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Abstract
We compute the instanton partition functions of N' = 1 SCFTs in class S;. We
obtain this result via orbifolding Dp/D(p-4) brane systems and calculating the
partition function of the supersymmetric gauge theory on the worldvolume
of K D(p-4) branes. Starting with D5/D1 setups probing a Z, x Z; orbifold
singularity we obtain the K instanton partition functions of 6d (1, 0) theories
on R* x T? in the presence of orbifold defects on 7> via computing the 2d
superconformal index of the worldvolume theory on K D1 branes wrapping
the 72. We then reduce our results to the 5d and to the 4d instanton partition
functions. For k=1 we check that we reproduce the known elliptic,
trigonometric and rational Nekrasov partition functions. Finally, we show that
the instanton partition functions of SU(N) quivers in class S, can be obtained
from the class S mother theory partition functions with SU(kN) gauge factors
via imposing the ‘orbifold condition” a4 — a4e*™/* with A = (j — 1)N + A
and A=1,...,N, j=1,...,k on the Coulomb moduli and the mass
parameters.
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1. Introduction

In recent years much progress has been made towards the non-perturbative study of four
dimensional (4d) gauge theories with extended supersymmetry. A milestone was the work of
Seiberg and Witten who demonstrated that the instanton series may be effectively summed
by computing the periods of a holomorphic curve, known as the Seiberg—Witten (SW) curve
[1, 2]. Nekrasov was able to verify their results from a purely field theoretic perspective and
derive the instanton partition function by performing the integration over (a suitable regular-
ization) of the instanton moduli space [3, 4].

String or M-theory realisations as well as compactifications of higher dimensional theories
to 4d have also shed much light on the structure of 4d N = 2 theories. A large class of 4d
N =2 theories may be obtained via (twisted) compactifications of the 6d (2,0) SCFT on
My x C, a4d compact manifold M, and a Riemann surface C. The N = 2 theories obtained
in this way are said to lie in class S [5, 6]. What is more, many protected quantities, such as
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partition functions [7] and correlation functions of BPS operators in class S SCFTs may be
computed as observables of a 2d theory which lives on C [8, 9]. One manifestation of this
4d/2d relation is that the partition function on an ellipsoid My = Sﬁm is equal to correlators
in Liouville/Toda CFT [8, 10]. Moreover, the 2d Virasoro/W-algebra conformal blocks are
mapped to Nekrasov’s instanton partition function. Another manifestation of a 4d/2d relation
is the partition function on My = S* x S! (a.k.a. the superconformal index: SCI), which can
be recast as a correlator of a 2d TQFT living on C [11, 12].

An N = 1 offspring of the class S construction was recently proposed in [13] and denoted
as class Sy and further investigated in [14-20]. See also [21-24]. These are 4d N = 1theories
which may be obtained via (twisted) compactification of 6d (1,0) SCFTs again on C. The
landscape of 6d (1,0) theories is far richer, a classification via F-theory has been explored
[25-28], although, a complete field theoretic understanding is currently lacking. An interest-
ing subset of 6d (1, 0) theories are the 7;" theories which may be engineered within M-theory
by considering the low energy theory living on N coincident and parallel M5 branes at the
tip of a transverse I' = A;_; singularity. The construction may be generalised by choosing
I' = ADE which, upon compactification on C leads to a bigger class of 4d N = 1 theories
denoted by class S [15].

Because of their orbifold constructions class Sy theories may provide an ideal starting point
to begin to look for exact results and 2d/4d relations in 4d N = 1theories which, so far, have
been largely unexplored. Often the orbifolded daughter theory possesses many similarities
with their mother theory [29, 30].

In [13] the 4d SCI was computed and most strikingly it was recast as a correlator of a 2d
TQFT establishing the first 2d/4d relation for class S;. Subsequently, in [31, 32], the index
and its TQFT description was also computed in the presence of half-BPS surface defects.
Additionally, in [17], SW curves were computed and some of their properties explored. In
[33], guided by the SW curves, the existence of an AGT-like correspondence for the class S,
denoted AGT} correspondence, was conjectured. Furthermore, the instanton partition function

Z5k

¢, was proposed via the relation of ZSk

-t and Wiy conformal blocks.

In this paper we will compute Zi‘:];t and verify the proposal of [33] for a subset of class
Sy theories with a Lagrangian description; 4d theories obtained by compactification of T,¥
when the compactification surface C is either an ¢-punctured torus C;, = T? \{p1,....pe}
or an ¢ 4 2-punctured sphere Cp 42 = CP! \ {p1,...,pes2} These theories are conformal
and have weakly coupled Lagrangian descriptions in terms of toroidal or cylindrical N = 1
quiver theories.

We engineer the toroidal N = 1 quiver theories of class S; in type IIB string theory as
Zy x Zy orbifolds of D3 branes!. We can study the dynamics of K instantons on the Dp branes
via the correspondence between the ADHM construction [36] and D( p — 4) branes within Dp
branes [37-43]. Instantons of orbifold daughters of ' = 4 SYM were intensively studied in
the early days of AdS/CFT [44-50] and recent computations in theories with eight or more
supercharges in various dimensions [51-55] have been possible due to significant improve-
ment of the old techniques. For this paper we where especially inspired by [56]. The instanton
moduli space on D3 branes is isomorphic to the Higgs branch of the theory on D(—1) branes.
The partition function of the supersymmetric matrix model theory on the worldvolume of
K D(—1) branes is equal to the K instanton partition function of the corresponding class S
theory.

!'This is a T-dual version of the type IIA Hanany—Witten description [34, 35] used in [13].
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Table 1. The type IIB setup engineering Lagrangian 4d SCFTs in class S.
X xX x¥ x x¥ x* ¥ x x x0

ND3 - - = =
Ae—l . . . . . . X X X X
Ak*l . . . . X X . X X
KD(-1)

Using T-duality on the setup of D3 branes in the presence of a Z, x Z; orbifold singularity
we land on D5 branes in the presence of a Z, x Z; orbifold which engineers a 6d (elliptic)
uplift of the 4d theories we are interested in. The matrix model describing pointlike instantons
of the 4d theory living on D3 branes is lifted to a 2d gauge theory, the SCI of which computes
the instanton partition function of the corresponding 6d theory on 72 [56], living on the world-
volume of the D5 branes. The 2d SCI calculation is very well studied [57-62]. Taking the 4d
limit of the 6d instanton partition function we obtain the instanton partition function of the 4d
class S theory.

This paper is organised as follows. In section 2, we present the string theory setup on which
we base our calculations. Experts can skip this section, however we find it crucial for build-
ing up notation and intuition for the rest of the sections. In section 3, we prepare for our main
calculation by practising with the calculation of the instanton partition function of 4d mass
deformed N =4 SYM (a.k.a. ' = 2*) and its 5d and 6d (trigonometric and elliptic) uplifts:
mass deformed 5d A" =2 MSYM on S! and 6d (2,0) theory on 72. This is obtained via the
computation of the SCI of the (4, 4) 2d gauge theory living on the worldvolume of the K D1
branes with quiver depicted in figure 4, which we set up using a supercharge that survives the
orbifold projection that will come next. In section 4, we present the main computation of our
paper, we perform a Z, x Zy ‘orbifold’ to the SCI of section 3. We extract the instanton parti-
tion function and for k = 1 successfully check our result against the known instanton partition
function of N = 2 circular quivers as well as their 5d and 6d uplifts. We conclude in section 5
with a summary and a discussion of our findings as well as an outlook of future directions.
Technical details are presented in the appendix to not interrupt the flow of the main text.

2. String theory description

In this section we present the brane setups which we use to ‘engineer’ Lagrangian theories in
class S;. We use this opportunity to establish notation and discuss the bosonic and fermionic
symmetries of theories in class S;. We begin with the toroidal N = 1 quiver theories in class
S which are obtained using type IIB string theory with N D3 branes probing a Z, x Zj orbi-
fold singularity (table 1). They are examples of N = 1 orbifold daughters of N' =4 SYM
[63, 64] and were extensively studied in the early days of AdS/CFT. After T-duality we land
on type IIA string theory with N D4 and ¢ NS5 branes in the presence of a Z; orbifold singu-
larity (see table 3), which was used in [13], and naturally produces cylindrical N" = 1 quiver
theories in class S;. Finally, we obtain a 6d uplift of the cylindrical quivers of class S; after
a further T-duality (see tables 3 and 4) which leads to N D5 branes on a Z, x Z; orbifold
singularity.

2.1 Type IIB realisation

Consider Type IIB string theory on R* x R®/T" with I = Z, x Z; with ¢,k € Z*. Our goal
is to engineer the class S; theories corresponding to a torus with £ minimal punctures within
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Type IIB string theory. Hence, we add a set of N parallel and coincident D3 branes along
the R* as described in table 1. We parametrise the worldvolume of the D3 branes with four
real coordinates X', X2, X3, X* which arrange themselves into the vector representation of
Spin(4) =2 SU(2), x SU(2)s. The Cartans Jp,Jg, of su(2),,su(2), are defined such that
lower o = 1,2 have J; = +%, —% and & = 1,2 have Jz = —&—%, —%. The R® =2 C3 is parame-
trised by six real coordinates X°,X% X7, X8 X° X' and the isomorphism is made by the
choice of arrangement into the complex coordinates

X5 + ix® X7 +ix'0
V2 V2

and their hermitian conjugates. The orbifold I' acts on those coordinates (2.1) as

179
Zse := =& 90, Z710:= =g, Zgo = —r— =Pp—g (2.1)

T2 (Zs6, Z110, Zso) — (wiZse, weZano, wy 'wy ' Zso) (2.2)

where wy 1= 2™/t Wi = e2mi/k  Before the orbifold action, fundamental strings stretch-
ing between D3 branes give rise to the SU(N) N =4 SYM theory on their worldvolume;
with R-symmetry Spin(6)g = SU(4)g, the rotation group of the transverse R® spanned by
X3,X%,...,X'% In N =1 superspace the theory contains a vector multiplet V and three
chiral superfields in the adjoint of the gauge group: (®!, ®2,®*) T transforming in the 3 of

SU(3)r C SU(4)g. The superpotential is given by
Wh ot = = apelrd®® [0, 8] — i irpyoyy, 2.3)
3! 8w

