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Abstract

Starting from an affinely connected space, we consider a model of gravity
whose fundamental field is the connection. We build up the action using
as sole premise the invariance under diffeomorphisms, and study the
consequences of a cosmological ansatz for the affine connection in the
torsion-free sector. Although the model is built without requiring a metric, we
show that the nondegenerated Ricci curvature of the affine connection can be
interpreted as an emergent metric on the manifold. We show that there exists a
parametrization in which the (r, )-restriction of the geodesics coincides with
that of the Friedman—Robertson—Walker model. Additionally, for connections
with nondegenerated Ricci we are able to distinguish between space-, time-
and null-like self-parallel curves, providing a way to differentiate trajectories
of massive and massless particles.

Keywords: affine connection, affine gravity, self-parallel curves, geodesics,
cosmological models

(Some figures may appear in colour only in the online journal)

1. Introduction

General relativity was proposed by Einstein as an attempt to compatibilise the gravitational
interactions with the postulates of special relativity [1-5]. The ground-breaking idea behind

4 Author to whom any correspondence should be addressed.

1361-6382/20/075013+30$33.00 © 2020 IOP Publishing Ltd  Printed in the UK 1


https://orcid.org/0000-0002-1097-2976
mailto:o.castillo.felisola@gmail.com
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6382/ab58ef&domain=pdf&date_stamp=2020-03-03
publisher-id
doi
https://doi.org/10.1088/1361-6382/ab58ef

Class. Quantum Grav. 37 (2020) 075013 O Castillo-Felisola et al

the proposal was the interpretation of the gravitational interaction as the effect of proper-
ties of the spacetime, represented by a nontrivial geometry. The spacetime is modelled by a
Riemannian manifold, whose geometric properties are determined by the metric tensor, and
therefore it is the natural field describing the dynamics of the spacetime. The properties of
the matter distribution are encoded in the energy—momentum tensor. Einstein’s field equa-
tions are the extrema of the Einstein—Hilbert action when varied with respect to the metric.

General relativity has been tested extensively with magnificent agreement with the exper-
imental data, as one can appreciate in the excellent review [6]. The most recent triumph of the the-
ory was the direct measurement of gravitational waves by the LIGO-Virgo collaborations [7, 8].

Although general relativity is, by far, the most successful theory of gravitational interac-
tions, there is an increasing interest in alternative models of gravity, particularly driven for the
lack of a complete framework of quantum gravity [9-15], and the necessity of hypothesising a
dark sector that accounts for approximately 96% of the energy content of the Universe [16-20].

The existence of these problems is a signal of new physics, and their solutions require either
including new fields or changing the gravitational theory. The latter suggests that Einstein’s
theory is an effective theory of gravity and, therefore, one may consider alternative models.
Among the generalisations one encounters for example: the Einstein—Cartan theory, which
extends general relativity by allowing a non-symmetric connection, but considers the same
action [21-24]; models with extra dimensions, firstly proposed by Kaluza and Klein [25, 26];
Lovelock models, which are build under the same premises than General Relativity, but in any
dimension [27]; the metric-affine models, in which the conditions of metricity and vanishing
torsion are generally dropped [28]; the Lovelock—Cartan model, which are the extension of
Lovelock models with a non-symmetric connection [29]; and many others.

Inspired by the fact that fundamental interactions (other than gravity) are described by
gauge theories whose dynamical field is a connection, seems reasonable to search for a model
of gravity described solely by a connection. The first affine model of gravity was proposed by
Eddington, who considered an action defined by the square root of the Ricci tensor [30] (See
also [31]). Moderns attempts to describe gravity as a theory for the affine connection have
been proposed in [32—40].

Recently, a novel model has been proposed, dubbed polynomial affine gravity, which is
built out with polynomial terms of the irreducible components of the connection [41-44],
assuming invariance under the group of diffeomorphims and no explicit use of a metric, i.e.
even when the spacetime is metric this field plays no role in the mediation of gravitational
interactions®. The action of polynomial affine gravity has very interesting features: (i) It is
power-counting renormalisable®; (i) No other term can be added, i.e. all vacuum solutions of
general relativity are solution of polynomial affine model of Gravity, and particularly it is not
possible to add counter-terms; (iii) All the couplings are dimensionless, suggesting that the
model is a conformal theory at tree level; (iv) The torsion-free sector is a consistent truncation
compatible with general relativity, i.e. all vacuum solutions of general relativity are solution
of polynomial affine model of gravity, and particularly it passes the classical test of gravity;
and (v) The structure of the model yields no three-point graviton vertices, which might allow
to overcome the no-go theorems found in [45, 467’

3In general relativity the metric plays a double role: it is the instrument that serves to measure distances, and also

it is the field that mediates gravity. The idea behind metric-affine models is that those roles are played by different
fields, but both fields are dynamic. In our construction, we manage to build a model of gravity without the need of
an instrument that measures distances.

We highlight that this is a necessary but not sufficient condition for the model to be renormalisable.

7Regarding the aforementioned no-go theorem, a similar phenomenon happens in the case of a massive spin-1 field
coupled to a non-Abelian gauge field. A necessary condition for making the theory consistent with perturbative
unitarity is the absence of a three-point vetex for the massive field [47].
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There are several conceptual subtleties one has to rethink about when working with an
affine model. The most recurrent question is: How do we measure distances if the model
lacks a metric? In this paper we aim to broaden current knowledge on those subtleties. With
this in mind, in section 2 we briefly review the polynomial affine model of gravity, and re-
formulate the model in terms of geometrical objects with simpler interpretation. In addition,
we argue that the limit of zero torsion is well defined, i.e. it is a consistent truncation of
the model, and show that the field equations on this sector are a known generalisation of
the Einstein field equations. Then, in section 3 we proceed—by restricting ourselves to the
torsion-free sector—to find cosmological solutions of the field equations [43], that extend the
results reported in [44]. In the absence of a metric there is no concept of geodesic, however
the concept of self-parallel curve is still valid. Assuming that the trajectories of free falling
test particles are self-parallel curves, we analyse them in section 4 and show that, there exist
a parametrisation in which the (r, )-restriction of the equations is nothing but the expected
from the Friedman—Robertson—Walker model. At this point, the obstruction is that without a
metric it is not possible to differentiate between trajectories of massive and massless particles.
In section 5 we show that under certain conditions the Ricci tensor is a well-behaved (emer-
gent) metric®, allowing to define space-like, time-like or light-like vectors, and providing the
arena for an affine definition of Einstein manifolds. Then, in section 6 we mention how some
basic cosmological quantities are defined in terms of the parametric functions of the connec-
tion. In section 7 we conclude with a discussion of the results. For the sake of completeness
we include some appendixes. In appendix A we review the dubbed dimensional analysis that
allowed us to build the action. In appendix B we show the explicit contribution of each term
of the action to the field equations.

2. The model of polynomial affine gravity

The polynomial affine gravity is an alternative theory of gravitation, whose sole fundamental
field is the affine connection, T". Notice that without the use of a metric, one calculates the cur-
vature and the Ricci tensors, but not the curvature scalar. Therefore, it is not possible to write
an equivalent action to the Einstein—Hilbert action.

