© 2020 Chinese Physical Society and IOP Publishing Ltd Printed in China and the UK

Communications in Theoretical Physics

Commun. Theor. Phys. 72 (2020) 055001 (12pp)

https://doi.org/10.1088/1572-9494 /ab7702

The basic principle of m x n resistor

networks”®

Zhi-Zhong Tan' and Zhen Tan’

! Department of Physics, Nantong University, Nantong, 226019, China
2 School of Information Science and Technology, Nantong University, Nantong 226019, China

E-mail: tanz@ntu.edu.cn, tanzzh@ 163.com and zhzhtan @hotmail.com

Received 11 November 2019, revised 9 January 2020
Accepted for publication 13 January 2020
Published 2 April 2020

®

CrossMark
Abstract
The unified processing and research of multiple network models are implemented, and a new
theoretical advance has been made, which sets up two new theorems on evaluating the exact
electrical characteristics (potential and resistance) of the complex m X n resistor networks by the
recursion-transform method with potential parameters, and applies to a variety of different types
of lattice structure with arbitrary boundaries such as the nonregular m x n rectangular networks
and the nonregular m X n cylindrical networks. Our research gives the analytical solutions of
electrical characteristics of the complex networks (finite, semi-infinite and infinite), which has

not been solved before. As applications of the theorems, a series of analytical solutions of
potential and resistance of the complex resistor networks are discovered.

Keywords: complex network, RT-V method, electrical properties, boundary conditions, Laplace

equation, mathematical physics

1. Introduction

Resistor network models are important in the field of physics
and engineering since the issues of various disciplines can be
studied by simulating resistor network, such as percolation
and conduction [1], Nonlinear localized modes in two-
dimensional electrical lattices [2], Electric circuit networks
equivalent to chaotic quantum billiards [3], photonic crystal
circuits [4], Manifesting the evolution of eigenstates from
quantum billiards [5], topological properties of linear circuit
lattices [6], three-dimensional printed meshes [7], topological
insulator surface [8], the mean field theory [9, 10], lattice
Green’s functions [11-14], resistance distance [15], a recur-
sion formula for resistance distances [16], and so on. In
particular, two important equations of Poisson equation and
Laplace equation [17, 18] can be simulated by resistor net-
work model [19]. In addition, a real plane network of gra-
phene exists in the real nature.

It is well known that calculating the equivalent resistance
between two arbitrary lattice sites in a resistor network is
always an important but difficult problem since it requires not
only the circuit theory but also the innovative algebra. For
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example, when the boundary of resistor network is arbitrary,
it is usually very difficult to obtain the exact potential and
resistance of the complex networks with arbitrary boundaries.
In fact, the boundary is like a wall or trap, which affects the
solution of the problem. Therefore, the reality requires us to
create new theories to accurately calculate the electrical
characteristics (voltage and resistance) of the complex circuit
network.

Let’s review the research history of resistor networks. In
1845 Kirchhoff established the basic circuit theory (the node
current law and the circuit voltage law). After 150 years,
Cserti [20] calculated the two-point resistance of the infinite
network by Green’s function technique, which is mainly
focused on infinite lattices, and some applications of Green’s
function technique were obtained in later literature [21, 22].
In 2004 Wu [23] formulated a different approach (call the
Laplacian matrix method) and derived the explicit resistance
in arbitrary finite and infinite lattices with normative bound-
ary (such as free, periodic boundary etc) in terms of the
eigenvalues and eigenvectors of the Laplacian matrix, which
relies on two matrices along two vertical directions. Later, the
Laplacian matrix analysis has also been applied to impedance
networks [24], after some improvements, several new resistor
network problems have been resolved [25-27]. However, the
Laplacian approach cannot apply to the network with
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arbitrary boundary since it is impossible to give the explicit
eigenvalues for the arbitrary matrix elements (associating
arbitrary boundaries). But the boundary condition is impor-
tant since it is real case occurring in real life.

In 2011 Tan pioneered a new technique for studying
complex resistor networks [28], which now is called recur-
sion-transform (RT) theory of resistor networks [19]. Tan’s
RT method depends on one matrix containing one directions,
which is obviously different from the Laplacian method
which depends on two matrices along two directions. With
the development of the RT technique, many problems of non-
regular network with zero resistor edges have been resolved
[29-38]. In addition, the advantage of the RT method is that
all resistance results are in a single summation differs from
the Laplacian approach gave resistance results are in the form
of a double summation. Recently, the RT method has been
subdivided into two forms: one form is the matrix equation
expressed by current parameters [31-37], which is simply
called the RT-I method; another form is the matrix equation
expressed by potential parameters [19, 38], which is simply
called the RT-V method. Summarizing the previous applica-
tions of the RT (including RT-I and RT-V) method, it is not
hard to see that the previous studies have not solved all the
resistor networks, but only solved some personalized pro-
blems that depend on zero resistor boundary conditions, such
as the globe network [29, 37] belongs to cylindrical network
with two zero resistor boundaries, the cobweb network
[19, 33] belongs to cylindrical network with one zero resistor
boundary, the fan network [30, 38] belongs to nonregular
rectangular network with one zero resistor boundary, and the
hammock network [27, 36] belongs to nonregular rectangular
network with two zero resistor boundaries. Obviously, how to
study the complex network without zero resistor boundary by
the RT method is a question.

This paper developed the RT theory to allow us to study
arbitrary resistor networks without relying on zero resistor
boundary, which can derive the electrical properties (potential
and resistance) of the arbitrary m x n complex networks with
complex boundaries. Here we build two new theorems lead to
large problems to be resolved. Our study shows the universal
RT method is very interesting and useful to solve the complex
network. We focus on researching the electrical properties
(potential and resistance) of figures 1 and 2 on two complex
m X n resistor networks with two arbitrary boundaries by the
advanced RT-V method, which have not been resolved
before. It is worth emphasizing that the non-regular complex
networks with two arbitrary boundaries are the multi-purpose
network model because it can produce various geometrical
structure as shown in figures 4 and 5. Thus a large number of
problems of resistor networks will be resolved by this paper.

