A LETTERS JOURNAL EXPLORING
THE FRONTIERS OF PHyYsIcs

December 2019

EPL, 128 (2019) 54006
doi: 10.1209/0295-5075/128/54006

www.epljournal.org

High-order harmonic generation from periodic potentials

with different initial states

X. F. PaN, B. L1, T. HaAN, J. ZHANG® and X. S. Liu(®

Institute of Atomic and Molecular Physics, Jilin University - Changchun 130012, PRC

received 22 October 2019; accepted in final form 12 December 2019
published online 4 February 2020

PACS 42.50.Hz — Strong-field excitation of optical transitions in quantum systems; multiphoton
processes and dynamic Stark shift

PACS 42.65.Ky — Frequency conversion; harmonic generation, including higher-order harmonic
generation

PACS 78.47.-p — Spectroscopy of solid state dynamics

Abstract — In the single-active-electron model, we numerically solve the time-dependent
Schrodinger equation to investigate the high-order harmonic generation (HHG) from solids. The
results demonstrate that the intensity of the second plateau of the HHG with the initial multipho-
ton ionization channel is higher than that with the tunneling ionization channel, the cutoff energy
of the harmonics with the initial multiphoton ionization channel is extended. We present a detailed
analysis of the motion path of the electrons with the initial multiphoton ionization channel in the
energy band structure, the results show that the electrons can be pumped directly to the conduc-
tion band at the multiphoton ionization channel. The time-dependent population imaging (TDPI)
picture is used to further illustrate the excitation process of the electron, which is in agreement

with the characteristics of the motion path of the electrons in the energy band structure.

Copyright © EPLA, 2020

Introduction. — High-order harmonic generation
(HHG) has been studied widely in atomic and molecu-
lar systems theoretically or experimentally [1-4]. It is a
nonlinear phenomenon and has also been used to generate
attosecond laser pulses which opens a door to investigate
the ultrafast processes [5-7]. Generally, the HHG can be
described by the three-step model [8]. The electron can
traverse the potential barrier and is ionized in the intense
lasers field; then the electron is accelerated and obtains
energy; finally, the electron can recombine with the par-
ent ion when the orientation of the laser field is changed.
However, the intensity of the HHG of the gas is low, which
is due to the low gas density. The bulk crystal of the high
intensity used to generate the high-order harmonic is ef-
ficient. Thus, the study of the HHG from bulk crystal of
the high intensity has been widely concerned [9-11].

Comparing with the gases, the HHG from bulk crys-
tal has many novel physical phenomena. For example,
the cutoff energy of the bulk crystal HHG and the am-
plitude of the driving laser field are in linear relation,
which depends on the crystallographic orientation [12].
The electron is restricted in the conduction band due to
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the periodic structure and it is not continually changed
when it is ionized by the laser field [13,14]. For the pro-
cess of the HHG in solids, previous work [15] has given a
model of the step-by-step excitation: the electron in the
position of the small band gap can be pumped to the dif-
ferent conductions. The ionized electron will recombine
to the valence band with multi-channels to generate the
high-order harmonics in one cycle, which is entirely differ-
ent from the HHG mechanism from gases. Yu et al. [16]
summarized the development of the primary numerical
methods, such as the time-dependent Schrédinger equa-
tion (TDSE), semiconductor Bloch equations (SBE) and
time-dependent density-functional theory (TDDFT).

In this paper, we investigate the HHG from solids by
numerically solving the time-dependent Schrodinger equa-
tion (TDSE). We demonstrate that the intensity of the sec-
ond plateau of the HHG is enhanced and the cutoff energy
of the harmonics is extended with the initial multiphoton
ionization channel. We show the time-dependent popula-
tion imaging (TDPI) picture to illustrate the excitation
process of the electron in different energy bands.

Theory and method. — In the single-active-electron
model, the HHG from the solid can be investigated by
numerically solving the one-dimensional time-dependent
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Schrodinger equation (TDSE). In the dipole approxima-
tion and length gauge, the TDSE reads (atomic units
(a.u.) are used throughout, unless otherwise stated)

ig‘ll(x,t) =

5 [T+ V(z)+xE@)]¥(z,t),

(1)
where T' = % is the kinetic energy, p is the momentum
operator. We choose the Mathieu-type potential [17] as
the periodic lattice potential. This model potential has
been widely used to research the optical lattice and solid
HHG [18-20]. The expression of the Mathicu-type poten-
tial is V(x) = =Vp[1+cos(2mx/ag)], Vo = 0.37 a.u. is the
depth of the potential well of the solid. ag = 8 a.u. is the
lattice constant.
The form of the electric field is given by

t
E(t) = Eqysin? (67TT> cos(wot),

0

(2)

where FEj is the amplitude of the electric field with the
laser intensity Iy = 5.6 x 10*' W/cm?. Ty is the optical
cycle (o.c.), the duration time of the electric field is 67T,
wo = 0.0153 a.u. is the laser frequency, which corresponds
to the laser wavelength A = 2963 nm.

