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Abstract

We present all second order classical integrable systems of the cylindrical
type in a three dimensional Euclidean space E; with a nontrivial magnetic
field. The Hamiltonian and integrals of motion have the form

PO+ SN (r 6. Z) pi + 5{ (1 b, Z) plh + 5T (r, 6, Z) ply + my(r, 6, 2),
At sY(r 0. Z) Pl + S5 (r §, Z) p + ma(r, . 2).

Infinite families of such systems are found, in general depending on
arbitrary functions or parameters. This leaves open the possibility of finding
superintegrable systems among the integrable ones (i.e. systems with 1 or 2
additional independent integrals).

Keywords: integrability, superintegrability, classical mechanics, magnetic
field

1. Introduction

This article is part of a research program the aim of which is to identify, classify and solve
all superintegrable classical and quantum finite-dimensional Hamiltonian systems. We recall
that a superintegrable system is one that allows more integrals of motion than degrees of
freedom. For a review of the topic we refer to [1]. The best known superintegrable systems
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are given by the Kepler-Coulomb [2—4] and the harmonic oscillator potentials [4—6]. A finite-
dimensional classical Hamiltonian system in a 2n-dimensional phase space is called inte-
grable (or Liouville integrable) if it allows n integrals of motion {Xo = H,Xy,...,X,—1}
(including the Hamiltonian H). These n integrals must be well defined functions on the
phase space. They must be in involution (Poisson commute pairwise, i.e. {X;,X;}pp = 0)
and be functionally independent. The system is superintegrable if there exist further integrals
{Y1,.... Y}, 1 <k < n—1, that are also well defined functions on the phase space. The
entire set {Xo = H,Xy,...,X,—1,Y1,..., Y;} must be functionally independent and satisfy

{H.X;}pp. =0, {X.Xj}ps =0, {H Y.}pp =0,
Lj=1,....n—1, a=1,...,k, 1 <k<n—1.
Notice that {Y,, X;}pp. =0,1 <i<n—1, and {Y,, Y, }pp = 0 is not required. Moreover,
the Poisson brackets Z,; = {Y,,X;}pp. and Z,, = {¥,, Y} }pp. generate a non—Abelian poly-

nomial algebra.
A systematic search for ‘natural’ Hamiltonians of the form

ey

H= %ﬁ 24 W) @
that are superintegrable in the n-dimensional Euclidean space E, started a long time ago
[7-10] for n = 2 and n = 3. The integrals of motion X; and Y, were restricted to being second
order polynomials in the components p; of the momenta. Second order integrals of motion
were shown to be related to the separation of variables in the Hamilton—Jacobi equation (and
also the Schrodinger equation). All second order superintegrable systems in [E, and E3; were
found [7, 10, 11]. Later developments for the Hamiltonian (2) and second order superintegra-
bility include extensions to [, for n arbitrary, to general Riemannian, pseudo-Riemannian,
and complex-Riemannian spaces [12-25].

More general Hamiltonians and their integrability and superintegrability properties are also
being studied, in particular Hamiltonians with scalar and vector potentials both in E, [26-34]
and E; [35-41].

In this article we focus on the case of a particle moving in an electromagnetic field in
;. It is described by a Hamiltonian with a scalar and vector potential, as in [36—40]. As
opposed to previous articles, here we consider the ‘cylindrical case’ when we have two sec-
ond order integrals of motion of the ‘cylindrical type’. In the absence of the vector potential
the Hamiltonian would allow the separation of variables in cylindrical coordinates so that the
potential in (2) would have the form

W) = Wir) + 5 Wa(0) + Ws(2), @

with the transformations x = r cos(¢), y = rsin(¢) and z = Z.

2. Formulation of the problem

Let us consider a moving particle in an electromagnetic field, in a three-dimensional space. In
Cartesian coordinates, this simple system is described by the following Hamiltonian:

1 . 2
H=3 (ﬁ+A(fe)) W) @)
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where = (p1,p2,p3) = (px.py,p.) are the components of linear momentum, and
X = (x1,x2,x3) = (x,y,2)are the Cartesian spatial coordinates. The vector potential A(%) = (A,
(¥),A2(X),A3(X)) = (Ac(X),A,(X),A,(X)) and the scalar potential W(X) depend only on the
position X. For practical reasons, the mass and electric charge of the particle have been set to
1 and —1, respectively.

The physical quantity related to the vector potential is the magnetic field

B(X) =V x A(¥). 5)
Let us consider integrals of motion which are at most quadratic in the momenta. They are of
the form [36]:

3 3 3

1 P - -
Z Dpipf+ Y Sleul’ @ pipt + Y@ p +m(F) 6)
=1 k=1 =1

where we have defined

P =pi+ A ™

and h/(X), n/ (%), s/(¥) (j = 1,2,3) and m(¥) are real valued functions. They must satisfy the
determining equations provided by the fact that the Poisson bracket of the integral with the
Hamiltonian must vanish, i.e.

{H.X}pp. =0 (8)

using the coefficients in front of each individual combination of powers in momenta. Those
equations in Cartesian coordinates are listed in previous papers [36—40].

It is possible to express the 4/ (¥X) and n/(X) functions as polynomials depending on 20 real
constants ¢, which allows us to say that the highest order terms of the integral X are ele-
ments of the universal enveloping algebra of the Euclidean Lie algebra

Z YAV +Zsf X) p} + m(®) 9

1<a<bk6
where
r (p?’Pé p?,lA,lA,lg‘), l? = Z eijkxjp;:' (10)
1<k<3

We shall consider two integrals of motion X; and X, of the cylindrical type, in the sense
that they imply separation of variables in cylindrical coordinates in the case of a vanishing
magnetic field. Their exact form in the adequate system of coordinates will be specified below.

We use the following relations between Cartesian and cylindrical coordinates:

x = rcos(¢), y = rsin(¢), z7=27. (11)
Given the structure of the canonical 1-form
A = pxdx + pydy + p-dz = p,dr + pgde + pzdZ, (12)
we obtain the following transformation for the linear momentum:
sin(¢ . cos(¢
Px = COS(gb)p, - r( )p¢’ Py = Sln((b)p, + r( )pCb’ Pz =Pz (13)
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and similarly for the components of the vector potential. On the other hand, the components
of the magnetic field are the components of the 2-form B = dA,

B = B*(X)dy A dz + B'(¥)dz A dx + B(¥)dx A dy

(14)
= B'(r,$,2)d$ A dZ + B?(r, p, Z)dZ A dr + BZ(r, ¢, Z)dr A d.
This leads to the following transformation
50 = P (r.6.2) - sin(0)8(r.6.2).
B0 = LD (1.0.2) + cos(0)8 (1.6.2). (15)

1
B (X) = —B%(r, ¢, Z).
r
We can now rewrite both the Hamiltonian and the general form of an integral of motion in

cylindrical coordinates.

3. Hamiltonian and integrals of motion in the cylindrical case

We will first write down the general form of the Hamiltonian and integrals in cylindrical
coordinates, and then restrict to the case of two integrals of motion which correspond to the
so-called cylindrical case.

3.1. Determining equations in cylindrical coordinates

In cylindrical coordinates, the Hamiltonian (4) takes the following form:

H= (Pf)2 + @ + (p/Z‘)2 +W(r,¢,2), (16)

72

N =

where

P =pr+A(r$.2), pl=py+As(rd.2), py=ps+Az(r.¢.2).