Our goal is to build up the most general action which is invariant under the group of dif-
feomorphims. Firstly, one could try to use the connection as a whole, however this yields no
interesting models, since the obtained terms are topological invariants®,

S[f‘] = / (alﬁuuaﬁﬁ)\pﬂa + 92721141/0‘047%)\;)56) dVNV/\P, (1)

which are the four-dimensional Pontryagin density and the product of (generalised) two-dimen-
sional Pontryagin densities. In the above equation we have introduced the natural volume form,
defined as the wedge product of the coordinates, i.e. dV*?7 = J(x) dx® A dx® A dx" A dx® for
an arbitrary nonvanishing—within a chart—function J(x).

The irreducible components of the connection, used to build the action, are defined as'®

8 We prefer to call this metric ‘emergent’, because it is a derived instead of a fundamental geometrical object.

° All other possible terms are related to these, up to boundary terms.

191n a model with a metric, the connection can always be decomposed into the Levi-Civita component and the
distorsion. The upper index of the later can be lowered with the metric, and since the distorsion is a tensor, it
decomposes according with the Young projection, i.e. it has a completely symmetric and antisymmetric parts plus
a component with mixed symmetries. A detailed analysis of the irreducible components of the connection in the
metric case can be found in [48, 49]. The central difference with our approach is that without the use of a metric,
only the lower indices can be decomposed through Young projection, as shown in equation (2).
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A oA ™A
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=D+ By + 8, Ay, @)

where we have first separated the symmetric and antisymmetric part in the lower indices (the
latter is nothing but the torsion of the connection), in the second line we have renamed the
symmetric part of the affine connection f( M)‘,,) =T u)\u and provided a reparametrisation of
the torsion in terms of its trace (A,,) and a dual of a Curtright-like tensor'!, while in the third
line the 33 field is just the traceless part of the torsion. All these elements transform as tensors
under diffeomorphism, except for the symmetric part of the affine connection, F”A,,, which
consequently must be included in the action solely through the covariant derivative'?.

In order to build the most general action using the irreducible fields, I',*,, B,*, and
A, the strategy to write down the action is to define the most general scalar density, where
the dynamics is given by the covariant derivative with respect to the symmetric part of the
connection.

Using the second parametrisation in equation (2), the most general action is

S = / dvesne {BlRW”pBa”ngg + ByRag" )By" sB,P + ByRu* o Bs" 4 As

+ ByRos’ By 5 As + BsRas” B, 5 Ay + CiR ' VB, s + CaRap’ sV o B, 5

+ DB, \B, oV B, s + DaBot 58,0, VAB,Y 5 + D3Bu Bs* VB, 5

+ DuBo 5B, 75V Ay + DsBo? A,V aB, %5 + DsBo 5. A,V aAs + D1Bo 5. ANV 4 As
+ EV,Ba 5V o B, s + E2V ,Bo” 5V As + F1Bo" 58,7 58,2 B,

+ FaBot 5B,Y \Bs™ B, + F3B, P ABLY oBst As + FaBat 5B,7 s AL A, 3)

where the covariant derivation and the curvature are defined with respect to the symmetric
connection, i.e. V.= V! and R = RT. The action is defined up to boundary and topological
terms. Although the dropped terms are relevant when studying global aspects of the model,
they do not contribute to the equations of motion. In order to write down the action we used
a variation of the dimensional analysis method introduced in [42]. Details of the dimensional
analysis are shown in appendix A.

Interestingly, all of the coupling constant are dimensionless, which from the view point
of quantum field theory is desirable if one is interested in trying to quantise the model. In
addition, as shown by the dimensional analysis in [42], there is a finite number of possible
terms contributing to the action (once those ignored in equation (3) are included), which we
interpret as a rigidity of the model, given than in the hypothetical scenario of quantisation of
polynomial affine gravity all the counter-terms should have the form of terms already present
in the original action.

2.1. Field equations

In what follows, we will obtain the field equations of the model using the standard variational
principle. It is well-known that to ensure the well-posedness of the variational problem no

' This was the parametrisation of the decomposition utilised in [41-43].
12 Notice that under similar requirements but in odd dimensions, there are Chern—Simons terms, in which the con-
nection enters explicitly in the action. See for example the three-dimensional construction in [41].
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second-class constraints should be present, or higher derivative terms might appear in the field
equations. In general relativity, one needs to add the Gibbons—Hawking—York term to solve
this problem. Although the absence of second-class constraints in polynomial affine gravity
has not been proven yet, the structure of the action in equation (3) suggests that the variational
problem is well-posed"?.

Under the assumption that no Gibbons—Hawking—York term is needed, and since the action
contains up to first derivatives of the fields, the field equations are obtained through the Euler—
Lagrange equations,

5 02 _\_ 0z _,
"\o(0.T,) ) or,

9 0¥ 0z _0

“\o(0.B,>,)) 9B,
5 0% B 0L 0 4)
SCICI S 0A,

A simple way of dealing with the field equations was introduced by Kijowski in [32], and we
will reviewed in what follows'#.

In the following, we present an alternative form of writing the Euler-Lagrange equa-
tions presented above, in a way that the calculations are easier to follow. Nonetheless, the

explicit calculations are given in appendix B.

2.1.1. Field equations for the symmetric connection. The canonically conjugated momenta of
the connection are defined by

0% 0%
wopo_ —
Heat = 8(8MFVAP) B arw/\p, ©)

and since the derivative of the connection appears only in the curvature tensor, it follows that

0L ORap’s ORap”s
LAY P — apB =, aB s ap '
TN T ORes?s 0T, 7 AT, ©

The last term in equation (6) can be calculated explicitly from the definition of the curvature
tensor,

ORap" s v si sV sp)
T, ~ 408005 % - ™

from which it follows that
HF’“’/\” _ ZZF[’M)\” + 2ZF[W],\”. 8)
The last equation implies that the canonical momenta satisfy the Jacobi—Bianchi identity,

HF[NVAP] =0. (9)

13 Analysis of affine analogues to the Gibbons—Hawking—York term can be found in [50-55].
14 Our notation is inspired by that of the cited work, but it might differ in both symbols and signs. We advise to be
careful if you would like to compare the results.
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On the other hand, the second term in the Euler—Lagrange equations for I' yields

0% 0L ORap’s 10
T,  9Rag’s L, (10)
Once again the last term can be calculated from the definition of curvature
aRaB’y(S v v
S = 4[50T s + 86T, (i
vp
and then,
0L v v
ar, > 2 [ZF[ ﬁ],\érﬂ% + ZF[pB]A5F5 5
vp

1 v 1 v v
= EHF 5;51“5% + iﬂppﬁ/\‘sfﬁ s+ HFB ,Y’T[gh

= _HFWA(SFM% - HFHPA6FHV5 + Hrwypru’yz\‘ (12)
Therefore, the field equations for the symmetric part of the connection are
oz
o, (13

VMHF/BD)\I) =

In this last equation, we have used the fact that the canonical momenta are densities, thus there
are two term (which seems to be missing above) that cancel themselves'>. The asterisk on the
right-hand side of equation (13) denotes the partial derivative with respect to the connection
that is not contained in the curvature tensor.

