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Abstract
Simultaneous temporal and spatial focusing of a pulse is of significance for detection and imaging.
Here, an achromatic reflectedmetalens is designed using hybrid resonance and anti-resonance. The
theoretical result demonstrates that the anti-resonance provides an extra degree of freedom to control
local phases of reflectedwaves, yielding an achromatic lens of thickness equal to one half of central
wavelength. To overcome the shortcoming of traditional approach to design lenses (neglecting the
intercell coupling), a boundary integralmethod is proposed to alleviate the focus deviation over a
broadband. The achromatic feature of designed lens is then verified in the frequency range from2800
to 5600Hz by an experiment. Owing to a veryweak frequency dependence of focal point and a high
reflected focusing efficiency over a broadband, a highly directional and long-distance acoustic probing
scheme (themainlobewidth about 80) is proposedwith the aid of achromatic reflectedmetalens and
being confirmed by another experiment, where a signal processingmethod using triple sensors
separated by a subwavelength interval is adopted to eliminate the interferences between incident waves
and reflectedwaves. Our resultmayfind its application in a long-distance underwater acoustic
probing.

1. Introduction

Owing to the development ofmetamaterials andmetasurfaces, optical focusing and imaging by lenses have
attractedmuch attention from scientists, such as a perfect lens for subwavelength imaging [1] and achromatic
metalenses for full-color detection and imaging [2–5]. Advances in optical focusing and imaging have inspired
researchers in acoustics to design novel acoustic focusing and imaging devices. Various kinds of acoustic lenses
have been designed for focusing of transmittedwaves, such asGRIN (gradient index) sonic lenses [6, 7], GRIN
lenses using cross-shaped scatterers [8], coiled up space [9–11], rigid toroidal scatterers [12] and orifice-type
metamaterial [13, 14], acoustic Fresnel lenses [15–18], planar diffractive acoustic lenses [19–22].Most of the
aboveworks focused on designing ultra-thin lenses [8, 10, 11, 16–22], resulting in the focal length highly
dependent on frequency due to the refractive index (or the properties of diffractive elements) sensitive to
frequency, whereas theGRIN lenses using orifice-typemetamaterial [13, 14]demonstrated near-frequency-
independent characteristics, with its thickness being on the order of wavelength. Different fromGRIN lenses,
which rely on gradually varying refractive index to obtain phase delay, diffractive lenses are realized by
controlling local phases of transmittedwaves to generate interference and diffraction patterns. The concept of
local phase is also used to achieve the focusing of reflectedwaves [23–28], such as reflected lenses using Fano
resonance [26, 27] andHelmholtz resonance [28]. Usually, the focal length also has dependence on frequency,
and thus there are fewworks on acoustic achromatic focusing. Although a dispersionlessmanipulation of
reflected acoustic wavefront [23]was proposed to achieve acoustic achromatic focusing, the thickness of lens
was on the order of wavelength. Since simultaneous temporal and spatial focusing of a pulse by an acoustic
achromatic lens is advantageous in ultrasound therapy and long-distance acoustic probings (an example
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investigated in this paper), it is necessary to seek an effective physicalmechanism to control phases of reflected
waves, and thus reducing the thickness of achromatic lens.

On the other hand, hybrid resonance, which originates from couplings between two different resonances,
was proposed to achieve acoustic absorption [29–33], broadband acoustic energy harvesting [34], and
broadband blazed acoustic gratings [35]. It is well known that hybrid resonance is always accompanied by anti-
resonance, which has been used to achieve negative dynamicmass [36], sound-proofmetamaterial [37], acoustic
transparency [38–40], and acousticsmetasurface carpets [41].