In order to obtain the energy-band structure and initial
state with the field-free condition in the coordinate space,
we numerically solve the eigenvalue equation by the finite-
difference approximation,

where ¢, and n are the eigenstate wave function and
eigenstate number, which can be obtained by diagonal-
izing the field-free Hamiltonian [21]. The time-dependent
wave functions can be obtained by the second-order split-
ting operator. We use the grid defined by —240a.u. <
r < 240 a.u. with the spatial step Az = 0.1 a.u. and
time step At = 0.03 a.u.. The number of the atoms in the
linear chain is 60.

The harmonic spectrum can be obtained by calculating
the Fourier transform

'/ zwtdt

[p|T (t)) is the laser-induced

; (4)

where j(t) = —(¥(¢)
current [22].

The TDPI picture can be obtained by calculating the
instantaneous electron population on each eigenstate

[Cr(O)F = [en|T(0)*. ()

Results and discussion. — Figure 1 shows the en-
ergy band structure of the system in the reciprocal space.
From fig. 1 we can see that there is one valence band and
three conduction bands which are indicated as VB, CB1,
CB2 and CB3 (the higher energy band has also been cal-
culated, but it is not shown in fig. 1), respectively. From
the energy band structure, we can illustrate the motion

Energy(eV)

k(units of 2r/a)

Fig. 1: The energy band structures in the reciprocal space.
The blue and red arrow represent the motion path of the elec-
tron with the initial tunneling ionization channel at £k = 0
and the initial multiphoton ionization channel at |k| = 0.106,
respectively.

path of the electrons with the initial tunneling ionization
channel and the initial multiphoton ionization channel.
For the solid model, the tunneling ionization channel is
located at k = 0 (n = 120), which is the position of
the minimum energy interval (E,) from the highest va-
lence to the lowest conduction band. Recently, McDonald
et al. [23] demonstrated that the multiphoton ionization
channels (2j+1,2j+3,...;7 = 1,2,3,...) can be observed
when the minimum energy interval is Ey = 2jwy (wy is the
driving laser frequency). In this paper, the minimum en-
ergy interval is Ey, = 0.153 a.u. = 10wy (j = 5). Hence,
the multiphoton ionization channels (11,13,15,...) can be
observed. We only show the multiphoton ionization chan-
nel 13 (AE = 0.199 a.u. = 13wy, which is located at
|[k] = 0.106 (n = 105)) to illustrate the excitation pro-
cess of the electrons (the excitation process of electrons
with other multiphoton ionization channels is similar to
the channel 13, thus it is not presented in this paper).
For the tunneling ionization channel, the electrons on
the top of the VB can be pumped to the CB1 by tunneling
ionization through path 1 as shown in fig. 1 [15]. The
electrons on the CB1 can move to the edge of the first
Brillouin zone driven by the laser field. Then the partial
electrons can be pumped to the CB2 in the minimum band
gap between CB1 and CB2. Similarly, the electrons on
the CB2 can also be pumped to the CB3 at the minimum
band gap between CB2 and CB3. The motion paths of
the electron have been shown by the blue arrows in fig. 1.
For the multiphoton ionization channel, the electrons
at |k| = 0.106 (the corresponding energy is —3.17eV) in
the VB will have two motion paths (path 2 and path 3 as
shown in fig. 1) driven by the laser field. Path 2 shows that
the electrons can move to the top of the VB. Then they
are ionized by tunneling, which is similar to the path 1.
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Fig. 2: Harmonic spectra from the periodic potential with the
initial tunneling ionization channel (k = 0, blue solid line) and
the initial multiphoton ionization channel (|k|] = 0.106, red
dashed line).

Another path (path 3) shows that the electrons can be
pumped directly to the CB1 (the corresponding energy is
2.25¢V). Then the electrons in the CB1 can move to the
edge of the Brillouin zone and will be pumped to the CB2.
Moreover, the electrons in the CB2 at the energy of 19.6 eV
(|k] = 0.106) have also two motion paths. The electrons in
the CB2 at the energy of 19.6eV can be pumped directly
to the CB3, and partial electrons will move to the top
of the CB2, and then can be pumped to the CB3. The
motion path of the electron is shown by the red arrows
in fig. 1. These reveal that the excitation process of the
electron by choosing the multiphoton ionization channel
is different from the tunneling ionization channel, which
will be illustrated by the TDPI picture as shown in fig. 3.

