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We analyze junction conditions at a null or non-null hypersurface 3. in a large
class of scalar—tensor theories in arbitrary n(> 3) dimensions. After showing
that the metric and a scalar field must be continuous at ¥ as the first junction
conditions, we derive the second junctions conditions from the Einstein
equations and the equation of motion for the scalar field. Subsequently, we
study C' regular matching conditions as well as vacuum conditions at ¥ both
in the Jordan and Einstein frames. Our result suggests that the following
configurations may be possible; (i) a vacuum thin-shell at null X in the Einstein
frame, (ii) a vacuum thin-shell at null and non-null ¥ in the Jordan frame, and
(iii) a non-vacuum C' regular matching at null ¥ in the Jordan frame. Lastly,
we clarify the relations between the conditions for C! regularity and also for

vacuum X in the Jordan and Einstein frames.
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For given two spacetimes, can one attach them at a hypersurface .7 If so, what kind of config-
urations of 3 is possible? How smooth is the spacetime at >.? These are well-defined problems
in gravitation physics and have a variety of applications. The basic equations to answer these
problems are called the junction conditions which are obtained from the field equations and
describe the relation between the discontinuity of the metric and the matter field on the junc-

tion hypersurface ¥ embedded in a bulk spacetime.

In general relativity, a manifestly covariant formalism of the junction conditions has been
formulated in the sixties by Israel for non-null (namely, timelike or spacelike) X, which relates
the jump of the extrinsic curvature of X to the energy-momentum tensor for a matter field on
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¥ [1]. By the Israel junction conditions, it is shown that the spacetime is C! (continuously dif-
ferentiable) and hence regular at X if and only if there is no matter field on X. If the spacetime
is C° and hence there is a jump of the extrinsic curvature at 3, the matching hypersurface 3
is refered to as a thin-shell or a singular hypersurface. In general relativity, a matter field is
required on ¥ for this C° matching and then X is refered to as a massive thin-shell®*.

Obviously, Israel’s formulation does not work for null hypersurfaces because the extrinsic
curvature is necessarily continuous when X is null. (See section 3.11.3 in [3].) Indeed, it took
more than twenty years until the extension of Israel’s formalism for null hypersurfaces was
developed by Barrabes and Israel [4]. After being applied in several contexts [5—10], this
extension has been reformulated by Poisson [11]. Poisson’s new formulation makes system-
atic use of the null generators of the hypersurface and provides a simple characterization of
the thin-shell energy-momentum tensor in terms of the jump of the transverse curvature at .
(See [12] for recent developments in the research of junction conditions.)

Alternatively, the junction conditions can also be obtained from the variational principle.
This method relies on the action principle under Dirichlet boundary conditions for a com-
posite manifold made out of two submanifolds joined at a non-null hypersurface ¥ [13].
The action contains surface terms and its extremum yields not only the field equations in
the bulk spacetime but also the junction conditions at 3. In contrast, derivation of the junc-
tion conditions in this method is still unknown in the case where X is null. This is because a
general well-defined action principle has not been established on null hypersurfaces. (See,
for instance [14-16].)

The junction conditions have been studied also in scalar—tensor theories, which are natural
generalizations of general relativity and contain a non-minimally coupled scalar field to grav-
ity. Extensions of Israel’s formalism for non-null ¥ have been presented in a class of scalar—
tensor theories [17-20]. However, these analyses did not consider the case where X is null.
Although the junction conditions have been studied both for null and non-null ¥ in a class of
four-dimensional scalar—tensor theories in [21, 22], the analyses were performed only in the
Einstein frame and therefore non-minimal couplings for the scalar field were not taken into
account. As far as the authors know, a study of the junction conditions for null X in the Jordan
frame is absent in the literature in spite of their potential importance for future applications.
One of the purposes of the present paper is to fill this gap.

In this article, we study junction conditions at a null or non-null hypersurface X in a large
class of scalar—tensor theories in arbitrary n(> 3) dimensions, in which a real scalar field
with self-interaction potential is non-minimally coupled to gravity. The article is organized as
follows. In the next section, we will present the action and the field equations of the system
both in the Jordan and Einstein frames. In section 3, we will derive the junction conditions
in the case where the matching hypersurface 3 is non-null and study the C' regular matching
conditions and the vacuum conditions at ¥ in both frames. In section 4, we will perform the
same analysis as in section 3, but in the case where X is null. For this purpose, we adopt the
formalism presented in [11]. In section 5, we will clarify the relations between the conditions
for C! regularity and also for vacuum Y in the Jordan and Einstein frames and apply the result
to two different exact solutions. Our results are summerized in the final section. Some techni-
cal details are presented in two appendices.

#In contrast, a vacuum thin-shell is possible in a class of quadratic curvature gravity called Einstein-Gauss—Bonnet
gravity [2].
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Figure 1. A schematic figure of a spacetime M with a spacelike boundary (left) or a
timelike boundary (right), denoted by OM.

2. Action and field equations in scalar-tensor theories

2.1. Preliminaries

Our basic notations follow [3] and [23]. We use the conventions for the curvature tensors
such that[V,, V,|V# = R*,,; V¥ and R, = R” ;.. The Minkowski metric has the signature
(=,+,---,4) and Greek indices run over all spacetime indices. We adopt the units such that
¢ = 1 and k, denotes the n-dimensional gravitational constant.

We consider an n(> 3)-dimensional Lorentzian (bulk) spacetime M, of which line ele-
ment is written as

dsy = g (x)dx*dx”. @.1)
Let OM be an (n — 1)-dimensional non-null hypersurface as a boundary of M, defined by
®(x) =constant and let y* be a set of coordinates on OM. Since the location of OM in M is
described by x* = x*(y), the line element on dM is given by

dsy_; = hap(y)dy“dy”, 2.2)
where

y OxH
hav(y) == guveley, ey = Iy (2.3)

While g, and g"¥ are respectively used to raise or lower Greek indices, the induced metric

hgp, and its inverse h° are used to raise or lower Latin indices, respectively. For a given vector

v,,, its components on M in the coordinates y* are given by v, := e/v,,. Covariant derivative
P 1 1 — v

of v,(:= e!'v,) on OM is given by D,v, = ele; (V ,0,).
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A unit normal vector n* of dM is given by
ev,®
(egP7V , @V, )1/2’

n, =

2.4)

which satisfies n*n,, = €, where € = 1 (—1) corresponds to the case where 9M is a timelike
(spacelike) hypersurface. (See figure 1.) Because @ is constant on M and hence independent
of y?, n el = 0 is satisfied. The Stokes’ theorem for a vector field v* in M is expressed as

/ d"x/—gV,o" :s/ d"'x/|hn, 0" (2.5)
M oM

A projection tensor defined by h,,, := g, — enyn, satisfies by, n” = 0and hy, = hyeliey
(and therefore A, = habeZe’;). The extrinsic curvature (or the second fundamental form) K,
of OM and its trace are defined by

1

K'u,, = h:hgvpng (E Z[/nhl“/) . (26)

K :=g"'K,, =V, n". 2.7

If a symmetric tensor A, is tangent to oM, ie. A,,n” = 0, it admits a decomposition on
OM such that

APV = A%t (2.8)

where Ay (y) = Ay (x)ele) is an (n — 1)-dimensional tensor on M. Since K,,,, is symmetric
and tangent to OM as hyw, We can write

K" = K%eley < Ku =Ky elel, (2.9)

which show K = g""K,,, = hK .

2.2. Jordan frame

In this work we deal with a class of scalar—tensor theories in n(> 3) dimensions characterized
by a non-minimally coupled real scalar field ¢ endowed with a self-interaction potential V().
Our system is described in the Jordan frame by the following action:

I= /M d'xy/~g (f(¢)R - (Ve - V<<z>)) + /M d'xy/=g Ly
+2¢ / d"'y/|hlf (9K, (2.10)
oM

where (V¢)? := g""(V,$)(V, ) and \/Tgﬁg\’fl) is the Lagrangian density for matter fields
other than ¢. The last term in equation (2.10) is a boundary term leading a well-defined action
principle under Dirichlet boundary conditions, 0g,.|oam = 0 = dp|ars. This term will be
used to provide an alternative derivation of the junction conditions for non-null hypersurfaces
in section 3.5.1. For simplicity, here we do not consider the case where the boundary OM
consists of several spacelike and timelike portions.

The action (2.10) provides the following field equations in the Jordan frame:

260G + s (3707 4 V(0))
~ (Vud)(Vo) — 29, Vf () + 28,00 (9) = Ty

@2.11)

5
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Figure 2. A non-null hypersurface 3 partitions a spacetime into two regions M and M _.

D¢ +f ()R = V'(¢) =0, (2.12)

where a prime denotes derivative with respect to the argument and the energy-momentum ten-
sor T}, for other matter fields is defined by

aLly .
Ty = —2 agﬁﬁ + g LY. (2.13)

We assume that: (a) the Lagrangian density for matter fields \/jgﬁg\rfl) does not depend on the
scalar field ¢, and (b) the matter fields are minimally coupled to gravity. In consequence, the
energy-momentum tensor (2.13) does not contribute to the energy-momentum tensor on the
matching hypersurface X.