Usually, anti-resonance [29, 36]was used to describe the zero average displacement of a vibrating
membrane, resulting in high transmission loss.Here, the concept of anti-resonance is extended to the case of
pure-reflectionmetasurface. By analyzing the property of hybrid resonance and anti-resonance, wefind that
anti-resonance aswell as hybrid resonance can be utilized tomanipulate the local phasef of reflectedwave,
wheref is zero (or 2π) at anti-resonance andf isπ at hybrid resonance. Therefore, wefirst design an achromatic
reflectedmetalenswith its thickness being equal to one half of central wavelength, using hybrid resonance and
anti-resonance induced by couplings between twoHelmholtz resonators. By considering couplings among
different cells, an improved design based on the boundary integralmethod is obtained. Second, a highly
directional and long-distance acoustic probing scheme is proposed by a combination of achromatic reflected
metalens and triple sensors separated by a subwavelength interval, inwhich a signal processingmethod is
adopted to eliminate interferences between incident waves and reflectedwaves, resulting in a highly directional
receiving pattern.Note that themechanismof our acoustic probing scheme is totally different from the highly
directive-sensitive detection by an acousticmetamaterial with a near-zero-index [42].

2.Hybrid resonance and anti-resonance

By couplings between two differentHelmholtz resonators (see in figure 1(a)), hybrid resonance and anti-
resonance are adopted to obtain the local phase of reflectedwaves. Figure 1(b) shows the phase for a soundwave
normally incident on ametasurface, which is extracted from the reflection coefficient, given in appendixA. For
ametasurfacewith each unit cell being constructed by two different resonators ‘A+B’, the phase-frequency
curve lies above that of two identical resonators ‘A+A’(or ‘B+B’)due to an anti-resonance located between two
different hybrid resonances, which is investigated in appendixB and beingmarked infigure 1(b). The phase of
reflectedwaves at the anti-resonance point ( f=0.19c0/Λ) is 2π, but for ametasurface constructed by identical
resonators, a 2π phase is obtained at a higher frequency, for example, f=0.324 8c0/Λ for ‘A+A’, whichmeans
the thickness of lens can be reduced by the adoption of anti-resonance. By tuning resonant frequencies of
resonator A andB, i.e. tuning the anti-resonance point, the slope of phase-frequency curve can be approximated
as a constant over a broadband as shown infigure 1(b), which is used to design an achromaticmetalens. In

Figure 1. (a)Aunit cell consisting of two coupledHelmholtz resonators A andBwith different cavity heights h1 and h2, respectively.
Corresponding dimensions of resonator: the size of throat a=0.125Λ, the length of throat b=0.05Λ, thewidth of cavity
w=0.375Λ, and the height of cavity h1=1.522 5Λ and h2=0.484 2Λ, whereΛ denotes the length of unit cell. (b)The phase of
reflectedwaves for a soundwave normally incident on ametasurface, with each unit cell being constructed by a combination of two
resonators. In addition, hybrid resonance and anti-resonance for two coupled resonators A andB aremarked by dotted lines.
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addition, hybrid resonance1 and hybrid resonance2marked infigure 1(b) are at frequencies near resonances of
resonator A and resonator B, respectively.

It is illustrated infigures 2(a) and (c) the distributions of sound pressure p and normal velocity uz at
frequency of hybrid resonance f=0.128c0/Λ, where only resonator A vibrates strongly. However, the anti-
resonance leads to sound pressures being out of phase in two different cavities (see infigure 2(b)). By the discuss
in appendixB, an anti-resonance occurs when the total volume velocity over a unit cell is zero. It is shown in
figure 2(d) the distribution of normal velocity uz at frequency of anti-resonance f=0.19c0/Λ, where air
vibrations at the inlets of twoHelmholtz resonators are out of phase, and the average velocity over a unit cell
is zero.