We have demonstrated the HHG from the solid with
the initial tunneling ionization channel (k& = 0, blue
solid line) and the initial multiphoton ionization channel
(|k] = 0.106, red dashed line) as shown in fig. 2. The
overall harmonic spectra have a distinct characteristic of
the two-plateau structure. For the first plateau of the har-
monic spectra, we can see that the intensity of the har-
monic spectra with the initial tunneling ionization channel
is higher than that with the initial multiphoton ionization
channel. For the second plateau of the harmonic spectra,
the intensity of the harmonic spectra with the initial mul-
tiphoton ionization channel is higher than that with the
initial tunneling ionization channel, and the cutoff energy
of the HHG is extended to the initial multiphoton ioniza-
tion channel.

Generally, the primary contribution to generate the first
plateau is the transitions from the first conduction band
to the valence band, and the second plateau is origi-
nated by the transitions from the higher-lying conduc-
tion band [14]. The Keldysh parameter can be used to
distinguish the ionization mechanisms in the atom and the
solid system [24,25]. In the solids, the Keldysh parameter

woy/mEy

can be written as v = —5—" (m = (1/me + 1/mp)~!

is the reduced mass, m. and my, are the effective mass of
the electrons and holes, respectively). When the ampli-
tude of the laser field Ey is weak or the laser frequency wg
is large, the Keldysh parameter v > 1. The electron in
the valence band can absorb multiple photons and pump
to the conduction band. The multiphoton ionization is
dominated in the ionization process. On the contrary,
when the amplitude of the laser field Ej is strong or the
laser frequency wy is small, the Keldysh parameter v < 1.
The electron in the valence band can pump directly to the
conduction band. The tunneling ionization is dominated
in the ionization process. When the Keldysh parameter
v ~ 1, both the multiphoton ionization and tunneling ion-
ization can take place, which is a nonadiabatic process.
In this paper, the amplitude of the electric field is set as
Ey = 0.004a.u. (Ip = 5.6 x 10'* W/cm?). The Keldysh
parameter is v = 0.525, which indicates that the tunneling
ionization is dominant [24]. The probability of the tran-
sition from the first conduction band to the valence band
is increased with the initial tunneling ionization channel,
which illustrates that the intensity of the harmonic spec-
tra with the initial tunneling ionization channel is much
higher than that with the multiphoton ionization channel
in the first plateau of the harmonic spectra. Moreover, we
can see that the electron excited to CB1 by multiphoton
ionization can easily reach to the top of the CB2 as shown
in fig. 1, which will have larger transition probabilities to
the higher energy band. Thus, the intensity of the second
plateau of the harmonic spectra with the initial multipho-
ton ionization channel is higher than that with the initial
tunneling ionization channel.

In order to further investigate the physical mechanisms
behind these phenomena, we demonstrate the TDPI pic-
ture with the initial tunneling ionization channel (fig. 3(a))
and the initial multiphoton ionization channel (fig. 3(b)),
respectively. Four profiles of population oscillations in the
energy band (VB, CB1, CB2 and CB3) are shown in fig. 3.
We can see that the electrons generate strong oscillation
and are restricted in every band, which is different from
the continuous change of gases. Faisal et al. [26] presented
a Floquet-Bloch theory to investigate the high-order har-
monic generation with the periodic crystal structures.
They found that the efficiency of the high-order harmonic
generation for the semiconductor medium is higher than
that for the insulator or the metal film. Moreover, the
time-dependent Schrodinger equation can also be numer-
ically solved by using the localized Wannier functions in
one-dimensional conductor [27]. The cutoff of the solid
HHG can be predicted when the electron is localized in
one band and is defined by the maximum order or photon
number: N, = eEya/fiwg, which is the ratio of the energy
gain of an electron transfer between neighboring sites to
the photon energy [27]. In this paper, we investigate the
system of multiple energy bands, the strong oscillations
are shown in the TDPI pictures. It is a highly delocalized
process. The cutoff energy of the HHG spectrum can be
predicted exactly from TDPI pictures [21]. For the initial

54006-p3



X. F. Pan et al.

1.0x10*

2.6x107

=

-

L

>

H

=

5]
b s2ae
- 9.0x10*
—10
T
— 9.0x10*

3
Time(o.c.)

Lox10*

2.6x107

1.2x10"
S5.0x104

22x10*

a0

- 9.0x101

[ R

B 9.2x107

- 9.0x10*

Energy(eV)

Time(o.c.)

Fig. 3: Time-dependent population imaging (TDPI) picture with (a) the initial tunneling ionization channel and (b) the initial

multiphoton ionization channel.

tunneling ionization channel, the energy range of the har-
monic released by the electron transition between VB and
CB3 is from —4 eV to 28 eV as shown by the red arrow in
fig. 3(a). The cutoff energy of the HHG spectrum is the
energy difference between VB and CB3 (32eV), which is
in agreement with the cutoff of the HHG spectra as shown
by the blue solid line in fig. 2.