The action with a typical non-minimally coupled scalar field is realized with the following
form of f(¢):

1
2K,

where ¢ is the non-minimal coupling parameter. However, the analysis throughout the text is
done for an arbitrary C' function f($), namely f()and its first derivative are both continu-
ous (and hence finite). In order to simplify the descriptions in the following analysis, we define

f(9)

1 2
—589% (2.14)

By : = 2 (#)Gpu + 8o (%(W)Z + V(¢>))
— (V,0)(Vu8) =29V, (8) + 28, (6). @15)
IL:= O + £/ ($)R — V'(9), (2.16)
so that the field equations (2.11) and (2.12) are described as E,,,, = T,,,, and II = 0, respectively.
2.3. Einstein frame

The scalar—tensor theory in the Jordan frame (2.10) is often compared with the following
theory:

= [ (R 00 V) )+ [ L)

£ —
+—/ d"y\/|RIK, (2.17)
Y ||
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which is called the Einstein frame of the theory. As adopted in equation (2.17), we will
describe geometric quantities in the Einstein frame with bars.

As in the Jordan frame, under an assumption that EE\",? does not depend on ), the action
(2.17) provides the following field equations:

Guv — nn{mw(vm) — 8w <;(V¢)2 + V(w)) }— Fin Ty (2.18)

Oy = V'(4), (2.19)
where T),,, is defined by

_ 6[:_(’”) -

T o= —2 8gﬁ’/’l + 8 LY. (2.20)

As in the Jordan frame, we assume (a) the Lagrangian density for matter fields ﬁﬁ%) does
not depend on the scalar field ¢ and (b) the matter fields are minimally coupled to gravity, so
that the energy-momentum tensor (2.20) does not contribute to the energy-momentum tensor
on the matching hypersurface 3.

2.4. Proper mapping between the Jordan and Einstein frames

By a conformal transformation and a redefinition of the scalar field such that

= (26uf ()" "D gy, 2.21)
-+ n— 1 f/ (” - 2)f(¢)d ) (2.22)
== \/ et s
the action in the Jordan frame (2.10) is mapped to the action (2.17), where
V(©) = (2raf (0($) "D V(6(1)), (2.23)
L) = @ (p(e) ™D L. @24

(See appendix A for details.)

Here it should be emphasized that matter fields other than the scalar field may violate a
proper mapping between the Jordan and Einstein frames [24]. In general, under the assump-
tion that ES\'Z) is independent of ¢, required to give the field equations (2.15) and (2.16) in
the Jordan frame, the conformally transformed action (2.17) in the Einstein frame does not
give the equation of motion (2.19) for ¢. This is because ESC? may depend on ¥, as seen in
equation (2.24). Then, not only T,,, depends on %, but also there appear additional terms in
the equation of motion (2.19) for 1. An exception is the case where 55\"/11) is for a conformally
invariant matter field such as an electromagnetic field in four dimensions. In such a case,
\/Tgﬁg\'fl) = \/TE./:%) holds and then the equation of motion (2.19) for ¢ is obtained in the

Einstein frame.
Also, independent of the extra matter fields, a proper mapping between two frames is vio-
lated for the following non-minimal coupling
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n—2 5
f(¢) = —m@ — )", (2.25)
where ¢y is a constant®. With this form of f(¢), the integrand in equation (2.22) is identically
zero. As a result, ¢ is constant and there is no inverse transformation ¢ = ¢ (1) even locally.
These observations are summarized in the following lemma, where the assumption (ii)

includes the vacuum case, E%‘) = E_%) =0.
Lemma 1. Suppose that

(i) f(¢)is a C! function and not in the exceptional form (2.25), and

(ii) /=8LS = /=8L holds.
Then, there is a proper mapping between the Einstein frame (2.17) and the Jordan frame
(2.10) by a conformal transformation (2.21) and redefinitions (2.22)—(2.24).

3. Junction conditions for non-null hypersurfaces

3.1 Setup

We consider a non-null hypersurface ¥ which partitions a spacetime into two regions M4 and
M _. (See figure 2.) Hence ¥ is a part of both OM 4 and M _. In M, the metric and the
scalar field are g:[,, and ¢, respectively, which are functions of the coordinates xi. In M_,
the metric and the scalar field are g, and ¢, respectively, which are expressed in coordinates
x. We set the same coordinates y* on both sides of 3, and we choose n#, the unit normal to
¥, to point from M_ to M.

Now we assume that continuous canonical coordinates x*, which are different from xi,
can be introduced in an open region containing both sides of 3. Actually, the metric and scalar
field in M 4 are not described as gf'f,, and qﬁi in terms of x*. Nevertheless, hereafter in this sec-
tion, we keep using the same expressions in the canonical coordinates for simplicity as long
as there is no risk of confusion.

Here we use distributions® to derive the junction conditions. The hypersurface X is consid-
ered to be pierced by a congruence of geodesics that intersect it orthogonally. The proper dis-
tance (or proper time) along the geodesics is denoted by /, and the parametrization is adjusted
so that [ = O when the geodesics cross Y. Our convention is that / is negative in M _ and posi-
tive in M. Now we introduce the Heaviside distribution ©(/), equal to +1if/ > 0,0if / < 0,
and indeterminate if / = 0. The distribution ©(!) satisfies

o) =0e(), o(e(-I1) =0, ‘L—? =6(D), (3.1
where 4 () is the Dirac distribution, which verifies §(I) = 6(—I). It is important to remark that
©(1)d(!) is not defined as a distribution. The metric g,,,, and the scalar field ¢ are expressed in
the canonical coordinates x* as

g =O()g, +O0(-Dg;,,. (3.2)

3 The coupling (2.25) with ¢ = 0 makes the sector \/—g{f(¢)R — (V$)?/2} in the action (2.10) conformal invari-
ant.

5 We follow the classical textbooks [25] and [26] on distributions. Due to its nonlinear nature, there are technical
subtleties and problems in the use of distributions in general relativity. (See [27] for a review.)

8
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p=00)p" +6(-)¢, (3.3)

which are distribution-valued tensors.
Since the following equations hold along the geodesics,

ol
gdl2 = guydx'u'dxy, Ewdl = glwdx”, (34)

where ¢ = 1 (—1)if X is timelike (spacelike), a displacement away from X along one of the
geodesics is described by dx* = n*dl, where n,, is given by

ny = €0,l (3.5)

and n*n,, = € holds. The factor € in equation (3.5) is in order for n* to point from M _ to M.
In the canonical coordinates x*, the following relations hold:

("] = [ez] =0, (3.6)
where e¥ is defined by equation (2.3). Here [X] is defined by
X]:=XT-Xx", 3.7

where X+ are X’s evaluated either on the + or — side of X. The first of equation (3.6) follows
from the relation dx* = n*dl and the continuity of both / and x* across ¥, while the second
follows from the fact that the coordinates y“ are the same on both sides of 3.

3.2. Continuity of g,,, and ¢: first junction conditions

The metric g, and the scalar field ¢ are expressed as equations (3.2) and (3.3) in canonical
coordinates x*, respectively. Differentiating them, we obtain

Bpgu = OD)Dpg,t, + O(—13pg, +ed(1)[gulnp, (3.8)

Oup = O(1)8,9" + O(—1)8,0~ + (1) [p]n,. (3.9)

Thus, to removed the last terms in the right-hand sides which generate terms proportional to
O(0)4(1) in the Einstein equation (2.15) and the equation of motion (2.16) for ¢, we impose
continuity of the metric g,,,, and the scalar field ¢ across X:

(8] = [¢] = 0. (3.10)

This set of conditions is dubbed as the first junction conditions. By equation (2.3), [g,,] = 0
is equivalent to [4,,] = 0, which means that the induced metric on X is the same on both sides
of X. The difference of the numbers of equations [g,,,] = 0 and [h] = 0 is n, which coincides
with the number of the coordinate conditions [x*] = 0.

Hereafter, we impose the conditions (3.10) and the derivatives (3.8) and (3.9) then become

Dpguv = O(1)8,8, +O(=1)0,g,,,» (3.11)

0,0 =0(1)9,01 +O(—1)0,¢. (3.12)

Since the metric and the scalar field are continuous across X in the canonical coordinates x*,
the tangential derivatives of the metric and scalar field are also continuous. Thus, if d,g,,,, and
0,¢ are to be discontinuous, the discontinuity must be directed along the normal vector n*.
Therefore, there must exist a tensor field w,,,, and a scalar field M such that

[04808] = Nuwags, [0u¢] = n,M. (3.13)
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Namely, w,,, and M are defined by
Wap = en"[0,8ap], M := en"[0,0], (3.14)

respectively.