(17)
The integral of motion (6) now reads as follows
, 2 2 2
X=H(r,$,Z) (p})" + 1 (r,6.Z) (p}y)" + H* (r,6,Z) (p3)
+1(r, 0, 2) ppy +n® (r, 6, Z) pip5 + n” (r, 6, Z) pp) (18)
+5" (r, 6, Z) p? + 5% (r, qS,Z)pﬁ, + 5% (r. ¢, Z) ps +m(r, . 7).
The functions %', ...,n% can be obtained from the #/ and 7/ via their transformations into

cylindrical coordinates, and are expressed in terms of the same 20 constants o,.

Computing the Poisson bracket {H,X}pp in the cylindrical coordinates we obtain terms
of order 3, 2, 1 and 0 in the components of 7. The third order terms provide the following
determining equations
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O =0, Oyh" =—r*dm*, 0k =—0n,

1 2 1 1.1
arh¢ = _ﬁaqgnz — ’jh N 8¢h¢' = _;nz, aZh¢ = _ﬁ6¢n - ﬁn(p’
arhz = —82n¢, 8¢hz = frzﬁzn’, 82]12 = 0,

19
8¢,n¢ = —r*(Om* + 0n"). (19

In the second order terms we use equations (19) and rewrite derivatives of the vector potential
A in terms of the magnetic field B, to obtain

d.s" = n’B® — n’B?,
Dgs" = r*(n"B® — 2h°B? — 0,s°) — n®B" + 2h"B?,
0,s° = n’B" — 8,5 — n'B? + 2h*B® — 20" B,
8¢s¢ = —n'B 4+ n’B* — %s’, 20
Dys? = r*(2h®B" — n?B? — 9,5%) — 2h*B" + n? B,
9,5 =n'B — n®B°.
The first and zeroth order terms imply
O.m = s*B® — s®B% + n®9,W + nZB¢W + 210 W,
Dpm = s"B* — s“B" + 1r* (0" 0z W + 2h® Oy W + n”0, W), 21)
dym = s*B" — s'B® + 2070, W + n 0y W + n®o,w,
and
S"O,W + 5?0, W 4 5“0, W = 0, (22)

respectively.

3.2. Reduction to the cylindrical case

The integrals of motion corresponding to the cylindrical case, i.e. the case which allows sepa-
ration of variables in cylindrical coordinates for a vanishing magnetic field, read

Xy = (P4)? + 1 (r. 0. 2) p + 57 (r. 6. 2) p + 55 (r. 6. Z) py + mu(r. 6. Z),

X = () + 55(r 6. 2) p! + 53 (r. 6.2) Py + 55 (r. 6. 2) ply + ma(r, 6, 2).
(23)

For such integrals with specific values for the 4 and n coefficients, all of them being either O or
1, it follows that system (19) is satisfied trivially for both X, and X,. The system (20) applied
to both integrals gives the following equations:

s
o1 =0, (‘3¢s‘f5 =1,
,

Dps| = —rz(ars‘f +2B%), D45t = r*(—8zs) +2B"), (24)

z z
0,57 = —0zs), Ozs7 =0,
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3rS£ =0, 6¢S(2b = 7S—2,
-
Bysh = —120,53, D5k = —1?0ys5 — 2B, (25)
8;«?% = —0z5, + ZB¢, 8255 =0.
The systems (21) and (22) reduce to
dmy = s¥B® — s? B,
8¢m1 = SqBZ — SlZBr + 2r28¢W, (26)
Bzm1 = S?Br — SZBQS,

omy = S§B¢ — szZ,
Dgmy = sHB* — s5B’, (27)
Ozmy = sz’ — s5B? +20,W,
and
SSOW 4+ sP0,W +570,W =0 (i=1,2), (28)

respectively.

Let us now consider the Poisson bracket {X;, X5 }p g, which must also vanish for an inte-
grable system. This provides further equations for every order in the momenta. First, for the
second order, we have

8¢s‘f =0, 0ps5 =0, 0Oz =0, 8¢,s§ = azs‘f — 2B (29)

From those, we can already conclude, looking again at system (25), that s5 = 0. The first order
terms in the same Poisson bracket {X;, X, }p g, imply

s50,87 + s‘f(%si =0,
—5P(2B" + 0455) + 550,57 — 550,55
+s§)8¢s% + 57(2B? — 0,55) 4+ 20,m; = 0, (30)
—s5(2B" — (“)Zs‘f) + sg’(“)qgs(f5
—sf@zsf - s{@rs(; —20pmy = 0.
From the zeroth order term we obtain
—s10,my + sf8¢m1 — s‘f(‘?(zgmz + sgazml - s,Zazmz a1
+B' (5957 — 575%) + B?ss5 — B%ss9 = 0.

4. Partial solution of determining equations and reduction to functions
of one variable

The second order terms in momenta from the aforementioned vanishing Poisson brackets,

i.e. systems (24), (25) and (29), provide a system of equations for the functions s}’d”z and

the magnetic field B"»#*“ which can be easily solved. The solution is expressed in terms of 5
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functions of one variable each: o (r), p(r), 7(¢), ¥(¢) and p(Z). We shall call them the auxil-
iary functions:

¥(¢)

i = ww@ st === = ru@) 4o, st =1(9), .
(32)

s5=0 s(zb:,u(Z) s%z—T’(j)—i-U(r)

- r?d 1 d ¢_T(¢) 1d

B=-24 (Z)'*‘ﬁ@T((ls)v B = —3 +§50(V), o)

— 1d 1 d
B = 12{,(2@ +rﬂ(z)—55 p(r) — ﬁ@lﬁ(qﬁ

Equations (32) and (33) are the general solutions of equations (24), (25) and (29). We use them
to eliminate the functions 51, 5> and B from the as yet unsolved PDEs (26)—(28) and (30), (31).
Using (26), (27) and (30) we end up with one equation for each possible first derivative of
both m; and m,, one direct condition on x(Z) and ¢ (¢), and two equations which are further
conditions on m; z and m; ¢

(=P u(2) + rp(r) = (9)) (¥"(0) + 0/ (1) + (FPr(Z) + rp(r)) ¥(9)

—(9)* + P7(9)o’ (r) + 2r°u(Z)? = 2 p(r)u(Z) + 27(¢)* — 2 my,, =0,

V' (9) (2r3u( ) - VZP’( ) —¥(9) — 4" (¢))

+7(9) ( ) +4r'Wy — 2rPmy =0,

(7 (¢)—ru( ))( SU(Z) + rp(r) — ()

— () (r30'(r) +27( )) —2r'mz =0,

Pz (@) +ra'(r) (Po(r) — 7(¢)) — 2r°u(Z)?

+Pu2)p (r) + P uZ)p() + 270 (r)T(9) — 27(9)* — 2r°ma, =0,

(r4,u’(Z) — T'(d))) (rza(r) — T(¢)) — 2r4m2,¢ =0,

— U2 (2) + w(Z)7' (¢) + 4r° Wz — 2rmy =0,

w2 () =0,

(=r*u(2) + Pp(r) = ri(9)) 1 (Z) + p(Z)7' (6) + 2m1 2 =0,

(@) (Po(r) = 7() + r*7(@)u (2) + r*u(Z)y (9) + 2r*ma =%
From (28) and (31) we obtain 3 further equations

(Po(r) - (¢)) Wz + rzu(Z) =0,

(=P (Z) + rp(r (0)) Wy + r(¢' (9)W, + () Wy) =0,

2t (P u(z) - rp( )+ ( )) mag +2r° ( o(r) —7(¢)) miz
+ P2 ()" (¢) + 2P W(Z)my g — 277 (d)myz

+ (7 (Po(r) = 7(6)) o' (r) = 2°u(Z2)* + P (Z)p'(r)
+ru(Z2)Y(9) + 270 (r)T(9) — 27(¢)* — 2’ my,) ¢’ (¢)
— (P (Pu(2z) = rp(r) + ¥ (9)) a(r)

+ 7(9) (rp(r) — ¥(9))) (F*u' (Z2) — 7'(9)) =0.

