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Abstract
The tight-binding method is an important theoretical tool to investigate the physics of black
phosphorus. Recently, a fifteen-parameter tight-binding model was proposed to precisely
describe the band features. The large number of parameters is an obstacle for understanding the
physics, and a minimal model for black phosphorus that grasps the main physics with satisfied
precision is quite valuable. We use a tight banding model with only three parameters, that can
reproduce the correct energy gap for monolayer, few-layer and bulk black phosphorus, to study
the band structure black phosphorus under strain. The energy gap can be decreased by tensile
strain normal to the phosphorus layers or in-plane compressive strain. At a certain critical strain,
the gap of the phosphorus (either bulk, multilayer, or monolayer) is closed, and the dispersion is
linear in the armchair direction and is parabolic in the other two principle directions. The
simplicity of our model allows us to analytically investigate the energy gap and the critical strain
as functions of the layer number of multilayer black phosphorus. When the strain exceeds the
critical value, the valence and conduction bands evolve into two tents with their ridges touching
each other.
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1. introduction

The ultra-thin layer black phosphorus, often called phos-
phorene, was exfoliated from its bulk counterpart recently [1].
Phosphorene draws much attention due to its great potential
for application. It has a moderate direct band gap varying
from 0.35 eV (the gap of bulk material) through 1.73 eV (the
gap of monolayer material) [2], and the air exposure can
slightly increase the band gap of few-layer phosphorene [3].
As a possible candidate of optoelectronic material, it may
detect the entire visible spectrum of light and near-infrared
light region [4, 5]. The optic absorption is highly polarized

and it only active for the light polarized along armchair
direction near the absorption edge [6, 7]. Phosphorene has
high mobility and is regarded as an electronic material [8, 9].
Its field-effect transistors were demonstrated to have large on–
off current ratio at room temperatures [10–12]. Few-layered
phosphorene can accommodate edge bands on the zigzag
edges, and these edge bands is sensitive to external electrical
field [13, 14]. An insulator-semimetal transition can be caused
by applying vertical strong electrical field [15–17], and such
transition was verified in experiments [18–20]. Few-layered
phosphorene is extreme flexible and can sustain large strain
up to about 30% [21–23], that makes phosphorene a possible
material for strain engineering.
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Strain is a powerful tool to control the electronic structure
of black phosphorus. It modifies the carrier mobility [24],
tunes the band anisotropy [25], alters the transport properties
[26], and induces the variation of the optical conductivity
[27]. Strain can change the energy gap of phosphorene effi-
ciently [28, 29], and many literatures reported that a critical
strain can close the energy gap and turn phosphorene into a
semi-Dirac semimetal material [30–36]. The strain induced
signal of semi-Dirac semimetal material was already observed
experimentally [37]. The transition, by taking into account the
spin-orbital coupling, induces a few topological phases in
phosphorene [38–40].

The tight-binding model is an important tool for theor-
etical research, and based on its parameter, the low-energy
Hamiltonian can be derived, which is often adopted for ana-
lytically calculations [41–43]. The tight-binding parameters
for phosphorene can be obtained by fitting its band structure
to that of ab intio calculations [17, 45]. To properly describe
the band features such as the band gap and the anisotropy, a
lot of hopping parameters have to be used. ([17]) developed a
tight-binding model with ten intra-layer hoppings and five
inter-layer ones. It correctly reproduces the energy gap of
monolayer, few-layer, and bulk back phosphorus reported in a
recent measurement [2]. However, the large number of
parameters leads to the difficulty to understand the physics
and a minimal model for phosphorene, that can grasp the
main physics and can reproduce the main results of experi-
ments, is quite desired for theoretical research. Motivated by
the above, we proposed a minimal tight-binding model that
only has three nearest hopping parameters. Using the minimal
model, we investigated the band structure of bulk and mul-
tilayer black phosphorus under the influence of strain. We
analytically proved the effects verified by previous studies.
The energy gap can be decreased by tensile strain normal to
the phosphorus layers or in-plane compressive strain. At
critical strain, the energy gap is closed, and the dispersion is
linear in the armchair direction and is parabolic in zigzag
direction and along the normal direction. In other words,
strain can induce a 3D normal insulator semi-Dirac semi-
metal transition. We applied our model to multilayer phos-
phorene and obtained the critical strain as a function of the
layer number of black phosphorus.

