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Abstract
In this paper, linear and 3rd-order nonlinear group velocities of the probe laser field are
investigated in a tripod-type four-level cylindrical quantum dot (TTFLCQD) with parabolic
potential in electromagnetically induced transparency. The nonlinear refractive index for this
system is calculated by obtaining the real part of the 1st and 3rd-order susceptibilities.
Afterward, linear and 3rd-order nonlinear group velocities are found. The control lasers at
z-polarization are applied to the system in order to investigate the linear and 3rd-order nonlinear
group velocities and the results are discussed. The linear and 3rd-order nonlinear group velocities
are compared at z-polarization. Furthermore, the effects of parameters of TTFLCQD and control
lasers on linear and 3rd-order nonlinear group velocities are explored. Finally, 3rd-order
nonlinear group velocity for z- and x-polarization is compared.

Keywords: tripod-type cylindrical quantum dot, linear group velocity, slow light, nonlinear
group velocity, electromagnetically induced transparency

(Some figures may appear in colour only in the online journal)

1. Introduction

For almost a century, control of the group velocity ( )vg has
been studied quantitatively. It has been realized that the group
velocity could be slower than the velocity of light in a
vacuum (c) or could even be faster than c. The slow light (SL)
phenomenon refers to light that propagates with group velo-
city much slower than c ( )v cg [1, 2]. Recently, the slow
light due to its extensive applications in low-light nonlinear
optical devices [3], quantum information processing [4],

optical switches [5, 6] and optical buffers [7] have attracted
remarkable attention from many researchers, both theoreti-
cally and technologically. A specific physical phenomenon
that laid a foundation for generating the slow light using a
material dispersion in various systems is electromagnetically
induced transparency (EIT) [8–10]. In this phenomenon, an
absorbing atomic medium is rendered transparent by the
probe laser field in the presence of one or several strong
control laser fields [11–13]. EIT has a considerable applica-
tion in manipulating the speed of light, particularly in
achieving the slow light phenomenon [14]. Using this
phenomenon, Kasapi et al [15] observed a group velocity of
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=v c 165g in a 10-cm-long pb vapor cell. Later on, Hau et al
[16] observed the velocity of light slow down to 17 ms−1 in
sodium atoms steam at ultralow temperature. Evangelou et al
[17] theoretically demonstrated that in a four level quantum
system near a plasmonic nanostructure, slow light can be
occurred due to the presence of plasmonic nanostructure
under conditions of EIT.

More recently, experimental and theoretical studies of the
slow light via EIT have been considered in semiconductor
nanostructures due to their potentially important applications
in optoelectronics and optical communication systems
[18–22]. Yan et al [18] observed slow light in a V-type three-
level system of GaAs/AlGaAs multiple quantum wells.

´ -9.31 10 ms4 1 and 6.5 Ps are calculated for group velocity
and corresponding delay time, respectively. Quantum dots
(QDs) are great candidates for EIT because of their quantized
energy levels and relatively low dephasing rates [23]. Mirzaei
et al [19] theoretically compared the group velocity of light in
V-type and L-type three level quantum dots by EIT
phenomenon. QDs coupled systems are exploited to build
hybrid systems [24, 25]. EIT and slow light are investigated
in the hybrid systems [26–28]. In the usual sense, the group
velocity is the propagation velocity of the envelope of a pulse.
The pulse can be linear, nonlinear and any other one. In this
work, we called the velocity of the propagated pulse envelope
as the linear and nonlinear group velocities. Here, the linear
and 3rd-order nonlinear group velocities of the probe laser
field are investigated in a TTFLCQD with parabolic potential
in electromagnetically induced transparency. The control
lasers at z-polarization are applied to system and the results
are investigated. Also, linear and 3rd-order nonlinear group
velocities in z-polarization are compared. The effects of
parameters of TTFLCQD and control lasers on linear and 3rd-
order nonlinear group velocities are investigated. Moreover,
3rd-order nonlinear group velocity in z- and x-polarization is
compared.