3. The design of achromaticmetalens and experimental confirmation

For an achromatic reflectedmetalens (see infigure 3(a)), the local phases of reflectedwaves for the nth unit cell
and thefirst unit cell,fn andf1, follow a simple relation

f f+ + = + +k x f k x f , 1n cn c
2

0
2

1 1
2

0
2 ( )

where f0 is the focal length, xcn is the center position of the nth unit cell, k=ω/c0 is thewavenumber. The
reflected phasefn of the nth unit cell, represents the phase retardation due to the sound propagation inside
resonators, while the term +k x fcn

2
0
2 represents the phase retardation due to the sound propagation from the

center position of the nth unit cell to the focal point, therefore, the left-hand side of equation (1) represents that
the phase retardation between thewave generated by the nth unit cell and the normally incident planewave. And
the equality constraint in equation (1)means the same phase retardation for each unit cell, resulting the acoustic
focusing by the constructive interference. It is also seen from equation (1) that if the phase differencefn−f1

has a linear dependence on frequency, then the focal length has no dependence on frequency. Although the
reflected phasefn can be a function of frequencywith arbitrary dependence, an approximate linear dependence
on frequency is chosen in the range of frequencies of interest. This is because that the reflected phase at the edge

Figure 2.Distributions of sound pressure p and normal velocity uz. (a) and (c) represent distributions of real part of pressure p and
imaginary part of normal velocity uz at frequency of hybrid resonance f=0.128c0/Λ, whereas (b) and (d) represent distributions at
frequency of anti-resonance f=0.19c0/Λ. Note that parameters are the same as that forfigure 1.
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ofmetalens is smaller than that near the center, and if the reflected phase at the edge is set to zero, the reflected
phasef1 near the center determined by equation (1) has a linear dependence on frequency. Note that the linear
frequency dependence is difficult to achieve, therefore, an optimizing procedure is adopted to design the
metalenswith a constraint that the reflected phase is an approximate linear dependence function of frequency.

Ametalens is initially designed from equation (1) and then optimized bymaximizing the following objective
function J
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where the scattered pressure p x y,s∣ ( )∣ is obtained by the boundary integralmethod in appendixC, (x0, y0) is a
predetermined position of focus, (xmax, ymax) is a position ofmaximum p x y,s∣ ( )∣, and S denotes a zone inwhich
the scattered pressure is calculated. The term S p x y p x y S, , ds s s0 0

2 2∬∣ ( )∣ ∣ ( )∣ suppresses unwanted side-lobes in

the zone S, whereas the exponential term in equation (2) plays a role to reduce focus deviation over a broad
frequency band. For a large value of γ, the value of exponential term changes slowlywhen the focusing position
deviates from the predetermined position, and thus the ability to reduce focus deviation is weak. For a small
value of γ, the ability to reduce focus deviation is enhanced, however, the unwanted side-lobesmay appear due
to the exponential termdominating the objective function in this situation. After several attempts, the value of γ
is then set to 2 in simulation. A particle swarmoptimization algorithm is adopted to obtain the best parameters
with 21 discrete frequency points in the range from2800 to 5600 Hz.

The corresponding optimized cavity heights h1 and h2 for each unit cell are listed in table 1. For unit cells
numbered from1 to 8 are constructed by two differentHelmholtz resonators,marked byA andB infigure 3(a),
whereas for unit cells numbered from9 to 12 are constructed by two identical Helmholtz resonators,marked by
A andA. The phase-frequency curves for 12 unit cells are illustrated infigure 3(b), where the large phase
retardation near the center ofmetalens and the small phase retardation near the edge ofmetalens are obtained to
compensate geometrical acoustical path difference over a broad frequency band. It is noted that this distribution
of unit cells is not a direct result from the optimization procedure by the boundary integralmethod. Since the
existence of anti-resonance induced by two different resonators provides the larger phase retardation than that
of two identical resonators as shown infigure 1(b), we choose the unit cells of different resonators near the center
and the unit cells of identical resonators near the edge.More specifically, the cavity height of the 12th unit cell is
chosenwith the predetermined small value, and from the reflected coefficient we obtain the local phasef12,
which is then substituted into equation (1) to get a reference curve of reflected phase for thefirst unit cellf1ref.

