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Abstract: A didactic approach has been presented for the understanding of operation of the stacked
or series combination of gamma-ray detectors. Assuming isotropic scattering of gamma-rays, we
have obtained expressions for the addback factor in terms of only one probability. Using the
experimental data of the HHS spectrometer, we have predicted the addback factor for various
stacked detectors. This generalised technique could be used to predict the performance parameters
of a stacked detector with any number of elements. Other than simulation studies, we present an
intuitive way of understanding the operation of series detectors.

Keywords: Gamma detectors (scintillators, CZT, HPGe, HgI etc); Spectrometers

1Corresponding author.

c© 2020 IOP Publishing Ltd and Sissa Medialab https://doi.org/10.1088/1748-0221/15/03/P03005

mailto:ritesh.kshetri@gmail.com
https://doi.org/10.1088/1748-0221/15/03/P03005


2
0
2
0
 
J
I
N
S
T
 
1
5
 
P
0
3
0
0
5

Contents

1 Introduction 1

2 Single parameter probabilistic approach 2

3 An isotropic scattering model 3
3.1 Three element stacked detector 3
3.2 Four element stacked detector 9
3.3 A stacked detector with large number of elements 10
3.4 Structure of α and β 11
3.5 Predictions for the addback factor 11

4 Summary and conclusion 14

1 Introduction

The use of composite detectors [1, 2] present a way of obtaining high detection efficiency without
deteriorating the energy resolution and timing characteristics during nuclear spectroscopic studies.
Such detectors are composed of standard high purity germanium (HPGe) crystals arranged in a
compact way resembling parallel combination of detectors. Two simple examples are the clover
and cluster detectors. The clover detector [2] consists of four closely packed high purity germa-
nium (HPGe) crystals (having tapered square structure) inside the same cryostat, while the cluster
detector [1] consists of seven closely packed hexagonal encapsulated HPGe detectors inside the
same cryostat.

When a γ-ray interacts with a general parallel or series detector, its energy could be deposited
completely in a single detector module (corresponding to single detector event (SE) or there is
partial deposition of gamma energy in several detector modules corresponding to multiple detector
event (ME). As a result, the composite detector could be operated in the single detector mode
and the addback mode.The later mode corresponds to events where the full gamma-ray energy
is deposited by single and multiple hits. The addback mode allows to recover the signals of the
crystal(s) lost in the single detector mode. The addback contribution not only enhances the full
energy peak (FEP) efficiency but also reduces the unwanted Compton background and the escape
peaks, thereby increasing the peak-to-total ratio. There have been numerous studies of both clover
and cluster detectors via experiments and simulation [3–6].

Recently, based on probabilistic understanding of gamma interaction process, a series of
papers has been published by one of the authors [7–13] for understanding the operation of the
composite detector and predict the response for high energy γ-rays. Instead of using an empirical
method or simulation, these works present the first unified approach to calculate the peak-to-total
ratio using experimental data as input and presents another way of understanding the operation of
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composite detectors. In [7, 8], we showed that using the experimental data of cluster detector at
1.3MeV, the formalism could be used to predict the peak-to-total ratio as a function of number
of detector modules. Similar approaches for modeling the clover detector are presented in two
recent papers [9, 10]. Remarkable agreement between experimental data and analysis results
has been observed for composite detectors like TIGRESS clover detector and SPI spectrometer
at 1.3MeV [8, 9]. We have also been successful in modeling of pyramidal shaped composite
detector [14]. In the present work, we will apply our formalism to series combination of detectors
comprising of 3–5 detector modules as well as a stacked detector with very large number of
modules, while considering isotropic scattering of gamma-rays upto fourth interaction. Using the
experimental data of the HHS spectrometer [15] which is two element stacked detector, we have
predicted the addback factor for various stacked detectors.