2. Bulk black phosphorus

The tight-binding Hamiltonian reads

( )å= +H t c c , 1
i j

ij i jTB
,

where ci ( +ci ) is the annihilation (creation) operator of electron
on site i, tij is the hopping energy between sites i and j, and the
summation runs over all site-pairs with nonzero hoppings. In
this paper, only nearest neighborhood hoppings, including
two types of intra layer hoppings and one type of inter layer
hopping, are considered. The three types of hopppings are
labeled as t1, t2 and t3 in figure 1. When a strain is applied on
the lattice, bond lengths are modified and thus the hoppings

are changed correspondingly. The hopping energies are
related to the corresponding bond lengths by the rule

⎛
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⎞
⎠⎟ ( )a= =a
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, 1, 2, 3, 2

0 0

2

where ar are the bond length vectors corresponding to hop-
ping energies tα and the superscript 0 is used to denote the
quantity without strain. We set the hopping parameters as
shown in table 1 to ensure that the tight-binding calculation
reproduces the correct energy gaps of monolayer, bilayer, and
bulk black phosphorus materials, which were reported to be
(in units of eV) 1.73, 1.15, 0.35 in a recent experimental
measurement [2]. The bond lengths under strain are related
with the unstrained ones and the stain by the relation

( ) ( )a= + =a a a a a  r r r r r, , , 1, 2, 3, 3x x y y z z
0 0 0 0

where x y z, , are the strain components along x, y and z
directions. The unstrained geometry parameters of black
phosphorus are list in table 1.

We select four atoms labeled by 1 through 4 in figure 1 as
the translational cell. The k-space Hamiltonian in basis of ∣ ñi
(i=1, 2, 3, 4) reads

⎛
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Figure 1. Sketch of top view and front view of black phosphorus
lattice. The red and blue filled circles represent the puckered up and
puckered down atoms.

Table 1. The geometry parameters [17] (in units of Å) and hopping
energies without strain (in units of eV).

a b l

x 0.7053 1.4797 0.7053
y 0 1.6550 1.6550
z 2.1261 0 3.1088

t1 t2 t3
3.245 1.190 0.345
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with the matrix elements defined by
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To solve the eigen energies of the Hamiltonian, we introduce
a set of unitary matrices
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By means of the unitary matrix U=U1U2U3, we transform
the Hamiltonian into

( )= = ++H U U H V . 70

In the equation, the Hamiltonian H0 describes the layered
system without inter-layer coupling and it is a block diagonal
matrix
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The matrix elements in the equation are renewed and are
defined as

( )
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where = +d a bx x x, dy=by and dz=lz+az. The lattice
constants in x, y directions are 2dx and 2dy, respectively, and
that along z direction is dz. The matrix V represents the inter-
layer coupling and is a block anti-diagonal matrix
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with

( )=c t k d k di2 cos sin . 11y y z z14 3

The energy gap occurs at Z point ( =k 0x , ky=0,
p=k dz z). At Z point, c14=0 and the conduction and

valence band energies are totally determined by the matrix h.
The conduction band bottom is

( ) ∣ ∣ ( ) ( )= = - +E Z c t t t2 . 12C 12 1 2 3

Because of the electron–hole symmetry, the valence band top
is EV=−EC, and so the energy gap reads

∣ ( )∣ ( )= - +E t t t2 2 . 13g 1 2 3

When no strain is applied on the system, we have
( )> +t t t21 2 3 and Eg=0.35eV.

