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Abstract

In this paper, a SIRS epidemic model with nonlinear incidence rate, saturated treatment and two
time delays is investigated. Firstly, by using the method of regeneration matrix, we have
determined the basic regeneration number R, and demonstrated the existence of the positive
equilibrium point. The permanence of the SIRS epidemic model is obtained by mathematical
analysis. Moreover, by selecting time delay as the bifurcation parameter, we discuss the local
asymptotic stability of the positive equilibrium point and the existence of Hopf bifurcation for
six different situations. Afterwards, to minimize the spread of infectious diseases, we introduce
an optimal control technique by the Pontryagin’s maximum principle. Finally, we verify the
correctness of theoretical analysis through numerical simulations.
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1. Introduction

To prevent and control the spread of disease, many mathe-
maticians devote themselves to studying models of various
infectious diseases. A lot of mathematical models of infec-
tious diseases have been proposed. It can be found that many
factors influence the dynamic behavior of the epidemic
model, for example, incidence rate, recovery rate and so on.
Control strategy also plays an important role in epidemic
models. Thus, it is very necessary to investigate these factors.

There are many studies on incidence rate and treatment
function in infectious disease models [1-6]. In [7], Wang et al
investigated a SIR infectious disease model with constant
treatment function and bilinear incidence rate, and presented
the evidences of choosing a bilinear incidence rate to prove
the existence of Hopf bifurcation. In [8], a SIR epidemic
model with saturated treatment function was studied.
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According to the article [9], Liu introduced the SIRS infec-
tious disease model with nonlinear incidence function, and
proved the existence of Hopf bifurcation. Moreover, in order
to give a better description of population growth under
restricted conditions, Verhulst [10] proposed a logistic
equation which was very appropriate to describe changes in
the population of one animal species. In fact, the susceptible
population in the study of infectious diseases is always con-
sidered to be subject to Logistic growth model according to
the former literatures [11-17]. For example, Xu [13] gave a
simple criterion for the existence of Hopf bifurcation for an
SEIR epidemiological model with logistic growth. By intro-
ducing the saturated treatment and logistic growth rate into an
SIR epidemic model, Teng [15] obtained the conditions of the
backward bifurcation. Song [16] and Jin [17], by constructing
reaction-diffusion models of infectious diseases with logistic
growth, analyzed the pattern dynamics of infectious disease
models. Inspired by the above articles, we will investigate a
SIRS epidemic model with a saturated incidence rate and a
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saturated treatment function which is in the following

ds@) 5@\ BiSWI®

dr rS(t)( k ) 14 aI() + oR (1),

@ _ BSWI@ 0]

it 1+al@) (n+ 1) 1+al()’ (LD
dR(t) Bl

dt 1+ anl(r) (n + DR({@),

where S(¢) denotes the density of the susceptible individual, 1(¢)
represents the density of the infected individual and R(f)
denotes the density of the recovered individual at time 7. We
assume that the susceptible individuals follow Logistic growth
model. Logistic model describes the natural growth process of
species, which is a comprehensive reflection of species’ birth
and death [15]. Thus, we’re no longer looking at the natural
mortality of the susceptible individuals alone in system (1.1).
b1, Bas @, ap, 1, k, i, €, 0 are positive constant. J; is the
incidence rate between susceptible individual and infected
individual, (3, represents the recovery rate, ov; and a, are the
half saturation and the coefficient respectively, r represents the
intrinsic growth rate, k represents the carrying capacity for S(7),
1 and € denote natural mortality rate and disease mortality rate
respectively, o is the ratio that the recovered individual

becomes susceptible individual. % is more realistic than
1

the bilinear incidence rate which is affected by psychological
factors. lfz(iz(;)(f) is a saturated treatment function, which is
limited by medical conditions and individual physical qualities.

With the development of infectious disease models,
many scholars have paid attention to the time delay infectious
disease model. Because it is closer to the reality of the pro-
blem. We find that time delay plays an important role in
infectious disease model and affects the stability of equili-
brium points. When we consider time delay in the system, the
stability of equilibrium point may change, such as from stable
to unstable [18, 19]. In recent years, more and more scholars
increase time delay factor on the epidemic models with
nonlinear incidence rate. For example, in [20], a time delay
infectious disease model with saturated incidence was stu-
died. In [21], Jin e al investigated a time delay epidemic
model of vector transmission and its global stability. Xu et al
[22] discussed the global stability of disease-free equilibrium
point and the existence conditions of local epidemic stability.
According to the article [23], Deng et al investigated a ratio-
dependent predator-prey system which exists the stage
structure and two time delays. Inspired by the above works,
we will establish a new class of time-delay SIRS infectious
diseases model based on system (1.1), which is in the fol-
lowing form

BiS I (1)

ds@) S\
Tar rS(t)(l k ) 1+ a1l (t) + oR(),
di(ty _ BiS¢—mIt—m) BoI (1)
7 - 1+ a1l(t—m7) o (’u + E)I(t) o 14+ axl(t)’ (12)
drR(t) _ Bhlit—m)
dt 14+ ali—m) (1 + OR®),
with the initial conditions
S > 0,10 >0,R(6) >0, (1.3)

where 6 € [—max (7, 1), 0].

Each parameter has the same meaning as the parameters
in system (1.1). When the susceptible individual is infected by
the infected individual, the symptoms of the disease are not
immediately apparent, and we still consider him (or her) to be
susceptible. Therefore, there is a time delay defined by 7, in
the process from the susceptible to the infectious. 7, is due to
the limited medical level in each region, the recovery process
of the disease, and the limit to the ability of each individual to
resist disease. A time delay in the process from the infectious
to the recovered is existent. In conclusion, it is reasonable to
add two time delays in this model.

In order to better prevent and reduce the spread of
infectious diseases, more and more scholars pay attention to
optimal control [24-26]. In [24], an optimal control model for
SIR infectious diseases was discussed. The existence of the
control model was proved and an optimization system was
obtained. In [27], because of the outbreak of infectious dis-
eases Ebola, Finkenstadt established a realistic stochastic
model to study its dynamic behavior and the influence of
control behavior on the model. In [28], an optimal control
method for a class of problems was proposed and its effec-
tiveness was also illustrated. Inspired by the above articles,
we will further establish a control model corresponding to
(1.2) in our paper.