2 Single parameter probabilistic approach

Let N0 be the total flux of monoenergetic γ-rays (of energy Eγ) incident on a K element stacked or
series detector and N be the portion of the total flux that interact with any one detector module, such
that a total of KNγ-rays interact with the composite detector comprising of K elements. We assume
that at a time a single γ-ray interacts with one of the detector modules [7–12]. After interaction, we
have the following possibilities:

• Some of the gamma-rays are fully absorbed in a single detector module. Let the probability
of FEP absorption after single detector module interaction be x, then the total number of
absorbed gamma-rays after single module interaction is N x. Note that 0 ≤ x ≤ 1.

• Rest of the gamma-rays escape the single detector module after partial energy deposition.
Since the probability of scattering out from a single detector module is (1 − x), so the total
number of such gamma-rays = N(1 − x).

• After scattering out from the single module, some gamma-rays are fully absorbed after
interaction with the second detector module. Let the probability of FEP absorption after
multiple detector interaction be α.

• Some gamma-rays could escape the composite detector after interaction with one or more
detector module(s). The events corresponding to these gamma-rays will contribute to back-
ground. Let the probability of scattering away from the detector be β.

As a result, we have N(1 − x) = Nα + Nβ, so that

x + α + β = 1 (2.1)

where, x, α and β are probabilities integrated over energies and angles of scattered gamma-rays.
For the addback mode, the total counts (T), full energy peak counts (P) and background counts (B)
are respectively given by

T = KN (2.2)
P = KN x + KNα (2.3)
B = KNβ (2.4)
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A measure of the improvement in addback mode over single detector mode is given by the addback
factor ( f ) which is the ratio of FEP efficiency in addback mode to that in single detector mode,
given by

f =
KN x + KNα

KN x
= 1 +

α

x
(2.5)

In the absorption process of an incident gamma-ray in a detector, the role played by photoelectric
effect is an important one [16]. The probability of absorption by photoelectric effect ∝ E−3.5

γ (Eγ
being energy of gamma-ray), so a high value of x could correspond to low energy of a gamma-ray.
Note that x depends on the shape, size and volume of an individual detector module. So, for various
composite detectors made of same type of detector modules, the difference between the addback
factor will be decided by the value of α.

3 An isotropic scattering model

In general, the angular distribution of scattered gamma-rays due to Compton scattering and pair
annihilation is anisotropic, depending on the incident gamma ray energy [16]. If we consider low
energy gamma-rays, then the angular distribution could be considered isotropic. If we consider
each crystal of a detector module to be a cube, then for isotropic scattering, since there are six
faces of the detector, each face scatters 1

6 th part. As an illustration, in figure 1, we have shown the
incident gamma-ray (represented by black arrow) interacting with the first module of a two element
stacked detector. The scattered gamma-rays [total probability being (1− x)] emitted from each face
is shown by yellow arrow. We could directly link each arrow to the branch probability of 1

6 (1 − x).
Figure 1(c) shows that for the simplicity of both illustration and calculations, we will use the two
dimensional block diagram of the module where the arrows at ± 45 deg corresponding to the out-of-
plane faces such that the total number of arrows directly corresponds to the probability branches. In
the following subsections, we will try to analyse the various gamma-rays interactions inside various
stacked detectors assuming the isotropic scattering of gamma-rays, and that the individual modules
are cubical in shape.1

3.1 Three element stacked detector

Consider a stacked detector with three modules or elements — A, B and C. Let us assume that the
incident gamma ray first interacts with the module A. The interacting and scattered gamma-rays up
to fourth interaction are shown in figure 2.2 After schematically mentioning the various possible
interactions through the flowchart type diagram in figure 2, its inset further shows the decomposition
of events in two dimensional block diagram. The detailed calculations (not shown in the figure) are
given below.

1It will be later shown in section 3.5 that the energy range where this method is expected to be valid is 0 − 1MeV.
2From the experimental fold distribution of the clover detector [17] and the cluster detector [1], it has been observed

that the triple fold events contribute ≈ 15− 17% to FEP events for gamma energies up to 10MeV. The contribution from
four and higher fold events is found to be negligible. Still, for the sake of completeness, we will consider up to fourth
gamma-ray interactions.

