
1 © 2020 IOP Publishing Ltd  Printed in the UK

1.  Introduction

One of the important and yet open issues in condensed matter 
physics is the collective dynamics in liquids and more specifi-
cally in liquid metals and alloys on mesoscopic and molecular 
length-scales [1–3]. Longitudinal acoustic-like collective 
modes are well-defined excitations with small damping in the 
liquid on the macroscopic length-scale because of the hydrody-
namic mechanism of sound propagation, which is governed by 
local conservation laws. Both density and momentum density 
fluctuations in liquids belong to the fluctuations of conserved 
quantities, and their two coupled balance equations result in 
long-wavelength limit in wave solutions with typical hydro-
dynamic behavior of acoustic modes: linear dispersion law ck 
and quadratic damping Γk2, where k is wave-number, c and 
Γ are macroscopic speed of sound and damping coefficient, 

respectively. One can see that the damping (inverse lifetime of 
the excitation) decreases for k → 0, that is the typical feature 
of hydrodynamic processes to have their lifetime  ∼k−2.

This is not the case for transverse collective excitations, 
also called shear waves, which belong to non-hydrodynamic 
modes [3]. For the case of transverse dynamics, the only con-
served quantity that exists is the transverse component of total 
momentum, and a single balance equation (first order differ
ential equation) for the density of transverse momentum can 
never result in a wave-like solution. That is why macroscopic 
transverse sound does not exist in liquids. Only outside the 
hydrodynamic regime, when the lifetimes of hydrodynamic 
and non-hydrodynamic processes become comparable, the 
short-wavelength transverse propagating modes can emerge 
due to coupling of fluctuations of transverse components 
of momentum and stress tensor [3]. The same mechanism 
of propagating modes exists also for longitudinal high-fre-
quency acoustic modes (high-frequency sound), when cou-
pled fluctuations of longitudinal components of stress-tensor 
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and momentum density appear. And, actually the viscoelastic 
transition of liquids, has the sense of transition from hydro-
dynamic (based on conservation laws) to elastic mechanism 
of sound propagation [4]. The latter is solid-like because it 
involves the microscopic forces between particles (which 
enter the stress-tensor components), while in hydrodynamic 
mechanism atomistic structure is not relevant. In general, the 
transition from hydrodynamic to high-frequency sound (posi-
tive sound dispersion) and emergence of shear waves are two 
related manifestations of the viscoelastic transition, although 
the onset of the positive sound dispersion takes place typically 
at much smaller wavenumbers than the value of the propaga-
tion gap for transverse excitations [5].

Although transverse excitations do not directly contribute 
to the dynamic structure factors, there were reports on ine-
lastic x-ray scattering (IXS) experiments on liquid Na [6] and 
polyvalent liquid metals such as Ga [7] and Sn [8], in which 
fitting the experimental scattering intensity allowed to obtain 
small contributions from transverse excitations. In this sense 
computer simulations allow to obtain more insight in trans-
verse dynamic processes in liquids. Recent findings based on 
atomistic simulations of liquid Li [9], Na [10] and Fe [11] 
at high pressures indicate the possible emergence of unusual 
second high-frequency contribution to transverse spectral 
functions that coexists on the spatial scale of neighboring cage 
around atoms. Triggered by this intriguing feature, it has been 
shown very recently that they might also exist for some metals 
at ambient pressure [12, 13], though these two modes can dis-
play significant overlap [14].

This emerging picture of transverse collective excitations 
in liquid metals from the recent contributions prompts us for 
further studies on this issue. As a matter of fact, the question 
about its general applicability for all liquid metals and their 
alloys remains open. Furthermore, no consensus exists about 
its origin. It has been suggested that the emergence of trans-
verse modes comes from contributions of the longitudinal ones 
[15, 16], following a relationship between the L- and T-current 
spectral functions based on mode-coupling approach. Such 
an emergence of contributions from longitudinal excitations 
in the transverse spectral functions was revealed and docu-
mented in simulations of water [17, 18]. For liquid metals, it 
has been shown [12–14] that the high frequency transverse 
modes coincide with the simultaneous emergence of a high 
frequency peak in the vibrational density of states.

