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Abstract

We investigate second order conformal perturbation theory for Z, orbifolds of
conformal field theories in two dimensions. To evaluate the necessary twisted
sector correlation functions and their integrals, we map them from the sphere
to its torus double cover. We discuss how this relates crossing symmetry to
the modular group, and introduce a regularization scheme on the cover that
allows to evaluate the integrals numerically. These methods do not require
supersymmetry. As an application, we show that in the torus orbifold of 8
and 16 free bosons, Z, twist fields are marginal at first order, but stop being
marginal at second order.

Keywords: conformal field theory, discrete orbifolds, conformal perturbation
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1. Introduction

Conformal perturbation theory has a long history [1-3]. Conceptually, it is straightforward
enough: if a conformal field theory (CFT) has an exactly marginal field ®, then we can obtain
a family of theories by perturbing by ®. If ® is exactly marginal, that is if its conformal weight
remains unchanged under perturbation, these theories will all be conformal. Technically,
however, perturbation theory is hard. This fact is not apparent at first order, since here the
functional form of the 3-point function is completely fixed and determined by a single con-
stant. The integral is thus straightforward to evaluate. An immediate consequence of this is for
instance the fact that the shift in the conformal weight of a field ¢ is proportional to its 3-point
function coefficient (p ¢ ®) [4, 5]. This gives rise to the well-known criterion that a marginal
field remains marginal only if its 3-point function with any other marginal field vanishes.
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It is only at second order that the real technical difficulties of perturbation theory first
become apparent. They arise in two forms: first, the 4-point function that needs to be inte-
grated no longer has a universal form, but is theory dependent. The closest one can come to
a universal form is to expand the correlation function in conformal blocks. For non-rational
CFTs this expansion has an infinite number of terms, and convergence issues arise. Second,
integrals over multiple variables now need to be evaluated. Their regularization thus becomes
more subtle. Dealing with these difficulties is the main goal of this paper. We approach them
here using tools from theory of modular forms.

Because of the aforementioned difficulties it could be tempting to just stop at first order.
In practice, however, there are many questions for which first order is not enough. This often
happens when the first order contribution vanishes. A typical example of this involves lifting
of fields that saturate some unitarity bound: in that case, their weight is minimal, and can
therefore not depend linearly on the perturbation parameter A. This is for instance what hap-
pened in [6] and [7], where BPS states and holomorphic states were lifted, respectively, at sec-
ond order. Second order perturbation theory has also been used to investigate current-current
deformations [8, 9] and bulk-boundary interactions [10].

In the context of microstates of black holes in string theory and the D1-DS5 brane system
[11], there exists a point on the moduli space of the brane system where the theory is described
by a o-model whose target space is a symmetric product orbifold of K3’s or T+s [12]. The
orbifold point describes the low-energy dynamics of the brane configuration and sits far away
from the point associated with the supergravity description. Conformal perturbation theory at
second order has been used at the symmetric orbifold point to study properties of states which
are protected across the moduli space all the way to the supergravity regime, versus stringy
states which are lifted away from the orbifold point [13—17].

Non-renormalization theorems for protected quantities of the moduli space of the D1-D5
system such as 3-point functions of BPS states have been developed using conformal pertur-
bation theory and superconformal Ward identities [18, 19]. Moreover, higgsing of the higher
spin symmetry generators of the symmetric orbifold theory under the deformation associated
with turning on the string tension was analyzed in [7]. For applications of conformal perturba-
tion theory in AdS/CFT correspondence in general spacetime dimensions see [20].

Another application of second order perturbation theory is to compute curvature on the
moduli space [21-23]. The perturbing field has to be marginal at least up to second order and
the resulting curvature comes from the constant term in the double integral. Deformation of 2d
CFTs by chiral irrelevant operators has been studied at second order for CFTs with WW-algebra
symmetries [24-26]. In particular, second order deformation on torus has been studied in [26]
where a prescription for computing integrals of correlation functions of chiral irrelevant fields
is developed.

In this paper, we are interested in a different question: given a marginal field @, is it really
a modulus, i.e. does it remain marginal under perturbations? There is a general belief that this
only happens if the CFT is either supersymmetric or free; otherwise, the dimension of ® will
not be protected at higher orders in perturbation theory, and it will stop being marginal. This
question was considered for certain CFTs in [27]. In this article, we test this belief for twisted
fields in Z, orbifolds of free bosons on the torus.

The Z, orbifold theory is in a sense the closest to a free theory without actually being free:
in the untwisted sector, all correlators are still free boson correlators. In the twisted sector,
however, correlation functions are no longer free. We will therefore concentrate on the twisted
sector. There the ground state field o has weight
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For 16 free bosons, ¢ is thus marginal. Similarly, for 8 free bosons, the field 0X 1 0X_ 10 is
marginal. These are the marginal operators ® that we study. Our goal is to investigate if they

remain marginal, or if they become lifted. At first order, there is an immediate answer to this
question: due to the twist selection rule, we have

(PPP)=0 (1.2)

so that ® remains indeed marginal. The real question that we need to address thus is if they get
lifted at second order. The main result of this work is to show that, perhaps not surprisingly,
they do indeed get lifted.

To compute this lifting, it is necessary to integrate a 4-point function. At second order in
perturbation theory, we need to evaluate the double integral of a 4-point function. This double
integral may be simplified by using a global conformal transformation that maps the insertion
points to 0, 1, 0o, and x, the cross ratio. Up to regularization issues which we shall discuss
later, the double integral then factorizes into two parts: a universal part independent of the
correlation function, which gives the logarithmic dependence that leads to the shift in weight,
and a part containing the integral over x, which gives a constant. This constant multiplies the
logarithm and thereby determines the shift in the conformal weight: concretely, the shift at
second order in conformal weight of a field ¢ is given by

/ & (ip(00) B (1)(x)0(0)) (1.3)

Note that this integral is divergent and needs to be regularized; we will discuss this in detail
in a later section. Assuming no contribution at first order, the shift in conformal weight of ¢
is given by

h(\) = h — g)\z/dsz(’)(x) +..., (1.4)

where G(")(x) is a regularized version of the correlation function in (1.3).

To perform the integral (1.3), we of course first need to compute the integrand. In the case
at hand, we take ¢ to be the marginal field ®. The correlator in (1.3) is thus a 4-point function
of four twisted fields, leading to two Z, branch cuts. For our computations, we map the cor-
relator to the double cover of the sphere, which is a torus. This trick works for general 4-point
functions [28], but it is particularly useful here for four twist fields: the most natural way to
express the correlator is as a correlator of free bosons on this torus. Moreover, the cover map
turns crossing symmetry into symmetry under the modular group I'y = SL(2,Z). More pre-
cisely, the resulting correlation function on the torus is invariant under a congruence subgroup
I'(2) of ', and the crossing group is given by S3 = I';/T'(2). The correlation function is then
a type of non-holomorphic theta-function in the torus modulus 7, dressed with additional
factors.

To evaluate the integral (1.3), we note that geometrically, it corresponds to the integral
over the moduli space C- {0, 1, 0o} of a sphere with four (marked) punctures. On the double
cover, the integral then turns into an integral over the moduli space H/T'(2). To perform this
integral, we first expand the correlation function in g and g, and then use the Stokes’ theorem
to reduce the integral to a non-holomorphic contour integral which we evaluate numerically
term by term. This method converges very quickly, and from our numerical results we can
conclude that ® gets lifted at second order.
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Perturbation theory of torus orbifolds was studied in [29] where the lifting of untwisted
momentum states was investigated. That computation is technically much easier, as it only
involves two twist fields. The correlation function can therefore be evaluated as an untwisted
correlation function on the double cover, which is in this case a sphere. Here we study the
lifting of twisted states. This means that the correlation function has four twist fields, so that
the cover is a torus. In particular, the correlation function will automatically contain the entire
spectrum coming from this torus partition function.