From the above analysis, professor Wu [23] was the first
to give several accurate equivalent resistance formulas for the
regular resistor networks by the Laplacian matrix method, for
the sake of comparative study, here we introduce two main
results of resistor networks from [23].
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Figure 1. An arbitrary m X n resistor network with two arbitrary
boundary resistors, where n and m are the maximum coordinate
values of (n, m). Bonds in the horizontal and vertical directions are
resistors r and ry except for two arbitrary boundary resistors of r;
and r,.

r

r
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Figure 2. A nonregular cylindrical m x n resistor network, where n
and m are the maximum coordinate value of (2, m), with the resistors
r and ry in the respective horizontal and vertical (loop) directions
except for two arbitrary boundary resistors of r; and 7.

Case-1. Consider figure 1 with rj = r, = rq is a regular
m X n rectangle network, where n and m are the maximum
coordinate values of (n, m), resistors r and ry are bonded
respectively in the horizontal and vertical directions. The
resistance formula for figure 1 is

r
+1

.
Ryyn(di, do) = v — x| + ——Iy; — ¥l
m n-+1

L2
m+ 1)(n+ 1)

m n [CW- cos (y, + %)0,- — Cy,jcos (y2 + %)9,]2

DY

i=1j=1

ey

s

11 — cos¢) + 1y '(1 — cos6y)

where C, ; = cos (xk + %)q&, b =in/(m + 1), ¢;=jm/
(n + 1) and d,(x;, ;) and d, (x,, y,) are arbitrary two nodes in
the network.

Case-2. Consider figure 2 with rp=r,=ry is a
cylindrical m x n resistor network, where n and m are the
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Figure 3. The resistor sub-network with the potential and resistor
parameters.

maximum coordinate values of (n, m), resistors r and r, are
bonded respectively in the horizontal and vertical directions.
The resistance formula for figure 2 is

ro (y1 - y2)2
Rm n d, dy) = - -
xn(d1, d2) n—l—l(lyl Yl 1
i — xo] + ——— >
m+1 o T D+ D 2
m o Coit sz,j — 2Cy,jCx, 08 2(y, — y)b;

DN I

iD= (1= cos26) + (1 — cos ¢,)

where C, ; = cos (Xk =+ %)‘?

0= ir/(m + 1),
jr/(m + 1).

ij:

The above results were found for the first time by Wu.
Later [25-27] improved the Laplacian matrix method to make
it applicable to regular cobweb and hammock networks.
However, the improved Wu method still cannot resolve the
resistor network with arbitrary boundary, such as the net-
works with two arbitrary boundaries of figures 1 and 2. In
addition, the equivalent resistances in equations (1) and (2)
are in the double summation but not in a single sum.

2. RT-V theory and Poisson equation

Consider two kinds of complex m x n resistor networks of
figures 1 and 2, where n and m are the maximum coordinate
values of (n, m). Assume Ag (0, 0) is the origin of the rec-
tangular coordinate system, and denoting nodes of the net-
work by coordinate (x, y). Assume the electric current J goes
from the input d; (x;, y;) to the output d; (x5, y,). Denote the
nodal potential of the sub-network is shown in figure 3,
and expressing the nodal potential at d (x, y) by
Upsn(x, y) = V. We will study the complex resistor net-
works in four steps.

The first step, setting up discrete Poisson equation based
on the sub-network of figure 3. By Kirchhoff law
(Cr 'V, = 0) to set up the nodal potential equations along
the vertical direction, we achieve a discrete static field
equation (or call Poisson equation) for any network

(A% + hAD VY = — I8, o, (3)

where h = r/rg, and I?) = J(byy, —
and output conditions of the current, AZVY) = V), | —
2V 4 VO and A2V = vOTD 2y 4 vOD denote
second order discrete equation, and when x; = x, equation (3)
reduces to the discrete Laplace equation (A2 + AA2) VY =
0. For the arbitrary network together with the upper and lower
boundary conditions, by equation (3) we are led to

Vivr = A1 Vi — Vie1 — by, 4

dy.y,) contains the input

where V, and I, are respectively two column matrixes, and
reads

Ve= VO VR VE VT (5)
Ik — [IIEO)’ 1]51)’ 1152)’...’ ]IE’”)]T’ (6)

and A, is the matrix built along the vertical direction. For
figures 1 and 2, the A,,. is

Am+l
2+h+bh —h 0 —bh
—h 24+2h —h
0 o —=h 242h —h 7N
—bh 0 —h 2+ h+ bh

where b = ry/r3, and r3 is the resistor between (x, 0) and (x,
m) in figure 2, when b = 0 (r; = 00), the A, belongs to
figure 1; when b = 1 (r3 = ry), the A, | belongs to figure 2.
The purpose of introducing r; is to express two different
resistor networks uniformly.

The second step, consider the boundary conditions of the
left and right edges in the network of figures 1 and 2.
Applying Kirchhoff’s law (Y7'V; = 0) to each of the left
and right boundaries, we obtain two matrix equations of
boundary conditions

mVi= A1 — 2 — WETW, ®)
haVioi = [Amt1 — (2 — ho)E]V,, (€))

where hl = rl/l"o, h2 = rz/ro, E is the (m + ]) X (m + 1)
identity matrix, matrix A, is given by equation (7).