3.3. Discontinuity of geometric and physical quantities
From equations (3.2) and (3.11), we obtain

W —p
Iy, =ert,, +e(-nr (3.15)

vp?

where '+ o 1s the Christoffel symbols constructed from gffu. Then, a straightforward calcul-
ation with equations (3.5) and (3.13) reveals

9T, = 00, T}, + O(—1)0,T~,, + e5(1)[T |, (3.16)
where [I') ] is given by
1
[Fgu] = i(wpan,u + wpuna - Wa,u,np)~ (317)

By equations (3.6) and (3.17), we obtain

[Vun] = =[], ]no
1 - - (3.18)
= —(eWyuy — Wopuhyn® — wWeyn,n’),

2
and hence the jump of the extrinsic curvature (2.6) and its trace are given by

(K| = hlfh,f [V pno]

1 i , - (3.19)
= E(swm, — Wpenny, — wyph’n, + ewpen’nnyn,),
1
K] = g" K] = E(ewu“ — wunt'n’). (3.20)

By equation (2.9), we obtain
1
[Kll ] = [K,ul/]ege}lj = Eswuuegez~ (3.21)

On the other hand, using equation (3.17), we obtain the Riemann tensor as

_ +h e 5
Rpap,l/ - 9(1>R opv + @(_Z)R ouv + 6<I)Rp(rp,w (322)
where the d-function part of the Riemann tensor is given by
Rpa';u/ = 6([].—‘5.,/]”# - [Fg',u]nl/)

1 (3.23)
= Ea(wpl,ngn# —wh,

Equation (3.23) shows that the J-function parts of the Ricci tensor and the Ricci scalar are
expressed as

Noly — We PNy, + WeunPny,).

~ 1
R,, = R”UW = Ee(wwn”ng + weunt'n, —w

= —¢[Kyy] — [K]|nony,

Pnen, — ewgy)

” (3.24)

10
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R=g°"R,, = —2¢[K]. (3.25)

From equations (3.24) and (3.25), the d-function part of the Einstein tensor G;w is given as
- ~ 1 -
G =Ry — EgWR = —¢ ([Kuw] — hu[K]) . (3.26)

A C' regular matching of two spacetimes My and M_ at ¥ is defined by
[8a5] = [048ap] = 0. The following lemma provides several different expressions of a C!
regular matching, among which the condition (i) means that the full Riemann tensor is cer-
tainly non-singular at 3.

Lemma 2. [f[gag] = 0 holds, the following six conditions are equivalent: (i) RPUW =0,
(ii) [Ky] = 0, (iii) [Kap] =0, (iv) wp = 0, (v) [0u8ap] = 0, and (vi) [I'5,,] = 0.

Proof. Equation (3.21) shows that the conditions (ii), (iii) and (iv) are equivalent. By equa-
tions (3.13) and (3.14), the conditions (iv) and (v) are equivalent. Next we show that the condi-
tions (i) and (ii) are equivalent. By equation (3.19), [K,,,,| = 0 implies

— a o
Wy = EWuan’ Ry + €Wy ph’ny, — wpeh’n’nyn,,. 3.27)

opv ouv
holds, we have R,, = R =0 and then equations (3.24) and (3.25) show [K,,] = 0. Since
we have shown that the conditions (i)—(v) are equivalent, we complete the proof by showing
that the conditions (iv) and (vi) are equivalent. The condition (iv) implies the condition (vi)
by equation (3.17). The condition (vi) implies the condition (i) by equation (3.23), which is
equivalent to the condition (iv). [ ]

Substituting this into equation (3.23), we obtain R = 0. On the other hand, if R, ,, =0

In the following subsections, we will derive the junction conditions from the equation of
motion (2.12) for ¢ and the Einstein equation (2.11). For this purpose, differentiating equa-
tion (3.12), we obtain

0,0,¢ = 0(1)0,0,0" + O(—1)0,0,¢~ + &5())Mn,n,, (3.28)
where we used equations (3.5) and (3.13). From the above expression, we obtain

V.V =01V, V¢t +O(-1)V,V,¢~ +e§()Mn,n,, (3.29)

O¢ = 0()0¢" + 0(-)O¢~ + 6()M. (3.30)
Finally, using the following expression;

vuvuf(¢) :f/(¢)vuvu¢ +fﬂ(¢)(vu¢)(vv¢)’ (3.31)

we obtain

VuVuf(¢) = OV Vuf (67) + O(=) V. V.uf (67) + 6f’(¢)5(l)M"uéy,32)

Of(¢) = OO (o) + O(=0Tf (¢7) + 1 (¢)5(H)M. (3.33)

3.4. Second junction conditions

3.4.1. Equation of motion for a scalar field. Here we derive the junction condition from the
equation of motion (2.12), namely II = 0, where 1I is defined by equation (2.16). Using equa-
tions (3.3), (3.25) and (3.29), we write down II as

1
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Figure 3. A schematic figure of a spacetime consisting of two portions M and M _
which are separated by a hypersurface 3, of which sides are denoted by X.. This
figure shows the case of €4 =€ = —1 ((OM_ — X_) U (OM4 — X)) is spacelike)
and € = 1 (X is timelike), but there are other possible configurations.

I = eIt +e(-)I~ + §())II, (3.34)
where the d-function part I is given by

I1:= M — 2¢f' () [K]. (3.35)
The equation of motion (2.16) on X gives =0, namely

M = 2¢f'(9)[K]. (3.36)

We shall refer to this condition as the junction condition from the equation of motion for a
scalar field. This junction condition is a constraint between the metric and scalar field on .
For a minimally coupled scalar field, namely f(¢) = 1/(2k,), this condition is simply M = 0,
which means continuity of n*0,,¢ at X.

3.4.2. Einstein equations. Next let us derive the junction conditions from the Einstein
equation (2.11), namely E,,, = T}, where E,,,, is defined by equation (2.15). Using equa-
tions (3.26), (3.32) and (3.33), we write down E,,, as

E, = O(DE}, + O(-1E,, + 6(DE,... (3.37)

where the J-function part EW is given by

Eu = =2¢f(9) (K] — hun [K)) + 2Mf" () By (3.38)

Since the bulk matter fields do not contribute to the energy-momentum tensor on X under the
assumptions (a) and (b) in section 2.2, we can write T}, as

Ty =T, +O(-1)T,,. (3.39)
By equations (3.37) and (3.39), the Einstein equations E,,, = T, on ¥ give E;w = 0, namely

ef(9) ([K,uu] - huu[K]) = Mf/(¢)huu- (3.40)

We shall refer to equation (3.40) as the junction conditions from the Einstein equations, which
are other constraints between the metric and scalar field on 3. Under the conditions (3.40),
there is no matter field on 3 other than ¢. We shall describe this situation as ‘Y is vacuum’
throughout this paper. For a minimally coupled scalar field, namely f(¢) = 1/(2k,), equa-
tion (3.40) reduces to [K,,,,| = h,,,,[K], which is the same as the general relativistic case.

12
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For embedding configurations of ¥ with E v 7 0, the Einstein equations require an addi-
tional matter field on X for consistency. Then, X is no more vacuum and the Einstein equa-
tions on X become

Epy =ty (3.41)

where ., is the energy-momentum tensor of the matter field on 3.
We have now derived the junction conditions (3.36) and (3.41) in the scalar—tensor theories
(2.10) in the Jordan frame, namely

—2¢f(®) ([Kpw] = P [K]) + 2Mf (¢ hyu = 100, (3.42)

M = 2¢f'($)[K]. (3.43)

Since h,,,, K,,,,, and t,,,, are symmetric and tangent to 3, we can write equation (3.42) in terms
of intrinsic coordinates y* on 3 such that

—2¢f(¢) ([Kap) — hap[K]) + 2Mf" ()) hap = tap, (3.44)

where h,, and K, are defined by equations (2.3) and (2.9), respectively, and 1, := t,,,ele}.
The trace of equations (3.42) with (3.43) gives

26 {(n = 2)f(¢) +2(n = )f'(9)°} [K] = . (3.45)
Thus, if (n — 2)f(¢) +2(n — 1)f'(4#)* # 0 holds at ¥, we can rewrite equations (3.42) and

(3.43) in the following alternative forms:

f(¢) +21'(¢)°
(n=2)f(¢) +2(n = 1)f"(¢)?

2€f(¢>[KMV] = I + hy,l/l» (3.46)

_ 1'(9)
M= (n—2)f(¢) +2(n— 1)f/(¢)2" (3.47)

3.5. Some notes on junction conditions

3.5.1. Derivation by the variational principle. Actually, the junction conditions (3.42) and
(3.43) can be derived also by the variational principle. Now the spacetime consists of two parts
M and M_ separated by a non-null hypersurface ¥ such as figure 3. In such a spacetime,
the action is given by

I = /M d'eiy/—g* <f(¢+>R+ (VTP - V) + ﬁ(fﬁ)

+ / dx_ /g (f(¢‘)R‘ - %(Wﬁ‘)z — V() + E&'?)

ooy [ &1y /DK 26 | ¢z Ik
OM, -3 d

M_—-3_
iy / &y /R ()K* + 2 / &y /R (K + / =y /RIS,
Bt == = (3.48)

where ¥ (_) denotes a side of ¥ in M (_). (See appendix B for details.) €+, €_, and £ inde-
pendently take their values 1 and ¢* |5 = ¢. Here / |h|£(2m) is the Lagrangian density for the

13
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matter field other than ¢ on ¥ and we used 7/, and Ci;'t for the coordinates and induced metric
on the boundary OM 4 — X, respectively.

Under the assumptions that EE\'ZL and E(Em) do not depend on ¢* and ¢, respectively, vari-
ation of the above action, with the boundary condition égffy|a Mo-x, =0= 5% |l om T
provides the Einstein equation (2.11) and the equation of motion for the scalar field (2.12) in
the bulk spacetimes M and M_, as well as, the junction conditions (3.42) and (3.43) on X,

where 7, = tabe‘;ez is given by the energy-momentum tensor 7, for other matter fields on >
defined by

8[,(’") -
tap = —2 6}12}7 + hab»c(g ). (3.49)

The details of derivation are presented in appendix B.