If the lattice is suffered by a tensile strain along z
direction, az is enlarged, t1 is thus decreased, and the energy
gap shrinks (The parameter t3 is also decreased, while the
change of t3 is less important since t1 is about 10 times of t3).
If a compressive strain in either x- or y-direction is applied,
the length of b is shortened, t2 becomes larger, and the energy
gap decreases. There is a critical strain (in-plane compressive
or vertical tensile strain) can be found to vanish the energy
gap. At the critical strain, the hoppings satisfy the relation

( ) ( )= +t t t2 . 141 2 3

According to the equation, the critical strains in x, y and z
directions are calculated to be −0.108, −0.058 and 0.038,
respectively. One can see that the in-plane compressive
strains make the energy gap shrink and the y direction is the
easy axis for gap modification, which are consistent with
known results [36, 45]. These critical values are quite close to
those obtained from the fifteen-parameter tight-binding model
[17], which predicts the critical strains to be −0.117, −0.057
and 0.039 respectively4.

If no strain is applied or the strain is not large to reach the
critical value, the dispersion is of parabolic type at the vicinity
of Z point along any direction, as showed in the left column of
figure 2. When a critical strain is applied and the energy gap is
closed, there are interesting features in the dispersions along
three principle directions cross Z point. We set k 0x and
have

∣ ∣ ∣ ( )∣
∣ ∣ ( )

= = - +
=

-E c t t t
t d k

2 e
2 , 15

C
k d

x x

12 1 2
i

3

2

x x

in which the relation equation (14) is used. The above
equation implies that the dispersion in x direction across Z
point is linear. The dispersion along y direction at Z point can
be obtained by letting k 0y ,

∣ ∣ ∣ ( ) ∣
( )( ) ( )

= = - +

= +

E c t t t k d

t t d k

2 cos

. 16

C y y

y y

12 1 2 3

2 3
2

One can see the dispersion in y direction is parabolic. When
we consider the dispersion in z direction, we replace kz with

p+k dz z and set k 0z . For this case, the inter-layer
coupling matrix V cannot be ignored. The reduced Hamilto-
nian of the conduction and valence bands can be obtained as

( )= +
- ¢

= -
¢

+ +H h v
E h

v h v
h

v
1 1

, 17CV

where h, h′ and v are matrices appearing in equations (8) and
(10). Applying equation (14) and solving the eigen values, we

4 The k-space Hamiltonian of bulk black phosphorus of the fifteen-parameter
model is ( )= + +-H H H e c.c.M C

k di z z , where HM and HC are the matrices
given in equation (4) in ([35]). Supposing the hoppings depend on the bond
length by equation (2), we obtain the band structure. Tuning the strain so as
to close the band gap, we can find the critical strains.
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have the conduction band energy

( ) ( ) ( )h= +E t d k1 , 18C z z3
2

where ( )h = +t t t3 2 3 . The dispersion in z direction is
parabolic. Because t3 is much smaller than t2, the effective
mass along z direction is much larger than that in y direction.
The middle column of figure 2 shows the dispersions in the
principle directions across Z point and demonstrates the fea-
tures as we discussed: the dispersion is linear along x direc-
tion and is parabolic in other directions.

If the strain exceeds the critical value, the conduction
band bottom in equation (12) is negative. We define

( )d = + - >t t t t2 02 3 1 . The dispersion features near Z
point can be obtained by the proceeding the above analysis all
over again. In x direction, the conduction dispersion reads

∣ ( )∣

( ) ( )d
d

= - +

= +

-E t t t

t
t

t
d k

2 e

2
. 19

C
k d

x x

1 2
i

3

2
2

2

x x

The dispersion in x direction recovers to its typical parabolic

type with the energy gap 2δt, as showed in figure 2(c). In y
direction, we have

∣ ( ) ∣
( )( ) ( )d

= - +

= - +

E t t t k d

t t t d k

2 cos

. 20

C y y

y y

1 2 3

2 3
2

The dispersion is of parabolic type and it opens downward, as
figure 2(f) shows. The energy gap at Z point is 2δt, and it will
be closed at some points besides Z point. The inset illustrates
what the band structure on the kx–ky plane looks like. Around
the band touching points, the dispersion is linear, as that in
graphene. In z direction, we have

