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Abstract

CrossMark

In this paper the general deformed boson algebra called a p-deformed boson algebra is discussed
based on the (p-addition and ¢-subtraction. The (-derivative and the realization of ¢-deformed
boson algebra are also discussed. Besides, ¢-deformed su(2) algebra (su,(2) algebra) and
supersymmetric quantum mechanics are also discussed. Seven possible p-deformed boson
algebras are discussed and p-coherent states and non-classical properties are investigated.
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1. Introduction

The ordinary boson algebra takes the following form
[a,a"l =1, [N,a]l = —a, [N,a']=d". ¢))

The first deformation of boson algebra was accomplished by

Wigner [1], who considered the following deformed algebra
ad — ata =1+ 2v(=1DN, v>0. 2)

After this, three types of g-boson algebras appeared in [2-5].
Arik and Coon [2] considered the following g-boson algebra

ad — ga'a = 1 3)

and Biedenharn [3] and Macfarlane [4] considered the fol-
lowing g-boson algebra

ad" — gd'a = gV 4)
and Odaka et al [5] considered the following g-boson algebra
ad’ — ga'a = gV. ()

These algebras were unified into the following general

deformed boson algebra (GBA) [6-8]
la,a’] = N+ 1) — ¢(N), [N,a]l = —a, [N,a']l=d,

(6)

0031-8949,/20,/035106+-13$33.00

a'a=pWN), ad = NN+ 1), @)

where ¢(x) is a positive analytic function called a structure
function with ¢ (0) = 0, and N is the number operator. The
structure function ¢ (x) contains some deformation parameters
and it reduces to x when the deformation parameters take
some special values. Later another type of deformed boson
algebras appeared in literatures: The g-deformed Wigner
algebra [9] was presented in the form

ad — ga'a = g N1 + 2v(—1)M). )

Unification of three g-boson algebra [2-5] appeared in the
following form [10]

ad — ana — an+,6' 9)

More general form of the above algebra appeared in the
following form [11]

+

ad aN+8,

—qdla=q (10)

Recently, a new kind of the deformed boson algebra appeared
by Rebesh et al [12] in the form

N+1 N
l+gN 14+gWN—-1)

la, a'] =

(11
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The deformation of ordinary boson algebra can be applied to
the thermodynamics of deformed boson gas [13-21] or to
investigation of non-classical properties of deformed coherent
states [22, 23] when photon is regarded as a kind of deformed
boson.

In this paper we discuss a general deformed boson
algebra called ¢-deformed boson algebra which is written in
terms of the y-addition and ¢-subtraction for invertible
structure function . This paper is organized as follows: in
section 2 we discuss -deformed boson algebra. In section 3
we discuss (-derivative, (-integral and realization of
p-deformed boson algebra (infinite Fock space). In section 4
we discuss supersymmetric quantum mechanics (SQM). In
section 5 we discuss possible structure functions. In section 6
we discuss p-deformed boson algebra as a Hopf algebra. In
section 7 we discuss -deformed su(2) algebra (su,(2) alge-
bra). In section 8 we discuss ¢-coherent states and non-
classical properties.

2. o-deformed boson algebra

The GBA (1) is written in terms of the commutator
[A, Bl = AB — BA. In this paper we will introduce the
(p-addition and (-subtraction to change the commutator into
the ¢-deformed commutator AB © BA. We will show that all
GBA can be written with a help of ¢-deformed commutator in
the form aa’ © a'a = 1. Here and from now on we demand
that ¢ (x) should obey

e0) =0, o) =1 (12)

2.1. p-addition and @-subtraction

Now let us consider p-deformation of an ordinary addition
and subtraction.

Definition 2.1. For invertible structure function (x),
(p-addition is defined as

x@y =@ '@+ o ') (13)
Proposition 2.1. The p-addition obeys the following:

x®y=y®x, (14)

xS (YP)=xDy Oz (15)

Proof. It is simple. d

Proposition 2.2. The p-additive identity is 0.

Proof. Using the equation (12), we have x@® 0=
e 1(x) + 0) = p(p~!(x)) = x, which completes the
proof. O

Definition 2.2. The p-additive inverse of x denoted by Ox is
defined through

x® (Ox) =0. (16)

Proposition 2.3. The p-additive inverse of x is given by

Ox = p(—=¢ ). a7

Proof. It follows from o~ '(x) + ¢~ '(© x) = 0. O
Definition 2.3. The y-subtraction is defined as

xOy=x8(0y =l '®) - ¢ ') (18)

2.2. p-deformed boson algebra

In this subsection we will derive p-deformed boson algebra in
an algebraical way with a help of (-addition and
(p-subtraction.