– 3 –



2
0
2
0
 
J
I
N
S
T
 
1
5
 
P
0
3
0
0
5

N

(a)

(b)

(c)

Figure 1. Schematic diagram of a gamma-ray incident (represented by black arrow) on a two element stacked
detector is shown in figure (a). After interaction with the first module, scattered gamma-rays are emitted
from each face shown by yellow arrows of figure (b). The two dimensional schematic representation of the
module is shown in figure (c).

After first interaction, the gamma-rays:

• Absorbed in A = Total interacting gamma-rays × Absorption probability = N x

• Scattered from A = Total interacting gamma-rays × Scattering probability = N(1 − x)

• Scattered to B = 1
6× total gamma-rays scattered from A= 1

6 N(1 − x)

• Scattered outside the detector = Gamma-rays other than those scattered from A to B =
5
6 N(1 − x)

After second interaction, the gamma-rays:

• Absorbed in B = Gamma-rays scattered from A to B × Absorption probability = 1
6 N(1− x)x

• Scattered from B = Gamma-rays scattered from A to B × Scattering probability = 1
6 N(1 −

x)(1 − x)

• Scattered to A= 1
6 × total gamma-rays scattered from B=1

6
1
6 N(1 − x)(1 − x)

• Scattered to C= 1
6× total gamma-rays scattered from B= 1

6
1
6 N(1 − x)(1 − x)

• Scattered outside the detector = Gamma-rays other than those scattered from B to A and C =
4
6

1
6 N(1 − x)(1 − x)
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Figure 2. Block diagram of gamma-ray interactions with the first module A of the three element stacked
detector is shown. The inset further explains the scenario through two dimensional block diagram.
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For third interaction, the gamma-rays:

• Absorbed in A = Gamma-rays scattered from B to A during second interaction × Absorption
probability = 1

6
1
6 N(1 − x)(1 − x)x

• Scattered fromA =Gamma-rays scattered fromB to A during second interaction× Scattering
probability = 1

6
1
6 N(1 − x)(1 − x)(1 − x)

• Absorbed in C = Gamma-rays scattered from B to C during second interaction × Absorption
probability = 1

6
1
6 N(1 − x)(1 − x)x

• Scattered from C =Gamma-rays scattered from B to C during second interaction × Scattering
probability = 1

6
1
6 N(1 − x)(1 − x)(1 − x)

• Total scattered to B = 1
6 × total gamma-rays scattered fromA + 1

6 × total gamma-rays scattered
from C

=
1
6

1
6

1
6

N(1 − x)(1 − x)(1 − x) +
1
6

1
6

1
6

N(1 − x)(1 − x)(1 − x)

= 2 ×
1
6

1
6

1
6

N(1 − x)(1 − x)(1 − x)

= 2 ×
1
63 N(1 − x)3

• Scattered outside the detector = Gamma-rays other than those scattered from A and C to
B= 10 × 1

63 N(1 − x)3

For fourth interaction, the gamma-rays:

• Absorbed in B = Gamma-rays scattered from A and C to B during the third interaction ×
Absorption probability = 2 × 1

63 N(1 − x)3x

• Scattered from B = Gamma-rays scattered from A and C to B during the third interaction ×
Scattering probability = 2 × 1

63 N(1 − x)3(1 − x)

• Scattered to A = 2
12 × total gamma-rays scattered from B=2 × 1

64 N(1 − x)3(1 − x)

• Scattered to C = 2
12 × total gamma-rays scattered from B=2 × 1

64 N(1 − x)3(1 − x)

• Scattered outside the detector = Gamma-rays other than those scattered from B to A and
C= 8 × 1

64 N(1 − x)3(1 − x)

As we are considering isotropic scattering in all directions, so these results will be same for mod-
ule C. This could also be observed from the comparison of the results related to absorption and
scattering in figures 2 and 3. Let us now consider the interaction of gamma-ray with module B as
shown in figure 3.
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C

C

C

C

B

B

A

A

A

A

B

B

B

B C

C

C

Module B 
Interactions

Module C 
Interactions

η absorbed, 4Nδ escapes η absorbed, 5Nδ escapes

2ηδ absorbed, 10Nδ2 escapes ηδ absorbed, 4Nδ2 escapes

2ηδ2 absorbed, 8Nδ3 escapes 2ηδ2 absorbed, 10Nδ3 escapes

2ηδ3 absorbed, 8Nδ4 escapes4ηδ3 absorbed, 20Nδ4 escapes

η =  N x ,  
δ = 1/6 (1 – x )   

Figure 3. Schematic diagrams of gamma-ray interactions with the modules B and C of the three element
stacked detector are shown.

