
Russian Math. Surveys 74:6 1126–1128 Uspekhi Mat. Nauk 74:6 165–166

DOI: https://doi.org/10.1070/RM9914

Moments of particle numbers in a branching
random walk with heavy tails

A. I. Rytova and E. B. Yarovaya

We consider a continuous-time branching random walk (BRW) on Zd, d ∈ N, in
which a random walk of particles is defined in terms of a matrix A = (a(x, y))x,y∈Zd

of transition intensities satisfying for all x the condition
∑

y ̸=x a(x, y) = |a(x, x)| <
∞, where a(x, y) ⩾ 0 for y ̸= x and a(x, x) < 0. It is assumed that a particle at
a point x moves to a point y ̸= x in a small time h with probability p(h, x, y) =
a(x, y)h+ o(h) and that it remains at x with probability p(h, x, x) = 1+ a(x, x)h+
o(h). Let the branching at a source x0 ∈ Zd be determined by the infinitesimal
generating function f(u) =

∑∞
k=0 bkuk for 0 ⩽ u ⩽ 1, where bk ⩾ 0 for k ̸= 1,

b1 < 0 and
∑

k ̸=1 bk = |b1| < ∞. Also, let f (r)(1) < ∞ for all r ∈ N. Thus, if
a particle is at the source x0, then in a small time h either it moves with probability
p(h, x0, y) = a(x0, y)h + o(h) to some point y ̸= x0, or it does not execute any
such transition and either produces k ̸= 1 descendant particles with probability
p∗(h, x0, k) = bkh + o(h) which stay at x0 (we assume that the particle itself is
counted here; in the case k = 0 we say that it dies), or undergoes no changes with
probability 1−

∑
y ̸=x0

a(x0, y)h−
∑

k ̸=1 bkh+o(h). The value β := f ′(1) =
∑

k kbk

is called the intensity of the branching source.
We assume that the intensities a(x, y) are symmetric and spatially homogeneous;

that is, a(x, y) = a(y, x) = a(0, y − x). For brevity, we set a(z) := a(0, z). We also
assume that a random walk is irreducible, that is, for each z ∈ Zd there exist
z1, . . . , zk ∈ Zd such that z =

∑k
i=1 zi and a(zi) ̸= 0 for i = 1, . . . , k. For a BRW

under consideration, the condition
∑

z a(z)|z|2 = ∞ is usually interpreted as the
presence of heavy tails for the corresponding random walk. The presence of heavy
tails, which cause the random walk to have infinite variance of the jumps, takes
place, for example, for

a(z) ∼ H(z/|z|)
|z|d+α

, |z| → ∞, (1)

where α ∈ (0, 2) and H( · ) is a positive continuous symmetric function on the
sphere Sd−1 := {z ∈ Rd : |z| = 1}. According to [3], under the condition (1) the
transition probabilities p(t, x, y) behave as follows for fixed x and y as t → ∞:

p(t, x, y) ∼ γd,αt−d/α, where γd,α > 0. Let Gλ(x, y) :=
∫ ∞

0

e−λtp(t, x, y) dt. If

G0(0, 0) < ∞, then the random walk is said to be transient [5]. From (1) it follows
that G0(0, 0) < ∞ for d = 1 and α ∈ (0, 1), and also for d ⩾ 2. Note that for∑

z a(z)|z|2 < ∞ the situation is different: p(t, x, y) ∼ γdt
−d/2 as t → ∞, where

γd > 0, and correspondingly, G0(0, 0) < ∞ for d ⩾ 3 (see, for example, [4]).
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By mn(t, x, y) and mn(t, y), n ⩾ 1, we denote the moments of particle numbers
at a point y ∈ Zd and on the entire lattice Zd at time t, respectively, provided that
initially, at t = 0, there is only one particle at x ∈ Zd. An approach to the analysis
of the limit structure of the field of particles in a BRW with the help of a study of
the moments of the particle numbers at an arbitrary point of Zd, d ∈ N, was used
in [1] and [4] in the case when

∑
z a(z)|z|2 < ∞. Equations for the moments of the

particle numbers were derived, for example, in [2] and [4] without any restrictions
on the variance of the jumps of a random walk. In the present note, our aim is to
give a classification of the moments of particle numbers. Under the condition (1)
this classification exhausts all possible combinations of the parameters α, β, and d.