Notice that there are seven term in which the symmetric part of the connection enters
through the curvature tensor, while it enters through the covariant derivative of the tensors 3
and A in eleven terms. Noteworthily, there are only two terms in which the symmetric part of
the connection enters in both ways, these are the terms in the action with coupling constants
C; and C,. Furthermore, the terms in the action with couplings C; and C; are the only which
are linear in either 3 and A fields. Hence, these are the terms which could possibly contribute
to the field equations in the sector of vanishing torsion, i.e. A — 0 and B — 0.

2.1.2. Field equations for the 13 field. Using the relations

avalgﬂ’yé v

B(0,B,,) = hR0 % 14
and

OV o Bg? y v v

7881)1 0 — —or, 568057 — 2Fa[956ﬁ]6} + 2Fa’u5[ﬁ 57 (15)

15 The covariant derivative of this tensor density is given by the expression,
VoIl \P = O, 1M \P 4+ Tt I P + DoV TP = T T\ P+ TP I\ T — T T I P,

then, when one contract the 0 and [ indices, the second and sixth terms in the right-hand side cancel each other.

6
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it is straightforward to show that the equations of motion for the 33 field are

0L

Vallg"™\" = 525
v'p

(16)

2.1.3. Field equations for the A field. The field equations for the A field are simpler to calcu-
late, but a rigorous approach as in the previous sections, yields the field equations,

0L

VMHAMV = T/lu

(a7

2.2. The torsion-less limit

An important result, obtained in [42], is that within the torsion-less sector of the connection,
the field equations admit all vacuum solutions of Einstein’s gravity, as solutions of the poly-
nomial affine gravity.

The sector of vanishing torsion is equivalent to the limit A — 0 and B — (. Clearly, such
limit cannot be taken at the level of the action, but at the equation of motions. In the appendix B,
the explicit field equations are shown from equations (B.1)—(B.45), and it can be checked that
the mentioned limit is well-defined. In the torsion-free sector, the only nontrivial field equa-
tions are equations (B.21) and (B.22), i.e.

Vi (Roa2 dVI"P® 4-CR 7 50l dV 77 ) <0, (18)

where C is the ratio of the original parameters of the model, C = % The second term in equa-
tion (18) is proportional to the trace of the curvature two-form, which vanishes in general rela-
tivity. Also, the volume form is not necessarily compatible with the connection. However, if
one restricts oneself to connections that preserve a volume form, such connections are dubbed
equiaffine connections [56], the trace of the curvature two-form is ensured and the field equa-
tions simplify further to

ViR =0, (19)
which can be written as
V,Ru’x=0, (20)

after using the second Bianchi identity. Equations (19) and (20) are part of a set of well-known
generalisations of Einstein’s field equations (see for example chapter 16 of [57]).

Particularly, equation (20) can be obtained as the field equation for the connection of a
gravitational Yang—Mills theory,

Sexy = / d% /8RR yRMP . (1)

The above model is known as Stephenson—Kilmister—Yang (or SKY for short) [58—60], but its
structure requires the inclusion of the metric in order to build the action. Therefore, besides
equation (20) there is a field equation for the metric, and it spoils desirable features of the
Stephenson—Kilmister—Yang model [61, 62]'°.

16 Notice for example that in terms of the connection, equation (19) is a set of second order differential equations,
while if we would interprete them as equations for the metric, become a set of third order differential equations.

7
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The solutions to equation (19) are classified in three categories: (i) Ricci-flat connections,
R, = 0; (ii) connections with parallel Ricci, V yR,,,, = 0; and (iii) connections with harmonic
curvature, V,R,,”» = 0. Interestingly, among the possible solutions of equation (19) one
encounters the vacuum solutions to the Einstein field equations, dubbed Einstein manifolds.
A key difference in polynomial affine gravity is that unlike general relativity the cosmological
constant appears as an integration constant. The same feature occurs in other generalisations
of general relativity, e.g. unimodular gravity [63].

2.3. General relativity as a limiting case

The general theory of relativity is a dynamical model of the spacetime, which is assumed to
be a pseudo-Riemannian (Lorentzian) manifold. A pseudo-Riemannian manifold is an affinely
connected space, (M, T'), endowed with a metric structure, i.e. a nondegenerated (invertible),

symmetric, (g)-tensor g, which is parallel with respect to the affine connection VI'g = 0.

Additional restrictions in general relativity are to consider the unique torsion-free connec-
tion compatible with the metric structure, dubbed the Levi-Civita connection, and the volume
element (dV,) as the unique tensor density such that, for any orthonormal basis { X; } € T.M,
dVe(Xy,- -+, X,) =L

From the aforementioned considerations it follows that the volume element is the sole con-
stant section on the bundle A"T*M ® o0,,, where 0y, is the orientation line bundle.

Notice that the above considerations yield to the field equations in equation (19), and a
solution to the parallel Ricci category is given by

Ruv = Agu for A € R, (22)

provided by the existence of the metric structure. In section 5, a sort of generalisation of the
above equation (which defines Einstein manifolds) is obtained when one asks for nondegener-
ated solutions of the parallel Ricci equation.

Equation (22) are the field equations of general relativity in absence of matter, and the
appearance of these equations from polynomial affine gravity serves to sustain that (vacuum)
general relativity is a limiting case. The Einstenian limit of polynomial affine gravity was
first noticed in [42], where in addition it was demonstrated that coupling a (free and massles)
scalar field with the torsion-less affine model yields to an equivalent set of equations to the
Einstein-Klein—Gordon system'”. In the polynomial affine model of gravity no other source
for gravity has been considered, but currently we are developing a methodology for dealing
with the subtleties that appear when trying to couple matter and gravity in this context.

3. Cosmological solutions on the torsion-free sector

In order to solve the equation (19) one proceeds—just as in general relativity—Dby giving an ansatz
compatible with the symmetries of the problem. Using the Lie derivative, we have found the most
general torsion-free connection compatible with the cosmological principle [43]. Since we shall
restrict ourselves to the torsion-free sector, the nonvanishing coefficients of the connection are

L/ =f(1), Fitj =g(1) Si, 23)
L/ =h(t), e =k,

171n [64] the authors showed (under certain conditions) the equivalence between purely affine, purely metric and
metric-affine formulations of gravity, considering matter fields coupled to these formulations of gravity.

8
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where f, g and h are functions of time, while S;; and ~;/; are the three-dimensional rank two
symmetric tensor and connection compatible with isotropy and homogeneity, defined by

= O 0
Sij = 0 r? 0 , (24)
0 0 r*sin’0
and
KT
V' = 1= Yo o = K1 —r,
1
Yo' = (kr’ —r)sin® 6, 7o =-,
r
0 . 0 1
Ve o = —cosfsind, e =
cos 6
Yo = (25)
e = Gne

With the connection above, one can calculate the curvature,
Ri'j= —Ri'; = (& + (f — h)g) Sy
Ry = — Ry = — 3", (h e fh)
Rui'j = —Rin"j = (gh — K) 68 (26)
and the Ricci tensor,
Ru = —3 (h+h2 ffh>
Rij = (& + (f + h)g + 2K) S.