Figure 3. (a)Aphoto of 3Dprintedmetalens and the detailed distribution of 12 unit cells for half ofmetalens due to symmetry, where
the size of throat a=0.125Λ, the length of throat b=0.05Λ, the width of cavityw=0.375Λ arefixed.Note that for a planewave
normally incident onmetalens, the focal length f0 is 10Λ, three times the central wavelength at frequency f=4200 Hz. (b)
Dependence of phases of reflectedwaves on frequency, where the number (1, 2,L, 12) in legend corresponds to unit cellsmarked in
(a).

Table 1.The cavity heights h1 and h2 for 12 unit cells.

Unit cell 1 2 3 4 5 6 7 8 9 10 11 12

h1(Λ) 1.5225 1.5223 1.4043 1.2487 1.1030 0.9927 0.9264 0.8680 0.7079 0.6131 0.3010 0.1241

h2(Λ) 0.4842 0.4725 0.4430 0.4606 0.3513 0.3499 0.2185 0.1776 0.7079 0.6131 0.3010 0.1241

4

New J. Phys. 22 (2020) 023006 PWang et al



Note that f1ref in the range of frequencies of interest is an approximate linear dependence function of frequency.
Byminimizing the objective function f f-i iexp exp1 1ref∣ ( ) ( )∣using a particle swarmoptimization algorithm,
we obtain optimized cavity heights of the first unit cell, then the optimized cavity heights of the nth unit cell is
obtained byminimizing the objective function f f-i iexp expn 1∣ ( ) ( )∣. The above optimization procedure leads
to a distribution of the optimized cavity heights, i.e. the unit cells from9 to 12 are with identical resonators and
the rest aremade of different resonators.With this distribution, the cavity heights are further optimized by the
boundary integralmethod using the objective function equation (2), inwhich the intercell coupling is
considered.

To test the design parameters by the boundary integralmethod, we use theCOMSOLMultiphysics software
to simulate the performance of achromatic focusing by choosing the length of unit cell asΛ=2.45 cm. The
simulated scattered amplitude along the axis ofmetalens (x=0 cm) is plotted infigure 4(a) for a normally
incident planewave of unit amplitude without considering the viscous friction due to the existence of narrow
channels. It is observed that, in the range from2800 to 5600 Hz, the scattered amplitude at the focal point for the
high frequency part is larger than that for the low frequency part due to afixed size ofmetalens. And owing to the
reflected phase shown infigure 3(b), which does not perfectly satisfy equation (1), the scattered amplitude at the
focal point infigure 4(a) shows a slightfluctuationwith frequency. Note that for the frequency lower than
2800 Hz, although acoustic focusing can still be obtained, the focusing positionmoves slowly toward the
metalens, whereas for frequency higher than 5600 Hz, the reflected acoustic field becomes complex and the
unwanted side-lobes appear in the zone of focusing. For comparison, when the effect of the viscous friction is
considered, although themaximum scattered amplitude is reduced, the viscous friction has a neglected effect on
the focusing position as shown infigure 4(b). Note that the following simulated results are obtained by
considering the effect of the viscous friction. In addition, figure 5 gives the scattered amplitude p x z,s∣ ( )∣ for a
planewave normally incident on themetalens at four frequencies, and sound energy is focused at the
predetermined focusing position, except for a slight shift in the focus position at low frequency.

Although the achromatic reflectedmetalens is designed under normal incidence of planewaves, it works
well for focusing the acoustic field of a point source. The simulated scattered amplitude along the axis of
metalens (x=0 cm) is plotted infigure 6(a) for a point source at position (0,−217 cm). In order to compare
with the results obtained under normal incidence of planewaves, the incident amplitude of a point source at the
center ofmetalens is normalized to unity. By comparing figures 4(a) and 6(a), it is found that the focal length for
the incidence of a point source is larger than that of planewave. This is because that the point source is located in
the near-field zone, L2/λ>217 cm,where L≈59 cm is the aperture of the lens. Figure 6(b) give the frequency
dependence of scattered amplitude along a line, which passes through the focal point and is perpendicular to
the axis.