(35)



J. Phys. A: Math. Theor. 53 (2020) 085203 F Fournier et al

Before summing up the results of this section in the form of a reduced system of deter-
mining equations let us analyze the PDEs (34) and (35). First of all, m; 7 and my 4 appear in
(34) twice each. Since the two values must coincide we obtain two constraints on the auxil-
iary functions. A further constraint 1(Z)9" (¢) = 0 is explicit in (34). The remaining 6 equa-
tions in (34) are used to express all first order derivatives m; 4, ms, (a = r, $,Z) in terms of
Wy, Wz and the auxiliary functions. Assuming that the functions m; and m, are sufficiently
smooth we impose the Clairaut compatibility conditions 0,0,m; = 00,m; on their second
derivatives. This gives us a further set of equations

misg s ¥'(9) (=39"(8) + 0" (r) = rPu(Z) = rp(r) + rp(r) — 4(¢))
+ 7 () (P’ (r) + 27(0)) — 2r*7(9)' (Z) — 4" Wi — 8r* Wy

+ (rp(r) = ¥(¢)) " (¢) =0,
miz: = (20" (9) + Y (¢)o” (r) — 67(9)y ()

+7(9) (=2 (r) + 2rp(r) = 39(9)) =0,
migz . 7(0) (Pu(Z) = rp(r) + 9(9)) + 4" (¢) (o’ (r) +27(¢))

+ (@)1 (2) + 4/ (9) (P4 (2) +37'(9)) + 4" Wez =0,
Moyt = p(Z) (ro' (r) +20(r)) + w(Z)Y' () =0,
my,z ru/(Z) (—2r3,u(Z) + rzp/(r) + 1/)(¢>)) —4PW,; + 2M(Z)7'/(¢) =0,
mygz: 17 (1(¢) = rPo(r) W' (Z) + () u(Z) + 4r° Wz = (036)

Equations (36) can be solved for the second mixed derivatives of the potential W,4, W,z and
Wz in terms of W, and the auxiliary functions. The identities for the mixed third order deriva-
tives of W are satisfied identically as a consequence of the compatibility of the second order
ones.

Finally we substitute the first order derivatives m, 4, m,, from (34) into (35) and obtain a
system of linear inhomogeneous algebraic equations for the first order derivatives W,, Wy, W.
Implementing the procedure described above we obtain the reduced system of determining
equations presented in the following section 5.

5. Reduced determining system

The determining system now reduces to two conditions on the auxiliary functions, three equa-
tions from (36) that involve mixed second derivatives of W, and a linear algebraic system
involving all first derivatives of W. We list them all here:

V() (Po'(r) +27(8)) — 7'(¢) (rp(r) — (4)) = 0, (37a)
w2y (¢) + ro(r)u(2) =0, (37b)

Wo = —2Wo o pis (8/(6) (=36"(6) + 0" (1) = P p(2) — 20 (1) + rolr) — 40(6)
+7(8) (P’ (r) + 27(9)) = 2 r()u(2) — 4" (6) (4(@) — rp(r))
)

Wz = =z (P(2) (7(8) - Po() + 7" (@)u(2)

Wiz = 2L (@) (~2°0(2) + P (0) +0(0) + 20D ()

(38)
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0 ru(z) Po(r)=7(@)\ (W, 0
V@) plr) = Pu(z) =P 1(9) '<W¢)_( 0 )

0 47 1(Z) —4r37(9) Wz a(r,¢,Z)
————
M- VW =a
(39)
where
a(r,$,.2) = =4/ (¢) ((=ra(r) +°1(9)) o' (r) = P u(Z)p' (r) + 27()?
—2r%0(r)7(¢ ) +r u( ) (P(Z) + rp(r) = 24(9)))

—=7'(0) ((=rp(r) +9(0)) () — Po(r) (P(Z) — rp(r) +(¢)))

- ’(Z)T(¢>)( ( ) —¥(9)).
(40)

The rank of the matrix M can be either 3, 2 or 1. We rule out the rank O case since it leads to
vanishing magnetic field, as seen directly from (33).
If the rank is 3, then the determinant of M

det(M) = 4r°¢'(8)u(Z)o (r) (41)
is not zero and it implies a unique solution for each first derivative of W. We will explore this
case shortly and show that it leads to a contradiction.

If instead the rank is either 2 or 1, then det(M) = 0, and from (41), there are a priori three
possible cases:

(@) ¢'(¢) =0,

(b) ¥'(¢) # 0 and p(Z) =0,

©) ¢¥'(¢) #0, u(Z) # 0 and o(r) = 0. However, we observe that this is inconsistent with
(37b), so we can already rule this case out.

We shall first show that we must have oo = 0 in all these cases, allowing us to simplify further
considerations below.

(a) 9’ (¢) = 0. This is equivalent to ¢)(¢) = 0 since the function ¢ has to be constant and thus
it can be absorbed into a redefinition of p(r) in equations (32) and (33). The augmented
matrix of the system of linear equations (39) can be written in its reduced row echelon
form as

0 r*u2) -7(¢) 35
0 p(r) 0 |- (42)
0 0 o -2

4r7

T(@)p(r) =0, p(Z)o(r) =0. (43)

Consequently, the expression for o reads

a=7r(r'(@)o(nu(z) - 1 (2)p(r)7(¢)). (44)
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Equations (43) give rise to four possible solutions

e 7'(¢) =0, p/(Z) = 0, implying o = 0 directly,

o p(r) =0, o(r) = 0, implying o = 0 directly,

o 7'(¢) =0, o(r) = 0, implying a = —r1//(Z) p(r)7 (),
e p(r) =0, u/(Z) =0, implying a = r>7/(¢) o (r)p(Z).

On the other hand, the solvability condition of the linear system (39), namely that the rank
of M and of the corresponding augmented matrix coincide, imply that if either p(r) = 0
or o(r) = 0, the function o must vanish. Thus in the two cases above we find constraints,

o if /'(¢) = 7'(¢) = o(r) = 0 we must have

W (Z)p(r)r(¢) =0, (45)
o if ' (¢) = p(r) = 1/ (Z) = 0 we must have

T(¢)o(r)u(Z) = 0. (46)

(b) ¥'(¢) # 0 and p(Z) = 0. In this case equation (37b) is satisfied trivially. Equation (374)
we differentiate with respect to r, arriving at

!/
Bl () = ' (9)
(7' 0) = )
leading to three distinct possibilities
o (Pa'(r) = (rp(r)) =0, ie.

Co -
o) = F+Co pl0)

(rp(r))", (47)

_ % (48)
p

Substituting (48) into equation (37a) we find
2(r(¢) = Co) ¥'(0) + (¥(d) — C,) T'(¢) = 0 (49)

which directly implies that o defined in (40) vanishes.
o (Pa'(r) =7'(¢) =0, ie.

Co -
o(r) = = + Cs, 7(p) = C-. (50)

Substituting (50) into equation (37a) we find C, = C; and that together with equa-
tion (50) implies again that we find o = 0 in (40).

Po'(n) _ N
° ((rp(r)),) = w,(((f;)) = A\ # 0, implying that
G

p(r) = 170 (1) + L r(g) = M) + Cr. 61

However, substituting (51) into (37a) and differentiating it with respect to ¢ we arrive at
A’ (¢) = 0 which contradicts our assumptions A # 0 and ¢’ (¢) # 0.

Thus we see that for all solutions of the determining equations we have o = 0. In most cases
a = 0 by virtue of (37a) and (37b) alone, in two cases the condition that the augmented matrix

10
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of the system (39) and the matrix M have the same rank leads to certain additional constraints,
see equations (45) and (46).

