10P Publishing

Classical and Quantum Gravity

Class. Quantum Grav. 37 (2020) 075020 (29pp) https://doi.org/10.1088/1361-6382/ab74f6

Cosmic footballs from superrotations

Eugene Adjei', William Donnelly!, Victor Py
and Antony J Speranza!

' Perimeter Institute for Theoretical Physics, 31 Caroline St. N, N2L 2Y5, Waterloo
ON, Canada

2 Department of Physics and Astronomy, University of Waterloo, 200 University Ave
W, Waterloo ON, Canada

3 Department of Mathematics, University of California, Davis, CA 95616,

United States of America

E-mail: eadjei@perimeterinstitute.ca, wdonnelly @ perimeterinstitute.ca,
vpy @ucdavis.edu and asperanz@ gmail.com

Received 22 November 2019
Accepted for publication 11 February 2020 @
Published 5 March 2020

CrossMark
Abstract
Superrotations arise from singular vector fields on the celestial sphere in
asymptotically flat space, and their finite integrated versions have been argued
by Strominger and Zhiboedov to insert cosmic strings into the spacetime. In
this work, we argue for an alternative definition of the action of superrotations
on Minkowski space that avoids introducing any defects. This involves
realizing the finite superrotation not as a diffeomorphism between spaces, but
as a mapping of Minkowski space to itself that may be multivalued or non-
surjective. This eliminates any defects in the bulk spacetime at the expense
of allowing for defects in the boundary celestial sphere metric. We further
explore the geometry of the spatial surfaces in the superrotated spaces, and
note that they intersect null infinity at the singularity of the superrotation,
causing a breakdown in the large r asymptotic expansion there. To determine
how these surfaces embed into Minkowski space, a derivation of the finite
superrotation transformation is presented in both Bondi and Newman—Unti
gauges. The latter is particularly interesting, since the superrotations are
shown to preserve the hyperbolic slicing of Minkowski space in Newman—
Unti gauge, and this gauge also provides a means for extending the geometry
beyond the Bondi coordinate patch. We argue that the new interpretation for
the action of superrotations on spacetime motivates consideration of a wider
class of celestial sphere metrics and asymptotic symmetry groups.
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1. Introduction

The symmetries of general relativity in asymptotically flat space at null infinity comprise an
infinite-dimensional enlargement of the Poincaré group in four dimensions, known as the
BMS group [1-3]. In addition to the expected Lorentz transformations, the BMS group also
contains a subgroup of supertranslations, which act as angle-dependent translations along
null infinity. The supertranslations are parameterized by functions on the celestial 2-sphere,
and the Lorentz group acts on them via its natural action as the conformal isometry group
of S2. Infinitesimally, the 2-sphere possesses a much larger conformal isometry algebra that
includes generators with pole singularities, and it has been suggested that this extended
algebra, together with the supertranslations, should constitute the true symmetry algebra for
asymptotically flat general relativity at null infinity [4-7]. The additional generators in the
extended BMS group have been dubbed ‘superrotations’, although since they can be thought
of as local generalizations of the boosts of Minkowski space, they might more appropriately
be called ‘superboosts’ [8].

The singular nature of superrotation generators raises questions about their status as true
symmetries of general relativity. On the one hand, postulating superrotation symmetry of the
gravitational S-matrix leads to a derivation of the subleading soft graviton theorem as a Ward
identity [9, 10], similar to how the leading soft graviton theorem follows from invariance
under supertranslations [11, 12]. Since the subleading soft theorem can be derived using inde-
pendent arguments [13, 14], this lends support to superrotations being symmetries of the the-
ory. Another argument in favor of physicality of superrotations is the close relation between
this symmetry and novel types of gravitational memory [15, 16]. Furthermore, many issues
related to the singularity in the generators can be handled by working directly with the local
currents for the transformations, as opposed to the integrated charges, which can neverthe-
less be shown to carry a representation of the symmetry algebra [17]. On the other hand, the
singularities in the superrotation transformations makes it unclear how they act on spacetime,
and calls into question whether they can be integrated to finite, smooth diffeomorphisms.
Investigations into the finite superrotation transformations have suggested that their action on
spacetime is not smooth, but rather inserts defects such as cosmic strings [18-20]. Although
this action of the finite superrotations is well-defined, the fact that it injects matter in the form
of a cosmic string raises doubts about its interpretation as a symmetry transformation for the
gravitational theory.

The purpose of the present work is to argue for a different perspective on how superrota-
tions act on spacetime. In [18, 19], the finite superrotations act in such a way that the surfaces
at constant radius r and retarded time u are regular in the limit r — co. Although these sur-
faces have punctures located at the poles of the superrotation transformation, the punctures
are removable at infinite r in the sense that the instrinsic metric on the surfaces is precisely
equal the the round sphere metric almost everywhere, except at the measure zero set of punc-
ture points. We argue in section 2 that the regularity requirement of these celestial 2-spheres
is responsible for the presence of defects such as cosmic strings in the superrotated bulk. By
instead imposing that the celestial sphere develop a conical defect due to the superrotation,
one can eliminate the bulk cosmic string defect. We conclude that superrotations should be
defined to maintain regularity in the bulk, at the expense of changing the metric on the celes-
tial sphere by allowing for non-removable defects.

The cosmic string spacetimes arise from superrotations that act discontinuously on the
celestial 2-sphere. They are produced by the transformation z — G(z) =z, which has
a branch discontinuity along the negative real axis. This discontinuity extends to the bulk
transformation of Minkowski space, and leads to a map that either overwraps the space as a
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Figure 1. Isometric embedding of the cosmic football (u = 1,7 = 4, = 1.4) into R>.

multivalued transformation, or is not surjective, mapping Minkowski space to a proper subset.
If one erroneously identifies two points that originated on either side of the branch after apply-
ing the diffeomorphism, one would conclude that the bulk spacetime must have developed
a cosmic string defect due to the angular excess or deficit. However, by making the correct
identifications of coincident points following the singular diffeomorphism, one finds a flat
metric devoid of any cosmic strings.

Besides the subtleties associated with identifying the proper coordinate ranges, the result-
ing metric has a number of unintuitive features that arise due to the singular nature of the
branch point. After applying the z* superrotation to Minkowski space, the metric is given by
equation (7). This metric is locally flat and formally can be written as an asymptotic expansion
in powers of } However, the singularity in the superrotation means that this asymptotic expan-
sion breaks down near the poles of the transformation, with subleading terms in % dominating
over the leading terms. In fact, the surfaces at constant (u, ) behave quite differently from
spheres. In certain regions, there is an infinite distance on these surfaces between an arbitrary
point and the pole at z = 0, suggesting a shape more like an (American) football, becoming
long and narrow near the poles (see figure 1) . Other regions are even more bizarre, with the
length to the pole being finite, while the circumference of a circle surrounding pole diverging
as z — 0. This implies a highly negatively curved space near the pole, giving the (u, r) surface
a horn-like shape (figure 2), and also implies the existence of a curvature singularity at finite
distance.

To better understand the regular action of superrotations on Minkowski space, in section 4
we explicitly construct the transformation between Minkowski spacetime in standard retarded
coordinates and the superrotated spacetime of Compere and Long [19]. This is done by solv-
ing for the transformation perturbatively near .# T, and then using the fact that lines of con-
stant u, z,z in Bondi coordinates are null geodesics to solve for the flow everywhere in the
bulk. The details of this derivation are presented in appendix, which gives an alternative to
the original derivation of the finite superrotation given in [21], and the transformation is pre-
sented in equations (21) and (22). We also derive the transformation in Newman—Unti gauge,
which differs from Bondi gauge in the choice of radial coordinate [22]. The Newman—Unti
superrotated metric (A.46a) takes a much simpler form than the Bondi gauge metric, and the
superrotation in Newman—Unti gauge has the interesting feature of preserving hyperboloids
at fixed Lorentzian distance from the origin. Using these formulas, we can show how the cos-
mic footballs and cosmic horns embed into Minkowski space. As argued from analysis of the
intrinsic geometry, the surfaces intersect asymptotic infinity at the poles of the transformation,
and, depending on the values of u and «, can approach the celestial sphere at u = 0, timelike
infinity, or spacelike infinity. We also plot the » = 0 hypersurface in figure 8, which clearly
indicates the existence of a nonempty interior, and discuss how to extend the metric into this
region using Newman—Unti coordinates.
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Figure 2. Isometric embedding of the cosmic horn (¥ = —1,7 = 0.6, = 0.8) into R>.
The embedding breaks down shortly after it begins to flare out, becoming too negatively
curved to embed into R3 in a way that preserves rotational symmetry.

