3,
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which gives

Tx
Rl <2 [ [ i = oI o st = 2 =)0+ £ < €
0 X

where we used (3.3).
© The estimate of R3: A straightforward computation gives

Ty
R3<// {M(f2) + £ 3 (1 + |v]?) dxdvdr
0 T3 xR3

Tx
:2/ / fo(1 4 [v]?) dxdvdz
0 T3 xR3

< Cfo,uo,T* .

Combining all these estimates, we obtain

T
/ / fov)? dxdvdr < Cp 7, -
0 T3 xRR3

eUniform bound of entropy: Multiply (3.1); by Inf. and integrate with respect to x and
v to get

d
dt Jps w3

= / (M(f:) — f2) Inf: dxdv.
T3 xR3

(v- V) Infe dxdy + / Yy (e % e — v)f2) Inf. dxdy

T3 xR3

£ Inf. dxdv + /

T3 xR3

The second term on the left hand side vanishes due to the divergence theorem. Using
divergence theorem and integration by parts, we can estimate the third term on the left
hand side as

/ V, - (("78*“5 _V)fa)lnfadXd": _/ (ne*ue_v)vvfadXdV
T3 xR3

T3 xR3

=-3 / £ dxdv.
T3 xR3

Since the local Maxwellian shares the same moments up to second order with f, we get

[ M) b ma(r) ase = [

T3 xR3

Pe v — U5|2
{M(fs) _fs} {ln (27TT5)3 - 27T. } dxdv

=0,
which immediately gives

/ (M) — £} Infe dedv = — / (M) — 2} {ln M(f2) — Inf. } dudv < 0.
T3 xR3 T3  R3

Thus, we obtain

d
dr T3  R3

fglnfgdxdv—3/

T3 xR3

fodudy = — / MU =3 (n M(£) = nf) d
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Integrating in time, we get
/ f-(O) Inf.(r) dxdv+/ / {M(fe) —f} (In M(f2) — Infe) dxdvds
T3 xR3 0 JT3xR3?

< / JoeInfo o dxdv + 3MofoT  for t€ (0,7).
T3 xR3

Then, it is standard to show that (see for example, [11, 21])

sup /T | FOIE)] sy < OO T).

0<I<T

This completes the proof.

6. Global existence of weak solutions

6.1. Weak compactness of f. and M(f,)

In this part, we use the uniform estimates in € obtained in the previous subsection to derive
compactness of (f:, u.) and the relaxation operators.

We have derived in the previous section that there exists a constant C, independent of €
such that

T.
// (14 ) + |Infe]) fe dedvdr < C
0 T3 xR3

Dunford—Pettis theorem then implies that f., f.v and f.|v|> are weakly compact in
LY(T? x R3 x (0,T.)). To derive the weak compactness of M(f.), we compute for R > 1

—f={M(f) —f}1M<f><Rf+ {M(f) = FI L mipzre
SR=Dflug<w + 15 (M(f) ) (I M(f) = Inf) Lag(p)srrs

so that

MUF) < RF + o (M) =) (i M(f) = n).

Now, we take an arbitrary measurable set By, C T3 x R3 and integrate over By, X [0, T.] to

/OT* /Bm M(f) dxdvdr

T T,
R / / f dxdvdr + / lnM( f)—In f) dvdxdt
0 JB,., InR Jo s,

T 1 T,
R/o /B”dedth+ R/O /st (f) = f) (In M(f) — Inf) dvexd

T
* 1
R / / fdxdvdt + — / Jfolnfydxdv + 3MQf0T>
0o JB, InR \ Jrs xps

T.
* 1
R/ / f dxdvdr + ( fo\ In fo|dxdv + Cfo,T) .
0 JB, nR
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Then, Dunford—Pettis theorem again gives the weak compactness of M(f) in
LY (T3 x R3 x (0,T,)).

6.2. Strong compactness of p., U. and T,

From the argument in the previous section, we see that there exists f € L!'(T? x R? x (0, T,.))
such that f., f.v, f:|v|* converge tof, fv, f|v|*> weakly in L' (T?® x R?® x (0, 7)) respectively,
which also implies

ps:/fsd\/é/fdv:p, psUsz/vadvA/ vfdv = pU,
R3 R3 R3 R3

and

30T+ pelUP = [ flvPav = [ fvPay =37+ plUP
R’ R?

in L'(T? x (0,7T,)). Thanks to the velocity averaging lemma [26], the above convergence
actually is strong, which gives the almost everywhere convergence of the macroscopic fields:

pe — p aeonT? x [0,T.], U.—U aeonE, and T.—T aeonk,
6.1)

where
E={(x,1) € T* x (0,T.) ]| p(x,1) # 0}.
Next, we need to show that M(f.) converges weakly in L! to M(f).