For first interaction, the gamma-rays:

• Absorbed in B = N x

• Scattered from B = N(1 − x)

• Scattered to A = 1
6 N(1 − x)

• Scattered to C = 1
6 N(1 − x)

• Scattered outside the detector = 4
6 N(1 − x)

For second interaction, the gamma-rays:

• Absorbed in A = 1
6 N(1 − x)x

• Scattered from A = 1
6 N(1 − x)(1 − x)

• Absorbed in C = 1
6 N(1 − x)x

• Scattered from C = 1
6 N(1 − x)(1 − x)
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• Total scattered to B = 2 × 1
62 N(1 − x)2

• Scattered outside the detector = 10 × 1
62 N(1 − x)2

For third interaction, the gamma-rays:

• Absorbed in B = 2 × 1
62 N(1 − x)2x

• Scattered from B = 2 × 1
62 N(1 − x)2(1 − x)

• Total scattered to A = 2 × 1
63 N(1 − x)3

• Total scattered to C = 2 × 1
63 N(1 − x)3

• Scattered outside the detector = 8 × 1
63 N(1 − x)3

For fourth interaction, the gamma-rays:

• Absorbed in A = 2 × 1
63 N(1 − x)3x

• Scattered from A = 2 × 1
63 N(1 − x)3(1 − x)

• Absorbed in C = 2 × 1
63 N(1 − x)3x

• Scattered from C = 2 × 1
63 N(1 − x)3(1 − x)

• Total scattered to B = 4 × 1
64 N(1 − x)4

• Scattered outside the detector = 20 × 1
64 N(1 − x)4

Thus, total absorbed counts

=

[
3 × N x + 4 ×

1
6

N(1 − x)x + 6 ×
1
62 N(1 − x)2x + 8 ×

1
63 N(1 − x)3x

]
= 3N x + 4N xδ + 6N xδ2 + 8N xδ3

= 3N(x + α)

where δ = 1
6 (1 − x) , α = xδ[43 + 2δ + 8

3δ
2] .

Total scattered counts

= 2Nδ
[
5 + 4δ + 10δ2 + 8δ3] + 2Nδ

[
2 + 5δ + 4δ2 + 10δ3]

= 2Nδ
[
7 + 9δ + 14δ2 + 18δ3]

= 3Nβ

where β = δ[14
3 + 6δ + 28

3 δ
2 + 12δ3] .
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D
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A

A C
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C

Module A 
Interactions

Module B 
Interactions

After First 
interaction

After Second 
interaction

After Third 
interaction

After Fourth 
interaction

η absorbed, 5Nδ escapes η absorbed, 4Nδ escapes

2ηδ absorbed, 9Nδ2 escapesηδ absorbed, 4Nδ2 escapes

2ηδ2 absorbed, 9Nδ3 escapes 3ηδ2 absorbed, 13Nδ3 escapes

3ηδ3 absorbed, 13Nδ4 escapes 5ηδ3 absorbed, 22Nδ4 escapes

η =  N x ,  
δ = 1/6 (1 – x )   

Figure 4. Schematic diagram of gamma-ray interactions with the four element stacked detector is shown.