This article is organized in the following way: in section 2 we review conformal pertur-
bation theory at first and second order. We discuss how to use conformal transformations to
simplify the resulting integrals, and introduce the regularization scheme that we will use. In
section 3 we review the map to the double cover and give explicit expressions for the action
of the crossing group and its modular presentation. Section 4 explains how to perform the
integral on the cover, and how to regularize the integral. Finally, in sections 5 and 6 we apply
our methods to two examples: 16 orbifolded free bosons on a torus, where the twist ground
state o is marginal, and 8 orbifolded free bosons, where the field 90X 1 0X 10 is marginal. As
expected, in both cases we find that the marginal fields are lifted at order two in perturbation
theory.

2. Perturbation theory and regularization

2.1 Perturbation theory and integrals on the complex plane

Perturbation theory is the expansion of expressions such as

(p(a)p(z))r = (p(a)p(z)er S Fw20) @.1)

in powers of the coupling A. Here ® is a marginal field. Expanding the exponential order by
order in A, we obtain integrals that need to be suitably regularized. The correlator (2.1) leads
to a shift of the weight A of . This shift occurs if perturbation theory produces logarithmic
terms log |z — z2| Because of dimensional analysis, such terms will of course always be
accompanied by logarithmic terms in the regularization parameter e.

Evaluating (2.1) involves integrating correlation functions over the complex plane, with
various discs cut out for regularization purposes. There are various tricks to evaluate such
integrals. The most basic one is to apply Stokes’ theorem in complex coordinates,

/ Fdz + Gdz = / (0.G — O-F) dzdz (2.2)
ouU U

where the complex integration measure is given by
dr A dy = ~dz A dz. (2.3)

If the integrand happens to be a total derivative, then this turns the integral into a contour
integral around the e-discs. This happens for instance if there are Ward identities for super-
symmetric correlation functions such as in [6]. For fields that are not sufficiently protected
by supersymmetry, or for theories that are not supersymmetric at all, we cannot expect this to
happen.

The next best case is if the integrand factorizes into a holomorphic and an anti-holomorphic
part. One can then take an anti-derivative of one of them and apply Stokes again. However, in
such cases it often happens that the anti-derivative introduces branch cuts. One can then either
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carefully evaluate the contour integral including those cuts, or alternatively use what are called
‘Riemann bilinear relations’’; their application is for instance described in [30, 31].

In general however the correlation functions will not factorize. The typical case for second
order perturbation theory is to integrate a 4-point function over its cross section,

G(x,x) = Z C12¢C349F (x)f¢(5c) . (2.4)
¢

This is exactly the case that we encounter. We then expand G and integrate it term by term up
to a certain cutoff, giving us an approximate numerical result.

2.2. First order perturbation theory

Let us first review perturbation theory at first order. In that case we have

5(p(z1)p(z2)) = /\/d2W<sO(Z1)90(Zz)<I>(W)>reg~ (2.5)

We want to use a hard sphere cutoff regularization scheme: that is, we cut out discs of radius
€ around the insertion points z; ». The 3-point function has the universal form

Copd
(p(z1)p(z2)@(w)) = o 2.6
w—z1 2w — 2oz ' 0

To perform the integral, we want to use various conformal transformations. We first shift w
by z, and then perform the coordinate transformation determined in [29]:

x(w) = _Znw 27
o — W 2.7
giving
C¢¢q> d2x
oh 2k | % 28

212 212 xx

We have to be careful about the shape of the cut-out disks under the SL(2, C) transformation
(2.7): the regularization scheme changes in that the shape of the hard spheres are modified
at subleading order in the cut-off radius. We therefore need to take into account the sublead-
ing terms for the squashed spheres. More precisely, for the small circles with radius € cut out
around w = 0 and w = zj», equation (2.7) gives

) _ o2if 3if
x(w:ee‘a):elee+—ez+Te3+-~, (2.9)
212 F&03
x(w=zp+ eele) =22 5. (2.10)
6619

We can then evaluate (2.8) order by order in €, for instance by going to polar coordinates
and keeping track of the boundaries of the squashed discs around O and oo. This gives

3 We thank Hirosi Ooguri for pointing these out to us.
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21Copp |z12]?
T ( 2 )T o(1). (2.11)
12 212

To cancel the divergent part, we need to insert a counterterm
21CppAlog € . (2.12)

The logarithmic term then leads to the shift of the conformal weight,

(@(2)¢(@)) = = (1 4+ 2T log((20]?) + O0))

2% 2
= L +ON) = —————— +0(\)
2h—2ATCpprr 2h—N27Coppas 2h(X\) _2h(\) :
12 212 Zp %
(2.13)
‘We then obtain
h(X) = h — 1CppaX + O(N?) (2.14)

and similar for (), which reproduces indeed the expected result for the shift of the conformal
dimension [5]. Moreover, note that (2.11) shows that our hard sphere regularization has not
produced a constant term. A constant term would have led to the introduction of Christoftel
symbols for the curvature of the moduli space [21]. This confirms the remark in [22] about
hard sphere regularization not introducing any Christoffel symbols.

2.3. Second order perturbation theory

Let us now move on to second order perturbation theory. To this end, we briefly repeat the
discussion in [6]. The second order term in perturbation theory reads
)\2

5 [ Emdale@bime(e)p). @.15)

This integral is again divergent and needs to be regularized both in the UV and IR. We will
ignore this issue for a moment, and return to it later. Just as before, we want to use global
conformal symmetry to simplify the integral: the Mobius transformation

(Z - Zz)(Wl - Zl)
(z—z1) (w1 — 22)

72 f(2) = (2.16)

allows us to rewrite the expressions in terms of the cross-ratio x: = f(w,), which we use to
replace w,. It also changes the integration measure to

2

D(w1,w2) [* 2.17)

A(wy,x)

(z1 —w2)?(wi — 22)

dPw dPw, = &Pwd%x
! : ! (Zl - Wl)(Zl - Zz)

= d*wd%x

so that the integral (2.15) turns into

A2 ; -
) —2hy, _—2h, 21 22
7 d W12y "Zpp

(z1 =wi)(w1 — 22)

2
/ P ((00) B(1)2(x)0(0)) -
(2.18)

The x integral now seems to be independent of w; and so we could just naively evaluate the
wy integral. This integral is divergent in the UV but converges at w; = oco. We therefore need
to regularize it through cutting out e-discs around z; and z,. We find
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2 _
7\ log ('Zj )zlf’“"z]jhv / dx(ip(00) (1) (x)2(0)) . 2.19)

The numerical coefficient of log |z12| is the anomalous dimension of ¢ [4, 29, 32], which is
thus given by the x integral of the 4-point function. The problematic issue here is that the
x integral is divergent and so we need to regularize it. Naively, it seems that changing the
regularization scheme may change the constant part of the integral. This then implies that the
anomalous dimension is scheme-dependent. If the first order contribution to the shift vanishes,
then this would contradict the general principle that the leading order shift should be scheme-
independent. This apparent contradiction shows that we have been too naive.