2. The model and equations

Schematic description of the system under consideration,
which is a TTFLCQD, is illustrated in figure 1(a). In
figure 1(b), the diagram of the tripod-type four-level system is
shown in Rb87 atom [29]. The tripod-type four-level system
has three ground states and one excited state. In this work,
ground states are ∣ ∣ ∣ñ ñ ñ0 , 1 , 2 and excited state is ∣ ñ3 . The
transitions of ∣ ∣ñ  ñ0 3 , ∣ ∣ñ  ñ1 3 and ∣ ∣ñ  ñ2 3 are three
allowed transitions and ∣ ∣ñ  ñ0 1 , ∣ ∣ñ  ñ1 2 and ∣ ∣ñ  ñ0 2
are three forbidden transitions. The level ∣ ñ3 is coupled to the
level ∣ ñ0 by the probe laser field with frequency wp and

amplitude of electric field

E .p0 The levels ∣ ñ2 and ∣ ñ1 are

coupled to the level ∣ ñ3 by two control laser fields with fre-
quencies w ,c1 wc2 and amplitude of electric fields


E ,c0 1


E ,c0 2

respectively. The total Hamiltonian of this system in the
rotating wave and dipole approximation is obtained as

follows:

[ ( )∣ ∣ ( )∣ ∣

∣ ∣ ( ∣ ∣ ∣ ∣
∣ ∣ )] ( )

= D - D ñá + D - D ñá
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2
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p c p c

p p c

c

1 2

1

2

where w wD = - ,p p 30 w wD = -c c1 1 31 and wD = -c c2 2

w32 are the detunings of the probe and control laser fields,
respectively. w ,30 w31 and w32 are the atomic transition fre-
quencies. ∣ ˆ ∣

mW = Ep P0 03 is the complex Rabi frequency

for the probe laser field, and ∣ ˆ ∣
mW = Ec c1 0 1 13 and W =c2

∣ ˆ ∣
m E c0 2 23 are the complex Rabi frequencies for the control

laser fields.  is Planck’s constant. ˆ ˆ 
m m,03 13 and

̂
m ,23 are the

electric dipole matrix elements.

Using equation (1) and under the rotating wave approx-
imation, the density matrix elements can be written as:
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Figure 1. The diagram of the (a) tripod-type four-level system with a
probe laser field and two control laser fields, (b) tripod-type four-
level system in Rb87 atom [29].

2

Phys. Scr. 95 (2020) 065506 B Behroozian et al



( )

( ( ))

( )

( ( ) )

( ) ( )

( ) ( )

( )

( ( ) ) ( )











r g r

r r r r

r g r

r r r r

r r r r

r r r r

r g r

r r r r

= D -

+ -W - W - W -

= D -

+ W - - W - W

= D - D + W - W

= D - D + W - W

= D -

+ W - - W - W

i

i

i

i

i

i

i

2
i

2

i
2

i
2

2
2

c

c p c

c

c c p

p c p c

p c p c

p

p c c

23 2 23 23

1 21 20 2 22 33

13 1 13 13

1 33 11 2 12 10

01 1 01 31 1 03

02 2 02 32 2 03

03 03 03

33 00 1 01 2 02

G sij are transition rates of the level ∣ ñi to level ∣ ñj and g sij are
decay rates density matrix elements. By assuming the steady
state and under the weak probe laser field approximation, the
1st and 3rd-order density matrix elements ( )r30

1 and ( )r30
3 can be

written as [30]:

( ) ( )

( )( )( )
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By using the relation between polarization and electric field,
the 1st and 3rd-order susceptibilities ( ( )c 1 and ( )c 3 ) of the
probe laser field, with the density of four level systems N, can
are obtained as follows:

( )
∣ ˆ ∣

( )( ) ( )
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c w
m

e
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W
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1 03
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and the effective susceptibility ( )c weff p is defined as:

( ) ( ) ( ) ∣ ( )∣ ( )( ) ( )


c w c w c w w= + E3 8eff p p p p
1 3 2

The refractive index of the probe laser field can be determined
via the following relation:

( ) ( ) ( )w c w= +n 1 9p eff p

Nonlinear refractive index by using equations (6)–(8), and the
Taylor expansion ( ( ) c w 1eff p ) can be written as:

( ) ( )
( )

( )
∣ ( )∣ ( )

( ) 
w w

c w
w

w= +n n
n

E
3 Re

2
10p p

p

p
p0

3

0

2

Here the fifth order term is neglected, due to its small effect.
( )wn p0 is the linear refractive index which related to