This work concludes with section 5 with a discussion of our findings and their implications
for the degrees of freedom in asymptotically flat general relativity.

2. Conical defect in the finite superrotation

Superrotations were proposed in [4, 7] as an infinite-dimensional extension of the asymp-
totic symmetry group of asymptotically flat general relativity. They arise as generalizations of
Lorentz transformations, and are characterized by their action on the celestial 2-sphere. The
Lorentz group acts as the global conformal isometry group of the celestial sphere, while the
superrotations act as local conformal isometries, which may not be globally defined due to
singular points.

This work deals with the action of superrotations on Minkowski space, the vacuum for
asymptotically flat general relativity. Their action on all of Minkowski space can be derived
from their action on the celestial sphere by demanding that the resulting metric obey the Bondi
gauge conditions [1, 23]. The Bondi coordinate system involves a retarded time variable u, a
radial coordinate r, and spatial coordinates z* = (z,Z). The radial generator §¢ is required to
be tangent to null geodesics, and the coordinate r is adjusted so that the metric determinant
on surfaces of constant (u, r) is equal to —r*y(z,7)?, where —y(z,Zz)? is the unit sphere metric
determinant in the (z,Z) coordinates. Any asymptotically flat metric in this coordinate system
can be expressed as [16]

ds®> = —Ue®du’® — 2e*Pdudr + qap(dz* — U du)(dz? — UBdu), (1)
with the following falloff conditions at large 7,
2
U=1- Tm + O3 ?) a)
B=0("") (2b)
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qas = g + O(r) (2¢)

Ut = o). (2d)
Here, ~4p defines the metric on the unit sphere, which in the (z,Z) coordinate system is given
by

Yapdz*de® = 2v(z,2)dzdz,  y(z.2) = g : 3)

+22)%

Minkowski space in standard retarded coordinates is of this form, with U=1, =0,
U* =0, and qap = r27AB. Superrotations define a class of transformations that preserve the
form of the metric (1), but yield different values for U, 3, UA, and gap- Each finite superro-
tation is defined by a locally holomorphic function G(z) on the 2-sphere, and this produces
a mapping of Minkowski space to itself. This mapping was derived in [21]*, and an alter-
nate derivation is discussed in section 4 and appendix of the present paper. Compere and
Long derived the result of pulling back the standard Minkowski metric by this transformation,
which is also a metric of the form (1) with [19]

2uV
V2 4+ utv

Suu = —Ue?® + quplt*UP = —1 — (4a)

28 _ -r

Bur = = ey (4b)
gur = —qapd® = —DaV/ 1 + 2V (4c)

gap = qap = (r* + 2u”V)yap + 2u\/ 1 + 12V Typ, (4d)

where the components of 7,45 are given by

1 |
I =—5{6@).z}), Tz =—5{G@).z}, Tz:=0, )
2 2
{G(2),z} =0, (6—2) -1 (g—g) 2 is the Schwarzian derivative, and

1 4B_cp {G,2}{G.z}
== TacTpp = . 6
57 actsp 4(22) (6)
Except for global conformal transformations of the form G(z) = ‘;;IZ, a generic holomor-

phic map G(z) contains points where the Schwarzian diverges, and may also have branch cuts
across which G(z) is discontinuous. A specific class of maps of this type were considered by
Strominger and Zhiboedov [18] with G(z) = z%, and « a real parameter. The resulting space-
time after acting with this superrotation was argued to contain a cosmic string which pierces
null infinity at the singular points z = 0, co. A major motivation of the present paper is to criti-
cally examine this proposal, and to further investigate the resulting geometry.

We employ the exact Compére—-Long metric described above, as opposed to the asymp-
totic expansion at large r, since the large r expansion breaks down when V from equation (6)
diverges, which can happen either when the Schwarzian blows up, or at z — oo where

#See also [24], which discusses the finite transformations acting on arbitrary asymptotically flat spacetimes in the
large r expansion.
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1/7(z,z)? diverges®. For the z* superrotation, the rotational symmetry about the point z = 0
on the celestial sphere is preserved. To make this symmetry manifest, it is useful to switch

to angular coordinates on the sphere, defined by z = e'% cot %,Z =e % cot %, which gives

dz = z(— -2 + idg). The Schwarzian for the transformation is {z*,z} = —%, and using
the expressions (4), we obtain the metric components in the (u, r, 6, ¢) coordinates,
2 2
Suu = -1 - - (7a)
p
’
8ur = —— 7b
P (7b)
2.2
gup = 2 cot 0u (7¢)
0
goo = (p+ur)’ (7d)
8o6 = (p —ur)*sin’ 6, (Te)
where
a?—1
T=— ®)
2sin’ 6

p=\r2+ulr? )

Being locally a diffeomorphism of Minkowski space, the Riemann tensor of this metric van-
ishes. However, there can be curvature defects in regions not covered by the Bondi coordinate
system. The coordinates become singular at § = 0,7 due to the blow up in 7, and also at
r = 0, where the spatial metric degenerates. This allows for the possibility of a cosmic string
defect in the region where the coordinate system degenerates, with the string piercing the
sphere at the poles.

To detect whether such defects are present in the above metric, we can compute the parallel
transport of a vector around the punctures. If there is a nontrivial contribution to the curvature
at a cosmic string defect, a vector parallel transported around a loop encircling the defect will
not return to itself. Since the curvature vanishes in the region covered by the (u, r, 8, ¢) coor-
dinates, the result of the parallel transport will be independent of the choice of loop. Hence,
we can choose the loop to follow the ¢ coordinate, and use rotational symmetry to simplify
the problem. The parallel transport equation to be solved is

DyVH = _ngv”. (10)

Since the Christoffel symbol is independent of ¢, this equation can easily be exponentiated by
finding the eigenvalues of ng, viewed as a matrix with indices pu, v.

The parallel transport computation simplifies significantly after transforming to a different
radial coordinate. Taking p, defined in equation (9), as the new radial coordinate, the metric
components become

3 The Schwarzian really should be viewed as a component of a tensor as in (5), and so it makes sense to ask where
the scalar V constructed from this tensor diverges, as opposed to just where the components themselves diverge.

6
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8uu = gup = —1 (11a)
200 = (p+ur)? (11b)
8op = (p— uT)2 sin? 0, (11¢)

with all other components vanishing. This choice of radial coordinate puts the metric into
Newman-Unti gauge, where p is an affine parameter along the radial null geodesics [22, 25].
We will comment further on the relation between the Bondi and Newman—Unti gauge choices
in section 4; for now, we simply note that the absence of off-diagonal g,4 metric components
makes calculating the Christoffel symbols less cumbersome.