Let us therefore give a more careful analysis. Our claim is that (2.19) gives the correct
result if we replace the integrand by a suitably regularized 4-point function, which we give
in (2.31). To obtain this result, we have to be careful in computing the x integral. Contrary to
our statement above, our regularization scheme in fact does introduce a w; dependence for
the x integral. To see this, we note that we need to regularize the integrals in (2.15) already.
As described above, we regularize the w, integral by cutting out e-discs around z;, wy, and z,
and similar for the w; integral. In this we need to be careful when both w; and w; collide at
the same time with another insertion, so that the discs overlap. Moreover we need to introduce
an IR regulator to deal with the divergence at infinity. In the following we neglect these two
effects, as we believe that they will not affect the final result of our analysis for the following
reasons: we apply a conformal transformation that effectively eliminates one of the integrals,
so that triple collisions do not happen. This transformation also moves one of the insertions to
infinity, so that the UV regulator takes care of the IR regularization as well. It should be pos-
sible confirm this belief by a more careful analysis involving the /3 function along the lines of
[9, 10], but we have not attempted to do so.

Returning to the apparent contradiction above, the point is that just as with the transforma-
tion (2.7) at first order, (2.16) changes the shape of those discs. In particular, the shape and
size now also depend on all other insertion points. To make this clearer, let us concentrate on
the disc around z; first. The coordinate transformation (2.16) maps it to a disc in the x integral
around x = 0. The cross-ratio is given by

(w2 — z2) (w1 — 21)

e (w2 —z21) (w1 — 22) (2.20)

so that the boundary of the e-disc of wy(#) = z + ee'? turns into

_ i0
x(0) = AL ER(O,2 - 2), (2.21)
Wi —2222 — 2

where R(6,z1 — z2) = 1 + O(e) is independent of w;. As pointed out above, the boundary of
the x integral, and therefore also the integral itself, now indeed depend on w;. That is,

M(e) := / d*xG(x), (2.22)
C—D.
where

G(x) := (p(00)(1)P(x)¢(0)) . (2.23)

D, is given by equation (2.21) and is not a round disk in the x-space. We note that , actually
depends on wy, since D. does. We, therefore, cannot simply evaluate the w; and the x integral
independently.
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To deal with this issue, let us replace our regularization scheme with a different one. We
introduce a regularized four point function

G (x) = (p(00)®(1)®(x)0(0)) — Greg(x) (2.24)

where Gy, (x) contains all fields that lead to a divergent integral. We then have

M(e) = [E IECE / P Greg ()

C—D.

— [ @xG® 2 — [ dxG"
— /E d*xG") (x) + /C 7D€dXGreg(x) /D d*xG (x) . (2.25)

€

Our claim is now that only the first integral in the second line of (2.25), which is an € and
wi-independent constant, contributes to the shift in weight. To establish this, we will only
discuss the singularity at x = 0, as the argument for the other two singularities follows from
crossing transformations. The regulator Gy (x) is the sum of regulators at the three singulari-
ties. The x = 0 regulator is given by

_ (C@paﬁ)z
Golx) = Z o —hoxl+hg—hg (2.26)
Ap<A,

We can therefore expand

() _ 8En.h
G7(x) = Z A Hhe—hexl+he—he (2.27)
AP ZAY

Defining a := Ay — A, the integral of a term in (2.27) gives

a a

€ w1 — 21

Wi —22

(14 0(e)), (2.28)

~
lz1 — z2]@

where the higher order correction comes from R(6,z; — zz) in (2.21), and a > 0 since we
removed all fields that lead to a singularity. We note that if ¢ and ¢ have different spins, then
the x-integral vanishes to leading order in e.

We can then perform the integration (2.18) of a term (2.28) with a > 0. The leading order
gives

2a

el | O ——" O
2 1 b 1 |Wl — Z2|a+2 |Zl _ Z2|72A$+2a
(2.29)

where the €2* comes from the singularity at z;, and the O(e®) term comes from the singular-
ity at z. The subleading terms in (2.28) only give higher powers in e. It follows that if a > 0,
M* does not produce a log |z; — z3| term, and therefore, does not contribute to the shift of the
weight. Moreover, in the case we are interested in, we can also exclude the case a = 0, that is
the case Ay = A,. Note that the integral leading to equation (2.28) vanishes to leading order
in € unless ¢ and ¢ have the same spin. This means that a = 0 can only arise if A, = hg and
hy, = hg. In our applications we will take ¢ to be marginal field that remains marginal at first
order. This means that there is no marginal field in the OPE of ¢ with ®, which excludes the
case a = 0. Similarly, we can deal with the singularities at x = oo and x = 1. In summary, this
establishes that the last integral in (2.25) does not contribute to the shift in conformal weight.

€

The second integral f(C— D dszreg (x) in (2.25) can in principle make a contribution to the
lifting. This happens when its € expansion has a constant term. In practice Geg(x) is of the
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simple form (2.26), so that it is straightforward to evaluate this contribution explicitly. In the
cases we study we will find that there is in fact no such constant contribution. This establishes
that only the first integral in (2.25) contributes to the shift in weight.

To summarize, the proper regularization scheme is applied to the w; and w, integrals (2.15).
We define it by cutting out discs of radius € for w; and w,. A local regularization scheme
requires that the discs are independent of other variables. Transforming to the x integral, we
then have the discs in x co-ordinates depending on z;. If we chose to rather define an ad hoc
regularization scheme for the x integral through cutting out discs of radius €, we would have
found that the scheme is in fact not local. This is because the associated discs in the original
co-ordinates will depend on other insertions.

In total, the outcome is the following: the second order contribution to the shift in the con-
formal dimension is given by

N log(|z1 — Z2|2)(Z1 - Zz)_Zh“" (1 — Zz)_ZE*"MO (2.30)

where M is the €” term in the expansion M(e) = >_, M% of (2.25). If the regulator does not
introduce a constant term, then M° is given by the integral of the regulated 4-point function:

M° = / d’xG") (x) . (2.31)
C

As long as there is no first order contribution (which is the case for the theories we are consid-
ering), the shift in the conformal dimension of ¢ is thus

h(\) = h — %MO/\2 +0(N\). (2.32)

We end this section by noting that the integral (2.31) can be understood as a string theory

scattering amplitude. One can write the perturbation theory in terms of the S function of the

coupling constants . In this context, the subtraction of the relevant operators are associated

with the subtraction of power-like divergences of the scattering amplitude. It would be inter-
esting to derive a general formula for the 3 function along the lines of the analysis of [9]*.

3. Crossing symmetry and the cover map

3.1 Cover map

To evaluate our 4-point functions, it is useful to map them to the double cover of the sphere,
which is a torus. The cross ratio x of the sphere then turns into the modulus 7 of the torus, and
the crossing (or anharmonic) group turns into the modular group. In principle, one can use
this trick for any 4-point function [28]. It was used for instance in [33] to construct a modular
sum of conformal blocks to obtain crossing symmetric correlators. In our case, however, this
approach will be even more powerful: our correlators have four Z, twist fields with two Z,
branch cuts between pairs of insertions. The double cover is then indeed a torus without any
branch cuts, on which we simply compute the correlators of a free theory.