( )( )c wRe p
1 as follows:

( ) ( ) ( )( )w c w= +n 1
1

2
Re 11p p0

1

( )

wE p in equation (10) is related to the intensity of the probe

laser field as:

( ) ( ) ∣ ( )∣ ( )


w w e w=I n c E2 12p p p0 0
2

where c is the velocity of light in vacuum. So, the nonlinear
refractive index can be obtained as:

( ) ( ) ( ) ( ) ( )w w w w= +n n n I 13p p p p0 2

where ( )wn p2 ( ( ) ( ) ( )( )w c w w e=n n c3 Re 4p p p2
3

0
2

0 ) is Kerr
nonlinear, which related to ( )( )c wRe .p

3 The group velocity
(vg) of the probe laser field is related to the slope of the

dispersion as follows:

( )
( )

( )( )w
w w

=
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w
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v
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n
14g p

p p
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d

p

p

The group index, ( )wn ,g p is determined by:

( ) ( )
( )

( )w w w
w
w

= +n n
dn

d
15g p p p

p

p

To replace equation (13) in equation (15), linear group index
(nlg) and 3rd-order nonlinear group index (nnl g) of the probe
laser field can be written:

( ) ( )
( )

( )w w w
w
w

= +n n
dn

d
16l g p p p

p

p
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0

( ) ( ) ( )
( ( ) ( ))

( )w w w w
w w
w

= +n n I
d n I

d
17nl g p p p p

p p

p
2

2

So, the final expression of the linear group velocity (vl g) and
3rd-order nonlinear group velocity (vnl g) of the probe laser
field are given by:

( )
( )

( )w
w

=v
c

n
18l g p

l g p

( )
( ) ( )

( )w
w w

=
+

v
c

n n
19nl g p

l g p nl g p

In order to investigate linear and 3rd-order nonlinear group
velocities, it is essential to obtain m ,03 m13 and m23 because the
eigenstates of matter and polarization vector of lasers depend
on them.
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3. Cylindrical quantum dot

The Hamiltonian of cylindrical QD with the length L and
radius R, with parabolic potential, in the effective-mass
approximation, is given by:

( )  w r w= -  + +r


H
m

m m z
2

1

2

1

2
20

e
e e z

2
2 2 2 2 2

*
* *

where me* is the electron effective- mass, w =r  m Re0
2 2* and

w =  m L4z e0
2 2* illustrates the electron oscillation fre-

quencies in directions of R and L of cylindrical QD, respec-
tively. Eigenfunction of H is calculated as:

( )

! ! !
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( ) ( ) ( )

( )

y

p
=

´

r
+ +

- + +

x x x

k k
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n n

1 2 3

2

1 2 3

1
2 1

2 3

1 2 3

1 2 3

1
2

2
2

3
2
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Where ⁎
 w=r r k m and ⁎

 w= k mz z are defined
effective wave numbers, n ,1 n2 and n3 are quantum numbers
and ( )H xn is the Hermit polynomials and eigenkets are shown
by ∣ ñn n n .1 2 3 The eigenvalues of H is also given by:

⎜ ⎟⎛
⎝

⎞
⎠( ) ( )w w= + + + +r E n n n1

1

2
22n n n z

0
1 2 0 3 01 2 3

It is essential to select polarization vector of lasers and four
levels of ∣ ∣ ∣ñ ñ ñ0 , 1 , 2 and ∣ ñ3 in order to calculate the m m,03 13
and m .23 Eigenfunctions of H have a definite parity, since

Hamiltonian operator H commutes with parity operator p̂
([ ˆ ] p =H , 0). In this system, parity of eigenfunctions is
determined by evenness or oddness of quantum numbers
n ,1 n ,2 and n .3 By choosing ∣ ∣ñ = ñ0 000 , ∣ ∣ñ = ñ1 002 ,
∣ ∣ñ = ñ2 004 as even parity and ∣ ∣ñ = ñ3 005 as odd parity and
polarization of laser beams along Z axis QD ( ˆ