Then an experiment is carried out to confirm the theoretical predict. Figure 3(a) shows ametalens of 24 unit
cells and of thickness 4 cm (along the z-axis), which is fabricated by 3Dprinting. Note that twowalls
perpendicular to the y-axis are added to themetalens and their thickness is 2 mm.Themetalens is sandwiched in
between twoPlexiglas plates of dimensions 3 m×2m×8mm, the edge of which is closed by anechoic walls. A
loudspeaker is placed at a distance 217 cm from themetalens to radiates eight cycles of sinewaves in the
frequency range from2800 to 5600 Hz. A probemicrophone ismoved in 5mmstep by a steppingmotor to

Figure 4. Frequency dependence of scattered amplitude p x z,s∣ ( )∣ along x=0 cm for a normally incident planewave of unit
amplitude. (a) For the simulated result without considering the viscous friction due to the existence of narrow channels, and (b) for the
result with viscous friction. Note that the predetermined focusing position is (0,−24.5 cm) for a normally incident planewave.
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detect acoustic field along twomeasurement linesmarked infigure 3(a). All the receiving acoustic signals are
achieved by theNational Instruments PXI-6733 and PXI-4496. By the subtraction of sound pressure being
measuredwith andwithout the aid of acousticmetalens, Figure 6(c) and (d) give the experimental scattered
amplitude, which are consistent with theoretical predictions.

Figure 5.The scattered amplitude p x z,s∣ ( )∣ for a planewave of unit amplitude normally incident on themetalens at four frequencies,
(a) f=2800 Hz, (b) f=3800 Hz, (c) f=4800 Hz, and (d) f=5600 Hz.Note that dashed lines represent predetermined focusing
positions, where the focal length is f0=10Λ=24.5 cm.

Figure 6. Frequency dependence of scattered amplitude p x z,s∣ ( )∣ along x=0 cm, and z=−31 cm. Simulated results in (a) and (b)
are obtained for a point source located at position (0,−217 cm), where the focusing position is (0,−31 cm), and the corresponding
experimental results are given in (c) and (d). Note that the incident amplitude of a point source at the center ofmetalens is normalized
to unity.
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4.Highly directional and long-distance acoustic probing scheme

In this section, a highly directional and long-distance acoustic probing scheme is proposed by a combination of
an achromatic reflectedmetalens and triple sensors separated by a subwavelength interval, and its performance
is tested by an experiment.

Usually, when a sensor is located at the focal point position of reflectedmetalens, the received signals are
enhanced, resulting in a long-distance probing. In addition, the focal point position is also sensitive to the angles
of incident waves. The scattered amplitudes at four different azimuth angles infigure 7 are obtainedwhen a
source is located at a distance 217 cm from the center ofmetalens, where the incident amplitude at the center of
metalens is normalized to unity. It is shown that the scattered amplitude is high at the predetermined focusing
position for the normal incidence, and the position of themaximum scattered amplitude deviates from the
predetermined focusing positionwhen the incident angle deviates from the normal, leading to a decrement of
the scattered amplitude at the predetermined focusing position, which provides a possibility to design a highly
directional acoustic sensor. Figure 8(a) shows the simulated beampatterns of an omnidirectional sensor at the
focal point with andwithout the aid of achromatic reflectedmetalens. Owing to the interferences between the
incident waves and reflectedwaves, the beampatterns varywith frequency for a sensor with the aid of reflected
metalens, leading to a degraded directional performance. In order to eliminate these interferences, a signal
processingmethod is proposed by using triple sensors, which are located near the focal point, at positions
z1=−f0−Δ/2, z2=−f0, and z3=−f0+Δ/2 (see infigure 3(a)), and the corresponding pressures are
denoted as p1, p2 and p3, respectively.We assume a unit planewave, q q= +p k x k zexp i sin i cos( ), where θ is
defined as the angle with respect to the z-axis infigure 1(a),−π/2<θ<π/2 for an incident wave and
p q p< <2 ∣ ∣ for a reflectedwave.Owing to the subwavelength interval between neighbouring sensors,