We are now ready to split the classification problem into three main cases according to the
rank of the matrix M, which leads to various classes of potentials and magnetic fields.

6. Solutions of determining equations for Case 1: det(M) # 0 (rank(M) = 3)

Let us begin with the seemingly most complicated case: the case where the determinant of M
is not equal to zero, or in other words, the rank of M is 3. We are going to prove that this case
leads to an inconsistency and has no solutions.

Recalling (41), this requires that ¢'(¢) # 0, u(Z) # 0 and o(r) # 0. From (37b) we have
" (¢) = 0. We can assume that 1)(¢) = 1);¢ where the constant ¢, satisfies 1 # 0, since
an additive constant would be absorbed into p(r) by a simple redefinition. Looking at equa-
tion (37b), it becomes obvious that o (r) takes the following form

o(r) = % o0 % 0. (52)
Equation (37a) then becomes

Vi (=300 +2r7(9)) = 7'(0) (Pp(r) — ring) = 0. (53)
Differentiation with respect to r gives

27(0) = 7'(0) (2rp(r) + 70/ (r) = 1h19)) = 0. (54)

From this point we can separate the variables r and ¢ if 7/(¢) # 0. Notice that this has to be
true since 7'(¢) = 0 would imply that either ¥ or 7(¢) is zero, from the previous equation.
The latter is not possible in view of (53) since it would imply that oy = 0, which contradicts
our initial hypothesis. This means that we can rewrite (54) as

291 7(¢)

2rp(r) + 72 (r) = k = 1 + ——2, 55
p(r) p'(r) 1 (¢) (55)
where k is a constant. Solving for p(r), we have
_m ok
p(r) = 2 + - (56)

Heading back to (37a) using the newly known expression for p(r) and separating the various
powers of r in it, we find that o9/, = 0, which is a contradiction. This means that the system
is inconsistent and admits no solutions. The source of this inconsistency is that W,, W and W
can be determined in a unique manner from the algebraic equation (39). They must however
also be first derivatives of a smooth function W(r, ¢, Z) and hence satisfy the Clairaut theorem
on mixed derivatives. This contradicts (37a) and (37b).

7. Solutions of determining equations for case 2: rank(M) = 2
There are two main subcases to consider here: (a) ¥'(¢) =0, and (b) u(Z) =0 while

¥'(¢) # 0, so that we ensure that the determinant (41) vanishes and thus the rank of M is at
most 2.

1
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71 Case 2a: ¢'(¢) =0

It is understood again that ¢(¢) is set to zero. There are several ways for the rank to be equal
to 2. We recall the reduced row echelon form of the matrix M

0 ruz) —7(¢)
0 p(r) 0 : (57)
0 0 o(r)

The rank of a matrix is the largest size of its invertible square submatrices. Thus for the rank of
the matrix (57) to be 2, at least one of the three minors involving the second and third column
must be non-zero. The possibilities are as follows:

(1) 7(¢)p(r) # 0, and then p(Z) and o(r) are arbitrary;
(2) u(Z)o(r) # 0, and then 7(¢) and p(r) are arbitrary;
(3) p(r)o(r) # 0, and then p(Z) and 7(¢) are arbitrary.

Let us consider these cases one by one.
(D) 7(¢)p(r) # 0.

From (37a), we have that 7(¢) = 79 is a non-zero constant. Now recall that p(r) # 0
implies that W, = —11/(Z)7(¢), then notice that p(r)Wy =0. So Wy =0, and
w(Z) = o is a constant. It follows that Wz = 0. All of (38) is then satisfied trivially. The
solution for the magnetic field and the potential reads

1 1
W=W(r),B =0,B°= % + 501 B” = por = 5/ (r). (58)

The integrals (23) are determined by
st =0, s‘f =p(r) = Puo, 5% =,
1 2 70\ 2 1 2 2.4
m =z TOU(F)—VMOP(V)—(7) +Z(P(”) +uprt) s

70 (59)
r7>

1 To0(r) 1 70\ 2
m =5 (p(r)uo - prt = =3 ) +7 (0'(")2 + (p) :
Recalling (15), we express the system (58) in Cartesian coordinates
w=w (V).
-
BX:—y ((02 +S(1/x2_~_y2)> ,

X +y?)

s, =0, s? =y, $5=o(r)—

(60)

B"zx((TO2 —i—S(\/m)),

x4+

B = 1o P (V).

where S(r) = ‘7/2(:) and P(r) = 2 /2(:).
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(2) w(Z)a(r) #0.
The computation is very similar to the previous subcase. This time from (37b) we see that
1 (Z)o(r) =0, so u(Z) = pg is a non-zero constant. Now recall that o(r) # 0 implies
that W, = {57/(¢)u(Z), and notice that o (r)Wz = 0. So Wz = 0, and 7(¢)) = 7y is a con-
stant. It follows that Wy = 0, and we have the same solution for W(r, ¢, Z). The magnetic
field is also the same, except that now p(r) is arbitrary and o (r) is arbitrary and non-zero.
() p(r)a(r) # 0.
Recall that this directly implies that ;(Z) = po and 7(¢) = 79 are constants. Once again
(38) is the same and the solutions are identical, except that neither p(r) nor o(r) can be
equal to zero.

Thus the results for the case rankM = 2 and ¢’(¢$) = 0 take the form (58) (or, equivalently,
(60)). We notice that for the system (58) the two quadratic integrals (23) can be reduced to the
first order integrals

p(r) luorz v _ A U(r) T0 (61)
2 2’ '
Thus the system (60) was already encountered in [36], see equation (76) therein. We notice

that without any loss of generality we can absorb the constants 7y and p into a redefinition of
o(r)and p(r), i.e. set 7o = pp = 0 in (58), (60) and (61).

72. Case 2b: u(Z) =0,¢'(¢) #0

Under these assumptions equations (38) directly imply that the variable Z can be separated
from the other two variables r and ¢ in the potential W, i.e.

W(r,¢,Z) = Wia(r, ¢) + Ws(Z). (62)
The reduced row echelon form of M becomes
(@) rp(r) —4(¢) 0
0 0 o(r) |. (63)
0 0 7(9)
Our assumption 9’(¢) # 0 implies that rp(r) — 1 (¢) # 0. Thus to have rank M = 2 we have
two possibilities, namely o (r) # 0 or 7(¢) # 0. Either of them implies
Wy = 0. (64)
Since the separation of the potential (62) is defined up to an additive constant, we can set
W3(Z) = 0, i.e. we have W(r, ¢, Z) = Wi (r, ¢) = W(r, @).

(1) o(r) #0.

We first rewrite (37a) in the following way:

7'(¢)

3 7 _
o’ (r) +27(9) ()

(rp(r) = (¢)) = 0. (65)
Differentiation with respect to ¢ leads to the equation:

170+ v OO _

(@)Y (9) — T (9)¢"(9)
V'(9)?

(66)

13
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(1.1

(1.2)

If 77 () (@) — T'(¢)9" (¢) # O we can separate the variables r and ¢. If instead this
expression vanishes, we directly conclude from (66) that 7/(¢) = 0, thus 7(¢) = 1 is a
constant. We study both situations separately.

T (@)Y'(¢) — T (¢)P"(¢) = 0, l.e. 7(¢) = 0.
Equation (37a) now reads r*o’(r) = —279; thus, we have o(r) = 2 + 0. This reduces
the system (37a)—(39) to the following two equations

r (@)Wr + (rp(r) — (¢)) Wy =0, (67)
V(9) (=307 (0) +rp"(r) = 0 (r) + rp(r) — 49(9)) 68)
+ " () (rp(r) — (@) — 4r° Wy — 8 W, = 0.