The covariant derivative of the Ricci yields

27

YV, Ry = ORy — 2T Ry = —3 [h "+ 2hiv — 3fh — fh — 2f(f — h)] ,
ViR; = ORy — ARy = [+ 7¢ +hg + (F — W) — 207 + h)gh — 4h] 83,

ViRy = —T# Ry — TRy = [3gh — gh— 4fg + 2gh” — zm} S;. (28)

Finally, the harmonic curvature expression has a single independent component,
ViRyj =0Ry — T/ Ry + 1R
= (g +fg+f& — 2gh + 2fgh — 4gh* — 2/@h) Sij.

In the remaining of this section we will solve the equation (19). Firstly, notice that the
Levi-Civita connection from Friedman—Robertson—Walker models is obtained from equa-
tion (23) by setting f =0, g =aaand h = g, implying that all (vacuum) cosmological models
in general relativity are in the space of solutions of polynomial affine gravity. Moreover, it
was shown in [44], that within this space of solutions, suitable deviations from the vacuum
Friedman—Robertson—Walker connection mimic the behaviour of matter content, even though
equation (19) aim to describe geometric properties of the manifold exclusively. Secondly,
our classification of solutions—into Ricci-flat, parallel Ricci and harmonic curvature—is

(29)
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hierarchic, in the sense that once a condition is satisfied, the remaining are satisfied as well.
Therefore, in order to find a proper solution of the parallel Ricci equations, we have to ensure
that the connection is not Ricci-flat; and in order to find a proper solution of the harmonic
curvature equations, neither the Ricci-flat or parallel Ricci condition should be satisfied.

3.1. Cosmological solutions with vanishing Ricci

A first kind of solutions can be found by solving the system of equations determined by van-
ishing Ricci. From equation (27) the differential equations to solve are

h—(f —hh=0, (30)
g+ (f+hg+2k=0. (31)
Since fis not a dynamical function, the system can be solved in terms of f (see [44]),
F(t
/’l(l) o exp( ( )) (32)

~ Cp+ [dt exp(F)’

g(t) = exp(—X(1)) (Cg - 2K </ dtexp(E(l‘)))) , (33)

where F = [ dt f and ¥(r) = [ dr (f(¢) + h(z)) are integrals of the defining functions, while
Cj, and C, are integration constants.

3.1.1. Friedman—Robertson-Walker-like models. In particular, Friedman—Robertson—Walker-
like models are obtained by setting f = 0, and besides the trivial solution—h = g = k = 0—,
yielding a parametric family of nontrivial solutions,

1

1
g(1) RN (34)

o+ Gy
Unlike in general relativity—whose sole Ricci-flat cosmological solution is a flat manifold—,
the above solution is not flat in general, since its curvature tensor has nonvanishing components

(Cq — K(t+Ch)?)., h(r)

Ri'; = —Rilj = —2C,h°S;;,
R = —Rin'"; = Ceh®Sy6,. (35)

3.1.2. Case h =f. In these particular subspace, the solutions to equations (30) and (31) are
given by

K
=c h=Cy, g = Cyexp(—2Cyut) — o (36)
3.1.3. Case h = —f. Equations (30) and (31) are solved by
1 1

= — h:
! 2t + Cp, 2t + Cy,

g = C, — 2xt. (37)

3.14. Case h =0 and a given f. In this case, equation (30) becomes an identity, and
equation (31) is solved by

o(t) = exp(—F(1)) (cg e ( / dr exp(F(t)))) . (38)

10
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3.15. Case g =0 and a given f. In this case, equation (31) requires x = 0, and / can still be
solved for a given function f as

_exp(F(1)
hi) = Cp+ [dr exp(F)’

(39)

3.2. Cosmological solutions with parallel Ricci

In this section we solve the equation (28), under the condition that the Ricci tensor is nonzero,
ie. VAR, = 0but Ry, # 0. The strategy to solve these equations is to propose an ansatz
for the Ricci tensor, and solve for f, g and /& accordingly. Nonetheless, a broaden ansatz is use-
less, thus we focus in the two simpler cases.

3.2.1. Parallel time-independent Ricci. A time-independent Ricci has the form,

Ry = Ry, Rij = RySyj, (40)
with constant R; and R,. For this proposal of the Ricci tensor the equation (28) yield the

constraints

vtht :O :>f:0\/R1 :0, (41)
ViR; =0 = h=0VR, =0, (42)
ViR; =0 = h=0V(g=0AKr=0). 43)

Notice that 4 = 0 implies R} =0, and g = 0 A kK = 0 implies R, = 0. Therefore, there is no
solution of the equation (28) for a time-independent nondegenerated Ricci.

Given the above conditions, there are solely two solutions with degenerated nonvanishing
Ricci. Firstly, for vanishing £, one has

h=0,
f = undetermined function,
g = exp(—F) <Cg + (R2 — 2k) /dt exp(F)) . (44)

Similarly, for g = 0 A k = 0 A f = 0, the solution is given by

h= ﬁtanh (ﬁ(r - u)) )

f=0,
g=0

(45)

3.2.2. Parallel Ricci with a ‘scale factor’. We now consider an ansatz for the Ricci tensor
with the form of a Friedman—Robertson—Walker metric, given that this has the required
symmetries, i.e.

1
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With the above ansatz, the parallel Ricci equations require,
ViRy = 2fR, = f=0VR =0,
VR = Sy(A — 2hA) = A = Cyexp(2H),
hA
ViR = —S;j(hA — Rig) = 8= (R1 #0).

1
(47)

Unlike the previous case, equation (47), accept a nondegenerated solution given by

f=0,

R R
hzq/;tanh< 31(1‘—1‘*)>,
R
A = Cj cosh? ( ?](t — t*)> ,

_ AR 43
g—mmnh( 3 (¢ t*)> (48)

Notice that degenerated solutions, with R; = 0, require either vanishing C, or a constant A for
h = 0, which are part of previously considered cases.

3.3. Cosmological solutions with harmonic curvature

3.3.1. Harmonic curvature with time-independent Ricci. For a time-independent Ricci tensor,
see equation (40), the harmonic curvature condition, equation (29), becomes

ViRy; = —(gRi + hR2)Sj;, (49)
i.e. the harmonic curvature requires
R,
=——h
8= (50)
Therefore, the consistency equations for the Ricci are rewritten, after using equation (50),
as
. , R,
h+h" = pi, Bi = 15~ (35 — Rp), (51
3R,
B2 Ry
= —, = —03Bk —2R,).
f=5 B2 = 3p, 3 — 2R2) (52)

Notice that the general solution is parameterised by the function 4, and for vanishing (3, the
function f is zero, however this solution is degenerated for vanishing «.

We assume that the product of the constants R and R; is positive, i.e. RjR, > 0. Then, the
solution is

12
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wtanh (w(t — 1)) w? =B >0,

h=<{ —wtan (w(t—t.)) —w?=p <0,
t—lch 61 = 0,
R,
= ——h,
8 R,
) (53)
f=-

3.3.2. Harmonic curvature from Ricci with a ‘scale factor’. Finally, the harmonic curvature
condition for a Ricci with a scale factor, obtained from (47), is

ViRy; = (A —gRy — hA)Sj, (54)

whose solution for g is

A —hA
= . 55
g R, (55)
Substituting equation (55) into the consistency equations for the Ricci, we obtain

. R

I = fh= 3 (56)
. ) 4R

A+fA— <2fh + 31> A= —2kR;. (57)

Equation (56) can be solved for a constant function f = C, therefore, we shall restrict our-
selves to that case. In this particular case, equation (56) can be rewritten as

2
. C,
h+ (h— L) =p; By = —(3C} +4R,), (58)
2 12
and its solutions are

wtanh(w(t —1.)) + % D wWwr=p03>0,
—wtan(w(t — t.)) + % i—w? =3 <0,

h= ) ¢ ) _0 (59)
—t. + 7 ) 53 — U,
tw+ ¥ ; w?=p3>0.