Figure 7.The scattered amplitude p x z,s∣ ( )∣ at frequency f=4400 Hzwhen a source is located at four different azimuth angles θwith
respect to the center ofmetalens, (a) θ=00, (b) θ=−100, (c) θ=−300, and (d) θ=−600. Note that the dashed lines represent
predetermined focusing positions, where the focal length is f0=31 cm.

Figure 8. (a) Simulated beampatterns obtained by a single sensor with andwithout the aid ofmetalens at two frequencies, whereas (b)
for simulated beampatterns obtained using triple sensors separated by a subwavelength interval. Note that the sensors are located near
the focal point of reflectedmetalens.
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Dk 2 1 , Taylor expansion approximation is adopted to obtain an output quantity p2
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be applied to eliminate incident waves when the total soundfield consists of incident waves and reflectedwaves,
we then define a beampattern for triple sensors with the aid of achromatic reflectedmetalens as
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whereD(θ) represents the relative amplitude of reflectedwaves at the focal point for an incident wave at angle θ.
Figure 8(b) shows the simulated beampatterns obtained by triple sensors with andwithout the aid of achromatic
reflectedmetalens, where the simulated beampatterns without the reflectedmetalens are obtained by
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˜ ( ) . It is then concluded fromfigures 8(a) and (b) that a highly directional

beampattern (themainlobewidth about 80) is achieved by a combination of a signal processingmethod
(equation (4)) and an achromatic reflectedmetalens. Note that a point source is located at a distance of 217 cm
away from the origin, and the positions of triple sensors are determined by choosing f0=31 cmdue to the
experimental result infigure 6(c).

An experiment is carried out to test the performance of highly directional acoustic probing. Bymoving a
loudspeaker along a circle of radius 217 cm,which is centered at origin, seven nominal incident angles, θ=00,
q = 50, θ=±100, θ=±150, are chosen according to the dimensions of thewaveguide. Three sensors are
located at positionsmarked infigure 3(a), where f0=31 cm is chosen according to the experimental result in
figure 6(c). Figures 9(c) and (d) give experimentalmeasurements of beampatterns with the aid of achromatic
reflectedmetalens in the frequency range from2800 to 5600 Hz. For a single sensor, owing to the interferences
between the incident waves and reflectedwaves, themeasured beampatterns are not uniformwith frequency,
which is consistent with the numerical simulation infigure 9(a), however, for triple sensors, the interferences are
eliminated by equation (4), resulting in a highly directional beampattern, which is also confirmed by the
numerical simulation infigure 9(b). Note that when a source is located in the far-field zone, i.e. lr Ld

2 (rd, a
distance between the point source and achromatic reflected lens), the triple sensors should be located near the
focal point ( f0=24.5 cm).