The magnetic field takes the form
B =0, B =0, B——p(r)- L@ FU0O) (69)

2r2

Thus the motion of the system splits into a motion in the xy-plane under the influence of
the potential W (r, ¢) and the perpendicular magnetic field B (r, ¢) (a problem discussed
by McSween and Winternitz in polar coordinates in [27]) plus a free motion in the
z-direction. The integral X, reduces to a first order one

00
2
and in a suitably chosen gauge becomes simply p.

T (@)Y (¢) — 7' (9)¢"(4) # 0.

In this case we can separate the variables r and ¢ in (66), arriving at the equations

X, =py + (70)

37'(¢)¢'(9)?
(@)Y (¢) — 7' (9)4" (6)

where py is the separation constant. Solving them we find

+ () = po = rp(r), (71)

Sy 7(P) = 7 . .
S T R 72

From equation (37a) we find o(r) = % + oy.

Next, we insert these results into the remaining equations (38)—(39) and find two equa-
tions which read

rY' (P)W, + (po — ¢Y(¢)) Wy =0,
=3¢ ()" (¢) — 40" (0) ((¢) — po) — "' (¢) (W (&) — po)
472
———1—Y/(¢) — 4r' W,y — 8F*W, = 0.
ORI ¢ ¢

We can rewrite 3(¢) = ¥(¢) — po and integrate the second equation once with respect
to ¢, arriving at the system

(73)

14
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B ($)W, — B(¢)Wy =0 (74a)
_ " -7 2 _ 2 7-12
—A4rW, = 8r*W(r, ¢) — f(r) = 0. (74b)

Substituting for W, from (74a) into (74b) we find expressions for both W, and Wj.
Substituting them into (73) we find that

sty =14

in (74b), where f1, f, are integration constants. Next, we find solving (74a) the explicit
form of the potential in terms of the yet unknown function 3(¢)

+fort (75)

fi W) PP+ FOP+ % - s H 20 g

W= 8 T 8r
The function W(¢) is determined by (74b) and up to a constant shift of the potential
reads
= Wo | f2
¢ == + s 77
where W is an arbitrary constant. The potential thus becomes fully determined,
7_2
wo Wo BOIBO)+FOP +4 — i +26(60) 78)
- r2B(e)? 8rt '

The sole remaining equation (74b) becomes an equation for the uknown function 5(¢)
only, namely

B'(9) (18(8)8" (9) +48'(¢)* +12B(6)* +f1) + B(¢)*8"(¢) =0.  (79)

This equation can be integrated twice, i.e. reduced to a first order ODE. In order to do
this we must multiply by 3(¢) and integrate, then multiply by 8’(¢)5(¢) and integrate
again. The result is

4B8(9)*B'(¢)* + 4B(¢)° — 4818(8)* +f1B(¢)* = B> (80)

where f31, 3, are the constants of integration. Substituting v(¢) = 5(¢)* we can re-
express it as

V()Y (9)* + 47(9)° — 4B17(8) + fiv(8)* = Ba. (81)

In the special case where (3, = 0, it is possible to solve this equation and the solution is

_ \/ 64ﬂ1 +f12 sin (2(¢ - ¢O)) _fl (82)

v(9) = 3

15
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Under the assumption that f; < 0, % < B1 <0 the function SB(¢) is well defined,
bounded and positive,

ﬁ((b) _ \J \ 64ﬁ1 +f12 sin (2(¢ - ¢0)) _fl. (83)

8

To our knowledge for 3, # 0 the solution of (81) cannot be expressed in terms of known
analytic functions.

The magnetic field is also expressed in terms of the function 3(¢) and reads

S VA4B1B(9)? + B, — 4B(4)° — f1B(¢)*

g 225(0F |
o_ T 2 _ 208(0)° + B
R I N T T &4

(The sign of the square root depends on the choice of the branch of the square root of
B'(¢)in (80).)

For example, for the solution (82) we find the following structure of the magnetic field

BT 648008 206 — ) )
2 (JM@H (2(¢ — ¢0)) —fl)

1

b _ 87
— s 85
3\ J6451 + £2sin (206 — b)) — i ®
g B (VOB AR GO0 -\
. .

o2

B

I

Using (80) the potential (78) simplifies to an explicit function of 3(¢),

_ W 417 + B,
rB(¢)*  32B(e)*rt

In particular, for the solution (82) we find

(86)

&Wo

= (i ot sm 2t~ ou) 5

2
87

y
" (\/ff 648, sin (2(6 — b)) —fl) )

W =

16
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The integrals (23) are determined by
r_ VAB1B(9)? + B2 — 4B(9)° — B(d)*

26(¢)?
g BY 2 B@PRtT
- TC
_ W . 46(¢)27_071 + Zﬂlﬂ(gﬁ)z + 4712 + 5 38
" B 8B(0)r : 8%)
55 =0, ssz, 5%:0'0—#(1@2,

1 71 g0
my = -—.
P B0 4B 2
From the presence of the parameters 79 and oy in the integrals on which the magnetic

field and the potential do not depend we deduce that the integral X, of the system
(84)—(86) actually can be reduced to a first order one, namely

5(2 = Pé - W (89)
(2) 7(¢) # 0.

In this case it is now understood that there is no constraint on o(r) yet. But in the previous
case we never actually considered a case where 7(¢) would vanish, and there was no
division by o (r), so we can follow the same splitting as well as some of the same results.
So the first subcase is once again the polar case treated in [27] but with 7(¢) # 0, and
the second subcase is again the same as in (84) and (86) while taking (74a)—(74b) into
account.

8. Solutions of determining equations for case 3: rank(M) = 1

Once again there are only two consistent ways for the determinant of M to vanish, i.e. ¢’ (¢) = 0
which without loss of generality becomes ¢ (¢) = 0, and (Z) = 0 while ¢'(¢) # 0.

8.1. Case 3a: ¢/'(¢) =0

We have the same reduced row echelon form (57) for M. This time around we ask the rank to
be 1, so every minor of size 2 has to vanish, but there has to remain at least one non-zero entry.
There are four possibilities, one for each function to individually be non-zero,

(1) u(Z) # 0, this implies that o(r) = 0 and p(r)7(¢) = 0,
(2) u(Z) =0, 7(¢) # 0, this implies that p(r) = 0,

3) u(Z) =0, 7(¢p) =0 and p(r) # 0, this implies that o (r) =
4) u(Z) =0, 7(¢p) =0 and p(r) = 0, this implies that o (r) #
Let us now consider these cases separately

(1) w(Z) #0,0(r) = 0, p(r)7(¢) = 0.

07
0.

We use the fact that p(r) W, = 0, which further splits the problem into two subcases.

17
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(a) Let us first consider what happens when p(r) = 0. Plugging everything we know into
(37a), (37b), (38) and (39), we have the remaining four equations:

2 1
Wi = Wy + 527 (@)7(6) ~ 5-7(8)(2), (90a)
1 1
Woz = =1 (2)7(8) = 757" (#)u(2), (90b)
1
Wiz = =21 (D)) + 3 51(2)7 (9), (900)
Pu(Z)Wy — 7(¢)Wz = 0. (90d)

We introduce M'(Z) = u(Z) and T'(¢) = 7(¢). Integrating (90b) with respect to Z
and ¢ we find an expression for the potential in terms of two functions of two variables
each:
1 1

W(r,6.2) = =57 (OM(Z) = ;T@OW(2) + Fi(r.6) + F(nZ). O
This expression for W we substitute into (90c), finding F»(r,Z). Inserting it into (90a)
we find F(r, ¢). Thus we arrive at the explicit form of the potential

W(r.6.2) = ~ 5T (OM(Z) — ST(0)M"(2) ~ M (2P

T 42 4 8
1

_ 874T/(¢)2 + Wi (r) + %Wz(@ + W3(2).