3.5.2. Comments on the matter field on .. Here we should comment on the energy-momen-
tum tensor 7,, on X. We have seen in equation (3.49) that 7, is obtained from its Lagrangian
density in the variational approach. In such a case, Dt,, = 0 holds and hence the energy-
momentum conservation is satisfied on ¥ under the assumptions in the following lemma’.
(See appendix E in [23].)

Lemma3. Lety/ |h|£(2m) be a matter Lagrangian density for a matter field V (not necessary

to be a scalar field) on a non-null hypersurface . If the bulk action does not contain VU, then
the energy-momentum tensor t,, defined by equation (3.49) satisfies D, = 0.

Proof. The matter action is given by
= /Zd"—ly«/|h|£(2’”). (3.50)

The variation of the action (3.50) on a non-null hypersurface on ¥ results in the following
form:

m — 1 o - h 2 F
5[; ) = d? 1y\/ |/’l| (—5 abéhab + 5(\1,)6\1/) +/ d’ ZZM (Fabéhab + ]:(\11)5\11) ’ (351)
z 0%

where z' and |it| are the coordinates and the determinant of the induced metric at the bound-
ary of X, respectively. By assumptions, variation of the bulk action does not generate any
term proportional to 0¥ on Y. Thus, the action principle on X with the boundary conditions

Sh® = §¥ = 0 at Y gives E:'(\I,) = 0 as an equation of motion for ¥ on X.

Using the equation of motion é(\p) = 0 and the boundary conditions 6h“ = §¥ = 0 at 9,
we can rewrite the variation (3.51) as

m_ L[ e
5 =~ /E a1y /Tl h®. (3.52)

Now we use the fact that the action is diffeomorphism invariant on X, namely the coordi-
nate invariant, and therefore 51(2'”) = 0 holds for such variations. If the diffeomorphism is

7In contrast, the energy-momentum tensor introduced in (3.41) has no such a requirement.

14
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generated by an infinitesimal vector field w” on ¥, we have 6h% = £,,h% = 2D“w") where

L,, is the Lie derivative along w*. Then, from equation (3.52), 6I(Em) = 0 implies

1

0= 75/ A"~ 'y\/|h|tpDW?) :f/d"*ly\/|h|ta;,D“wb
) )
—/ d" 'y /|| (D (tasw”) — (D tap)W")
)

= —5/ d"fzz\/|it|n“tabwb—|—/d"fly\/|h|(Data;,)wb

0% )
:/Zdnqu 2| (D" 1), (3.53)

where we used the Stokes’ theorem (2.5) and the boundary condition w* = 0 at 9%. Since the
above equation is satisfied for an arbitrary generator w”, D%,, = 0 is concluded. [ |

The junction conditions from the Einstein equation (3.41) can be written as Eab = tup,
where

Eup:=E,.e'ey;

= _25f(¢) ([Kab] - hab[KD + ZMf/(Qb)hab'
Divergence of E,, is written as
DEuy = 25 (8)[Ruoleyn® — 258 (8)(D°6) ([Kus) — han[K]) + 2Dp(MF (8), (3.55)

where we used the Codazzi equation:

(3.54)

Ryvpoetyetefin® = DuKpe — DKoo = Ryoe'yn” = DKy — DpK. (3.56)

We note that, if [0,,,,/] is non-vanishing at ¥, we have DE,, # 0 in general (even in general
relativity). Therefore, by lemma 3, the junction conditions Eup = tw require (i) an embedding
configuration satisfying D?E,;, = 0 or (ii) violation of the assumption in lemma 3, which
means that E(Em) depends on ¢.

While to achieve the case (i) is rather difficult in the Jordan frame, there is a simple example
of such configurations of ¥ in the Einstein frame. In the Einstein frame, where f(¢) = 1/2x,
holds, equation (3.55) reduces to

T € v _ o
DEy = —K—[Rwle Wl (3.57)

and hence [R,q|ejn” =0 is required for D“Ea;, = D%y, = 0. This condition is accom-
plished for any non-null ¥ embedded in an Einstein space because R, o g, implies
[Ruoleyn® o [gus]eyn’ = 0. The condition [R,,]e;n” = 0 is also satisfied for the following
spacetime:

ds® = —F(r)df® + F(r)~'dr* + rPy;dZ'dz/, (3.58)

if the shell is described by ¢ = #(7) and r = r(7), where 7 is a parameter and ~;dz'dz’ is the
line element on an (n — 2)-dimensional Einstein space.

Next let us consider the case (ii), namely the case where L(Em) depends on ¢(= ¢F|x). As
an example, we consider /.Z(Zd’) (e /.Z(Em)) for ¢ on ¥ as in the bulk:

£ = ()R~ (DO ~ V(o). (3.59)
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where (D¢)? := h*(D,¢)(Dp¢) and R is the Ricci scalar constructed from /. Then, the
equation of motion for ¢ on X becomes

DD+ ($)R = V'(¢) = —IL, (3.60)

where II is defined by equation (3.35). In this case, the energy-momentum tensor tlgf) for ¢
on X, defined by

(¢)

(= 2% ), (3.61)
satisfies Dt (¢) #£0if IT # 0. However in general, it is highly nontrivial whether there exists
a conﬁguratlon of ¥ with this 7,,. There is even a possibility that the junction conditions
Eab = t, and the equation of motion (3.60) do not allow any solution.

In summary, when the energy-momentum tensor of a matter field on X is assumed to come
from a Lagrangian density, the junction conditions (3.41) in the Jordan frame severely con-
strain the configuration of ¥ with non-vanishing (0,8, ].

3.6. Conditions for C' matching and vacuum .

3.6.1. Jordan frame. Now let us study the conditions for a C' matching and also for vacuum
3. The following proposition shows that M = #,, = 0 is a necessary and sufficient condition
for a C! matching at ¥ in the Jordan frame if f($) # 0 holds there.

Proposition 1 (J-regularity at non-null X). Suppose in the Jordan frame that

(i) £(¢)is a C! function,
(ii) (8] = [¢] = O holds at a non-null hypersurface ¥, and
(iii) the second junction conditions at 3. are given by equations (3.43) and (3.44).

Then, the C' regularity at ¥ implies M = t,, = 0. Moreover, M = t,, = 0 and f(9) #0at x
implies the C' regularity at 3.

Proof. By lemma 2, the C! regularity at ¥ is equivalent to [K,;] = 0. Then, the proposition
follows from equations (3.43) and (3.44). [ ]

In the special case where f(¢) = 0holds at ¥, M = t,;, = 0 is just a necessary condition for
a C' regular matching. Actually, M = t,, = 0 only implies f’(¢)[K] = 0 in this case.
The following proposition shows the conditions for vacuum X (z,, = 0).

Proposition 2 (J-vacuum at non-null X). Let ¢5; be the value of ¢ at a non-null hyper-
surface X. Then, under the assumptions (i)—(iii) in proposition 1, t,, = 0 is realized at ¥ only
in one of the following four cases:

(1) [Kuw] =M =0,

(1) f(¢s) = [K] =M =0,
(1) f'(6s) = f(¢s) = M =0, or
mwm—n()MWsz@) 0, (n = 1)[K,w] = [Klhy, and M = 2¢f'(¢5)[K].

Proof. If 2(n— 1)f'(¢x)” + (n — 2)f(¢s) # 0 holds, equations (3.46) and (3.47) with
1, = 0 show that there are two possibilities [K,,,,] =M =0 or f(¢x) = [K] =M =0. If
2(n— 1)f'(¢s)* + (n — 2) f(¢x) = 0 holds, equations (3.42) and (3.43) with 1., = 0 reduce
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Figure 4. A null hypersurface 3 divides the spacetime into two regions M and M_.

to
£1(62) {(n = V)[Kuw) — [Klhyu} =0, (3.62)
M —2¢f'(¢)[K] =0, (3.63)

and hence there are two possibilities f'(¢s) = f(¢s) =M =0 or (n — 1)[Ku] = [K|hy,
with M = 2¢f’(¢s) [K]. [ |

While the case (I) in proposition 2 is the same as that in the Einstein frame, the cases
(II)-(IV) are characteristic in the Jordan frame, which suggest the possibility of a vacuum
thin-shell, where the spacetime is vacuum but C%at X. (See [2] for such a vacuum thin-shell in
Einstein—Gauss—Bonnet gravity.) While the constraint on the jump of the extrinsic curvature at
¥ is different from [K),,,] = 0 in the cases (II) and (IV), there is no constraint [K,,, ] in the case
(IIT). We note that the first condition in the case (IV) is always satisfied in the theory with the
non-minimal coupling (2.25), which does not admit the Einstein frame.