Equations (4)-(9) are all the equations we need to com-
pute the node potential. However, it is impossible for us to get
the solution of the above equations directly. Thanks to the RT
theory of Tan that gave the matrix transform method [19,
31-33] and we create the new technique here. In the fol-
lowing we are going to give the transformation technology
based on RT-V theory.

The third step, creating matrix transform. Firstly, we
work out the eigenvalue #; of matrix A,,,, which is given by
solving determinantal equation of det|A,,.; — tE| = 0 (just
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b=0and b = 1), yields
t; =21 4+ h) — 2hcosh;, (i=0,1,-,m)), (10)

where 6; = (1 + b)ir/(m + 1), and b =0 for figure 1,
b =1 for figure 2. Next to transform equations (4)—(9) by the
following approaches

QY
(12)

P, A1 = diag{t, fi,---, tw} Pusis
Xi = Py Vi or Vi = (B ) 'Xg,

where X, = [X,fo), X,g'),---, X,g’”)]T. Assuming P; is the row
vectors of matrix P, , such as

Pz = [C(),," 41,," Czy,‘,"ﬁ Cm,,']-

Thus, we multiply equation (4) from the left-hand side by
P, ., we get

13)

x®O — X(l)

k+1 = XIEI—)I - rJ((SXIvkgyl,i - (14)

6xz,k€y2,i)3

where equations (11) and (12) are used.
Similarly, applying P, to equations (8) and (9), we are
led to

X =t + m — )X, (15)

haX® =t + hy — 2)XP. (16)

The above equations (10)-(16) are all essential equations for
evaluating the node potential.

The fourth step, solving the matrix equations (13)—(16)
Selecting >~ Véi) = %(xz — x)rJ as the reference potential
(notice: the potential is a relative reference value that you can
artificially assume), by equations (14)—(16) we obtain after
some algebra and reduction the solution

1 (X1+XQ
N2 —b

where b = 0 for figure 1, b = 1 for figure 2, and x, is defined
in equation (28) below, and have

(i) (i)
61!\/):14}'],1‘ - ﬂkl\/ngvz,i
(t — 2)GY

where G ;, 55;’;, GY
equations (19)-(25) below.

The RT-V theory. The above method of establishing
recursive matrix equations with voltage parameters, imple-
menting matrix transform and obtaining the solutions of
matrix equations is called R7-V theory. The detailed content
of the RT-V theory (recursion-transform theory with potential
parameters) can be found by the above four steps in
equation (3)—(18).

X0 = — xT)rJ, (17)

(i) _
X =

i, G =), (18)

are, respectively, defined in

3. Two theorems of resistor networks

3.1. Several definitions

In order to facilitate and simplify the expression of the
solutions of matrix equations, we define several variables of

G and )\, \; for later uses

1
Cy,.i = cos (yk + E)Gi’ Cy,—y = cos(y, — )0, (19)

Ai=14+h— hcosb; + \/(1 + h — hcost)? —

Xi=1+h—hcos— (1 + h — hcos)> —1. (20)
with
) b =0 forfigure 1,
0i =+ byim/(m + 1), {b =1 forfigure?2’ @b

And define variables F{" , ol

YX’

BY; and G for later uses by

FO = OF = X5/00 = X, AFD = F9 — FO. (22)
o) = AFD + (hy — DAFD |, hy = 1y /n. (23)
[ (z) (i) :
30, =4 e T e DS H
Y = ag’;a(z’)” o 1f x> xg

GP=F9 + (m+h —2F" + (ha — D(ly — DFY ..

(25

The above definitions are applicable to the entire article.
All of these definitions are meant to illustrate the following
two fundamental theorems, and we always assume that the
electric current J goes from the input d;(x;, y,) to the output
d>(x», y,) in our entire paper.

3.2. Two fundamental theorems

Theorem 1. Consider the arbitrary m X n resistor networks
of figures I and 2 whose maximum coordinate value is (n, m).
Then the potential of node d(x,y) in the m X n resistor
network can be written as

1 m

Z XJEi) Zy,i’

— (26)
(Cr.i> Sk izo

men(X, y) =

where (G G) = Yo il and C,; is defined in
equation (13), zy’i is the conjugate complex of ¢, and X,gi)
is the solution of the matrix equation (14) together with the
boundary condition equations. Formula (26) is a general
formula which is suitable for any resistor network model.

In particular, when selecting > ) V{? = %(xz — x)rJ as the
reference potential, the potential of node d(x, y) in the m X n
resistor networks can be written as

7)(
X(l) ,
+1 m+1Z O

Vinsn (X, ¥) = 27)
where ¥ = (x + x2)/2, (,;
(there be (,; = ¢, ; if ¢, is just a real number), and x, is a
piecewise function

is the conjugate complex of ¢ ;

={x,0 <xay U {x,x<x <x)

U {x2, x2 < x < nj (28)
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and X{” is given by (18) which is the solution of
equations (13)—(16).

Theorem 2. Consider the arbitrary m X n resistor networks
of figures I and 2 whose maximum coordinate value is (n, m).
Then the resistance between any two nodes d,(x, y,) and
d(x2, y,) in the network is given by

m X(i)é, L X(i)zy .
Rm><n (d], dz) = 1_ Z X1 Sy, Xy o ,
(Cy,i’ Cy,i)i:O J

(29)

where X,Ei) is the solution of the matrix equation (14) together
with the boundary condition equations, Formula (29) is a
general formula which is suitable for any resistor network
model.

In particular, for the networks of figures 1 and 2, the
resistance between two nodes d;(x;, y,) and d, (x,, ¥,) can be
written as

lxg — x2|
r
m+ 1
= N
2—0b n X/Ell)Cy],i - X)Elz C.V2’i

2

m+ 1,7 J

Rmxn(dla d2) =

(30)

where b = 0 is the case of figure 1, and b = 1 is the case of
figure 2, and X,Ei) is given by (18) which is the solution of
equations (13)—(16).