The chiral superfields ®“ are identified with transverse coordinates (2.1) hence the action of "
on C? lies diagonally inside SU(3) in the form

w0 0 b

MP=10 w 0 € SU(3)x. (2.4)
—1

0 O w[]wk ;

Note that I" also has an action inside the gauge group, SU(N) [65]. Its action can be conjugated
to an element % of the maximal torus T(SU(N)) = U(1)¥~!. After scaling N — |I'|N = (kN
this action breaks G — Hﬁzl Hle SU(N,;) specified by a partition of (kN = _, . N into Ck
integers. Note we always take the orbifold indicestobe n,m = 1,..., ¢ andi,j=1,...,k and
we impose orbifold periodicity n ~ n + £, i ~ i 4 k. To obtain the correct SCFT in class S;
we choose the action of I" such that N,; = N for all n, i. Hence h may be written as

h = diag (wgwk]l, R wgwlk‘ﬂ, e, wfwkﬂ, e, wfwlk‘]l) (2.5)
where I denotes the N x N identity matrix. Quotienting by I' imposes the identifications
V ~hiVh, @~ MIRTObh, (2.6)

After performing these identifications the resulting theory is an N = 1 torodial quiver gauge
theory with gauge group SU (N) * and superpotential
0k
L1 2 3 2 3 . TYM ni o
Wi=1 = Zzlq)(n,i) ((I)(n—l,i)(b(n,i—]) - (I)(n+1,i+1)q)(n,i+l)) - lvtrwniwﬂi,a 2.7

n=1 i=I

which  now  transform  as @%n‘i) € (Nuis Ny(ig1)), (I)%mi) € (Nui»Nuy1y;)  and
@, ) € (Nui, N(u—1)(+1)) under the gauge group [T, ; SU(N,;) = SU (N) **. We summarise
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— N1 %%% Ns1 |

21 31 41

A V12 Nag N3 Nyo Ns2

L \N?&%\N% A

Figure 1. The quiver diagram in N = 1 notation with ¢ = 5, k = 3. Circular nodes

denote vector multiplets and coloured arrows denote chiral multiplets. Blue lines denote
<I>% iy green <I>% i) and red <I>?n’ iy The quiver should be periodically identified in both ¢’
and ‘k’ directions, with gluing indicated by the black arrowed lines, such that it has the
topology of a torus.

the field content in the quiver diagram of figure 1. The individual couplings for each gauge
node g%MJ”- are given by integration of a non-zero B-field flux over the two-cycles C,; of the
space obtained by resolving the C3 /T singularities

472 1 1
B=—5—, =5 2.8
/Cm 8¥ani ; v 8 8)

These are precisely the same class of N = 1SCFTs which we expect to describe, at low ener-
gies, the 4d theory obtained by placing N M5-branes at the tip of an A;_; singularity (which
is the family of the 6d N = (1,0) T;" theories), compactified on 7% with ¢ punctures and

complex structure Tyy = % + % [13].

2.2. Type lIA realisation

Indeed, by performing a T-duality along, say, X’ to the setup of table 1 we may obtain the
Hanany—Witten description of the above class & theories in Type IIA as described in [13].
To perform the T-duality we may partially resolve the C* /T singularity. Resolving the Ag—;
singularity gives rise to an ALE space which is equivalent to the A — oo limit of the ¢-centred
Taub—Nut space TN, with metric

L N2 S 1
2 -1 = =
s =V (d@+A-dx) + Va2, V_EHJFF 2.9)
subject to the condition VV =—V xA . The underlying geometry is that of an S' fibered
over an R? base. To perform the T-duality we hence replace C? /T by (C x TNy) /Z; where C
is parametrised by Zse, Zss and TN, is parametrised by © = X, i= (XS,XQ,XIO). We may
then T-dualise along the TN, circle (which is invariant under the Z; action). We hence obtain
the Hanany—Witten description shown in table 2. Under the T-duality the £ centers of TN,
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Table 2. The type IIA setup obtained by a T-duality along X7 to table 1.

X! X2 X3 x* X° X0 X’ X8 X0 X0

ND4 — - .
(NS5 @ — = = = = =

Table 3. Alternative type ITA setup obtained by instead a T-duality along X to table 1.
X x¥ x¥ x x¥ x X x x x0

ND4 — -
Al—l . . . . . . X X X X

become ¢ NS5 branes fixed at positions ©, and X, in the transverse directions. The angles ©,,
at which the NS5 branes sit along the S' with radius /37 are related to the gauge couplings at
the nth node by

472 0,-Y" 10, / 1
= a= B, = — 2.10
o (I =02ep [ B T3 10

with C; the two cycles of the resolution of Aj_;.

We could just as well have instead resolved the A;_; singularities and T-dualised along X°
yielding the brane setup of table 3. Let us conclude this section with a final comment. Naively
we see that there is a k <> ¢ symmetry. However, this is true only at the ‘orbifold point’ for
both orbifolds or for very special values of k, ¢ and the gauge couplings. The A;_ singularity
has k — 1 blow up modes, while A¢—; has £ — 1. In case we turn them all on to generic points
the k <> ¢ symmetry is lost.

2.3. A 6d uplift

In this paper our primary interest will be that of the theory living on the D(—1)/D0-branes in
tables 1-3 . In both cases these are supersymmetric matrix models invariant under at least two
supercharges. We could choose to work directly with these matrix models, however we find
it more convenient to work instead with the two dimensional uplift of those matrix models.
Hence, we instead work with the brane setup of table 4, obtained by performing a further
T-duality along X® to table 3. Before performing the T-duality we also assume that X> may be
safely decompactified such that it parametrises a space with the topology of R. The T-duality
may again be performed by replacing A¢—; with TN, , we then T-dualise along the TN, circle,
landing us on the setup of table 4 . The Spin(6)g R-symmetry group has been broken to a sub-
group U(1)se x Spin(4)g which acts by rotations along R? , R* parametrised by X°, X® and
X7,x8,X°, X0 respectively. The Z, orbifold further breaks the Spin(4)z R-symmetry group
down to a subgroup SU(2) corresponding to the isometry group of TN, while, the Z; orbi-
fold breaks the U(1)ss x SU(2)g down to the maximal torus of SU(2)g.
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Table 4. Type IIB setup engineering a 6d uplift of the 4d theories we are interested in.

X! X2 X3 x* x° X0 X’ X8 x° X0

ND5 — - = =

A€71 . . . . . . X X X X
Ar_q : . . X X X X

K D1 . . . . _ _

Table 5. The M-theory uplift of the IIB setup in table 4, ‘engineering’ a 6d uplift of
the 4d theories we are interested in. For k = 1 this is the same as (2.2) in [54]. For
¢ =1, this is the codimension-two defect of Kanno and Tachikawa [66].

XX x x x x x¢ X x x x° xU

NM5S — — — — — — .

Ap_q . X X X X

Ay X X . X X

K M2 — — —

It is also useful to understand this IIB setup via uplifting it to M-theory—see table 5. We
begin with the more familiar k = 1 case, the 6d (1,0) 7 SCFT associated to N M5 branes
sitting at the tip of an Z; orbifold singularity of M-theory. Compactifying that on S} gives 5d
N = 1circular quivers Ny, with £ nodes denoting SU(N) gauge groups? and ¢ links denot-
ing bifundamental hypermultiplets [14, 73, 74], see figure 3. Further compactification on St
results in 4d N = 2 Ay circular quiver theories with SU(N)* gauge group. The A¢— theory
may also be realised via the well known Class S construction obtained by compactifying the
An_1 (2,0) theory on the ¢ punctured torus with certain half-BPS Nahm pole boundary condi-
tions specified at the punctures [75-77], see figure 2(a).

When k > 1 the resulting 6d theory corresponds to 7;" in the presence of a codimension-
two Gukov—Witten [78, 79] surface operator associated to ¢ copies of the partition

kN=N +---+Ny=N+---+N (2.11)
for the factors of SU (kN)*. For ¢ = 1, this is the codimension-two defect of Kanno and
Tachikawa [66] which may be realised as a Z; orbifold in M-theory, see table 5. Finally, KK
reducing along the circle on which we performed the final T-duality (from tables 3 to 4) leads
to the 5d N = 1 circular/necklace quiver gauge theory Ny, on R* x S!in the presence of
the defect along the circle (see figure 2). Analogously, there is also the Class S construction

obtained by compactification of the 7 on a torus with £ punctures with ‘orbifold’ Nahm pole
boundary conditions specified at each puncture [13, 15, 24].

2.4. On supersymmetry of the D1/D5 system

Type IIB string theory has 32 supersymmetries parametrised by two 32 component spinors
€L , €g of positive chirality I''e; g = +€, /g where I''' =T ... T'? and T'™ are the 32 x 32

2 We wish to remind the reader that Fiber-Base duality exchanges N <+ £ and leads to a duality between the 5d
N = Icircular quivers Ny, and Ny [67-72].



J. Phys. A: Math. Theor. 53 (2020) 165401 T Bourton and E Pomoni

6d (2,0) Ay_1 6d (1L,0) TV 6d (1,0) TN 6d (1,0) 7V
+ defect
1
5 S6 s [gg
5d SU(N) 5d A,
5d N, = Nt
N =2 MSYM e 5d Nk ' defect
St
St 1 -
5 ‘Orbifold’- 1
Nah le B 5
ahm pole BCs Nahm pole BCs
4d class SN =2 Ay 4d class S, N =1 A;_q x Ay

(a) (b)

Figure2. Left: Schematicoverview fork = loftwoalternate waystoobtainthe4d N = 2
Ay_1 circular quivers with SU(N)* gauge group in class S from compactifications of 6d
SCFTs. Right: A schematic overview of the k > 1 generalisations of compactifications
of 6d SCFTs. The resulting 4d SCFTs are N = 1 Ay X A torodial quivers in class
Si with gauge group SU(N)%*.

Gamma matrices. The D5/D1 system preserves 1/4 of the 32 supersymmetries. Between them
they preserve only those supersymmetries of the form

e = D'T TP TO%g, ¢, = ol TP, (2.12)
with o = +1 corresponding to whether we choose to insert D1 or anti-D1 branes. The theory
living on the (anti-)D1 branes then possesses ( p,q) supersymmetry with p + g = 32/4 = 8.

By choosing an explicit representation for the Gamma matrices it can be shown thatp = g = 4
and that the preserved supercharges are

0%, QY. ifo=+1 2.13)

0%, 0¥ ito=-1 (2.14)
where a,a = 1,2 are indices of Spin(4) = SU(2), x SU(2), and the subscript + on fermi-
ons denotes the i% representation under the U(1)s¢ which acts as the Lorentz group of the
D1-brane worldvolume theory.