Let us now give the explicit expressions for the quantities involved. We start with a Riemann
sphere with punctures at 0, 1, x, co, and its double cover, the torus with modulus 7. Let z € C
be the coordinate on the sphere, and t € C/(Z + 7Z) be the coordinate on the double cover.
The cover map is given by the Weierstrass g function

4We thank the referee for pointing this out to us.
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p(t) — el
t)= ——m.. .
) == 3.1)
Here () is doubly periodic with periods 1 and 7, and has a double pole at 7 = 0. The ¢; are
the values of p at the half periods. They can be expressed explicitly

1 w2 T w2 1 7 w2
a=9(3) =50+ e=p(3)=F0-00 a=p(;+1)="50i-0.
3.2)
where the Jacobi theta functions 6; (z|7‘) are given by
01(z]T) = —i Z n+%, (3.3)
n€Z .
2

ba(clr) = 3 g2ty (3.4)

ne€Z
ACOED IS (3.5)

n€”Z

12

i) = S (-1, 66

neZ

with the usual definitions ¢ = e*™7, y = €?>7i2, In (3.2) and in the following use the convention

that any 6; written without an argument is the specialized theta function 6;(0|7). We will also
use the identities

e — e = 71'29‘3‘, e —e3 = 7(293’ €3 — ey = 71'29‘21 (37)
and
e1+e+e3 =0, (3.8)

which follows from 6§ = 65 — 65. From (3.1) it follows that the four punctures map to the
torus as

z(l) —0, z(f) —1,  z(0)= oo, (3.9)

and

8
1o 6 (1-q¢? | s

x::z(§+§) 5 -1 <1 — 1 — 16} +128¢ — 704q} + ... .

(3.10)

In particular this relates the cross ratio x of the sphere to the modulus 7 of the cover torus. It

will be necessary to understand the expansion of z around those four points. To this end, we
use the fact that the Weierstrass function g satisfies the differential equations [34]

(9'(2))* = 4(p(z) — e1)(p(z) — €2)(p(z) — e3) (3.11)

and

0" (2) =6p(z)° — (ef + €5 + €3) . (3.12)

10
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From this we can extract the first two derivatives of @ at the half-periods,

p(%) —en @/G) =0, @”(%) =21 —e)(e1 —e3).  (3.13)

T

@(%) = e, K)/(E) =0, K)H(%) =2(ex —e1)(ex — e3), (3.14)

LA (LoTy (DTN Z e, - _
p<§+§)—83, p(2+2)—0, £ (2+2)—2(e3 e2)(e3s —e1),
(3.15)
which give the Taylor expansions
1 1
t=0: = - 4., .
z oo P (3.16)
=L o ) l)2+ (3.17)
—2. Z=\e3 €] B caey .
T 7\ 2
t:§: Z:1+(€27€3)(I*§) + ..., (3.18)
1 7 (e3 —er)(e3 —ey) ( 1 7)2
f==-+-: z= t—=— = .
2+2 z=x-+ o — e 3772 + 3.19)

We will make use of these expansions when computing correlators.

3.2. Crossing symmetry and modular transformations

Next let us discuss the action of the crossing group S3, and how it relates to transformations of
7 under the modular group I'y. The cross ratio x(7) is closely related to the modular lambda
function A(7), which is usually defined as

Mr)=-=%=1—x(7). (3.20)

The modular lambda function, and therefore also x(7), is a Hauptmodul for the congruence

subgroup I'(2) given by
1 0
(0 | ) modZ} . (3.21)

- ) ene(c)-

Being a Hauptmodul means that x(7) is invariant under I'(2), and that it is a bijection from C
to the quotient H/T'(2) of the upper half plane by I'(2). A particular choice F, C H for this
quotient, also called a fundamental region, is plotted in figure 1. It has three so-called cusps at
0, 1, and ico. These cusps are mapped by x(7) to the points

T=100+—x =1, T=0+—>x=0, T=1l+—=x=00. (3.22)

Note that x(7) is invariant under I'(2), but not invariant under the full modular group I'y, which
is generated by 7 and § transformations:

- Six(—1)=1-x(r). (3.23)

1
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-1 -

N = |
SN

3
2

Figure 1. A somewhat non-standard choice for the fundamental region 7, = H/T'(2).
The shaded region denoted by A is the standard ‘keyhole’ fundamental region F; = H/T';
of the full modular group I';. The other components of F; are the images of F; under the
non-trivial elements B, C, ..., F of the crossing group Ss.

For future reference, we invert (3.10) to obtain the expansion of ¢ for x around 1,

(- (1w

3.24

256 + 256 + ( )
Similarly, it is also useful to define its S transform
2 3 4

Gy X 2 3.25

9=4(=7) = 556 " 356 T g100 T (325)

which has the advantage that g — 0 as x — 0.

From the above, x(7) is invariant under I'(2), and, because it is a Hauptmodul, maps C one
to one to the fundamental region F, = H/T'(2) plotted in figure 1. Note that of course any
function of x(7) is automatically invariant under I'(2), but not necessarily invariant under T';.
In fact, this is exactly where the crossing (or anharmonic) group appears: I'(2) is an index 6
subgroup of I'}, and in fact we have

S; =T /T(2) (3.26)

which is the crossing group. We will label its six elements by v = A, B, C, D, E, F. Note that it
is generated by the two transformations (3.23), S and 7.

The crossing group acts by permutation on the four fields. To illustrate this, consider the
correlation function of four marginal fields ®;,

G1(x) := (@1(00) P2 (1) P3(x)P4(0)) (327

where 1 denotes the identity element of the crossing group S3. The crossing groups acts on the
fields by permuting the indices 124. This means that if we take some element v € T'; /T'(2),
then

Gi(x) ~ Gy, (1), (3.28)

where o, permutes the the fields 1,2, and 4. The ~ in (3.28) comes from the fact that under
some of the crossing transformations, we pick up an additional x-dependent prefactor. For
instance

12
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Gi(l —x) = Gy (x),  Gi(}) = |x[*Gpray(x) - (3.29)
Since these two transformations generate the crossing group, we can in principle obtain all
prefactors from (3.29). Instead, we prefer to define a correlation function in the torus variables

2

ox

Fo(1) :=y G, (x). 3.30
(1) =7 |52 | o) (330
Here, % ’2 is the Jacobian of the cover map which has g-expansion
ox 2 1_1
=472 (64022 + . .. 3.31
5, 7 (6492G% + ...) (331

and y is the imaginary part of the modulus 7 = x + iy.

We will see that F,(7) is in fact the integrand that appears in the integral on the cover.
For the moment we simply note that F,(7) has nicer transformation properties than G, (x)
because the Jacobian absorbs the prefactors: first note that F,, (7) is invariant under I'(2), since
x is invariant under T'(2), and the 7-derivative and y together are invariant under I';. Second,
note that

2
Gi(y) = VPl ™ Gay () x[* = Fa(r)  (332)

—1

Fi(t+1) =y? Ox

or
and
2 (1 —x)|?
(-5 = 2l 22 610 - 0) = I PGy () = Fag ().
7] or
(3.33)

Since these two generate S3, and F(7) is invariant under I'(2), it follows that

Fi(y7) = Fo (7). (3.34)

Comparing this to (3.28), we see that in (3.34) we could absorb all prefactors.
Finally, note that if Gy (x) is actually crossing invariant, that is, if all four marginal fields are
identical, G1(x) = (®(0c0)®(1)®(x)P(0)), then it satisfies the crossing relations

Gi(x) = Gy(1 —x), Gi1(L) = Gy(x)[x|* . (3.35)

This implies that Fy (7) is actually invariant under the full modular group T';.
Let us summarize here the action of all elements of the quotient group S35 = I'; /T'(2) on the
various quantities that will play a role:

Label: A B C D E F (3.36)
. 1o 0 -1 1 0 1 -1 0 1 1 —1
v (O 1 ) (1 0 ) (71 1 ) (() 1 ) (,1 1 > (1 0 ) (3.37)
. _ 1 A 1 (A=1)
A7) A 1=2A Y ooT oW .
(3.38)
X 1 (x—1) 1
x(y7) X 1—x G- N ; = (3.39)

13
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0,(1234):  (1234)  (1432)  (2134)  (4231)  (2431)  (4132) (3.40)

Z: Z€0,81 Z€1,€0 Z€0+€1,€1 ZEOsEOJFEI Z€1,€0+€1 Z€0+81,€0' (341)

Here Z, ., is the partition function of a single boson compactified on S', as defined in equa-
tion (5.5), which will show up in our computations in sections 5 and 6. Note that we have
Z(1) = Z,(y~'7). We have included its transformation properties in the above table for
completeness.