6.3. M(f.) converges to M(f)in L'(T3 x R3 x (0, T,))
Since (6.1) implies
M(pe, U, T )p — M(p, U, T)paeonE x R?

for any non-negative L function ¢, we have from Fatou’s lemma that

M(p, U, T)pdxdvdt < lim M(pe, U, T.)p dxdvdr.

ExR3 =0 JExrs

On the other hand, from the weak L' compactness of M(f:), we can find a L' function M
such that

lim M(pe, U, T )p dxdvdr = M dxdvdt.
=0 JExRrs ExR3
Thus we obtain
M(p, U, T)p dxdvdr < M dxdvdt,
EXR3 EXR3
for all p € L>°(T? x R* x (0, T,)), from which we can conclude that

M(p,UT) <M 6.2)
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almost everywhere on E x R3. Now, taking ¢ = 1, we find

M dxdvdt = lim M(pe, Ue, T.) dxdvds

ExR3 e=0 JExRs

= lim | p. dxdr

e=0 Jg

= /pdxdt
E

= M(p, U, T) dxdvdt.
ExR3

This, together with (6.2) implies M(p, U,T) = M almost everywhere on E. On the other
hand, we observe

lim Mo dxdvdt| < lim M| dxdvds
e=0 JpexRrs e=0 JpexRr3
< lim [[¢p]| 2o M. dxdvdz
e=0 E¢xR3

= lim ||g0||Loo/ pe dxdt
e—0 E¢

~ Jlglli= / pdxdi
EC

=0.

Hence we obtain

lim M dxdvdr = 0.

=0 Jpex 3
In conclusion, we have

T.
lim / M(f2)p dxdvdr = lim M(f:)p dxdvds + lim M(f2)p dxdvde
e=0Jo JT3xR3 e=0 Jpxrs =0 Jpexrs
= M(f)p dxdvds + 0

ExR3?

T.
:/ M(f)p dxdvds.
0 Jrxr

This provides the desired result.

6.4. Compactness of u. in L2(0, T,; L2(T?))

In this subsection, we show that u. is compact in L*(0, T,; L*(T?)). For this, we are going
to show that du. is uniformly bounded in [3/? (0,T«; V') so that we can employ the Aubin—

Lions lemma that guarantees the strong compactness [18, 47].
It follows from the weak formulation for the fluid part that for all ¢ € C'(T? x [0, T.])
with V, - 1 = 0 for almost everywhere ¢
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t t 13
/ 8,u5-wdxds:—// ((ng*ug)-vx)ug-wdxds—,u// Ve Vip dxds
o Jm 0o Jm o J13
t
7// Se(ue —v)y-(v) - ¢ dxdvds
0 JT3xR3

=Ji+Jp+Js

Using the integration by parts together with the divergence free condition, we get

11=/0’/T}<<ns*u5>-vx>w-uedxas.

By Holder inequility, we have

t
| < / 19746l e 2 e . ©.3)
0

Then, by Holder inequality again,

1/2
el = ([ 1wl
R

1/4 1/4
< (/ |7e *u5|4dx) (/ |u5|4dxdx>
R3 R3

< ”"‘a”i“

and Minkowski integral inequality,

1/4
([ ) <l
R;

we obtain from (6.3) that

1
V1l </ IVatbliz e |17 ds < Vst llos o) e I orr, sy (6.4)
0

where ||uc |13 (0,7,:2¢) is uniformly bounded in € due to the uniformly boundedness of u. in
L>=(0,T,; L*>(T3)) NL*(0, T,; H'(T?)) and the Sobolev embedding:

L%°(0,T,; L*(T*) N L*(0, T,; H'(T?)) < L*(0, T,; L*(T?)).

Thus we obtain

1/)'—>—/0t/T3((775*u5)-Vx)ug-z/)dxds

is bounded in L3/ 2(0, T.;V'). The estimate of J, can be easily done as

t
2| < N/ [ Vxtte |2 (| V23] 2 ds < ”wa”B(O,T*;LZ)HVXMEHLW(O,T*;L?)-
0

Thus it gives the same result as the above. Finally, we estimate J3 as
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t
sl < / / £ (fee] + ) 1] dxdvds
0 T3 xR3
t

< / ([luellzo |9l s lpell a2 + e0l| s lmfels/+) ds
0
< ”uE”LZ(O,T*;Lf’)Hw”LZ(O,T*;Lﬁ)”/)EHLO"(O,T*;LWZ) + HU’HLZ(O,T*;LS)HmlszL2(o,T*;L5/4)-

On the other hand, it follows from lemma 2.5; mqf < Cjy. |, (mof )*/° and Hélder inequality
that

2/3
o llsr < C (/ES(mea)g/lodx)

