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Abstract. We consider the two dimensional @Q-random-cluster Potts model
on the torus and at the critical point. We study the probability for two points
to be connected by a cluster for general values of () € [1,4]. Using a conformal
field theory (CFT) approach, we provide the leading topological corrections
to the plane limit of this probability. These corrections have universal nature
and include, as a special case, the universality class of two-dimensional critical
percolation. We compare our predictions to Monte Carlo measurements. Finally,
we take Monte Carlo measurements of the torus energy one-point function that
we compare to CFT computations.

Keywords: conformal field theory, correlation functions

© 2020 IOP Publishing Ltd and SISSA Medialab srl 1742-5468/20,/023101+-23$33.00


mailto:nina.javerzat@u-psud.fr
mailto:picco@lpthe.jussieu.fr
mailto:raoul.santachiara@u-psud.fr
http://stacks.iop.org/JSTAT/2020/023101
https://doi.org/10.1088/1742-5468/ab6331
http://crossmark.crossref.org/dialog/?doi=10.1088/1742-5468/ab6331&domain=pdf&date_stamp=2020-02-04
publisher-id
doi

Two-point connectivity of two-dimensional critical @-Potts random clusters on the torus

Contents
1. Introduction 2
2. Conformal field theory on a torus 3
2.1. Virasoro algebra and its representation...........ccccoooeeeeiiiiiiiiiinieiiiiiiinn e, 3
2.2. Torus correlation fUnCEIONS..........ovviiiiiie i e 5
3. Q-Potts random cluster model 7
4. Two-point Potts torus connectivity 8
4.1. Identity channel contributions...........cccovuiiiiiiiiiiiiiiin i 10
4.2. Energy channel contributions ...t 11
4.3. (1,3)” channel contributions ...........cocveeieiiioeeiee e 13
5. Monte Carlo simulation and CFT comparisons 14
5.1. General results for the two-point correlation functions............ccccccooooiiiin. 14
0.2, NOD-SQUATE TOTUS . evuuiiiiiieiiiii ettt ettt e e e 16
5.3. Link with one-point correlation function ............cccoooeiiiiiiiiiiiiniiiiiin e, 16
5.4. FUurther CoOrreCtionS ......ocuuiiiiiiii it e e e eaes 18
6. Conclusions 20
Acknowledgments .c.c.oeieiiiiiiiiiiiiiiiiiiiiiiiirir e e e e 20
Appendix. The s-channel expansion of the torus two-point
11011101 7 (o) 1 WA N 20
References 22

1. Introduction

The critical point of a two-dimensional statistical model can be often characterised
in terms of extended objects that, in the continuum limit, are described by conformal
invariant fractal structures [1]. The study of these fractals provided new insights into
the nature of critical phenomena paving the way to mathematically rigorous approaches
[2]. On the one hand, many of the results found so far involve quantities related to
two-point correlation functions of a conformal field theory (CFT). The only excep-
tions concern observables that satisfy some differential equation and whose definition
requires the existence of a boundary, such as crossing probabilities [3] or SLE interfaces
[4]. On the other hand, the (bootstrap) solution of a CFT requires the knowledge of
three- and four-point correlation functions. Besides some special cases [5, 6], the only
known bootstrap solutions known to describe statistical critical points are the minimal
models. These CFTs have been successful in providing the behaviour of local observ-
ables of critical systems, such as the Ising spin correlation function, but they are too
simple to capture the geometry of conformal fractals. The description of these fractals
hints therefore at the existence of a CF'T whose solution remains an open puzzle.
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The random cluster (-state Potts models [7] represent an ideal laboratory in this
context. This is a one parameter family of models which includes as special cases
the spanning forests () — 0) [8], the (bond) percolation (@ = 1), the Ising (Q = 2)
and the three-state Potts () = 3) spin models, as well as the permutation symmetric
point of the Ashkin—-Teller model () =4). For 0 < @ < 4, the @-state Potts model
has a critical point at which the clusters percolate and have a conformal invariant
measure. Natural observables are the cluster connectivities, given by the probability
that a number of lattice points belong to the same or different clusters [9-11]. The
conjecture of Delfino and Viti on the three-point connectivities [12] has been at the
origin of a series of papers [13-20] which unveiled important insights on the still
unknown bootstrap solution.

In this paper we focus on the two-point connectivity on a torus. This study is moti-
vated by two facts:

e In order to increase the number of samplings, Monte Carlo measurements are
conveniently taken on doubly periodic lattices [19]: a precise knowledge of topo-
logical corrections is therefore needed to extract the scaling plane limit which is
then compared to the CFT on the sphere predictions.

e The torus topological effects encode informations on the set of states and on the
three-point functions, which are the basic ingredients to solve a CFT.

In section 2 we review notions of CFT on a torus and provide the general formulas
we will need. In section 3 we define the lattice observables and we provide analytical
results on their universal finite size behaviours. These results are then compared with
the numerical results in section 5, where details of the simulations are also discussed.
The final conclusions are found in section 6.

2. Conformal field theory on a torus

2.1. Virasoro algebra and its representation

Consider first a CFT on a plane z € (C|J{oo}) [21] with T'(z) and T'(2) the holomorphic
and anti-holomorphic component of the stress energy-tensor. The holomorphic stress-
energy modes Lgf), defined in (A.1) form the Virasoro algebra V, with central charge c:

(L), L] = (n = m) L., + 1—027l(n2 — 1)dnm- 2.1)
The anti-holomorphic modes LY are analogously defined and form a second Virasoro
algebra V., with the same central charge, that commutes with (2.1).