We are left with a single equation (90d) to solve, which simplifies to
T(Q)T' (p)M"(2) — M(Z)M(Z)T" (¢) = 4(T'($)W3(Z) — M’(Z)W£(¢)g9-3)
If we assume that 7(¢) # 0, it is possible to separate the variables ¢ and Z by dividing

the above expression by M'(Z)T’(¢) and then differentiating with respect to ¢ and Z.
This leads to the following condition:

()T (¢) = T" ()T (9)

92)

L el MMM (2) — M (2)M" (2)

()} M'(Z)} ’
(94)
for some separation constant C. Reducing the order of the separated equations, we find
that
M'(2)* = CM(Z)* + C\M(Z)* + CoM(Z) + Cs, ©5)

T'(¢)* = CT(9)* + C1T(¢)* + C.T () + Cs

where Cy, Gy, C3, Cy, C, C are constants of integration. For C # 0 the right hand side
of (95) can be rewritten in terms of the roots of third order polynomials, e.g.

M'(Z)* = C(M — M) (M — M) (M — M3), (96a)

T'(¢)? = C(T — T))(T — Tb)(T — T3). (96b)

18
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We are interested in real solutions. If the constants in (95) are real then M; are either
also real or one of them is real and the other two complex and mutually complex
conjugate, and similarly for M;, e.g.

My eR, My=p+iq, Ms=p—iq, p,geR,q¢>0. o7

Let us focus on (96a). If the three roots are all different and real then the solution
of (96a) is best expressed in terms of sn? (u, k) where sn (u, k) is the Jacobi elliptic
sine function. The argument u is proportional to Z in (96a), the modulus k determines
the real and imaginary periods of the Jacobi elliptic function. The values of k can be
restricted to O < k < 1. The solutions of (96a) will be real in regions where the rhs is
nonnegative. If two of the roots M; are complex the solutions M(Z) are best expressed
in terms of the elliptic cosine function cn (u, k). In the case of double roots the elliptic
functions reduce to elementary ones and the module k takes one of the limiting values
k=0ork=1.

We shall not go into further details here and simply refer to the book [42] for a compre-
hensive and detailed review. Here we limit ourselves to several examples.

Example 1. M; > M, > M(Z) > M5,C > 0.

We put
M, — M C(M, — M3)
M(Z) = (My — M3)sn*(u, k) + M3, K = ———=, u= +———7.
(2) = (M3 — M3)sn”(u, k) + M3 T 2
(98)
Equation (96a) for M(Z) then reduces to the first order ODE defining the Jacobi sine function,
dsn (u,k)
(snd(u)) = (1 —sn? (k) (1 — K*sn’ (u,k)) . (99)
u

Notice that we have 0 < k* < 1 and the solution is real and finite, satisfying Mz < M(Z) < M,
(since we have 0 < sn? (u, k) < 1).

Example 2. M(Z) > M, > M, > M3, C > 0.
We put
My —Myso®(uk) 5, M, —Ms C(M, — M5)

M(Z) = = = Z
( ) 1 — snz(u,k) ’ M1 —M3’ “ 2 ’ (100)

and this reduces (96a)—(99). We again have 0 < k* < 1. The solution (100) is real, periodic
and singular with simple poles given by sn’(u, k) = 1.

The real period of all Jacobi functions depends on a number K (k). In particular we have
s 11 2
sn(u,k) =sn(u+4K,k), K=—-F|=,=,1;k (101)
2 2°2
where F (a, b, c; z) is the Gauss hypergeometric function.
The next two examples are elementary solutions, i.e. cases when two roots of the polyno-

mial in (96a) coincide. They can either be obtained by direct integration of (96a) or as special
limiting cases of solutions (98) and (100).

19



J. Phys. A: Math. Theor. 53 (2020) 085203 F Fournier et al

Example 3. M, =M, > M(Z) >M;,C >0
Putting M; = M, in (96a) and using sn (u, 1) = tanh u we obtain
cM, — M3)Z

M(Z) = (M, — M3) tanh?(u) + M3, u= - (102)

The solution (102) is real, has no singularities on the real axis and satisfies M(0) = M3,
lim, £ 00 M(u) = M;.

Example4. M(Z) > M, >M, =M;,C>0

For M, = M3 we have k* = 0 in (100) and use sn (#,0) = sin u. The solution (100) reduces
to
M, — M,sin®u C(M; — M)

M(Z , U=-—+— =27 (103)
) 1 —sin’u 2

The solution (103) is real, periodic and has simple poles at sin®u = 1, ie. u= (j + %) T,
jeZ.

Alternatively, we can transform equation (95) for C # 0 into the Weierstrass form by
putting
4 2C,
M(Z) = =S(z) — =,
(2) = =5(2) - 52
where ¢ (2Z, g2, 83) is the Weierstrass elliptic function and g, g3 are expressed in terms of
the arbitrary constants Cj, C,, C3 and C. Similar transformations can be performed for the
function T(¢) to solve the equation (95) for T(¢) in terms of Jacobi or Weierstrass elliptic
functions or their degenerate cases.

The functions W,(¢), W5(Z) are determined by equation (93) which using (95) can be
rewritten in a separated form

W(¢) G

S(Z) = (27,82, 83) (104)

W@ G

T(0) 2 T(¢) = MZ) 2 M(Z) = wy. (105)
Thus the potential (92) is determined by solutions of (105),
C
Wa(9) = == (T(9))" + woT (&),
& (106)
Wi(2) = — 5 (M(2))" + woM(2).

where the integration constants were without loss of generality absorbed into the function
Wl(r )

The magnetic field and the functions determining the integrals are expressed in terms of
solutions M(Z), T(¢), Wa(¢), W5(Z) of equation (93) as follows
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. T”((b) rZM//(Z) b _ T/(Qb) _ !
B==r =7 Br=—5 B =i @),

$i=0, s =-rPM2)., s =T(0).

$5=0, s§=M(2), = —T,,(j))’ (107)

4 / 2 "
m = @)~ - O ow)
2 , 2 ’ 2 "

" (Mz(Z)) N (th(i)) M (ZZ)T(¢) +2W;(2).

If C =0, we find solutions of (95) expressed in terms of exponentials and trigonometric
functions. Choosing e.g.* the periodic solution for 7 and unbounded solution for 1

,u(Z) = klek‘)z + kze_koz, T((b) = ]~€1 COS(iC()(b) + 7(2 Sin(l;()(b), (108)
the corresponding functions T'(¢) and M(Z) read

. klekoz — kze_koz + k3
= & ,
ky sin (ko) — ka cos(k ks - -
T(6) = 1 sin(ko) I~<2 cos (ko) + S R =
0

where ko, ki, ko, k3, I~<0, I~q, I~c2 and I~<3 are arbitrary parameters (replacing the arbitrary integration
constants C;, C ' of (95)). The magnetic field and the potential take the form

. ky cos(ko®) — ki sin (ko) (kpe ™7 — kyek?) 2

M(Z)

Ci = ko (109)

B ko o) + ko ) s
g _ kicos(kod) ‘*;kz Sin(kofﬁ)’ B = (k% + kpe h%) r,
r (110)
r(M'(2)? 1, 2
W =W (r)— — T gkOM(Z) + woM(Z)+

L BT (9) ~ KT(9)2 —2M(Z)T"(¢) _ (T'(¢))* M"(2)T(9)
8r? 8r4 4
where substitution (109) is assumed. The integrals of motion are determined by the functions
(107), as above.
In the case 7(¢) = 0 the solution is much more straightforward and we immediately arrive
at the potential and the magnetic field

2
W= Wi(r) %u(z)2 + Ws(2),
(111)
B = ——4/'(Z), B®=0, B’=ru?2),

4By a different choice of the integration constants we can write y periodic in Z, i.e. linear combination of sine and
cosine. The choice of trigonometric versus exponential functions is governed by the sign of the constants C; and C;.
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where 1(Z) # 0 is an arbitrary nonvanishing function. The integrals are given by
4

P 2
s1 =0, S? = _”ZH(Z), le =0, m = ry (1n(2)",
) (112)
v
$5=0, sy =p2), =0, m= —3 (1(2))” +2W3(2).
Transforming the system into Cartesian coordinates, we find
2 2
W =W, ( x2 +y2> - )%u(z)z + Ws(2),
n Xy Y
B=(—5p'(2), =54 (2). u(2) ) -
( 2 2 ) (113)
Obviously, for this system the integral X; reduces to a first order one
2
5 r
X1 =pjy — S u(2)
2 (114)
since the magnetic field and the potential are invariant with respect to rotations around

Z-axis.