Proposition 2.4. All p-deformed algebras are written as

adt ©a‘a=1, |[N,a]l= —a, [N,a'l=ad, (19)

where
a'a = p(N) (20)

and ¢0) =0, ¢(1) = 1. Thus,
algebra can also be written as

the -deformed boson

ad" = (1 + ¢~ Ya'a)). 21)
Proof. From the relation (20) we have
N = o (d'a). (22)
From the equation (19) we get
ad' =1 & a'a, (23)
which gives
ad =1 ® oN) = ¢(1 + N), (24)
which completes the proof. O

Proposition 2.5. When ¢ (n) > 0 forn = 0, 1, 2,---, the Fock
representation of the p-deformed boson algebra is as follows:

Nin) = nln), n=0,1,2,, (25)
aln) = Je@) In — 1), (26)
a’ln)y = Jom + 1) |n + 1). 27)
Thus, we have infinite Fock space.
Proof. It is simple. 0
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Proposition 2.6. When ¢(n) >0 for n=0,1,---,p and
pp+ 1)=0for p=1,2,-, we have the (p + 1)-dimen-
sional Fock space. In this case, the Fock representation of the
p-deformed boson algebra is as follows:

Nln) =nln), n=0,1,--,p (28)
a|n>:\/m|n— ), n=0,1,--,p (29)
alny = Jom + D n+1), n=0,1,---,p— 1 (30
a’lp) = 0. (€29

Thus, we have finite Fock space. In this case we also have

a’tl = (@"HPt = 0. (32)
Proof. It is simple. O
3. ¢-derivative, p-integral and realization of
p-deformed boson algebra (infinite Fock space)
Now let us introduce @-derivative to discuss realization of
p-deformed boson algebra. Here we will restrict our interest
to infinite Fock space.
3.1. p-derivative

Definition 3.1. The ¢-derivative DY is defined as follows:

Dfx" = p(mx"!, n=0,1,2,- (33)
Imposing the equation (12) we have
D7 (1) = 0. (34)

Proposition 3.1. The @-derivative DY can be written as

1 1
Df = —p(x0) = 1+ x0)0, 35
xw( ) 10 ©( ) (35)
where
o4
dx
Proof. From ¢(0) = 0, we can set
ex) =Y axk (36)
k=1
Thus we have
Dix" = lw(xa)xn _ > cr(x)kxn
X X k=1
1 oo
==Y anfx" = p(m)x" L 37)

X k=1

Besides, we have

DY = 1 Z @ =" cr(0x)* 10

k=1 k=1
I & 1
=—) qOx)0 = 1 + x0)0. 38
R kz::l % (Ox) 120 o( ) (38)
This completes the proof. O

Proposition 3.2. The @-derivative DY is linear

Proof. We have D?(aF(x) + bG(x)) = aD?F(x)+
bD? G (). O

3.2. p-integral

Definition 3.2. The p-integral is defined as

1
d_xF (x) = F
J 4aF @ = ——6F )
1
= [d—— (1 +x0F®). (39
e UL LI
Proposition 3.3. The @-integral and p-derivative obey
f dxDfF (x) = Df f d xF (x) = F(x). (40)

Proof. From the definition of p-integral and ¢-derivative, we

have
f d xD¢F (x) = (DF (x)) = F(x) 1)
©(xd)
and
© —
Dy fdwcF(x) 1o xaga(l + x0)0
xf (1 4 X0 F () = F). (42)
o(1 + x8)
This completes the proof. d

3.3. p-exponential function

Definition 3.3. The p-exponential function e, (x) is defined as
follows:

> 1
e,(x) = Z —x" 43)
n=0 p(n)!
Proposition 3.4. The p-exponential function obeys
Dfe,(x) = ey (x). (44)

Proof. It is simple. g
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Proposition 3.5. For the p-exponential function the following
holds:

ep(x)egs(y) = egs((x + y)ga), 45)
where
<1
e+ ) => ——x+y) (46)
n=0 (P(n)'
and
" (n
+ ” — k n—k,
&+ )5 ](Z:%(k)vx y
n p(n)!
= 7 47
(k)p (k) p(n — k)! 40
Proof. It is simple. O

From the definition of the y-exponential function, we can
define the following function:
e (a: x) = [e,(x)]°. (48)
Then we have
Dye,(a: x) = aey(a: x). (49)

Definition 3.4. The (-hyperbolic functions are defined as
follows:

cosh,(a: x) = %(ew(a: x) + ey(a: —x)), (50)

sinh,(a: x) = %(eda: x) — ey(a: —x)). (29

Proposition 3.6. For the p-hyperbolic functions, the follow-
ing holds:

Dy coshy(a: x) = asinhy(a: x), (52)
Dy sinh(a: x) = a cosh,(a: x). (53)
Proof. It is simple. 0

3.4. Realization of p-deformed boson algebra

In order to have a functional realization of this representation,
we consider the space P of all polynomials in one supple-
mentary variable x, and introduce its basis of monomials;

xn

— e, = s 54
[n) < e,(x) Toon (54)

where
eM!=pmen —1) - p2)p(l) (55)

and

eO)!=0!=1. (56)

Proposition 3.7. Acted on analytic function 1 (x) € P, the
operators of the p-deformed boson algebra with infinite Fock
space can be realized as follows;

N=x0, a=Df, a=nx. (57)
Then we have
[Df, x] = p(x0 + 1) — p(x0). (58)
Proof. Using the equation (54) we have
x" x"
Ne,(x) = x0 =n = ne,(x), 59)
(x) = x—= 2 G Denn®
ae,(x) = x = =Jpn + 1)e,+1(x),
Jom!  Jom)!
(60)
n n—1
dle,(x) = Df —— = p()———= = () es_1(x).
Ve m)! w(m)!
(61)
The derivation of the equation (58) is as follows:
Dx = lc,o()ca)x = 1 Z (k0 x = Z cr (Ox)k
X X k=1 k=1
=Y a(l + x0)F = (1 + x0), (62)
k=1
which completes the proof. O

4. Supersymmetric quantum mechanics (SQM)

The simplest SQM for ¢-boson and ordinary fermion is
expressed in terms of two supercharges

Q. = Jhwaft, Q_ = Jhwdlf,
where a, a' are step operators of ¢-deformed boson algebra
and f, fT are fermion’s step operators obeying {f, fT} =
Lf*= (" =0.

Proposition 4.1. For p-boson and fermion, the SOM algebra
is given by

02=0, {Q,,0_}=H, [H 0:=0,

(63)

(64)

where
H = hwep(N, + Nr) (65)

and N, and Np denote number operators of p-boson and
fermion, respectively.
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Proof. We have

{0+, O} = hw(@N, + DNk + ¢(N,)(1 — Nf))
= TwleNy) + (p(N, + 1) — p(Np)NF]

= fwp(N, + Nr) (66)

which completes the proof. d

5. Possible structure functions for infinite Fock
space

In this section we discuss some interesting choices of ¢ (x) for
infinite Fock space.

5.1. Case I: boson algebra
Now let us consider the boson algebra
[N, a] = —a.

adt —a‘a =1, [N, a'] =a, (67)

This algebra has infinite Fock space and we have N = a'a.
The first relation of the equation (67) is the same as

adt © ata =1, (68)
where O is the ordinary subtraction.
5.2 Case ll 2]
Now let us consider the following g-boson algebra [2]
ad" — ga'a =1, [N,a']l=a', [N,a]= —a. (69)

This algebra has infinite Fock space for ¢ > 0. The Fock
space is not well defined for complex g because a' cannot be
regarded as Hermitian adjoint of a. The algebra (69) gives the
following relation
a'a = q" — 1,
qg—1

which implies that the structure function and its inverse are
given by

(70)

X

e =L =1 = L+ @ -na. @
Ing

qg—1

Then, ¢-addition and ¢-subtraction is defined as

x@y=x+y+ (g — Dxy, (72)
x —

x@yzilﬂq_yl)y. (73)

The first relation of the equation (69) is the same as
ad" © a'a =1 (714)

because we have

ad =1 @ a'a (75)
=1 @ ¢(N) (76)
=14+ oN) + (g — DeWV) (717
=1+ a'a+ (g — Da'a (78)

=1 + gd'a. (79)
5.2.1. p-deformed derivative and o-deformed integral. The
p-deformed derivative is given
1
Dy = T, - D), (80)
(q—Dx*
where
T,=q". T,F(x)=F(q). 81)
The deformed Leibnitz rule for p-deformed derivative is
Df(F(x)G(x)) = (DYF (x))G(gx) + F(x)DYG(x).  (82)
The ¢-deformed integral is given by
[ dnF = =g - 1) aF )
= -9 ¢"xF(g"). (83)

n=0

The @-deformed exponential function obeys the following
relation

ep(qx) = (1 + (¢ — Dx)e,(x). (84)

5.3. Case Il [3, 4]

Now let us consider the following g-boson algebra [3, 4]

ad — ga'a =q N, [N,a"l =a', [N,al=—a. (85

This algebra has infinite Fock space for g > 0. When
g =e™/Pth p =12, 3, ...is a complex number, we have
finite dimensional Fock space because ¢ (p + 1) = 0. The
algebra (85) gives the following relation