=E E ez), the

elements of dipole moment in allowed transitions are obtained
as:
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where ( )erf x is the error function. By choosing ∣ ∣ñ = ñ0 000 ,
∣ ∣ñ = ñ1 200 , ∣ ∣ñ = ñ2 400 and ∣ ∣ñ = ñ3 500 and lasers’

polarization vector in direction of radius of QD ( ˆ

=E E ex)

the elements of dipole moment for allowed transitions are
obtained as:

⎜ ⎟⎛
⎝

⎞
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4. Results and discussions

In this section, linear and 3rd-order nonlinear group velocities
(v v,l g nl g) are investigated by using EIT in a TTFLCQD, as
shown in figure 1(a). For simplicity and convenience, all the
parameters are set with g = -s10 ;03

11 1 γ23=γ13=Γ03=
Γ13=Γ23=γ03, gD = 10 ,c1

2
03 gD = -10c2

2
03 and g =01

g g g= = -10 .12 02
4

03 Figure 2 is illustrated linear and 3rd-order

Figure 2. The diagram of the (a) linear group velocity (vl g) and (b)
3rd-order nonlinear group velocity (vnl g) under z-polarization with
=L 8 nm and =R 10 nm for four different cases = =E E 0,c c1 2

= ´ =-E E3 10 v m , 0,c c1
8 1

2 = = ´ -E E0, 3 10 v mc c1 2
8 1

and = = ´- -E E10 v m , 5 10 v m .c c1
8 1

2
8 1

4
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nonlinear group velocities versus w ´ 10p
13 Hz with L=8 nm

and R=10 nm for z-polarization in the presence and absence of
the control laser fields. By analyzing figure 2 it is seen, when
both the control laser fields Ec1 and Ec2 are off ( = =E E 0c c1 2 )
the linear and 3rd-order nonlinear group velocities are minimized
at frequency ´51.6748 1013 Hz and light is absorbed by the
system at the same frequency. By applying one of the control
laser fields ( = ´ =-E E3 10 v m , 0c c1

8 1
2 or = =E E0,c c1 2

´ -3 10 v m8 1), vl g and vnl g at two frequencies are minimized.
Also, the light at the same frequencies is absorbed. It can also be
seen from figure 2, that one slow light frequency range ( wD p) is
created, which be seen at the center of vl g and vnl g curves
( )wD .p C In other words, one transparency window is created.
Pay attention to figure 2, it is observed that in the presence
of both control laser fields ( = -E 10 v m ,c1

8 1 = ´E 5c2
-10 v m8 1), vl g and vnl g at three frequencies ´53.6297

1013 Hz, ´51.3074 1013 Hz and ´50.0533 1013 Hz are
minimized. Also, two slow light frequency ranges are created;
one is on the right-hand side of vl g and vnl g curves ( )wD p R and
the other is on the left-hand side of vl g and vnl g curves ( )wD .p L

The numerical results of figure 2 are listed in table 1. ( )w ,p R

( )w ,p C and ( )wp L in table 1 are defined as the right, center and left
frequencies of the vl g and vnl g curves, respectively. Base on the
results of table 1, it is found that ( )wD p C for case = ´E 3c1

=- E10 v m , 0c
8 1

2 is wider than the case = = ´E E0, 3c c1 2
-10 v m .8 1 In addition, ( )vl g

max and ( )vnl g
max that are defined as

maximum values of vl g and vnl g at slow light frequency ranges,
for case = ´ =-E E3 10 v m , 0c c1

8 1
2 are more than the case

= = ´ -E E0, 3 10 v m .c c1 2
8 1 As can be seen clearly from

figure 2 and table 1 that for case = -E 10 v m ,c1
8 1 =Ec2

´ -5 10 v m ,8 1 ( )wD p R gets wider than ( )wD .p L Also, ( )vl g
max

and ( )vnl g
max at the right-hand side of vl g and vnl g curves

(( )v ,l g R
max ( )vnl g R

max ) are larger than ( )vl g
max and ( )vnl g

max at the
left-hand side of vl g and vnl g curves (( )v ,l g L

max ( )vnl g L
max ).