3.6.2. Einstein frame. While the total action in the Jordan frame is given by equation (3.48),
it is described in the Einstein frame as

= [ e (gt - e v )

n

[V (R - 5 v + £ )

+ = d 'z |§+|I_(++6—_/ d" 'z /[T IK
Kn Jomi—x4 Kn Jom_-x

+i/ d"71y1/|il|f<++i/ @y |B\K*+/d"*1y\/|fz|i(2m), (3.64)
Kn Jxy Kn Js_ by

where €4, e_, and ¢ independently take their values £1 and ¢* |5 = 1).
Since the bulk matter fields do not contribute to the energy-momentum tensor on X under
the assumptions (a) and (b) in section 2.2, we can write T,,,, as
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Ty =OWT,), +0(-1T,,. (3.65)

Under the assumptions that E%)i and Z(Em) do not depend on ¢)* and 1, respectively, varia-
tion of the above action, with the boundary condition 5gffl,|a Mo-x, =0= SvE|om T
provides the Einstein equation (2.18) and the equation of motion for the scalar field (2.19) in
the bulk spacetimes M and M_, as well as, the following junction conditions on X:

—¢ (K] = hyw[K]) = Fntyn, (3.66)

M=o, (3.67)
where M := et [0,4]. 1., in equation (3.60) is given by 7., = fabeZeZ, where

_ oLt

T 1= —2 ai;b + hap L. (3.68)

From the junction conditions (3.66) and (3.67), one can easily show the following
proposition.

Proposition 3 (E-regularity and E-vacuum at non-null X). Suppose in the Einstein
frame that

(i) (8] = [¢] = 0 holds at a non-null hypersurface ¥, and
(ii) the second junction conditions at . are given by equations (3.66) and (3.67).

Then, the C' regularity at ¥ is equivalent to T, = 0.

Proof. By lemma 2, the C' regularity at ¥ is equivalent to [K,;] = 0. Then, the proposition
follows from equation (3.66) and its trace. [ |

4. Junction conditions for null hypersurfaces

4.1. Setup

In the case where ¥ is null, our setup follows [11]. (See also sections 3.1 and 3.11 in [3] and
the book [28].) Our convention is such that M_ is in the past of ¥, and M is in the future. As
in the case where ¥ is non-null, a null hypersurface X can be described as ®(x) = 0. However,
unlike the non-null case, the form of a unit normal vector (2.4) cannot be used in the case of
null ¥ since (V,®)(V#®) = 0 is then satisfied. In the null case, we introduce a normal vec-
tor k* to X as

k= —VIo, 4.1

where the sign is chosen so that & is future-directed when @ increases toward the future.
Since (V,,®)(V#®) = 0 holds everywhere on ¥, its derivative is directed along k,, so that one
can introduce a scalar  such that kk, = V,((V,®)(V¥®))/2. Then, equation (4.1) shows
that k* satisfies a geodesic equation;

K'Yk, = Kk, 4.2)

which implies that ¥ is generated by null geodesics and k* is tangent to these generators®.

8 Hereafter we use the term ‘generator’ (or null generator) as defined on page 49 of [3] below figure 2.7 therein.
Note that this definition is different from the one given for generator within the Lie algebra/group context.
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We parametrize the geodesics by A and then a displacement along each generators is
given by dx* = k**d\. A is an affine parameter if V,((V, ®)(V¥®)) = 0 is satisfied, namely
(V,@)(VY®) is zero not only on but also in a neighbourhood around . We let the param-
eter A on the null generators be one of the coordinates on ¥ and the other n — 2 coordinates
6" are introduced to label the generators. (See figure 4.) The coordinates y* = (), 64) on ¥
are assumed to be the same on both sides of 3. As for non-null ¥ in the previous section, we
assume that continuous canonical coordinates x*, distinct from xi, can be introduced in an
open region containing both sides of . Hereafter we will describe geometrical and physical
quantities in terms of the canonical coordinates x*.

The tangent vectors e” := 9x* /Jy”* on each side of ¥ are naturally separated into a null
vector k* that is tangent to the generators, and n — 2 spacelike vectors €/ that point in the
directions transverse to the generators. k* and ¢/ are written as

Oxt Oxt
o= (), 4= (), -

k', = 0= kel (4.4)

which satisfy

In the canonical coordinates x*, both k* and eﬁf are continuous across > and hence we have
[k*] = [e{] = 0. The remaining inner products

a5 (\0) = g ehey (4.5)
are non-vanishing, and we assume that they are also continuous across >:

[0aB] := 04ap — 0_ap = 0. (4.6)
The (n — 2)-tensor o4p := 014p(= 0_ap) is the induced metric on X:

ds:, = oapdf*de®. 4.7)

The condition (4.6) ensures that the intrinsic geometry on ¥ is well-defined. The basis is com-
pleted by adding an auxiliary null vector N* which satisfies

NMN, =0, N'k, =—1, N,el =0, (4.8)
and hence N* is continuous across Y. The completeness relations of the basis are given as
g" = —kMNY — NFKY + UABeXeg, (4.9)

where the inverse metric 08 on X is the inverse of o45.

We introduce a congruence of timelike geodesics y that arbitrarily intersect X, of which
tangent vector is u*. Geodesics are parametrized by proper time 7, which is adjusted so that
T=0atX, 7 <0in M_, and 7 > 0 in M. Then, the metric g,,,, and the scalar field ¢ are
expressed as distribution-valued tensors in the canonical coordinates x* as

g = O(7)g, +O(—7)g,,. (4.10)

¢ =0(r)pt +O(-71)p. 4.11)
A displacement along a member of the congruence is described by

dx* = utdr, (4.12)
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which is continuous across X, namely [u#] = 0. The hypersurface ¥ is described by 7(x*) = 0
and its normal vector k* is proportional to the gradient of 7(x*) evaluated at ¥. Hence, the
expression of k,, compatible with equation (4.12) is

ky = —(—kyu")=—. (4.13)

4.2. Continuity of g,,, and ¢: first junction conditions

Differentiating equations (4.10) and (4.11) and using equation (4.13), we obtain

apg;w = 6(7)8/)&-;/ + @(_T)apg;u - (_knun)_l [gm/]kpé(T)’ (4.14)

Dud = O(1)0,0" + O(=7)0u0™ — (—kyu") " [B]k,0(T). (4.15)
As in the case where X is non-null, to removed the J pieces appearing in the right-hand sides,
which generate terms proportional to ©(7)d(7), we impose [g,,,] = [¢] = 0, namely continu-
ity of the metric and ¢ across X, and then we have

apg;w = @(T)apg:y + 6(_T)apg;w (4.16)

0,0 = 0O(7)0,0" +O(—7)0,0. (4.17)

Now we characterize the discontinuous behaviors of d,g,,, and 9,,¢. The continuity condi-
tions on the fields guarantee that the tangential derivatives of the metric and scalar field are
also continuous, namely

058k’ =0 = [9,8,]eh, (4.18)

[0,0]k" =0 = [0,¢]el. (4.19)

The only possible discontinuity is therefore in N*9,g,, and N*0,¢, namely the transverse
derivatives. In view of equation (4.8), there exist a tensor field 7,,, and a scalar field W such
that

[apguu} = _'ﬁwkp, [au¢] = Wku- (4.20)
Namely, 7., and W are defined by
Yuv = Np[apguu]» W := —N* [8u¢]7 (421)

respectively.

4.3. Discontinuity of geometric and physical quantities

We have seen [k*] = [¢}] = [N*] = [u*] = 0 in the canonical coordinates x*. Differentiation
of the metric proceeds as in the non-null case, except that we now write 7 instead of /, and we
use equation (4.13) to relate the gradient of 7 to the null vector k*. Thus, we obtain a Riemann
tensor that contains a singular part given by

Rpo;u/ = G(T)R+payu + @(_T)Ripo,uv + 5(7)Rpcr,ul/’ (4.22)

RC,,, = —(—kgu") " (T4, )k — 1%, ]ky) (4.23)
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where [['2, ] is the jump in the Christoffel symbols across X.
Equation (4.20) implies

1
Lol = =5 (Voku +70ko = Yo,uk?), (4.24)

so that the §-function part of the Riemann tensor can be written as
- 1 _
Rl = 5 (k") "V koky — A koky — YoukPky + YoukPky).  (4.25)

We see that k* and +,,,, give a complete characterization of the singular part of the Riemann
tensor, and the -function terms of the Ricci tensor and the Ricci scalar are easily determined
as

- 1
Ry = 5(_knun)7l(7uukuka + Yuoktky, — vkok,), (4.26)

R = (—kyu") ™y k1K, (4.27)
respectively, where «y := ~#,. Finally, the singular part of the Einstein tensor is given by

LY 1 — v v v v o

G = S (k) (YRR 4 AR — AR — gy, kPKT).(4.28)

The factor —k,u" depends on the choice of observers correponding to u* who makes measure-
ments on the shell.
On the other hand, differentiating equation (4.17), we obtain

00,0 = O(7)0,0,0T + O(=7)0,0,0~ — (—kyu") ™' Wk, k,0(T),  (4.29)
where we used equations (4.13) and (4.20). From the above expression, we get

V.V, =01V, V,¢" +O(—7)V, Vo~ — (—kyu") ™ Wk,k,5(7),

(4.30)
O¢ = O(7)0¢™ +6(—7)0¢~. (4.31)
Finally, using the following expression
ViuVif(¢) = (@)V. Vo +1"(6)(V,.0) (Vi) (4.32)
we find

Vi Viuf(9) = OV, Vi (01) + O(=T)V . Vouf(¢7) — (—kyu)'f (9)Whyk, 0(1),  (4.33)

D (6) = ©(r)Tf (¢7) + O(=7)Tf (¢7). (4.34)
For later use, we introduce the projections
VA= Y€y k" Yap = Yuvehes (4.35)
By the completeness relation (4.9), the vector v,,,k” admits the following decomposition:
1
Yk = 5 (v = *Pyup)ky + (0487°) €, — (Ypokk7 )N, (4.36)

For a consistency check, from the above expression, we obtain 7, k"N, =
(1/2)y,w (K*NY + k" N*") = ~,,, k" N¥, where the last equality holds because of the symmetric
nature of 7y,,,,.
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Since k* is not normal but tangent to ¥, we introduce a transverse curvature Cy, that prop-
erly represents the transverse derivative of the metric:

1
Cup := E(LNgW)ef;eZ = (V.N,)elley, (4.37)

where we have used that N,e% = 0 and an identity (V,e*)e; = (V, el )el. In the canonical
coordinates x*, the jump of the transverse curvature at X is given by

1
[Cap] = [VuN,Jeliey = 3 Vreliey- (4.38)

‘We therefore have
1 oy 1 1
[Can] = E'Yul/k k", [Cax] = 574 [Cag] = 5 aB: (4.39)

As in lemma 2 for non-null 3, the following lemma provides several different expressions
of a C' regular matching condition, [gag] = [0.8a8] = 0, in the case where ¥ is null.