The structure of this article is as follows. In section 2, the
existence of the positive equilibrium point is proved. In
section 3, we prove the persistence of system (1.2). In
section 4, by discussing the characteristic equation of the
positive equilibrium point, we prove the local asymptotic
stability of the positive equilibrium point, and give the suf-
ficient conditions for the existence of Hopf bifurcation
[29-31]. In section 5, an optimal control model of SIRS
model with time delay is presented and we obtain the optimal
control [32-34]. In section 6, we test the validity of some
theorems and the effect of some parameters on disease
spreading by numerical simulations. Finally, we have made a
brief summary of this paper.

2. The existence of a positive equilibrium point

The basic regeneration number is obtained by using the
spectral radius of the regeneration matrix, now we write
system (1.2) as

dx
i Fx) — Vx),

where x = (S(), 1(¢), R(t))", and

0
e = | oo | @
0
s 2 4 o
V) = (4 () + 25 (22)
T T 0+ ORO
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A simple calculation shows that

S
f=pFm =—25 1 _pk @3
(1 + aql) (k,0,0)
Ba
v=DV(x)=p+¢e+— =p+e+ B
(1 + aal)? %.0.0)
24)
Therefore the basic regeneration number Ry = p(fr~!) =
Bik
n+e+ 58"

Lemma 1. When Ry > 1, system (1.2) has at least one
positive equilibrium point, denoted by E*(S*,K I*, R*) =

L, N L+l BoI*
((u+5+ 1+a1*) By 71 ’ (1+a21*)(,u+a))'

Proof. Let the three equations of system (1.2) equal zero, we

know from the second and third equations of system (1.2) that

_ Bol _ B \1l+al
R= A +amD(n+0)’ §= (,u tet l+a21) 8
them into the first equation of system (1.2), we have

then put

o _B
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o fh J2
n+o

+[—ﬁl[(ﬂ + e+ B)(ar + az) + aa(p + 9)]
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o3 ]I
nt+o
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Regard the left half of the above equation as f(/). When
Ry > 1, Wehave—(u—i—s—i—ﬁ)(w— l)<0. That
is to say f(0) < 0. It’s easy to know lim;_,  .f(I) = 4o0.
Therefore f(I) = 0 has at least one positive root I". In other
words, system (1.2) has at least one positive equilibrium
point
EX(S*, I*, R%)

) 1+al* %
(('UI+€+ 1+azl*) B 17 ¢

Bol*
+axl®(u+o0) )

3. Permanence
Now we will prove that system (1.2) has the permanence.

Lemma 2. For any positive solution (S(t), 1(t), R(t)) of
system(1.2) with initial conditions (1.3), there exist positive
constants My, M,, M5 which satisfy:

lim supS(t) < My, lim supl(t)

t—+00 t—+o00

<M, lim supR(t) < M

t—+00

Proof. We assume that (S(¢z), I(¢), R(¢)) is an arbitrary
positive solution of system (1.2) with the initial conditions
(1.3). We prove lemma 2 by contradiction. Assume that when
t — +o00, we have I — +o0.
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Define where b = min{yu + ¢, i + o} > o. Considering
V() =S8t — I(r) + R(1). 3.1 2
(1) (t—m) + 1@ + R (3.1 dV(t)z—(b—U)V(t)+(b+r)k+2§,
Thus, if we take the derivative of V with respect to ¢ along the dt 4r
positive solution, then we calculated that
dv(®) dSt — ) dl (1) dR(t) (b+r)’k 126
@ @ a V(1) = ce 07" + 4;9—
S —7) 7
=rS(t —mn|l - T r + 0 X R(t — ) According to the comparison principle, we have
Bl b+ r)k 2%
R e ol im supV (1) < “;T. (3.2)
Bl (t — 1)

— =  —(u+o0)R
1+ al(t —m) o )

< - n)(l e Tl))

+ oR(t — 71) — bS(t — 1) + bS(t — 7)
Bl Bol (t — ™)
l+al 1+ alit—mn)

— BV () + rS( — n)(l A @)
;

— bl — — bR

+ oR(t — 1)
Bl Bl (t — m)
l+ml 1+ mlit—mn)

where b = min{y + ¢, u + o}.

Because

im _G&l lim _Gl = B
t—+o0l + anl  I—=4+c0l 4+ apl an
and

Bl (t — m)

t—+oo 1 + apl(t — 1) -

ol —m) _ Ba

I-+o0 1 + apl(t — 1) 042’

therefore V& > 0, 3Ty, when ¢ > T, we have

B Bl _ B,
[e%) 1 4+ anl (%)
and
&_§<M<&+£'
a L+ al(t—mn) o

And when ¢t > T, a direct calculation shows that

dV(t) < _bV([) + rS(t _ 7_1)(1" + b B S([ _ 7_1))
d p
+o—R(t—Tl)_(&_ )
an
e
ap
<—(b — V(@) + rS(t — n)(” b S(t; n))
+2¢
<—b-owve+ &Pk Lo
r

On the other hand, V(t) = S(t+ — ) + 1(¢) + R(¢), then
take the limit on both sides of this equation, and we can get
that

lim supV(t) = hm supS(t — 1)
t——+o0
+ lim supl(t) —|— hm supR(t) = +o00.
t—+o00

Clearly, it is a contradiction. Therefore, when t > T, I(f)
is bounded. In other words, lim,_. . supI (t) < M,, where M,
is a positive constant.

Thus, when ¢ > T,, we further obtain that

WO b~ V@) + 1S - n)(r +b Se- Tl))
dt r k
Bl Bal(t — 1)
1+ al 1+ alt—n)
2
<—0b—-0)VQ@) + G+ rk —;r) k + B2Ms.
r

According to the comparison principle, we have

. (b-;rz x k + BoMy
lim supV (t) < L =M,
t—+00 b—o

where M is a positive constant.

Therefore, there exist nonnegative constants M; and M3
M <M, M, <M, M; < M) such that for any positive
solution of system (1.2) with the initial conditions (1.3), the
following conditions are always true, namely,

lim supS(t) < M;, lim supR(t) < M.
t—+00

t—+00

In conclusion, lemma 2 has been proved.