A highest-weight representation of V. is labelled by the conformal dimension A:
it contains the primary field Va, L,|Va) =0 for n > 0, and its descendants, obtained
by acting with the negative modes on the primary state. Given a Young diagram
Y ={ny,ny- -}, with n; € N,n; < n,yq, the fields

V7 =18 VA =818, Vo (i = Va) (2:2)

n2
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form a complete basis of the A representation. The descendant VA(Y) has total dimen-
sion A 4 |Y'|, where |Y| = > n; is called the level of the descendant. For general A, the
number of independent descendants is therefore the number of partitions of |Y'|. The
inner product Ha(Y,Y”) between descendants is defined as:

Ha (YY) = lim 22 (Va(2) L L%, VA (0)) 2.3)

Z—00

and is completely defined by the algebra (2.1). For certain values of A, see (2.9), the
representations are degenerate: they contain a descendant field, usually called the
null state, which has vanishing norm. For unitary CF'Ts, the null state is set to zero.
Otherwise, one can have CFTs where null states are not vanishing, like for instance
in [22]. For the sake of simplicity, we will continue to denote the descendant states as
VA(Y) even when the presence of a vanishing null state makes their number smaller than
the number of partitions. In this case, the notation Y is meant to label the independent
non-vanishing descendants.

The spectrum S of a CFT is formed by the representations of V, ® V, appear-
ing in the theory and labelled by the holomorphic and anti-holomorphic dimen-
sions A, A. In order to simplify the formulas, we use the notations (A); = A;, A; and
(AY); = (A, Y)), (A, Y;). In these notations, a V, ® V. primary field and its descen-
dants are

Viay(z,2) = Va(2)Va(2), Viay)(z,2) = LY. LELVA(2)Va(2). (2.4)

The product of two primary fields (OPE) can be expanded in terms of the states
appearing in the spectrum S [21]:

_ A, _
Viay (2.2) Viay,(0) = af3) 7, (2. 2) Viax, (0), 2.5)

where the coefficients are factorised as:
(AY) A (As3,Y3) (A,Y3)
a(A)l,(Z)2(2>Z) = C(A)1 (A)s 5A13A23 (2) 5A1 ASQ( z). (2.6)

One factor is the (model dependent) structure constant C’((ﬁ))i( INE the other factor is
fixed by the algebra (2.1):

(A3,Y3) —A1—Ag+A - (A3, Y")
BA13A23 ( ) = z 1 2+Asz+|Y] Z HA;(Y7 Y/) F(AB {01),(A1.{0})) (2 7)

Y/
Y/ |=|Y|

where:

(A3,Y3) _ <L(_°§3, VAs(OO)L(_Ix)/Q VA, (1)[/(_0;)/1 Va, (0)>
(A1), (8275) (Viay (50)Viay (1)Va, (0))

(2.8)

Under the replacement A; — A;, the above formulas define ﬁ AS 3)( ) too. The three-

point function (2.8) can be computed in an efficient way by the recursion formulas in [23].

In the study of the critical random Potts model, the following series of notations
turns out to be very convenient. The conformal dimension can be parametrised as
follows

https://doi.org/10.1088/1742-5468 /ab6331 4
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c—1 1 s\2
21 +Z<Tﬁ—g)- (2.9

A representation is degenerate if r, s € N*, and has a null state at level rs. The symbols

A=Aqq =

vA(r,s)7A(r,s) = ‘/(T’S)D7 VA(r,s)vA(r,—s) = ‘/(7”,8) (210)
indicate the diagonal and non-diagonal primary fields and the notations

(r,s)?, (r,s) (2.11)

denote the representations associated to V{, ;o and V/, ;) respectively. This allows us to
use a lighter notations for the structure constants, for instance:

(’I",S)D . (AT‘3,33 7Ar3,33)
80,0252 = O s o1 ) (Argreg Brg—ag)’ (2.12)

A set of these representations is denoted as
Sy = {(r, S)D}(T,S)EXv Sx = {(r, S)}(T,S)EXa (2.13)

where X is a given set of pairs (r, s). A third set type is S} that contains the degener-
ate representations with vanishing null state.

2.2. Torus correlation functions

So far we have reviewed the properties of a CFT that do not depend on the topology of
the surface. The theory of Virasoro algebra on general Riemann surfaces can be found
in [24]. Let us consider now a CFT on a torus with periods w; and ws. In the numerical
simulations one usually considers doubly periodic rectangular lattices of size M x N,
where M, N € R.y. We therefore set:
. w1 M o
wy =iM, ws =N, = — =i—, =e M,
1 2 T o N 4 (2.14)
The results we will obtain can be of course generalized to the case Re 7 # 0. In the fol-
lowing, we represent the torus as a finite cylinder of size N with the ends, at distance
M = O(N), glued together. Accordingly, we use the map

w = —i ﬁ In z (2.15)
2T
sending the plane (2) to an infinite cylinder (w) of size N.
We define a general field V&f\{,) on the cylinder of size N as:
VEN, (w, @) = LS L VS (w, w), (2.16)

where L(i’flw), E(i’flw) are the conformal generators on the cylinder. They are related to
the fields on the cylinder of size N=1 by a factor arising from their transformation

under (2.15), see appendix :

https://doi.org/10.1088/1742-5468 /ab6331 5
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C,N _ o) AT C,N=1, = _
Viay(w, w) = (W) Viy (w, ). (2.17)
Henceforth, we will often omit the symbol C, N when the field on the cylinder is a pri-
mary, i.e. V(%V(w) — V{ay(w). The relation between L") and L*) is obtained using
the transformation of 7 under the map (2.15) see appendix .