Worth to highlight, the last case is a constant solution for A.
For the simplest solutions of 4—a constant function—the second consistency condition,
equation (57), can be integrated. Define the constant
4R
a =2C,C, + Tl
where h = Cj, = +w + Cy/2 is the constant determined from equation (59) above. Therefore,
the exact solutions for the scale factor is

A=A exp ((2ch - cf)z) + Agexp ( - 2Cht) + 2'<;R1. (60)

13
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Additionally, second simplest solution to the equation (57) is obtained for 83 = 0, in whose
case the R; constant is determined by the value of Cy, and the function & = % + % The solu-
tion for A is

3
A=1(Ct+2) [Al + Ay GT(0, Crt) | — Ape™ 9 (Cyt + 1) + ZKC}%Z‘Z, (61)

with I'(0, Ct) an incomplete gamma function defined by the expression

effot

(0, Cyt) = / dx .
1

X

The scale factor can be obtained for the other choices of & when one sets the Cr= 0. In
those cases, the solutions to equation (57) is

4R 4R 3
A=A exp (\/SII> + A exp (—\/3%) +§’ (62)

where the behaviour of the exponential functions is managed by the sign of the constant R;.

4. The affine self-parallel curves

In general relativity, given that the gravitational connection is the one of Levi-Civita, the
concepts of geodesic and self-parallel curve are equivalent, however, for generic connections
these concepts differ. Geodesics play an important role in general relativity, since they repre-
sent the trajectories followed by free falling particles.

Although it is not possible to define geodesics in (purely) affine models of gravity, we shall
postulate that trajectories of free falling particles are described by self-parallel curves

4T At =0, (63)

where now T" is a generic connection, and the dot represents—unlike in the previous sec-
tions—derivation with respect to the affine parameter of the curve, 7.

With the coefficients of the cosmological affine connection, equation (23), the self-parallel
curves are given by

i+ + ¢S/ =0,
¥ 4 2hix 4 ki = 0.

The term that mixes the time with the spacial coordinates can be eliminated by a redefinition
of the affine parameter as

dl dr
with C7 an arbitrary constant. In terms of the new parameter (were now the dot derivative is
with respect to the parameter /) the self-parallel equations become

s

d Cre?t d _ CTezfdzhdi

i+ (f —2h)P + gSyi's/ = 0,

o 64
¥+ i = 0. )

The three-dimensional restriction of equation (64) are the same as the spacial geodesic
equations for a Friedman—Robertson—Walker model in General Relativity [65].

14
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The above shows that there exists a parametrisation of the self-parallel curves from poly-
nomial affine gravity, in which the restriction to the spatial coordinates coincides with the
geodesic of the Friedman—Robertson—Walker models on general relativity.

For the sake of completeness, we remind to the readers that due to the isotropy, one can set
¢ = 7, and thus the spatial part of equation (64) are

kr

;+71_kr2'r2+(kr3—r)<p2=o

G+ 2% = 0. (65)

Hence, in terms of the new affine parameter, the geometry of the r()-curves is determined by
sin(l) fork=1
r(p) =<1 fork =0 , (66)
sinh(l) forx = —1
for ¢ = 0, i.e. for radial self-parallels, and

1
r(p) = \/m B o (ot ,3)’

(67)

for ¢ # 0.

Interestingly, in this context, although the equation that describes the geometry of the orbits
is the same, in polynomial affine gravity there is no way to differentiate among the orbits of
massive and massless particles, since the absence of a metric precludes the classification of
vectors into time-like, space-like or null-like.

5. The Ricci tensor as a metric

From the last section, we understood that—generically—the geometry of the self-parallel
curves (or geodesics) is solely determined by the notion of parallelism, however, their rela-
tion with physical notions (as trajectories, equivalence principle and principles of relativity)
requires the existence of a metric. Nonetheless, our proposal stands on the idea that no metric
is required to formulate the model.

A coruscating fact is that, unlike in general relativity, a metric field is not necessarily a
fundamental geometric object. In what follows, we highlight that under certain conditions
the Ricci tensor could play the role of a emergent (or derived) metric. Therefore, we shall
consider the affine connection as the fundamental field of polynomial affine gravity, while the
(non-degenerated) symmetric part of the Ricci tensor serves as metric. Let us first remind the
formal definition of a metric.

Definition 5.1 (Metric). Let M be an m-dimensional differential manifold. A pseudo-Rie-
mannian metric on M is a ()-tensor field g on M satisfying:

(i) g is a symmetric tensor field, and
(ii) g is nondegenerated, i.e. VX € TM the quantity g(X,Y) = Oifand only if TM > Y = 0.
A pair (M, g) is called a pseudo-Riemannian manifold.

Notice that the second condition in definition 5.1 ensures that as a map, g : TM — T*M,
the metric field has trivial kernel and thus it is invertible.

15
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Figure 1. Closed chain of derived quantities for (Riemannian) Einstein manifolds.

The metric is the fundamental field in general relativity, and all other geometrical proper-
ties of the manifold—connection, curvature, etc—are derived from it,

g —» T — Riem — Ric - R. (68)

A peculiar, and particularly important type of manifolds are the Einstein spaces, since the
chain of derived quantities closes, see figure 1.
The closure condition for Einstein manifolds is expressed as

Ryw = Agpuw- (69)

It is worth mentioning that in the vanishing Ricci case, despite the equation (69) is satisfied,
one cannot say that the chain really closes, since

g - I' = Riem — Ric = 0.

In our model, we start with an affinely connected manifold (M, I"), were the ansatz of the
affine connection is determined by the symmetries of the problem'8. Without the use of a met-
ric, the chain of derided products stops at the Ricci tensor,

I' — Riem — Ric. (70)

Nevertheless, the above chain could close if the Ricci tensor—as in the case of Einstein mani-
folds—satisfies the conditions of a metric, i.e. conditions in definition 5.1. Assuming such, the
chain of derived quantities closes, see figure 2, and therefore it is possible to define an affine
analogue of Einstein manifolds.

Noticeable, along the developing of this work we restricted ourselves to locally equiaffine
connections, which ensure the symmetry of the Ricci tensor (see proposition 3.1 in [56]). This
is precisely the requirement to fulfil the first condition in definition 5.1. The second condi-
tion the Ricci tensor should satisfy in order to be a good metric field is not to posses a zero
eigenvalue.

Given the classification of solutions of the field equation (19), one concludes that: (i) as
in general relativity, the relation between the Ricci tensor and the metric interpretation is lost
for Ricci-flat connections; (ii) in the case of parallel Ricci—if nondegenerated—it is a good
metric field, which additionally satisfies the ‘metricity’ condition; (iii) in the case of proper

18 A noticeable difference with the approach in General Relativity is that (in principle) a choice of the connection
does not determine the signature of the manifold.
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Figure 2. Closed chain of derived quantities for affine Einstein manifolds.

solutions of the harmonic curvature, the Ricci tensor accept interpretation of a metric, but it is
not compatible with the connection, i.e. does not satisfy the metricity condition.