Lemma 3. For any positive solution (S(t), 1(t), R(t)) of
system(1.2) with the initial conditions (1.3), there exist
positive constants my, my, my which satisfy :

lim infS(t) > ml, 11m mﬂ(t) mz, hm infR(t) >

t—-+00

Proof. We assume that (S(¢), I(f), R(?)) is an arbitrary positive
solution of system (1.2) with the initial conditions (1.3). Due
to lim, . o supl (t) < M, lim,_,, . supR(t) < Ms, therefore
V¢ > 0, 3T, and when ¢ > Ty, we have

—E<I<M +EM— E<R< M+,
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and then
Bt 5) - BOEEOS g
dt k 1+ (M — &)
%FJQ_JM@LQL
- k) 1+ aaMs — €
_ S[ S ., M)
k 1+ oM —8)
We calculated that
L k Bi(Ms + &)
1 > |- L2 TS| .
Jim infS(0) > r(r 1+ a(My — g)) (33)

Denote

mmeFp__@@igﬁﬂ}
r 1 + O(](Mz — 5)

where m; is a nonnegative constant.
Hence, we have

lim infS(t) > my. (3.4)

t—+00

dR _ Bl(t—m)
By = Timio= (u + o)R, when t > T, we can get

d—R>—(M+o)R+ Bo(Msr — &) '
dt 1+ ax(M + &)

According to the comparison principle, we can obtain
that

(3.5)

lim infR(t) > PoMs — §) ) (3.6)
t—+00 [1+ M + OI(p + o)
Denote
- Ba(My — &)
[1+ ax(My + Ol + o)
where mj is a positive constant. Therefore, we have
lim infR(t) > ms. 3.7
t—+00
al __ BiS@—m)I(t—m) B2l
= ltalo-m (w+ o)l — ol when 1 > Ty,
we can get
L/ R S B
dt 1+ ax(My — §)
BiMy — & (Ms — f)_ 3.8)
1+ ax(My + &)
Like the one above, we obtain
lim infl (1) > BiMy — My — &)
t—+o00 1+ ap(Mr + &)
~1
x(,u + e+ L) . 3.9)
I+ (M — &)

Denote

~1
M, — M, —

m2:51(1 oM 5)(/L+5+ B2 ]’
1+ ax(Ms + &) 1+ oMy — &)

where m, is a positive constant. Hence, we have

lim infl () > mo.

t—+o00

(3.10)

In conclusion, lemma 3 is proved. Therefore, we con-
clude that system (1.2) has permanence.

4, Local stability and Hopf bifurcations

In epidemic models, Hopf bifurcation occurs when the com-
plex conjugate set of eigenvalues of a linear system becomes
a pure imaginary root at a fixed point. A point may change
from stable to unstable when there exists a Hopf bifurcation.
In this section, we study the local asymptotic stability Hopf
bifurcation of system (1.2) at the positive equilibrium
point E*.

We linearized system (1.2) at the positive equilibrium
point E*, the result is as follows

d‘zgt) = a1S(t) + appl(t) + aizR(1),
A0 = byS(t = 1) + anl(t) + bpl(t — 1), (4.1)
dI;t(t) = b311([ — 7-2) + a33R(t)a
where
2rS* I* s*
a=r— - A *’alzz_ﬂli*z’
k 1+ oyl (1 4+ o I™)
B2
a3=0,an=—(p+& — ————,
13 2 (n+ ) (1 + ™)
B _ B
a3 =—p — 0, by = Tt al®
615* ﬁZ
b = N b == .
2 (1 + oyI*)? 3 (1 + aal*)?

The characteristic matrix of the linearized system (4.1) is

apg a2 a3
A=|bue ™ axy + bpe ™ 0 (4.2)
0 byje as3

Thus, the characteristic equation of the linearized system (4.1)
is

XA+ m N+ mo+m3+ (g + nmp ) + m3X)e M

+ ge N = (), 4.3)
where
my = —ay — axp — asz, My = ady + ax»ass + apdss,
m3 = —aj1ax»ass, M = ajpazzby — ajbypass,

ny = bypaszz + ay1by — ainb, n3 = —b, ¢ = —aizba b3,
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v fi(vy) v f1(1)
% I
1
Ul l
/ e
\/ ¢ : ¢
Figure 1. A > 0, v* < 0. Figure 2. my; > 0.
Case 1: When both delays are zero, i.e. 1 = 0, 7, = 0, Denote
the characteristic equation (4.3) becomes fiv) = V13 + m21V12 + My + mas, 4.9)
N+ mp X+ mp A+ my =0, (4.4)  we calculate that
where fll (v) = 3\/12 + 2my vy + my. (4.10)

myy = my + n3, myp = My + Ny, Mg = m3 + ny + q.

According to the Huiwitz criterion, if the following con-
dition holds: (Hy1): myp > 0, mpmy; — myg > 0, myg > 0,
then equation (4.4) has negative real roots. Thus, system (1.2)
is locally asymptotically stable at the positive equilibrium
point E*.

Case 2: When 7; > 0, 75 = 0, equation (4.3) becomes

N+ m N+ ma )+ ms

+(q+ m+ mA+mX)e M =0. 4.5)

We assume A\ = iw;(w; > 0) is a solution of equation (4.5),
then put it in equation (4.5), separating real and imaginary
parts we obtain

—m1w12 + msz+ (n + q — n3w12)cos(w17'1) + nyw; sin(wyn) = 0,
fw% + myw; + mywycos(win) — (M + g — mw%)sin(wm) = 0.
4.6)
Squaring and adding the two equations of (4.6), we can get
that
6 4 2 _
wi + mywi + mypwi + mo3 =0, “4.7)
where
2 2 _ 2
moy =my — 2my — n3, My = —2mms3 + my
+2(m + @)y — ny, myz =m3 — (m + ).
Let v; = w}, then we have

v13 + m21v12 + myp v + moyz = 0. 4.8)

Then we have the following results.

Lemma 4. (1) If (Hby) : my3 > 0, A = 4(m3 — 3mp) < 0,

—may + m3 — 3mxn

or (Hy):myz > 0, A >0, Vl* = 3
(H23) DMz > 0, A >0, Vl* > O,f](Vl*) >0
Ji(v1) has no positive real roots.

(2) If (Hy):mp3>0,A>0,%" >0,/,(n) <0, or
(Hps) : my3 < 0 hold, then f,(v\) has at least one positive
real root.

<0, or
hold,  then

Proof. By the properties of quadratic functions, when (Ha)
holds, it’s obvious that fj(v;) is increasing on the positive
half axis.

As shown in figures 1 and 2, when (Hy;) is satisfied,
fl/ (v1) has no positive root, and f; (v;) > O on the positive half
axis is always true.