Lemma 4. If[gas] = O holds, the following five conditions are equivalent: (i) i?”am, =0,
(i) [Cap] =0, (iii) Y = 0, (iv) [Opugaps] = 0, and (v)[I',] = 0.

Proof. The conditions (ii) and (iii) are equivalent by equation (4.38). The conditions (iii)
and (iv) are equivalent by equations (4.20) and (4.21). Now we show that the conditions (i)

and (ii) are equivalent. If [C,,] = 0 holds, we have 7,,, = 0 and hence RPU w = 0 is satisfied
by equation (4.25). On the other hand, if RPU wv = 0 holds, equation (4.25) gives
Vpukaku - 'Ypp,kaku - ’Yo’t/kpku + Waukpku = 0. (440)

Acting kPk”, kPe}, and eﬁeg on the above equation, we respectively obtain v,,k°k” = 0,
YovkPey =0, and yp,,eﬁeg = 0, and hence [C,,] = 0 is concluded. Since we have shown that
the conditions (i)—(iv) are equivalent, we complete the proof by showing that the conditions
(ii1) and (v) are equivalent. The condition (iii) implies the condition (v) by equation (4.24).
The condition (v) implies the condition (i) by equation (4.23), which is equivalent to the con-
dition (iii). [ |

4.4. Second junction conditions

4.4.1. Equation of motion for a scalar field. Here we derive the junction condition from the
equation of motion (2.12), namely II = 0, where II is defined by equation (2.16). Using equa-
tions (4.27) and (4.31), we write down II as

II = O(7)ITT + O(—7)II~ + §(7)1I, (4.41)
where the d-function part I is given by

IT = (—kyu") ' (&)Y kK" (4.42)
Thus, the equation of motion IT = 0 on X gives I1=0, namely

F () vuktk” = 0. (4.43)

We shall refer to this condition as the junction condition from the equation of motion for a
scalar field. For a minimally coupled scalar field, namely for f(¢) = 1/(2k,), this condition
is trivially satisfied.
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4.4.2. Einstein equations. Next let us derive the junction conditions from the Einstein
equation (2.11), namely E,,, = T,,, where E,,, is defined by equation (2.15). Using equa-
tions (4.28), (4.33) and (4.34), we write down E,,,, as

E = O(7)E, + O(=7)Ey, +6(7)Epw, (4.44)
where, the d-function part E wv 18 given by
Eu = (—kyu™)™!

4.45
x {f(¢) ook + ok — 81010 kK7) + (2F ()W — F(8)7) kuku}. (*49)

Under the assumptions (a) and (b) in section 2.2, we can write the bulk energy-momentum
tensor 7, as

Ty = O(1)T,, +O(—=7)T,,, (4.46)

which means that the bulk matter fields do not contribute to the energy-momentum tensor
on Y. By equations (4.44) and (4.46), the Einstein equations E,,, = T, on ¥ give I:Zu,, =0,
which we shall refer as the junction conditions from the Einstein equations, which are the
conditions for vacuum X.

For embedding configurations of ¥ with E v 7 0, the Einstein equations require an addi-
tional matter field on X for consistency, so that ¥ is no more vacuum. The Einstein equa-
tions on X then become

E. =tu, (4.47)
where 1, is the thin-shell energy-momentum tensor on ¥, which is written as

Ty = (_kn“n)_l

X {f((b)('}/upkpku + 'Yupkpku - guu’}/pokpka) + (Zf'(t/ﬁ)W *f((b)’Y) kltku}'
(4.48)

The expression of #,,, can be simplified if we decompose it in the basis {k*, e}, N*}. Using
equation (4.36) and involving once more the completeness relation (4.9), 7., is written as

tuw = (—kyu") " { pkyik, + ja(kpuel, + €hk,) + poaseyen } (4.49)
with

=2 (AW — f($)o**vap, (4.50)

Ja = f(P)oasr’, 4.51)

p = —f(@)vuk"k” (4.52)

1,1 18 the surface energy-momentum tensor of the null shell, where the factor (—k,u") ™" rep-
resents the dependence of the observers which make measurements on the shell. The quanti-
ties 41, j*, and p are respectively interpreted as the shell’s surface density, a surface current,
and an isotropic surface pressure [11]. In the special case where j4 and p are vanishing, the
surface energy-momentum tensor (4.49) is equivalent to a null dust fluid.

Equations (4.2) and (4.8) show
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k= —N,k"V, k' = —=N,e5V, e\ = (V,N,)exel = Cax (4.53)

where we used equation (4.37) at the last equality. Combined with equation (4.39), we obtain
1
[H] = [C)\,\] = E")/uyk#ku. (4.54)

In the general case f’(¢) # 0, the junction condition (4.43) gives 7, k*k” = 0. Then, equa-
tions (4.52) and (4.54) show p = 0 and [k] = 0, respectively. Thus, in scalar—tensor theories,
the surface energy-momentum tensor of a null shell must be pressureless in contrast to general
relativity. In additon, by equation (4.2), [«] = 0 implies that we can use the same affine param-
eter for the null generators in both sides of the null hypersurface X [4].

By equation (4.39), the surface quantities (4.50)—(4.52) can be expressed in terms of the
transverse curvature such that

= 2f"(¢)W — 2f(¢)o*?[Cagl, (4.55)
7 =2f(¢)o*?[Cas], (4.56)
P = —2f(¢)[Cxx]. (4.57)

In summary, we have obtained the junction conditions (4.43) and (4.49) in the Jordan frame
at a null hypersurface ¥ as

tur = (=kgu™) ™" { pkky, + ja (ke + k) + poaselel } (4.58)

F(@)[Cxa] =0, (4.59)

where p, jA, and p are defined by equations (4.50)—(4.52) (or equivalently equations (4.55)—
(4.57)) and v, and W are defined by equation (4.21).

4.5. Conditions for C' matching and vacuum %

4.5.1. Jordan frame. Now let us study the conditions for a C' matching at ¥ and also for
vacuum ..

Proposition 4 (J-regularity at null ). Let ¢x; be the value of ¢ at a null hypersurface
Y. Suppose in the Jordan frame that

(i) f(¢)is a C! function,
(ii) [oa) = [¢] = 0 holds at %, and
(iii) the second junction conditions at 3. are given by equations (4.58) and (4.59).

Then, the C! regularity at ¥ implies jy =p =0 and = 2f'(¢p=)W. If f(¢x) # 0 holds,
ja=p =0and p=2f"(¢=)W at X imply [Cxz] = [Cra] = 0*P[Cyp] = 0.

Proof. By lemma 4, the C' regularity at ¥ is equivalent to [C,;] = 0. Then, the proposition
follows from equations (4.55)—(4.57). B

The above proposition suggests a possibility of a C! matching at ¥ with non-vanishing y if
f'(#5)W # 0 holds. This non-vacuum C' matching is characteristic in the Jordan frame and
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clearly shows that [Cy] = 0 and 7, = 0 are not equivalent in this frame. We also note that
048[Cap] = 0 is a weaker condition than [Cyp] = 0.
Now let us obtain conditions for vacuum 3 (¢, = 0) in the case where ¥ is null.

Proposition 5 (J-vacuum at null X). Ler ¢ be the value of ¢ at a null hypersurface Y.
Then, under the assumptions (i)—(iii) in proposition 4, t,,, = 0 is realized at 3 only in one of
the following three cases:

(D) f(¢s) = 0and f'(¢s) =0,

(I[) f(gﬁg) =0 and [C)\)\] =W= 0, or
(III)[C)\)\] = 0, f/(ng)W :f(¢E)UAB[CAB], and [C)\A] =0.