3.2 Four element stacked detector

Let us consider the four element stacked detector consisting of modules A, B, C and D. The
various possible gamma-ray interactions with module A and B are schematically shown in figure 4.
Instead of the full calculations (like that of the three element stacked detector), here we will
perform diagrammatic calculations using figure 2. As observed in the previous section, owing to
the symmetry and isotropic scattering condition, the results for modules A and D will be identical,
similar to that of module B and C. If η = N x and δ = 1

6 (1 − x) , then

Total absorbed counts

= 2 × [Absorbed counts when incident gamma-ray interacts with module A
+ Absorbed counts when incident gamma-ray interacts with module B]

= 2[(η + ηδ + 2ηδ2 + 3ηδ3) + (η + 2ηδ + 3ηδ2 + 5ηδ3)]

= 4N(x + α)

where α = xδ
[ 3

2 +
5
2δ + 4δ2] .
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Similarly, total scattered counts

= 2 × [Escaping counts when incident gamma-ray interacts with module A
+ Escaping counts when incident gamma-ray interacts with module B]

= 2[(5Nδ + 4Nδ2 + 9Nδ3 + 13Nδ4) + (4Nδ + 9Nδ2 + 13Nδ3 + 22Nδ4)]

= 4Nβ

where β = δ
[ 9

2 +
13
2 δ + 11δ2 + 35

2 δ
3] .

3.3 A stacked detector with large number of elements

Let us now consider a stacked detector with very large number (seemingly infinite) of detector
modules, which has been shown schematically in figure 5. We will consider interaction with an
inner module and neglect the effects of scattering with modules near the two ends of the stacked
detector, since the number of modules is very large so the effect of former will be dominating if we
consider up to 4th order interactions. If η = N x and δ = 1

6 (1 − x) , then

After First 
interaction

After Second 
interaction

After Third 
interaction

After Fourth 
interaction

η absorbed, 4Nδ escapes

2ηδ absorbed, 8Nδ2 escapes

4ηδ2 absorbed, 16Nδ3 escapes

8ηδ3 absorbed, 34Nδ4 escapes

η =  N x ,  
δ = 1/6 (1 – x )   

Figure 5. Schematic diagram of gamma-ray interactions with a stacked detector with large number of
elements is shown.
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Total absorbed counts

= η + 2ηδ + 4ηδ2 + 8ηδ3

= N(x + α)

where α ≈ xδ
[
2 + 4δ + 8δ2] .

Similarly, total scattered counts

= 4Nδ + 8Nδ2 + 16Nδ3 + 34Nδ4

= Nβ

where β ≈ δ
[
4 + 8δ + 16δ2 + 34δ3] .

3.4 Structure of α and β

From the above calculations, the obtained expressions for α and β are shown in table 1.

Table 1. Structure of α and β for various stacked detector.

No of detector elements alpha beta
3 xδ

[ 4
3 + 2δ + 8

3δ
2] δ

[ 14
3 + 6δ + 28

3 δ
2 + 12δ3]

4 xδ
[ 3

2 +
5
2δ + 4δ2] δ

[ 9
2 +

13
2 δ + 11δ2 + 35

2 δ
3]

5 xδ
[ 8

5 +
14
5 δ +

24
5 δ

2] δ
[ 22

5 +
34
5 δ + 12δ2 + 102

5 δ3]
very large ≈ xδ

[
2 + 4δ + 8δ2] ≈ δ

[
4 + 8δ + 16δ2 + 34δ3]

We can write the generalised expressions for α and β as

α = xδ
[
a2 + a3δ + a4δ

2]
β = δ

[
b1 + b2δ + b3δ

2 + b4δ
3]

The variation of the various coefficients a2, . . . , b4 as a function of the number of stacked detector
elements are shown in figures 6 and 7. The coefficients a2, a3, a4 show an increasing trend with
increasing number of elements of stacked detector. This is due to the increase in the possible
scattering and full energy peak absorption s in the various elements, which has been seen previously
for various composite detectors [1, 2, 7, 11] as well. Apart from b1, all the other b coefficients show
an increasing trend indicating the increase in lost events as the number of detector modules increase.

3.5 Predictions for the addback factor

Let us consider the HHS detector [15] which is two element stacked HPGe detector. Using a similar
procedure as discussed above, we can calculate the addback factor of two element stacked detector
which is given by

f = 1 + δ + δ2 + δ3 (3.1)

It is experimentally observed that the value of addback factor for the HHS detector increases
with increasing gamma-ray energy, starting from 1.0 at very low energies, reaching values greater
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Figure 6. Variation of the coefficients of α as a function of no. of detector modules.