The torus function <H2 ‘/(Ai)>7- corresponds to the trace of the ons. The one-point
torus correlation function can be associated with the following diagram:

Via)

Sint
where Sy € S is the set of representations that propagate along the M direction
and whose fusion with themselves contains the representation (A). It takes the form:

B LG9 _[ (o) Aint Rint [ ~
Vay)r = ETrsmt ( o g Va0 ) Z N Xe:s (Amt) (A,nt)fA (9) FA (@), (2.18)

where LS’(OO) = LE)O) — 57 and FSim(q) is the torus conformal block:

. L. C _A..,_C — Ain ,Y/
fﬁmt <q> — qut 24 quc 24 Z q|Y|HAi1m (Y’ Y’) FEAmZ,Y)),(A,{(B})

v,y!
lY|=1Y’]|
_ inmii qﬁint*i <1 n 20t ‘;AA(A — 1)(] 1. ) (2.19)
int

see (2.3)—(2.8). The torus partition function Z can be related to the identity one-point
function, for which Sy = S,

7 _ Trs( 160 Lc <oo>) Z }-Amt ]_-Amt( 7).

e (2.20)

The computation of ]-"OA‘“t(q) using recursion relations is discussed in [25].
The s-channel expansion of the torus two-point function (V(a),(w)V(a),(0))  is
described by the diagram:

Viay, (w) Via),(0)

https://doi.org/10.1088/1742-5468 /ab6331 6
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where S;,,; contains the fields appearing in the fusion Vi), V(a), and Sy, is the spec-
trum of the one-point torus function of the fields in S;;;. One can show, see appendix,
that the two-point torus function can be expanded as:

F A Ay (27w
7Y int
Viay (@)Via), (0)- = (g) PN (T) Vian),

(AY)intESint

(2.21)

3. Q-Potts random cluster model

Let us consider a rectangular lattice N x M with periodic boundary conditions in the
two directions. The edges of the graph carry a bond with probability p, or no bond with
probability 1 — p. According to these bonds, the lattice is split into a disjoint union
of connected clusters. The random cluster ()-state Potts model [26] is defined by the
partition function

ZQ _ Z Q# clustersp# bonds ( 1— p)# edges without bond .

5 3.1)

At the critical value

p=p.= % (3.2)

the probability that there exists a percolating cluster jumps from 0 to 1, in the limit of
infinite lattice size. The model becomes conformally invariant in the scaling limit, and
has central charge c:

1
c=1-6(8-8"°, Q=4cos?nf® with §<52<1. (3.3)
The scaling limit Zg of the Potts partition function (3.1) at the critical point (3.2) was
computed in [27]:
Zq = equation (4.8) of [27], withey —2—26% g— 48> hy, — Ao, s)- (3.4)

The corresponding total spectrum is:

Potts __ oD,quot
S o 8(1,1%*) U SU?ZJF%) U S(O:ZJF%)‘ (3.5)
j=2 .
M|j,pAM=1
The multiplicities associated to the above sectors have also been computed [27] and,

for general (), assume general real values. We refer the reader to [18] for a derivation of
(3.5) from the representations of Temperley—Lieb type algebras. Sg’gll,f‘))t is the thermal

sector [28] and contains the identity and the energy field:
Identity field = V(; ;yp, Energy field = V(; 5yp.

The space of n-point cluster connectivities has been defined in [9]. Here we will focus
only on the two-point connectivities:

https://doi.org/10.1088/1742-5468 /ab6331 7
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p12 = Probability(w;, wy are in the same cluster). (3.6)

At the critical point (3.2) and in the plane limit N, M — oo, the Coulomb gas approach
[29] determines the scaling limit of the probability pis :

o —4A
Plane scaling limit : p1o = ¢ |w| @2, w = w; — wo, 3.7

where ¢ is a non-universal constant, see section 5. From the above equation one sees
that, in the plane, the two-point connectivity is related to the plane two-point function
of the

Connectivity field = V{, 1, (3.8)

belonging to the magnetic sector S 5, 1 [30]. It is natural to assume that the relation
between pi2 and the V{, 1 two-point function holds on the torus, i.e.:

Torus scaling limit : p12 = ¢ <V(07%)(w)v(0 ;)(O)> , W= wp — Wy (3.9)

Let us mention that a rigorous proof of (3.2) has been obtained recently in [31] where
the behaviour of the probability (3.6) in the sub-critical regime p < p. and on the torus
was also studied.

4. Two-point Potts torus connectivity

According to Monte Carlo simulations (see section 5) while (0, %) is the field in (3.5) with
the smallest non-zero conformal dimension, the leading topological correction is given
by the energy state (1,2)”. The contribution from the second thermal operator (1,3)” is

also visible at ) ~ 3. Based on these observations, we assume that <V(0, 1(w)Vi 1 )(O)>

is given by (2.21) with S;; = S([f ’gj())t. In particular we compute the contributions of the

first three dominant channels:

Sint = {(171>D7(172)D7(173)D}' (41)
The agreement between Monte Carlo and analytic results presented below confirms
that this truncated spectrum (4.1) provides a good approximation to <V(07 1 (w)V, 1 (O)> :
Some arguments going in this direction come also from the analysis in [18, 20] where
the spectrum of all independent four-point connectivities has been determined. In
particular, it was shown that the asymptotic of the probability pis Npss (related
to Py + P; in [20]), in the limit 2o — 2; — 0 and 23 — 25 > 1, is dominated by the
low lying states (1,1)P,(1,2)P,(1,3)?,(2,0),---. In this limit one expects that
P12 N p3g ~ P12 P34 + corrections, where the corrections are produced by the configurations

which correlate the pjo and p;3 probabilities and which are associated to the state (2,0)
[20].

https://doi.org/10.1088/1742-5468 /ab6331 8
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Table 1. ¢y and ¢; from a fit of the numerical data to the form (5.1). The last
column contains the analytical determination in (4.11a).