( )
d

= +
- ¢

= +
- ¢

+ +H h v
E h

v h v
t h

v
1 1

. 21CV

By regarding δt as a small quantity, we have the conduction
band dispersion

( ) ( ) ( )d h= - +E t t d k1 . 22C z z3
2

It is also an inverse parabolic curve. Figure 2(i) shows the
situation and the inset demonstrates the band structure on

Figure 2. The band energies (in units of eV) as functions of wavevector (in units of p a =ad x y z, , , ) across Z point. The upper and lower
insets show respectively the 3D band structures for kz=0 and for kx=0 under strain = +  0.01z z

c .

4
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ky–kz plane. The conduction and valence bands touch with
each other on a ring, and a cavity forms between them.

The minimal tight-binding Hamiltonian has electron–
hole symmetry. Supposing the conduction and valence band
energies detected experimentally are C and V respectively,
the average of them ( )= +   2av C V is a quantity to reflect
the electron–hole asymmetry. The Hamiltonian

( )= + H H 23avasym

not only reflects electron–hole asymmetry, but also describes
the anisotropy of effective mass, and therefore is a good
model to describe the physics near Z point.

3. Multilayer phosphorene

For the multilayer phosphorene having N layers, kz is not a
good quantum number but a parameter to characterize the
subbands. We assume that the wavefunction vanishes on the
layer just beneath and above the multilayer system. This
requires that kz are quantized as

( )
( )p

=
+

=k
n

N d
n N

1
, 1, 2, , . 24z

z

The energy gap takes place at Γ point (kx=0 and ky=0)
when kz takes the value most close to π/dz, saying the value
when n=N. For this case, we have

( )p q= -k d , 25z z

where θ=π/(N+1). At Γ point, the matrix elements in
equations (9) and (11) are renewed as

( )
( )

( )

q
q

q

= - +
= + +
=

c t t t
c t t t
c i t

2 cos ,
2 cos ,

2 sin . 26

12 1 2 3

34 1 2 3

14 3

The energy gap can be analytically calculated to be

( ) ( )q q= + - +E t t t t2 4 sin 4 cos . 27g 1
2

3
2 2

2 3

The equation indicates the function of energy gap versus layer
number. By tuning the applied strain to letting Eg=0, we
have the critical strain as function of layer number. If we set

= ¥N , we have q =sin 0 and q =cos 1, and the equation is
reduced to equation (13).

The monolayer case can be easily obtained by setting
t3=0 and the result is ( )= -E t t2 2g 1 2 , which produces the
result 1.73 eV. The critical strain can be found when t1=2t2
is satisfied.

Figures 3(a) and (b) show the curves of energy gap and
critical strain versus layer number. The energy gap decreases
with the layer number and the critical strain decays as similar
way. For black phosphorus with a few tens of layers, the
energy gap and critical strain tend to be those of the bulk
material. Figures 3(c)–(e) demonstrate the lowest conduction
bands and highest valence band of a 50-layer black phos-
phorus. When the strain does not exceed the critical strain, the
material is a normal semiconductor. When the strain equals
the critical strain, the band touching happens and the dis-
persion in x-direction is parabolic and linear in y-direction. If

the strain exceeds the critical strain, the band inversion hap-
pens and different conduction and valence subbands cross at
different values of ky. For the layer number N 1, the
subband-cross points form a line, and the lowest conduction
and highest valence bands look like two camping tents with
their ridges touched.

4. Summary

We proposed a three-hopping nearest-neighborhood tight-
binding model to study the band structure and that under
strain. We showed that strain can induce an insulator-semi-
Dirac semimetal transition in both bulk black phosphorus and
few-layer phosphorene. By virtue of the simplicity of our
model, the features of semi-Dirac bands were identified ana-
lytically. The value of critical strain for the transition as a
function of the layer number of multilayer phosphorene was
obtained and it coincides with that of the fifteen-parameter
model. Our model, which is simple and reproduces the main
physics under strain, can be used as a convenient platform for
theoretical research.
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