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Abstract
The three way distributive entanglement is shown to be related to the
parallelism of vectors. Using a measurement based approach we form a set of
2-dimensional vectors, representing the post measurement states of one of the
parties. These vectors originate at the same point and have an angular distance
between them. The area spanned by a pair of such vectors is a measure of the
entanglement of formation. This leads to a geometrical manifestation of the
3-tangle in 2-dimensions, from an inequality in area which generalizes for
n-qubits to reveal that the n-tangle also has a planar structure. Quantifying the
genuine n-party entanglement in every 1|(n — 1) bi-partition, we show that the
genuine n-way entanglement does not manifest in n-tangle. A new quantity
geometrically similar to 3-tangle is then introduced that represent the genuine
n-way entanglement. Extending our formalism to 3-qutrits, we show that
the non locality without entanglement arises from a condition under which
the post measurement state vectors of a separable state show parallelism. A
connection to non trivial sum uncertainty relation analogous to Maccone and
Pati uncertainty relation (Maccone and Pati 2014 Phys. Rev. Lett. 113 260401)
is then shown using decomposition of post measurement state vectors along
parallel and perpendicular direction of the pre-measurement state vectors.

Keywords: quantum entanglement, distributive entanglement, tangle,
parallelism of vectors, geometry of quantum entanglement
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1. Introduction

Non-separability of quantum states has been proven as the most useful resource in the field
of quantum information and communication. It leads to quantum entanglement in multiparty
systems [2], and lies at the origin of the well known EPR paradox [3] As a quantum resource
it has found applications in quantum tasks like teleportation [4—6], quantum error correction
[7], quantum dynamics [8] and quantum cryptography [9, 10]. Concurrence, first developed
by Hill and Wooters [11], is monotonically related to the bi-partite entanglement of a quantum
system and an exact measure of this resource. As shown in [12], concurrence of a physical
system, consisting mixed states can be measured experimentally in the form of magnetic sus-
ceptibility. Though for two party systems this quantum resource has been studied rigorously
[13, 14], entanglement in the higher dimensional systems are not well quantified. In [15], a
measurement based separability criterion of quantum states was introduced using the parallel-
ism of post measurement state vectors. The condition for non separability induced from this
criterion was then used to co relate concurrence with the parallelism of state vectors of the
post measurement systems. In a three particle system, the concurrence between two subsys-
tems has been used to quantify the three way distributive entanglement between the parties
[16]. This three way entanglement is termed as 3-tangle. Later 3-tangle was generalized for
multipartite cases [17, 18]. The approach was then extended to the class of mixed states [19,
20]. Tangle is useful to other aspects of quantum information as well. It has been used to clas-
sify entanglement of all three qubit pure states [21, 22]. Tangle has found applications in clas-
sifying multi-qubit graph and hypergraph states [23] as well as in three-ferimionic states [24].

In this work, we provide a geometric interpretation of distributive entanglement present
in n-qubit pure states along with a method to quantify the genuine n-way entanglement of a
n-party system. A summary of the main contributions of this work is given below-

(1) We use a measurement based approach to form a set of vectors that originates from the
same point and show that the distributive entanglement can be expressed in terms of the
area of the parallelograms formed by those vectors. This approach is analogous to the
Jones vector formalism in polarisation optics, leading to the famous Pancharatnam phase
[25], but takes into account the area spanned by two such vectors as opposed to the area
swept by the polarization vectors via local transport considered by Pancharatnam. As
wedge product of two vectors gives rise to an oriented parallelogram in 2-dimension, we
show that the 3-tangle arises from an inequality in the areas of such parallelograms and
geometrically the distributive entanglement of 3-qubit pure states can be explained in a
2-dimensional plane. This naturally leads to the Coffman—Kundu—Wooters inequality and
the invariance of 3-tangle under permutation of the qubit in focus. This approach provides
a deep geometric understanding of multiparty entanglement. Interestingly, concurrence
is related to the geometric Berry phase [26], the quantum analogue of Pancharatnam
phase. The Berry phase is found to be exactly equal to the concurrence of system in case
of an entangled state of two spin % particles [27]. We further point that this approach has
a connection with non locality induced from irreducibility [28], sum uncertainty relation
as given by Pati and Maccone and entanglement of n-qudit pure states.

(i) We emphasize that from the planner definition of 3-tangle presented here one can not
comment on the positivity of the 3-tangle; instead it depends on the direction and magni-
tudes of the contributing area vectors. This accounts for the generality of this approach, as
it has been reported that monogamy relation does not hold for higher dimensional objects
[29].
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(ii1) We further describe the distributive entanglement of n-qubit pure states. Using this geom-
etry, we point out the n-party generalization of tangle [16] is not similar to 3-tangle. It has
been shown that n- tangle does not represent the residual n-party entanglement [30]. We
show that neither it represents the genuine n- party entanglement present in a system.

(iv) We then introduce a quantity that is geometrically similar to the 3-tangle that quantifies
the genuine n-party entanglement in n-qubit systems .

In section 2, we provide the geometrical interpretation of the definition of 3-qubit distributive
entanglement from the parallelism of vectors in 2-dimensions. The geometry of n-tangle for
odd and even qubits is presented in section 3. Section 4 describes the genuine n-way entangle-
ment in an n-qubit system and the corresponding geometry. We extend the approach of vector
parallelism in section 5 to 3-qutrit pure states and show that it can be used to detect non local-
ity without entanglement. In section 6, a connection to the non trivial sum uncertainty relation
has been shown. We conclude in section 7 with future directions.