Due to ¢-independence of the metric components (11), the only nonzero elements in the
parallel transport matrix are I‘zy and '), with Fi s = 0. This means that T has rank 2
and vanishing trace, so the eigenvalues must be given by Ay = +£,/ %I‘ZVI‘;’) .- One can then

compute

1 v (e
L6 = —8 P 0ar/20608/300

(09/850)*
= (0p\/259)” — 20p\/8560u\/Bo0 + v
2 2
— sin? (1 4 27) + S e+ ur)”
(p+ur)?
) (12)

:—a’

yielding eigenvalues A+ = Zia. The parallel transport equation (10) can then easily be solved
for the eigenvectors VY,

VL(¢) = eTVE(0). (13)

The endpoint of a closed loop is at ¢ = 27, with VY (2rr) = eF27*V¥ (0), and so only returns
to itself when « is an integer, signalling the presence of curvature in the region interior to
where the coordinate system becomes singular for any o # 16. This result is consistent with
the interpretation given in [18] that the superrotation leads to cosmic string defects in the bulk.
The above conclusion relies crucially on the periodicity of the ¢ coordinate being 27. Since
the metric is rotationally symmetric in ¢, imposing a different periodicity condition should
have no effect other than to change the conical defect angle. In particular, giving ¢ a period
of %’T results in the vector returning to itself after a single winding, which is consistent with
no conical defect in the interior. Our proposal for the result of acting with a superrotation is to
make such a choice for the ¢-periodicity, so that no cosmic string defects are produced.
Restricting the range of ¢ in this manner has a nontrivial effect on the celestial sphere
intrinsic geometry. Since the large r limit of g4z in (4d) is simply 7 times the round sphere
metric, changing the range of ¢ results in a sphere with a conical defect. Hence, the price to
be paid for having a defect-free bulk metric is to introduce a defect on the sphere at infinity.
Many definitions of asymptotic flatness require the spatial metric to approach a sphere with
no defects as r — oo. This means the superrotated spacetimes with no bulk conical defects

% Even though the vector returns to itself for any integral value of «, it winds around too many times except when
a=1
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are asymptotically flat only in a weaker sense, in which more general metrics on the celestial
sphere are allowed. We will further justify this prescription to restrict the range of ¢ in sec-
tion 4.1, after discussing the transformation in detail.

3. Geometry of spatial surfaces

The possibility for conical defects in the Compere-Long metric (4) is not its only nonintui-
tive feature. Another crucial aspect is that the large r expansion is only valid in regions where
V is bounded. Near divergences in V, the spatial metric differs significantly from the sphere
metric. There is an important order of limits between r going to infinity and approaching sin-
gularities in V. Taking r large first results in a picture of a celestial sphere with punctures at
the points where V diverges. In this section we discuss the opposite order of limits, keeping r
finite and exploring the geometry of constant (u, r) surfaces near the puncture points. We also
analyze the behavior of the spatial surfaces at constant (u, p) in Newman—Unti gauge, which
share some features with the Bondi gauge spatial surfaces, but differ substantially near the
punctures.

3.1. Bondi surfaces

The induced metric on surfaces of constant (u, r) is obtained from equations (7d) and (7¢),

2 2
ds* = (m' + V24 usz) d6? + sin’ 0 (m' — \/m) de? (14)

with 7 given by (8). This metric is symmetric under the reflection § — 7 — 6, and the diver-
gence occurs in 7 at § = 0, 7. Away from these points, the metric approaches the round sphere
metric 72(d6? + sin® fd¢?) when r > |ur|. However, near the poles where 7 diverges, the
opposite limit |u7| > r must be considered. In this case, two different limiting metrics are
obtained, depending on the sign of ur,

4

4 — {4u27'2d92 + i sin? 0d¢?  ur >0

4u?

15
#;d@2 + 4uPr?sin? 0d¢?  ur < 0. (1>

We begin by examining the qualitative features of the metric with ur > 0, which, for

a > 1, corresponds to the region to the future of the u = 0 lightcone. Near 6 = 0, the d6?
2 2 2

coefficient approaches ”(0‘0%1), which implies the proper length from a finite value of 6 to

the pole diverges, u(a? — 1) 9(1 9% — oo. This is drastically different from the sphere metric,

for which the distance to the pole is finite. At small values of 6, the d¢? coefficient goes like

42 . . . . . . .
%96, indicating that the length of the circles at constant 6 are shrinking proportional to

63 at small values of 6.

The picture this suggests for the constant (u, r) surface is one which is roughly spherical
near the equator § = /2, but which becomes narrow and pointed near the poles. We call
these oblong surfaces ‘cosmic footballs’ due to their resemblance to an (American) football,
although the tips of the cosmic footballs extend to an infinite distance. Note that this infinite
distance to the pole can only be possible if the surface touches null infinity at # = 0. Hence,
we can conclude that the singular point of the superrotation not only introduces punctures into
the celestial sphere, but in fact maps a whole plane of points at # = 0 out to infinity, a fact that
seems to have been underappreciated previously. At small values of 6, the geometry resembles
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a thin tube, which encloses the string defect if it is present. The surface runs off to infinity
rather than allowing the string to intersect it.

The cosmic football intrinsic geometry can be better visualized by embedding the geom-
etry into R, Since the surface has ¢-rotational symmetry, we employ cylindrical coordinates
(R, ®,Z) on R®. The ® coordinate has periodicity of 27, and so for surfaces for which the cos-
mic string defect has been eliminated by adjusting the periodicity of its intrinsic ¢ coordinate,
we must set ® = a¢. The embedded surface is then defined by finding Z(#) and R(6) such
that the induced metric matches (14). This leads to the condition

(Z'(0)2 + R’(G)z)d92 + R(0)*a*d¢? = (ur + p)*d6* + (ut — p)* sin? Od¢?.
(16)
Then R(0) = (ur — p) sin 6, after which Z(6) satisfies the differential equation

Z(6) = \Jwr + p)2 — RO, a7

which can be numerically integrated to produce plots of the embedded surface. An example
of such a surface with uT > 0 is depicted in figure 1. The result is the cosmic football surface
described above, spherical near the equator § = 7 /2, and infinitely long and pointed near the
poles.

The second case to consider are the geometries with um < 0, which lie atu < O when av > 1.
These surfaces have even stranger properties than the cosmic footballs described above. In the
small € limit, (15) indicates that the length from a finite value of 6 to the pole is now finite,

u(arzizq) foeo 6>df — finite, which appears to be consistent with a metric that is topologically a
sphere. However, the lengths of the constant  circles diverge as ', indicating that the geom-
etry flares out near the pole. This divergence in the circle circumference within a finite proper
distance along 6 suggests the development of a curvature singularity, and one can verify that
the scalar curvature of the surface is proportional to #~° as § — 0. The flaring behavior of the
surface indicates a region of negative curvature near the pole, and we refer to these surfaces as
‘cosmic horns’ since the geometry resembles the bell of a horn.

Embeddings of the cosmic horn geometry into R? can be produced in a similar manner to
the cosmic footballs. In this case, however, a rotationally symmetric embedding exists for only
some finite range of # near /2. At a certain critical value, the surface becomes too negatively
curved to embed nicely into Euclidean space, as can be seen in figure 2. Although the nonex-
istence of a full embedding sounds counterintuitive, it is worth recalling that this geometry
naturally arose as a codimension-two surface embedded in four dimensional Lorentzian space,
which can accommodate negatively curved surfaces more easily. The embedding of these sur-
faces into Minkowski space are discussed in more detail in section 4, however, we can intuit
their general features from the above discussion. The diverging length of the constant 6 circles
suggest that the surface must again intersect null infinity at § = 0, just as the uT > 0 surfaces
did. In order to reach null infinity along a curve with finite proper length, it must be that the
surface is rapidly becoming null near the pole.

3.2. Newman-Unti surfaces

Due to the relative simplicity of the Newman—Unti form of the metric, we also examine the
geometry of the spatial surfaces in Newman—Unti gauge, which are the level sets of u and
r> + u?7?. These surfaces display variegated behaviors depending on the values of p,
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u, and o, some of which are explored in section 4. Here we discuss their general properties.
The induced metric on a Newman—Unti surface is

ds? = (p+ u7-)2d92 +(p-— m‘)2 sin? 0d¢?. (18)

The original Bondi coordinates cover the region r > 0, which translates to the region p > |uT|
in Newman-Unti coordinates. Bondi coordinates are designed to break down at r = 0, which
coincides to the location where the null congruence tangent to 0¢ forms caustics. Since
Newman—Unti coordinates are constructed from the same congruence and differ only in the
choice of parameter along the radial generators, we should expect to find the same singulari-
ties associated with caustics when p — |u7|. This singularity is apparent in the induced metric
(18), where one or the other components vanishes in this limit, depending on the sign of ur.
This is actually a curvature singularity, since the scalar curvature is given by,

2

p2 —u2r?