5. Conclusion

In conclusion, an achromatic reflectedmetalens is developed based on hybrid resonance and anti-resonance
induced by couplings between twoHelmholtz resonators, where the anti-resonance plays a role in reducing the
thickness ofmetalens. Theoretical and experimental results demonstrates that the position of focal point has a
veryweak frequency dependence over a broadband. Different from the application of achromaticmetalens for
full-color camera in optics [2–5], here a highly directional and long-distance acoustic probing scheme is
proposed by a combination of achromatic reflectedmetalens and triple sensors separated by a subwavelength
interval, inwhich a signal processingmethod is presented to eliminate the interferences between incident waves
and reflectedwaves, resulting in a highly directional beampattern confirmed by an experiment. Although no
interference exists between incident waves and transmittedwaves for an achromatic transmitted lens, an
achromatic reflected lens has advantages in focusing efficiency and bandwidth, which is a good choice for a long-
distance acoustic probing. Note that when the physical size of sensor is normalized by the operatingwavelength,
our designed directive sensor is competitive with respect to the directive transducer in themarket, such as
Simrad ES 70-11 of beamwidth 110 and Simrad ES70-7C of beamwidth 70, which are the 70 kHz split beam echo
sounder transducers inwater. Since the reflectedmetalens plays a role in focusing acoustic waves, themain
advantage of our design is that a highly directional acoustic probing can be achievedwith amuch smaller
number of piezoceramic elements than that adopted by the directive transducer inmarket, which is very
attractive in low frequency underwater acoustic probing.

On one hand, our result has demonstrated that anti-resonance provides an extra degree of freedom to
control local phases of reflectedwaves, which can be used forwavefrontmanipulation, such as themetasurface
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carpet cloaking [43]. On the other hand, the highly directional acoustic probing scheme can be extended to
design a highly directionalmonostatic transducer at a low cost, whichmayfind its application in underwater
warning.
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AppendixA.Derivation of reflection coefficient

Weassume a unit incident sound pressure, q q= +p k x k zexp i sin i cosinc ( ), where θ is defined as the angle of
incidencewith respect to the z-axis infigure 1(a). According to Floquet’s theory, sound fields on the side (z<0)
can be expanded in series, = å b a+p r er n n

k x k zi n n , where rn being the reflection coefficient of the nth diffraction
orderwith the horizontal wavenumber b q p= + Lk k nsin 2n , and the vertical wavenumber

a b= -k ki 1n n
2 , for n=0,±1,±2,L. Since theworking frequency ismuch lower than the cutoff, the

planewave approximation is used for thewaves in the inlet ofHelmholtz resonator. By introducing volume
velocitiesU1(0) andU2(0) at positions x1=−Λ/4 and x2=Λ/4, inwhich x1 and x2 denote the inlets of
Helmholtz resonators A andB, respectively.We then obtain from the continuity of normal velocity at boundary
z=0

d a q a q= - F - F-
S

-
Sr i R U i R U0 0 , A1n n n n n n0

1
1 1

1
2 2( ) ( ) ( ) ( ) ( ) ( ) ( )

whereRΣ=ρ c/Λ, òq bF = --
-

+
b k x xexp i dn x b

x b
n1

1
2

2

1

1( ) ( ) , and òq bF = --
-

+
b k x xexp i dn x b

x b
n2

1
2

2

2

2( ) ( ) . By

introducing an average pressure p 01¯ ( ) and p 02¯ ( ) at positions x1=−Λ/4 and x2=Λ/4, respectively, we obtain

Figure 9.With the aid of achromatic reflectedmetalens, (a) and (b) are for the simulated beampatterns by a single sensor and triple
sensors, respectively, whereas (c) and (d) are for experimentalmeasurements.
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from the continuity of sound pressure at boundary z=0

qF = + +Z Z U Z U2 0 0 , A210 11 1 1 12 2* ( ) ( ) ( ) ( ) ( )

qF = + +Z U Z Z U2 0 0 , A320 21 1 22 2 2* ( ) ( ) ( ) ( ) ( )

whereZ1 andZ2 are acoustic impedances ofHelmholtz resonators A andB, respectively. And the other physical
quantities a q= å F-

SZ i Rn n n11
1

1
2( ) ∣ ( )∣ , a q q= å F F-

SZ i Rn n n n12
1

1 2*( ) ( ) ( ) , a q q= å F F-
SZ i Rn n n n21

1
2 1*( ) ( ) ( ) ,

andZ22=Z11 represent couplings amongHelmholtz resonators. By substitutingU1 (0) andU2 (0) (the solution
of equation (A2) and equation (A3)) into equation (A1), we get the reflection coefficient r0 at incident angle
θ=0, fromwhich the local phasef of reflectedwaves can be extracted. Note that the reflection r0 obtained at
the large incident angle is not very accurate, especially when the averages of normal velocity and pressure over
the inlet become invalid at high frequency.