N _ N
ata = %,

q9—49
which implies that the structure function and its inverse are
given by

(86)

p(x) = qx__iqu,
Pl = Lln[l((q — g Hx+ g —gHx*+ 4)].
Ing 2

87)

Then, (p-addition and p-subtraction is defined as

rer= %(x‘/4 +q — g DY 34+ (g — g ),
(88)

rOr= %("\/4 +(a =g =4+ - D).
(89)
The first relation of the equation (85) is the same as
ad" © a'a =1 (90)

because we have
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ad =1 @ a'a ©n
=1 @ pW) 92)
1
= 5(\/4 +(q— g VoW +eWN)g+q ) (93)
1
=S4+ @  — g +dlag gy O
1
=@ +a 2qd'a — (q — g Ha'a) (95)
. 1
=gad'a + E(qN +q " —@G" —q") (96)
=gqda+ qN. (CH)
5.3.1. p-deformed derivative and p-deformed integral. The
p-deformed derivative is given
, 1
Df=—— (T, - T, Y. 98
TErE .

The deformed Leibnitz rule for ¢-deformed derivative is

D7 (F(x)G(x)) = (DYF (x)G(gx) + F (g~ x)D{ G (x).
99)

The -deformed integral is given by
[ a0 =g = a0 - 17 1 F )

=(q — qfl)i q 2" xF (g %).  (100)
n=0

The ¢-deformed exponential function obeys the follow-
ing relation

ep(gx) — ep(q™'x) = (g — g~ Hxey (). (101)
5.4. Case IV [5]
Now let us consider the following g-boson algebra [5]
ad” — qa%a =gV, [N, a'l=a’, [N,al =—a. (102)

This algebra has infinite Fock space for ¢ > 0. The Fock
space is not well defined for complex g because a’ cannot be
regarded as Hermitian adjoint of a. The algebra (102) gives

the following relation
a‘a = NgV—1, (103)

which implies that the structure function and its inverse are
given by

P =3, @) = —Wgxing),  (104)
Ing
where W (x) is Lambert function, which is defined as
x=ye¥ = y=W(x). (105)

Then, ¢-addition and ¢-subtraction is defined as

x@y=xe"@no 4 yNaxing, (106)
x Oy =eWarhg xNaylng _ yWigring)y (107)
where we used
X
W(x) = In o (108)
The first relation of the equation (102) is the same as
aa* © afa =1 (109)
because we have
adt =1@ a’a (110)
=1 @ ¢(N) (111)
= WangeW) 4 H(N)eWano (112)
= WWe¥Ing) | 4tV @Ing) (113)
=eNa 4 gafa (114)
=q" + qda, (115)
where we used
W(gIng) = Ing. (116)

5.4.1. p-deformed derivative and p-deformed integral. The
(p-deformed derivative is given
Dy = T,0. (117)

The deformed Leibnitz rule for (o-deformed derivative is
Dy (F(x)G (x)) = (DY F (x))G(gx) + F(gx) Dy G (x).

(118)
The -deformed integral is given by
fd¢xF(x) - fdxF(q* ). (119)
The ¢-deformed exponential function obeys
T,0e,(x) = e,(x) (120)
or
De,(x) = ey(q~ ). (121)
Here we have
o qf%n(n— 1)
ey(x) = Z —'x". (122)
n=0 n.

5.5. Case V [12]

Now let us consider the following g-boson algebra [12]
N+1 N

[a, a'] = — .
1+ gN l+qgWN-1)

(123)
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This algebra has infinite Fock space for ¢ > 0. The algebra
(123) gives the following relation

B N
l+qgWN-1)

which implies that the structure function and its inverse are
given by

a‘a

(124)

X 1 (I - g)x
X)) = ——"6——, X)) = —>—. 125
) T (%) . (125)
Then, (p-addition and ¢-subtraction is defined as
XDy = w, (126)
1 —g°xy
X—Y
XO0y=—"7"7-. (127)
1 — 2qy + q%xy
The algebra (123) can be written as
ad" © afla =1, (128)
which gives
ad + 2q — a'a =1 + ¢*a(ah)?a. (129)
The algebra (123) can also be written as
(1 + gN)ad" — (1 + g(N — 1))a’a = 1. (130)
5.5.1. p-deformed derivative and p-deformed integral. The
p-deformed derivative is given
pr=L x0 — 1 5 s
x\l+qgxo—1) 1 + gx0
The -deformed integral is given by
fd,,ng(x) - fdx(l + gxd)F (x). (132)
The ¢-deformed exponential function obeys
e (x) = (1 — gx)u. (133)
5.6. Case VI
Now let us consider the following structure function
1
px) = x(1 + gx), (134)
1 +¢
-1+ 1 + 4gx
e ') = (1 + 61)[—)- (135)
2q
Then (-addition and ¢-subtraction read
1
x@y=4—(\/1 + 4gx + 1 + 4qy)
q
x(\/1+4qx +\/1 + 4qy — 2), (136)
1
x®y=4—(\/1 + 4gx — \/1 + 4qy)
q
X (J1 + 4gx — 1 + 4qy + 2). (137)