Since | 7| — oo near = 0, for any fixed value of p, there will always be a region near the
poles for which p < |u7], and hence goes beyond the region covered by the Bondi coordinates.

Rnu = (19)

Starting with p > %u , the region near § = 7 /2 will lie in the Bondi patch. As 6 decreases

to move toward the pole, a critical value will be reached where |ur| = p and the surface
becomes singular as it exits the Bondi patch. No other singularities develop as 6 is decreased
further to 0. As was done for the Bondi spheres, the distance to the pole can be computed, and

. . 21| 6 o . . o
it is seen to diverge as ‘ua > 1 ‘ fo ’ g—f — 00, again implying that # = 0 must reside at infinity.

Where exactly it intersects null infinity requires the more detailed analysis of section 4, but
we again are able to conclude that the large p expansion is not the same as an expansion near
infinity, since surfaces at any value of p intersect infinity.

4. General structure of finite superrotations

In the previous section, we saw that surfaces at finite radius and u tended to extend out to
infinity, both for Bondi and Newman—Unti gauges. To better understand where exactly these
surfaces intersect null infinity and how they are situated inside of Minkowski space, it is help-
ful to work out the explicit expression for the finite superrotation transformation. Compere
and Long derived this transformation in [21], and used it to write the form of the pulled back
metric in [19]. Here we give an alternative derivation of the finite superrotation, which has the
advantage of making it clear precisely how points in Minkowski space are mapped around.

The details of the derivation are given in appendix, but the idea behind the transformation
can be summarized here. We begin with Minkowski space parameterized in retarded radial
coordinates (u,r,z,Z), in which the metric takes the form

ds* = —du® — 2dudr + 2r*(z,7)dzdz, (20)

with (z,Z) as in equation (3). The superrotation transformation can be specified by giving
the image (#,%) in Cartesian coordinates of each original point of Minkowski space, i.e. by
determining 7 and X as functions of (u,r,z,7). Once this is done, the superrotated metric is
obtained by pulling back the standard Minkowski metric by this transformation. A superrota-
tion is defined to act on the celestial sphere u = 0, r — oo as a holomorphic transformation,
z+ G(z), and its action elsewhere can be fixed by demanding that the pulled back metric

10
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components satisfy the Bondi gauge conditions. Near .# T, the infinitesimal vector field gen-
erating the transformation is independent of the metric components, and so the flow can be
solved at the first few orders in the large  expansion by integrating the flow of this vector field.
Beyond these leading orders, the vector field generating the flow is dependent on components
of the metric, and hence changes as one flows along it. However, once the flow is integrated
near .# T, it can be solved at a finite distance into the bulk by simply imposing the Bondi gauge
conditions.

Bondi gauge requires that the radial vector 0¢ be tangent to null geodesics. Each such null
geodesic intersects .# T at a single location, and the asymptotic solution determines which
null geodesic the image point lies on. The points on a null geodesic with parameter ¢ have
Cartesian coordinates (¢, d + 1), with the geodesic completely specified by the the fixed unit
vector w and fixed vector @. This means that the superrotation transformation takes the form

L=r (21a)

X=b+ch+ 10, (21b)

with @ = b+ ¢, b- & = 0, and all objects are functions of the initial coordinate (u, r, z,7),
but only 7 can depend on r, since r must be a parameter along the geodesic at fixed (u,2,2).
The asymptotic solution to the flow determines b, ¢ and & in terms of (u, z,Z), and then ¢ is
fixed by imposing the final Bondi gauge condition, that the pulled back spatial metric on a
constant (u, r) surface has determinant —r*y(z,z)%. When all is said and done, this results in
the following functions describing the G(z) superrotation:

H(u,r,2,7) = é (uL +VP+ u2V> (22a)

~ 172
Q(z,7) = [aGéGW(G’ _G)} (22b)
v(z.2)
L 2
’V(Z’ Z) = (1 +Zz)2 (22¢)
| 5 12
L(z,2) = 77(2, Z)alogﬂﬁlogﬁ + 2(Q +1) (22d)
_ 1 ~
V(z.2) = W{G(Z)’Z}{G(Z)’Z} (22e)
c(u,2,27) = —ufd (22f)
) G+G
&(2.7) = _ | -i(6 -6 (229)
1+GG -1+ GG
u [ ow ow u _ H+H
b(u,z,2) = Q {% + %H] = 00+ G0 (-HG — HG)& + (Hl(GH+HI-é)>] (22h)
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H(z,7) = ) dlog (220)
S oG .
H(z,7) = ) 0log Q. (22))

A similar procedure can be used to derive a superrotation that instead preserves Newman—
Unti gauge’. This gauge still requires radial vectors to be tangent to null geodesics, and its
only difference from Bondi gauge is how the radial coordinate p is fixed. The Newman—Unti
gauge condition requires p to be an affine parameter along the geodesic. Since 7 itself is an
affine parameter for the null ray at fixed (u,z,z) described by (21), it must be related to p
by an affine transformation, 1 = f(u,z,2) + g(u,z,Z)p. Demanding that 9 = g*#V su fixes
g(u,z,z) = &. The final condition is that the O(p~2) term in 9, log det(gap) vanish [22, 25],
and this sets f(u,z,Z) = % Hence, the transformation preserving Newman—Unti gauge is

t=—(uL , 23

q (uL + p) (23)
and all other quantities are determined exactly as in the Bondi transformation (22). It is easy
to see from this equation that the Newman—Unti radial coordinate is related to the Bondi radial
coordinate by p = V72 + u?V, as mentioned in section 2.

4.1. Principal domain

With the explicit formula (22) in hand, we can now justify the prescription described in sec-
tion 2 to eliminate the cosmic string singularity in the G(z) = z* class of superrotated space-
times. The key point is that the transformation is not a diffeomorphism of Minkowski space;
rather, the map can be many-to-one for some points when o > 1, or not cover all of Minkowski
space when « < 1. Adjusting the periodicity of the ¢ coordinate corresponds to choosing the
coordinate range so that the image of the map covers Minkowski space exactly once, at least
in the region for which the Bondi coordinates are regular. We refer to such a choice of coor-
dinate range as the principal domain of the map. The fact that the z™ superrotation preserves
rotational symmetry makes it easy to find such a principal domain for the transformation. The
final azimuthal angle ¢y of the image can be computed in terms of the components of X in

(21b) via tan ¢y = f; Recalling the relation z = cot gei‘b, it is straightforward to show that

that w and b can be written

cos g cos ag
w=A(0) | sinag |, b=C(0) | sinag (24)
B(0) D(0)

for some ¢-independent functions A(6), B(#), C(), and D(0) whose precise form will not
be needed. This implies that tan ¢y = tan o, or simply ¢ = a¢. Taking the initial ¢ to
have range (—m, ), we see that the range of the final angle is ¢y € (—am, ar). Since this

7Recall that the asymptotic symmetries are defined as the group of all transformations that act on the spacetime and
its boundary, modulo those that fix the boundary [26]. This means that the extension of the symmetry into the bulk
has a large degree of arbitrariness, which is why preserving Newman—Unti over Bondi gauge results in a different
bulk transformation which nevertheless represents the same asymptotic symmetry. Here, we distinguish the trans-
formation by denoting the radial coordinate p for the Newman-Unti transformation, which also allows us to relate it
to the Bondi radial coordinate r.

12



Class. Quantum Grav. 37 (2020) 075020 E Adjei et al

exceeds a period of 2w when o > 1, we find that multiple initial points can map to the same
final point; e.g. (u,r,0, ) and (u,r, 6, ¢ — %T) for ¢ > T map to the same point. Restricting
¢ to lie in the principal domain (—Z, 7) eliminates multivaluedness of the map, and this is
the appropriate range for ¢ in order to eliminate the conical defect. Similarly, for o < 1, the
image of the transformation only covers a wedge of Minkowski space. To cover the remainder
of Minkowski space, the initial ¢ coordinate range must be greater than 27, meaning that the
principal domain is a branched cover of Minkowski space.