As shown in figures 3 and 4, when (H,3) is satisfied,
fl/ (v1) has at least a positive root v;*, where v/* is the larger
root, and f; () > 0. Therefore h (") > 0 on the positive
half axis is always true.

As shown in figures 5 and 6, when (H,4) is satisfied,
£ (v) has at least a positive root v*, where v* is the larger
root, and fl(vl*) < 0. Therefore f1(V1*) > 0 has at least one
positive root on the positive half axis.

If (H,s) is satisfied, in other words m,3; < 0, then we
have fi(v;) < 0. Moreover, clearly f(v;) — +oco when
vi — -+o0o. Because of the continuity of the function f;(vy), it
must have a positive root on the positive half axis.

Without loss of generality, we assume that equation (4.9)
has three positive real roots v;1, vi,, Vi3, then equation (4.7) also
has three real roots wy; = \/Vi1, wiz = Vi2, wiz = J/Vi3-

The critical value of the time delay 7/, satisfies
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ACY v fi(vy)

v
v

Figure 3. A > 0, v* > 0. Figure 5. A > 0, ;¥ > 0.

+ f1(v1) v filny)

N/

.___-
v
v

/ * !
%1 7
Figure 4. my; > 0, fl(vl ) > 0. Figure 6. my; > 0, f(vl ) < 0.

; 1 mw?, — m3)(ny + g — nw) + nw (W — m
= arccos( 1Wik 3 + g — n3wiy) 2wi (Wig 2)

Wik (n + g — mwi)? + nfwy
LT kS 1,2,3,=0.1, 2. @11
wlk

Hence =iwy, are two purely imaginary roots of
equation (4.5) with 7 = le Let 79 = ming¢, 23{T|k}
and W10 = Wik,

On account of the Hopf bifurcation theorem, we want to  Let
find the transversality condition of equation (4.5). Notice that
A is a function of 7;. Now, taking the derivative of
equation (4.5) respect to 7y, we obtain that

Clearly, Re (%)7 and Re (dﬂ) have the same notation.
1

g(wio) = 3wiy + @m — d4my — 2n3)wiy + m;

+ 2m3(ny + q) — 2mumy — n3,

AY' 34 omA +my
dm A 4+ m A+ ma X + mg) ,
2m\ + ny P and vyy = wi, then

. _4 (4.12)
)\(l’l3)\ +n2)\+n1+q) A

a2
Extract the real part of (4.12), we can obtain 8 (10) = 3vip + axvio + an, (4.14)

“{2)

_ 3wiy + @mi — dmy — 2nF)wiy + m3 + 2’13(711 +q) — 2mum3 — n22 (4.13)
Wiy — mawio)? + (—mwiy + m3)?

A\=iwo
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where a,; = 217112 — 4my — 2”32, az , and

2 2
Re(ﬁ)_l m; +:2”3(n1 +q) — 2?11({;?0)— n;
\ Wiy — mawio)? + (—mwiy + m3)?

(4.15)

dm )
=iwjg

Lemma 5. If (H): g(vio) >0 holds,

-1
that Re (ﬂ)
dn

we can say

> 0.

/\:iwm

Theorem 1. For system (1.2), when 71 > 0, m» = 0, assume
that (Hyy) holds, we have the following results.

(1) If (Hyy) or (Hy) or (Hy3) holds, V7 > 0 the positive
equilibrium E*(S*, I*, R*) is locally asymptotically stable.

(2) If (Hpy), (Hys) or (Has), (Hys) or holds,there is a
positive constant 7j, that makes E* locally asymptotically
stable when 7; € [0, 719) and unstable when 73 € (179, +00),
furthermore, system (1.2) undergoes a Hopf bifurcation at E*
when 71 = 79.

Case 3: When 13 = 0, »» > 0, equation (4.3) becomes

XA (my 4+ )N+ (my + no)X +m3 +n + ge ™ = 0.
(4.16)

We assume \ = iw,(w, > 0) is a solution of equation (4.16),
then put it in equation (4.16). Separating real and imaginary
parts we obtain

—(my + n3)w3 + my + m

+ gcos(wrm) =0, “4.17)

— w% + (my + ny)wy — g sin(wym) = 0.

Squaring and adding the two equations of (4.17), we can get
that

w8 + ((my + n3)? — 2(ma + m))ws + (—2(m; + n3)

+ (m3 + m)(m; + n3)>)ws + (m3 + m)> — g = 0.
(4.18)

_ 3wiy + 20m + m3)? — 4(my + no))wiy + (M + n2)> — 2(my + n3)(m3 + ny)

where
m3 = (my + n3)* — 2(my + ny),
mzy = —2(my + n3)(mz + m) + (my + ny)?,
maz = (m3 + m)* — q*.

Lemma 6. (1) If (Hs)) : m33 > 0, A = 4(m{; — 3mzy) <0,
—m: m2 — m
or (Hp):msz >0, A >0,y = —tmizme “33'332<0, or

(H3) :m33 >0, A >0, v > O,fz(vz*) >0  holds, then
> (v2) has no positive real roots.

(2) If (Hy):mz3>0,A>0,v>0,£0)) <0, or
(Hss) : m33 < 0 holds, then f,(v,) has at least one positive
real root.

Proof. The proof of the lemma is similar to lemma 4.

Without loss of generality, we assume that
equation (4.20) has three positive real roots vy, vay, Va3,
equation (4.18) also has three real roots wy = /vy,
wn = v, wiz = 3.

The critical value of the time delay Ték satisfies

. 1 2 _
Tj; = ——Aarccos (1 + my)wy = (ms + m)
W2k q
c U k12,3, =01, 2 4.21)
Wak
Hence =iwy are two purely imaginary roots of

equation (4.16) with 7 = 74,. Let 79 = mingc;23{79%}
and W0 = Wak,-

On account of the Hopf bifurcation theorem, we want to
find the transversality condition of equation (4.16). Now,
taking the derivative of equation (4.16) with respect to 7,, we
have

)’
dT2
3)\2 + 2(m1 + I’lg))\ + (m2 + l’l2)

TN+ ) X+ (my + n) A+ (ms + )
)

4.22)
Extract the real part of (4.22), we can obtain

(4.23)

-1
Re| X
dT2

\=iwyq

Let v, = w%, then we have
V23 + I’I131V22 + msyvo + ns3 = 0 (419)
Denote

f,(v2) = v5 + m3vi + myavay + mas, (4.20)

(W3g — (M2 + np)wio)? + (—(my + n3)w3y + (my + n3))?