From the ¢-deformed boson algebra

adt © a'a =1, (138)
we have the ¢-deformed boson algebra
2
[a,a] =1+ —L_N. (139)
l+¢

When ¢ > 0, all states in the Fock space have positive-defi-
nite norm for all n, hence we have infinite dimensional Fock
space. When g = —ﬁ < 0, states have positive-definite
norm for n < p and ¢(p + 1) = 0, hence we have finite
dimensional Fock space.

5.6.1. ¢-deformed derivative and p-deformed integral. The
p-deformed derivative is given
, 1
Df = ——3(1 +qxd) =1+ —Lxalo.  (140)
I +gq I+g¢
The ¢-deformed integral is given by
1
doxF () = [dv——r—F 0. 141
o= fas—ogri.
1+¢q
The ¢-deformed exponential function obeys
e, (x) + —L—xd%,(x) = e, (x). (142)
1+gq
5.7. Case VI
Now let us consider the following structure function
tanh(gx
o) = 2@, (143)
tanh g
o lx) = ltanhfl(x tanhg), ¢q € R. (144)
q
The ¢-addition and ¢-subtraction read
xX®y= ltanh(tanh“qx + tanh!gy), (145)
q
xXQy= ltanh(tanh*l gx — tanh~!qy). (146)
q
From the ¢-deformed boson algebra
ad" © afla =1, 147)
we have the ¢-deformed boson algebra
la, "] = coshg . (148)
coshg(N + 1)coshgN
This gives the infinite dimensional Fock space.
5.7.1. ¢-deformed derivative and p-deformed integral. The
p-deformed derivative is given
D¢ = 1 anh(goy = — L [T = T} 149
x tanhg xtanhg\ T« + T,
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The (-deformed integral is given by

1
f d xF (x) = tanhgq f dxm(l T xO)F ()

= (tanh ¢)xF (x) + 2tanhgq Z (—D)re=2anxF (e—2any).

n=0 (150)
The (-deformed exponential function obeys
tanh(gx0)e,(x) = (tanh g)xe, (x). (151)

6. o-deformed boson algebra as a Hopf algebra

In this section we investigate the Hopf algebraic structure for
seven types of p-deformed boson algebras given in the pre-
vious section. For a given associative algebra A with unit, we
call A a Hopf algebra if we can define three operations in A:
the co-multiplication A, antipod S and co-unit €

A A — A x A, A(ab) = Aa)A®D)
S:A A, S(ab) = S(b)S(a)

e: A — C, e(ab) = e(a)e (b), (152)

where a, b € A and C is the field of complex numbers,
and x denotes tensor product. The operations must be con-
sistent, i.e.

(id x A)Aa) = (A x id)A(a)
m(id x S)A(a) =m(S x id)A(a)

(€ x id)Aa) = (id x €)A(a). (153)

For -deformed boson algebra, the co-multiplication A
should obey

A(ad" © a'a) =1 x L. (154)

It is well known [10] that ¢-deformed boson algebras for
cases I, II, III, IV are Hopf algebra. For case VI the
(p-deformed boson algebra is Hopf algebra with co-multi-
plication

A(N):le—&—IxN—i—(%)lxl
A@a@)=axI+1xa
AaNY=a" xI+1xd (155)
and antipod
S(N) =—-N — l—l—_q S(a) = —a, S(a') = —a" (156)
and co-unit
e(N) = ,lz'_qq’ e(a) = e(ah) = 0. (157)

For the cases V and VII, we cannot find co-multiplication A,
antipod S and co-unit ¢ obeying the equations (152) and
(153). Thus, neither case V nor VII is Hopf algebra.

7. o-deformed su(2) algebra (su,(2) algebra)

In this section we discuss the multi mode ¢-deformed boson
algebra and (-deformed su(2) algebra. Some studies on the
deformed su(2) algebra are given in [24-30].