Proof. Witht,, = 0, equations (4.58) and (4.59) reduce to

F (@)W = f(¢)o"?[Casl, (4.60)
f(¢)a*P[Crs] = 0, (4.61)
f(@)[Can] =0, (4.62)
F(@)[Cxm] =0. (4.63)
The proposition follows from equations (4.60)—(4.63). m

4.5.2. Einstein frame. Under the assumptions (a) and (b) in section 2.3, we can write the bulk
energy-momentum tensor 7, as

T, = @(T)T:U +0O(-7)T,,, (4.64)

which means that the bulk matter fields do not contribute to the energy-momentum tensor f,,,,
on X. Since the junction condition (4.43) is trivially satisfied, the junction conditions in the
Einstein frame are

tu = (—kyu") ™" {ukuky +ja(kuel + ehk,) + ﬁaABeﬁeﬁ}, (4.65)
where

i = —r, 78 [Cagl, (4.66)

7=k, '5*8[Chp), (4.67)

p = —r, [Carl- (4.68)

Therefore, 7, = 0 at ¥ is equivalent to
&"P[Cap] = [Cas] = [Crn] = 0. (4.69)

The following proposition clarifies the relation between vacuum X (7, = 0) anda C ! match-
ing at X in the Einstein frame.

Proposition 6 (E-regularity and E-vacuum at null ). Suppose in the Einstein frame
that
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(i) [48] = [¢] = 0 holds at a null hypersurface %, and
(ii) the second junction condition at 3 is given by equation (4.65).

Then, the C'! regularity at ¥ implies 7,,, = 0. 1, = 0 at ¥ implies [Cxy] = [Cra] = 5*8[Cyp] = 0.

Proof. By lemma 4, the C! regularity at ¥ is equivalent to [C,p] = 0. Then, the proposition
follows from equations (4.66)—(4.68). [ |

While proposition 3 shows that 7, = 0 and [K},,,] = 0 are equivalent in the case where 2

is non-null, proposition 6 shows thflt t,, = 0isjusta necessary condition for [C,] = 0 in the
case where ¥ is null because 542[C4p] = 0 is weaker than [Cap] = 0.

5. Relation between the conditions in Jordan and Einstein frames

In this section, we study the relation between C! matchings in Jordan and Einstein frames
and also the relation between the conditions for vacuum . As seen in section 2.4, the matter
Lagrangian densities may introduce anomalies which violate the correspondence between the
Jordan and Einstein frames. Indeed, as shown in appendix A in the case where X is non-null,
there is a proper mapping between the Jordan frame (3.48) and the Einstein frame (3.64) only
when the non-minimal coupling f(¢) does not satisfy equation (2.25) and the extra matter
fields in the bulk and on X are conformal invariant, namely 7, = T v and tg, = 14, includ-
ing vacuum cases. Only in such cases, there exists a proper correspondence between the field
equations and junction conditions in two frames.

Even if there is no proper correspondence between them, one can study the relation of the
C' regular matchings in the Jordan and Einstein frames because it is a purely geometrical
concept. Naively thinking, the C! regular matchings in two frames seem to be equivalent;
however, we will see that there are some exceptional cases. We first show the following lemma
for later use.

Lemma 5. Let ¢yx be the value of ¢ at a null or non-null hypersurface %. If f(¢)is a C!
function and not in the exceptional form (2.25), then [¢p] = 0 and [p)] = 0 are equivalent. If
f(¢s) # 0 holds in addition, then [g,,,,] = 0 and [g,.,)] = O are equivalent.

Proof. Since f(¢)is in the C'-class and not in the exceptional form (2.25), equation (2.22)
with a fixed sign in the right-hand side shows that 1(¢) is a continuous and monoton-
ic function. Thus, there exists a continuous inverse function ¢(1) and hence [¢] = 0 and
[t)] = 0 are equivalent. Since f(¢x) is assumed to be non-zero and finite at 3, the relation

8 = (26,1 (9))¥ ("= g, shows that [g,,,,] = 0 is equivalent to [g,,,] = 0. [

In the case of f(¢x) = 0, the geometric information in the other frame cannot be obtained
so that one has to study the other frame individually. Actually, f(¢s) = 0 is a part of the
J-vacuum conditions (IT) and (IIT) for non-null X in proposition 2 as well as the J-vacuum
conditions (I) and (II) for null ¥ in proposition 5. In the following subsections, we will see that

2(n— 1)f'(¢x)> + (n — 2) f(¢x) = 0 is also such an exceptional case.

5.1. Non-null hypersurfaces

Using equations (A.4) and (2.22), we obtain
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2(n =~ Df'(9)’ + (n = 2) f(¢)

Oy = iﬁ(zﬁnf(qﬁ))_l/(”‘z)\/

2(n —2)kaf(¢)? n" 0,9,
5.1
while equation (A.6) gives
= 1/(n=2) () o )
Kl“/ - (Zﬂnf(gﬁ)) (K,ul/ + (n _ 2)f(¢)n (6a'¢)h,uu . (52)

From the above equations, we first clarify the relations of the C' regularity at ¥ in the Jordan
and Einstein frames.

Proposition 7 (Relation of C’-regularities at non-null ). Let ¢x, be the value of ¢
at a non-null hypersurface X.. Suppose that f(¢)is a C' function, not in the exceptional form
(2.25), and satisfies f(¢s) # 0. Then,

(i) under the assumptions in proposition I in the Jordan frame, [K,,,] = 0 implies K] = 0,
and -
(ii) under the assumptions in proposition 3 in the Einstein frame, [K,,,,| = 0 implies [K,,,,| = 0

if2(n— 1)f"(¢x) + (n—2) f(¢x) # 0.

Proof. By lemma 5, [¢] = [g.] =0 and [¢] = [g..] =0 are equivalent. Then, equa-
tions (5.1) and (5.2) give

= £ 2rf(6) V) \/2<n —0) + (1= 25(0),, 53

2(n = 2)knf(¢)?

Rl = @ (0 (K] + 30 ). 54

[K,.»] = 0 in the Jordan frame implies M = t,,, = 0 by the junction conditions (3.42) and
(3.43), which shows [K,,,,] = M = 0 by equations (5.3) and (5.4). On the other hand, [K,,,,] = 0
in the Einstein frame implies M = 1., = 0 by the junction conditions (3.66) and (3.67), which
shows [K,,,,] = M = 0 by equations (5.3) and (5.4). [ |

The above proposition does not assume a proper correspondence between the Jordan and
Einstein frames. If there is, the statement (i) leads 7,,, = 0 by proposition 3, while the state-
ment (ii) leads 7, = 0 by proposition 2.

Now we clarify the relation of the vacuum X conditions in the case where there is a proper
correspondence between two frames.

Proposition 8 (Relation of vacuum non-null ). Let ¢s be the value of ¢ at a non-
null hypersurface .. Suppose that

(i) f(¢)is a C! function, not in the exceptional form (2.25), and satisfies f(¢s) # 0,
(ii) there is a proper correspondence between the Jordan and Einstein frames, and
(iii) the assumptions in proposition 1 in the Jordan frame and in proposition 3 in the Einstein
frame hold.

Then, J-vacuum condition (I) or (IV) in proposition 2 implies E-vacuum. E-vacuum im-
plies the J-vacuum condition (1) if 2(n — 1)f' (¢x)* + (n — 2) f(¢x) # 0 holds.
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Proof. By equations (5.3) and (5.4), both J-vacuum conditions (I) and (IV) in proposition 2

imply M = [K,,] = 0, which shows 7,,, = 0 by proposition 3. By proposition 3, E-vacuum

., = 0 is equivalent to [K),,] = 0, which shows 7,,, = 0 by proposition 7. [ ]

5.2. Null hypersurfaces

While @ = u* holds, g.., = (2k.f(¢))?/"~2)g,, shows that the relations between the
pseudo-orthonormal basis and the induced metric in the Jordan and Einstein frames are

N* = (25, (9)) TV OTINI k= (2kaf (9)) T DR, (5.5)

4B — (2,€nf(¢))—2/(n—2)0/43, Efj — e;f, (5.6)
which satisfy the following completeness condition in the Einstein frame:

g = —k"N" — N'k” + o*Belley,. (5.7)
Now let us clarify the relations of the C' regularity at ¥ in the Jordan and Einstein frames.

Proposition 9 (Relation of C'-regularities at null ). Let ¢x be the value of ¢ at a
null hypersurface X. Suppose that f(¢) is a C' function, not in the exceptional form (2.25),
and satisfies f(¢x) # 0. Then, the following two statements hold:

(i)
(ii)

Cuw) =f'(¢x)W = 0 in the Jordan frame implies [C,p) = 0, and

b =W=0 in the Einstein frame implies [Cw]l =0 if
2(n— 1)f' ()" + (n—2) f(¢s) # 0.

Proof. Since f(¢x) is non-zero and finite, equations (5.5) and (5.6) show that
[NH] = [k"] = [oas) = [€}{] = 0 are equivalent to [N*] = [k*] = [Gas] = [€}] = 0. Also, by
lemma 5, [¢] = 0 and [¢)] = 0 are equivalent. Then, the following relations

Cnn 2= DF(9)° + (n—2)f(9)
N 0w = \/ 2n— Def (O

2kf(¢)) "IN, 0,

(5.8)
Npapg;w = (2”nf(¢))_1/(n_2)Np8p((2an(¢))2/(n_2)g;W)
= e (@) (25700 N (0,0t + Ny ). 59
give
= |2(n—1) '(9)° + (n—2)f(9) . ~1/(n—2) 0
W‘\/ 2An—rflop /O 10
(Cul = o) (T W et v 1)) san

where we used [Cpp) = [V N, ]elle) = (1/2)NP[0,8,. )€l e The proposition follows from
equations (5.10) and (5.11). B
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The above proposition is purely geometrical and does not assume the second junction con-
ditions. In fact, even with the second junction conditions, the C! matching conditions at null
> in the Jordan and Einstein frames are not equivalent.