—1 1
Obviously, Re(g—A) and Re(%) have the same
2

notation. Let

8 (W) = 3why + 20m + m3)? — 4(my + na))w
+ (my + np)* — 2(my + n3)(mz + ny),
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and vy = w3, then From equation (4.28) we can obtain that
8 (v20) = 3v3 + a3 vio + as, (4.24)
. - A41w5+A42m3+A43w
where az; = 2(my + n3)* — 4(my + ny), azxp = (my + ny)>. sin(wr) = W5+ Burdh + Bupa? + Bay” 4.29)
= 2(my + m3)(mz + ny) cos(wr) = —Audt A+ A
W+ Byt + Bypw? + Baz
We can calculate that
-1
d\ V
Re| 42 = 8(v20) (4.25)
d’Tz

)\:in()

Lemma 7. If
!
re(i)

Theorem 2. For system (1.2), when 71 = 0, m» > 0, assume
that (Hy;) holds, we have the following results

(1) If (H3)) or (Hzy) or (Hzz) holds, the positive
equilibrium point E*(S*, I'*, R*) is locally asymptotically
stable for ¥ m > 0.

(2) If (H3y), (Hsg) or (Hzs), (Hzg) holds, there is a positive
constant Ty that makes the positive equilibrium point E* is
locally asymptotically stable when 1 € [0, ) and unstable
when 1, € (T, +00). Furthermore, system (1.2) undergoes a
Hopf bifurcation at E* when 7, = .

holds, then

(Hs6) : & (v20) > 0
> 0.

A=iwyo

Case 4: When 1 = » = 7 > 0, equation (4.3) becomes

X4 mN 4+ mad +ms+ (4 nma\ + mX)e
+ ge 2\ = 0.
(4.26)

Multiply both sides of equation (4.26) by e, we can
obtain

mAN 4+ X+ + N+ m N+ mah + mz)e

+ ge ™ = 0. 4.27)
Suppose that equation (4.27) has a pure imaginary root
A = iw(w > 0), then put it in equation (4.27) the real part and
the imaginary part of equation (4.27) are separated as follows

Eysin(wt) + Ey4 cos(wr) = Eys, 4.28)
Eqzsin(wr) + Egcos(wr) = Ege. ’
where
Ey=w® — muw, Exp = —mw? + m3 + q,
Eiy=—mw? + ms — q,
Equ = —w? 4+ mow, E45 = n3w2 —ny, E46 = —now.

(Wl — (ma + n)wan)? + (—(my + nz)wiy + (my + n3)*

where

Ay =n3, Ayp = mumy — ny — mons,

Ay =mon — ny(mz + q),

B41 = m12 — ZWZQ, B42 = m22 — 2m1m3,

Byy=mji — q% A = ny — mym,

Ays = n3(mz — q) + mmy — namy, Age = m(qg — mz).

Squaring and adding the two equations of equation (4.29), we
can get that

W' + essw'0 + egqwd + es3w® + epwt + eqw? + eq =0,
(4.30)

where

ess= 2By — Ajy,

ess = B + 2By — 2A4A0 — Ay,

e43=2By3 + 2By By — Ad — 2A45A4 — 2444445,
esr = B + 2ByBys — 2ApAgs — Ajs — 2A44A4,

41 =2ByBy3 — A}y — 2A45A46, es0 = By — Al

2

Let v = w*, we can obtain that

Vo + 645V5 + 644\/4 + 6431/3 + 642\/2 + eqv + e40 = 0.
“4.31)

Denote

FO) =0+ essvd + eqav + es3v + ennv? + ey + eup.
(4.32)

Without loss of generality, we assume that f(v) = O has
six positive real roots v, k = 1, 2, ---, 6, then equation (4.30)
also has six real roots wy, = /v, k = 1, 2,---,6. The critical
value of the time delay T',i satisfies

1 AW} + Agswi + Ags

Wi wy + B41w2 + B42w% + By
)y

LAk =1,2,6,j=0, 1,2,
Wi

(4.33)
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Hence +tiw is a pair of pure imaginary roots of (4.26) where
with 7 = 7/, let iy = mingc;.. {74}, and wy = Wy
Notice that )\ is a function of 7. Now taking the derivative o
. . Es) = g sin(w3T),
of (4.26) with respect to 7, we obtain
1 Esy) = g cos(wsm),
(d_A) Es3 = —mw3 + m3 + (—n3w3 + np)cos(ws)
dr + npws sin(wsn),
2 A
_ 2 At md GX F 2mA + m)eT Esy = —(—mw3 + ny)sin(wsn) + nyws cos(ws)

.
B AN+ m X 4 mp X + m3)eM + gle™ M % 4.34)

Extract the real part of equation (4.34), we can obtain

Re(d_)\)l _ OrPr+ Q1P
dr

s 4.35)
P} + P}
Or = ny + (—3w§ + my)cos(womy) — 2miwo sin(woo),

A=iwg

where

Q1 = 23wy + (—3w} + my)sin(womy) + 2miwg cos(wo),
Pr= (—wg + mayw})cos(wo)

+ (qwo — mwy + m3we)sin(w),
P = (qwo + miwy — mawe)cos(woTo)

+ (—wi + mawd)sin(wo).

Thus, when (Hyy): QrPr + Q; P, > 0 holds,
a\~!
Re(5)
Theorem 3. For =1 =7 > 0 in system (1.2), if (Hy)
holds, and assume further that (Hy,) satisfies. Then there is a
positive constant T, such that the positive equilibrium point
E* of system (1.2) is locally asymptotically stable when

T € [0, 79) and unstable when T € (1y, +00). That is to say,
system (1.2) undergoes a Hopf bifurcation at T = 7.

we have

> 0.

A=iwg

Case 5: When 7 € [0, 10), » >0,
equation (4.3) becomes

and 7 = 7,

X4 mX 4 mod 4+ mz+ () + nmoX + ;A)e M
+ qe*/\(THrTz) =0.
(4.36)

Suppose that equation (4.36) has a pure imaginary root
A = iws(w; > 0), then taking the real and imaginary parts of

3
— w3 + maws.