Since we started from an affinely connected space, (M, I"), and a derived geometric object,
the Ricci tensor, introduces a metric structure, we call it an emergent metric.

It can be shown with ease, given a locally equiaffine connection whose Ricci tensor is par-
allel and nondegenerated, that

1
2, = ER’\" (0uRov + 0uRpuo — 0o Ry - (71)

Consequently, in the analysed case the geometry is naturally Riemannian, and we can relate
the Ricci tensor to a canonical covariantly constant (g)-tensor, g, by

Ry = Aguy, with A € R, (72)

i.e. the space is an Einstein manifold. An additional comment is that given the relation in equa-
tion (72) it follows that

I'(R)=T(g).

The fact that the Ricci tensor—or its symmetric part—could play the role of a metric was
(somehow) anticipated by Schrodinger [31].

6. Cosmological quantities

In the previous section we argue that even when in principle the space does not posses a metric
structure, under certain conditions a metric structure emerges through the symmetric comp-
onent of the Ricci tensor.

A consequence of the emergence of a metric is that one can now distinguish between null-
like and time-like self-parallel curves, which could be interpreted as the trajectories of free-
falling particles—as mentioned in section 4. In particular, it is possible to define a null-like
self-parallel curve by the equations

4Ty, =0,

v
R xt'x” = 0. (73)
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Figure 3. Behaviour of the function A(f) for certain values of the parameters
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Figure 4. Behaviour of the function A(r) in equation (61), for certain values of the

parameters (A, A,, k, C).

The special case of a light ray coming in the radial direction yields

df — & R, dr

Ru V1 — k12

(74)
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which by renaming

/ 7?«rr
a(t) = R ’
i (75)

is the same equation that serves to define the cosmological redshift, i.e.

7zrr (IO)Rtt (tl)
Rtt (IO)Rrr (tl) '

(76)

Not surprisingly, after the emergence of the metric, the physical properties of the space are
determined by a single function, i.e. the scale factor. If we focus on the nondegenerated Ricci
tensors found in section 3, the standard scale factor is defined as

a(t) = VAQ),

where A(¢) is the function defining the Ricci tensor in equation (46).

7. Conclusions and remarks

In this paper we have extended the set of known solutions to the parallel Ricci and harmonic cur-
vature equations, when these are defined in terms of a connection instead of a metric'®. We also
analysed the equation of self-parallel curves and noticed that, without the aid of a metric, it is
not possible to distinguishing between the (yet hypothetical) trajectories followed by massive or
massless free-falling particles. Then, we show that the Ricci derived from the connection would,
under certain conditions, be a good metric. In these cases, it is possible to surpass the mentioned
limitation, and distinguish trajectories followed by massive and massless free-falling particles.
Moreover, the emergent metric allows us to make contact with the standard cosmological quanti-
ties such as the redshift, scale factor, Hubble and des-acceleration parameters, etc.

We first would like to highlight the fact that a very important step toward the simplification
of the polynomial affine model of gravity was due to the change of the field decomposition of
the connection, equation (2), which alleviate both the geometric interpretation of the irreduc-
ible components of the connection and the process of finding the complete field equations (see
appendix B). An advantage of having the complete field equations at hand, is that readers can
convince themselves that the torsion-free sector is a consistent truncation of the model.

Despite the field equations of polynomial affine gravity are well-defined in the torsion-free
sector, the limit A — 0 and B — () is meaningless at the action level because all the terms
are at least linear in either A or 3. Hence, the Feynman rules for the model lack vertices with
only gravitons®®. Furthermore, the effective action from which one can derive the field equa-
tion (19) contains vertices with three and four gravitons.

In the formulation of the polynomial affine model of gravity there is not something such
as a cosmological constant. Nevertheless, the integration constant included in the process of
solving equation (19), plays the role of cosmological constant. This changes the paradigm
on the cosmological problem, similarly as in unimodular gravity models. The most relevant
feature of Unimodular Gravity is that vacuum fluctuations of the energy—momentum tensor

19 For solutions of the mentioned equations in terms of the metric, we refer the readers to chapter 16 of [57]. In ad-
dition, a detailed exposition of the SKY model of gravity can be found in Chap. 7 of [66].

20 Here we call gravitons to the spin-2 field within the symmetric part of the connection, F“,’\,,. This feature suggests
that the polynomial affine model of gravity could bypass the no-go theorems found in [45, 46].
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do not gravitate [67], removing the discrepancy between the observed and estimated values of
the vacuum energy [68-70]".

Although cosmological solutions, in the torsion free sector of the polynomial affine model
of Gravity, were found in [44], in this work we were able of developing further arguments that
allows us to obtain explicit solutions in cases that were previously unexplored.

The field equations of general relativity—without cosmological constant—in vacuum
are equivalent to Ricci-flat manifolds. In general these solutions are curved spacetimes (i.e.
Schwarzschild space), however, once one asks for cosmological solutions the field equa-
tions require the manifold to be flat. In the analysis of the solutions of polynomial affine grav-
ity field equations, we notice that they accept Ricci-flat cosmological solutions which are not
flat. Let us work out the interpretation of this situation.

Remember first that a connection, V, on a vector bundle 7 : E — M assigns to each vector
field, X, a map Vy from the space of sections C*°(E) to itself. Therefore, for a given direc-
tion, the connection represents an endomorphism on the space of sections, i.e. C*°(End(E)).
Similarly, the curvature of a linear connection, R V, on a vector bundle 7 : E — M is a two-
form on M with values in C>°(End(E))?2. In the gravitational case, the vector bundle is the
tangent bundle, TM, and in particular when one considers pseudo-Riemannian geometries the
group structure of End(7M) is a subgroup of the orthogonal group, O( p, ¢)*.

Now, from equations (26) and (27), it follows that the Ricci-flat condition allows the comp-
onents R,'; = —R;'; and R,,"; = —Run"; of the curvature not to vanish. Thus, the group
structure underling the endomorphisms of the tangent bundle is the homogeneous Carroll
group [74]%*. The homogeneous Carroll groups can be obtained from the Lorentz group
through the Inonii—-Wigner contraction in the limit ¢ — 0.

Notice that the nonvanishing components of curvature tensor for the Ricci-flat manifolds
obtained in section 3.1 are

Rn’lj = —Ri,tj = —ZS,-j(gh =+ H),

77
Rmin]‘ = —R,‘mnj = S,‘j 5:2 (gh + li). 7

Thus, for example the solution in equation (34) is flat—irrespective of the value of k—if and
only if C, vanishes.

The family of solutions in section 3.1.2 has vanishing curvature for C, = 0, while the fam-
ily from section 3.1.3 requires C, = —~kC},. Solutions in section 3.1.4 and 3.1.5 are flat solely
for k = 0.

The second class of solutions of the field equations are those connections with parallel
Ricci tensor, VAR, = 0. In order to solve the field equations we required the Ricci tensor to
be compatible with the cosmological principle, i.e. to preserve the isotropic and homogeneity
symmetries. We analyse the time-independent and Friedman—Robertson—Walker-like cases.