Appendix B. Anti-resonance andhybrid resonance

For a soundwave normally incident on ametasurface, with each unit cell being constructed by a combination of
two different resonators A andB, it is found that the value of reflection coefficient r0 in equation (A1) is 1 if the
total volume velocity over a unit cell is zero, i.e.U1(0)+U2(0)=0, which is consistent with the definition of
anti-resonance. Then, by letting r0=1, i.e. the local phasef is zero (or 2π), we obtain a condition of anti-
resonance

+ + - =Z Z i Z ZIm 2 2 0, B12 1 11 12( ) ( )

where Im() denotes the imaginary part. If couplings amongHelmholtz resonators are neglected, then
equation (B1) is simplified as

+ =Z Z 0, B22 1 ( )

Fromwhichwe know that anti-resonance occurs between two different resonances [29]. In addition,
equation (B2) is consistent with the condition of acoustic transparency investigated in [38–40]. Note that for two
identical Helmholtz resonators (Z1=Z2), only if acoustic impedance = ¥Z1 , then r0=1 is satisfiedwith
U1(0)=U2(0)=0.

It is well known that hybrid resonance occurs when an effective acoustic impedance over a unit cell is zero,
resulting r0=−1. A condition of hybrid resonance is obtained

+ + - =i Z Z i Z Z i ZIm Im Im 0. B311 1 11 2 12
2( ( ) )( ( ) ) ( ( )) ( )

If two resonant frequencies of resonators A andB are far away from each other, for example, »Z Z 02 1∣ ∣ ∣ ∣
(near resonance of resonator A), equation (B3) can be simplified as, + =i Z ZIm 011 1( ) , whichmeans the
frequency of hybrid resonance ismainly determined by resonator A.

AppendixC. Scattered soundfield froma reflectedmetalens predicted by the boundary
integralmethod

In order to consider the couplings among different cells, a boundary integralmethod is introduced. Using
Green’s theorem, total pressure on the side (z<0) is

ò= + ¢
¶ ¢
¶ ¢

-
¶ ¢

¶ ¢
¢ ¢¢= ¢=p r p G r r

p r

z

G r r

z
p r x,

,
d , C1z zinc 0 0( ) ( ) ( ) ∣ ( ) ( )∣ ( )  

   

where ¢ = - ¢ + - ¢G r r
i

H k x x z z,
4

0
1 2 2( ) ( ( ) ( ) )( ) 

denotes theGreen’s function for the two-dimensional

Helmholtz equation in free space, and the integral is over the surface of reflectedmetalens. Using the equation of
motion r = ¶ ¶k c u p r zi z0 0 ( ) and the definition of specific normal acoustic impedance =Z x p us z( ) at
boundary z=0, equation (C1) is rewritten as

ò
r

= + ¢
¢

¢ -
¶ ¢

¶ ¢
¢ ¢¢= ¢=p r p G r r

k c

Z x
p r

G r r

z
p r x,

i ,
d . C2

s
z zinc

0 0
0 0( ) ( )

( )
( )∣ ( ) ( )∣ ( )      

For ¢x at rigidwall, = ¥Zs , whereas for ¢x located at the inlet ofHelmholtz resonator,Zs is expressed as,
=Z aZs H , inwhich a is the size of throat andZH represents the acoustic impedance ofHelmholtz resonator. By

discretizing the integral equation (C2), total sound pressure ¢p r( ) at the surface ofmetalens can first be obtained,
and then the scattered pressure = -p r p r ps inc( ) ( ) 

at an arbitrary position (z<0) can be calculated.
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