4.2. Embeddings into Minkowski space

Equation (22) can be used to compute a number of quantities which relate to how the cosmic
footballs and cosmic horns embed into Minkowski space. One such quantity is the radial dis-
tance of the image point from the origin,

R=F 42t +E+ D

(25)
=2 - 2up,
which also determines the Lorentzian distance of the image point,
P+ =i’ - 2up. (26)

The right hand side is simply the Lorentzian distance to the origin of the initial point (u, p, z, )
for the Newman—Unti superrotation. This implies an important property of the Newman—Unti
superrotation, namely that it preserves the hyperboloids at fixed proper distance from the ori-
gin of Minkowski space. In fact, one could instead define the superrotation to preserve these
hyperboloids as a gauge-fixing condition for the radial coordinate, and this would produce
equation (23) for #(u, p, z,7), with the fact that the this coincides with Newman-Unti gauge
a happy coincidence. Recently, it was argued in [27] that defining superrotations to preserve
hyperboloids is desirable in applications to flat-space holography, and here we see that the
Newman—Unti gauge is closely related to this choice. For the Bondi superrotation, where
p = Vr? 4+ u*V, equation (26) shows that the proper distance to the origin is not preserved.
Instead, the Schwarzian {G(z), z} appearing in V determines the extent to which proper dis-
tance conservation is violated in Bondi gauge.

In section 3.1, we argued that the Bondi spatial surfaces must extend out to infinity as the
pole of the transformation is approached. This can be verified explicitly using the formulas
(22), which can also determine where the spheres intersect .% *. For this, we need the behavior
of Q, V, and L at small values of zz for the G(z) = z* transformation,

a—1

Q= azz) ? (27)
2 1 2
Vo (“ — ) (28)
—1)?
L % (29)
which then determine the behavior of 7 in this limit,
ullae — 1
2|§oz||(zzf2+1|[a+1 + sgn(u)|a — 1]. (30)

13
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The term in brackets is either 2c or 2, so it is always positive, and hence ¢ — +4-00 near the
pole. The limiting value of p is

|o? — 1]

31
877 G

1/2
p = [V = |ul
With these expressions, we can examine the value of the retarded time uy =t — v/ X2 at the
pole to determine the point at which the surface intersects .# . Since #* is much larger than p
near the pole, application of equation (25) leads to the limiting behavior,

a—1

uy— =~ u() T (32)
When « > 1, this goes to 0 at small zz, and so the Bondi sphere intersects . + on the celes-
tial sphere at uy = 0. On the other hand, when « < 1, this quantity diverges to either J-o0,
depending on the sign of u. For positive values of u, the spheres approach timelike infinity
with u; — 400, while for negative values of u, they approach spatial infinity with uy — —oo.

This behavior is confirmed in figures 3—6, which plot the embedding of Bondi surfaces
into conformally compactified Minkowksi space® for various values of o and u. In addition,
these figures include plots of surfaces with fixed Newman—Unti radial coordinate p, at the
same values of u and «.. Since Newman—Unti surfaces lie on a hyperboloid at fixed distance
to the origin, this hyperboloid is also plotted in blue in the figures. Near the equator § = 7/2,
the Bondi and Newman—Unti surfaces are roughly spherical, and their embeddings resemble
each other. As the poles are approached, the embeddings become dissimilar and deviate from
the spherical shape. The Bondi surfaces extend out to infinity and tend to become tangent to
#* as they asymptote to either the u; = 0 celestial sphere or i " or i® according to the previous
discussion. By contrast, the Newman-Unti surfaces develop kinks at a finite value of , which
corresponds to the point where the induced metric (18) becomes singular. These kinks lie at
the caustics of the radial null congruence, and the points between the kinks and the poles are
in a region of Minkowski space not covered by the Bondi coordinate patch. The singularities
in the Newman-Unti spheres exhibit a variety of interesting topologies, including a pair of
cusps in figure 5, a swallowtail in figure 4, self-intersections in figure 3, and loops in figure 6.
Figure 7 depicts the special case of a surface at # = 0, for which the Bondi and Newman—Unti
surfaces coincide. Unlike the other cases considered, this surface does not intersect infinity at
the pole when a < 1, but rather approaches the origin of Minkowski space.

A final surprising property of the Newman—Unti surfaces is that when u < 0 they inter-
sect .~ at the poles, as is evident in figures 4 and 6. This can be understood from (23): L
diverges at the poles, so t — —oo as § — 0, with p fixed. Since the embedding lies on a
fixed hyperboloid, these points hit .# ~. This is in sharp contrast with the limit where @ is fixed
and p — oo, which hits .# . This gives a rather explicit illustration of the breakdown of the
large p limit for small 6.

4.3. Extension beyond Bondi coordinate patch

Another use for equation (22) is to investigate the r = 0 hypersurface where the Bondi coor-
dinate system breaks down. The Bondi coordinates are associated with a congruence of
null geodesics, which in generic situations undergo focusing and form caustics. Since the
Bondi radial coordinate r is tied to the area element of a cross-section of the congruence, it is

8 The compactified coordinates we use are obtained by defining U = arctan (t — VX )?) W = arctan (t + VX )?),

and then setting the compactified Cartesian coordinates to 7' = w, X= % z_

b}
o
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(a) (b) (c)

(d) (e) ()

Figure 3. Bondi and Newman-Unti surfaces with o > 1, u > 0. Since the surfaces are
rotationally symmetric, the ¢ coordinate is suppressed, and the red and blue curves
denote antipodal points on the surface at ¢ = 0 and ¢ = 7. (a) Bondi surface. (b) Top
view. (c) Side view. (d) Newman-Unti surface. (e) Top view. (f) Side view.

designed to go to zero at caustics. The r = 0 surface is the boundary of the region covered by
the Bondi coordinates, and it is of interest to know how much of Minkowski space lies beyond
this surface. (22) can be used to plot the » = 0 hypersurface, which is done in figure 8 for the
7 transformation. Two qualitatively different behaviors for this hypersurface are observed,
depending on the sign of o — 1. For o > 1, the r = 0 surface lies along the axis of the ¢ rota-
tion symmetry for u > 0, so that it degenerates into a 2-dimensional surface. The degeneration
is visible in figure 8 by the fact that the green and purple sheets coincide in this region. This
surface can be thought of as the worldsheet of a cosmic string running through the center
of the space, although, as discussed above, no physical string is present if the ¢ periodicity
is chosen appropriately. For # < 0, the hypersurface is nondegenerate, and there is an open
region of Minkowski space lying behind this surface. The behavior for the o < 1 hypersurface
is just the opposite: the surface degenerates when u < 0, and when u > 0 there is a region
beyond the r = 0 hypersurface.

To describe the region beyond the » = 0 hypersurface, the Newman—Unti coordinates come
in handy. Since the Newman—Unti radial coordinate p is an affine parameter, it continues to
decrease monotonically past where the Bondi coordinates break down at p = Vu?V. In par-
ticular, equation (23) holds for all values of p, including p < N , which then determines
the superrotation transformation in this region as well. The spatial metric in Newman—Unti
gauge for a general superrotation is always of the form (see equation (A.46a))
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(b) (c)

(e) ()

Figure 4. Bondi and Newman-Unti surfaces with o > 1, u < 0. (a) Bondi surface.
(b) Top view. (c) Side view. (d) Newman—Unti surface. (e) Top view. (f) Side view.

8z =122 (P° +uwV), gu=-pu{Gz}, gz=—pu{G,z} (33)
at any value of p. To convert back to a Bondi coordinate system in the region p < Vu?V, one
simply computes the spatial metric determinant and sets it equal to —r*v(z,7)?, which deter-
mines the relation between p and r. This leads to the equation

= (p* — u*V)?, (34)

whose solutions are

r=4y/%(p? — 12V), (35)

and the signs are chosen to keep r real, and, optionally, to make » a continuous function of p.
The relations this produces are

VR —utV o pP>uPv
r= (36)
—urV —p? p? <uPV

VPV r>0,p>0
Vv — 2 r<0,p>0

P=Yvev—r r<0,p<0’ 37
P+ utv r>0,p<0
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Figure 5. Bondi and Newman—-Unti surfaces with oo < 1, u > 0. (a) Bondi surface.
(b) Top view. (c) Side view. (d) Newman—Unti surface. (e) Top view. (f) Side view.