Theorem. Let βc = G−1
0 (0, 0) and let (1) hold. Then

mn(t, x, y) ∼ Cn(x, y)un(t) and mn(t, x) ∼ Cn(x)vn(t) as t →∞,

where
un(t) = enλ0t , vn(t) = enλ0t for β > βc , d/α ∈ (1/2,∞);
un(t) = t−1/α , vn(t) = t(1−1/α)(n−1) for β = βc , d/α ∈ (1/2, 1);
un(t) = t−1 , vn(t) = (log t)n−1 for β = βc , d/α = 1;
un(t) = td/α−2 , vn(t) = t(d/α−1)(2n−1) for β = βc , d/α ∈ (1, 3/2);
un(t) = t−1/2(log t)n−1 , vn(t) = tn−1/2 for β = βc , d/α = 3/2;
un(t) = t(d/α−2)(2n−1)+n−1 , vn(t) = t(d/α−1)(2n−1) for β = βc , d/α ∈ (3/2, 2);
un(t) = tn−1(log t)1−2n , vn(t) = t2n−1(log t)1−2n for β = βc , d/α = 2;
un(t) = tn−1 , vn(t) = t2n−1 for β = βc , d/α ∈ (2,∞);
un(t) = t 1/α−2 , vn(t) = t 1/α−1 for β < βc , d/α ∈ (1/2, 1);
un(t) = t−1 log−2 t, vn(t) = log−1 t for β < βc , d/α = 1;
un(t) = t−d/α , vn(t) = 1 for β < βc , d/α ∈ (1,∞)

and λ0 , Cn(x, y), and Cn(x) are some positive constants.

The classification of the asymptotic behaviour of the moments of the particle
numbers in a BRW with heavy tails is more varied than in the case of finite variance
of the jumps [4]. From the above theorem it follows that, under the condition (1)
and for α close to 2, the properties of the BRW are close to those of a BRW with
finite variance of the jumps (for small α these properties are substantially different).
Thus, if a branching process is supercritical (β > 0) at a source on Z1, then in the
case of finite variance of the jumps the BRW is also supercritical for β > 0 [2], [4]
(for such a BRW the number of particles grows exponentially as t → ∞), and in
the case (1) the BRW is supercritical for all β > 0 and α ∈ [1, 2) (as long as the
random walk preserves the recurrence property [2]). For α ∈ (0, 1) the random
walks ceases to be recurrent, and so a ‘stronger source of particle generation’ (that
is, the condition β > βc > 0) is required to achieve a supercritical regime. For
0 < β ⩽ βc (a supercritical branching process at a source), already on Z1 the
function m1(t, x, y) for β = βc and α ∈ (0, 1/2) tends to some positive constant as
t → ∞ (for

∑
z a(z)|z|2 < ∞ the function m1(t, x, y) can behave in this way only

if d ⩾ 5), while for β = βc and α ∈ [1/2, 1), and also for 0 < β < βc and α ∈ (0, 1)
the function m1(t, x, y) tends to zero, which is impossible for β > 0 for a BRW with
finite variance of the jumps on Z1 and Z2. Note that for β = βc seven different
cases of asymptotic behaviour as t → ∞ are possible for the pairs m1(t, x, y) and



1128 A. I. Rytova and E.B. Yarovaya

m1(t, x), as classified by the values of d/α, whereas for a BRW with finite variance
of the jumps there are only five cases [4].

In the proof of the theorem we use methods from the spectral theory of oper-
ators, the Laplace transform method, Tauberian theorems, and some approaches
from [2]–[6].
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