The above two new theorems contain a wide variety of
geometric structure of the network model, which can produce
many new results of potential and resistance, we are going to
prove the correctness of two theorems.

3.3. Proof of theorems

Consider the m X n resistor network with two arbitrary
boundaries shown in figures 1 and 2, in the introduction, we
have built the key equations (4)—(9) by the RT-V theory, and
converted the equations to equations (14)—(16) and derived
equations (17) and (18). Now we will work out the exact
eigenvalues of matrix A,,. | in equation (7). Equation (10) can
be derived by solving equation det|A,,.; — tE| = 0, and
then we need to consider two cases below.

One is for figure 1, substituting equation (10) into (11)
with b = 0 in A,,, we get the eigenvectors

/N2 142 1/V2
P, = COS(:VOHO COS(:V191) . COS(:vm91)’ 31)
cos(l./oﬁm) cos(l./lem) cos(m;mem)

where vy = k + 1/2, and 0; = in/(m + 1). By careful calc-
ulation, the inverse matrix can be easily obtained
2
—1 o T
m - Pm b 32
L [P+l (32)

where [ |7 denote matrix transpose.

Thus, the term (; ; appearing in equation (13) can be
specifically rewritten as

Go=Co=1/N2, (0 <y <m), (33)

Zy,i = (y; = cos (y + %)91', @z=1. 34

Another is for figure 2, substituting equation (10) into
(11) with b =1 in A,,,;, the eigenvector is obtained after
some algebra and derivation

1 1 1 1

1 exp(if)) exp(i26)) - exp(imb)
Pp=1. : . : . (35)
1 exp(if,) exp(i26,,) --- exp(imb,,)
where i#=-1, 6,=2r/(m+1)G=0,1,2,--m).

According to strict calculations, the inverse matrix reads

1 1 1
. 1 1 exp(—if)) - exp(—ib,)

m+l_m+1

(36)

1 exp(—imb)) --- exp(—imb,,)

Thus, the term (; ; appearing in equation (13) can be
specifically rewritten as

Cy,OZCy,OZ I, 0<y<m),

Cy,i = exp(iygi)’ Zy,i = exp(_iyei)'

(37)
(38)

We find that equations (32) and (36) can be rewritten as a
unified form below

Zo,o ZO,I : Zo,m
. 1 Go Ga o €
| _ 10 511 tm | (39)
! (Cri» Cr.) .ol
zm,O Z—m,l e me

where (G ;, G.) = {0 CiCrie and Gy, is the conjugate
complex of ¢ ;. Equation (39) is an important innovation
which is the key to our unified study of resistor networks.

Using equation (12), we have V, = (B,..1)"'X;, expand-
ing this matrix equation, then we get

vo— L [yvog X9z |,
‘ (gﬂgﬂ(k 9“+§%k9J
Equation (40) agrees with the formula (26) that we need to
verify.

Further, we get (., ¢;;) = (m 4+ 1)/(2 — b) by com-
paring equation (39) with equations (32) and (36). And when
selecting Y7 V) = %(xz — x;)rJ, we have equation (17).
Substituting equations (17), (33) and (37) into equation (40),
then equation (27) can be verified immediately.

Next, we verify equations (29) and (30) by Ohm’s Law,
we have

(40)

Ruen(dh, d) = %[V(xl, W — Vi y)l. 1)

Substituting equation (26) with x = {x, x,} and y = {y, y,}
into equation (41), we therefore obtain equation (29).
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Substituting equation (27) with x = {x, x,} and y = {y,, y,}
into equation (41), we immediately obtain equation (30).
Thus, two theorems are verified.

In subsequent sections we consider applications of the-
orems to arbitrary lattices. In all applications, we stipulate all
parameters in equations (18)—(39) apply to all resistor net-
works, and denote the resistors along the two principal
directions by r and r, except for resistors on the left-right
boundaries, and the input and output nodes of current are
respectively at d;(x;, y) and da(x2, ¥,).

4. Electrical properties of complex rectangular
network

4.1. Nodal potential of complex rectangular network

Consider the non-regular m X n resistor network shown in
figure 1, where the maximum coordinate is (n, m), selecting
SV = %(xz — x)rJ as the reference potential, the
potential of any node d(x, y) in the finite and sem-infinite
networks can be written as

Umxn(x, )’) _ -f_xTr o
J m—+ 1 m—+ 1 42)
% “ ﬁgcll)\/xcylvi B gflngCYZﬂi )
o (1 -cosh)GP "
Umxoo(xs y) _ x_xTr r
J m+ 1 m+ 1
(43)

N IX1—x N [X2—Xx
m o Ney - APy
1 Y 1 Yos
X2

i=1 \/(1 +h—hcosb)* — 1

Cy.i,

where 6; = ir/(m + 1), and Gy ;, B , G are, respectively,
defined in equations (19)—(25). For equation (43), there be
n — 09, x3, X, — oo with finite x; — x.

In particular, when x, = x; (means the input and output
nodes of currents are at the same vertical axis), formulae (42)
and (43) reduce to

Upsn(x, y) _ 70 (G, — C)’z,i)cy'*,iﬁ&i])\/x, (44)
J m+1,_- (1 - cOSQ;)Glgl)
Up oo (X, y) _ r “ j‘imix| (Cyvi - Cyl’i) Cy’i
J m+ 1, \/(1+h—/’l0059i)2 -1
(45)

Proof of equation (42). For figure 1, substituting equation (34)
with y, = {y,, y,} into (18), we achieve

(0 0
ﬁkl\/xlcyl’i - ﬁklwcz
t — 2)GP

) Cy,i
X = rJ, (1 < k< n). (46)
Substituting equation (46) and (34) into (27) with b = 0, we

therefore achieve equation (42).