The SU(2), x SU(2), rotates the two planes of the C? parametrised by Z79, Zgo into one

another. The Cartans of su(2),,s5u(2); JX, J8 may be expressed in terms of the generators J719
and Jgo of U(1) rotations in their respective planes as

1 1
JP= 3 (0 —Jzo), Jg = 3 (J710 + J39) , (2.15)
which are defined such that lower ¢ = 1,2 have JX = —l—%, —% and lower a = 1,2 have
JR = —1—%, —%. Hence the I' action on the supercharges is
. R R__ R R
P (039,00 = wiful i (05,00, (2.16)
—&a —=da 27k Jsg+IR—JR [(—ca —ca
r:(015.0%) = w e (0110 ). @.17)
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Hence, the supercharges which survive the orbifold action are Q“1 for o = +1 or Q +1 for

o = —1. We will use one of them to compute the SCI in the next sectlon

3. 4d N = 2* Instantons from a 2d superconformal index computation

In this section we warm up for our main calculation that we perform in the next section by
reproducing the well known instanton partition function of A" = 2* via a 2d superconformal
index (SCI) calculation. We parameterise our partition function and use a supercharge that
survives the orbifold projection (2.16) and (2.17) so that we are well prepared for the next
section.

As discussed in the introduction, since the class S; gauge theories of interest may be real-
ised within Type II string theory as a theory living on the worldvolume of Dp branes with
coordinates X',...,XP*! one of the most important tools we plan to use in this paper is the
relationship between the ADHM construction of instantons [36] and D( p — 4) branes [37-41]
in other words

|K| (A)SD instantons in a Dp-brane = |K] (anti-)D( p-4)-branes. 3.1

(Anti-)Self-dual ((A)SD) instantons are solutions to the (A)SD Yang—Mills equa-
tions F = &£ % F. The instanton number K = # J s, WFAF € Z is a topological invari-
ant. For SD instantons /' = + = F' K > 0 while for ASD instantons F = — x FF K < 0. Since
parity maps K — —K we can choose to focus only on ASD instantons, corresponding to
o = signK = —1. The moduli space of ASD instantons for the gauge theory living on the Dp
branes, M?p , is then isomorphic to the Higgs branch of the theory living on the D(p — 4)
branes

MPP 2= Mg P =[xt = 0t = = X1 = 0,,5 = 0} /U(K)

(3.2)
where V,_3 = FF + %Dz is the scalar potential of the (p — 3)d next to maximal supersym-
metric gauge theory living on the worldvolume of the D(p — 4) branes. The vanishing of
F- and D- terms translate into the ADHM constraints [42, 43]. When supersymmetry is pres-
ent the Higgs branch is protected from quantum corrections and the fluctuation determinants
in the instanton measure cancel. The action of the theory on the D( p — 4) branes is the equiva-
lent to the instanton action, hence the partition function of the theory of K D(p — 4) branes
is then nothing else but the partition function of K instantons (up to a possible overall factor
Zexra) for the gauge theory living on the Dp branes

2l = /M el (33)

- TrH%(—l)F et = ZengggDs(p 4) (a,m,...). (3.4)

The factor Zey, is often present due to the fact that the theory on the D( p — 4) branes pro-
vides the UV completion of the ADHM sigma model [51, 80] and therefore it may contain
extra degrees of freedom which do not appear in the ADHM construction. Those extra degrees
of freedom generally decouple from the the ADHM degrees of freedom and the partition func-
tion factorises as above. The case that interests us is the case p = 5, i.e. D5 branes on R* x T2,
thus we have to compute the partition function of the 2d gauge theory living on the world

10
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volume D1 branes wrapping a 72. This partition function is the 2d superconformal index a.k.a.
flavoured elliptic genus.

3.1. D1 worldvolume theory

Before discussing the supersymmetric index we must first discuss the worldvolume theory
living on the D1 branes in the low energy limit in the presence of the DS5s.

3.1.1. D1-D1. The theory arising from quantising open strings stretching between K parallel
and coincident Dp-branes is given by p + 1 dimensional Yang—Mills theory with 16 super-
charges, for p =1 that is the well known N = (8,8) SYM theory. In terms of multiplets

under the N = (4, 4) subalgebra given by @ia, Qia they form a A/ = (4,4) vector multiplet
V and hypermultiplet H, which can be thought of as the reduction to 2d of a 4d N = 2 vector
multiplet and hypermultiplet respectively. V contains a 2d gauge field A, four scalars degrees
of freedom Y, right moving fermions ;" and left moving fermions £*“. H contains scalars

X6 right moving fermions fj’(_a and left moving fermions )«a.

3.1.2. D1-D5. Open D1-D5 strings preserve N = (4,4) supersymmetry and gives rise to a
N = (4,4) hypermultiplet U in the bifundamental representation of U(K) x SU(N). U con-
tains two complex scalars ¢® and their conjugates qﬁg, and fermions xi, @ plus their con-
jugates Xla’ zpf_a. Finally, the field content may be conveniently summarised in the quiver
diagram of figure 4 . The BPS (ADHM) equations for this system read

66— b+ [X.X] + [X.X] +Clx =0, ¢d+[X,X] =0 (3.5)
where, ¢ 1= ¢l, ¢ := 51, X := X'l and X = X2, We also added an Fl-term (.

3.2. The 2d index calculation

We now turn to the computation of the supersymmetric index a.k.a flavoured elliptic genus
partition function for our A" = (4, 4) theory. The supersymmetric index can be understood as
the Witten index of the theory quantised on S! x R refined by fugacities which keep track of
further relevant quantum numbers and it is independent of the coupling constants of the the-
ory. Since our theory admits a free field limit, computing the SCI is equivalent to enumerating
all gauge invariant operators of the theory on R? [57-62, 81]. For theories with a Lagrangian
description the index can also be obtained using localisation techniques [82, 83] and explicitly
performing the path integral of the 2d theory on 72, however for simplicity we will follow the
former approach.

We also choose to view our N = (4,4) theory as an N = (0,2) theory with additional
flavour symmetry. We choose the A = (0, 2) supercharges to be

) B )
0:=0,, 0:=0,. (3.6)
2d N = (0, 2) theories have a single right moving U(1)g; R-symmetry. The A" = (0,2) IR
R-symmetry for this model was computed in [84] and it is given by?

3Our D5/D1 setup is precisely that of [84] with Q;’ =N,Q; =0,R™ = —2Jgand Rt = —2JR

1
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R = —2Jg, 3.7)

under which RRr[Q] = —1 and i)"qR[Q] +1. We will compute the index which counts
cohomology classes of Q. Since Q and its conjugate® Q' = § commutes with SU (2)o and
SU(2), we may include fugacities v and w for their Cartans. Furthermore, they also commute
with the diagonal subgroup SU(2)p C SU(2)4 x SU(2), hence we also include a fugacity z
for its Cartan Jp = Jg + JX. Recall that’ the Cartans of su(2)q,5u(2)4,5u(2), and su(2),
all commute with the orbifold and the fugacities v, w and z that we introduced here will still
be meaningful for our calculation in the next section. We also include fugacities x4 for the
Cartans f, of su(N) and y, for the Cartans g; of u(K). The Witten index is then defined as

ng,zv(q’ VoW, 7, XA) FqH qé 2J; 2JR 2JR+2JR H fo Hy (3.8)

where F' = F_ + Fy is the fermion number and H_, H, are the left and right moving
Hamiltonians, respectively. In Euclidean signature we define 2H+ = H FiP and q := e2miT
with 7 the complex structure of the 77 is generated by w ~ w + 1 ~ w + 7. Explicitly, we
will work with the square torus with complex structure 7 = 3¢/ 05 with (s, e the radii of
the two S! factors. In radial quantisation the conformal map from the plane to the cylinder is
Zss = €™ where w := o + it and Lorentz transformations Zss — €"Zss are then mapped
to translations around the S' factor of the cylinder

)
(mﬂH<a+%r> (3.9)

generated by P = iJse.
One of the crucial properties of the Witten index (3.8) is that it receives contributions only
from those states which satisfy

5:{Q§}:H+f%%:0 (3.10)

where R is the N = (0, 2) R-symmetry, hence, the index is independent of . Furthermore the
index (3.8) is also independent of all continuous parameters such as coupling constants and
Fayet—Iliopoulos parameters [85, 86], hence we can compute the index in the free field limit
where it reduces to a counting problem.

In the free field limit we have an A/ = (0, 2) superconformal theory with Gir & §Bitys sym-

metry where it is the standard (A = 0) left-moving Virasoro algebra generated by {L,, c},
5Witys is the N = 2 super-Virasoro algebra in the NS sector generated by {Z,,,@:Ejn,é}

and n, r + % € Z. Our choice of the Neveu—Schwarz basis over the Ramond basis is purely for
calculational convenience and the index is independent of this choice up to an overall factor
[62]. We will require the following brackets of the s2itar—2 ys algebra:

4We wish 1 to stress that also QT =Sis preserved by the orbifold that we will impose in the next section. To see this
note that S is ‘uncharged’ under the orbifold generators (2.16) and (2.17).

5 The Cartans of su(2), and su(2); denoted as JR and J% can be written in terms of the generators J719 and Jgg
which are the U(1) rotations in the respective planes (2.15).
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{Gr ’Gs } = Lr+s + E(I" — S)Jr+s + 8 <r2 — 4) 6r+s,07

[Zo,éﬂ o (3.11)

r

: [m@f] — 4G,

In the free field limit, where it is appropriate to refer to the index as the SCI, we identify

H_ =Ly, H.=L, %R=J. 0=G, S=G,. 0=G,, 5=G,. (.12
Away from the free limit, the theory is not conformal and we have an RG flow from the free
UV fixed point to an IR fixed point. The R-charge assignments generally change along RG
flow. Nonetheless, the index is RG invariant and we can evaluate the index at the IR fixed point

by using the non-anomalous R-symmetry assignment in the IR which, in our case, is (3.7).
At the UV fixed point the shortening condition (3.10) can be written as

_ __ _ 1-
5:{Gf%,G+%}:L0—§J0:0 (3.13)

and the states contributing to the index must have Jo = 2|Z0 in the UV. The IR R-symmetry
(3.7) is then taken into account by shifting g0 — gf~Lo+ 3% in the index.