2. Geometry of distributive entanglement from parallelism of vectors

In [15], the concurrence of a pure multipartite state has been discussed using the parallelism
of vectors. As entanglement of formation is directly related to squared concurrence [11], one
can see the significance of the vector parallelism in quantifying entanglement. The pure state
of a 2-qubit system in computational basis can be represented as,

[v) = al0408) + b|140p) + c|041p) + d|141p). (1)
A separability criterion arises for 2-qubit pure states from here as,
lad — be| = 0. 2)

A similar formalism was built in [31] to operationally well defined measures in bipartite
quantum systems in arbitrary state space dimensions. From this separability criterion, Bhaskara
and Panighrahi have defined the concurrence measure of entanglement (C,4) for 2-qubit sys-
tems as the area spanned by the vectors (04|t) and (14]9)), i.e. Cx = 2[(0a]t0) A (14|00)]. If
the vectors are found to be parallel to each other, the area spanned by them is non-existent
i.e. they are separable. This process for measurement of concurrence using the parallelism of
vectors has been generalized for general n-qudit bi-partite systems [15].

If |1) be a pure state of a general 3-qubit system with qubits A, B, C, then one can write,

[1)) = a]000) 4+ b|001) + ¢|010) + d|011) + p|100) + ¢|101) + r|110) 4 s|111).
3)
We then consider the bi-partition Al BC and measure system BC in the computa-
tional basis. The post measurement non-normalised vectors for system A will be,
Xa = al0) +p|1), x4 = b|0) + ¢|1), x5 = c|0) + r[1), and X4 = d|0) + s|1). The squared
concurrence in this bi-partition of the system is given by [15],
Chisc = 4[xo A XA+ [x0 A xal? + Ixo AX5
I AR+ Ik A AR + 1 AP @

Cf;\ pc s directly related to the entanglement of formation in this bi-partition. If all of the four
x4, i € [0, 3] vectors are parallel to each other, then the state is separable in this bi-partition.
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In 2000, Coffman, Kundu and Wooters has shown if three particles A, B, and C are entan-
gled, the sum of the squared concurrence between A and B (Cf“ ) and the squared concurrence
between A and C (szx\c) obey the following Coffman—Kundu—Wooters inequality as [16],

Caipe = Cjp + Chp- 5)
A definition of the three way entanglement termed as 3-tangle was then followed [16],
T= Ci|BC - Cfx\B - szﬂB' (6)

Using the measurement based approach as followed in [15], one can define the concurrence
between system A and B, while C is in the system as,

2

s

Ci\B = |CA\BO + Cyjs,

where, Cy|p, is the concurrence between system A and B, when C is measured at state |i).
Similarly, the concurrence between system A and C while B is in the system can be written as,

quc = [Cajcy + Cajc, 2.

From equation (3) and using the definitions of the post-measurement state vectors of system
A, one finds,

Cas = 4(x0 A x5) + (X A XB)I %)

and,
Caic =400 A X)) + 04 A X (8)

Implementation of equations (4), (7), and (8) in equation (6) leads us to a definition of 3-tangle
using the post-measurement state vectors of system A as,

T =4[x6 AP+ I AP =200 A XD - (0G A X
—20x0 AX3) - O A )l

We consider the well known Cauchy—Binet identity,
(anb)-(cnd)y=(a-c)(b-d)—(a-d)(b-c),

where a, b, ¢, d are vectors. Implementation of this identity in equation (9) leads us to the
definition of tangle as given by Coffman—Kundu—Wooters. Detailed calculations have been
provided in appendix A.

Geometrically the wedge product between two vectors ¢ and u, i.e. t A u, is represented as
a oriented parallelogram spanned by them [32].The magnitude of the wedge product can be
straightforwardly seen as the area of the parallelogram and the orientation of the parallelo-
gram can be understood as a rotation from the direction of u to the direction of ¢ [32].

Considering bi-partition A|BC of the general 3-qubit pure state in equation (3), one writes
the post measurement states for system A after measuring the subsystem BC in computational
basis as,

(C))

X4 = a;|0) + axi|1). (10)

Here i is the decimal equivalent to the qubit representation of the state where BC were mea-
sured and g; is the coefficient of the (i + 1)th term in the expression for |1). A coordinate
system can be formed using |0) and |1) as the axes in 2-dimensions. The states x“'s can be
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X}

(0,0)

Figure 1. The parallelogram ABCD is spanned by vectors x;' and x?. The arrow in the
middle shows the orientation of the parallelogram.

represented in that co-ordinate systems as vectors (figure 1). The wedge product between two
such vectors x# and Xf can be identified as an oriented parallelogram spanned by them as
depicted in figure 1.

From the definition of 3-tangle in equation (9), one can observe that the three way entan-
glement in system ABC can be represented by the area of several parallelograms as depicted
in figure 2. The first two terms in the expression represent squared area of the oriented paral-
lelograms formed by vectors x4 , x4; and x4 , x5. The third term, 2|(x5 A x1) - (X4 A X3)|
can be expressed geometrically as the projection of the oriented parallelogram formed by X/S
and x4 on the oriented parallelogram formed by x‘g‘ and x4. Similarly, the fourth term is the
projection of the oriented parallelogram formed by xf)‘ and x4 on the oriented parallelogram
formed by Xg‘ and x4. It readily follows that 3-tangle, a property of a 8- dimensional system
manifests naturally in 2-dimensions. Also, this definition does not comment on the general
positivity of 3-tangle. It depends on the magnitude and directions of the contributing area vec-
tors. However, for 3-qubit systems, the positivity of 3- tangle holds [33].

An interesting observation can be made from this planar representation of 3-tangle as well
as distributive entanglement. The first two terms in the expression represents the total squared
area of the parallelograms formed by the pairs of state vectors of system A- (X/a, xg‘) and (x4,
x4 )- The state vectors, x4 and x4 are the states of system A, when the combined system BC
is measured in |00) and |11) respectively, i.e. two such states where both the qubits B and C
are in mutually exclusive state. Similar observations can be made in case of the parallelo-
gram formed by x4 and x4. Both these parallelograms do not represent concurrence between
any of the parties B or C with A after measuring out the other. On the contrary, the squared
concurrence between A and any other party I in a 3-qubit system C/24| ;-1 € {B,C} consists
of concurrences between A and I while the third party J(j € {B, C};J # I) is measured in
computational basis. These projected areas for / = B and / = C in fact adds the last two terms
in the definition of the 3-tangle, as can be seen from equation (9). In light of this observation,
one can infer that in a three qubit system, the three way entanglement consists of the squared
area of the parallelograms that represents no individual bi-party entanglement and a negative
contribution from the individual bipartite entanglement between any two parties after measur-
ing out the third party. One can thus rewrite the three tangle as,

5



J. Phys. A: Math. Theor. 53 (2020) 095301 S Banerjee and P K Panigrahi

I 301
T3 = 4[2 X A xa—il — 22 HCI|23/i,i=j] =7 -5, (11)
i=0

i=2 j=0

here, Cip3i—;j is the concurrence between party 1 and any one of the other two parties, where
the third party 7 is measured at a state that is binary equivalent of ;.