(b) On the other hand if we have p(r) # 0, thus W, =0, 7(¢) = 0 and there is only one
remaining equation to be solved, namely

1
Wiz = —21 (D)u(Z) + 0 (2)p' (7). (115)

Solving for the potential, we conclude that both 1(Z) and p(r) remain arbitrary nonvan-
ishing functions, and the potential and magnetic field read

l,.2
W= Wilr) = T2+ olru(2) + Wi(2)
r 1

B =—51(2), B*=0, B*=ruZ2) - 37 (r)- (116)

In Cartesian coordinates they become

w=w (Vi) - L7t %p (V57 @) + Ws(a),

8

(—fu’(Z),—Xu’(ZM(Z) —P(\/X“ryz)), (117)

2 2

oo T
I

where P(r) = £ /2(:).

The integrals are determined by

4 2 2
e p(r)
my = Z)" = S pZ)p(r) + =, (118)
2 z
$5=0,s0 = u(Z2), & =0,m= —%,u(Z)Z + M +2W3(2).
Also for this system the integral X; reduces to a first order one
-~ r) — rru(Z
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since the magnetic field and the potential are invariant with respect to rotations around z-
axis. We notice that the system (111) together with its integrals is actually a limit of (116)
as p(r) — 0, i.e. as an integrable system (111) does not need to be considered separately.
(2) ul2) = 0.7(8) # 0. p(r) = 0

In this case we have o(r)Wz = 0, so a priori there are two possible subcases. However,
o(r) = 0 implies equations of the form (90a)—(90d) but with ;(Z) = 0. Equation (90d)
together with our assumptions imposes W; = 0. Thus we must have W, = 0 and the only
remaining equation reads

P (¢)a’ (r) + 27 (¢)7(p) — 4r W, — 8 Wy = 0, (120)
which is easily integrated. We find

1 1 1
W=W(r)— STAT(QS)Z + ET(QS)U(V) + ﬁW2(¢)’
(121)
1, 1 1,
B =_57(¢), B’ =—7(0)+50'(r), B =0,

where 7(¢) and o(r) are arbitrary functions, 7(¢) not vanishing identically. The integrals
(23) are defined by

s =0, s? =0,s7 =7(¢), m = @ (o’(r) - Ti?) + 2W1 (o),
| 2 (122)
s5 =0, sf =0,55 =0(r) — Tfj), m = <U(r) — TE?)> .
The integral X, can be reduced to a first order one,
< 1
&=£+2Gm—1?) (123)
In Cartesian coordinates we have
(e rer T (V) )
W =W, ( x2 +y2> — 8 (2 +y2)2 402 +2) 2y
B — xr'(¢) . 7(¢) 2 2
e ey ) )
o yT(9) 7(9)
B>72(x2+y2)2 +x<(x2+y2)2+s<\/x2+y2)>, (124)

B =0,

where S(r) = J;(rr), and ¢ = arcsin <\/%)
X2 4y

B) uw(Z) =0,7(¢) =0,0(r) =0and p(r) #0
We have p(r)Wy = 0, which implies that W, = 0. Again there is only one equation left
to solve

Wiz =0, (125)
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i.e. we have
1
W =W, (r) + W5(Z), B =0, B =0, B* = —Ep'(r). (126)

Thus this class of systems is equivalent to the polar case in two dimensions, which
was explored in [27], complemented by one-dimensional independent motion in the
z-direction, governed by the potential W3(z). The integral X, becomes the component of
the Hamiltonian governing the dynamics in the z—direction, the integral X, is the ‘polar’
integral in the xy—plane.

(4) u(Z) = 0,7(¢) =0, p(r) =0,0(r) #0.
We see that o (r)W; = 0 thus W, = 0. There is one remaining equation
4rW,y —8r*W, =0 (127)
which is identical to (120) with 7(¢) = 0. Thus the solution is

1 1
W =W (r) + ﬁWQ(cﬁ), B =0, B®= 5a’(r), B =0 (128)

and the integrals are obtained by setting 7(¢) = 0 in (122).

8.2. Case 3b: u(Z2) =0,¢'(¢) #0

Let us recall the reduced row echelon form of M for this case reads (63). For its rank to be 1,
the only possibility is that both o(r) and 7(¢) vanish. Equations (38) imply that the potential
separates as

W(r,¢,Z) = Wia(r, ¢) + W3(Z). (129)

Equations (37a)—(39) reduce to the two following equations which are identical to the ones
considered in (67):

1 (Q)W, + (rp(r) — ¥(¢)) Wy = 0,
W (@) (=3¢ (¢) + rp" (r) — P (r) + rp(r) — 40(9)) (130)
+ " (9) (rp(r) — () — 4 W, — 8r*W,, = 0.

The magnetic field reads

B'=0, B*=0, B"=———()(nNr+¢"(g)+v(s)). (131)
Thus this class of systems is equivalent to the polar case in two dimensions, which was
explored in previous work [27], complemented by one-dimensional independent motion in
the z-direction, governed by the potential Ws(z). As above, the integral X, becomes the comp-
onent of the Hamiltonian governing the dynamics in the z—direction, the integral X, is the
‘polar’ integral in the xy—plane.

9. Conclusions

Let us first of all sum up the results of this study. The problem stated in the title and Introduction
was formulated mathematically in section 3 and lead to the determining equations (24)—(31)
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for the scalar potential W, the magnetic field B and the coefficients s1, 55, my and m, of two
second order integrals of motion X; and X, (18). All of the above functions are assumed to
be smooth functions of 3 variables, the cylindrical coordinates r, ¢, Z in E3, with 0 < r < oo,
0< ¢ <2, —00 < Z < oo, In section 4 we partially solve this overdetermined system of 28
PDEs for 12 functions. We express the vector functions E, 51, 82 in terms of 5 scalar auxiliary
functions of one variable p(r), o(r), 7(¢), ¥(¢) and u(Z), see (32)~(33). We also derive a
system of 12 equations (34)—(35) for the remaining scalar functions mj, my and W and the
auxiliary functions. Some compatibility equations are presented in (36).

The reduced system of the determining equations is presented in section 5. It consists of 3
PDE:s for the scalar potential W(r, ¢, Z) (38), 2 ODEs (37a) and (37b) for the auxiliary func-
tions and 3 algebraic equations (39) for the first derivatives W,, W, and W,. Equation (39)
involves a matrix M depending only on the auxiliary functions. The rank of M satisfies
0 < rank(M) < 3. The case rank(M) = 0 can be discarded since it implies that the magnetic
field is absent, B = 0. In section 6 we show that the reduced determining system has no solu-
tions for rank(M) = 3, i.e. the system is inconsistent.