The present work is devoted to the study of the pressure 
evolution of the collective dynamic properties of liquid sodium 
and indium, which are typical of monovalent and polyvalent 
metals, respectively. To this end, we have performed a series 
of ab initio molecular dynamics (AIMD) simulations for pres
sures ranging from ambient pressure up to 147 GPa for Na and 
10 GPa for In. While for Na, the simulations were done for 
thermodynamic states along an isotherm above the temper
ature maximum of the melting line, for In the simulations 
follow this line. The major advantage in using AIMD is to 
ensure transferability of interactions as a function of temper
ature and pressure that could not be obtained for effective 

atom-atom interactions [19] in strongly non-uniform electron 
density situations encountered for such extreme conditions. 
We examine the dynamics through the vibrational density 
of states (VDOS) obtained via the spectrum of the velocity 
auto-correlation function (VACF) as well as the dispersion 
of transverse (T) collective excitations analyzed through the 
T-current spectral functions. Our results show the emergence 
of a second branch of high-frequency T-modes for all pres
sures. Moreover, we confirm the coincidence of VDOS peak 
locations with these two transverse collective modes for these 
two metals. Including here our results for Li [9], Al [14] and 
Pb [13] as well as those of Fe [11], we find for all metals a 
strong linear correlation between transverse collective modes 
and the number density. This linear behavior holds for the two 
transverse branches and have a different slope for monovalent 
and polyvalent metals.

2.  Computational background

The dynamics of liquid Na and In as a function of pressure 
is investigated from AIMD simulations within the density-
functional theory (DFT) using the Vienna ab initio simu-
lation package [20, 21]. A plane-wave basis has been set 
with the standard energy cutoff, namely 259.6 eV for Na 
and 95.9 eV for In. The projected augmented-wave method  
[22, 23] has been used to describe the electron-ion interac-
tions. Seven electrons (2p63s1) have been taken into account 
with the local density approximation (LDA) [24, 25] of 
exchange-correlation energy for Na similarly, as we used in 
the case of liquid Na at ambient pressure in order to get better 
agreement with experimental data [26], and 3 valence elec-
trons with the generalized gradient approximation (GGA) in 
PBE [27] formulation for In.

The simulations were performed in the canonical ensemble 
(NVT), namely constant number of atoms, volume, and 
temperature, by means of a Nosé thermostat [28, 29]. 
Newton’s equations of motion were integrated using Verlet’s 
algorithm in the velocity form with a time step of 3 fs for Na 
and 2 fs for In. Since in the case of Na we faced much larger 
computational efforts because of 1200 electron bands in simu-
lations, we used for Na a little bit larger time step than for 
liquid In. Cubic simulation supercells with periodic boundary 
conditions containing 300 atoms for both metals were used, 

Table 1.  Thermodynamic state points for all the simulations for Na 
and In.

Na

T (K) 893 893 393 893 893
P (GPa) 15 83 116 116 147

ρ  (Å  −3) 0.0514 0.0889 0.1000 0.1000 0.1093

In

T (K) 443 600 750
P (GPa) 0 4.4 9

ρ  (Å  −3) 0.0387 0.0419 0.0443
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and only the Γ-point sampling was considered to sample the 
supercell Brillouin zone, that was justified by quite large size 
of the studied systems.

For both systems, liquid samples were prepared from 
a random configuration, whose size was fixed to get the 
smallest target pressure, and run for 12 ps for Na and 6 ps for 
In at the temperature studied until thermal equilibrium was 
reached. Then, for the thermodynamic states at higher pres
sures, the volume V  of cell was adjusted manually to reach 
the higher pressures for Na on the studied isotherm and sub-
sequently equilibrated in NVT ensemble. For In, additionally, 
the temperature was progressively adjusted to fall just above 
the experimental melting line. The data of respective temper
atures, pressures and densities can be found in table 1. After 
equilibration, runs were subsequently continued for 60 ps for 
Na and 46 ps for In to extract all the physical properties. For 
the other metals considered in the present work, Li, Al, Fe, Pb, 
the simulation procedure and thermodynamic parameters can 
be found in the corresponding contributions.