(b)

Figure 4. Two resistor network models. (a) is a Fan network with an
arbitrary boundary resistor r,; (b) is an arbitrary hammock network.

For proving equation (43), when n — oo, xj, x; — 00
with finite x, — x, it can be got a limit by using
equations (20)—(25)

@)
ﬁxk\/x
n—oo @)
X—00 n

5\]|ka —x|
No— A

=i—2) (47)
So, substituting equation (47) into (42) with n — oo, we
therefore verified equation (43).

Formula (42) is a meaningful result because the network
of figure 1 is very complex and has not been resolved before,
which contains a lot of different network models since the
different boundary resistors can produce different geometric
structures. Here several special applications of formula (42)
are given below.

Application 1. When r; = r, = r(, figure 1 degrades into a
regular m X n rectangular network, the potential of a node
d(x, y) in the network is

Usy _ %=,

J m+ 1
p m @) C. . — ﬁ(i) C. .
0 Z XV~ Yyl x\/x'z Vol Cv . (48)
m+ 1,7 (1 —cos@i)Frfﬁl -

where ﬁ&’)x reduces to ﬁf?xl_ = AFY AF,E’EXX.

In particular, when x, = x, potential formula (48)
reduces further to

Upsn(6,3) _ 7o i (Cy,i — Cyz.i)Cy,t B, (49)
7 m+ 12 (1 — cosO)FY,

Application 2. When i, = 0 (r; = 0), figure 1 degrades into a
Fan network as shown in figure 4(a), where r and ry are the
respective resistors along longitude (radius) and latitude (arc)
directions, and the resistor element on the outer arc is r, (an
arbitrary boundary resistor). The potential of a node d (x, y) in
the m X n Fan network can be written as

U, y) _
J m—+ 1
2r o ﬁf\fe/xlc)’lsi - ﬁfrlz/xgcyz’i

2

m+ 17 AFY + (h, — DAF?,

X — X7

(50)

y.is
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where we redefine 3%, = F’af) _ (if x < x,) and 59, =
F(’)a(z’)n LA x> xg).

Please note that a non-regular Fan network (the outer arc
resistor r, is arbitrary) is a scientific conundrum, which has
not been solved before. Reference [19] has researched just the
regular Fan network (the outer arc resistor is r, = rg), but our
formula (50) with r, = ry is different from the result in [19]
because two results depends on the different matrices along
the orthogonal direction.

Application 3. When r = r, = 0, figure 1 degrades into a
hammock network as shown in figure 4(b), the potential of a
node d(x, y) in the m X n hammock network can be written
as

Ukx,y) x — X
J m+ 1 51
2r i ﬂg)vvqc Bgclz/xz Vool C
m + 1 i=1 F,gl) »
where we redefine ﬂSC’)VX F, (’)F,E’)X Gf x < x,) and ﬁi”m =

(’)F(’)x(lf X = Xxp).

In particular, when d;(0, y;) and d,(n, y,) are respec-
tively at the left and right poles, the potential of equation (51)
reduces to

Ukx,y) n—2x
J  2m+ 1)

(52)

Please note that the hammock network has been solved
by [36], but our formula (51) is different from the result in
[36] because two results depends on the different matrices
along the orthogonal direction.

Application 4. Assume figure 1 is a semi-infinite co X n
network, and m — oo but n, x and y are finite. Consider
di (0, y)) is on the left edge, and d, (n, y,) is on the right edge,
when r; = r, = ry, the potential of a node d (x, y) in the semi-
infinite co X n rectangular network is

ARG

Uooxn(xa y) o r_()f"r (AE*XC_\H -
0

(53)
J T (1 —cosO)F, 44

where C, = cos (yk + %)9 F,= X =X/ = X) with

A=1+h—hcosf+ (1 +h—hcosh)> — 1. Please
note that these definitions apply to all such issues as appear
below.

4.2. Resistance of complex rectangular network

Consider an m X n rectangular network with two arbitrary
boundaries shown in figure 1, where the maximum coordinate
is (n, m). Defining 3{, = 8% | the resistance between two
nodes d;(x, y;) and d(x,, y,) in the finite and semi-infinite

networks are respectively

X
Ry, dy) = 12 =01,
m—+ 1

2
U ﬁgl,)lcy],i_zﬁ(w Vi y7 +ﬁ(21)2 Vool

0
, (54
m + 1; (1 — cos )G >4)
Rmxoc(dls d2) = Mr
m+ 1
(55

m C2 + C2 _ 2)\|x2 Xllc C

)zl

m + 1i:1 \/(1 + h — hcos;)* —

where 6, = ir/(m + 1), and C;, G,gi) are, respectively,
defined in equations (19)—(25) For equation (55), there be
n — 00, xy, X, — 0o with finite x; — x,. Equation (55) can
be derived by taking the limit » — oo in equation (54).

Proof of equation (54). For figure 1, substituting equation (42)
with k = x;, x, into (41), then equation (54) is verified.

Equation (54) is an exact expression which still contains
a variety of resistance results with all kinds of boundary
conditions because the left and right boundaries are the
arbitrary resistors. For clearly understanding formula (54), we
set h; and hy, m or n as special values, and give several
special cases to understand its application and meaning.