Squaring and adding the two equations of equation (4.37), we
can get that

6 4 2 4 2
w3 + esgws3 + es7w3 + esg + (essws + esaws

+ es3)cos(w3 )

5 3 .
+ (652W3 + esjw3z + esows)sin(ws ) = 0, (4.38)
where
eso = 2(mzny — mmy),
es) = 2(—mny + ny + mons), es; = —2n;,
es3 = 2msny, esq = 2(—myny — mznz + mony),
ess = 2(minz — ny),
— 2 2 2 _ 2 2 2
ese =m3 + n{ — q°, es7 = —2mmz + my — 2nnz

2 2 2
+ nj, esg = mi- — 2my + nj.

Assume that equation (4.38) has finite positive roots
w31, W32,°--,W3g, for each ws;, i = 1, 2,---,k, then there is a
corresponding delay threshold 7(2{), j = 1,2,---, where
2jm

() —_

1 Es1Esy — EszE5p
) = L arccos EotEss = EssEs

wsi E3 + E3,
J=0,1, 2 i = 1,2, k.

s

w3
4.39)

Let 7hy = min{7$), i = 1,2,---,k}, at the same time
wso and Th, are correspond.

On account of the Hopf bifurcation theorem, we want to
find the transversality condition of equation Now taking the

derivative of (4.36) with respect to 7, we obtain

dAANY' BN 2m )\ + m) (@) + n) — (1302 4 o\ 4 ny)m)e T it
—| = — . (4.40)
dm /\qe—)\(ﬂ-"’fz) A
equation (4.36), we can obtain that Extract the real part of (4.34), we can obtain
-1 ~~ ~ir~
Essin(wsm) — Esp 09s(w372) = Es3, 4.37) Re(@) _ QR,IE +%PI , (4.41)
Esicos(w3m) + Esy sin(wsm) = Es4, an) | P; + P}




Phys. Scr. 95 (2020) 035213 L Zhu et al
where corresponding delay threshold 74/, j = 0, 1, 2,--, and
- 1 Eq E Eso E 2j
o7 ) ) 7 = —arccos 0 T Ztes | T
Or = —3w3p + my + (n2 — (—n3w3g + m)m)cos(wsom) Wai Eg + Eg waj
+ (2nzw3g — nawsgn)sin(wsom), J=0,1,2,--i=1,2,-,L (4.45)

—~~
01 = 2mwszo + (2n3 — ny7)wszo cos(w3p )
2 .
+ (—n3w3g — n2 + npsin(wsem),
—~~ . .
Pr = qu3p(cos(w3pm)sin(w3om2) + sin(wzoT)cos(w3pm)),

[ . .
P; = qw3p(cos(w3pm)cos(w3om) — sin(wzom)sin(wsp)).

(Hs) : OxPr + O1F >0
> 0.

Clearly, when holds,

~1
have Re (ﬂ)
dr

2

we

A\=iw3g

Theorem 4. For 7y € [0, 719), » > 0 and 1y = 7, in system
(1.2), if (Hy) holds, and assume further that (Hs,) satisfies.
Then there exists a positive constant T, such that the positive
equilibrium point E* of system (1.2) is locally asymptotically
stable when 1, € [0, T5y) and unstable when 75 € (Thg, +00).
Furthermore, system (1.2) occurs a Hopf bifurcation at E*
when 7, = Th,.

Case 6: When 7> 0, € [0, 7).
equation (4.3) becomes

and 7 = 7,

N+ m N+ my\ + my+ (n + np A + n3N)e M
+ ge Mt = (.
(4.42)
Suppose that equation (4.42) has a pure imaginary root

A = iwy(wy > 0), then put it in equation (4.42), and separate
real and imaginary parts, we obtain

{

Egicos(wsm) + Eg sin(ws ) = Egs,

. 4.43
—Eg1sin(wsm) + Es2 cOs(wsm) = Ega, (443)

where

2
E¢1 = —nzwy + m + g cos(wsm),
Egy = nywy — g sin(wym),

2 3
E63 = muwy — mas, E64 = Wy — MmyWs.

Squaring and adding the two equations of (4.43), we can get
that

6 4 2 2
Wy + €65Wy + €y + eg3 + (662w4 + 661)COS(w4T2)
+ egows sin(wym) = 0,

(4.44)

where

2 2 2
ees =my{ — 2my — n3, egs = —2mymsz + my
2 _ 2 2 2
+2mn3 — nj, es3 = m3 — nj — q-,
es2 = 2mq, eg1 = —2mq, esn = 2naq.

Assume that equation (4.44) has finite positive roots

Wyt Wap, e wy, for each wy, i=1,2,---,I, there is a

11

Let T;O = min{ﬁ?), i 1, 2,---,I}, at the same time
wyg and T}, are correspond.

On account of the Hopf bifurcation theorem, now we
want to find the transversality condition of equation (4.42).
Notice that A is a function of 73, we take the derivative of

equation (4.42) with respect to 71, then
dX

()

3N 4 2mN 4 my 4 Qs + my)e N — gre AT
A3 X + mo X + n)e " + gle M)

_n
n
(4.46)
Extract the real part of equation (4.46), we can obtain
71 — —
Re(@) - M, (4.47)
dmi N Py + P;
where
Or = —3wly + my + nycos(wiom) + 2n3wsp Sin(wao)
— qm cos(wao(T + 1)),
01 =2mway — ny sin(wao) + 2n3wag cos(waoTi)
+ g7 sin(wao (T + 72)),
Pr = —nywiycos(waom) + (—mwiy + nwao)sin(wao)
+ quao sin(wao (11 + 72)),
P = (—mwiy + mwio)cos(wiom) + nawio sin(wsom)
+ quao cos(wao (1 + 7).
Hence, when (Hg): QrPr + O;F, > 0 holds, we
-1
have Re (Z—A) > 0.
n )\:iW4O

Theorem 5. For 71 > 0, 7, € [0, 1) and 1 = T, in system
(1.2), if (H;;) holds, and assume further that (Hg,) satisfies.
Then there exists a positive constant 7' such that the positive
equilibrium point E* of system (1.2) is locally asymptotically
stable when 7y € [0, T},) and unstable when 71 € (T}g, +00).
Meanwhile, the Hopf bifurcation occurs when 7, = 7',. That
is, system (1.2) has a branch of periodic solutions bifurcating
from the positive equilibrium point E* near 7, = T,

5. Optimal control techniques in a delayed model

Based on model (1.2), we establish an optimal control model,
the main purpose of this model is to propose effective control
methods to control the spread of infectious diseases. We
assume that 7 = m» = 7 > 0, the optimal control model is as
follows
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s _ CSo\  BSOIO)
B0 - rS(t)(l ¢ ) PR 4 OR(D) + (DI (1),
i _ BSe—nle—7) L BI
o T ivede—n WO = m0G —udI@), (5.1)
dR(t) _ Brlt—1) _ B
4 = Trean BT ORO A+ (1= Ou®I®),

with initial condition (1.3), where 6 is a positive constant,
and 6 € [0, 1].
Denote

U={u@)el*0,7):0<t<T,0<u®<1}, (5.2)
where u(f) is the control variable, and it’s Lebesgue
measurable.