Substituting (37) into (23) determines the transformation in regions beyond where the origi-
nal » > 0 Bondi coordinates covered. However, as a cautionary note, the coordinate system
in this region can be irregular since constant (i, r) surfaces in this region may contain self-
intersections that developed at the » = 0 caustic. Furthermore, the coordinates in this region
may cover portions of Minkowski space that were already covered in the orginal Bondi patch.
This is the case for the z* transformation in regions where the r = 0 hypersurface degener-
ates to a two-dimensional surface, since points on the other side of the surface were already
accounted for.

5. Discussion

Superrotations are transformations of four-dimensional asymptotically flat spaces that arise
from local conformal isometries of the celestial sphere. All but a finite-dimensional subgroup
contain singular points and branches, and these produce unexpected features when the flow
is integrated to a finite transformation of the four-dimensional geometry. Near poles in the
transformation, the large r asymptotic expansion breaks down, and the exact expression for
the metric components is needed to obtain reliable geometric information in this region. In
the case of Minkowski space, the exact result was derived by Compere and Long [19, 21], and
the present work gave an alternative derivation of the transformation, summarized in equa-
tions (21) and (22), as well as a generalization to Newman—Unti gauge.

The class of superrotations generated by the functions G(z) = z* were examined in detail
throughout this work. This was motivated by the claim of Strominger and Zhiboedov that
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(b)

(d) (e) ()

Figure 6. Bondi and Newman-Unti surfaces with o < 1, u < 0. (a) Bondi surface.
(b) Top view. (c) Side view. (d) Newman-Unti surface. (e) Top view. (f) Side view.

(a) (b) (c)

Figure 7. Surface with o < 1, u = 0. The Bondi and Newman—-Unti surfaces are the
same in this case, since p = r when u# = 0. (a) Bondi/NU surface. (b) Top view. (c)
Side view.

such transformations send Minkowski space to a spacetime containing a cosmic string [18].
We confirmed the presence of such a defect in section 2 using the Compere-Long metric
(7) to compute the holonomy around a circle at fixed (u, r, ). The defect is present if the ¢

coordinate is required to have period 27; however, when the period is set to %’r, the defect is
absent. The latter choice was argued to be the correct prescription on the basis that a sym-
metry of Minkowski space should not introduce physical defects into the geometry. A further
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(a) (b)

Figure 8. These plots show the r = 0 hypersurfaces denoting the boundary of the
Bondi coordinate patch in compactified Minkowski space for either sign of o — 1.
The ¢ coordinate is suppressed due to rotational symmetry, and the green and purple
surfaces denote antipodal points at = 0and ¢ = 7/a. (a) a > 1. (b) a < L.

justification comes from the explicit expressions (21), (22) for the finite superrotation, which
reveal that the transformation is either multivalued or not surjective, depending on the value of
o. Instead, there is a principal domain that is either a subset or a branched cover of Minkowski
space that maps bijectively to the image Minkowski space, and this principal domain deter-
mines the appropriate coordinate ranges to be used in the superrotated geometries. For the z*
transformation, this prescription in terms of the principal domain leads to the aforementioned
periodicity of %r for ¢.

The explicit superrotation formula was further exploited in section 4.2 to create plots of
the fixed-(u, r) surfaces in Bondi coordinates, as well as the fixed-(u, p) surfaces associated
with Newman-Unti coordinates. The surfaces were shown to intersect .# T at singular points
of the transformation, further emphasizing that the large r expansion differs from the usual
notion of an expansion near infinity in the vicinity of these points. The r = 0 surface marking
the boundary of the Bondi coordinate patch was also plotted in figure 8, which clearly shows
a nontrivial interior not covered by these coordinates. Newman—Unti coordinates provide a
means for extending the geometry into this region, as described in section 4.3.

This work has clarified several geometric aspects of finite superrotations, many of which
appear to have gone unnoticed previously. Below, we discuss some physical implications, and
comment on avenues for future work.

5.1 Relaxing fixed-metric boundary conditions

Changing the periodicity of ¢ eliminated the bulk cosmic string at the expense of introduc-
ing a defect in the induced metric on the celestial sphere. Standard treatments of null infinity
impose a round sphere metric as r — oo [1, 231%, and this would preclude the defect sphere
metrics. The requisite boundary conditions to accommodate the notion of superrotation action
described in this paper must allow for arbitrary punctures with arbitrary deficit angles, arising
after acting with superrotations generated by functions G(z) with poles and branches. Note
that adding punctures to the sphere can be viewed as a changing the topology of .+ away

% This is true in a fixed Bondi conformal gauge. An invariant statement that does not refer to a conformal gauge is
that a certain universal structure consisting of a degenerate metric and null generator modulo conformal rescalings
is fixed on .#* as the boundary condition for the metric [28, 29].
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from the usual S* x R usually imposed for asymptotically flat spaces [26], so this represents
a generalization of asymptotic flatness that allows for cosmic string punctures at infinity. One
could further imagine approximating any metric on the celestial sphere by successively adding
such defects. The conclusion is that the boundary conditions should not restrict the allowed
class of induced metrics at all in order to allow for all possible superrotations.

With relaxed boundary conditions on the celestial sphere metric, however, the symmetries
of the spacetimes must be reconsidered. The need for conformal isometries of the celestial
sphere when determining the symmetry group of asymptotically flat spaces was tied to the
fixed round metric on the celestial sphere. When this boundary condition is dropped, one finds
instead the Diff($?) symmetry algebra appearing in [30, 31]. Since such boundary conditions
seem to be an unavoidable consequence of allowing superrotations as symmetries, it appears
much more natural to take Diff(S?) to be the fundamental symmetry of asymptotically flat
spaces.

To establish this proposal more rigorously, one would like to construct a phase space that
admits the Diff(S?) transformations as symmetries. This requires finding a symplectic form
that is appropriately conserved from .# ~ to .# " in the presence of the weakened boundary
conditions. Additionally, finite, integrable charges must be constructed that generate the action
of Diff($?) on this phase space. See [8, 32] for recent work on this front. We leave invest-
igation into such a symplectic form to future work.

5.2. Absence of defects

Our focus in this paper was the presence or absence of string-like conical defects in the spe-
cific example of the G(z) = z® superrotation. This transformation maps the celestial sphere to
a branched cover or subset of the sphere, and this extends to multivaluedness or nonsurjectiv-
ity of the bulk transformation. For more general superrotations, we should expect multiple
branch points which have similar behavior to that found for the z* Bondi surfaces. An inter-
esting example that demonstrates this point is given by the finite transformation obtained by
integrating a single Virasoro generator ¥* = z~"*1. This produces the finite transformation

. . l/m* 1/m
Ga() = &5 (mae=mares 4 ) L (- 27) (38)

where the second equality only holds when =* < argz < 7, and is included to show that
this is indeed a holomorphic function over most of the complex plane. Focusing on the case
of m > 1, this function has branch discontinuities extending radially from the origin along
argz = 2ty 5 € 7Z, out to branch points at |z| = (mA)!/™. The Schwarzian diverges at each
of the branch points as well as at the origin where the branch cuts meet, and near these points
we would again expect the spatial Bondi surfaces to intersect . .

Note that the superrotation transformation given by (21) and (22) manifestly is presented as
a mapping from Minkowski space to itself, so that in particular the image spacetime is free of
any defect. The subtlety comes from the fact that this transformation is not a diffeomorphism,
since it can be multivalued and/or fail to be surjective. Defects only appear if one insists that
the superrotation map be bijective with its image.