4. Integrals on the cover

4.1. Cover map and the integral

Let us now apply the insights of section 3 to compute the integral of a 4-point function of four
marginal operators. We will at first neglect all issues of regularization, and return to this in
section 4.2.

We want to express the integral (2.31) in coordinates of the cover. Since x(7) is a bijection
between C and H ;. /T"(2), the integral over x turns into an integral over the fundamental region

of I'(2),
2
/G(x)dzxz/ d>r 9%
C H, /T(2) or

Here we use the function F(7) which we introduced in (3.30), and y~2d*r = S(7)~2d7 A d7
is the usual I'; invariant measure. A fundamental domain F, := H, /T'(2) is plotted in fig-
ure 1. Note that F, has three cusps at 0, 1, ico, which by equation (3.22) correspond to the
poles of G(x) at x = 0, 0o, 1, respectively. The cusps are thus exactly the points where the
integrand F(7) can diverge.

To evaluate the integral, we want to expand F(7) in ¢ and g, integrate term by term, and
then sum over all terms. This procedure is however problematic because of the cusps on the
real line: since ¢"@" is not exponentially suppressed there, there is no reason to expect the sum
over all terms to converge.

To avoid these problematic cusps on the real line, we split the total integral over J, into six
integrals over the six images fundamental domain J; displayed in figure 1, and then map those
to the standard keyhole region plotted in blue using the known I'; transformation properties
of F(7). This gives

G(x)d*x = /’Zszc, :/ 2827F(1),
/cc (x)d"x Z . TFy (T) }_ly TF(T) 42)

€T /T(2)

G(t) = / y2d*TF (7). 4.1)
Hy /T(2)

where we have used (3.34) and defined
F(r):= Z Fo (7). 43)
Y€l /T(2)

The advantage of this setup is that the two corners of Fj are closest to the real axis and have
values

i 2mi

T.=e3, e, (4.4)

14
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so that in all of the integration region

gl <e V3. (4.5)

We can thus expect that the sum over the integrated terms converges very quickly. Note in
particular that on the base, these corner points correspond to
1 V3
¢ =3 ti R (4.6)
with |x.| = 1. This explains why it is useful to go to the cover to perform the 7 integral order
by order in g rather than doing the same for x integral: the radius of convergence of G(x)
around O is 1, and even if we use crossing symmetry, we need to integrate up to the points x,
which have Ix./ = 1. The expansion in x will thus converge badly, whereas the expansion in g
converges much better.
Note that F(7) defined in (4.3) is now invariant under all of I', since it is the sum of all
images of I'; /I'(2). If the four marginal fields happen to be identical, then F(7) is already

invariant under I'}, so that F(7) = 6F(7) and

/ G(x)d’x = 6 / y T (T). 4.7
C

F

Next, we expand F(7) around the cusp ico,
=> Vaund'q" (4.8)

where H — H € Z, since F is invariant under T. To find the actual expression (4.8), we com-
pute the g-expansions of the F,(7) by expanding the appropriate G, (x) around 0.

We then integrate (4.8) term by term. To evaluate the integral over 7 = x + iy, we first
switch to complex coordinates,

/ yfzdxdyl}(T) = l/ de%y*ZF(T). (4.9)
Fi 2J)F

Let us also assume for the moment that H + H > 0—we will return to regularization issues
momentarily. A given term can then be integrated as

I(H,H) := ; / I =HT) 4rd7 = {(47TH Jom T H70

2 JF ArH)™' [, e¥mHTdT tH=0
(4.10)
where we have used Stokes’ theorem. Due to invariance under 7 — 7 + 1, the contributions
of the two vertical sides of | cancel out, and the integrand vanishes at ico. The only contrib-
ution thus comes from the circle segment of the keyhole region running between e s and e,

27 . _ .
_ i [T Q2mi(H—HeT)Gi0qp - H £ 0
4H fi € € . #
I(H’H) = B L’l\'; ) (H i H ,ig) i — * (4'11)
4ﬂHf%3e7” e"—He Te=1999 H =0

The total integral is then given by

]'—1 HH
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Note that I(H, H) is exponentially suppressed in H and H, so that the total integral, i.e. the
sum over all terms, converges fairly quickly. It may be possible to improve on the convergence
by using methods described in [35], but we did not attempt to do so. Instead, we simply evalu-
ate the integrals I(H, H) in (4.11) numerically using Mathematica.

4.2. Regularization scheme

In the above, we avoided any divergence issues at x = 0 and oo by mapping the corresponding
cusps to the cusp 7 = ioco. To avoid divergences at that cusp, we simply assumed that the inte-
grand decayed exponentially. There are of course terms which do not decay, which is why the
integral needs to be regularized. This is what we will discuss now.

If there is a field of weight A, % in the OPE of the two marginal fields at x and 1, then G(x)
has a term

1
(1 — x)2h(1 — x)>=

in its expansion around x = 1. Using (3.10) and (3.31), we find that on the cover, this translates
to F(7) expanding around ¢ = 0 as

G(x) ~ (4.13)

F(r) ~yqi2gi . (4.14)

From (4.8), we see that H = g — % and H = % - % It is thus exactly the relevant fields which
lead to exponential growth at ico, and which therefore must be regularized.

To regularize them, the usual e-disc scheme is not very convenient, since the discs will be
mapped to more complicated shapes under the cover map. Instead, we will therefore use the
subtraction scheme described in section 2.3: namely, we subtract the contributions of relevant
fields at the three singularities 0, 1, co. To this end we define the three regulators

_ C,9:6Ca,0,0
Go(x) = Z TR hephy (4.15)
Ap<2
C,90,¢Co, 0,0
G]()C) — 2P3 1 4, _ 41
A;z (1 —x)2~ho(1 — x)2he (4.16)
_ Co,0,0Ca,0,0
Gool¥) = Y BT T (4.17)
A¢<2

Note that here we assume that there are no field of total weight A = 2. (In fact, we only need
to assume that there are no marginal fields in the OPE, since the integrals of (4.15)—(4.17) do
not give a constant term if the weight of ¢ is not equal to (1,1). Since our marginal fields ®;
are marginal at first order, this is automatically the case.) The regularized correlation function
G\ (x) is the defined as

G (x) = G(x) — Greg(x) = G(x) — Go(x) — G1(x) — Goo () (4.18)

and has no singularities when integrated over C. Next we need to check the e-disc regulated
integral of the regulators

16
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/ Go,1,00 (x)d*x (4.19)
C-D.

for constant terms, which would affect the shift as described below (2.25). Clearly the only
way to obtain a constant term is if Ay is integer. We therefore only need to check the cases
(0,0), (%, 3). (1,0) and (0, 1). Explicit computation shows that only the last two cases give a
constant term. However, for the examples we consider below, there are never such fields in
the OPE. For the case where we have four identical marginal operators, this can be seen using
the symmetry in exchanging the positions of two fields in the correlation function: the exis-
tence of vector fields in the OPE yield terms proportional to z;—z, which is, however, odd under
z — —2°. We can thus simply use (2.31) to compute the lifting.