4.1. Comparison of linear and 3rd-order nonlinear group
velocities

Figure 3 is plotted in order to compare the linear and 3rd-
order nonlinear group velocities with = -E 10 v mc1

8 1 and

= ´ -E 5 10 v mc2
8 1 at z-polarization. It can be seen from

figure 3 that both vl g and vnl g at three frequencies
´53.6297 1013 Hz, ´51.3074 1013 Hz, and ´50.0533 1013

Hz are minimized. In addition, ( )wD p L for vl g and vnl g and
also ( )wD p R for vl g and vnl g are equal, i.e., ( )wD =p L

vl g

( )wD p L
vnl g and ( ) ( )w wD = D .p R

v
p R

vl g nl g It is also observed that
maximum values of 3rd-order nonlinear group velocity are
more than linear group velocity at slow light frequency
ranges.

4.2. Effects of parameters of cylindrical QD

To illustrate the effects of parameters of cylindrical QD (L
and R) on 3rd-order nonlinear and linear group velocities
figure 4 is plotted. Figure 4(a) is shown vnl g for two different
values of the length of cylindrical QD (L) at z-polarization. It
can be seen that by increasing L, curve of vnl g is moved
towards lower frequencies (red shift), because when polar-
ization vector of lasers are in the direction of the length of QD
(z-direction), by changing L, the electron oscillation fre-
quency in direction of length of cylindrical QD is changed.
Also, ( )wD p R and ( )wD p L become wider with increasing L.
Besides, the values of ( )vnl g

max are increased by increasing L.

Table 1. The values of wp (Hz), wD ,p ( ) ( )-v msl g
max 1 and ( ) ( )-v msnl g

max 1 for figures 2(a) and (b) with L=8(nm), R=10(nm),
( )= -E 10 v mc

8 1 for four different cases = =E E 0,c c1 2 = =E E E3 , 0,c c c1 2 = =E E E0, 3c c c1 2 and = =E E E E, 5c c c c1 2 under z-
polarization, R=10(nm).

Z-polarization

( )= -E 10 v mc
8 1 L=8(nm) ( )w ´ 10 Hzp

13

D ´p 1013

Left Center Right Left Center Right
= =E E 0c c1 2 — 51.674 — — — —

= =E E E0, 3c c c1 2 51.24 — 53.099 — 1.859 —

= =E E E3 , 0c c c1 2 48.827 — 53.504 — 4.677 —

= =E E E E, 5c c c c1 2 50.062 51.313 53.628 1.251 — 2.315
( ) ( )´ -v 10 msl g

max 8 1 ( ) ( )´ -v 10 msnl g
max 8 1

= =E E 0c c1 2 — — — — — —

= =E E E0, 3c c c1 2 — 2.172 — — 2.52 —

= =E E E3 , 0c c c1 2 — 2.814 — — 2.9 —

= =E E E E, 5c c c c1 2 1.852 — 2.501 2.29 — 2.728

Figure 3. Linear and 3rd-order nonlinear group velocities with
L=8 nm, R=10 nm and = -E 10 v m ,c1

8 1 = ´ -E 5 10 v mc2
8 1

under z-polarization.
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The results of figure 4(a) are summarized in table 2. It is
understood from figure 4(b) that the 3rd-order nonlinear
group velocity is not dependent on the radius of cylindrical
QD (R) in z-polarization, because electrons have no

oscillation in the x-direction, due to polarization vector of
lasers are in the z-direction. In figures 4(c) and (d), vl g for
different values of L and R in z-polarization, are plotted.
Based on the results of figure 3, it is obvious that the effects

Figure 4. The diagram of the (a) 3rd-order nonlinear group velocity with R=10 nm at two different lengths (L) of cylindrical QD, (b) 3rd-
order nonlinear group velocity at L=8 nm and three different radiuses (R) of cylindrical QD, (c) linear group velocity with R=10 nm at
two different lengths (L) of cylindrical QD, (d) linear group velocity with L=8 nm at three different radiuses (R) of cylindrical QD under
z-polarization.

Table 2. The values of wp (Hz), wD ,p and ( ) ( )-v msnl g
max 1 for two different lengths of cylindrical QD in figure 4(a) with R=10(nm),

( )= -E 10 v mc1
8 1 and =E E5c c2 1 under z- polarization.

Z-polarization

( )w ´ 10 Hzp
13 wD ´ 10p

13

=L 8 nm Left Center Right Left Center Right
=L 9 nm 50.062 51.313 53.628 1.251 — 2.315

39.073 40.443 42.968 1.37 — 2.525
( ) ( )´ -v 10 msnl g

max 8 1

=L 8 nm Left Center Right
=L 9 nm 2.29 — 2.728

2.410 — 2.773
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of L and R of cylindrical QD on linear group velocity are the
same with the 3rd-order nonlinear group velocity.