Q co C1 €1,2)
1 0.74719 0.356 0.35707
1.25 0.73323 0.392 0.393023
2+ cos %’T 0.72693 0.414 0.411442
1.5 0.72178 0.4343 0.427244
1.75 0.71199 0.459 0.458989
2.0 0.70337 0.488 0.488863
2.25 0.695 56 0.518 0.517293
2.5 0.68827 0.551 0.544607
2.75 0.68113 0.578 0.571079
3.0 0.67376 (2) 0.599 0.596 962
3.25 0.66555 (5) 0.627 0.622532
24++2 0.65902 (7) 0.642 0.639326
In the limit:
M
N — oo, N—>O(1), l<w< N, (4.2)

using the expression for the two-point function (2.21) with the internal spectrum (4.1)
we obtain the following N~! expansion

NS
—4A 2w
(Viosy @)V (0)) = wl *20b > Chpey x| W
Xe{(1,1)P,(1,2)P,(1,3)P}
2% _
(5 o (e (o), <o (00 )
or\* -
+ (W) O (v (L50vx) +@® (I94vx) )+) , (4.3)
where we set 3% = (AA(X:/)A( . Note that descendants of the type L, L¢, Vx are total
0.3)70,%

derivatives and their torus one-point functions vanish.

The main message here is that the leading topological correction for the two-point
connectivity is given, for 1 < Q < 4 by the energy (1,2)” state. Given two-points w-, wo
on a torus (2.14) and at distance r = |w; — wy|, the scaling limit of the probability (3.6)
is:

1,2 28312 1y=37
P12 = rrﬂ,;) [1 i <%>2A< | <(223(q() Q-1 [0(32)(0 )}2 QQ(A(%) ) (1 +O(Q))>
e ((%)2) ] (4.4)

where ¢ is a non-universal constant evaluated in table 1, and C’% 12 72),(0,1/2) 18 given in

(4.16). At the critical percolation () = 1 point, we have:

https://doi.org/10.1088/1742-5468 /ab6331 9
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Figure 1. The contribution cy of the stress-energy tensor, as a function of () and
for different values of the aspect ratio 4.

71 5 %) ? s M _s3.M
1 () (@ﬂw@(gig%)) ¥ 4ot N)>

o))

The formula (4.4) represents, at the best of our knowledge, a new analytic result on
the universal properties of general () random Potts critical clusters and, in particular,
of the critical percolation clusters (4.5). The derivation of (4.4) and (4.5), of the next
~ sub-leading topological terms and of the systematic computation of the ¢ expansion,
are given below.

Co
P12 = —5

r2d

4.1. Ildentity channel contributions

The leading contribution to (4.3) comes from the identity. In particular we have:

Leading : ]w|74A(°*%) (plane limit) , (4.60)
. ~4A 1, w2 w2
Sub-leading : |w| 2 (N) cr + <N) cr (4.6b)
. 1

Next to sub-leading : O ~i ) (4.6¢)
The dominant term corresponds to the plane limit while the sub-leading factors ¢y and
Cr:

QA 0 1 2A 0 1 _
or=—22 (1) op = — 22 (T%), (4.7)

are proportional to the stress energy one-point function, with

(T, = ind, log Zg. (4.8)

https://doi.org/10.1088/1742-5468 /ab6331 10
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In figure 1 we plot ¢y as a function of @) and for different 7, i.e. for different ratios
M. for a square torus, M = N and (T€), = (T€), =0, for all . This is the reason the
N2 corrections were not visible in the fits in [20]. In the cylinder limit M /N — o0

one recovers the well known result (7€), = (2m)?55. It is interesting to stress that

the limc_m <0 C ) <T C> is finite and different from zero. No subtleties, arising from the

existence at ¢ = 0 of a logarithmic partner of the stress energy tensor, seem to emerge.
Indeed one can write

Z=1+0(Q-1) (4.9)
which gives a finite limit for
280.3)
cr = ——2221%q0qZ. (4.10)
c

The next corrections from the identity channel appear at order N~* and are related
to the propagation of the identity descendants (T°T°),, (L€ Id), and (L€ Id),.
4.2. Energy channel contributions

Besides the identity, the energy V(; 2 field has the lowest dimension in Sg ’%fm The
(1, 2)” contribution to (4.3) is given by

: —4n, 1, (] 28a2)
Leadlng . |’LU| ©.2) W €(1,2), (411(1)
_ 1
Sub-leading : O | —5x 3 (4.11b)
where:
2A (1,2
ca = (@m)*20 COD L (Vaap), (4.12)

We can compute the one-point function <‘/(1’2)D>T by using the vanishing of the (1,2)”
null state, which determines the OPE [21]:

Vi) X Virs) = Viesi) © Virs- (4.13)

0, 1) is the only representation which satisfies both the above OPE and
2
Viea) X Vio.sy = Vio (4.14)

l\J

Therefore the one-point function <‘/(172)D>T gets contribution only from the propagation
of the (0,1) state, i.e. S = {(0,1)} in (2.18). This property was pointed out in [32]
where the energy one-point function for minimal models was computed in terms of a
Coulomb gas integral. Collecting all these facts, we obtain:

https://doi.org/10.1088/1742-5468 /ab6331 11
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2

Q —1 (1,2)P
Vize)e 7R Cob0.)