Case 1. When h; = 1, the network of figure 1 degrades
into a rectangular m x n network with an arbitrary right
boundary, then formula (54) reduces to

X
Ry, dy) = 22— 21,
+ 1
i i i 56
o iﬁ() (= 280C, .C, i+ BN (56)
m+1= - cos@)[F(’)l + (hy — 1)F<'>] '
where ﬁ(i) reduces to 65{’?5 = AFg)[AF,E’)X + (hy — 1)

AF, rsl)x 71]

Case 2. When h, = hy = 1, the network of figure 1
degrades into a normal m X n rectangular network, then
formula (54) reduces to

Rmxn(dl, d2) = M"
+ 1 57
+ ro " IBY,)IC)’Z zﬂgl)ZC)lt \21 + ﬁ(l) Cyzz,i ( )
m+ 1 (1 — cosO)F, '
where 8, reduces to 87 = AFPAF" . This problem has

been researched in [23], and gave equation (1) with a double
sums. Clearly, our result (57) is different from equation (1).
This also shows that the equivalent resistance can be
expressed in different forms.

Case 3. When h; = 0, the network of figure 1 degrades
into a non-regular m X n Fan network with an arbitrary
boundary as shown in figure 4(a), by equation (54), we obtain
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the resistance of a Fan network

lx2 — x1]
-

Rmxn(dl’ dZ) =
+ 1

i i i 58
2}’ n ﬂg,)lcyzl _25() ylt )2 +ﬂ() ( )

m+ 17 AFY + (hy — DAF?,
where 3 is B,

(hy = DAFD .
In particular, when h = 0, hy, = 1, the network of

figure 1 degrades into a normal m x n Fan network, then
formula (58) reduces to

b

re-defined  as = FO[AF?, @

|xa — x|
r
m+ 1
i) 2
ll,ICy]

mxn(dl’ d2)

zm: ﬂ(l) )11 y ﬁ(’) \21
AFY

i=1 n (59)

where 3\ is re-defined as 30 = F{" AF{" . This case has
5 5 k s

been researched in [30], but the result is different from

equation (59), however they are equivalent to each other. The

reason is that they choice the different matrix along different

direction. This also shows that the equivalent resistance can

be expressed in different forms.

Case 4. When 4, (0, y,) is on the left edge and d, (n, y,) is
on the right edge, formula (54) reduces to

Rmxn({os yl}s {I’l, yz}) =

m had) Czl
« Z 142 5 Y1
] (1 — cos#)G?
where of? = AF + (e — AF .
In particular, when h; = h, = 1, equation (60) reduces to
nr
Rm n 07 9 n’ -
«n ({0, yi}s {n, y,1) p——

re & (Cfl,,»+ sz,,.)AF@— 2Cy, Cy, i

+
m+ 1 (1 — cosO)F"),

k]

m—|—1

nr ro

+
m+ 1 m+ 1
2y C, i Cy i + haa),Cy

Ln>yyi

. (60)

(61)

Case 5. When d,(x, 0) is at the bottom edge and

d>(x,, m) is on the top edge, then formula (54) reduces to
m><n({xls O} {XZ, m}) - ﬂr
m+ 1
m (l) —2(— l)lﬁgl)

(@)
()
2

where 8 and G are defined in (24) and (25).

Case 6. When d,(0, 0) and d,(n, m) are two diagonal
nodes, by (54) we have the resistance between two maximally
separated nodes

m+ 1,:1 2G,"

(62)

nr
Ryxn({0, 0}, {n, m}) =
m+ 1
"o m hoz(zl)n—Z( 1)hh2+h20¢1n 2(1 )
+ cot 0: 1,
m+ 172 2G® 2

(63)
where of), = AF" + (b — DAF |, 6, = im/(m + 1).

In particular, when r; = r, = ry, equation (63) reduces to

n

.
m—+ 1
m @ _ i
dy AF,” — (=D cotz(la,»). (64)
m+ 1;5 F% 2

n+1

Rmxn({o’ O}’ {}’l, m}) =

Please note that equation (64) is a desired equivalent resist-
ance between two maximum separated nodes in an arbitrary
m X n resistor network. This is an interesting result because it
is simple and easy to research the asymptotic expansion for
the maximum resistance. References [39, 40] studied the
asymptotic expansion by making use of the result (1).
Obviously, the concise equation (64) is more conducive to the
study of the asymptotic expression of the maximum
resistance.

From the above derivation, we find that formula (54) is a
generalized result, which is applicable to many network
problems and summarized a variety of complex network
models since it contains six arbitrary elements (rg, r, 1y,
rp, N, M).

5. Electrical properties of complex cylindrical
network

5.1. Nodal potential of complex cylindrical network

Consider the non-regular m X n cylindrical network shown in
figure 2, where the maximum coordinate is (r, m), selecting
SV = %(xz — x))rJ as the reference potential, defining
0; = 2ir/(m + 1), and C, _, = cos(y, — y)0,, the potential
of any node d (x, y) in the finite and sem-infinite networks can
be written as

Umxn(x, y) _ X — xTr
J m+ 1
ro i (xll)\/x yi—y ﬁ&l;\/x Yo=Yy (65)
2(m + 1) (1 — cos )G ’
Unx oo (X, y) _ X — x'rr
J m—+ 1
[x1—x| y lx2—x|
d (S o T S T RO

2(m + 1)i5 \/(1 + h — hcos§)* —

where 8 , G{” are, respectively, defined in equations (22)-
(25). For equation (66), there be n — 00, x, x, — oo with
finite x; — x. Equation (66) can be derived by taking the limit
n — oo in equation (65).

In particular, when x, = x; (means the input and output
nodes of currents are at the same vertical axis), formulae (65)
and (66) reduce to

Unxn(x,y) ro i Cy—y = G,y 30

O, (67
I 2m+ DZ (1 - cos)GP M ©7
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Unxoo(X, ¥)
J
Zm: Cy—y — Cy,y j\llxlfxl.
2(m+ i1 V(L + h — heost;)? — l

(68)

Proof of equation (44). For figure 2, substituting equation (38)
into equation (18), we achieve (1 < k < n)

8L expiy ) — B ,exp(iy, b; )
(# 2)G(')
The substitution of (69) into equation (27) yields
Uy) _%—x

J m+ 1 m+ 1
m (@)

« Z xl\/x /szv,r Yo=Y . ro
P 2(1 — cos#)GY m+ 1

y Z O, sin[(y; — )01 — 8L, sin[(y,

Pt 2(1 — cos )G
Because the elements r; in the network is real number, the
potential U (x, y) must be real number. Thus, extracting the
real part of equation (70) to produce equation (65).