3.2.1. Letter counting. As stressed earlier the index may be computed in the free field limit.
This is done by identifying all ‘letters” with § = 0. The single letter partition functions for
the N = (4,4) multiplets may be easily read off from tables B1-B3 in appendix B. They are
given by

iv(g.w,z,y1) = g

4! +gz7 1) — -2_2_ 9 K
(W w )(Z qz ) qz z q]zy]y;17(3.14)

1J=1

1 _ — _ K
+ 1 + 1 _ 1 _
(g v, W, 2, y1) = [Qz (v v ) (Zl _Zq w W)] Z ylyj—l, (3.15)
1J=1

1 e SRR R N
iv(q,w, 2, X4, y1) = [qz CAL - W)l Z (s "+ 7 'xa) -

I—q =1 A=1
(3.16)
The full index is then by enumerating all possible ‘words’ and then projecting onto gauge
singlets by integrating over the Haar measure [dG] of the G = U(K) gauge group. [dU (K)]
may be reduced to an integral over the maximal torus 7(G) at the cost of introducing the
Vandermonde determinant A(y) = [, (vi — y)

f{ [dU (K)] = % J{((;) 11:[1 % IR (3.17)

1]

The contour is taken over ly,l = 1 . The full index is then given by

2 qvowzn) = $LUK)IZO ] Zu G.18)
M=V HU

where Z(©) is the Casimir contribution which may, apriori, depend on all fugacities. It is given
by [87-94]

13
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- oi
Z(O) = Z(O) VoW, Z) = LECasimir’ Ecasimic = Finite M
(g, v,w,2) = q2 Cas g—1 Mg rlogq (3.19)

and

Zpm = Zm(q,vow, 2, x4, 1) = PE [ipg(q, v, w, 2, x4, 31)] 5 (3.20)

where PE denotes the Plethystic exponential; defined in (A.1) and iaq are the single letter
partition functions (3.14)—(3.16). Explicitly:

ﬁ (q%;q)ze(‘“ §)) (3.21)

Zy(g,w,z,y1) =
=10 <WZ§*;;Q) 0 (QWZ 1%&])

K 0 (ﬁvw%;q) 0 (q%vflw;%;q)

Zu(g,v,w,2,y1) = , (3.22)
1,1/_:[1 0 (cﬁvz—1 ),’,q) 0 (q%V“ “y.’,q)
kv 0 (qiwiig) 0 (qiwiti)
Y, X,
Zy(qwzxay) =[] — (3.23)
I=1a=10 (qufly*’,‘;q) g (qu 1;";61)

where 6(x; ¢) and (x; g) are the g-theta function and g-Pochammer symbol; defined in (A.3).
Finally, we conclude that the full index is given by

dy; Z(O)HH ( yl’q)e(qéwv )

7(G) 1=1 2miyy I=1A= 19<q2271§‘j )9(911 Q)

v e (i) (i)
XH9<1 )Ilj—[le(wz v Y. }

I£7 ,q)@(qwz—”’,q)e@%vz l)il,q)g(qzv—l —1;1 q) (3.24)

where we used the identity (x;¢) = (1 — x) (gx; g). It also useful to assemble the quantity

K
Zlféd,N _ (q q)

ZN (g w2 xaiea) = ) a2 (g v w2, 3) (3.25)
k>0

with qe, a formal dimensionless parameter. When considering our 6d theory on R* x Si x S}

as a 5d theory on R* x S! dressed by KK modes along S} we may regard qg, as a fugacity for
the topological U(1) global symmetry associated to the conserved current *sgJ = #trF ANF.

3.3. The 6d instanton partition function

The countour integrals (3.24) may be computed via the Jefferey—Kirwan residue prescription
[82, 83, 95]. Using (A.6), we can perform the residue prescription. The integrand of (3.25)
has simple poles at

+1

b4

Y=y (ZW)jEl s Y1 =YI (> ) (3.26)
qw
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vz \E! N 2\
yl}’J(ql/z> , ylyf(vql/z) , nyA(ql/2> . (3.27)

As explained in [52, 80] only residues arising from the poles (3.27) should be kept. We assume
that the x,’s are sufficiently generic and furthermore we close the contour such that we collect
residues coming from poles with the positive sign exponents. The solutions to (3.27) may be
classified by N-coloured Young’s diagrams ¥ = {Y},..., Yy} with each diagram Y, contain-
ing |Y4l boxes such that |¥| := 3", |¥Ya| = K. Given a Young’s diagram Y, a box s is labelled
by coordinates (/, p) and the corresponding pole is given by

z I+p—1
y(s) = xa () VP (3.28)
q'/?
The residue for a fixed coloured Young diagram is then
SAB’ ) (ZWgAB; fI)
25N — z(0) U , 3.29
Y AlB_[l 31;1/[ 0 (Eas:q) 0 (q'22EnBs q) (3.29)

where we defined

La(s) 1/2, )\ As(s)+1
_xg [ vz q'’°v
(o) () @30

and where Lg(s) and Ap(s) denote the distance from the box s to the right end and the bottom
1

of the Young diagram Yj respectively. Z(%) = g2Ecsimir i5 the Casimir contribution (3.19). To

compute it one is forced to specify the g-dependence of the fugacities, we hence define

Bse_ Bsm Bseq Bsa

V= qﬁ’ Wq% =q~, zq % =q %, Xpi=q i, (331)

where we used the shorthand notation

€1 1= €] 6. (3.32)

Z() is then a constant and is given by

20) _ qﬁZNK (SF-m+)(F4m) (3.33)

The K instanton partition function (3.24) is then given by summing over all coloured Young
diagrams Y. Hence, equation (3.25) finally reads

K>0 7 7
\7|=K

3.4. Reduction to 4d and 5d

Reducing the D5/D1 system on S§ by taking B¢ — O results in 5d A" =2 SYM with gauge
group SU(N) at Chern—Simons level x = 0. Hence by either taking the 5d limit directly to
(3.34) or taking the limit directly the contour integral (3.24) we expect to obtain the instanton
partition function for the 5d theory. Here we take the first approach but we detail the limit of
the contour integral expression in appendix C.1.
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Recall that ¢ = €™ and 7 = if3¢/ 35 therefore this limit corresponds to taking

qg— 1. (3.35)
Further note that, by definition (3.19),

11m Z(O) _ quCaslmlr — 1 (3.36)

g—1

Applying (A.9) to (3.34) yields

Z5dN _ Z o, Z H H sinh Bs (Eag + 5 — m) sinh s (Eag + 5= + m)

sinh f35 (EAB) sinh 35 (Eap + e+)

K>0 | ‘{ AB=15€EY,
B (3.37)
Y| 254.N
= Z U5y 25 (3.38)
where we defined
EBA =ap—as + 61LA(S) — € (AB(S) + 1) s (339)

such that 45 = qbiA?B and we take qsq = lim,_,; qe4. This reproduces the instanton partition
for the mass deformed 5d N = 2 theory (a.k.a. N'=1*) on R* x Sl in the 2-background,
which was computed via localisation of the path integral of the ADHM quantum mechanics in
e.g. [51, 52, 96]. Hence we indeed identify

5d,N 5d.N
z sttN—l*'

Armed with the above, the equivalence of 2%V in the 4d limit (85 — 0) with the instanton
partition function stt wW—o- for the 4d N = 2* theory is essentially trivial to prove. Taking
the 55 — 0 limit of (3.37) or equivalently evaluating the contour integrals (C.8) we obtain

(Eap + 5 —m) (Eap+ 5 +m)
2N = Zq4d Z H H EAB (Ea +€4) 2 (3.40)

K>0 Y AB=1s5€Yy
|7|=k

Y| Z4d, d,
=S gz = g (3.41)
Y
we then identify m as the hypermultiplet mass in the (-background [97] and set
Qaq = limg,—,0 Q54

4. Orbifolding to 4d A/ = 2/N = 1circular/toroidal quivers

The main goal of this paper is to compute the 2d index in the presence of the I' = Z, x Z;,
orbifold before reducing to the zero dimensional matrix model partition function which is
expected to be equal to the partition function of instantons for the I'-orbifolded 4d theory.

In principle we could work directly with the 2d orbifolded theory by working out the pro-
jections and writing down the Lagrangian and computing it’s partition function. However we
prefer instead to work with the SCI interpreted as a counting device to which we implement
projection onto I'-invariant states.
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We take the same approach, as one takes when computing, e.g. the supersymmetric Lens
space L(1,7) x S!indices [87, 98-101].

4.1. Orbifolding the supersymmetric index

If we denote some (mother) theory by M we may obtain a new (daughter) theory D = M/T" by
quotienting out by an orbifold group I' which is generically embedded inside both the global
symmetry group F; and gauge group Gy, of M. We collectively denote the generators of I" by
~.If M is a supersymmetric theory with a supercharge Q, then it is possible to count cohomol-
ogy classes of Q, i.e. to compute the supersymmetric index of M for the supercharge Q which,
providing that M admits a suitable free field limit such that standard letter counting techniques
can be applied, is schematically defined to be

Tu(a) = Tryg, [ (~1)"e= 42 o] @.1)

where fj; collectively denotes the subset of linearly independent generators of F; such that
[Q.fu] = 0 and a their fugacities. If we assume that I" is abelian and furthermore commutes
with both Q and its conjugate

[Q.7]=[Q7.7] =0 4.2)

then the theory D will also generically possesses at least one supersymmetry, namely Q. D
also has reduced global and gauge symmetry groups Fp = Cr, (I'), Gp = Cg,, (I') where
C;(S) denotes the centraliser of S in G which, of course, depends on the choice of embedding
I" < Fy x Gy. One may then obtain the supersymmetric index of D for the supercharge Q
by means of projection:

Ip(a) =Y Try, [ / [dr]eY(—1)Fe Pl af | . 43)

The ‘integral” over the invariant Haar measure of the group I' implements the projection onto
T'-invariant states. When I" is discrete and abelian the Haar measure is simply given by sum-
ming over all elements of the group and dividing by the number of elements of the group

1
ﬂmmZ- (4.4)

Since H,, is a Hilbert space with grading by global symmetries, it may be decomposed
Hu = @,H, according to the I' action. To include states which may also be twisted in the
‘time’ direction we must also sum over different vacuua H,. This definition automatically
receives contributions from both untwisted sectors as well as sectors which may be twisted by
global or gauge symmetries. Note that in the computation of Zp, since Gy was gauged, one
should ‘integrate’ over all independent (up to G/Cg,, (T") gauge transformations) embeddings
I' — Gy,. Note also that in some cases one may also choose to instead use a weighted sum
over embeddings, for example discrete theta angles [99]. On the other hand F), is not gauged
and hence one should fix a particular embedding I' < F, which in turn specifies the global
symmetry of the daughter theory D.