< C(/m {(m2f5)9/10}10/9dx>9/10 </T3 110dx>1/10

< C(Mf) .
Thus we get the uniform boundedness of || py. || (o 7, :13/2) in €. Similarly, we find
el s < C(Mafe)*,

i.e. mif. is uniformly bounded in L*(0, T,; L*/*(T?)). Combined with the uniform bounded-
ness of ||uc| 20,7, 16) in €, this yields

V3] < Clllleo.r. .oy < ClY N zor, )
Thus we obtain that d,u. is uniformly bounded in L3/%(0,T,;V"). Then, by Aubin-Lions
lemma, we have the following strong convergences of u.:

ue —u in L*0,T;L*(T?), u. —u in C([0,T.];V'),

as € — 0. These convergence together with the weak convergences allow us to pass to the limit
to conclude the existence of weak solutions.

In order to extend that local-in-time weak solutions to the global ones, we give the fol-
lowing energy estimate showing the total energy of the system (1.1) is not increasing. Then,
by using the same strategy based on the continuity argument as in [7, section 3.6], we have
the global-in-time existence of weak solutions and complete the proof of theorem 1.3. Even
though the proof of following lemma is almost same with [7, lemma 2], for the completeness
and the readers’ convenience, we provide its details.

Lemma 6.1. Let (f,u) be the solutions to the system (1.1) obtained above. Then we have
the following total energy estimate

1 1 !
IS0+ 513+ [ 1Vl s
! 1 1
2 2
+/ / Flu — v[2dxdvds < ~Mafy + = |uo |22
0 JT3xR3 2 2

for almost every 1 € [0, T,
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Proof. A straightforward computation yields
1 1 2 ' 2
IMAf0) + SOl + [ V() s
0
' 2 1 & 1 €112
+ Jelue = v dxdvds = SMofg + S lugll> + R(1),
0 JT3xR3 2 2

where the remnant R, (¢) is given by

R [ t [ e = asas— [ ’ [ vl =0 asands

t
+/ / Se(ue — ne xue) - vdxdvds
0 JT3xR?
=Rl +R:+R..

We now show R.(¢) — 0 as € — O uniformly in z € [0, T,].

o Estimate of RL(1): Set h.(x, 1) := [5 f=(x,v,1)(1 — 72(v)) dv. Then we use lemma 2.5 to
obtain

1 t
RUOI< [ uPhrckands < [ o] s
0 JT3 0

t
<c / it |2 M e s
0

3/2
< C||M3/2h5||L{>°(0,T*;L3/2)”uEHiZ(QT*lHl)'

On the other hand, we find

IMs johe (1)] < /

T3 xR

< / [v[*/2f.dxdv
T3X{v:\v|>i}

< V2e [v[*fodxdy < Cy/e.
T3 xR3

|v|3/2f6(1 — e )dxdv
3

Thus we have
IRL ()| < C\/e -0 ase — 0.

o Estimate of R?(¢): Taking a similar argument as the above, we get

t t
ROI< [ ulminelasds < [l s
0 T 0

t
< / it Mo, s |/
0

5/6
VT uelliz o, 1Mo yshe 132 o 1. o
< ce'S =0 ase — 0,

where we used
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Mo sho(1)] < / W[9/5F. dxdv < (26)/5Maf. (1) < CE'V5,

T3X{v:\v|>i}

e Estimate of R3(7): We again divide it into two terms Rz‘,’é,i = 1,2 as follows.
t
R(1) =/ / fo(ue —nexu) - v(1 — v5(v)) dxdvds
0 JT3xR3

t
+ / / fe (us —MNe*x Mg) S VY (V) dxdvds
0 JT3xR3
=t R25(0) + R25(1),

for any 6 > 0. First, we easily find that |R2::5(t)| < €85 = 0as § — 0 uniformly in &
using the same argument as the above. For the estimate Rif;, we use the uniform bound
estimate of f. in L= (T? x R? x (0, 7.)) to get

1
RAON [ [ e sl ldsdvds < Gl e — el
x{viv[< 5

Then since u. — u in L*(0, T,; L} . (T?)) we obtain
|Rif;(t)| —0 as e—0.

Thus we first let ¢ — 0 to have [R.(¢)| + |R2(¢)| + |[R2(r)| < C5'/3 forall § > 0, and then
let § — 0 to have R. — 0 as € — 0 uniformly in ¢ € [0, 7.]. We next use the weak—x
convergence of f. in L>(T? x R3 x (0,T,)) to get

Mof (1) < lim i(I)lf Mof-(t) for almost every r € [0, T.].
e—

Using that idea together with the strong convergence of u. in L*(T* x (0,T,)), we can
also deal with the terms fot S sepa fe e — v|* dxdvds, [[ue|| 2 (13, and fol [ Vue(s)]2, ds.
This completes the proof. [
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