For the initial tunneling ionization channel, the electron
can be ionized by tunneling at the position of the highest
VB. Figure 3(a) shows that there are eight peaks in the VB
and CB1. The intensity of the electron population in CB1
is higher than that of CB2 and CB3. Thus, the electron
has a large population to transfer from CB1 to VB, and
the intensity of the first plateau of the HHG is higher than
that of the second plateau, which is in agreement with the
characteristic of the HHG spectra as shown in fig. 2.

Figure 3(b) shows the TDPI picture with the initial
multiphoton ionization channel. We can see that the en-
ergy of the electron in the VB at 0 o.c. is —3.17eV,
which is in agreement with the energy of the eigenstate
at |k| = 0.106 as shown in fig. 1. In order to better an-
alyze the TDPI picture with the initial multiphoton ion-
ization channel, we have enlarged the TDPI picture of the
VB and CB1 as shown in fig. 3(b), which is shown in
fig. 4(a) and (b), respectively. In VB (CB1), we define
the “large peaks” where the energy is lower (higher) than
—3.91eV (4.23eV), which are shown by the red solid rect-
angular boxes, and the “small peaks” in which the energy
is higher (lower) than —3.19¢V (4.23¢eV) as shown by the
white solid rectangular boxes. Figure 4 shows that there
are eight large peaks and some small peaks in the VB and
CBL.

We label with points A (and A’) the initial position of
one of the large peaks and with points B (and B’) the ini-
tial position of one of the small peaks in the VB (and CB1)
as shown in fig. 4(a) and (b), respectively. We can see that

Energy(eV)

‘ E‘g.o‘s,-z‘.en‘

Time(o.c.)

Fig. 4: The enlarged TDPI picture of the (a) CB1 and (b) VB
as shown in fig. 3(b).

the energy of the position A in the VB and A’ in the CB1
at 1.97 o.c. are —3.17eV and 2.25¢eV, respectively. This
means that the electrons can be pumped directly to the
CB1 by the multiphoton ionization channel, which is in
agreement with the path 3 as shown in fig. 1. These eight
large peaks have the same initial energy, which can be
observed with the evolution of the time-dependent popu-
lation. Moreover, the energy of the position B in the VB
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and the position B’ in the CB1 at 2.06 o.c. are —2.67eV
and 1.54eV, respectively. The electron in the VB will
move to the border of the Brillouin zone and then tun-
nel to the CB1, which is agreement with the path 2 as
shown in fig. 1. These small peaks also have the same
initial energy, they can be observed with the evolution of
the time-dependent population. Comparing with the ini-
tial position of the larger peaks, the initial position of the
small peaks has a delay time, which is due to the fact that
the partial electrons need to move to the top of the VB,
then they are ionized by tunneling, i.e., the electrons need
more time to be ionized.

For the CB2 and CB3, we can see that the electron
population with the initial multiphoton ionization chan-
nel (fig. 3(b)) is higher than that with the initial tunnel-
ing ionization channel (fig. 3(a)). Thus, the electron will
have a higher population to transfer from CB2 or CB3 to
VB with the initial multiphoton ionization channel, and
the harmonic intensity of the second plateau will be much
higher, which is in agreement with the harmonic spectra
as shown in fig. 2. Moreover, we can see that the electrons
in the CB2 are reflected twice with the initial multiphoton
ionization channel. On the one hand, the electrons reach
to the edge of the Brillouin zone, partial electrons can be
reflected in the CB2 and other electrons can be pumped
to the CB3. On the other hand, the electrons generate
the second reflection at the energy 19.6 eV, which corre-
sponds to the energy of the eigenstate at |k| = 0.106 in
CB2 as shown in fig. 1 (pink arrow), 4.e., the phenomenon
is similar to that of the VB. This means that the electrons
in the CB2 at the energy of 19.6 eV also have two motion
paths. Partial electrons can be pumped directly to the
CB3 at the energy 19.6 eV, and other electrons will move
to the top of the CB2, and then they will be pumped to
the CB3, which is in agreement with the motion path of
the electron indicated by the red arrows in fig. 1.

Conclusions. — In summary, we investigated the
HHG from periodic potentials with the initial tunneling
ionization channel and the initial multiphoton ionization
channel. Comparing with the initial tunneling ionization
channel, the intensity of the second plateau of the har-
monic spectra is enhanced and the cutoff energy is ex-
tended with the initial multiphoton ionization channel.
It indicates that the electrons with the initial multipho-
ton ionization channel will be pumped directly to the con-
duction band which is demonstrated by the energy band
structures. The TDPI picture is used to illustrate the mo-
tion path of the electrons, which is in agreement with the
characteristics of the motion path of the electrons in the
energy band structure.
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