4.11. A toy example—the orbifold index of a free Fermi multiplet. Let us proceed with a
simple toy example. Staying in 2d, since that is the most relevant for us, we let M be the

theory of a free A/ = (0,2) Fermi multiplet 7/)7%’@7%- Both left moving fermions have
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Table 6. Letters of the Fermi multiplet.

Letter Ly Ly Jo f Index Orb Index

TPf% 172 0 0 +1 q%a —q”za

Y1 172 0 0 -1 q'/%a ! e—lg1/2q—1
2

o_ 1 0 0 q e g

Ly = Jo = 0 and hence both satisfy the BPS condition § = {Q, Qf} = 0 (3.13) furthermore
they both have Ly = 1 . The free Fermi multiplet admits a U(1); flavour symmetry generated
by f under which ¢ _ 1 P 1 have charges f = +1,—1. The total global symmetry is then
Fy =U(1); x Iso(T?) x U(l)m In particular R* C iso(T?) is the algebra of translations
around the two cycles of the torus, where Ly— Ly generates radial translations and Lo+ Ly
generate time translations. U(1)g is the R-symmetry generated by Jo = % under which Q, QT
have charges SR = —1, +1 as before. Enumerating the letters of table 6 we obtain

=0 (aqz )
4.5)

We consider the theory obtained by the Z; orbifold D = M /7Z; where Z; has an action inside
all three factors of F,. To preserve the supercharge Q we require that Z; translation in Iso(7?)
and rotation by U(1)g acts by equal but opposite amounts. Hence the Z; group elements are
of the form

dtlore)

IM(a’ q) = TrHM [( I)FqLoaf] PE l 1 —

— R
et e Uy, y:£+(L0—L0)+—. (4.6)

Since the quotient acts in the radial direction only Zj is simply obtained by taking the
Pleythistic exponent of the orbifolded single letter index

3 i oo S

€7y n=0
1 k—1
1 N 7 —j N
= 2> [Fta—a i D" Y g g (4.8)
€L >0 j=1
a %—i—a_l k=3
_% I—TQ (4.9)

where we used the basic fact that ) __ ez, € = 0. The index for the theory D for the supercharge
Q is then

b parigd
Ip(a,q) = PE[i(a,q)] = PE [—aq?aqkq] 9(aq2 ) (4.10)

We now move to apply this general discussion to the D1 worldvolume theory.
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4.2. Computing the orbifolded superconformal index

The orbifold acts on the coordinates X', ..., X'% asin (2.2). The orbifold action is also embed-
ded in the SU(¢kN) flavour group as in (2.5), where we also scaled N — (kN with respect to
the previous section. Furthermore, the orbifold also has an action inside the U(K) gauge group

of the D1 worldvolume theory breaking U(K) — Hﬁ:] Hi;l U(Kui); >, Kni = K and U(0)
is defined to be the trivial group. As in equation (2.5) the action may be conjugated to an ele-
ment of the maximal torus g € T(U(K))

g = diag (wgwkHK“, ... ,wgwllf]IKlk, ... ,wfwk]IK“, .. wzwk]IK[k) . 4.11)

The only difference is that we do not fix K,,; but rather ‘integrate’ over all possible K,,; satisfy-
ing ), ; Ky = K which indeed are in one-to-one correspondence with embeddings I' — U(K)
up to gauge transformations. In the language of the discussion in section 4.1 we consider
Gy = U(K), Fy = SU (tkN) x Tso (T?) x Spin(4)g and T' = Zy x Z. Then Csygay (I')°
coincides with SU(N)*. On the other hand Cg,, (T') = [T, U(Ku) corresponding to the (unor-
dered) partition K = Kj; + - - - + Ky but since Gy, was gauged we sum over all partitions.

For convenience we choose to split the Cartans f4, A = 1,.. ., kN of su(¢kN) into Cartans
Suias A=1,...,N of @ysu(N) we also do the same with the u(K) Cartan generators g,
I=1,...,K into Cartans g, I = 1,..., Ky of Dnit(Ki)- Following the above discussion,
recalling that the supercharge Q (given in (3.6)) and its conjugate S commute with the orbifold
action, we compute

Ki
6d,0.k _ Ye Yk Juia n _i\8nil
2y (q,v,w,z,xni,A)—Tr m E Ep &k Eéfk)
5[€7p ni A= l =1
ek €2k

< P2 A T Tl |
n,i A=l =1
(4.12)
where the first line corresponds to the projection operator [ [dI'] € of (4.3) implementing the
Douglas—Moore orbifold procedure with:

Yo = Jg10 — Jgo i= 205, = Jse — Jgo = Jsg + I} — Jp. (4.13)
Recall that in computing the index previously we mapped the plane to the cylinder
Zss = e*™(°+1) hence, rotations of the plane Zss — €Zss are mapped to translations
oo+ 2 (3.9). Hence, quotienting out by rotations on the plane corresponds, after the
conformal map, to quotienting out translations generated by Ly — Lo on the torus.

We assume that the IR R-symmetry $Rg does not change under the orbifold; in which case,
relegating the explicit derivation to appendix B, we obtain the orbifolded single letter indices
which are denoted by itv, irg, iry and are given by equations (B.11)—(B.13) respectively. In
addition, for a fixed partition {K,,;} the Haar measure becomes

)4 Km

1 dynig Vil
% —) H H Km f;[U(K,,,) 1720 27Tiyni1 H ( )’nzj) %H dU ’" (414)

n=1i=1 e

®Note that here Cgy gy (I') is equivalent to the Levi subgroup L specified by £ copies of (2.11).
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which coincides with the Haar measure for the product group [[, ; U(Ky)- The ‘orbifolded’
index for a fixed partition {K,;} is then

Z%{:}\J{Z’k(q, VoW, 2, Xpin) i= fH [dU (K,)] Z?I){) 1(q H Zrm(q,---)-
; M=VHU
(4.15)

The Casimir contribution ZE(I)()m} is defined in the same way as (3.19). The ‘orbifolded’ single
letter partition function are defined as in (3.20) and are explicitly given by

2= ) I f” ,))Hnﬁe(w /)

ni I#J i#j I=1J=1

Ynid

Hjn/l 9 ( ,,+lym1,q )
1=

mig 121 Hfg?—l),f 0 (qu G Ynid .q ) 0 (z*lwq ij+1 yni.l. ;qk) (4.16)

Ynt1)jd Y(nt1)jd

Koi K41y 4l oy 1Ll oy
i ;+1)19<quLv+2 Yuid ;qk)9<wv 1 glit 3 i ;qk)

Z H =1 J=1 Y(n+1)jJ Y(n+1) jJ
FH - 9
Kui 77Kw 1L+ L Yuid .k 1 Ly+d Yuid .k 4.17)
n,i,j I=1 HJ:l 0 <VZ q v YnjJ g 9 Ve Z q ' Ynja’ 4

N K. @ (Wq i+ 1 _ nid i q ) 0 (W—lqk —Lji— % )"ni,l' ’qk>

ZFU — H H H X(n+1) jA X(n—1)jA (418)
nij A=11=1 (Z—qu,,Jr }:f,l’q ) 0 (qu L,,fi Yt Lig )
Here
Li:={#€Z0<#<k—1land# =i—jmod k} .19)

is a unique integer and is equivalent to the L; = [[i —j]] as defined in [87]. It satisfies the
important relation

(4.20)

k—le’ l—]#OmOdk
|0 i—j=0modk

It also satisfies L(jx); = Lij = Li(j4x) allowing us to consistently abuse the orbifold condition
i ~ i+ k within products, etc.

We also consider a rewriting of (4.15) in which many simplifications become manifest. We
change integration variables and define shifted variables

Yoid = @Yz, Xpia 1= ¢ K as 4.21)

we also combined the indices such that A=({G—-1)N+A=1,....,kN and
I=(i—1)K,+1=1,....K, where K, := >\_ K.

The shifts may be interpreted in the following way: since the effect of a non-trivial holo-
nomy may always be locally removed by a gauge transformation, the shift of the fugacities x
can be thought of as a gauge transformation on the D5 theory. On the other hand, the shift of
the y’s may always be made by a change of integration variables.
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Those variables allow us to make rewritings of the form

k

[1¢ (" xd") =0 (:a") T 0 (¢ *x ") [T 0 (¢ x:d") @22)

ij=1 i>j j>i

k
110 (wd) [10 (dx: ") (4.23)
i>j j>i
d ~1
=[1¢x]] (x> (4.24)
ij=1 i>i

where the second line follows by applying the definition (4.19) and the relation (4.20) while

the third line is courtesy of the identity 6 (gx; ) = _719 (x; q)- In terms of those variables we
have

4 k
2N g w2 xa) = (d54°) H (H

~ ~ K
Xnt1,jAXn—14A >

v
ze\
=

S
2

n=1 j>i A=1 njA
4 K, N K, Loz .k —1,—1 wuz . k)
% H H dynz Z(O) 0 (wq? Friad ) 0(w g a0 d
27iyn 1 (K} —1,imz . k —Lyz. k&
n=17 1=l A=11Z=1 T 9 X’n:.A’q 029 el

x H H 4 (y = k) H (VZ ql oz . qk) ;(J—l —1 lM’qk>

n=1 TAT g’ 7.7=10 2

K, Kit1 @ (qu% YnZ ;qk) 0 (WV q;yy,z ’qk)

In+1.T 1T
T o)

The full ‘orbifolded’ index (4.12) is then given by summing over all partitions {K,;} of K.
However, in analogy with (3.25) from the 5d point of view we expect to have a U(1) topo-
logical symmetry associated to the currents *s54J,; = SI?trFm- A Fy; for the (n, i)th gauge node
in the quiver. Since the D-instantons serve as sources for those currents and the associated
instanton number K, is related to the partition {K,,} following our discussion in section 4.1
we may weight each contribution with fugacities (g,,; for each current and assemble the
quantity

ZONER (g v, W, 2 X0 4 Qo) = D D (H qﬁg’m> 205 (@ v, w2 Xnia)

K>0  {Ky} n,i
n,i Kni=K
(4.206)
the sum over all possible partitions of K is equivalent to summing over all embeddings

I' — U(K) up to gauge transformation.