_Q-1 a2r 2(A<o,l)_i)
~ 7o Cooy ld ™ 7

20,1+ Aa2)(Baz — 1)
280.1)

1+ q+-- (4.15)

where the factor ¢ — 1 comes from the multiplicity of the Sy 4, 1y sector computed in
[27] and the structure constant is given by:

w2? a1 (=3) 1 2 G

35

The next energy contributions come from the descendants LgQV(LQ)D and EEQV(LQ)D.
The null state in the representation (1,2)" is

X = (—62(L93)2 + L(fi) Vazr(1). (4.17)
Using (A.4)

L4 = <%>2 (L(_lg -5 ngU) (4.18)
and setting the null vector to zero

LV (1) = BLY)? Viae(1) (4.19)
leads to

(LE5Vi0(0)) = (L Viuzp(0)) =0, (4.20)

which explains why the sub-leading corrections in (4.11a) are found in the fourth level
descendants of the energy (the third level descendant is a total derivative). Using the
expression of the one-point function (4.15) in (4.11a) with r = |w|, one obtains our
result (4.4).

At the critical percolation point @ =1, the bond probabilities, associated to the
energy field (see next section), are independent. The CFT energy one-point function
(4.15), which actually probes the fluctuation induced corrections to the bulk constant
value, vanishes at () = 1. On the other hand, the vanishing of the one-point function is
exactly cancelled by the divergence in the structure constant (4.16), thus providing a
non-zero contribution to limg 0537712};7(071/2)<‘/(1’2)D>7—. The result is given in (4.5).

When M # N, we have seen that we have a N2 contribution of the energy ten-
sor to the topological corrections. Even if this term is sub-leading in the parameter ,
r = |w|, in finite size simulations it can interfere or even be dominant with respect to

the energy contribution. In figure 2 we plot as function of ), and for different ratios

%, the regimes of - dominated by the energy (below the curve) or by the stress-energy
(above the curve) topological corrections:
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M _
0.5 1 N =5
— =35
M
0.4 M—2
0.3
=
0.2
0.1
0

1 15 2 25 3 35 4
Q

Figure 2. Regimes of £ dominated by the energy (resp. the stress-energy tensor)
contribution below (resp. above) the curve, as a function of @), and for different

ratios 4.
4.3. (1, 3)° channel contributions

(1,3)” has a dimension 4 > 2A43) = 2 for 1 < @ < 4, decreasing with (. Despite this
relatively high dimension, the term

—an, 1. [ |w] 2809
Leading : |w| —©2 (W) C(1,3) (4.21a)
) 1
Sub-leading :O <m) (4.21b)
where:
2A (1,3)P
cag = (2m)700 O o1y (Vg (0)), (4.22)

provides a visible contribution when @) > 3, see next section 5.4.
We consider then <‘/(173)D>7_. Differently from the case of the energy field, the fusion
rule imposed by the vanishing of the (1,3)” null state:

Vags X Vage = Vag e ©Va,, ©Va, o, (4.23)
does not fix the representations contributing to its one-point function, since the fusion
Vaas X Vag., = Va,., is allowed for all r,s. This can be seen also from the fact that

the structure constant C’((i’i)(i) is different from zero for any A and ¢ [21]. Parametrising
A as in (2.9), one has, for three diagonal (spinless) fields [33]:

e | PENC-E2-5) 2o+ F) (w2
(o)) (%) V(1 +r— Ty :

The above value of the structure constant can be derived either from the vanishing
of the third level null state of (1,3)” or from a Coulomb gas integral, as the three
vertex fields satisfy the charge neutrality condition. One can expect on solid grounds

https://doi.org/10.1088/1742-5468/ab6331 13
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that C 13) p describes certain three-point correlation functions in the ()-state

(r,s)P
Potts rnodel In [15] for instance, the structure constant 0(11 g) 1,0) has been checked

to correspond to the scaling limit of certain lattice transfer matrix amplitudes. In the

case of two non-diagonal fields, C((i,’f))fm) has been shown in [15, 34] to be given by

\/ ot 3)D o 3)D
r s) (1‘ s D (r,s) (r —s)D (r,—s)P 3)P
One can expect that all the states X in the Potts spectrum (3.5), such that ol xx #0

contribute to <V(1,3 >T. However, one has to pay special attention, in particular when
using truncations in the s-channel spectrum: there can be highly non-trivial cancel-
lations between states. This is known to be the case when the central charge takes
rational values, and a finite number of states in the spectrum closes under OPE (see
section 5 of [35] and references therein).

We obtain:
v 1 etk ]_—A(O@ ? c!! 13) A(l 2)
< (1,3)D>7. - Z_Q (Q - ) (0,4),00,1) [V A (q) + )P (1,2)P (Q)
2
(1,3)P A(0,3) Q(Q 3 (1,3)P A, 0)
+@ - 1)0(0,%),(07% ]:A(l,sz) (q)‘ T 2 020) 2,0) ‘]:A(l 3) ‘ )’ (4.25)

where --- indicates next sub-leading contributions. In the above formula, the ) depen-
dent prefactors come again from the multiplicity of the states propagating in the torus.
In the following figure, the value cq 3) in (4.22) for M = N is plotted as a function of @
in the region of () where the comparison with Monte Carlo results is possible:

In figure 3 we tagged the values of ) at which Monte Carlo data have been taken.

At @ = 3,only threechannels (S = {(0, 1), (1,2)”, (1, ?))D})(:ontlributeto<V(1 3)(0)> ,

so we expect that, for Q) ~ 3, {(0, 2),(1,2)P} produce the main contributions, while all
others are suppressed by some power of () — 3.

5. Monte Carlo simulation and CFT comparisons

5.1. General results for the two-point correlation functions

We collected data on square lattices of size N x N with periodic boundary conditions
on both directions, thus having the topology of a torus (2.14) with M = N (for M # N
see next subsection). We considered various linear sizes N up to N = 8192. The prob-
ability (3.6) is computed by considering the lattice points (z,y) and (z + r,y) or (z,y)
and (z, y+r) and next averaging over z and y. We took data for Q=1+ n/4 for
n=1,---9 and Q =2+ 2005 .2+ 1/2. For each value of Q, we averaged over 10°
independent samples generated Wlth the Chayes—Machta algorithm [36, 37]. This algo-
rithm is a generalisation of the Swendsen—Wang algorithm for non integer values of Q).
. . 4A 1 .