The main results of this paper are obtained for rank(M) = 2 and rank(M) = 1, presented
in sections 7 and 8. The obtained integrable magnetic fields E(r, ¢,Z) and W(r, $,Z) are as
follows:

(i) rank(M) =2
The matrix M depends on all 5 auxiliary functions. The rank condition r(M) = 2 forces
at least one of them to vanish. Three subcases can occur and in all of them the scalar
potential splits into two parts as in (62).

@) ¥(¢) =0

The magnetic field and the potential read

1 1
B = 07 B¢ = % + 50'/(7‘), BZ = Mol — Ep/(r)’ W= W(r)’

see equation (58). The second order integrals X; and X, are actually squares of first
order ones given in (61). They were already found and analysed in an earlier article [36].

(b) 1 (9) # 0, (Z) = 0. (FAZ) =0
We again find W, = 0, the magnetic field reads

() +(9)
2r? ’
the potential W(r,$) depends only on a single function ri)(¢) — [ rp(r)dr of the
original variables r and ¢ and has to satisfy (68), i.e.
W(9) (=34"(8) + 1" (r) = /(1) + ro(r) — 40(9))
+0"(9) (rp(r) = () = 4r° Wiy — 8r* Wy = 0.

One of the integrals of motion can be reduced to X, = pz and we obtain a two—dimen-
sional case in [,, analyzed in detail earlier in [27] and [28], where we refer the reader
for a further discussion. In the perpendicular direction Z we have free motion.

(c) ’l/l’(¢) #0, ,u(Z) =0, (;’/((i)) )/ 40

B®=0, B =0, B’ =—p(r)
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The magnetic field and the potential read

. ABBY + By~ 4B6)° ~ FiB6)°

B 2286 ’
; — B = 26:5(9)* + B
rB(¢)? 4r2B(p)> 7
W 412 + B,

C B9 32B(9)
see (84) and (86), 81 and (3, are arbitrary constants. Both the magnetic field and the

potential are expressed in terms of one function 3(¢) = 1/~v(¢) where v(¢) satisfies
the following nonlinear ODE

V()7 (9)* +47(9) —4B17(0) +£17(9)* = 52
see (81). The integrals X; and X, are determined by equation (88).
(ii) rank(M) = 1
All 5 auxiliary functions are a priori present in M but the rank condition forces at least 2
of them to vanish. Again we obtain several cases:

@) ¥(¢) = o(r) = p(r) =0, u(Z) #0

The magnetic field
,_T'(9) r’M"(2) PR ) oy
B=—r—-——F5—" B=—, B? = rM'(Z)
and the potential
|- 1 " 2 1,
W(r.6.2) = =5 T"(O)M(Z) = ZT(OM"(2) = TM'(2)" = 5 T'(6)"
+07(0) 4 woM(Z) — S5 (T(8)) — S (@) + W),

depend on arbitrary constants wy, Cj, 61, arbitrary function Wi(r) and two functions
M(Z) and T(¢) which must satisfy

M'(2)* = C(M — My)(M — My)(M — M3),

T'(¢)* = C(T = T\)(T = T,)(T — T3)
see equations (96a) and (96b). Thus M(Z) and T(¢) can be expressed in terms of Jacobi
or Weierstrass elliptic functions. In special cases this simplifies to elementary functions

as in (102), (103), (110) and (111). The integrals are determined by equation (107).
(b) ¥(¢) = o(r) = 7(¢) =0, u(Z) # 0, p(r) # 0

The magnetic field and the potential read

r2
B=-Ti@),  B=0 B =mz) - 500,
r2
W= Wilr) — (2 4 p(n(z) + W(2),

26



J. Phys. A: Math. Theor. 53 (2020) 085203 F Fournier et al

see equation (116). The integrals are determined by (118), the integral X; reduces to a
first order one, X; = pA + p(r)—r H(Z)
©) (@) = (Z) = p(r )70 (¢ )7“)

The magnetic field and the potential read

1 1 1
- ¢ Z _
B = ﬁT/(¢)’ B? = r737-(¢) + 50’(1’), B” = 0,
1 1 1
W= W(r) - 877(¢) + ﬁT(@U(V) + er2(¢)’
see equation (121). The integrals are defined by equation (122), the integral X, reduces
to a first order one X, = pf + 1 (o (r) — Z2).

(d) ©(¢) = p(Z) = o(r) = 7(¢) = 0, p(r) # 0

The magnetic field and the potential read
r ) Z 1 /
B"=0, B”=0, B =5 (r), W=Ww(r)+Ws(2),

see equation (126). This system is equivalent to the polar case in two dimensions, which
was explored in [27], complemented by one—dimensional independent motion in the
z-direction, governed by an arbitrary potential W3(z). The integral X, is proportional
to the component of the Hamiltonian governing the dynamics in the z—direction,
X, = p% + 2W5(Z), the integral X, can be reduced to the first order ‘polar’ integral in
the xy—plane, Xl = p’é + @.

@ ¥(¢) = 7(¢) = Z) = p(r) = 0,0(r) #0

The magnetic field and the potential read

1 1
B'=0, B=0'(r), B*=0, W=W(r)+;W(e),

see equation (128). The integrals are obtained by setting 7(¢) = 0 in (122).
() (@) # 0, 7(¢) = u(Z) = o(r) =0

The magnetic field reads

1
B =0, B*=0, B*= ~53 (P () + 0" (8) + () .

The potential separates as

W(r,6,2) = Wis <rw<¢> -/ rp(r)dr) L W(2).

and its component Wy, must satisfy

V() (=3¢"(0) + rp" (r) — 20/ (r) + rp(r) — 4(9))

+0"(@) (rp(r) = (@) — 4 Wy — 85 Wy = 0.
see equations (131), (129) and (130). Similarly as in the case (i.b) above, this system
is equivalent to the polar case in E,, which was explored in previous work [27], com-
plemented by one-dimensional independent motion in the Z-direction, governed by the

potential W3(Z). The integral X, becomes the component of the Hamiltonian governing
the dynamics in the z—direction, the integral X is the ‘polar’ integral in the xy—plane.
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This sums up the results on integrable systems of the considered type. Some of the poten-
tials and magnetic fields depend on arbitrary functions as well as constants. This leaves us
with the freedom to impose further restrictions, in particular to request that the system be
superintegrable, i.e. for 1 or 2 more integrals to exist.

Let us review the differences and similarities between the cases with and without magnetic
fields:

(i) In both cases the leading part of the integral of motion lies in the enveloping algebra of
the Euclidean Lie algebra e;.

(i1) For B =0 a second order integral contains no first order terms. For B # 0 first order
terms can be present.

(iii) Second order integrability in E, implies separation of variables in the Hamiton—Jacobi
and Schrodinger equations for B = 0, but not for B #0.

(iv) For B = 0 second order integrable and superintegrable systems are the same in quantum
and classical mechanics. For B # 0 this is not necessarily true.

(v) For B #+ 0 ‘exotic potentials’ (expressed in terms of functions satisfying nonlinear ODEs)
appear for second order integrability. For B=0 they only appear for higher order inte-
grability and superintegrability (N > 3). These exotic potentials are typically expressed
in terms of elliptic functions, Painlevé transcendents or, in the classical case, solutions of
algebraic equations.

Thus second order integrable and superintegrable systems in magnetic fields are similar to
systems without magnetic fields but with integrals of order N, N > 3 [43-51].

Our future plans include the following. To find all superintegrable systems among the
integrable ones in this article. To solve the classical equations of motion and verify that in
maximally superintegrable systems all bounded trajectories are closed [52-54]. To determine
the cylindrical type quantum integrable and superintegrable systems in a magnetic field. We
expect the quantum maximally superintegrable systems to be exactly solvable [55-59].
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