X0 = (69)

L 0

Formula (65) is a meaningful result because the network
of figure 2 is very complex and has not been resolved before,
contains a lot of resistor network models, where each of the
different boundary resistor represents a different network
structure. So Formula (65) can create many interesting results.
In the following applications we always assume that the
current J goes from d(x;, y;) to d,(x2, y,) except for special
instructions.

Application 1. Consider an arbitrary m X n cylindrical
network of figure 2 with r; = r, = rg , by (65) we have the
nodal potential

U(.X', )’) _ X — xTr
J m+ 1
m (i) B(i) o
+ ro Z x1Vx }1 y n\;lx) Y y’ (71)
2(m + 1), (I = cosO)F,

where 5(’) reduces to 5(’) = AFOAFY
In pamcular when™ Xy = X, potentlal formula (71)

reduces further to

Uk,y) ro A

)’2 y @)
By  (12)
J o 2m+DE A —cosh)FD

Application 2. Consider an m X n cylindrical network of
figure 2. When r; = 0, figure 2 degrades into an m X n
cobweb network as shown in figure 5(a), by (65) we have the
nodal potential

55\2\/)«:6‘)’2*)’
DAF?,”
(73)

U(X, y) _ X — 'xTr r i 5x1\/x -y
J m+ 1 m+ 127 AFD 4 (hy —

(a)

(b)

Figure 5. Two resistor network models. (a) is a cobweb network with
an arbitrary boundary resistor r,; (b) is an arbitrary globe network.

where 3, is redefined as 3%, = FPaf) _ (if x < x,) and
B, = F 0, (G x > xy).

In particular, when d; (0, y,) is at left edge, and d, (n, y,)
is at right edge. Equation (73) reduces to

U (x, y) n— 2x
J  2m+ 1)

_ _nh i F9cos(y, — )0;
m+ 12 AFY + (hy — DAFD,

(74)

Please note that the cobweb network with an arbitrary
boundary has not been resolved before, the previous work
only studied the normal cobweb network (the boundary
resistor is r, = rg) [19], equation (74) is an original result.

Application 3. Consider an arbitrary m X n globe network
shown in figure 5(b). That is to say that figure 2 degrades into
a globe network when r, = r; = 0, from (65) we have the
nodal potential

Umxn(x’ y) _ X — xTr
J m+ 1
i gfll)Vnyl ﬂxz\/x Yoy (75)
m + 11:1 Frgl) ’

where we redefine ﬁ(’) x,;) and ﬁg)v)cx =

F)Ss’)F,f’lx(lfx > Xy).

= FPF? (ifx <

In particular, when d,(0, y,) is at left pole, and d(n, y,)
is at right pole, equation (75) reduces to

Ukx,y)  n—2x

. 76
J 2(m + l)r (7e)

Formula (76) is very simple and very interesting because
the potential distribution is only related to the x and has
nothing to do with y, which shows the nodal potential is equal
in the same latitude.

Application 4. Consider a non-regular m X n cylindrical
network of figure 2. Assume d,(0, y,) is on the left edge, and
dy(n, y,) is on the right edge. By (65) we have the nodal
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potential
Ukx,y) n—2x
7 2m+ 1)
m maf  Cy oy — haal.C
+ 1o Z 1 2n xey = 2 (l) Yo— »’ 77)
2(m + 1); 1 = cos0)G,
where of, = AFY + (i — DAF® | is defined in

equation (23), and C,, _, = cos(y, — ¥)0,.

In particular, when h; = h, = 1, equation (77) reduces

to
n— 2x
r
2(m + 1)
AFY Cy y
(1
when hy = h, = 1, y, = y,, equation (77) reduces to

Uk, y) _
J

Uk, y) _
J

m

ro Z

2(m + 1o

— AFOC

@)
Fnl+l

.Vz_y

, 78
— cos ) (78)

n— 2x
S 2m+ 1)
" AFY,

2

+
2(m + 1);=7 (1 — cos b))

_ AF(i)

@)
FnlJrl

o

(79)

Y=y

One know the potential function have important appli-
cation value for solving the Laplace equation. In this paper,
the analytical solutions of node potential functions under
various conditions are given, which provides a new theory for
practical application.

5.2. Resistance of complex m x n cylindrical network

Consider an m x n cylindrical network with two arbitrary
boundaries shown in figure 2, where the maximum coordinate
is (n, m). Defining 3{; = %) . the resistance between two
nodes d;(x;, y;) and d,(x,, y,) in the finite and semi-infinite
networks are respectively

Rmxn(dl, d2) = Mr
+ 1
m B9 — 250 cos(yd) + 49
g b1y — 281 5c0s(y0) + 555 Cg0)
2m+ 1) (1 — cos )G
mxoo(dl, d2) - ﬂr
m+ 1
" — X cos(y6;
Z (y0;) ) 81)
m + 11:1 \/(1 + h — hcosb;)* —

where 0, = 2in/(m + 1), y=y, —y, ﬁg}x and G are,
respectively, defined in equations (24)—(25). For equation (81),
there be n — 00, x;, x, — 00, with finite m. Equation (81) can
be derived by taking the limit # — oo in equation (80).

Proof of equation (80). For figure 2, substituting equation (65)
with k = x;, x, into equation (41), we therefore achieve (80).