Form invariance of 3-tangle under Permutation of qubits—According to [16], the residual
entanglement or tangle is invariant under the permutation of qubits. This implies that the
residual entanglement in the 3-qubit system is same if we choose bi-partition BJAC of the
system |¢)) instead of A|BC and consider the entanglement of formation between qubit B, C
and B, A, i.e. choose qubit B as the qubit of focus.

Equation (6) then takes the form,

T= C129|AC - C129|A - C129|c- (12)

Following the measurement approach, one derives the 3-tangle of the system |¢)) with B as
qubit of focus as,

1 3 1
T3 = 4[2 Ixi A Xs—i|2 - 22 H Cij23/ii=i] = -3
i=0

i=2 j=0

one can easily see that the expression for 3-tangle keeping qubit B in focus respectively is
similar to that keeping qubit A in focus. We further prove that they yield same value in terms
of coefficients. Using the definitions of the state vectors representing system B after measur-
ing system AC, one obtains the same value as Coffman—Kundu—Wooters. Detailed calculation
are provided in appendix B. Similarly considering bi-partition C|AB and entanglement of
formation between qubits C, A and C, B, one can obtain the 3-tangle to have the same form as
equation (13), and yield same value, which establishes that the definition of tangle achieved
through this measurement based approach remains invariant under permutation of qubits.

3. Extension of the geometric definition of tangle in n-qubit systems

The representation of tangle in 2-dimensions is further extended for n-qubit states as follows.
In [17], a generalized definition of tangle for even n qubits was given as,

T12,n = 2|00, 05..0,081 ... 5,072 70 081516,

s

X €q1B1 €z +€ot1Bu—1 Ev181 €7262 €181 €0ty yn €81y

(13)
where a terms are the coefficients of the state of the system expressed in the computational
basis, €990 = —€;; = 0, and €y; = —ej9 = 1. The tangle for even n-qubit states can be rewrit-
ten as [30],

2n—l -1
N(i 2
Ti2.n = 4| Z (—1)"Dazam 1)l (14)

i=0
where N(i) is the number of 1s in the binary representation of i. This expression can be
reduced as,

22

12,0 = 4] Z Ixi A X7 3)
i=0
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(0,0 J 7

Figure 2. This figure represents the geometrical visualization of the 3-tangle. The
post measurement state vectors of qubit A are shown as vectors Xé = Ol, xfl‘ = O_R,
X4 = 07, Xo = OP. The parallelogram OLTP (solid red) is spanned by vectors x4 and
X4 represents the first term in the expression for tangle; The second term in the expression
can be visualized as parallelogram OJSR (dashed red). The first interaction term in
the expression is between concurrence Cy) B, and Cy, By The geometric representation
for Cy)p,, can be visualized as parallelogram OJKL (solid green) and Cy|p, as OPQR
(dashed green). Similarly, concurrences C, AlCo and Cy|c, in the second interaction term
can be visualized as parallelograms OLMR (solid blue) and OPNJ (dashed blue).

where j =200 — [ —j k=20 -1 — [,k =201 — 1 — ' and x/ s are the post mea-
surement state vectors of party A while the other bi-partition is measured in a state that is the
binary equivalent of i.

From this description of n-tangle it is clear that 7 5, can be expressed in a 2-dimensional
plane as a sum of squared and projected areas of parallelograms formed by the state vectors
of party 1..

Following the definition of n-tangle for odd n-qubits as [18], one can express it as,

2”72_1 27172_1 27172_1
T12..0 =4[ Z IXi A Xl|2 + Z (—1)N(i) Z (—I)N(j)
i=0 i=0 J=0,i<j
[0 A XG) - Oce A xa) + 06 A xe) - Og A xa)lls (16)
where [ =2~V — 1 —jand k =2~V — 1 — j. Detailed calculations have been provided in

appendix C.

Equation (16) reflects that for n-qubit systems n-tangle can be represented in terms of the
squared or projected areas of the parallelograms formed by the post-measurement state vec-
tors of the qubit in focus. Moreover, n-tangle can be expressed in a plane i.e. 2-dimensions.
However, comparing the forms of equations (9), (15), and (16), one can easily see that the
geometrically, 3-tangle is not similar to the n-tangle. Also, as found by, Li and Li n-tangle is
not the residual entanglement for any even n > 4 qubits [30]. Furthermore, neither n-tangle,

7
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nor residual entanglement give any idea on genuine n-way entanglement in a system with
n > 3 qubits. Residual entanglement and n-tangle for qubits deals with the relation between
the total entanglement in a bi-partition of a n-party system and the individual entanglement
between each parties, i,e,

Tign = Cip = (Clp + Ciy + . + CF),).

But n-tangle does not comment on the difference of entanglement in 1|(n — 1) bi-partition
and sum of entanglement in the 1|(n — 2) bi-partitions, which is also defined by 3-tangle
in 3-party systems. Using the measurement based approach presented in this work, we
now define a quantity that measures the n-way entanglement in an n-party system, i.e. the
relation between entanglement of formation in a bi-partition 1|23..(n — 1)n and the sum
of the total entanglement in that bi-partition when one of n parties are not considered. We
further show that this quantity is geometrically similar to 3-tangle, i,e, the correlation like

2 2 2 2 P IE
Clion = (Cliasm1) T Cijps(n—2pn T - + Cij34.,) does not manifest in n-tangle. We name
this correlation the genuine n- way entanglement.