Finally, we mention the superrotation charges constructed in [6, 16, 19]. For the Compere-
Long metric (4), these charges can be written in terms of integrals of T4 over a spatial Bondi
surface at large r. It was claimed that nonzero values of these charges measure physical defects
in the superrotated spacetimes. However, since we realized the superrotation as a transforma-
tion into regular Minkowski space and obtained the same metric, they cannot be detecting

20



Class. Quantum Grav. 37 (2020) 075020 E Adjei et al

defects of the bulk spacetime. Instead, the superrotation charges must be measuring some
geometric property of the embedding into Minkowski spacetime in the large r limit. A similar
situation arises in asymptotically AdS; gravity, where one can act with the Virasoro algebra
on the CFT vacuum to obtain states containing ‘boundary gravitons’ [33, 34]. The resulting
spacetime is empty AdSs;, but with a different identification of the asymptotic boundary; the
resulting stress tensor is nonzero, but this stress tensor simply measures the extrinsic curvature
of the embedding. We expect that the superrotation charges could similarly be expressed in
terms of the geometry of the embedding into flat Minkowski spacetime.

5.3. Newman-Unti gauge and hyperbolic slicing

An interesting upshot of our investigations was a number of simplifications that occurred
when using Newman-Unti coordinates instead of Bondi coordinates. The form of the supper-
rotated metric in Newman—Unti gauge is much simpler than in Bondi gauge, since only the
spatial metric components g, 8:z, and gz are transformed according to equation (33), while
the other metric components remain the same as in Minkowski space in standard retarded
coordinates. The Newman—Unti coordinates are arguably more deeply tied to the geometry of
Minkowski space than are Bondi coordinates, since the radial coordinate is an affine param-
eter for the radial null geodesics. Furthermore, it was found that defining superrotations to
preserve Newman-Unti gauge was equivalent to requiring the superrotation preserve hyper-
boloids at fixed Lorentzian distance to the origin. Some approaches to flat-space holography
employ this hyperbolic slicing of Minkowski space to apply aspects of the AdS/CFT diction-
ary on each slice [35, 36]. More recently, [27] noted that superrotations act in a natural way
with respect to the hyperbolic slicing, and this is consistent with our findings on the simplifica-
tions afforded by Newman—Unti gauge.

One advantage of the Newman—Unti coordinates is that they provide a means of construct-
ing the hyperbolic slicing in a way that is tied to the asymptotic boundary of the spacetime,
rather than to a choice of origin in the interior. In spacetimes with matter or gravitational exci-
tations, the Newman—Unti coordinates may give a more natural, boundary-anchored notion of
the hyperbolic slicing, by defining the hyperboloids to be surfaces of fixed £> = —u? — 2up.
In Minkowski space and its images under finite superrotations, this notion of hyperbolic slic-
ing agrees with the usual one constructed relative to the origin. The Newman—Unti coordi-
nates can be viewed as a flat space analog of the Fefferman—Graham expansion employed in
AdS, since in both cases the radial coordinate vector is a geodesic and the radial coordinate
is an affine parameter. Newman—Unti gauge may therefore be helpful in future investigations
into flat-space holography.

5.4. Action on twistor space

The superrotation transformation used in this paper was constructed to preserve Bondi gauge,
which means that it maps one family of radial null geodesics to another. Since any null geo-
desic can be transformed to a radial one in a retarded coordinate system using a translation,
it follows that the superrotations in fact send any null geodesic to another null geodesic. This
has the intriguing consequence that superrotations naturally act on the space of projective
null twistors, which is equivalent to the space of null geodesics of 4D Minkowski space [37].
Twistors have appeared at various points in recent investigations into asymptotic symmetries
of Minkowski space. The cosmic string construction used by Strominger and Zhiboedov [18]
originally arose as a twistorial construction due to Nutku and Penrose [38], and aspects of
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the relation between asymptotic symmetries and soft theorems have been investigated from
the viewpoint of ambitwistor strings [39]. An interesting proposal for future work would be
to investigate the action of superrotations on twistor space, and see if it clarifies the role they
play as asymptotic symmetries.
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Appendix. Solving for the finite superrotation

This appendix derives the explicit transformation of Minkowski space for a finite superrota-
tion. Such a formula was first derived by Compere and Long in [21]. An alternative derivation
is provided below, that gives a more systematic derivation and presents the transformation in
a way that is easy to determine where individual points map to.

The bulk vector field generating the superrotation is defined by requiring that the Bondi
gauge conditions are preserved along the flow. These conditions are that the radial vector field
0¢ be tangent to a null geodesic congruence, and that the determinant of the induced metric
on surfaces of constant (u, r) be equal to —r*y(z,7)?. The general form of a vector field whose
flow preserves these conditions is given in [4, 8], and those corresponding to a pure superrota-
tion take the form

5%:W—é?f@-m+ouﬂ)

(A.1)
u
“—Ip.y
&=3 (A.2)
& =—ID-Y+2D,DMND-Y)+O(r ).
2 4 (A.3)

Y* defines a local conformal Killing vector on the unit sphere, given explicitly in holomor-
phic coordinates by Y404 = Y(z)0, + Y(2)d. Such a vector field satisfies the relation'®
DsDA(D -Y) = —2(D - Y), so that for a superrotation, £” becomes

10 This follows from a general identity for a conformal Killing vector (¢

1
VoVela = Ricga+ 2 (8V6(V - O) + 8 VelV - ) = g5 Va(V - C)) (a4
which, after taking a derivative and tracing leads to the identity
2
VAV () = fE(CJVdRJrRV ¢)- (A5)
The unit 2-sphere has a Ricci scalar R = 2, reducing (10) to the relation mentioned above.
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g’:f;“D-Y+O(r*1). (A.6)

The subleading terms in equations (A.1) and (A.3) depend on components of the metric in
the Bondi coordinate system. This causes the generators to change along the flow of the vec-
tor field, complicating the problem of integrating this flow. Fortunately, the terms explicitly
displayed in equations (A.1)—(A.3) are all metric-independent, allowing a solution for the flow
to be found in the asymptotic region. The asymptotic solution can then be extended to a full
solution for the metric-dependent flow by imposing Bondi gauge with a boundary condition
set by the asymptotic solution.

A.1. Asymptotic solution

The solution to the flow equation can be expressed in the asymptotic region as a series in
inverse powers of the initial radius r;. The asymptotic solution then takes the form

u(\) = up(\) + O(r; ") (A7)
r(A) =rir—y(\) + O(ri_l) (A.8)
2N = 20(N) + ~a(\) + O(7) (A9)
Z(A) =20(\) + izl(x) +0(r;?) (A.10)

l

where A is the parameter along the flow. This expansion of the solution along with equa-
tions (A.1)—(A.3) for the vector field produce the asymptotic differential equations to be
solved,

ity = (D - ¥)[z0. 0] (A11)
20 = Y(Zo) (A.12)

uy (D - Y)[z0.%0]
2r1 7(20.20)

21 = 210Y[z0) — (A.13)
and the equations involving Zo,z; are simply the complex conjugation of (A.12) and (A.13).
Note that the brackets in the expression (D - Y)[zo, Zo] mean that first D - Y should be constructed
as a function, and then it should be evaluated on (zo, Z), and similarly for (D - Y)[z0, Zo]. The
equation for r_; does not need to be solved separately due to an approximate conservation law
that arises from the form of the generators given in (A.2) and (A.6). The proper distance to the
origin of Minkowski space, —u? — 2ur, is preserved along the flow, up to O(r;" ') terms. This
asymptotic conservation law u? + 2ur = u,z + 2ur; + O(r;” 1) is then enough to determine r_;
in terms of other quantities,
Ui

r_1 = . (A.14)
The solution to (A.12) is a finite holomorphic transformation zo = G (z;) = G(z;) obtained
by integrating the flow of Y(z)d, in the complex plane. This solution can then be used to
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integrate equation (A.11) once D - Y[z9, Zo] is determined as a function of A. For this, it is use-
ful to recall that D - Y appears as the infinitesimal change in the conformal factor of the unit
sphere metric ¢ = 2y(z,7)dzdz, as captured by the conformal Killing equation

£yq=(D-Y)q. (A.15)