4.3. Effects of the control laser fields

In figure 5(a) vnl g in terms of w ´ 10p
13 Hz with three dif-

ferent values of Ec1 and R=L=10 nm in z-polarization is
displayed. It can be seen that with increasing E ,c1 ( )wp R and
( )wp c are shifted toward higher frequencies (blue shift) and
( )wp L is shifted toward lower frequency (red shift). Moreover,
the width of ( )wD p R and ( )wD p L are increased and decreased
by increasing E ,c1 respectively. From figure 5(a), it can be
discerned that by increasing E ,c1 the value of ( )vnl g R

max at
frequency ´34.05 1013 Hz does not change, but the value of
( )vnl g L

max at frequency ´31.98 1013 Hz is increased.
Figure 5(b) is shown the changes of vl g versus w ´ 10p

13 Hz,
when Ec1 is increased. According to the results of figure 3, the
effects of Ec1 on linear group velocity are similar to 3rd-order
nonlinear group velocity.

The 3rd-order nonlinear group velocity versus w ´ 10p
13

Hz with three various values of Ec2 when other parameters are
constant for z-polarization is plotted in figure 6(a). It is
observed by increasing Ec2 blue shift for ( )wp R and red shift
for ( )wp L and ( )wp C are occurred. Also, with increasing E ,c2

( )wD p R and ( )wD p L are wider. In addition, from figure 6(a) it
is found that increasing E ,c2 ( )vnl g R

max and ( )vnl g L
max are

increased. Figure 6(b) is represented linear group velocity in
terms of w ´ 10p

13 Hz with three different values of Ec2 when
other parameters are constant in z-polarization. All results of

figure 6(a), for figure 6(b) are also true, due to the results of
figure 3.

4.4. Comparison of x-polarization and z-polarization

The 3rd-order nonlinear group velocity for x- and
z-polarization is compared in figure 7. Investigation on

Figure 5. The diagram of the (a) 3rd-order nonlinear group velocity,
and (b) linear group velocity with R=L=10 nm for three different
Ec1 under z-polarization. Figure 6. The diagram of the (a) 3rd-order nonlinear group velocity,

and (b) linear group velocity with L=R=10 nm for three different
Ec2 under z-polarization.

Figure 7. The 3rd-order nonlinear group velocity with L=8 nm,
R=10 nm, = -E 10 v mc1

8 1 and = ´ -E 5 10 v mc2
8 1 under

x-polarization and z-polarization.
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figure 7 is shown that vnl g in x-polarization at smaller fre-
quencies than z-polarization is minimized. ( )wD p R and ( )wD p L

in x-polarization are wider than z-polarization. For
x-polarization, the value of ( )vnl g R

max is smaller than the value
of ( )v ,nl g L

max but for z-polarization, the value of ( )vnl g R
max is

greater than the value of ( )v .nl g L
max

5. Conclusion

In this paper, the linear and 3rd-order nonlinear group velo-
cities (v v,l g nl g) in a TTFLCQD in electromagnetically
induced transparency phenomenon are investigated. The
results are shown that there is one slow light frequency range
when one of the control laser fields is applied on cylindrical
QD, and in the presence of both control laser fields, two slow
light frequency ranges are created. The linear and 3rd-order
nonlinear group velocities are minimized at the same fre-
quencies, but maximum values of the 3rd-order nonlinear
group velocity are more than the linear group velocity. For
z-polarization, by increasing length of cylindrical QD (L),
( )vnl g

max and ( )vl g
max are increased and ( )wD p R and ( )wD p L

become wider. But vnl g and vl g are not dependent on the
radius of cylindrical QD in z-polarization. By increasing E ,c1

( )wD p R and ( )wD p L become wider and closer, respectively.
With increasing E ,c2 the width of ( )wD p R and ( )wD p L are
increased. ( )wD p R and ( )wD p L in x-polarization are wider than
z-polarization. Moreover, the blue shift and red shift are
occurred by increasing L, Ec1 and E .c2
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