4. Genuine n-way entanglement in n-qubit system

We consider a 4-qubit system first. For a system with 4-parties 1, 2, 3 and 4, we define the rela-
tion between the total entanglement in the bi-partition 1|234 and the entanglement between
the parties 1|23, 1|34 and 1|24 and call the difference "the genuine 4-way entanglement (74)’
of that bi-partition as,

T4 = [2C%|234 - (C%|23 + C%|24 + C%\M)]' (17)
Using the definition of concurrence in this bi-partition [15], it can be shown that,
221 4 1
T4 = 4[2 20X A X3 -1l = 22 H Ciyza/ii=j] =274 — 74 - (18)
i=0 i=2 j=0

Detailed calculations have been provided in appendix D. Here y; is the post measurement
state vector of party 1, while the rest of the system is measured a state that is binary equivalent
of i. This genuine 4-party entanglement is composed of two terms. Geometrically, the first
term 27, represents twice the total area of the parallelograms formed by the state vectors of
party 1, when the rest of the system is measured at 4 particular pairs of states(|000), [111);
|001),]110); |010), |101); and |011), [100)). The superposition of the states of each of these
pairs represents maximal entanglement in a 3-party system. Each qubit is at mutually exclu-
sive states in these pairs. The second term, 7, represents twice the total projected area of total
entanglement between party 1 and any two parties (7,7) in the system when the fourth party (k)
is measured at |0) on the area of total entanglement in bi-partition 1|ij, while k is measured at
|1). The genuine 4-party entanglement is the difference of these two areas. One can not com-
ment if 74 is positive; it depends entirely on the length and direction of the concerned area
vectors. One can check, for 4-qubit GHZ state, 74 = 2, and for 4-qubit W state, 74 = 0; imply-
ing GHZ is genuinely 4-party entangled and W is not. In [34], it has been shown that 4-qubit
systems can be entangled in nine different ways under SLOCC, of which the generic family
gives rise to true 4-party entanglement like GHZ state. The 3-tangle is used to distinguish
between the SLOCC classes of entanglement in 3-party systems. From the geometrical sym-
metry of 3-tangle and genuine 4-party entanglement we hope that this quantity can be useful
in differentiating the SLOCC classes in 4-qubit systems.

8
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We now generalize the genuine 3-and 4-party entanglement for pure n-qubit systems. Using
mathematical induction, one can find a general expression for genuine n way entanglement in
bi-partition 1|23..n from the expressions for 73 and 74 in equations (11) and (18) respectively,

20=2) n 1

T, = 4] Z (n—2)Ixi A X011l — 22 H C123....(n—1)n/ii=j]

= =i (19)

=mn-2)7, -7

Xi 1s the post measurement state vector of party 1, while the rest of the system is measured a
state that is binary equivalent of i. Detailed calculations have been provided in appendix E.
We also show that the genuine n-way entanglement is form invariant under permutation of
qubits, i.e.

20=2) g

(T =4[ Y (n=2)xi A xaw-n— i
i=0

n 1
-2 Z H Chp12..(k=1) (k1) (n— i) = (= 2)(T)k = (T s
i=Lizk j=0

here (7,,); is the genuine n-way entanglement in bi-partition k|123..(k — 1)(k + 1)...n and x;
is the post measurement state vector of party k, while the rest of the system is measured a state
that is binary equivalent of i. Detailed calculations have been provided in appendix F.

The genuine n-way entanglement 7, like 3-tangle and the genuine 4-way entanglement,
consists of two terms, (n — 2)7, and 7,’. The first term always represents (n — 2) times the
total squared area of the parallelograms formed by the pairs state vectors of the system 1,
where the rest of the qubits are at a state that is mutually exclusive. The term 7,’ is given by
twice the total projected area of total entanglement between party 1 and all other parties in
the system excluding i, when the ith party is measured at |0) on the area of total entanglement
in same bi-partition while i is measured at |1). This area can add to area represented by 7, or
can be subtracted from it depending on the length and direction of the area vectors. Thus, the
genuine n-tangle can be along the direction of the total entanglement in the bi-partition or
along the direction of the 7,’. Based on this properties, one can assume that geometrically, the
3-tangle is a special case of the genuine n-party entanglement. 7, is O for general n-qubit W
state, and (n — 2) for general n-qubit GHZ states.

5. Extension to 3-qutrit pure states to detect non-locality

We consider a 3-qutrit pure state as,

31

o3 = > aili),

i=0

here i represent the decimal equivalent of the state of the system. Post measurement vectors
of system 1 after measuring the system 23 in basis |ij), i € [0,2],j € [0, 2], can be written as,

Xi = ai|0> + (,132+l'|1> + a2><32+i|2>'

X: can thus be seen as a vector in 3-dimensions. The entanglement in bi-partition 1|23 can be
written as [15],
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78
C?\23:4Z Z xi A Xl

i=0 j=1,j>i

Each term in the expression of C%|23 here can be seen as squared area in 3 dimensions and the
entanglement in this bi-partition being the combined squared length of the said vector. Thus
the extension of parallelism of vectors in arbitrary n-qudit states is possible. This approach can
find applications in not only quantifying n-party entanglement but also detecting non-locality
in a set of quantum states. In [28], it has been shown that a strong quantum non locality exists
in 1 — 23 bi-partition of a orthogonal product basis (OPB) using the notion of local irreduc-
ible sets. The OPB defined on 3-qutrit system stated to be locally irreducible, thus strongly
non-local in [28] is given as,

D2)+£2) 2+ [1+£2)[1)]2)
DI3TE3)  PBLE3)[1)  [1E3)[1]3)
231 +2)  PB1+2)2)  [1+2)[2)[3)
B2 £3) 21 £3)[3)  [1£3)[3)]2)

DI 2)2)12)  13)3)13)-

We note that after performing multiple orthogonality preserving measurement on one of the
parties (party 1), the state vectors of the rest of the system are non parallel for each measure-
ment outcome of 1, the system can be considered non local. We also consider the locally
reducible GHZ basis, and note that in this case, the post measurement state vectors are found
to be parallel. Thus, there is a co-relation between non-local quantum correlations and non-
parallelism of post measurement vectors.