Noticeable, there are no connections with parallel, nondegenerated, time-independent Ricci
tensor. However, we found solutions with degenerated Ricci (see equations (44) and (45)).

There are connections with parallel, nondegenerated Friedman—Robertson—Walker-like Ricci
tensor. In this cases the Ricci represents an emergent metric, and thus the underling structure of
the manifold is Riemannian. From equation (48) one notices that depending on the sign of the

21 Very recently, it has been pointed that from an affine point of view, the nature of the cosmological constant is
related with the volume preserving property (instead of being related to the sectional curvature) [71].

2 See [57, 72, 73].

23We are using the standard notation that n = p + ¢ is the dimension of the pseudo-Riemannian manifold, p the
number of space-like coordinates and ¢ the number of time-like dimensions.

24We thank Dr Zurab Silagadze for help us with the identification of this group.
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constant R; the manifold is a sphere- or hyperbolic-like space®. It can be checked that the solu-
tion in equation (48) satisfies—as the standard Friedman—Robertson—Walker solutions—:

f=0, a=A,
g = aa, =2
a

Such result, as expected from the discussion in section 5 is not very interesting from the view
point of the polynomial affine model of Gravity.

The third class of solutions to the field equations, i.e. connections with harmonic curvature,
does not accept degenerated solutions for the time-independent Ricci case, since either f or g
diverge when R; V R, vanish. The solutions shown in equation (53) assume that R|R, > 0,
which ensures, since the Ricci tensor endows the manifold with a metric structure, a Lorentzian
signature of the metric. Worth mentioning that it is possible to set 3, = 0 which implies that f
vanishes (similar to the behaviour of standard Friedman—Robertson—Walker models).

Even more interesting are the solutions of the harmonic curvature equations, whose Ricci
contains a scale factor. We found solution with nondegenerated Ricci tensor, which again
endows the manifold with a metric structure. Although this metric structure has a similar form
than the expected from the Friedman—Robertson—Walker models, the cosmological scale fac-
tor, a = /A, admits richer behaviour in the cosmological evolution. Of course, one has to
remind that that these are (so far) vacuum solutions in polynomial affine gravity.

Notice for example that for constant f = Crand h = Cj, equation (57) becomes the equa-
tion of motion of a damped harmonic oscillator on which a constant force is exerted. This case
is the simplest case of a cosmological model in polynomial affine gravity with an emergent
metric, with no equivalent in general relativity. These kind of solutions generalise the metric
solutions to the field equations V[, R, = 0 reported in [44]. The behaviour of the A function
for certain set of values of the parameters (A, Ay, k, Cj, Cf) is shown in figure 3.

We were able to solve the field equations for the harmonic curvature in the case 83 = 0,
which introduces interesting models of cosmologies through the appearance of the incomplete
gamma function within the scale factor (see equation (61)). In figure 4 the behaviour of the
scale-like factor A(7)is shown for a set of values of the parameters (A, Ay, x, Cr). Notice the
complex behaviour for the particular case with dashed lines.

It is noticeable that connections with harmonic curvature could provide an emergent metric
(i.e. Ricci tensor) corresponding to the standard metric on a Eucliean or Minkowskian space,
even though their curvature do not vanish.

Further studies, which take the nature of the dark sector into account, will need to be under-
taken. Interesting proposals—in models other than the polynomial affine model of Gravity—
could be found in [71, 75-81].
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Appendix A. Building the simplified polynomial affine action

Our goal is to build the most general action using the irreducible fields, FM)‘,,, B;/\u and A,
where the dynamics is given by the covariant derivative with respect to the symmetric part
of the connection, i.e. V = V. Now, the strategy to write down the action is to define the
most general scalar density. For that sake, inspired by the procedure described in [42], we
introduced a two operators, .4 and #’, that count the number of free indices and the weight
density—respectively—of a given term.

The action of the operators .4/ and # on the irreducible components of the connection,

N(A)=—-1, N (B)=-1,

N(V)=—1, AN (dV) =4,

W(A) =0,  #(B)=0,

W(V)=0, #dV)=1. (A.D)

As example of how the dimensional analysis works, we consider a general term of the form
O = A"B"VP dVvi4, the action of the .#” and % operators on the term yield the equations

N (O)=4q—m—n—p,
7 (0)=gq.

We are interested in the Lagrangian, i.e. a scalar density. Equation (A.2) require ¢ = 1 and
m + n + p = 4. The terms contributing to this construction are shown in table Al.

From table A1 one can straightforwardly read terms that vanish, e.g. the term with four A
does not contribute to the action since its contraction with the volume element is identically
zero. Whenever two covariant derivatives are contracted with the volume form they give a
curvature tensor, and since the curvature is defined for the symmetric component of the con-
nection, such curvature satisfy the torsion-free Bianchi identities, which relate some of the
several possible contractions of indices. An additional argument that helps to drop contraction
of indices is that J3 is traceless. Finally, the terms contributing to the action come from

(A2)

AABB — F4 AABY — D¢, D;
ABBB — F;3 ABBY — D4, Ds
ABYVY — B3,B4,Bs,E, BBBB — Fi,F,
BBBY — Dy,D;,D; BBVY — By, B, E;
BVVV%Cl,Cz.
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Table A1. Possible terms contributing to the action of polynomial affine gravity.

m n p Terms

4 0 0 AAAA
3 1 0 AAAB
3 0 1 AAAV
2 2 0 AABB
2 1 1 AABV
2 0 2 AAVV
1 3 0 ABBB
1 2 1 ABBYV
1 1 2 ABVV
1 0 3 AVVV
0 4 0 BBBB
0 3 1 BBBV
0 2 2 BBVV
0 1 3 BVVYV
0 0 4 VVVV

Appendix B. Explicit calculation of the field equations

In order to obtain the field equations we proceed as proposed in [32]%¢, where an auxiliary field
is introduced to ease the process. Additionally, we calculate the contribution of each term in
the action to the field equations separately, since this allows us to obtain manageable expres-

sions, and to check explicitly the possible consistent truncations of the model.

B.1. Field equations for T\,

We shown in section 2.1.1 that the field equations for the symmetric part of the connection are
0
VMHFIWAP = N
ar,»,

The asterisk on the right-hand side denotes the partial derivative with respect to the connection
that is not contained in the curvature tensor.