We can now repeat the procedure described in section 4.1 using the regularized correlator.
We define

FO (1) = Y |¥ PG (x), (4.20)

which is still T'(2) invariant, and then use the regulated F(") (7), rather than F(7), as the inte-
grand. To obtain F() (1), we can write

FO(y1) = Fy () — Freg(77) (4.21)
where

9(x)
or

Fireg (yr) = y2 Gireg (7x), 4.22)

and we use the expressions (3.39) for yx = x(y7). F)(7) is then simply the sum of these over
S3. The total integral is thus simply

/ G (x)d%x = / y 2 rFO) (1) (4.23)
C Fi

which is no longer divergent at ico, and can be evaluated term by term using (4.12).

5. Marginal twisted fields: T'¢/Z,

5.1. Torus orbifolds

Let us now investigate marginal fields of Z, torus orbifolds. The Z, symmetry with which
we are orbifolding is the usual X — —X symmetry of the torus. As usual, the orbifolding
introduces twisted sectors, one for each fixed point of Z,. Perturbation theory in the untwisted
sector is not very interesting, since the theory is free there. The twisted sectors, however, are
more interesting.

Let us denote the ground state of the twisted sector corresponding to the fixed point € by
o.. If there are ¢ free bosons, the ground state has conformal weight

hy. = (%1%) . (5.1)

5 We thank the referee for this comment.
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States in the twisted sectors can then be constructed by acting with descendants of the bosons
0X, as long as we ensure to construct orbifold invariant states by including an even total
number of descendants. Note that in the twisted sector the free bosons are half-integer moded,

_ —r—1
8X(Z)_ Z aXrZ B (52)

reZ+4

so that they indeed pick up a minus sign when rotated around the twist field o (0).
From (5.1) we see that there are two ways of obtaining a marginal field in the twisted sec-
tor: if ¢ = 16, then o by itself is already marginal. If ¢ = 8, then its bosonic descendant

ax,%éx,%as (5.3)

is a marginal field. In both cases the field continues to be marginal at first order, since the
3-point function (oo o) vanishes for the twist field and all its descendants, as it contains an odd
number of twist fields. The question that we want to study is therefore if the field continues
to be marginal at second order. Since the theory is not supersymmetric, there is no reason to
expect so, and indeed we will find that the field ceases to be marginal at second order, and is
therefore not a moduli of the theory.

5.2. T'/Z,

Let us start out with a single boson compactified on a circle of radius R. There are then two
fixed points at 0 and 7R, which we label by € € Z,. The 4-point function of their ground states
0. can be written as [36]:

Geoer (¥) 1= {00(00)0e, (1), 20 (0)0ey (0)) = ZoovZ.e,(7) (5.4)
where
1 m n m i
Zae) = fogp 2 (Ui 55)
LICo |
and

Zeow(T) =273 [x(1 = x)| 77 . (5.6)

Let us discuss (5.4) in detail. First of all, note that we can shift the fractional charge ¢ by
an overall constant, which allows us to set the charge of the first field to zero without loss of
generality. Due to overall charge conservation modulo Z,, the charge of the third field is fixed.
Equation (5.4) is thus the most general non-vanishing 4-point function. To compute (5.4), we
note that the four twist fields lead to two Z, branch cuts. To eliminate those, we map the four-
punctured sphere to its double cover, using the map introduced in section 3. The prefactor Z.qy
in (5.4) comes from this transformation [37]. On the cover, the ground states become vacuum
states, which explains why Z, ., (7) is essentially the O-point function of the free boson on
the covering torus.

Note however that there are a few crucial differences to the usual O-point function. First of
all, the sum is over even winding modes only. Second, there is an additional factor of 2 in the
exponent due to the fact that the torus is a double cover of the original sphere. Last, only if
g9 = €1 = 0, thatis only if all four twist fields are in the same fixed point sector, do we recover
the usual partition function. In all other cases, the fractional charges of the various twist fields
shift the winding modes, or introduce additional signs. Finally note that Z., ., (7) transforms
under I'; as
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ZE[):EI (T + 1) = Z€0,€0+€1 (T)’ ZEO.El (_%) = ZEM:‘U (T) . (57)

This is compatible with the the transformation properties listed in (3.41). In particular, Z., ., (1)
is invariant under 72 and ST2S, which means that it is invariant under I'(2), as is required.

Letus discuss the case of four identical fields in slightly more detail. If we have gy = ¢, = 0,
Zoo(7) is fully invariant under I'y. As expected, we get

Goo(1 — x) = Goo(x), (5.8)
and also

Goo(1) =273 |x3x(x — 1)~ 2 Zoo(7) = |x]* Goo(x) = 2 #Goo(x),  (5.9)
with h = h = %. To investigate the expansion around x = 0, we can first use (5.8) and then
(3.24) to find

Go) = ™+ 7 (1 +.) (5.10)

hoh

where the sum is over

h=21(m+2)2, h=12-%)Y, meZne2l. (5.11)

The dots include all bosonic descendants of the lattice fields. This is compatible with the fact

that the two ground states of weights 4 = h = % at x and 0 fuse to produce the vacuum and
higher modes.

5.3. T'%/Z,

Let us now consider the case of 16 free bosons on T, so that o is marginal. For simplicity,
we take T to be the product of 16 S! of identical radius R. In total, there are now 2!° fixed
points, which we denote by £ € Z1S. The total correlation function can then be written as a
product of 16 individual correlation functions. That is, we have

Gayer (x) = 27 F|x(1 —x)| "3 Zz, 4, (7) (5.12)
with

16
1
Zge (1) = eI HZES%IU) (1) (5.13)
i=1

where Z_) _a (7) is given by (5.5). We then have
0 °%1
F(r) = Y1 Gaa (x) = 1275 [x(1 = x)| " Zga (7). (5.14)

As usual, the prefactor y2|x’|2~ ¥ |x(1 — x)|~3 is invariant under modular transformations. To
obtain F(7), we use (3.41) for the sum over the crossing group. The unregularized integral is
then

/ Gaye (x)d2x = / Er 273 x(1 - x)| 73
C Fi
X (Zae +Zas + Zarae t Zasva T Zatas + Zaata) -
(5.15)
We can write down the analogous expression for the regularized integral.
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5.4. The lifting matrix

Let us now compute the lifting of the conformal weight of the marginal fields oz when per-
turbing by ®. For concreteness, we will choose the radii of all tori to be R = % Without loss
of generality we also choose our marginal field to be ® = op. We want to compute the lifting
matrix Mgl =, for the 2'® marginal fields o.. In particular, M}, will gives us the lifting of @,
which will tell us whether @ is marginal at second order or not.