The OPB defined on 3-qutrit system stated to be strongly non-local in [28] can be expressed
as,

D2)£2) )£ [1£2)[1]2)

DIBT£3)  BL£3)|)  [1£3)[13)

231 +2)  PBI+2)2)  [1+2)[2)[3)

B2 £3) 21 +£3)3)  [1£3)[3)]2)
|

ninin - 2)2)12)  3)I3)3)-

One consider a orthogonality preserving local measurement on party 1, and finds the post
measurement states of composite system of parties 23 to be either at |21 & 22) or |31 & 13) or
at|11) if system 1 is at|1). Similarly, if party 1 is at|2), the rest of the system will be at a state
from the set

{J11 £ 21), |13 +33), |31 & 32), |22)}
and from the set
{J11 £ 31), |21 &+ 23), |12 4+ 22), |33)}

if the party 1-is at |3). For the other four possible measurement outcomes of party 1, |1 + 2),
and |1 + 3), system 23 is at a state from the set

{112),123)}

and
{113),132)}

10
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respectively. One notices that none of the post measurement state vectors while party 1 is
measured in different states are parallel to each other.
We now consider the 3-qubit GHZ basis as,

1000) & [111),]011) = [100), |001) + |110), [010) & |101).

After performing a local measurement on party 1, one finds the post measurement state
vectors for system 23 to be at a state from the state

{100), [11)}

for both the cases when party 1 is measured at |0) and |1). In this case, the post measurement
state vectors of system 23 can be parallel to each other after the first party is measured in
two different states. This means, from non-parallelism of post measurement state vectors the
strong non locality in the OPB [28] can be detected, i.e. using parallelism of vectors one can
identify the irreducibility induced non locality in a multiparty system. If after multiple mea-
surements on one of the parties (party 1), the state vectors of the rest of the system are non
parallel for each measurement outcome of 1, the system can be considered non local.

6. Connection to non trivial sum uncertainty relation

The post measurement state vector of a system remains parallel to the state vector prior to
the measurement if and only if the state is a eigenstate of the measuring observable. The
Heisenberg uncertainty relation [35] is given by,

AA2AB? > |%([A,B]>|.

This relation becomes trivial when the state of the system is an eigenstate of any of the opera-
tors, i.e. the state vector of the system is parallel to the state vector after measuring any of
the operators involved. Using Vaidman’s formula [36] and considering a sum of uncertainty
between the observables A and B when state of the system is at an eigenstate of only one
observable one obtains,

AA%? + AB* > max(AAz, ABZ).

This uncertainty relation is analogous to the uncertainty relation given by Maccone and
Pati [1]. From Vaidman’s formula [36], for any hermitian operator A acting on a quantum state
|1}, the resultant state can always be decomposed as,

H|p) = aly)) + blipy),

where |1, ) is the orthogonal state to |¢). This means, if one performs a measurement on a
state of a quantum system, the post measurement state vectors will have two components,
one along the direction of the pre-measurement state vector and another along the direction
perpendicular to it. We now consider two measurement operators A and B acting on the sys-
tem which is at an eigenstate |¢) of operator 4, i.e.

Alg) = al@).

The post measurement state in this case is entirely parallel to the direction of the pre measure-
ment state. From [36],

Bl¢) = b1|®) + b2|¢p ).

1
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One finds,
AA? = (A%) — (A)* = 0.

As the post measurement state vector is parallel to the pre measurement state vector in this
case, the expected average of A yields a’. The squared expected average of A also yields a?,
S0 uncertainty in measuring A in this system is 0.

However, for operator B one finds,

AB? = (B?) — (B)? = b* = | (¢ |B|¢) >

The product uncertainty relation as given by Heisenberg, [35],
1
AAAB > |5 ([A, B])]

becomes 0 when one considers the post measurement state of any one operator to be parallel
to the pre measurement state. Considering a sum of uncertainty between the observables A and
B and the state of the system to be an eigenstate of A as above one obtains,

AA?+ AB* = b = [(¢1|B|)*.
This makes the sum uncertainty relation non trivial as the lower bound becomes
AA? 4+ AB* > max(AA®, AB?),

for any state of the system other than a simultaneous eigenstate of both the operators. This
uncertainty relation is analogous to that given by Maccone and Pati [1].

7. Conclusions

We showed that vector parallelism can lead to a geometrical representation of the three-way
entanglement in 2-dimensions. This geometric interpretation of distributive entanglement
explains Coffman—Kundu—Wootters inequality as an inequality in area and the natural mani-
festation of 3-tangle from it. We generalized the same geometry for n-qubit pure entangled
states to observe that the n-tangle also has a planar structure, but the geometry of n-tangle
is not similar to that of 3-tangle. While 3-tangle measures both distributive and the genuine
3-party entanglement of a 3-qubit system, n-tangle represents none of them. We then proposed
a new quantity, geometrically similar to 3-tangle, that quantifies the genuine n-party entangle-
ment of a n-qubit system. Akin to the physical convenience of the concurrence and tangle we
also hope to report more about the distributed n-party entanglement in future. For 4-qubit
graph states, the genuine 4-party entanglement is able to establish a connection between the
entanglement of formation at of a party and the number of edges at the vertex of the graph
representing it [33]. The geometrical formalism based on parallelism of post measurement
state vectors is itself a main result of this work. In [37], the quantum geometric phase has been
connected to quantum many body systems using Majorana’s stellar representation and it has
been further connected to 3-tangle and the entanglement of the symmetric qubit pure states
[38]. Since the formalism presented here is similar to Jones matrix formalism of polarization
optics leading to the Pancharatnam phase, it may be possible to extend the relation between
the geometric phases and the genuine n-way entanglement. The connection of this formalism
with non locality can be explored to quantify quantum steering [2, 39], and quantum noncon-
textuality [40]. Product uncertainty relation has been connected with inseparability criterion

12
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using PPT states[41—44]. The formalism presented here can be further explored to connect the
stronger and non-trivial Pati Maccone uncertainty relation with inseparability criterion.