The biological significance of u(f) is to reduce the
number of infected individuals and increase the number of
susceptible individuals by decreasing contact between infec-
ted individuals and susceptible individuals. Hence, the opti-
mal control treatment u(f) transfers part of infected
individuals to susceptible individuals and recovered indivi-
duals. Our goal is to achieve optimal control of the disease by
maximizing the number of susceptible individuals and
recovered individuals and minimizing the number of infected
individuals. At the same time, we also expect to minimize the
cost of control. Based on the above ideas, we establish the
following objective function

T
J(u) = fo [I(t)+§u(t)2]dt, (5.3)

where ¢ is a positive weighting factor.
Next, we will look for the minimum value of the
Lagrangian function L(I, u) = I(t) + %uz (t). Let

x() =0, (1), RO, x:(1) = (S: (1), L), R ()"
=S —7),1(t = 7), R(t — )T,
A0 = u(®), (), @),

and define the Hamiltonian function of the optimal control
problem as follows

HG, %, N) = LA w) + M08+ xin L
dt dt

“3(’)% = 16) + Ju? + )\1(t)(rS(t)( _ %)

_ BSOIO | ory 1 buor <f>)
1+ ol (1)
BiSt — I —m7n)
+ /\z(t)( =
Bl Bl —m)
" u(t)l(f)) + >‘3(I)(1 + It — m)

—(p+ OR@ + (I = Ou@)(@)).
54

12

Theorem 6. For system (5.1), given objective function (5.3)
with the initial condition (1.3), there is an optimal control
u* € U which makes J (u*) = min,cyJ ().

Proof. We take advantage of the result of [20] to demonstrate
the existence of an optimal control. We have proved the non-
negativity of covariant variables and the control
0 < u(t) < 1. In this minimization problem, the objective
function in u(f) is convex. By the definition, u(z) € U is
convex and closed. Because the optimal system is bounded,
the optimal system is the compact support. Furthermore, the

. . 2, S
integrand / (t) + %u(t) is convex on the dominating set U.

Finally, it is easy to know that there exist the constants
p>1,m>0 and 1, > 0, which satisfies

JWw) =n, + 771(|u|2)§. In conclusion, this theorem has been
proved.

According to the Pontryagin Maximum Principle, there
exists a continuous function \(¢) € [0, T'], which satisfies the
following three equations.

(i) The state equation

dx (f)

= Hy(x, x, u, N)(), (5.5
dt
(i1) The optimality condition
0 = Hy(x, x7, u, N)(1), (5.6)

(iii) The adjoint equation

—‘fl—A = Ho(r N+ A+ T Hy (3 0. 1, N0,
t

(5.7

where H, denotes the derivative with respect to A, H,
denotes the derivative with respect to u, H, denotes the
derivative with respect to x, H,_ denotes the derivative
with respect to x.

Theorem 7. Given an optimal control u* and the corresp-
onding optimal solution S*(t), I*(t), R*(t) of system (5.1),
then there are the adjoint variable \ (1), M\ (t), X3(t), which
satisfies
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Figure 7. When 7; = 13 < 719, E* is locally asymptotically stable.
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Figure 8. When 7y = 14 > 7y, E* is unstable.
NG _ ok _ Bl BiI*
- = )\1(1)(” i 1+a]1*) + A + T))\z(f)m,
_dh@ _Bst _ _ B _
J-20 - Al(z)((lwl*)z au) )\z(t)(u bt g+ u) + (0 — O)u 58)
ﬂ]S* ,32
+Xa(t + T)Az(l)m + X+ T)AS(I)W,
—20 = N (D)o = M)+ o),
with boundary conditions we can obtain
M(T) = 0,i=1,2,3. (5.9) - ‘“;(’) — Hg(t) + M(t + T HgH(0), 5.11)
t T
dX (1
B g0 4 N DHA. (512)
Then, the optimal control u™* satisfies dXs(t)
—7 = Hg:(t) + Xs(t + T)Hpx(). (5.13)
I*
u* = max min{—(—)\l(t)e + (D)
c
= X1 —0)), 1}, 0}. (5.10) If we put the specific expression of Hamiltonian (5.4)

Proof. We use the Hamiltonian (5.4) to calculate the
boundary conditions and the adjoint equation. According to
the adjoint equation (5.7), let x(¢) = x*(¢) and x,(t) = x (1),

13

into (5.11)—(5.13), we can get the adjoint equations (5.8). By
the optimality condition (5.6), we obtain

Hy(x, X7, 1, (1) = cu* + M@0 — M\ ()I*
+ M0 — OI* = 0.



Phys. Scr. 95 (2020) 035213

L Zhu et al

1.8 T T T T T 0.1 T T T T T 0.1 T T T T T
0.09 q 0.09 q
1.6 q
0.08 q 0.08 - q
1.4 ] 0.07 1 0.07 1
12 ] 0.06 1 0.06 1
s Z005 1 o005 1
! | 0.04 E 0.04 E
08 i 0.03 g 0.03 g
0.02 q 0.02 q
0.6 q
0.01 A\ q 0.01 q
0a ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
t t t
t-S place t-I place t-R place
Figure 9. When 7 = 34.5 < 7y, E* is locally asymptotically stable.
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Figure 10. When 7» = 36 > 7y, E* is unstable.
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Figure 11. When 7 = 1.3 < 79, E* is locally asymptotically stable.
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Figure 12. When 7 = 2 > 7, E* is unstable.

14

t-R place



Phys. Scr. 95 (2020) 035213

L Zhu et al

45 T T T T T 1 1
4 ] 0.9 0.9}
35 0.8 08}
0.7 0.7
3
. 06 _06
225 = &
0.5 0.5
2
0.4 04
5 0.3 0.3
1 02 02
05 ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘ ‘ o ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
t t
t-S place t-I place t-R place
Figure 13. When 7, = 5.5 < 7, E* is locally asymptotically stable.
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Figure 14. When 7, = 6 > 79, E* is unstable.