The lifting matrix to second order in ® is thus given by

M = [ (02 (00)B(1)2(002,(0)) - Ga()). (516

Charge conservation immediately implies that £ = &5 =: £, which means that M° is diagonal.
To bring the 4-point function to the form (5.4), we shift the overall charges such that the cor-
relator is now given by

Goz(x) = (o0(00)o(1)o2(x)00(0)), (5.17)
thatis, & = £, &, = 0.
For a start, let us compute the entry M,, which will give us the lifting of the perturbing

field @ itself. The 4-point function then has four identical fields ® and is therefore invariant
under crossing transformation. We use (5.12) to compute the regulator (4.15) and obtain

1 2025 2% 7023 2025

Gy = — + + + +
07 e 3x9x5  OxSxd (x)_c)% xS
2% 911 3023 2%
+ + .
oxs 29 ()Y (@)Y ()Y
(5.18)

Because the correlator is crossing symmetric, we obtain the same coefficients for G| and G,
allowing us to compute Greg (). Putting everything together, we obtain Free(7) from (4.20),
which we then expand in ¢, g. We then integrate it term by term up to a cutoff Hy,, in H, H.
We have not tried to estimate the error, but the integral converges fairly well in Hyax as is
shown in table 1. Using these results together with (2.32), we find that oy is not exactly mar-
ginal, but rather marginally relevant.

Next we want to compute the lifting of arbitrary twist fields oz under perturbations by &.
To that end we need to compute the lifting matrix M% o, for general &1 ». From charge conser-
vation we immediately see that & = &, so that M” is diagonal. From (5.13) we see that of the
216 possible choices for &', only the number of non-zero entries of £ matters. We will denote
the number of such entries by n with n =0, 1, ..., 16. It is thus enough to compute only 17
different cases.

Now that the 4-point function is no longer crossing symmetric, we need to take into account
the different images of the crossing group. For a general 4-point function, from (5.15) we see
that we need six images of the crossing group in (3.41),

Zy =2z 7, Zp =Zz g, Zec =Zsiz5, (5.19)

Zp = Zz 515 Zg = Zz 545 Zr = Zz1z.5 - (5.20)

In our case, we have in fact &y = 0,&] = £, so that some of those functions are identical.
Similarly the regulators Gy, j,0(x) will now all have different coefficients. To obtain these,
we expand Gg, & (x) around x = 0, 1, and co. In practice, we know the expansion of Z around
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Table 1. Anomalous dimension of the marginal field ® = ¢ for T'®/Z, for four fields
®. This is associated with the element MY, of the mixing matrix. Hy,x is the upper
cutoff of the integral and the results show that the integral converges well.

}Lﬁ < Hpax = 1 2 3 4
M}, 15306.4 15364.9 15363.8 15363.9

q = 0, that is 7 = ioo, from (5.13), which corresponds to the expansion around x = 1. This
means we can take

x= -2 —4 T=i00
G ('x) =Gg 5 (x) relelvanl =275 |x(1 - x)| 374 (T) relevant * (5.21)
To find the expansion around x = 0, we use the modular transformation properties of x(7) and
Zz,z (7). Namely, we have

Go(x) = Gzt () = 27 % [x(1 — 2)| 73 Zz, 2 (1) |7

relevant — relevant

S (5.22)
=27 x(1 ~ )|~ 25~ Do

7 /lrelevant
which, because of (3.25), indeed gives an expansion in x around 0. Finally, from (3.41) we see
that Zz, z (7) = Zz, 42,5 (—ﬁ), which we use to obtain

— _ 32 _4 =
Goo(x) = Gz (%) avent = 273 [x(1 = %) 75 Zz 2 (7) erovant
1

7@2100

_32 _4
=2 3|x(1_'x)‘ 3Zl""(_ : )|relevant ’ (5.23)

(r—-1)

which, because of q(—(Tlfl)) = ﬁ x~2 4 ..., indeed gives an expansion in x around infinity.

This way we obtain
Greg(x) = Go(x) + G1(x) + Goo(x) (5.24)
and finally

FO(7) = F(7) = Y| Greg(7) - (5.25)
The total integral (5.16) is then given by

/G(’)(x)dzx:/ y2d%r Z F((,’)(T)
C Fi

oS3

= L y72d27_ (Fg)?s] + Fg?ao + Fg)+€1,5| + FﬁET?Eo#*E] + F‘E:;)JrE],Eo + Fg?50+51) :

‘ (5.26)

In practice, to obtain F &) (1), for the Fy(7) part we simply use (3.34) and the fact that o acts

on &, as described in (3.41) . For the regulators, as described in section 4.2, we find it easier

to explicitly insert the transformed variable yx = x(77) into |x'|?G,,;(x), and then expand in g.

From this we compute the lifting matrix by integrating the expansion of F(") up to Hyayx = 4.

We list the entries of the lifting matrix in table 2, where n denotes the number of non-zero

entries of €. We find that the integrals at that order have converged to the precision given in

the table. Overall, the lifting matrix is diagonal, and all diagonal entries are non-vanishing. It

follows that the marginal operator ®, and therefore, all marginal operators o., are not exactly
marginal. Their shift in conformal weight under perturbation by ® is given by
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Table 2. Entries of the mixing matrix Mglgz (5.16). Here M2, gives the shift in weight
of the marginal field ® = o under the perturbation & = oy, and n denotes the numbers
of non-zero entries in €. Because of charge conservation there are only 17 distinct
values out of the 2!'¢ indices—see the discussion above (5.19).

n: 0 1 2 3 4 5 6 7

MO . 15364 552 5724 525  —161 142 183 49

8 9 10 11 12 13 14 15 16

-106 —150 =30 192 301 -99  —1606  —5049  —11501
™

ha(N) =1— EMS”AZ +0(N). (5.27)

6. Marginal twisted fields: T8/Z,

6.1. Torus correlators of descendant fields

Here we want to investigate the lifting of marginal fields of the form 0X 1 0X_ 10. To com-
pute their correlation functions, we proceed again by mapping to the double cover. This means
that we need to compute correlation functions of bosonic descendants on the torus.

Our starting point for this is the torus correlation function for bosonic operators of the form

00, (2.7) = &V2o¥E) (6.1)

This operator has conformal weight h; = h = 04,2. The correlation function of n such opera-
tors on the torus may, for instance, be found in [38] for the uncompactified case and in [39] for
the compactified case®, and is given by

Z(zi) = (Oa,(21,21) - - - O, (205 Z0))
72@[@/

8291 (O|T) ) —ZOLiOZ/‘ (6191(0"7—)) 1 h=h 4i7'r(z oz — AT ) (62)
_ 0:0,(0|7) o1 \V|T) v e k KTk — QO Tk .
< ( 01 (z;7) 01 (zii|7) In(7)I? az,«;q !

Here we choose the oy such that charge conservation is satisfied, and the sum is over the inter-
nal left- and right-moving «, a.
To obtain torus correlation function of fields 0X from this, we use

0,0
0.X = lim —*~ 6.3
T a50 iW2a (6.3)

and take limits of derivatives of equation (6.2). To compute 2-point functions for instance, we
start with

4hy 1

In(7)?

91(21 - Z2|7')

(Oa,(21,21) 0y (22, 22)) = 0.0:(0|7)

thc—]/_qeﬁﬂ(aazlz—&(izlz)'
o,

6.4)

©Note that there is a typo in equation (12.150) of [39] which we have fixed in equation (6.2) above.