Appendix A. Expression of 3-tangle in terms of area

|1} be a pure state of a general 3-qubit system with qubits A, B, C, then one can write,
[1)) = a|000) + b|001) + ¢|010) + d|011)
+p|100) 4 ¢|101) + r|110) + s|111).

In terms of the coefficients of the pure state |+/) the 3-tangle can be written as [16],

T = 4|d1 — 2d2 + 4d3

s

where,

dy = @s* + b2 + A + PP,
d, = asdp + ascq + asbr + cqdp + cqbr + dpbr
and, d; = bscp + ardg.

The post measurement state vectors of qubit A after measuring system BC in computa-
tional basis are,

Xy = al0) +p|1)
Xi = b|0) +4|1)
X5 = cl0) +r[1)
X3 = d|0) + 1)

We consider the wedge product definition of tangle,

4xo MG+ XA AR =20 AXT) - (04 A XG)
—2(x6 AX2) - (X AXG)| = 4la—28 —29],

where,

|></3AA x?f + |>g’? A >§2‘|2
|(X2 /\x)‘) : (x% /\xg)\
|(X0 /\Xz) : (X1 /\X3)|-

Expanding o in terms of the coefficients,

o
B
v

a = |(as —dp)*| + |(cq — br)*|
= |a®s* + d*p* — 2asdp + *q* + b*r* — 2cqbr]|.
From the expression of 3,
B=10xAxt) - 04 AXE)l-
Using Binet—Cauchy identity
(anb)-(cnd)=(a-c)(b-d)—(a-d)(b-c)

one can have,

B= 000 x5) — (06 X3 (A x2).

13
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Expanding in terms of coefficients of the post-measurement state vectors of qubit A,
B = dpbr + ascq — ardq — bscp.

Similarly implementation of Binet—Cauchy identity in the definition of ~ will yield,
v = asbr + aqdp — ardq — bscp.

The wedge product definition of tangle therefore gives three tangle in terms of coefficients
as,
a—28 =2y =d’s* + P¢* + b*r* + d*p?
— 2(asdp + ascq + asbr + aqdp + cqbr + dpbr) + 4(bscp + ardq).

Appendix B. Invariance of 3-tangle under permutation of the qubit in focus

The post measurement state vectors of qubit B after measuring system AC in the computa-
tional basis are,

Xo = (00[¢) = al0) +c|1)
Xi = (01]y) = b[0) +d|1)
X%Z (10]¢) = p|0) +r|[1)
3

The wedge product representation of 3-tangle keeping qubit B in focus is,
7= 4[xg AP+ DA AXEE + 2106 AXT) - (08 AXS)]
+2[(x6 A x2) - 08 AT
It is easily seen that,
IX6 AXAIP+ IXE AXEIP = [(as — cq)? + (br — dp)?|
= |a*s* + ¢ + B> + d*p* — 2(ascq + dpbr)|.
Implementation of Binet- Cauchy identity in the interaction terms yield,
[(x6 AXT) - O3 A X3)| = lardg + bscp — cqbr — asdpl,
and,
[(X6 AX3) - O& AXT)| = |ardg + bscp — cqdp — asbr].
The 3-tangle with qubit B in focus hence takes the form,
7= 4|3 + A+ bR+ P
— 2(asdp + ascq + asbr + aqdp + cqbr + dpbr) + 4(bscp + ardq)|.

Appendix C. Generalisation of 3-tangle to the n-qubit system

For an n-qubit state, it can be easily seen that the post measurement state vectors of the first

qubit after measuring the rest of the bi-partition in computational basis can be represented as,
Xi = ai|0) + a|1),

where [ =201 4 .

14
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n-tangle for n = even qubits is given by [30],

2=l

Tz =4 > (=)"Dayag 1ol
i=0

N(i) is the number of 1s in the binary representation of the decimal number i.
This definition can be rewritten as,

2=
12,0 = 4 Z (=) Daiayon_y |
i=0
Where the R.H.S can found to be,
212
4| Z (71)N(i)[li(12(n_1)+j — ajaz(n_l)H 2,
i=0

considering j =21 — 1 —i.
One can now see,

aiaz(nfl)ﬂ- - ajaz(,,q)ﬂ- = Xi AN Xj

Thus the n-tangle for even n qubits follows,

22

Tz =40 Y (DY ha Al
i=0

For odd n-qubits the n-tangle can be expressed as [18],

,,,,,,

where,
PR |
T = (—I)N(’)aiazn,l,i,
i=0
22
P = 2 (*I)N(i)aziazn—l,1,2[,
i=0
and
"2
Q =2 Z (—I)N(Z)azn—l+2i(12n_l_2i.
i=0

One can rewrite T as,

22

T = Z (—=1D)NDgaz-1 4 + ap-1a)],
i=0

15
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where [ =21 — 1 — .