4.3. The 6d orbifolded instanton partition function

In this section we check that for k = 1 our partition function indeed reproduces the known
result for the partition function for {K, ..., K} D1-branes in the presence of {N D35 branes
on Ay_1 singularity as computed in [102]. Furthermore we show that the Z; orbifolded index
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may be obtained from the partition function without orbifold (up to an overall shift in the
Casimir contribution) with the substitution rule x — X and ¢ — ¢*. The replacement ¢ — ¢*
reminds us of the work of [103, 104].

We must first evaluate the contour integrals (4.15). It bares many resemblances with the
unorbifolded (¢ = k = 1) partition function (3.25) discussed in section 3. In particular, the
poles are now located at

Z
Y1, = Yng (W), Yn—-1.Z = Yn7 (qw) (4.27)
+1 +1 +1
B vz _ z . z
T = YnJ (W) s YnZ = WnJ (vql/z) s YnZ = Xn, A (q1/2’> .
(4.28)

Proceeding in an analogous way to the unorbifolded index we again assume that the x’s
can be made sufficiently generic and that the correct residues to collect are again those coming
from the poles (4.28). Solutions to (4.28) are then in fact classified by ¢ lots of kN-coloured
Young’s diagrams which we label by ¥, = {¥, 4} = {¥u1,..., Yy} again with each dia-
gram Y, 4 containing |Y,_4| boxes such that |¥,| := > alYnal = K, where K, := ZLI K,
as before. Given a Young’s diagram Y,, 4 a box s is labelled by coordinates (/, p) and the corre-
sponding pole is given by

NG
V() = Xna () VTP, (4.29)
g2

Hence, for a fixed partition {K,;} the residue of (4.15) for a fixed set of kN-tuples 171, R Y, 0 1S

£ K
6dNLk _ ~(0) xn+1JAxn 1jA
Z{Km}»{?n} - Z{Kni},{?n} (H Ky ) HH H ( )

n=1j>i A=1

y H H ey, 0 (@ o Epriynasiq )Hseym 0 (2WEp(n1),a8:4")

ne1 AB=1 Hsey,,'A 0 (gnn,AB; qk) Hsey,,__A g (qilzzgnn,.AB; qk) (4.30)
where we defined
. xn Foa (V2 L5 (s) ql/zv (Ana(s)+1) 431
nm,AB xm,B ql/2 2 .

where L, 4(s) and A, _4(s) denote the distance from the box s to the right end and the bottom
of the Young diagram Y, 4 respectively. Furthermore, we also notice the multinomial coef-

ficient K, /Hl Kl = (KZ Ka )

e Kk
We are still yet to describe the Casimir contribution. Again we must specify the g-depend-
ence of the fugacities. We write

Bske _ _ Bskey Bski, A

vi=gq ¥, Wq% =q T, zq % =q ¥, )}n’A =q T . (432)

The Casimir contribution is explicitly given in equation (B.14) and after evaluating its
residue for a fixed kN-tuples {¥,,} is
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KKy B

z(0) z”i —ly1 A g1, A2 1A 1.A)
{K}{Y} rll]::[qz A LATOt1.A A w0l
n
2
X q%( +m) (F—mt 507 ) H H H qz w2 (0()+5 ) @1, A+ Gn—1.4=200) (4.33)

n=1AB=1s€Y,5

where as before we must use the definitions (4.32). For a box s € Y, 4 the function ¢,(s) is
given by

On(s) = ana+ (I=1)er + (p = e (4.34)
Equation (4.25) is then obtained by summing over all Y,
2o avwzia) = 3 ZEN (@ o). (4.35)
Vi....Yp .
|¥n| =K

4.3.1. The case k =1 We may immediately compare our expression (4.35) for k = 1 to the
{Ki,...,K,} partition function computed in [102] equation (5.5). After taking the appropri-
ate decoupling limit by ‘opening up’ the quiver we find agreement’ up to a choice of overall
normalisation Z(©),

4.3.2. The case k > 1. By inspection we can immediately see, writing in a schematic fashion
and suppressing the unchanged arguments, that

Ki
) HH H (x"“JAx" ”A> ZONLL (4 F). (436)

n=1 j>i A=1

£

6d,N, 0.k
2 w0 =114, "

n=

nk

In words, we claim that the orbifolded (k > 1) index corresponding to the choice or {K,}
may be obtained from the unorbifolded (k = 1) index by substituting ¢ — ¢*, X, 4 — X,.4
and multiplying by an overall factor.

4.4. The 5d limit of the orbifolded instanton partition function

We can again take the 5d S — 0 (¢ — 1) limit. For k = 1 the resulting 5d theories are the
N = 1 circular quivers denoted by ANy, on R* x SL. For k > 1 we expect the resulting 5d
theory is Ny with k codimension 1 defects which fill the R* and are located at points
,,,,, « Where © ~ © + 27 is the coordinate of Sl

Followmg the same procedure as before and making the identifications (4.32), we find

S ol | (R

V1.¥3....Y n=1
|V |=Kn

% H H SlnhﬁS n(n 1), AB + 2 - m) sinh BS (E(n Hn,AB + >+ m)

AB=1sE¥, 4 sinh ﬂS ( nn,.AB) sinh 55 ( nn, AB + €+)

(4.37)

1

7 Our parameters are related to those of [102] by finem = 2vq"/?, dipem = 2v"'q~"/%, Cthem = q'/*w
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again lim,_,, z0 3= 1 and the function E,, 45 is defined as

{K
EpaB = &n,A - &m,B + fan,A(s) — € (An,B (S) + 1) . (4.38)

As before the instantons partition function of the resulting 5d theory is given by

Zhmth =y (H qm,> Zion (439)

{Kni}

4.5. The 4d limit of the orbifolded instanton partition function

Finally, we take the 4d 85 — 0 limit. We expect that by taking the 4d limit we land on the 4d
torodial quiver SCFTs in Class Sk. In particular, we want to compare our expression in this
limit with the expression proposed in [33]. Applying the 4d limit to (4.37) yields:

Z ZH(M,_,, )

Y1.¥5....¥p n=1

=k (4.40)
% H H AEYH+1A E("'H)" AB + T m) HSEYn.B ( n(n+1),AB + + m)
n=1AB=1 [Ley, (E”"vAB M Lier, o (Emnas +€x)

and the partition function of instantons reads

4dN bk _ i Z4d N.Lk _ ~4d
Z = {Z} (H ‘14dm> &) = Linsthe 1 xir” (4.41)
Ki

For k = 1 (4.40) may be compared with the partition function of instantons for the 4d N = 2
Ay_y circular quiver theories.

4.6. From necklace/toroidal to linear/cylindrical quivers

In this subsection we want to briefly explain, for the sake of the non-expert reader, how we
can obtain the instanton partition functions for linear N' = 2 (generic ¥, k = 1) or cylindrical
N = 1quivers (generic £ and k) from the formulas we have just derived that are for necklace
N =2 (generic ¢, k = 1) and toroidal N' = 1 (generic £ and k) quivers respectively. Firstly,
for the N = 2 theories with generic £ and k = 1, we choose a fugacity qg,,, for one n corre-
sponding to one coupling constant of the nth gauge node and send it to zero in equation (4.26).
This corresponds to ungauging this gauge factor and breaks the necklace at this node. See
figures 3 and 5. It is useful for notational clarity to ungauge the node with n = £. Then the
hypermultiplets that couple to this node from the left and from the right become fundamental
and the Coulomb branch parameters a; = my, and a; = my, are interpreted as anti-fundamental
and fundamental masses, respectively. Moving on to the toroidal A" = 1 quivers with generic
¢ and k, we can obtain cylindrical N' = 1quivers via ungauging all of the k-nodes with n = £,
setting in (4.26) qgg¢; = O for all i = 1,...,k. See figures 1 and 6. Finally, let us stress that
this ungauging procedure can be done for all 6d, 5d and 4d instanton partition functions.
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Figure 3. 5d circular (necklace) quiver Ay, for £ = 5. Circular nodes denote N = 1
vector multiplets and solid lines connecting them denote bifundamental N =1

hypermultiplets. Circle reduction of Ny, results in 4d N =2 circular Ag quiver
with the same structure.

N

Figure 4. The N = (4,4)2d quiver of the gauge theory on K D1-branes in the presence
of N D5-branes. Using N = (4,4) notation, solid lines denote hypermultiplets, while
the circular node denotes the U(K) vector multiplet.

Figure 5. The 5d ANy, quiver for £ = 5 after taking the decoupling limit obtained by
sending one of the couplings to zero. Similarly, circle reduction in 4d N =2 linear
Ag_1 quivers.

4.7 From Class S to Class Sk instantons at the orbifold point

In this section we show that we can write our partition function in a similar form as predicted
in [33]. We set £ = 2 for simplicity and take a decoupling limit such that we open up the
Ay X Ak in the *¢’-direction such that our Class Sy theories are given by orbifolds of N = 2
SCQCD. This limit is obtained by setting, say, qq4,1; = q; and qag2; = 0. The resulting Class
Sy theories were denoted as SCQCDy, in [33]. If we further go to the ‘orbifold point’ (with
respect to the Zy orbifold), we set all couplings equal q; := q/k foralli=1,...,k

Zhan—1 scaen, (@nia) = > d Y Z?zﬁ]’z’k = ZiN N =2 SCQCD(dy,4)- (4.42)

K20  Ki++Ki=K
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Ns1 Ns1

Nso

Nso

N53 N53

Figure 6. The 4d A1 X e cylindrical quiver in A = 1 notation with £ = 5, k = 3
obtained after taking a decoupling limit of the A¢—1 X Ax_1 torodial quiver.

q4d,11 Q4d,21 Q4d,11

2N Q4d,11

Qad2i =0 Qag,12 =0 @(:) N

2N

q4d,12

Figure 7. Left: A; x A quiver. Middle: The quiver may opened up in the £ direction by
taking the decoupling limit q442; = 0. The resulting theory is SCQCD,. Right: Taking a
further decoupling limit q4g,,» = 0 yields N = 1 SQCD with Ny = 3N theory.