Definition 7.1. The multi mode ¢-deformed boson algebra is
defined as follows:
[a;, a[1=6;((N;: + 1) — 9N,
[N:, aj1 = —6;a;. [N, a1 = b;a], (158)

ala;= N,  aia = o(N; + 1). (159)

In order to obtain su,(2) algebra, we use a two mode
realization called Jordan—Schwinger realization.

Definition 7.2. The Jordan—Schwinger realization is given by

Ji=alay, J =aja, Jo= %(Nl - Ny),
C= %(Nl + Ny), (160)
where
[C,J]1=0, for i==,0. (161)
Then, su,(2) algebra reads
[Jo, J:] = £/, (162)
[, J-] = @(Jo, O), (163)
where
Do, €) = 9(C = Jo + Dp(C + Jo)
—(C = Jp)p(C + Jo+ D). (164)

For su,(2) algebra we have the following representation:
1
Jolni, na) = 5(”1 — m)|ny, na),

1
Clm, ny) = 5(”1 + ny)lmy, ny),

Iy, na) = Jem)emy + Dny — 1, n5 + 1)

Jiln, na) = Jo(m + Do) m + 1,0 — 1), (165)
By introducing
m=j+m n=j-—m (166)
and
|j, m) = |y, na), 167)
we have the following representation :
Jolj, m) = mlj, m), Clj, m) = jlj. m)
Iljm)=\e(j +myp(j —m+ Dlj.m— 1)
Tiljsm) = +m+ De(j —mlj, m+1).  (168)
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Because Jy|j, j) = J|j, —j) = 0, the representation is
bounded below and above and the possible value of m is
given by

m=—j,—j+1,—j+2,--,j—=2,j—1,], (169)
where j=0,1/2,1,3/2,2,---. So we have the finite
dimensional Fock space. Applying J, to the lowest state
lj, —j) (2j + 1) times, we have

(P ), —j) =0,

and applying J_ to the highest state |j, j) (2j + 1) times, we
have

(170)

UH¥Hj, j) = 0. a71)

For seven cases we have the following su,,(2) algebras.
Case I: [/, J ] = 2J.
Case II: [J,, J.] = ¢S hp2Jp).
Case IIL: [J,, J ] = ¢ (2J).
Case IV: [/, J.] = ¢*“~ 2.

CaseV: [/, J]=
(1 — )1 4 2¢C)(24)
(= +Jo—CN(U =gl — CN(1 — g1 —Jp— CN( + g+ C)’

—2 bl + q(1 + 2C) + 2¢*(C(C + 1) — JD)].

CaseVI:[J, /] = o
1
Case VII: [J,J]= G ar (tanhg(1 + C — Jp)

tanh g(C + Jy)— tanhg(C — Jp) tanhg(1 + C + Jy)).

It is well known [31-34] that (o-deformed boson algebras
for cases I, II, III, IV are Hopf algebra. But, the cases V, VI
and VII do not give Hopf algebra structure.

8. o-coherent states and non-classical properties

In quantum mechanics, the minimum possible product of
uncertainties is characteristic of the coherent states, one of
whose definitions includes the annihilation operators for the
oscillator algebra. Now we will investigate the ¢-deformed
coherent state for -boson algebra in a similar way.

8.1. Infinite Fock space

In this case the p-deformed coherent state is defined as a
eigenvector of the annihilation operator as follows:

alz) = zlz), (172)
where z is a complex number. The normalized p-deformed
coherent states are then

1 > "

Z

NS > To

n), x=z.

|z)

(173)

Now let us show that the coherent state |z) forms a complete
set of states. To establish this, we invoke the completeness
relation;

fIZM(x) (zldpx = %I, (174)

where 11 (x) is a weight function. Inserting the equation (141)
into the equation (142), we obtain

;:jo ﬁm <n|f0 :jj(();))x”d¢x - %1, (175)
which is satisfied if
B0 = e, (e, (—) (176)
and
fow d,xe,(—x0)x" = @)L, (177)

The relation (145) is satisfied when ¢ (—x) = —@(x) which
corresponds to cases I, III, VII. Now we will prove this
simply. From the relation

[ duxes(-axy=al, a>o, (178)
0

we (-differentiate it n times with respect to a to obtain
[ dovepmanxr = a [ o=k (179)
0 k=1
Inserting a = 1 we get the equation (145).