22



J. Phys. A: Math. Theor. 53 (2020) 095401 C A Keller and | G Zadeh

Taking the derivative 010, pulls down various factors of 4 and «. Because of o — 0, we only
need to keep terms quadratic in « or linear in 4. This means that we will either have to act with
both derivatives on the 6 functions, or with both derivatives on the sum. In total, we obtain

(0X(21)0X (22)) = Z Zoa (6.5)

where

Zoa = (K(z1 — 22) — 87°0?) g . (6.6)

Here we have defined the Green’s function

07 (2l m)01 (2l7) — (81 (zlT))?
K(z) = - ! . 6.7
( ) 91 (Z|T>2 ( )
It is straightforward to generalize this to more complicated correlation functions. In gen-
eral, Z, 5 factorizes into a left-moving and a right-moving part. For the 2-point function with

both left- and right-moving descendants

((0X0X)(z1,71) (0X0X)(22,%2)) (6.8)
we find

Za,& — Za_& (69)
with

1 >
Zo = (K(z1 — 22) — 87°0%) ——q~ . 6.10
(K(z1 — 22) ) o) (6.10)

The general structure of a n-point correlation function on a torus is the following:

Z(za) = Zaalz) - (6.11)

a,x

Here Z, is the ‘quantum part’ of the correlation function around a given classical solution
of momentum ¢, &, and the total correlation function is the sum over all classical solutions.

Let us now turn to the correlation function that we need for the computation of
the lifting matrix. It has 4 fields 0XOX located at the four branch points, that is, at
u=3,02= % + 3,23 =0,and z4 = % We can repeat the procedure above by taking a total
of eight derivatives. The resulting expression, expanded in ¢, gives

1
Zo = ——q" ((647*a* — 167%7 + 1) + (384m*a’ + 1447%) g + .. )
(6.12)
and similarly for Z5. Multiplying holomorphic and anti-holomorphic parts together, we obtain

zqazqaz( (647%a* — 16m%a? + %) + (384n%a® + 1447%) g + .. )
|77(T)| (6.13)
x (((64m*a* — 167 4 7') + (384m*a? + 1447%) g + ... )

We now need to convert these torus correlation functions to twist field correlation functions
on the base space.
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6.2. Twisted fields and the cover map

So far we only discussed correlation functions of twist ground states o. Let us now discuss
how to compute correlation functions of general fields in the twisted sector. Suppose ¢ is a Z,
invariant field of weight (h, h). Let & be a twisted field in the OPE of ¢ with o,

_ 1
0200 ~ S

G(0)+..., (6.14)

where o has dimensions h, = h,. We claim that the leading field in the OPE has dimensions
hs = hs = hy + % To see this, we start out with the correlation function on the cover

Z(t;), (6.15)

where the ¢; are the cover coordinates of the various fields ¢;. We will send the ¢, to the images
of the branching points on the torus to recover the fields . Note, in particular, that on the torus
this limit is not divergent, other than possible normal ordering prescriptions between different
¢; at the same point.

On the base the correlation function is then

G(z) = H(f,(ti))_hi (' (1) " Z(1:)Z5 (6.16)
where f(¢) is the cover map such that z; = f(#;), and Z, is the contribution of the cover map
coming from the twist fields [37]. Assume that the branch point of f () at t = 0 is given by

() = b+ ... . (6.17)

As pointed out above, when sending  — 0, Z(¢) remains regular. We do however pick up a
singularity of the form

h

(SIS

2—h=hp=3p=

h_h
3232

St

(6.18)

in equation (6.16) from the prefactors f’. On the base, the interpretation of this singularity is
simply the appearance of ¢ with the claimed dimensions in the OPE (6.14). In total, the cor-
relation function of ¢ is thus
(6(0)...) = lim ¥z Z(z) = 27" "0~ 22 Z(1)Z, . (6.19)

This generalizes the expressions derived in [37] to non-holomorphic fields. Note that we fixed
the normalization of the twisted field ¢ through (6.14). It may therefore differ from more
standard normalizations.

In the case at hand, we want to take ¢ = (9X9X)(z,z) in equation (6.14). We want to work
with ¢ directly, since it is invariant under Z,, unlike its holomorphic and anti-holomorphic
components X and 0X. We then define the marginal field ® by

1 1

o 4 ZEZ%

$(z.2)o(0)

®0) + ..., (6.20)

where we introduced the factor of % to ensure that ® will be normalized correctly. To put it

another way, up to normalization, ® is given by 8X7%5X7%0.
To check the normalization of ®, let us compute the 2-point function (®(a)®(0)). Following
[37], we use the cover map
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Table 3. Anomalous dimension of the marginal field ® (6.28) for the theory of free
bosons on T®. All the four marginal fields in the 4-point function (5.16) sit at the same
fixed point, which corresponds to the element M, of the mixing matrix. Hpay is the
upper cutoff of the integral as before, and the integral converges well.

hail < Hpx = 1 2 3 4 5
M° —113.209 —101.395 —101.85 —101.84 —101.841
at?
) = S 6.21
f(1) 1 (6.21)

which maps the insertion points to O and 1 on the spherical cover. The 2-point function on
the cover is thus simply |t — tz\_“ which then gives 1 when we send #; — 0 and r, — 1. The
cover map itself gives b = a for both branch points, see equation (6.17). Using the fact that Z,,

is simply the 2-point function (o (a)o(0)) = |a| =", we find
1
(@(a)®(0)) = m’ (6.22)

which shows that with our convention @ is indeed normalized to 1.

6.3. Correlators of twisted fields

Let us start with the correlation function for a single free boson of two twist fields and two
moduli inserted at 1 and x,

(7(00)@(1)@(x)o(0)) - (6.23)

This means we have #(z = 1) = Z and #(z = x) = § + J, giving b; = e, — e3 = —m203 and
b — a—ea)(e—e)
" (e2—er)

given by

= 2030405 4. respectively. The contribution for four twist fields o is again

Zo(x) =273 x(1 —x)| 77 . (6.24)
Putting together equations (6.8), (6.16) and (6.24), we find
(0(00)2(1)B(x)a(0)) = 275 |x(1 — x)| 72w =20, 20 63

x Z (K(%) - 87T2a2) (@ - Sﬂzdz) mqazqaz .

(6.25)
Following [36], we are summing over
1 n _ 1 n

a—§<mR+ﬁ) a—i(mR—ﬁ) (6.26)

with m € Z, n € 27, so that n is even. Expanding around x = 1 we find
1
d(00)®(1)P(x)o(0 =—5 +...
(7(00) (1) (x)o(0))],_, ST (6.27)

which agrees with the fact that ® has weight (1%, 1% ).
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We can now finally put everything together to compute the shift in weight for the marginal
field ®. We will not compute the full lifting matrix, but instead concentrate on a single modu-
lus ® whose 4-point function we compute. For concreteness, we choose

O ~ axl_%éxl_%ao, (6.28)

where the normalization is understood to be fixed by (6.20). The 4-point function
(P(00)P(1)P(x)P(0)) is then computed by taking (6.11) together with (6.13) and multiply-
ing with seven factors of the torus partition function. We then multiply it with the appropriate
cover map contribution, see equation (6.16):

G(x) =ZnZ . (6.29)
The cover map contribution Z, consists of the contribution from the twist fields and
from the other fields. To go down to the sphere, we now have by = e; —e; = 77‘(292,
b, = mal@a) _ 22gaghot ) — o) — ey = —n204,andbo, = (e — €1) " = — 207 %,

er—e|

Putting everything together we get

2

wl—

Zeoy = [740740,%27 3 (x(1 — x)) ™ (6.30)

Evaluating the integral with Mathematica, we evaluate the mixing matrix element M
(5.16). Table 3 shows the anomalous dimensions for 5 values of the upper cutoff Hy,,x and
we again find that the integral converges very well. This establishes that ® is not marginal at
second order, but becomes irrelevant.
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