Furthermore, at the orbifold point the instanton partition function for N" = 1SU(N)* SCQCD;
may be obtained from the orbifold mother A" =2 SCQCD SU(kN) theory by making the
replacement

as — ax = axe’ kA=A, (4.43)

where we have identified a with the Z; orbifold projection of the vev’s of the SU(kN) vector
multiplet scalar ¢ of the mother theory.

Indeed this is in accordance with the ADHM equations (3.5). We can see that the orbifolding
act rather simply on all of those fields entering because they all have 2J8 = Js + JX — JR = 0.
The only non-trivial action is due to the gauge and flavour holonomies. Finally we simply have
that the orbifolded ADHM equations for the system are

ani&m‘ - aniqgni + [Xni, Yni] + [)N(ni, ~ni] + CHK,,, = 0’ Qsm‘a)m‘ + [Xm'a Xm] (:4 24)

This is nothing but k uncoupled copies of the usual BPS equations.
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5. Conclusions

In this paper we computed the instanton partition function of 4d N = 1 theories in class S;
and a 5d and 6d uplift of them, which correspond to 5d N =1and 6d (1,0) theories in the
presence of a half-BPS defect. We further observed that class S instanton partition functions
can be obtained from the 4d N = 2 theories in class S and their 5d and 6d uplifts: the 5d
N = Inecklace quiver Ny, and the 6d (1,0) SCFT 7,V (without the defect) via imposing the
‘orbifold condition” on the Coulomb moduli and mass parameters as

Za ' () = 200" (@) with aq - ax?™ (5.1)
with A = (j — 1)N + A being an SU(kN) fundamental index, A = 1,...,N an SU(N) index
and j = 1,...,k counting the number of the mirror images.

It is important to stress that our result for the class S instanton partition functions match
with the prediction of [33] coming from a calculation of a completely different type. In [33]
based on the anticipation of an AGT type correspondence for theories in class Sy, and the com-
parison of the spectral curves of theories in class S; with 2d CFT blocks, the 2d CFT symme-
try algebra and its representations that should underlie AGT, were identified. These conformal
blocks led to a prediction for the instanton partition functions of the 4d N = 1 SCFTs of class
Sk which we precisely reproduce here. Further work in this direction is definitely worthwhile.

N =1 SQCD with Nry=3N can be obtained from class S, from the Z, x Z, theory
depicted in figure 7 in the limit where three of the coupling constants go to zero as shown
in the figure. It would be very interesting to learn how to isolate the instantons of the N = 1
SQCD with Ny = 3N. This is one of the most important long term goals of this endeavour.
Naively going away from the orbifold point can be obtained by allowing the q ‘instanton
fugacities’ in front of the K D1 brane partition functions to differ. However, it is not any more
clear what the precise physical interpretation of the a parameters is. We are currently tying to
understand this point [105], by backing up, deriving and studying the SW curves away from
the orbifold point, following the work of [106].

What is more, we would like to bring to the attention of the reader the fact that the N = 1
instanton partition function we derived is a product of an orbifolded vector and a bifundamen-
tal hyper multiplet contributions

_ orb _orb
Zingt = H Zyec Sbif (5.2)

quiver

directly arising from their A" = 2 mother theory construction. An important question is if the
instanton partition function may be further reorganised, for the S theory, as

"
Zinse = ]| ator i - (5.3)
quiver
At this stage it is unclear to us if this is even possible, however we believe that carefully study-
ing the SW curves away from the orbifold point [105] will be illuminating.

A comment concerning our strategy is in order. For the computation of the instanton parti-
tion function we have decided, instead of computing the matrix model path integral of the
0d theory that lives on the D(—1) branes, to compute the 2d SCI of the gauge theory which
lives on the K D1 branes for the following reasons. First of all, the SCI computation is very
well studied/understood and is rather more tractable than directly localising the matrix model.
Secondly, along the way to the instanton partition function of the 4d theories of interest we
also computed the partition function of self-dual strings of a certain set of 6d (1, 0) theories in
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the presence of half-BPS surface operators, which is a very interesting result in its own right.
It would be very interesting to attempt localisation and compute the 2d partition function that
we have computed, in analogy with the localisation computation of the Lens space index [87,
100]. Alternatively, it would be interesting (as well as a very good check of our approach) to
explicitly write down and study the the 0d ADHM quiver matrix model and attempt locali-
sation there. Another very interesting alternative to our strategy is the Origami approach of
Nekrasov [107]. Finally, it would be worth to further study the 2d index for £ > 1 from the
point of view of representation theory alone and understand the supersymmetry symmetry
enhancement for k = 1 as in [108]. Would representation theory alone together with some
minimal impute from string theory be enough to construct instanton partition functions?

Our strategy may be applied to several other interesting cases such as computing partition

functions of (1,0) theories in the presence of a surface operator lying along C C (Cﬁlez. Some
results along these lines already exist in the literature [56, 66, 109—111]. The partition function
of the (1,0) theory on 72 in the presence of certain half-BPS surface operator should be related
to a certian orbifold of the M-string ellipic genus [54, 55], this is currently being explored in
[112]. Finally, one could also try to compute partition functions in class Sy in the presence of
defects via combining the two orbifold constructions.

In an orthogonal direction, and in connection with [33], it would be instructive to try to
repeat the method of [113], who, starting from the (2, 0) theory in 6d, were able to obtain a
direct derivation of the AGT correspondence, for the N = 1theories of class S.

Finally, using our results and taking the large N limit, one could learn about the gravity dual
of N = 1theories in class S; following the work of [44, 45].
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Appendix A. Definitions, identities and special functions

The Plethystic exponential is given by

PE[i(-)] := exp [Z ,111(-")1 . (A1)

n=1

The g-theta function and g-Pochhammer symbol are given by

_ - u x
0 (x;q) := (x;9) (qx l;q) , (xq) = H (1 —xq") =PE [l—q] . (A2)
n=0
They are related to the Jacobi theta function
i) = ig=n(g)(* —x) [T —xg") (1 —27'q") = igh (@i *0(x:q).

n=1

(A.3)
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where 7)(q) = ¢ e, —q")= q%(g; q) is the Dedekind eta function.
An obvious but important 1dentity that we often use is

~1
0(qx:q) = —0(x:q). (A4)

The function 6 (y; g) has simple zeros for y = ¢“+*/ fora, b € Z and no poles. Furthermore,
to compute residues note that

0
! ) b1 =~ (& q). (A5)
Using the identity 6 (¢x; g) = =16 (x; g) the residue is given by

dy 1 —2 a(g—
E——— : (a 1)‘
}iqm/f iy Blg) T @ (A-6)

We are often interested in the ¢ — 1 limit of the above g-series. To take the limit, first note
that the ratio of g-theta function may be rewritten as

0(q;q) _ lal, 1°—°[ [n+d],[n—d,

by Bl (A7)
0(aq) B, Lkt bl B,
where [n], := (1 — ¢")/(1 — q) is the g-number. The g-number has the property that
lim{n]y = n (A.8)

and therefore, for g-independent a, b, we have

0(¢%q) sinhima
li = .
el (¢*;q)  sinhimb (A9)

It may be shown [114-116] that the vector multiplet contribution is given by

Zvec(@ H H (A.10)
AB=1s€Y, EAB+€+)
and the contribution from the adjoint hypermultiplet is
N € €
Zagj(a,m, Y) = H H (EABJF%*WZ) (EAB+7++m> (A.11)
AB=15s€Yy
also note that
€+ o 1
o (a,—,Y) - A12
o 2 Zvec (a, Y) ( )

Appendix B. The supersymmetric index computation

B.1. Single letter indices

As the Witten index is independent of coupling constants we may compute the index in the
free field g — O limit. To compute the index we list the gauge covariant field content with

§ =Ly — 3Jo = 0 in the UV. Only the ‘letters’ with § = 0 contribute to the index and their
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Table B1. Gauge covariant field content contributing to the index of the N = (4,4)
vector multiplet V.

N =(0,2) Letter Ly Ly Jo 2JL 2Jr 2JR 2JR Index
Y, Yt y22 0 0 0 0 +1 +1 wz
yli 0 0 0 0 —1 —1 wlgt
X}: 0 % +l 0 —1 -1 0 _W_lz_l
vty y12 0 -1 +1 wlz
y2i 0 +1 —1 wz !
—j 1 _ R
)\f 0 3 +1 0 1 +1 0 wz
— 33 -2
£ il 1 0 0 0 1 0 -1 —q
& ! 0 0 0 +1 U
Y. vt & 1 0 +1 0 -1 0 -1 —q
iy |
g2 3 0 -1 0 +1 0 +1 —q
a_ﬂ 1 i +1 0 -1 -1 0 gwlg!
—j 1 _ -1
0. )\1+2 1 3 +1 0 1 +1 0 qwz
o_ 1 0 0 0 0 0 0 q

Table B2. Gauge covariant field content with § = 0 of the N/ = (4, 4) hypermultiplet

H.

N =(0,2) Letter Ly Loy Jo 2J; 2Jr 2Jk 2J% Index

X, xt xli 0 0 -1 —1 0 0 q%v—lz—l
X2 0 0 +1 41 0 0 4t

xt X x2i 0 0 +1 -1 0 0 vz
x'2 0 0 -1 +1 0 g vz
5}3 0 : +1 -1 0 0 +1 I

A AT Al % 0 0 -1 0 -1 0 —cﬁv*lw*1
A2, ! 0 +1 0 +1 0 —gtvw

PUPY A2 : 0 0 -1 0 +1 0 _glyly
A2 L 0 +1 0 -1 —grvw™!
a_g%r? 1 % +1 +1 0 +1 q%vz
a_é'f 1 % +1 —1 0 +1 q%vflz
9. 1 0 0 0 0 0 g

quantum numbers are listed in tables B1-B3. We denote also the decomposition of N = (4,4)
multiplets into A" = (0,2) multiplets. Since the N = (0,2) field strength multiplet is not
conformal extra care must be taken to take the free field limit. In two dimensions the field
strength multiplet Y is nothing but a Fermi multiplet with auxillary D — iF_ . The R-charge
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Table B3. Gauge covariant field content with § = 0 of the N = (4, 4) hypermultiplet

U.