Thus,
212
7% = Z (=DM @yaz—1 ) 4 a1 a1
i=0
22 221
+2 Z (=MD Z (—=D)ND[aaz-1 4y + a1 a)] [@jap—1 44 + azi—1 4]
i=0 J=0,i<j
=M; + W.
Herek =2""1—-1— J: M, denotes the first summation and W, denotes the second summation.
Rewriting P and Q one can see,
n=2_4 n=2_4
PO=4 Y (-)"O%aa] > (=1)"Dagu-n4ia20-14]
i=0 j=0
22
=4 Z (—I)N(l) [aialaz(n71)+iaz<n71)+l]
i=0
n—2_1 m=2_4
+4 Z (—I)N(l) Z (—I)N(]) [aialaz(,,7|>+ja2<n71>+k + AjapAy(n—1) 4 jAy(n—1) 4|
i=0 j=0,i<j
=M, + W,

Here M, denotes the first summation and W, denotes the second summation.
The expression for n-tangle for odd n qubits takes the form,

Tio,.n = 4M + W],

where M = M| — M, and W = W — W,.
One can see from the expression of M,

22
M = Z (fl)N(i)[|aia2"71+l + a2"71+,-a1|2 - 4|aiala2<n_1)+ia2<n_1)+l\]
i=0
22
= Z (—I)N(l)|a,~a2n_1+l —azn—l_;’_ia[‘z
i=0
212
= (=Y A xl*
i=0

Similarly the expression of W takes the form,

221 22
W= Z (=)N® Z (—1)ND) [2(aiaon-1 a1 1 + -1 4 ja1aia0—1 4
i=0 j=0,i<j

+ Aon—1 4 A1yn—1 4 j0k + aiazn—1+lazr,—1+jak) — 4((1,‘@(12("71)+ja2(nf|)+k

+ ajaka2<n_1)+,-az(n_1>+,)]
n=2_1 n=2_1

= D DY (=DM 06 Axg) - O A xa) + GG Axe) - (G A x)ll-

i=0 Jj=0,i<j

16
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The n-tangle for n = odd qubits is thus,
m=2_4
T12,.0 = 4] Z Ixi A xal®
i=0

m=2_4 n=2_4

+ . (—N® Z '(—1)N(j)[(Xi AXG) - O A xa) + (Oa A xa) - (G A xa)l]-

Appendix D. Derivation of genuine 4-party entanglement in 4-qubit system

To define the genuine 4-way entanglement for a pure 4-qubit state in bi-partition 1 — 234, we
consider the sum of concurrences between 1 — 23, 1 — 24, and 1 — 34 to be M, where,

2 2 2
M = Cijp3 + Cippg + Cpay

where Cy; is the concurrence between the bi-partitions 7 and j.
We consider the concurrence between party 1 and 23 in this 4-party system, Cjjp3 as,

Clias = (Cijzsy_g + Cippzy_y)* = Clia,_y + Chios,_, +2(Cippzy_o-Cipp,_y)-
C%|234:0 can be written as,
C%|234:0 = C%\24:0 + C%\34:0 + 73l123,
- C%|234:00 + C%|234:10 + C%\324:00 + C%\224:10 + Tl

Here, 3 |1‘23 4—o 1s the 3-tangle between the bi-partition 1 — 23 when 4 is measures at state
|0) and 7i3]1j23,_, is the positive part of the 3-tangle in that bi-partition when 4 is measured
at|0).

Similarly,

4 3 4 1 4 1
2
M=23"3 6yt 33 rolipsyions + 23 [ Cumepoms
i=2 j=0 i=2 j=0 i=2 j=0
here, C%|i- is the concurrence between party 1 and i, where the other two parties are measured

at a state that is the binary equivalent of j. Cy34/i—; and T3], 234 /ii=j refer respectively to the
concurrence and the positive part of 3-tangle between party 1 and two parties from the other
three (2, 3, 4) excluding i, when i is measured at a state that is binary equivalent of j. M rep-
resents the total 3-party entanglement in the bi-partition 1 — 234. We now define the genuine
4-party entanglement in this bi-partition as,

T4 = [2C%|234 - (Clz\zs + C%|24 + C%|34)]
221 4 1

=40 2 A xoi? =2 [ [ Crsagiini) = 274 — 74

i=0 i=2 j=0

Appendix E. Derivation of genuine n-party entanglement in n-qubit system

The genuine 3-way entanglement for 3-party systems is expressed as,

17
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2'—1

Z|Xz/\X22—1 —i —ZZHCHB/H—/ =7 -1

i=2 j=0
The 4-party genuine entanglement is found as,

221

41
T = 4[2 20xi A X1l — 22 H Ci|234/ii=)]

i=0 i=2 j=0
_ / "
= 2T4 — Ty .
One can assume a general expression for genuine (n — 1) way entanglement from the
expressions for 73 and 74 using as,

2l=D=2) 1 no1

Ta1 = 4 Z (n—1—=2)]xi A xa0-1-v_y_i|* — 22 H C1123....(1=2) (n—1) /i.i=]

i=0 i=2 j=0
=(n-1- Z)T(/nfl) - T(/:lfl)’

here, Cipp3....(n—2)(n—1yi,i=j] 18 the concurrence between party 1-and the rest of the (n — 2) parties
excluding i, when 7 is measured at a state that is binary equivalent to j.

One can define the genuine n-party entanglement using the expression for genuine (n — 1)
party entanglement. We consider the total concurrences in the bi-partitions 1 — 23...(n — 1),
1—23..(n—2)n,..., 1 =34...(n — 1)n as,

My = Clis. a1y + Clis..umpn o+ Cliza ety
One can write C]2‘23W(n—1) as,

Cips.n1) = Cps.n-yln=0 + Cipps_(n—1y ln=1 + 2C123..(0-1) ln=0-C123...-1) In=1-

We consider the first two terms of the R.H.S of the previous equation,

Clis..nnyln=0 + Clpaz._(n_1yln=1

n—1 1 n—1 1
> Clisumty flin=t0 + Tlumpylnmo + D D~ Clias_gumryilinmtt + Ty b=t
=2 k=0 =2 k=0

here, C%\Zfa...(n—l) /j |jn=ti is the squared concurrence between party 1 and any (n — 2) parties

among the rest (n — 1) qubits excluding j, where the qubit j is measured at a state binary equiv-

alent of k, and the nth qubit is measured at|i), i € {0, 1}. The term 7,,_; _. represents the posi-

tive part of genuine (n — 1) entanglement, when the n-th qubit is measured at|i),i € {0,1}.
The previous equation can also be expressed as,