8.1.1. Mandel parameter. Now let us discuss non-classical
properties of -deformed coherent states. We deal with
super- /sub-Poissonian structure for the p-deformed coherent
states. Commonly, photon-counting statistics of the
(o-deformed coherent states can be investigated by
evaluating the Mandel parameter Q. The @-deformed
coherent states for which Q=0,0<0 and Q > 0,
respectively correspond to Poissonian, sub-Poissonian (non-
classical) and super-Poissonian state. The Mandel parameter
is defined as

(NN - 1))

=W

— (N), (180)

where

(A) = (z)Al2). (181)

Now let us the p-deformed coherent states with small
deformation and small x for seven cases. For cases II, III and
IV, letussetqg = 1 + ¢ where € is small. For cases V, VI and
VII let us consider that g is small.

8.1.2. Case I. In this case we have Q = 0. Hence
(p-deformed coherent states is Poissonian.

8.1.3. Case ll. 1In this case we have
1
pmn) ~n|l + E(n — Del (182)
For small € and small x, we have
0=~ —%6)6. (183)
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For small x and small ¢, the p-deformed coherent states is
sub-Poissonian when e > 0 while it is super-Poissonian
when € < 0.

8.1.4. Case lll. 1In this case we have

o(n) ~ n(l + %(n2 — 1)52). (184)
For small € and small x, we have
0=~ —%62)6. (185)

For small x and small ¢, the p-deformed coherent states is
sub-Poissonian for all non-zero €.

8.1.5. Case IV. In this case we have

pmn) ~n(l + (n— 1e). (186)
For small € and small x, we have
0~ —ex. (187)

For small x and small ¢, the ¢-deformed coherent states is sub-
Poissonian when ¢ > 0 while it is super-Poissonian when ¢ < 0.

8.1.6. Case V. In this case we have

pn) ~n(l —(n— 1)q). (188)
For small g and small x, we have
0 ~ gx. (189)

For small x and small ¢, the ¢-deformed coherent states is
sub-Poissonian when ¢ < 0 while it is super-Poissonian
when ¢ > 0.

8.1.7. Case VI. In this case we have
pn) ~n(l + (n — 1)g). (190)
For small g and small x, we have
0~ —qgx. (191)

For small x and small ¢, the ¢-deformed coherent states is
sub-Poissonian when ¢ > 0 while it is super-Poissonian
when g < 0.

8.1.8. Case VII. 1In this case we have

pn) ~ n(l — %(n2 — l)qz). (192)
For small ¢ and small x, we have
0 ~ g*x. (193)

For small x and small g, the p-deformed coherent states is
super-Poissonian for all non-zero q.

8.1.9. Bunching or anti-bunching effect. To investigate
bunching or anti-bunching effects, second-order correlation
function, defined as

((a"7a?)

2) —
§70) = T

, (194)

10

where g (0) > 1 and g>M)(0) < 1 respectively indicates
bunching and anti-bunching effects. The case g®(0) =1
corresponds particularly to the canonical coherent states. For
seven cases, we have g®(0) = 1, hence there is neither
bunching effect nor anti-bunching effect.

8.2. Finite Fock space

The finite Fock space can be obtained for case III with
q= est1 and case VI with ¢ = —ﬁ wherep =1, 2,3, ---.
In this case we have (p + 1)-dimensional Fock space.

In (p 4+ 1)-dimensional Fock space, the normalized
p-deformed coherent state is given by

n

P
z
lz.p) = ¢ ) In), (195)
"o e
where the normalization is
¢ = lep, V2, x =1z >0 (196)
and
)4 X"
epp(x) = Z . (197)
n=0 (p(n)'
The ¢-deformed coherent state then obeys
¢
alz, p) = z——lz,p — 1). (198)

Cp—1
Now let us show that the coherent state |z, p) forms a com-
plete set of states. To establish this, we invoke the com-
pleteness relation;

1
> J e )y . plasad = 1 (199)

where z = |z|e? and p,(x) is a weight function. Inserting the
equation (195) into the equation (199), we obtain

o0 1
f; [e, ()] 1, (x)x"dx = ;go(n)!. (200)
Now let us set
1 P
up(x) = —ep(x)e‘x(Zakxk) (201)
T k=0
hence we get
p
Z(n + k)lay = o). (202)

k=0

The coefficients a;’s can be determined from inversion of
matrix. For the first few p’s we have the following.