The finite holomorphic transformation for the flow z; — G (z;) is a conformal isometry of the
unit sphere metric, meaning the its pullback under the transformation is related to the original
metric by a conformal factor, G5q = €23 ¢. This determines 3 to be given by

__(G.G)
Q2 (2.7) = 069619 A16
M zi) Y(zi»Zi) ( )
However, equation (A.15) implies that Q§ satisfies the differential equation
d _
592 =MD Y[Gy,G)] (A.17)
with solution
A —
Q% = exp V do (D -Y)[Gy,Go]| . (A.18)
0
This then leads to an explicit solution to (A.11),
I _
Up = U; exp E/ do (D -Y)[Gy,Gs]| = uiQy. (A.19)
0

The final equation determining the asymptotic solution is (A.13). This is a first order, linear
differential equation of the form

z1 = a(N)z1 +b()N) (A.20)
with

711,'9%\ 5(D . Y) [G)\, (_;)\]

a(A) = 0Y[G,], b(A) = = A21
M =0¥Gi). b0 = PR T (A21)
The explicit solution for such an equation with initial condition z;(0) = 0 is [40]
A A
2(\) =™ / doe b)), A\ = / doa(o). (A.22)
0 0
The solution this produces for z; simplifies after some algebra to
0Gy =
2 = —u——22_9log Q. (A.23)
(2. %)

A.2. Extending to finite radius

Having found the asymptotic solution to the superrotation flow, the extension to finite radius
is done by explicitly imposing the Bondi gauge conditions. The first is that lines of con-
stant (u;, z;,Z;) map to a null geodesic. An arbitrary null geodesic in Minkowski space can be
parameterized using Cartesian coordinates (x°, ¥) as
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= (A.24)

X=b+cd+1td, (A.25)

where ¢ serves as a parameter along the geodesic, w is a spatial unit vector, and b-&=0.
The quantities b,c,and & fully specify the null ray, so they are determined entirely by the
asymptotic solution and are independent of r;. The function 7 is the only quantity that depends
on r;, and this dependence will be fixed by imposing the final Bondi gauge condition on the
determinant of the spatial metric.

Matching the large r; (and hence large 7) limit of (A.24) and (A.25) to the asymptotic solu-
tion found above fixes w to be the point on the unit sphere corresponding to G(z;), explicitly

G+G
-i(G—-G) |. (A.26)
-1+ GG

1
1+ GG

aj:

Because b-&=0, b can be viewed as a tangent vector to the unit sphere at the point
(G(zi),G(z;)). Similarly, z; defines a small correction to the point G(z;) on the unit sphere,

21

21
rescaling by (2, through its pushfoward by the map & that embeds the unit sphere in R?,

F= L (O b= (%, 0, A27
“o%\z ) o\ a6 ) (A.27)

The final matching condition determines c in terms of the asymptotic solution uy,
c=—u; . (A.28)

All that remains is to determine how ¢ depends on the initial coordinates. This is done by
computing the pulled back spatial metric for arbitrary ¢, and then determining the functional
dependence by imposing the final Bondi gauge condition on the spatial metric determinant.
In general, this procedure would produce a differential equation for 7, but luckily all deriva-
tives of ¢ drop out once the spatial metric pullback is computed using the quantities b, &, and
¢ determined above.

To show this, it is first useful to note that any vector in R? that is orthogonal to & can be
viewed as a tangent vector to the unit sphere, and hence can be realized as the pushfoward

characterized in terms of the two-component vector( ) This vector determines b, up to a

of a 2-component vector by w,, as b was in (A.27). One such vector is 0w = 3%‘;’ since w

is identically of unit norm. This leads to the relation 9@ = w, , and similarly one finds

0
0 . .
~ - |- When taking the dot product between two vectors orthogonal to @, one can

oG

instead represent it in terms of the corresponding 2-component vectors, with an inner product
taken with respect to the sphere metric, 2y(G, G)dGdG. A useful application of this procedure
is in computing & - b = —0w - b, which gives

0 = w,

- 1 _
w-0b= —5’7((;» G)0GZ, = u;00. (A.29)
Then, forming the vector @ = b+cd, equations (A.28) and (A.29) imply that & - 9d = 0, so

that Od can be expressed in terms of a 2-component vector. The 2-component vector can be
computed straightforwardly but somewhat tediously, and this results in
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0 = — ool A30
0 = — —w, = W, .
0%\ 585 {G@).a) ) = (430
where
L=——01logQdlogQ+ — (0 + A31
’Y(Zh Zl) ( ) ( )
and
G G\’
i A.32
is the Schwarzian derivative of G(z;). A similar argument for oa yields
9d = _& 27(zi, Zl){G(Zl) Zl} =
od Qw* < 56 L Wy V. (A.33)

Given these relations, the next step is to find an expression for the pulled back spatial met-
ric. The image of the diffeomorphism is expressed in (A.24) and (A.25) in Cartesian coordi-
nates on Minkowski space, so the metric being pulled back is simply 7, = diag(—1,1,1,1).
Letting 7! = (z;,7;) denote the coordinates on the constant (u;, ;) surfaces and using that & is
a unit vector and that 9@ - © = 0a - & = 0, one obtains the spatial metric

8 = (0ad + t040) - (Opd + 10pw) , (A.34)

where, as advertised, all derivatives of # have dropped out. Since both d4d and 04 are orthog-
onal to w, it is useful to express this equation in terms of 2-component objects. The pair p and
v from (A.30) and (A.33) can be combined into a 2 X 2 matrix,

which pushes forward to 0,@ = (8@ 04d), and 9,& is similarly represented as the push-

foward of
oG 0
W= ( 0 5@) . (A.36)

The dot product in terms of the 2-component vectors is taken using the sphere metric gg,
represented as a matrix by

B 0 v(G,G)
6= (v(G’ G 0 > ' (A37)

In terms of these matrices, equation (A.34) for g4p can instead be expressed as the matrix
product

gs=A+W) g5 (A+1W). (A.38)

This expression greatly simplifies the computation of the determinant of g4, and the Bondi
gauge condition becomes

det gag = [det(A + W))* det g6 = —r*y(zi,7)? (A.39)
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> (2, %) . rizaGéé

det(A +1W) =r; — = )
et(A+1W) =r; (G, G) 0 (A.40)
The result is a quadratic equation for ¢,
2u;L wL\® 2+ udv
2 i i i i
- t - =0 A4l
oo () - (A41)
where
1 _
\% 3 {G(Zi),Zi}{G(Zi), Zi}» (A'42)

T 2(z)

and the solution with the correct large r; behavior is

_1 2 2
t—QGLﬂM+m0. (A43)

This completes the derivation of the action of the superrotation on Minkowski space, and the
final transformation is presented in equations (21) and (22).

It is relatively straightfoward to check that the coordinate transformation (A.24), (A.25)
with ¢, b , c and w given by (A.43), (A.27), (A.28) and (22b) reproduces the form of the metric
derived by Compere and Long when specialized to a pure superrotation transformation. This
confirms that the coordinate transformation agrees with the one presented in [19, 21].

To obtain the transformation in Newman-Unti gauge, all steps are the same except for how
we solve for ¢ in terms of the radial coordinate p. It must be related to p by an affine tranfor-
mation ¢ = f(u;, 2i,Z;) + g(ui, zi» Z;) p, and demanding that g** = 62‘, as required by the gauge
condition, fixes g = é For the final condition, we need to compute 8,, log det gag,

2uiL L\® WV
0, log det gap = 20, det(A + tW) =20, log <t2 i (u’—> - u>

Q Q 02
2 L — ) _
:*<1+%+O(p 2))

P
(A.44)

The Newman-Unti gauge choice is to set the first subleading term in this expansion to zero
[25], and this determines f = % Hence the Newman-Unti superrotation in defined with

t= é(u,»L +p). (A.45)
After computing the metric pullback with this transformation, we find

Buu = Gur = —1 (A.46a)

gz = —pu{G,z} (A.46D)

gz = —pu{G,7} (A.460)

gz =7(22) (P’ +u’V), (A.46d)

with all other metric components vanishing.
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