In figure 4, we present the rescaled correlation function r  ©2)pi5(r) as a function

of r for various values of () as shown in the caption. While we observe a plateau for a
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https://doi.org/10.1088/1742-5468/ab6331

Two-point connectivity of two-dimensional critical @-Potts random clusters on the torus

value ~ 0.7, we also see that there exist strong deviations for large r. This is due to the
fact that we work on a torus, thus we expect topological corrections which have a maxi-
mum at r = % We also need to take into account the small size corrections which, as
can be observed in figure 4, will be present only for small sizes up to r ~ 10. A general
form of fit for the rescaled function 7= ©% p12(r) is given by :

f(N,r)=cg (1 + ch (%)d]) (1 +q1 r‘gQ) ) (5.1)

Jj=1

The above form of fit is factorised into three factors. The first factor ¢y is the non-uni-
versal normalisation of the lattice two-point functions. The second part, with param-
eters c¢j, (j = 1) encodes the torus corrections: d; and c; are the universal quantities to
be compared respectively to the dimensions and the factors computed in the previous
sections using CF'T, see (4.4). The third factor takes into account the small size correc-

tions. In the case of the Ising model, an exact computation shows that this correction
is described by this form with ¢, = 2 and a small coefficient g, = é [38].

A first numerical result is that the dominant topological correction is of the form
(%) 2212 je. dy ~ 2A(1,9). In figure 5, we show the behaviour of 7“4A(°’%>p12(7’) — ¢
with ¢y the constant part corresponding to the value of the plateau and this for vari-

ous values of () = 1,---3 as shown in the caption and for N = 8192. We observe that
the correction is a power of . We do a fit in the range r € [50-200] obtaining the
powers d; = {1.251,1.115,0.997,0.898,0.793} for @ € [1, 3], which are very close to the
corresponding set of values of 2A(; 2y = {1.25,1.1776,1,0.8982,0.8}. The best fit is also
shown in figure 5 as thin lines. Note that these fits agree with the numerical data also
for much larger distances, r > 200. In the case of ) = 2, the exact result for the two-
point function [27] is :

r 7\
Q=2 r*(Voy(Voy(0))  =1+0488863 - +0.211556 () +---.
(5.2)

This explains that the leading correction alone gives already a very good fit as shown
in figure 5. We observe that this is also true for other values of (), in agreement with
our results (4.4) for N= M.

In table 1, we give the numerical results for ¢y and ¢; obtained with a fit while keep-
ing only the leading topological correction and fixing d; = 2A(; 5). The fit is done with
numerical data r € [6,2048]. With this range of data, we obtain a good fit (measured
with the goodness of fit) for each value of (). The numerical errors on ¢y and c¢; are
indicated in the table either in parenthesis or smaller than one last digit. These fits
also take into account small distance corrections. We obtained g; ~ 0.02 and g, ~ 2 for
not too large values of ). Further details on these fits are found in [20]. In table 1, we
also show in the last column the values ¢ 2) computed in section 4.2. The agreement
is excellent with the numerical value ¢;, in particular for small values of (). For large
values of (), we expect that larger corrections have to be taken into account. In order
to check the presence of larger corrections we can simply attempt a fit to the form (5.1)
while adding a second correction cy(r/N)%. We will come back to this point later.
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5.2. Non-square torus

In this section we extend our results to non-square lattices. We checked the agreement
between analytical and numerical results for various aspect ratios % and for different
()’s. Here we present results for % =2 and @ =1, which involves taking a non-trivial
limit, see section 4.1. In this regime, the topological correction coming from the stress-
energy tensor is non-zero and is given by (4.10). We consider the correlation measured
in the vertical (v) (resp. horizontal (h)) directions. The coefficients ch), Cgl ) of (%)

(resp. (ﬁ) 2y and 0832), cglf?g) of (%) 281,2) (resp. (ﬁ) 28(1,2)) are,
M N

. M -
c(T):2cT(N):0.175608 A = (W) er(57) = —0.175608

. M M\ Pen N
CEL)Q) = C(M)(ﬁ) = 0.185569 CE}IZ,)Q) = (F) 0(1’2)(M) = 0.185557.

In figure 6 we show the numerical results and the best fits (dashed lines). We obtain
M =-0165(2) & =0.192(2)
ey = 0.183(1) c{r), = 0.180(4).

The agreement is good. We also show in the inset the difference between vertical and
horizontal correlations. This measures directly the contribution of the stress-energy

tensor since the contribution of the energy cancels. We obtain cgf’ —h = 0.172(1).

5.3. Link with one-point correlation function

We compare now the value of ¢; and the theoretical prediction ¢ 9) in (4.12) to the

torus one-point function of the lattice energy field <elatt>7. The lattice energy field can

be written in terms of the fields in the thermal series 88 ’gj(;t, see section 3, giving:

(") =eg+ e+ - (5.3)

N2 A(1,2)

where ¢ is the usual bulk energy density, associated to the identity V{;,)p field, and
the sub-leading term e; is related to the energy V|, 5o field:

2A _
er = (2m) @2 NP (Vagyp), - (5.4)

In the above formula, V. is the normalisation relating the lattice to the scaling energy
field and is computed by determining the energy-energy correlation <5latt(:v)5latt(0)>7, in
a similar way as we evaluate ¢ for the connectivity function.