3 4 5 100

5

10

15

20

25

30

35

C
oe

ffi
ci

en
t

Number of detector modules

 b
1

 b
2

 b
3

 b
4

Figure 7. Variation of the coefficients of β as a function of the number of detector modules.

– 12 –



2
0
2
0
 
J
I
N
S
T
 
1
5
 
P
0
3
0
0
5

than 2.0 at 20MeV [15]. From equation (3.1), we observe that the minimum value of f is 1.0,
obtained for x = 1.0. Our model predicts an upper limit for the addback factor - 1.2, obtained
for x = 0, which corresponds to the maximum possible energy in our model where the isotropic
scattering will be valid. This discrepancy with observed experimental data of HHS detector is
due to the assumption of isotropic scattering, which is correct for low energy gamma-rays. Note
that increasing incident gamma-ray energy, the angular distribution of scattered gamma-rays due to
Compton scattering and pair annihilation becomes highly anisotropic [16].3

Using equation (3.1) and the simulation data for the addback factor ( f ) for HHS detector
at various gamma-ray energies, given in figure 6 of ref. [15], we can get a relation between the
absorption probability (x) and gamma-ray energy (Eγ). The plot between x and Eγ is shown in
figure 8. The addback factor reaches its maximum value in our model at x = 0, which corresponds
to ≈ 1MeV as observed from figure 8. This indicated that the upper limit of gamma-ray energy for
our model is ≈ 1MeV. From the fitting of data in figure 6, we obtain a relation between x and Eγ,
given by x ≈ −0.0013 × Eγ + 1.2422.

200 400 600 800 1000

0.0

0.2

0.4

0.6

0.8

1.0

A
bs

or
pt

io
n 

pr
ob

ab
ili

ty

Gamma-ray energy (keV)

Figure 8. Variation of the absorption probability (x) as a function of the gamma-ray energy (Eγ) for the
HHS detector [15].

3While the original motivation for the HHS detector is the detection of gamma-rays in the 10–30MeV range [15],
we are trying to analyse the various gamma-rays interactions inside similar stacked detectors assuming the isotropic
scattering of gamma-rays, which is not valid for high energy gamma-rays. As a result, it could appear that the assumption
of isotropic scattering is not suitable for the analysis of stacked detector geometry. However, even low energy gamma-rays
contribute to the addback process, as also evidenced from our model which predict values of addback factor > 1, showing
that the model could be used to understand multiple module interactions inside the stacked detector even if the incident
gamma-ray energy is not very high.
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For a general stacked detector, if we consider the individual detector module to be the single
detector module of the HHS detector, then we can use the relation between x and Eγ (figure 8) for
that detector. Using equation (2.5) and α of table 1, we have calculated the addback factor as a
function of Eγ for the various stacked detectors in figure 9. The figure shows a general increasing
trend similar to the ones for the composite detectors [1, 2]. The comparative improvement due to
the adding back of escaping events to the full energy peak is always more with more number of
detector elements. So, we expect higher values of f for stacked detector with larger number of
elements. This has been observed in figure 9 if we compare the values of addback factor for the
various stacked detectors.

200 300 400 500 600 700 800 900

1.0

1.1

1.2

1.3

1.4

1.5

 3 element stacked detector
 4 element stacked detector
 5 element stacked detector
 large element stacked detector

A
dd

ba
ck

 fa
ct

or

Gamma-ray energy (keV)

Figure 9. Variation of the addback factor ( f ) as a function of gamma-ray energy (Eγ) for various
stacked detectors.

4 Summary and conclusion

A simple model based on isotropic scattering of gamma-rays has been presented for understanding
the operation of a general stacked detectors in addback mode. If we consider the full energy peak
counts from single and multiple detector module interactions, and the decomposition of background
counts to counts corresponding to the escaping γ-rays and counts for γ-rayswhich could be recovered
in addback mode, it is observed that the addback factor of stacked detectors in addback mode could
be expressed in terms of only one probability. Our model predictions, based on the absorption
probability, could be directly translated to gamma energy. We have predicted values of the addback
factor for various stacked detectors.
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