Formula (80) is an exact and exciting result because the
network of figure 2 is very complex and has not been resolved

10

before, and contains a lot of resistor network models, where
each of the different boundary resistor represents a different
network structure. In particular, when taking some specific
value for r; and r,, equation (80) gives rise to a series of
special cases below.

Case 1. Consider a non-regular m x n cylindrical net-
work of figure 2. When r =ry,, the resistance of
equation (80) reduces to

X2 — X
Ry, dy = 22 =21,
+1
ro O\ BT = 28hcos(v0) + B
2(m + DI (1= cosO)FD | + (hy — DEDY )
where B reduces to 8, = AFO[AFD, + (b, — DAFY 1.

Case 2. Consider a normal m X n cylindrical network of
figure 2 with r, = r; = rg, the resistance of equation (80)
reduces to

Rysn(dy, dy) = MV
m + 1
n__s- B = 28c0s(y0) + 55 )
2m + 1) (1 — cosO)FY ’
where y =y, — y;, 8, reduces to 3, = AFOAF . This

problem has been researched in [23], and gave equation (2)
with a double sums. Clearly, our result (83) is different from
equation (2). This also shows that the equivalent resistance
can be expressed in different forms.

Case 3. Consider a non-regular m X n cylindrical net-
work of figure 2, when h; = 0, the left boundary collapses to
a pole, the network of figure 2 degrades into a cobweb net-
work with an arbitrary boundary resistor r, as shown in
figure 5(a), we have the equivalent resistance

Xy — X
Ruen(dy, dyy = 22—,
m+ 1
B — 28{%cos(y0) + B3,

s

; (84)
m + 11:1

AFD + (hy — HAFY,

where 3 is re-defined as 3,
AFP ]

In particular, when h = 0, hy, = 1, the network of
figure 5(a) degrades into a regular cobweb network, the
resistance of equation (84) reduces to

= FOIAFD 4 (hy — 1)

— X
m><n(d1» dZ) - gr
m+ 1
r & B = 260cos(vh) + B5)
Z 1,1 y (85)
m+ 1;7 AFY

where 3, is re-defined as 3{), = FOAF .

Please note that Case 2 has been researched in [30], but the
result is different from equation (85), however they are equivalent
to each other. The reason is that they choice the different matrix
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along different direction, where [30] set up matrix along the
longitude, but this paper set up matrix along the latitude.

Case 4. When h; = h, = 0, the left and right boundary
collapse respectively to two poles, the network of figure 2
degrades into an m X n globe network as shown in
figure 5(b), we have

Xy — X
Rmxn(dl, dZ) = | 2 1|
m—+ 1
r & B = 2B{cos(y) + B
+ > — = =, (86)
m+ 1,73 F®
where 8{, is re-defined as 8, = F'F{" .

Please note that Case 4 has been researched in [29], but
the result is different from equation (86), however they are
equivalent to each other. The reason is that they choice the
different matrix along different axes. This also shows that the
equivalent resistance can be expressed in different forms.

Case 5. Consider a non-regular m X n cylindrical net-
work of figure 2, when both d;(x;, 0) and d, (x,, 0) are on the
same horizontal axis, we have

X2 — X
Rm><n({xl, O}, {x2, 0}) — ur
m+ 1
ro o By — 2615 + 65 (87)
2m + 1= (1 = cos§)G\?

Case 6. Consider a non-regular m x n cylindrical network
of figure 2, when d; (0, 0) is on the left edge and d, (n, y) is on
the right edge, the resistance between two edges is

Riuxn({0, 0}, {n, y}) = n

m+ 1
ma$, + hyal, — 2hihs cos(y6)

r

ro "

+ > ;
2(m+ 1) (1 — cos ;)G 88)
In particular, when h; = h, = 1, equation (88) reduces to
n
Rmxn({o, 0}9 {na y}) = r
m+ 1
m @0 _ .
n 70 AF, cos()ﬁ,)' (89)
m+ 127 (1 — cosO)F,,
And when h; = 0, equation (88) reduces to
n
RmXVl({O’ O}, {n’ )’}) = r
m+1
m @
rhy s~ _. (90)
m+ 11 AFY + (b, — DAF?,

From the above results we know formula (80) is a general
results which, contains many results in a variety of lattice
structures, can produce many new resistance formulae.

6. Conclusion and comment
This paper developed the RT-V theory (RT theory with

potential parameters) and reveals the basic principle of elec-
trical characteristics of complex resistor networks for the first

11

time, such as two theorems of theorems 1 and 2 are proposed,
and the explicit electrical characteristics (potential and
resistance) formulae of the complex networks are given,
which contains the results of finite and infinite networks. As
applications of two theorems, the analytical solutions of the
electrical characteristics (potential function and equivalent
resistance) in the complex m X n resistor networks with
arbitrary boundaries are given, and many interesting results of
the various types of resistor networks are produced.

It must be emphasized that the previous theories (Mainly
refers Green’s function technique and Laplacian matrix
method) cannot solve resistor networks with complex
boundaries, because the Green’s function technique is usually
used to solve infinite network problems, and the Laplacian
matrix method depends on the solution of two eigenvalues
which relies on two matrices along two orthogonal directions.
Using Tan’s RT-V method to study resistor networks just
relies on one matrix along one vertical directions, which
avoids the confusion of another matrix with arbitrary ele-
ments that cannot be solved explicitly, and also gives concise
results in a single summation, such as the all equations given
by this paper.

In addition, resistance formulae (54), (55), (80) and (81) et al
can be extended to impedance networks since the grid elements
r, can be either resistors or impedances in figures 1 and 2.
For example, assume r = Z;, = R + jwL, ro = Z¢c = —j/wC,
then we can therefore study the arbitrary m x n RLC network if
we do a plural analysis [24, 34] to the resistance results obtained
in this paper.
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