In practice, we define the energy operator £'8*(z) as the probability that it contains
a FK bond. For a given cluster configuration, b,(z) is the probability that the site
x = (x1,x2) is in the same FK cluster as the site (z; + 1, 22) and b,(z) is the probability
that the site z is in the same FK cluster as the site (1, x5 + 1). Then the energy opera-
tor is defined as

5latt(x) = by(x) + by(x) — 1. (5.5)
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Table 2. Comparison of the dimensions of the fourh descendant of the energy,

and of the field V(;3), and thus of the sub-dominants § corrections, for different
values of Q.

Q 2A(1’2) +4 2A(1’3)
1 5.25 4
2 5 3.33
3 4.8 2.8
0.12 :
242
01 325 |
; |
_8-1072f J 3
a 2.75
Q
6-1072 | |
4-107% 1
. —2 | | | |
2-10 2.8 3 3.2 3.4

Q

Figure 3. The coefficient c(;3), computed for values of @ close to 3, where it
produces a visible contribution. We tagged the values of @) at which Monte Carlo
data has been taken.

This subtraction corresponds to imposing ey = 0 in (5.3). e; is obtained by measuring
<5latt>T and fitting to the form (5.3). The constant N, is fixed by measuring the two-
point energy operator. The measurement for the one-point correlation function have
been done on small lattices, up to N =256 for the computation of e; and with 100
million samples for each size. We need to use many samples (and then not too big lat-
tices), since 2A(j ) = O(1) and then the deviation from the infinite size is very small.
The same is also true for N.: it is determined from the two-point energy function which
decreases very quickly as a function of the distance. The fits were done for distances
r = 8-30 where we ignored small size and topological corrections. As a comparison, the
measurements for ¢; from the two-point correlation function have been done on very
2)P

15):(0,3)
green) with ¢; computed numerically (shown as red circles) and with ¢ 9 of (4.12)
(shown as blue circles). The agreement between the two measured quantities and the

large lattices, N = 8192. In figure 7, we compare the result C’((O1 N e; (shown in

analytical result is very good.

In the limit ) — 1, we observe that C’((;’i))D(O 1

c1 and (1 2). Indeed, we can check numerically that, for @ ~ 1, one has e; ~ 0.25 (Q — 1)
while N, ~ 5.0 (Q —1)7°%.

N. ey converges to the measured value
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Figure 4. Rescaled two-point connectivity for the @) Potts models at N = 8192 for
various values of () as shown in the caption.

107

10

103

10"

Figure 5. Same data as in figure 4 with the subtraction of the plateau. The thin
lines corresponds to best fit as discussed in the text.

5.4. Further corrections

We want to check numerically the existence of further topological corrections. We
expect that there exist corrections of order 4 from the descendants of the identity,
see section 4.1 and of order 2A(; 5 + 4 from the energy descendants, see section 4.2.
There exist also the contribution of order 2A(; 3), see section 4.3. In table 2 we give a
comparison of their respective dimensions.

For () <3 the coefficient c(; 3y becomes very small (see figure 3 in section 4.3), while
the dimension 2A(; 3) is large and comparable to the dimensions of the descendant fields.
Numerically it will then be difficult to distinguish the different contributions for small ()’s.

We first compare our numerical data to a fit of the form

T T

f(N,7) =co (1 + (N)dl + (N>d2> (I+gir ). (5.6)
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Figure 6. Rescaled two-point connectivity for () = 1 and % =2, at N=_8192. We
show separately the vertical and horizontal connectivities. The inset contains the
difference between these two connectivities.

0.6

0.55

0.5

0.45

0.4

0.35

Figure 7. C((éﬁ))j,j(o, ) )Nsel versus () compared to the numerical values ¢; shown as
red circles andzthezanalytical predictions ¢ 2) shown as blue circles.
Here dy is an effective dimension which takes into account all possible higher correc-
tions, while we assume the value d, = 2A(; ) and we take for ¢; = ¢(12), see (4.12).
Even so, it is a difficult task since we are left with five parameters. One could try to
ignore the small distance corrections by considering only data at large distances, say
r > Tmin = 50. This is what we have done for determining the power corresponding to
the dominant correction. We consider a fit in the range 7., < 7 < Tmax, With 7y, = 50
and 7. = 4096. For the second correction, the fit gives a much less clear image.
We observe that the second correction is much larger than d; = 2A; ) and its value
decreases with (). We measure ¢, ~ 0.44 and dy ~ 5.3 for Q=1 ; co ~ 0.35 and dy >~ 4.4
for Q) =2; ¢ >~ 0.29 and dy ~ 3.6 for ) = 3. We only quote approximate numbers for
¢y and dp since they depend on the range rp;, and ryax. Still we observe that only for

https://doi.org/10.1088/1742-5468 /ab6331 19


https://doi.org/10.1088/1742-5468/ab6331

Two-point connectivity of two-dimensional critical @-Potts random clusters on the torus

large values of @, i.e. Q ~ 3, we have a dimension dy < 4. This is in agreement with
what we expect since it is only for @) close to 3 that the exponent 2A; 3y is smaller than
4 and cq 3y becomes non negligible. For smaller values of (), our numerics are not able
to give further information.

For () = 3, we can improve by trying a fit to the form

FIN,T) = (1 + e (%)dl + ¢ (%)dg +cs (%)dg) (I+ar ™), &7

while imposing the dimensions d; = 2A;9), do = 2A13) and ds =4 or 2A(15) +4. In a
fit with » > 50, we obtain a value of ¢, in the range 0.05 — 0.08 (the smallest value is
obtained for ds = 4 and the largest for d3 = 2A(19) + 4 = 4.8), that is comparable with
the prediction c(1 3y ~ 0.07 given by (4.22) for () = 3 (see figure 3).