Case of p = 1: In this case the equation (202) gives

(6~ )

which gives ay = 1, ¢; = 0. Thus the weighting function is

(203)

X

wx) = %e%l(x)e’ (204)
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Case of p = 2: In this case the equation (202) gives

11 2)\(ao 1
12 6fla|=]1})
2 6 24)\a2 1

which gives the weighting function

(205)

1y (x) = vz<x>e*("9(2) 2 @)
T 2

+ (—l + @)ﬂ).
2

4
Case of p = 3: In this case the equation (202) gives

1 2 6

2 6 24

6 24 120
24 120 720

(206)

ao 1

a | 1

a p2) |
a ©(2)p3)

DN = =

(207)
6

which gives the weighting function
1
pal) = Zepa(e X[(—z +200) - 200
11 1
+ (8 - —<P(2) + —@(2)<P(3))x
( 7.
2

©(2) - —<P(2)<P(3))

—

@) + 3L¢(z)¢(3)) ]

W

(208)

8.2.1. Mandel parameter.
p and is given by

(xax)zega,p(x)

x0Oxey p(x)

The Mandel parameter depends on

0, = — x,Ine,,(x). (209)

For a small x, O, behaves like Q; while for a large x, O,
approaches zero.

8.2.2. Bunching or anti-bunching effect. In this case second-
order correlation function is

€op (x) €op—2 ()

(210)
g(?,p— l(x)

g0 =

_mi
8.2.3. Case lll with q = ep+1 . In this case structure function is

sin 1"1
pn) = —= (211)
p+1
and (-exponential function is
» (x sin #)n
eopx) =" —_— (212)

n=0 HZ:l S

T
p+1

11

Figure 1. Plot of plot of O, versus x for p = 1 (Gray), p = 2
(Brown) and p = 3 (Pink).

For the first few p’s, p-exponential functions are

eix) =1+ x, (213)
er(x) =1+ x + x2, (214)
x2 x3
es(x)=1+x+ — 4+ —. (215)
’ V22
Mandel parameters for p = 1, 2, 3 are
0= ! >0, (216)
1 +x
2
0, = 1+ 4x +x 0. 217
(I +20)0 +x+x?
0y — 22 + 42x + 10V2x% + 4223 + x4
T U+ 02+ 22 + 242x + 34242
(218)

which shows super-Poissonian distribution. Figure 1 shows
plot of Q, versus x for p = 1 (Gray), p = 2 (Brown) and
p = 3 (Pink).

The second-order correlation function for p = 1, 2, 3 are

g2 =0<1, (219)
1+ x+ x2
DOy=—=1- <1, 220
) 1+ (220)
a +x)(1 TEP N _)
¢@(0) = 22 oy o

(1 +x + x%)?

which shows anti-bunching effect.

8.2.4. Case VI withq = —p%. In this case structure function
is
n
em)=—(p+1-n) (222)
p
and (-exponential function is
epp() = oF " —p; —px), (223)
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Q
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0.5 1.0 1.5 20 25 3.0

Figure 2. Plot of plot of Q, versus x for p = 1 (Gray), p = 2
(Brown) and p = 3 (Pink).

where
» oL 224
F7Ga; t) = .
of 17" Ga; 1) ,;on!(a)n (224)
For the first few p’s, p-exponential functions are
el(x) =1+x, (225)
er(x) =1+ x + x2, (226)
2 3
@ =1+t 3 (227)
4 4
Mandel parameters for p = 1, 2, 3 are
O = ! > 0, (228)
1 +x
2
0= LtArtx >0, (229)
(1 +2x)1 + x + x?)
2 3 4
05 — 16 4+ 48x 4+ 120x= + 48x° + 9x%) =0, (230)

(44 6x 4 9x2) (4 + 4x + 3x2 + 3x3)

which shows super-Poissonian distribution. Figure 2 shows
plot of O, versus x for p = 1 (Gray), p = 2 (Brown) and
p = 3 (Pink).

The second-order correlation function for p = 1, 2, 3 are

g?0)=0<1 (231)
1+ x4 x2
82(2)(0) = W (232)
o (1+x)(1+x+3j{—2+¥)
87(0) = T <1, (233

which shows anti-bunching effect.

9. Conclusion

In this paper we discussed general deformed boson algebra
called p-deformed boson algebra. We introduced y-addition
and (p-subtraction for invertible structure function ¢ to derive
the -deformed boson algebra. We considered two types of

p-deformed boson algebra; one has infinite Fock space and
another finite Fock space. For ¢-deformed boson algebra with
infinite Fock space, we introduced (-derivative and obtained
realization of y-deformed boson algebra. Besides we intro-
duced @-exponential function and y-hyperbolic functions and
investigated some of their properties. We discussed multi
mode -deformed boson algebra and ¢-deformed su(2)
algebra. We discussed the SQM for p-boson and fermion and
constructed the Hamiltonian. As examples, we considered
seven possible structure functions which are invertible. Here
cases III and VI have infinite and finite Fock spaces while
others have infinite Fock space only. As a physical example
we dealt with non-classical properties for the -deformed
coherent states.
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