That is to say,
I*
W= N0+ (D) — X0~ 0)

Thus,

Example 1. Consider the situation of 7; > 0, 7 = 0. When
we choose parameters r = 0.3, k=9, 8, = 0.7, oy = 0.2,
c0=03, £t=03,=05, 6,=04, a, =0.1, it is not
difficult to get Ry = 525> 1, the equilibrium point

0, (=M (00 + o) = B - 6) <O,

* *
W= %(—M(t)@ + () — A1 —0)),if 0 < %(—M(t)@ + @) — @01 - 0) <1,

1, if ’;(—Al(t)a + () — MO — 0) > 1.

That is

u* = max {min{ﬁ(—)\l(t)ﬁ + (1)
c

— A1 = 0)), 1}, 0}.

6. Numerical simulation

Next, we verify the above conclusions by some simulation by
some numerical simulation and analysis of the impact of
parameters (3, and (3, on the basic regeneration number R.

E*(1.8397,0.4429, 0.2827) and 7= 14.706 6. At the
same time, the conditions H,s, Hys are satisfied. According
to theorem 1, we know when 7y < 71, the rumor spreading
equilibrium point E* is locally asymptotically stable and
when 71 > 759, E* is unstable. As shown in figures 7 and 8,
E* is locally asymptotically stable for 7, = 13 < 77 and
unstable for 77 = 15 > 7. That is to say, the simulation
results are consistent with the above theory.

Example 2. In system (1.2), when 71 = 0, 7» > 0, we choose
r=001,k=2,6=07, ay=1,0=05,u=0.1, ¢ =
0.35, 8, = 0.5, ap = 4, then we obtain that
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0.5 T T T T T T 1.8
04+t
03[
2
0.2
0.1
0 : : : : : : 0.6 : : : : : :
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
p1 B2
(a) The relationship between R and 1, where (b) The relationship between Ry and f3,, where
k=1,u=0.1,6=0.2,5,=0.4. k=1,u=0.1,6=0.2,5, =0.5.

Figure 15. The relationship between R, and parameters.

Figure 16. The relationship among R, 5, and (3,, where k = 1, = 0.1, € = 0.2.

Ry, = 1.4737 > 1. Moreover, the conditions Hss and Hss E™ is unstable. We choose 7= 1.3 < mpand 7 =2 > 7 to
are satisfied at the positive equilibrium point E* = verify the theorem, the corresponding figure is shown as
(1.345 3, 0.008 3, 0.006 7). Meanwhile, a simple calculation figures 11 and 12.
shows that 79 = 35.260 3. As shown in figures 9 and 10, the
positive equilibrium point E* is locally asymptotically stable Example 4. Consider case 5, that is 7 € [0, 7o), 72 > 0. The
when 7, = 34.5 < Ty, and it is unstable when 7, = 36 > 75, parameter is selected as =7 =17 and r= 0.3,k =
which is consistent with theorem 2. 10, =07, 01 =02, 0=03,0=03,c6=05, (=
04,0,=01, we obtain Ry=158333>1,E*=
Example 3. For n=m=7 and r=03,k=09, 5 = (1.8432,0.4550,0.2901) and 7}, = 7.684 1. Choose the
0.7, oy = 0.2, c=03,p=03,¢=05, B> =04, parameter 73=7 < 7'{0, by calculation we can get
ap =1 which satisfy Hy, we obtain Ry = 525> 1, m = 6.2606. Combined theorem 4, E* is locally asympto-
E*(1.675 1, 0.435 4, 0.202 2) and 7y = 1.789 2. By theorem tically stable for 7 < 7 and when 7, exceeds Ty, Hopf
3, when the value of 7 < 7, the equilibrium point E* is bifurcation occurs. When 7, = 5.5 < g and 7 = 6 > 7 is
asymptotically stable and when 7 > T, the equilibrium point  selected, the images are as follows (figures 13 and 14).
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Example 5. In this example, we discuss how R varies with
the parameters 3; and (3,. As shown in figure 15(a), we can
find that Ry and 3, have a direct proportion relationship, and
as shown in figure 15(b), we find that as 3, increases, R,
decreases. Moreover, we further study the relationship among
Ry, B1 and 3,. As shown in figure 16, we choose parameters
k=1,p4=0.1,¢ =02, 38 €[0,0.8] and 3, € [0, 0.8]. It
shows that as (3 increases and 3, decreases, Ry is gradually
increasing. High incidence rate between susceptible indivi-
dual and infected individual and low recovery rate are more
conducive to the spread of epidemic diseases.

7. Conclusions

In this paper, a SIRS epidemic model with nonlinear inci-
dence rate, saturated treatment and two time delays is inves-
tigated, in which the nonlinear incidence rate can reflect the
psychology of people facing infectious diseases, and the
nonlinear recovery rate can reflect the local medical level and
personal physical quality. We use the method of regeneration
matrix to find out the basic regeneration number R, and show
that there is at least one positive equilibrium point in system
(1.2), we also have proved system (1.2) has permanence.
Meanwhile, two time delays are selected as bifurcation
parameters and the corresponding characteristic equations are
given. The sufficient conditions for the local stability of
positive equilibrium and the existence of Hopf bifurcation are
obtained. When there is no delays, we have obtained the
condition for local stability of the positive equilibrium point
E*(S*, I'*, R*). When there exist time delays, by taking
71> 0 (mm = 0) and 7, > 0 (77 = 0) as bifurcation parameter,
we have obtained the Hopf bifurcation conditions and a cri-
tical value of delay 75 and 7, by taking 7 = » = 7 > 0 we
have obtained the corresponding Hopf bifurcation conditions
and a critical value of delay 7. Similarly, we have obtain the
Hopf bifurcation conditions and a critical value of delay of
™ >0,7 €0, 7)), 1= m and 7> 0,7 € [0, ™), 71 = 7.
As we can see, for time delays, there is a threshold under
which the positive equilibrium is stable, but if the delay is
greater than the threshold, sustained oscillations will occur.
Furthermore, to minimize the spread of infectious diseases,
we have studied the optimal control techniques by the Pon-
tryagin’s maximum principle. Finally, we conduct a series of
numerical simulations to prove some of the conclusions in
this paper, and also investigate the effect of some parameters
on R,.
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