6. Conclusions

In this paper we considered the two-point connectivity pis (3.6) of the critical -random
cluster Potts model (3.1) on a torus of parameters (2.14). We focused on the universal
corrections to the plane scaling limit of pi5 originating from the torus topology for gen-
eral values of @) € [1,4]. Combining CFT techniques with Monte Carlo insights, which
suggested the ansatz (4.1), we have computed analytically the first dominant correc-
tions to pio in the limit (4.2). The theoretical results on pi5, summarised in (4.4), found
a very good agreement with Monte Carlo measurements, as shown in figure 5 and in
table 1. Moreover, we tested the CFT one-point torus energy function (4.15) against
Monte Carlo measurements of the corresponding lattice observable, obtaining again a
very good agreement, as shown in figure 7.

Our theoretical results probe non trivial features of the CFT describing the (-state
random Potts model, such as the multiplicities of the spectrum (3.5) or the validity of
the three-point functions (4.16) and (4.24) for general values of the central charge. The
topological corrections furnish a subtle characterisation of the Potts random clusters
which goes beyond the computation of their fractal dimension. As a special case, we
obtained the result (4.5) that represents a new universal behaviour of critical percola-
tion. The study of the torus two-point connectivity represents, together with the plane
three-point connectivity [39], a natural and powerful method to test various conjec-
tures related to critical percolation.
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Appendix. The s-channel expansion of the torus two-point function

The Virasoro generators are the modes of the stress-energy tensor. On the plane
z € C|J{oo}, they are defined as:
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LOViay(22) = % é 42 (= P T Va2 2, n€Z (A1)
Under a conformal map 2’ = f(z), a primary operator transforms:
Via)(z,2) = F'(2)2F(2)* Via)(f(2), F(2)), (A.2)
while the transformation of the Virasoro generators takes the form [24]%:
- %Qi I RaTAO “T”f"(f'r"-%;ﬁf”
v (2 ”f P S = )Y () (A.3)

where { f,y} is the Schwarzian derivative.
To compute torus correlation functions, one needs to know the transformation of
(A.1) under the map (2.15). For finite w, one obtains for instance:

Léz) — Lg(w)

N C,(w) 271 C,(w)

) (L8 = =S
e (2m> ( 1 TN
L[N e 32T ey 13 (27 ? e, (2 > e
=\ 2m 2 Ty Nt TN N ) 24

(A.4)
The modes with L&~ °°, obtained from LY are instead related to contour integrals
that are non-contractible on the cylinder. One finds for instance:

LY

LY)

(0) _ yClo0) | €
Lo, =L2" + ﬁén,o. (A.5)

Using the above relation, one can easily verify that the one-point torus function of total
derivative (L%O)V( A))r X ((L(_lf + L(()l))V( a)) vanishes, as can be seen from the vanishing
of the matrix elements (2.8):

<L§/O?)V(A')L(—1%V(A)L(—01)VV(A’)> + <L§/O'O)V(A’)L(()1)V(A)L(_01)/V(A/)>
= (Y| =Y | = A+A) <L;°?)WA,)WA)L@;V(A,)> —0. (A.6)

For the two-point function one obtains using (2.15):

1 C,(00) #C,(c0)
<V(A1)(w17 wl)V(Az)(w27 wQ))T - ET Sint < fo qL V(Al)(wlv wl)‘/(ﬁz)(w% @2)> . (A7)

Using (A.2) under the map (2.15)* and the OPE (2.5), we find:

3 Note that there is a misprint in [24] for the term m = n+ 2 , as can be checked explicitly in the case f(z) =
4 Note that the is drop since the dimensions of our fields satisfy A — A € 2Z.
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N N

A1+As A1+A
= 2_7T 2_7-( ZAI ZA2 Al 2A2
N N 1 2 2

A —A1—Ao+ ALY —— A1 A+ A+Y F(AY AY
X Z C((A))l (8)2°12 o Zi2 e B(A1,A)26(Al A)QV(A Y)(227 Zy)
(AY)

2t A1+As 92 A1+As A Ao
V(o oVisgluno = (57) () A5 Vian (o )W (2. 2)

(A.8)
where we made explicit the z dependence of the coefficients (2.7): ﬁAAl X)Q(zlg)

Pt A2+A+Y5(AA1 XQ Mapping V(a y)(22, Z2) back to the cylinder:

omi\ 47 Ly 2mi) YT w e
Viay)(z2,22) = (N) 757 (_N) Z Ay (LC *+- ) (Lg’f + - ) V(CA)(U)%@Q)

where <L€’$2 + - ) is a linear combination of generators on the cylinder as in relations

(A.4). We can now take the trace, and writing only the holomorphic part we get:

omr ArtAs 2 Ag % —A1—As
<V(A1)<w1)v(ﬁ2)<w2)>r = (N) (2_1) (1 — Z_l)

(A) omi\ 2 [\ Y 2\ oY
- C,w
o BetR(F) O (G) (0) e ) mo
(AY)ESint 1 1
(A.9)

ertmg 2 = o= w12 and expanding the exponentials, one has:

—R1TA2 A
Viay (wi)Viay) (w2))- = w12A . Z AC((A)1 (A)s ((V(A)(WZ»T
(A)ESint

2mi A — Ay + A A Cowa) 2T ¢ (wy
{N122 5(&22( 7( )*WLO( )) <V(A)(w2)>f+0(w%2)

i Y wned) (A)2<<V(A)(w2)>T
(A)esmt

+wiBi R, (L Viay (wa)), + O(w§2)> . (A.10)

We assume that such cancellations occur at every order in wps. Using the notation
(2.16), we can finally arrive at equation (2.21). Notice that the coefficients aEA)Y)(Zt)Z

are evaluated using the generators on the plane, while the descendant fields V( Ay) are
obtained by acting with the cylinder generators.
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