N =(0,2) Letter Lo Ly Jo 2J; 2Jk 2J% 2J% Index

o, ¢t ol 0 -1 0 0 gz}
¢§ 0 0 0 +1 0 0 g3z
Xi 1 0 i +1 0 0 0 +1 —q iz

o é ¢; 0 0 0 0 -1 0 gz
4 0 0 0 0 +1 0 q iz
Xi 0 % +1 0 0 +1 —qf%z

W, ! Pl % 0 0 0 0 —1 0 _q%W—l
o, 4 0 0 o o —ghw

o ~, 3000 e
e ! 0 0 0 1 0 —pw
&Xi 1 1 : +1 0 0 0 +1 g’z
ot 1 ! +1 0 0 0 +1 gz
o 1 0 0 0 0 0 0 q

of T is fixed to unity everywhere along the flow, i.e. R [Y] = Jo [Y] = 1. Therefore the index
of the off-diagonal vector multiplet should be equal to that of a off-diagonal Fermi multiplet
of R-charge Rig = Ryy = I:

Zvec(yl 75)1], Q) = A(y)ileermi(yl #YJ’C]) =PE _17 - (Bl)

where A(y) is the Vandermonde determinant accounting for the Cartan zero modes.
The single letter indices we given in (3.14), (3.15) and (3.14). We again list them here

iv(g,w,z,y1) =

—1
g > B2

1J=1

wH+w ) (z+qz ") —qz? -2 — Zq] K

1 _ _ — K
. d(v+v 24z —wl—w B
in(g.v,w,z,y1) = [q ( )(l—q )] > vy (B3
1J=1

g (z+z ' —wl—w) N 1 1
iv(q, W, 2, %4, Y1) = Z Z (vixy '+ y7 'xa) -

I—q =1 A=1
(B.4)
Finally, we also list the Casimir energy:

. i 32 €+ T et
Ecasimi = 575 |3 = SNk (S m) (S m).
Cas g—1 [M 3logq] - > +m B + 3 m (B.5)
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B.2. Orbifolded single letter indices

The single letters for the I" projected multiplets is given by enumerating all letters in tables B1—
B3 while also inserting fugacities for the I' action embedded in the global and gauge sym-
metries. Recall that

The projected single letters are thus given by

irv (g, W, 2, ynir) :i XZ: [((eow+e'er'w™) (z+qz7!) —qz? — ' — (e + 1)q]
c€zy
A
Kui Ky
x> de” ZZZZE" e ViV (B.7)
r=0 ni myj I=1 I=1

ire (q, v, W, 2, Ynit) :i > {q% v ) (@ +elz—e e tw = ng)}

EE€Ly
er €7
k Ky Kuj
X q Ek 8@ gk ym ijmj, (BS)
r=0 nm Qi I=1 I=1

. 1 1 _ 11— n
irw (G, W, 2o Xni s i) =% Z [qz (er'z+z ' —e)leg'wt = Eew)} Zq g "

e€Zy n=0
B/ ® 9)
l
SR Ia Zymﬂm m,A+ZymmuxmA
nm ij A=l

We now detail how to evaluate the sums over conformal descendants and over the
orbifold group. Note that here we rescaled x,;4 (which are fugacities associated
with S [U(N)*] and satisfy H;;l Hﬁ:1 [T %ia =1 to fux,a which now sat-
isfy  satisfying Hg_l XniA = Hﬁzl ]_[;‘:] XniA = Hﬁ:] Hf:l ti = 1 corresponding to
S [U (N )ké] = Uégl) y ® SU(N)% Firstly, to evaluate the sums over conformal descendants we
write to 7 1= L,, + 7k > 0 with L;; defined in (4.19). This enables one to rewrite, for any fixed
value 1 < j < k, to split the sum

> de” que N g = qug" k (B.10)

r=0 720

recall that 5ﬁ = 1. After this rewriting the sums over both Z,, Z; may be simply carried out and
is essentially equivalent to demanding that the exponents of ey, £; vanish modulo 4, k in each
term. Hence we have after, rearranging and applying the identity (4.20),
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iFV (q’ w,Z, yni,/)
k 1 K, K

&

Il
M~

Lij+1 2 k—Lj—1 1
1— ( Y ymlyn]j +z q yni,ly"j’J)
I=1 J=1

i
<
i

&
=
3

1)j

(]

(Wq yntly(n+1)]1+w lqk L= yy;,l[y(n-f])jyj) (Z‘i’qzil)

I=1 J=1
Kyi K"f
L —1 k—L; k —1
- (q YnilYnjy t (61 T —(1—¢q )5Lni?0) ym,zynj,l) ,
=1 J=I
(B.11)
ire (4, v, W, 2, Ynix)
e k1 —1 K Ky
q? (v+v ) 1L —1 k—Lj—1,—1
= Z Z ﬁ Z (Z q ")’ni,lyan + q v yni,ly”l./sj)
n=1 ij=1 q I=1 J=1
K Kot
L —1
— (WCI ymly(l’l-‘rl)jj +w ‘1 & yni,ly(”+1)jsj> ’
I=1 J=1
(B.12)
kK N q%
ity (4, Ws Z Xnips Ynid) = Z Z Z 1 —
n=1ij=1A=1 q
K Koy Kui Ko
g ZYni,lx;j;\ + Zy;j,llxni,A +zg H! Zyr;,llx"ff‘ + Zy "/'”x';l*
=1 =1 =1 =1
K Knynyj
—wq' Zym’x<n+1)m + Z Yot 1) i
I=1 I=
K Kty
—1 k—Lj—1 -1 —1
-woqg Zyni,lx(n-H)jA + Z Yt 1) jplXnia | | - (B.13)
=1 =1

In this form the plethystics may be easily performed. For the sake of completeness we also list
the contribution from the Casimir energy (3.19)

ki3 € iT €
Ecasimir :ﬁ (2NkK (% -+ m) <E + % _ m>>

kN K,

ZZZ”HZ an+1A+an 1A — ZanA)

n=1 A=1Z=1
kN

4
kﬁ2
SZZK ZaHA—an IA—an+1A+2man+1A 2man I.A)

n=1 A=1
(B.14)

where we also made the gauge transformation and redefinition (4.21) and used the definitions
(4.32).
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Appendix C. 4d & 5d contour integral representations

In this appendix we present the contour integral representations for the partition functions for
the 5d and 4d theories both in the precense of the orbifold and without. These may be obtained
by applying the limit directly to the respective 6d contour integral expression. We follow
mostly the prescription presented in [117]. We will firstly take the 5d s — 0 (¢ — 1) limit.

C.1. 5d limit of the unorbifolded contour integral

Using the identifications (3.31) and setting y; = qﬁiT[ we have that

K .

. i . sinh (s (uy — €4)
1 1—=|Zy= h
qu}} I#] ( YJ) Y Hsm s ) H sinh fs 5 i

I#] LJ=1 (uy — 5 —m)sinh Bs (uy + 5 —m)’
C.1)

K . . _ 67

sinh + = + m) sinh — S 4m

lim Zy = H ﬂS. (s + 5 ) ' Bs (uy — 5 )’ -

g1 P sinh Bs (ugy + €1) sinh Bs (uyy + €2)
P E T E T B

a1 21t sinh Bs (u — ax — ) sinh Bs (ur — as + 5-)
where uy; := u; — u;. By definition

lim Z0(g, v, w.z.x4.31) = 1. o

Hence, all that remains is to perform the limit on the integration over the maximal torus of
U(K):

K in K K
. dy; /2* du; /+°° duy
lim — = 27 — = —.
=1 Jrww) 27ny, 56*)0( ) i 11;[1 27ifs oo 11;[1 27ifs
(C.5)
Putting all of the above ingredients together we write
Z5AN . {jyy 264N
K qlgi K (C.6)
\inh —as — sinh _
B Z : /H 2du1 sinh Bs (u; — ay — m) sinh Bs (u; — aa Jrlzi+ HSlnhﬁs ()
o mﬁ5 smh ﬁS u, —ay — 7) sinh (s (u1 —ay + ) 1
8 ﬁ sinh f35 (uu — €4 ) sinh f3s (uu + &+ m) sinh f35 (Lt]] — S+ m)
s sinh (s (uu -5 - m) sinh (s (L{]] + 5 - m) sinh Bs (ugy + €1) smh Bs (uyy + €2)
(C.7)
C.2. 4d limit of the unorbifolded contour integral
It is then a straightforward exercise to take the 4d limit 85 — 0. We have
ZHN . Jim ZSdN
K 5050 (C.8)
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XHMIJ H (wy = 4) (wy = 5 —m) (wy + 5 —m)

£ 1J=1 (“IJ —m— %) (ulj +m— %) (uyy —€1) (uy — €2)” (C.9)

C.3. 5d limit of the orbifolded contour integral

Taking this limit is largely the same procedure as for the £ = k = 1 case however we instead
use the slightly different set of variables (4.32). We are again interested in the ¢ — 1 limit of
the partition function (4.25). Setting y; 7 = qszI we have

. 6dNZk 5d,N 0.k
im Zeey™ = Zhey” (C.10)

g—1

¢

du;z H .
H H sinh ﬁs (u,»,z — u,‘,j)
i=1 |:]-_-[j lK / Zﬂlﬂ I#T

K .
sinh Bs (u;7 — ui 7 — €4)

H sinh ﬁ5 (u,-,I —u, 7+ 62) sinh 55 (ui,I —u 7+ 61)

7.J=1
ﬁ li:r[l sinh Bs (7 — wit1,7 +m+ ) sinh Bs (uiz — wiy1.7 +m -5)
=175 smh55 Uiz — Uit1,7 + & +m) sinh Bs (M,I — Uit1,7 — =+ +m)
K: . -
y H H sinh s ( Mzz — 8ij1,A4 + m) sinh Bs (uiz — @;_1.4 — m)
AT smhﬂs iz — aiA— —) sinh S5 (u,;z —aiA+ %’)
(C.11)
C.4. 4d limit of the orbifolded contour integral
As before it is straightforward to take the 4d limit 85 — 0.
4d.N.0k 5d,N,0.k
2y T A 2Ky (C.12)

K
dui 1 . (wiz — uig — €y)
u — U
1|:HJ 1[(l/]‘_[ 27 H L lJ Hl (u,‘l—ui,‘y—l—ez)(ui,z—uiﬂy—l—el)

I#J I.7—
(uiI —Uiy1,7 t m—+ 6;) (ui,;r Mg m— %)
I=1J=I (u,z — Uiy + 5 + m) (Mi,z P — +m)

s 20 tm) iz — i), (C.13)
A=1Z=1 (uiz —aia— ) (wiz — aia + )
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