Here, we focus on the vibrational density of states that 
stems from an analysis of the single-particle dynamics, and 
more specifically the VACF

Ψ(t) =
1
N

〈
N∑

i=1

[vi(t + t0) · vi(t0)]
2

〉

t0

,� (1)

where vi(t) denotes the velocity of atom i at time t. The angular 
brackets correspond to an averaging over time origins t0. The 
VDOS is then determined as the time Fourier transform of the 
normalized VACF ΨN(t) = Ψ(t)/Ψ(t = 0)

Z̃(ω) =
∫ ∞

0
ΨN(t) cos(ωt)dt.� (2)

As central quantities of this work, we consider both the lon-
gitudinal and transverse collective excitations obtained from 
the Fourier-spectra of the corresponding L- and T-current time 
correlation functions. The time correlation functions were cal-
culated from the simulation data using the relations:

FL/T
JJ (k, t) = 〈JL/T(−k, t)JL/T(k, 0)〉,

JL/T(k, t) = 1√
N

∑
i=1,N vi,L/T(t)e−ikri(t)� (3)

where vi,L/T(t) is the L (along the direction of wave vector k) 
or T-projection (in the plane perpendicular to the direction of 
wave vector) of particle velocity. We have to mention, that all 
the time correlation functions were averaged over all possible 
directions of wave-vectors k having the same absolute value, 
and all the sampled wave-vectors were compatible with the 
simulation box size. Since the size of the simulation box is not 
constant in the constant pressure ensemble (NPT) one cannot 
apply NPT simulations in the study of k-dependent quantities 
of collective dynamics.

3.  Results and discussion

We first consider the single-atom dynamics through the VDOS, 
Z̃(ω), that has been calculated from the Fourier transform of 
the VACF, using equation (2). Z̃(ω) are shown in figures 1(a), 
2(a), 3(a) and 4(a) for Na, In, Pb, and Al, respectively, and for 
all studied pressures. The low frequency limit of Z̃(ω) takes a 
non zero value that is related to the self-diffusion coefficient, 
showing that the studied systems are in the liquid state for 
given pressures. As the frequency increases, all studied metals 
share similar features under pressure, namely two peaks of 
the Z̃(ω) that shift towards higher frequencies with increasing 
pressure. Since the time-Fourier transformation of current-
current time correlation functions from AIMD is usually very 
noisy in order to reduce the error bars in the estimation of 
the observed peak position one usually applies a fit with the 
chosen (Lorentzian, damped harmonic oscillator or Gaussian) 
function of frequency. While the high-frequency peak has 
been obtained by simply fitting the raw data by a Gaussian, 
the low-frequency peak has been obtained by an analysis of 
the VDOS in terms of the two phase thermodynamic (2PT) 
[31] model [14]. Moreover, the difference between the low- 
and high-frequency peaks increase with pressure. At ambient 
pressure, the VDOS clearly shows two peaks for indium and 
lead, while for sodium and aluminium it displays a broad 
single peak, with even a shoulder in the case of Al. A more 
detailed analysis for these two metals indicates that the broad 
peak can be decomposed into two contributions of low-and 
high-frequency mode with a significant overlap [14, 30].
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Figure 1.  Liquid sodium at 893 K: (a) vibrational density of states, (b) spectral density of the transverse current correlation functions 
CT(k,ω) for wave numbers k between 2.09 and 2.69 Å

−1
 for all pressures.
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In order to rationalize such a two-mode structure in the 
VDOS and to relate it to collective modes, we have determined 
the spectral density of the transverse current correlation func-
tions CT(k,ω), from the numerical time-Fourier transforma-
tion of the corresponding transverse current auto-correlation 

functions FL/T
JJ (k, t) given by equation (3) for each available 

wave number compatible with the size of the simulation cells. 
The existence and propagative nature of these two transverse 

modes can be obtained from their dispersion curves, namely 
the evolution of maxima positions of CT(k,ω) versus wave 
number. It was shown [13, 14, 30] that both T-collective exci-
tations exist for wave numbers higher than the boundary of 
the first pseudo-Brillouin zone for all pressures. Moreover, the 
two transverse branches are almost flat, showing their non-
propagative nature in the second pseudo-Brillouin zone. The 
spectral functions CT(k,ω) for Na, In, Pb, and Al, are shown at 
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Figure 2.  Liquid indium along the melting line: (a) vibrational density of states, (b) spectral density of the transverse current correlation 
functions CT(k,ω) for wave numbers k between 2.48 and 2.49 Å

−1
 for all pressures.
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Figure 3.  Liquid lead along the melting line: (a) vibrational density of states, (b) spectral density of the transverse current correlation 
functions CT(k,ω) for wave numbers k between 2.28 and 2.30 Å

−1
 for all pressures.
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Figure 4.  Liquid aluminium along the melting line: (a) vibrational density of states, (b) spectral density of the transverse current spectral 
functions CT(k,ω) for wave numbers k between 2.34 and 2.36 Å
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 for all pressures.