2 2
Ciips..(n—1)ln=0 + Cip3_(n_1)ln=1
13

n

I
2

Clios...n—1)jlin=i + Z a1y ln=is

i=0 i=0

I|
©

J

18
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where, the combined system of qubits j and n is measured at a state that is binary equivalent
of i. Expanding further, one can have,

Clis(n1yln=0 + Ciz_(n_p)ln=1

n—1n—1 7
_ C? | .
= 1123...(n—1) /jk lkin=i
k=2 j=2 i=0
3
+ZZ% 2)lin= ,+ZT(,, ) ln=is
j=2 i=0

Expanding similarly, one can finally arrive at,

C%|23...(n—l) ln=0 + C%|23...(n—l) ln=1

n—12""2— (n—1) (n—1) 2=k _y
=D Z Chilin=it D D D Tl o 4 ey
i=2 k=0 k'=3 =2 Jj=0

Vi < ko, iy, < g,

where, C%‘ :|in 1s the squared concurrence between party 1 and i, when the rest of the system jn
is measured at the binary equivalent of k and 7}, is the positive part of genuine k” entanglement.
Considering all the terms in the expression of M,,

n 2" 2_1 (n 1) n 1)2(»1 k)

My=(n=23 > Chli+> > > Tk/'(l‘[(” ¥ )=

i=2  j=0 k=3 =2 j=0
Vky < ko, iy, <ig,-
The genuine n-party entanglement can then be defined as,

Tn = [(l’l - 2)C%|23M(n—l)n - Mﬂ]

20=2) no1

=4 Z (n—=2)[xi A Xz<~—l)—1—i|2 -2 Z H C1|23.“.(n—1)n/i,i=j}

i=0 i=2 j=0
= (n—2)7, — 7.

Appendix F. Form invariance of genuine n-way entanglement under permuta-
tion of qubits

One can assume a general expression for genuine (n — 1) way entanglement in the bi-partition
2|134...n,

2(=D=2) noo1

Tao1 = 4 Z (n—1=2)|xi A xae-1-v_y | =2 Z H Caj13....(n—-2) (n—1) Ji.i=]

i=0 i=13 j=0

= (1= 1=y~ Tl
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here, Coii3.._(n—2)(n—1yii=;] 8 the concurrence between party 2 and the rest of the (n — 2) parties
excluding i, when 7 is measured at a state that is binary equivalent to j.

One can define the genuine n-party entanglement using the expression for genuine (n — 1)
party entanglement. We consider the total concurrences in the bi-partitions 2 — 13...(n — 1),
2—-13..(n —2)n,.c.... 2 = 34...(n — 1)n as,

2 2 2
My = Gz -1y T Copiz(n—zyn + ooene + Cj34..(n—1)n-
One can write C§\13...(n71) as,
Coi3nt) = Otz (ueyln=0 + G131y ln=1 + 2Coy13..00—1) ln=0-Coy13..(n—1) In=1-

We consider the first two terms of the R.H.S of the pre\{ioqs equation,
e

Cot3.(n1yln=0 + Coj13_(n_1yln=1 = Z Z Co13...(n—1) ilin=k0 + T(o—1yln=0
=13 k=0

n—1 1
2
D02 sty ilin=tt + Ty =

j=13 k=0

here, C%\IS.‘.(n—l) Jj |jn=ti is the squared concurrence between party 2 and any (n — 2) parties

among the rest (n — 1) qubits excluding j, where the qubit j is measured at a state binary equiv-

alent of k, and the nth qubit is measured at|i), i € {0, 1}. The term 7,,_; __ represents the posi-

tive part of genuine (n — 1) entanglement, when the n-th qubit is measured at|i),i € {0, 1}.
The previous equation can also be expressed as,

C%\lS...(n71)|"=0 + C§|13.“(n71)‘"=1 = Z ZCZ\B (n— 1)/] jn=i + ZT(n 1)|n is
j=13 i=0

where, the combined system of qubits j and n is measured at a state that is binary equivalent
of i. Expanding further, one can have,

C§|13...(n—1)|n:0 + C§|13 (1) ln=1

n—1 n—1 3
=2 > sz (1) fjk k=i ZZ% 2)ljn= t*ZT(n—lﬂn i-
k=13,j=13 i= J=13i=0

Expanding similarly, one can finally arrive at,

2 2
Glis.(n—1) =0 + C2|13...(n—1) ln=1

n—1 2n—2 _]) _])2(n k)
= Cihbn K+ § : § : z : 7}’kIIW K —1) l)n i
i=13 k=0 k'=3 k=13 j=0

Vky < ko, i, <ig,
where, C%\i| jn 1s the squared concurrence between party 2 and 7, when the rest of the system jn

is measured at the binary equivalent of k and 7}, is the positive part of genuine k” entanglement.
Considering all the terms in the expression of M,,
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n 2 2_ n 1) n 1) 2(n k)
(n—2 E C1|1|1Jr E , E E , Tk"(n(n ) 0)=j
i=13 j=0 k=3 k=13 j=0

Vky < ko, iy, < igye

The genuine n-party entanglement can then be defined as,

20=2)
()2 = [(n— 2)C§|l3...‘(n—l)n —M,] =4] Z (n—=2)[xi A XZ("*‘)717i|2
i=0
n 1
-2 Z H Copi....n—1yn/ii=j) = (1= 2)(13)2 — (73 )2

i=13j=0

X: 1s the post measurement state vector of party 2, while the rest of the system is measured a
state that is binary equivalent of i. Proceeding in a similar way, one can show, for any arbitrary
party k, the genuine n-party entanglement retains its form, i.e.

(Ta)k = [(n — 2)C1%|12 (k=1)(k+1)...(a—=1)n — (M;,)]
2(»1 2)_4

Z ("* |Xz/\X2(n D_1— ,| -2 Z HCk|12 (k—=1)(k41)...(n—1)n/ii ;]

i=1,ik j=0
= (n=2)(m)k = (7).
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