B.1.1. Calculation of the TI.*",P. We start calculating the z*”,” and then use the equa-
tion (8), to obtain

By : (264 Ba 158,75 + 264 Ba? 3B, 5| dv?
B : 28,7 5B, dvInrd

Bs: 261 B, Ay AV 1251 B A5 dviA
By: —2B, %5 Ay dvH°

Bs: —2B,% 5 A,0 dvr1

C : 2V 5B, 2550 AV 4oV 4B, Y ol dyelPT
G —2V, B, 56 v

26 Notice that the original method was proposed by Tulczyjew in [86-88] and developed further by Kijowski and
Tulczyjew in [89].
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B.1.2. Calculation of 8'91,*7"‘%‘). In equation (3), the connection appears explicitly (non in the

curvature tensor) in the covariant derivative. However, the covariant derivative contains dif-
ferent terms depending on the field it is acting on. The two different terms in which the con-
nection appears are

VaBs7s = 0,857 + To 5B\ s + To sB57 s — To72Bss
and
Vods = 0aAs — T g A,

Now their partial derivatives with respect to the connection are

6Z;ff:5 = 2867 B\Ys + 26065 B x — 2656 B 5

and
ggﬁi = —260/6%) Ay

The terms coming from these derivatives are
Ci 2R\ o8, P 5 dV)en®
G 2Rag o |28 5 AV 5B, s vt |
D : 28,7 \By" o, P 5 dV¥)70
D, 2B, 5B, [23;5 dviness st lo)s dvW]
Dy : 28,7, By [06)B7 5 + 00 B, — 83B,17)5] dvere
D, : —2B," 5B, s Ay dVeFT?
Ds : 2B, g [2By75 VIV g2 10 avei? |
Ds : 28, g A, Ay dVOP
D;: 0
E 4V, B 5 [2B5 05 dVI290 5" B, dvo e |
E»: 2Fap [ 2825 AV 6B, 5 aver e |,

Notice that in the last set of contributions, the one coming from the term accompanied by the
coupling D5 yields zero. This is because the antisymmetrization of V A is nothing but the field
strength of the potential A (or the curvature of an Abelian one-form). The strength does not
depend on the symmetric connection.

B.1.3. Complete contribution.

Bri Vi ([200'Ba"5B, s + 200 Buf B, 5| dve?) =0 (B.1)

By: VY, (237”513[,% dV”)‘”‘S) =0 (B.2)
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B3Z

B4I

B5I

Cll

Czl

Dli

DQI

D6Z

Ell

Ez!

Vi (264 Bs, A5 aveI 1264 By, A5 Vi) = 0
v, ( 2B, (%5 A, dV”)’”‘S) =0

Vi (28,75A4,0) av?) =0

Vi (298,750} dvIT0 429,38, 7 564 dVATT) = 2R, o B, 75 dvI8
Vi (-2V, 8,758 V) = 2R [283 5 4V 5B, s dve e |
28,7 3B," o B, 75 AV =0

2B, 3B, [2B,75 VI —g7B, 1005 dve? | — 0

28,7 By 00BN 5 + 6 By — 5B, 17s| dverrt — 0

—2B," 5B, 5 A, VP =0

2B, A [2By75 V0P 5T B 19 dve? | —

2B, g A, Ay dVOPT = 0

4V B, s [28)\(’)5 qyvians _SE\Vva)ts dyeBre ] -0

2Fap|2B5 AV 6B, 5 aver | ~ o,

(B.3)

(B.4)

(B.5)

(B.6)

B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

B.2. Field equations for B”Al, In section 2.1.2 we show that the field equations for the 3
field are

0L

VILHBMV)\P = 78[3’”)‘p .

We now calculate explicitly the contribution of each term in the action to the above field
equation.
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B.2.1. Calculation of ILz*" ,*.  The explicit calculation of IT;"",” yield

Ci: —2R 05 AV P
Cy: 2R ap” 504 dVVPP
D : —2B,7\By7 o dVH P
D, : 28,7 3B," 5 AP
D;: —2B," \Bgh., dvPr
Ds : 2B," 5 Ay dVVPes

E; : 4045 , B, g dVVPeP
E: 208 Fop dVVPos

B.2.2. Calculation of %. The contributions to the right-hand side of the field equa-
vTp

tions for the B-field are,

B : 4R (" 3 B 5 AV
By:  2Rap"oB.xdVPP 12R VB, s dVarT?
By:  2RuFaAgdviret
Bi:  2Rap%rA, dVrer
Bs:  2Rup"A\dVPOP
Di: 2B\, VB, Al dvePr 1B IV v B, s dvIFAe
Dy: 2B\, VB, 3 dvrP 128,V 5V, B, A5 dverd
Dy: 2Bt V,B\lPsdvIP 2B 1 VB, 5V
Dy : 48,7 gV 2\ Ay dVPP
Ds:  2Va\B,7gA, VPP
Ds:  2A,VyAsdvF°
Dy:  2A\F,5dv""°
Fi: 4B, B BT, dVPP 148, 5BV sB,F\ dverr?
Fy: 2B Bg% B\, dVYPP 1B H 5B, B, P, dvrIes
—2B," 5B, \B, P, avIePY 1B,V B 1 Bs7 \ dVSTe
Fy: 2BV BgPl As dveP® 128,73 A By, dvPleh
+ 2B, 2B, o Ag dV¥PP
Fi: 4Bt A, A, dveer

B.2.3. Complete contribution.

Bi: 4R,,"\B,75dV7 =0 (B.16)

By: 2Ras"oBu7ndVPP 42R 5V \B A5 dVPT? = 0 (B.17)

26



Class. Quantum Grav. 37 (2020) 075013 O Castillo-Felisola et al

B3Z

B4Z

C]Z

Czi

D32

D4Z

D5I

Dﬁ:

D7Z

Eli

Ezi

F12

Fz:

F3Z

F4I

2R F oA dVPP =0 (B.18)
2Rap" 2 Ay dVPP =0 (B.19)
2Rap +AxdVP*P =0 (B.20)
V, (—2R0% 2 dVHP) = 0 (B.21)
Vi (2Ras” 08} dv7) =0 (B.22)

YV, (=2B,9\B47 o dVFP) = 2B,V V3B, 715 dVeP1? 128\ V3B, 7 5 V1P
(B.23)

Vi (2Bu” 5,0 dV7 ) = 2BV, Ba7 5 dV*PF 428, VB, s 4V (B 24

Vi (—2Ba"ABat, dVPOP ) = 283 VB, VI 428, VB, 5 AV (B.25)

48,7 5V (\Agy dVPP =0 (B.26)
Vi (2Ba A0 dV7°7) = 2V B,7 A, AV (B.27)
2A, V3 A5 dVVP0 =0 (B.28)
2ANF,5dVPYY =0 (B.29)
v, (45;%13&% dvyﬂaﬁ) =0 (B.30)
v, (25@35 dV”PO‘ﬂ> —0 (B.31)
4Bt 5B, BAT 5 VPP 1 aB M 3B V5B, P, dvePTd = (B.32)

2B, o Bg?  ByT, dVYPP LB H 5B, B, P, dvVIesT
—2Bu By \B VI 2B, 5B BTy dver = 0 (B.33)

2B Byl As VP 128, s A BAl , dVAIOPY 2B 1 B,7 W Ag dVYPOP = 0 (B.34)

4B, 5 A Ay dVIPeP =0, (B.35)
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B.3. Field equations for A, In this section, we show the complete Euler-Lagrage equa-
tions for the A field.

By: ReraBs ,dV¥7 =0 (B.36)
Byt Rap’oB,75dV*° =0 (B.37)
Bs: Rap’oB,"sdV7 =0 (B.38)
D; V, [BJgBJg dvaw} =0 (B.39)
Ds: B,73V,B,"sdvP® =0 (B.40)
Ds: Y [Batg A, dvoP | 4 BV, A, averr =0 (B.41)
Dri Vo |Ba”p Ao dVOI | 4 By u 5 Vo9 = 0 (B.42)
E: V, [VUB(;’B dV“BW] =0 (B.43)
F3: B, 2\B.7.Bg*,dv*" =0 (B.44)
Fy: 2B,73B,"5A, dV*P7° = . (B.45)
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