J. Phys.: Condens. Matter 32 (2020) 184002



T Bryk et al

5

Figure 5.  Low and high frequency transverse mode as a function of density from the transverse current spectra functions as well as for the 
frequency peaks of Z̃(ω): (a) Sodium, (b) Indium, (c) Lead, and (d) Aluminium.

Figure 6.  Transverse current spectral functions CL,T(k,ω) high frequency modes as a function of the number density. Densities and 
frequencies are shifted with their values at ambient pressure. Inset: same as the main panel for the low density and frequency range.
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comparable wave number in figures 1(b), 2(b), 3(b) and 4(b), 
respectively. Under pressure, CT(k,ω) clearly shows a two 
peak shape which maxima become more and more separated 
with increasing pressure like in the VDOS shown in panels 
(a). At ambient pressure, for Na and Al, CT(k,ω) displays a 
well-defined peak followed by a pronounced shoulder indi-
cating an overlap of low- and high-frequency modes [14, 30].

In figure  5, the evolution with density of the low- and 
high- frequency maxima of the VDOS are compared to those 
of CT(k,ω) in the flat region. For all studied metals, a strong 
coincidence of both maxima positions of CT(k,ω) and VDOS 
is seen whatever the density, indicating undoubtedly a strong 
correlation between the single-particle dynamics and collec-
tive dynamical quantities. Moreover, they show similar linear 
evolution with density, with the low-frequency modes having 
a weaker slope.

As similarity in the density evolution of the transverse 
excitations exists, we have compared in figure 6 the high fre-
quency transverse mode for all metals studied here as well as 
for liquid Fe and Li found in the literature [3, 11]. The data for 
the densities and frequencies have been shifted respectively 
with ρ0 and ω0, the values of the density and frequency mode 
at ambient pressure. Strikingly, all the results fall on master 
curves for polyvalent metals and alkali metals, implying a 
possible universal behavior.

4.  Conclusion

In this study, we aimed at analysis of general tendencies in 
transverse dynamics of liquid metals in a wide range of pres
sures. Recently, it was found that transverse spectral func-
tions of dense metallic liquids like Li, Zn, Ni, Fe, Tl contain 
a high-frequency peak/shoulder in addition to the traditional 
peak corresponding to shear waves. By means of ab initio 
simulations we calculated vibrational density of states via 
the velocity autocorrelation functions, and spectra of collec-
tive transverse excitations in liquid Na and polyvalent liquid 
metals Al, Pb and In over a wide range of pressure.

We found the existence of the high-frequency peak/shoulder 
on transverse spectral functions in all the studied liquid metals 
for wave numbers beyond the first pseudo-Brillouin zone. A 
direct correlation was observed between the frequencies of 
the high-frequency peak/shoulder of the CT(k,ω) and of the 
high-frequency feature of the vibrational density of states. We 
found, that a strong linear correlation with density exists for 
locations of the low- and high-frequency features of the trans-
verse spectral functions for all studied metals, that can be a 
signature of a universal behavior in transverse dynamics. Still 
the mechanism of emergence of the second contribution to the 
transverse spectral function CT(k,ω) remains unclear. Even if 
the high-frequency branch observed in transverse dynamics 
comes from the nonlocal L-T coupling [15] it is not clear what 
kind of microcopic processes leads to this coupling. In water, 
for example, the rotational motion of the polar molecular units 
immediately leads to the coupled L-T dynamics. That is why 
one of the possibilities for the coupled L-T dynamics in the 

compressed metals can be emergence of short-lifetime associ-
ates, which can be the source of local vorticities leading to the 
coupled L-T dynamics of atomic length-scale. In any case, we 
expect that new features of the transverse dynamics reported 
in this study will be helpful in solving the puzzle of the micro-
scopic dynamics on microscopic length-scales.
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