Next we clarify the relations of vacuum ¥ conditions in the case where there is a proper
correspondence between two frames.

Proposition 10 (Relation of vacuum null X). Ler ¢, be the value of ¢ at a null hyper-
surface Y. Suppose that

(i) f(¢)is a C! function, not in the exceptional form (2.25), and satisfies f(¢s) # 0,
(ii) there is a proper correspondence between the Jordan and Einstein frames, and
(iii) the assumptions in proposition 4 in the Jordan frame and in proposition 6 in the Einstein
frame hold.

Then, the J-vacuum condition (III) in proposition 5 is equivalent to E-vacuum.

Proof. Equation (5.11) gives

[Can] = (26af () /"D [Can], (5.12)
[Cap] = (2kaf(6)) D [Chgl, (5.13)
— 1 /
[Cas] = (2k,f ()" 2 (—H];((j)) Woup + [CAB]> , (5.14)
P[Cas) = (2raf (6) /0D (“‘f’)w ¥ aAB[cAB]> | 5.15)
f(¢)
E-vacuum (7,,, = 0) is equivalent to equation (4.69). By equations (5.12), (5.13) and (5.15),
equation (4.69) is equivalent to the J-vacuum condition (III) in proposition 5. [ |

5.3. Examples of vacuum C" matching at null hypersurface

Here we present two examples of the vacuum C' matching at a null hypersurface. Since extra
matter fields do not exist in the bulk spacetime, there is a proper correspondence in the Jordan
and Einstein frames in both cases.

5.3.1. Roberts-(A)dS solution in the Einstein frame (n =4). Let us consider the Einstein-A
system with a massless scalar field ¢ in four dimensions, of which action is given by

1 - | T
= [ (e ®-2n) - w02 )+l [ ek sie

which corresponds to the Einstein frame with V(¢) = A/k.
In this system, we consider the following topological generalization of Roberts-(A)dS solu-
tion [29, 30]:

ds* = g, dx"dx”
A N2
= (1 - 6uv> <—2dudv + (—kuv + Dyv* + Dzuz)ﬁAg(z)dﬁAdGB),

(5.17)
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in the coordinates x* = (u, v, OA), where A, B = 2, 3. In the above solution, D; and D, are
constants and 7jsp is the metric on a two-dimensional space of constant curvature with its
Gauss curvature k = 1,0, —1. For k> — 4D, D, > 0, the scalar field v is real and given by

1 u\/k?—4D Dy + (ku—2D,v)
i\/ﬂ In ur/k2—4D, D, — (ku—2D,0) +yo for Dy #0,
Y= (5.18)
+=In D2—k3‘+w1 for D; = 0,
where 1) and 1); are constants. For k> — 4D,D, < 0, v is ghost and given by
L2 ku — 2Dv . s
P = :|:1\/> arctan<)+51gn Dio)— | + s, 5.19
K u+/ 4D1D2 —k2 ( )2 ( )

where 1), is a pure imaginary constant. If k> — 4D, D, = 0, the field equations give 1) =con-
stantand R*, = (A/3)(645Y — 0467), namely the spacetime is maximally symmetric. With
A = 0, the solution (5.17) reduces to the Roberts solution [31].

In [32], it has been presented that a vacuum C' matching is possible between two
Roberts-(A)dS spacetimes with different values of D, at a null hypersurface X given by u = 0.
The induced metric A, on 3 is

dst = hagdy*dy’ = Dy0*7apd0*d6® (= Gapdx*dx®) (5.20)

and therefore Dy # 0 is required, where y* = (v, ") is a set of coordinates on X. For Dy # 0,
the value of ¢ on X is constant containing ¥y or ¥,, so we can always set ¥ be continuous at
3. by choosing the value of 1 or v, in the spacetime attached.
The basis vectors of ¥ defined by e/ := dx* /0y“ are
. U
Y Ot dv A Oxr 4904

and the bases are completed by N,dx* = —dv. They satisfy N,eb(=N,k*) = —1 and
N,e! =0 on X. Using the following expression

(5.21)

VuN, = 8,N, —T{ Ny = —T7 N,

1y ) . (5.22)
= Eg (aug;m + a,uguu - aug,uu),
and g = —(1 — Auv/6)?, we compute the non-zero components of C,p, as
. o A AN
Coo = (V, H)@gég = g"0y8pu = 3u<1 — 6uv) s (5.23)

_ - 1
Cap = (VN )ejey = _EgvuaugAB
1(A A\ 5 ) _
= 5 §’U 1-— guv (—kuv + D o° + Dyu ) + (—k?] + 2D2u) TIAB>
(5.24)
and hence

1

_ _ 1
Cwoly =0, Cagls = 20(3AD102 - k) 7AB- (5.25)
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Since hy, and Cpls do not contain D), two Roberts-(A)dS spacetimes (5.17) with the
same nonzero D, but different D, can be attached at u =0 in a C! regular manner, where
[har) = [Cap) = O are realized. Then, by proposition 6, 7,,, = 0 holds and hence there is no
massive thin-shell at . As a special case, a Roberts-(A)dS spacetime can be attached to the
past (A)dS spacetime at u = 0 and the resulting spacetime may represent black-hole or naked-
singularity formation from a regular initial datum.

Lastly, let us see whether W := —N*[9,,4] is vanishing or not at u = 0. With the following

expression;

9 1 29
w_- _ _
Nt = (1 6Auv> o (5.26)
we obtain
_ \/ k2 —4D,D
(NP9, )|y = + — (5.27)

vV ZHDIU

for k> —4D,D, # 0 with D; # 0. Since the above expression contains both D; and D,
W # 0 holds when two Roberts-(A)dS spacetimes (5.17) with the same nonzero D, but differ-
ent D, are attached at u = 0. Therefore, proposition 9 does not work and the C' regularity at 3
in the Jordan frame is not clear in this case. However, since #,,, = 0 holds at 3, ¢, = 0 also
holds in the Jordan frame under the assumptions in proposition 10.

5.3.2. Generalized Xu solution in the Jordan frame (n =3). Another example is presented in

the three-dimensional gravity coupled to a non-minimally self-interacting scalar field ¢ in the
presence of a negative cosmological constant A:

€ 2 _kp
+H/(de |h|(1 8¢>K, (5.28)

which is the Jordan frame with

flo) = i (1 - geéz), (5.29)

V() = —— + ag®, (5.30)

where [ is the AdS radius defined by /=2 := —A. To simplify the expressions in the following
argument, we introduce a constant /3 defined by

512al% — K?
=— 5.31
p 8kl? ©31)
In this system, there is the following generalized Xu solution [33, 34]:
ds* = —f(v, r)dv® + 2dvdr + r*d6?, (5.32)
a(v
p(v,r) = #, (5.33)

r+ ra(v)?/8
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Table 1. Summary of the main results in the present paper. In all the cases, continuity
of the metric and scalar field at 3 is required as the first junction conditions.

Dy Frame  2nd junction conditions ~ C' matching Vacuum X J-E relation

Non-null Jordan  Equations (3.42) & (3.43) Proposition 1 Proposition 2 Propositions 7 & 8
Einstein Equations (3.66) & (3.67) Proposition 3 Proposition 3

Null Jordan  Equations (4.58) & (4.59) Proposition 4 Proposition 5 Propositions 9 & 10
Einstein Equation (4.65) Proposition 6 Proposition 6

where the metric function f(v,r) is given by

r Boka(v)?
= — —B — = 5.34
f(v’ I") 2 Oa(v) 12r ( )
Here By is a parameter in the solution and the function a(v) is given by
2By
a(v) = §U (535)
for 5 =0 and
1 —ay)? 2 3a? 2V3
—In % — V3arctan atdo) _ 4o/ v — \[;T
2 a’ + apa + ag V3ay 4 9Ba;
(5.36)
for 5 #£ 0. Here By is an integration constant and ay is defined by
88, |! /3
= —e|l— 5.37
a0 ¢ 36 37

where € is the sign of 8By/(3x/3), and hence we have By = —(3/8)r3a;. In the solutions
(5.35) and (5.36), we have set another integration constant such that a(0) = 0 without loss
of generality. By = 0 gives the massless BTZ spacetime and the behavior of a near v = 0 for
B # 0 is given by
2By
a(v) ~ e (5.38)
which is the same as equation (5.35) for § = 0.

Actually, the generalized Xu solution (5.32) for v > 0 can be attached to the massless BTZ
spacetime for v < 0 with ¢ = 0 (and hence [¢] = O is realized). On the null hypersurface ¥
defined by v = 0, we install coordinates y* = (A, 9") which are the same on both past and
future sides of ¥.. Here ) is an arbitrary parameter on the null generators of ¥ and 6 label the
generators, where the index A is always A = 1 in the three-dimensional case. We identify —r
with A and set 6 = 6 on ¥ in the spacetime (5.32).

The parametric equations x* = x*(\, §4) describing X are v = 0, r = — ), and 6 = 6. The
line element on X is one-dimensional and given by

dst = hydy'dy” = N2 d6? (= o464 d6"), (5.39)

where y* = (A, 0) is a set of coordinates on . Using them, we obtain the tangent vectors of
¥ defined by e¥ := Ox* /0y” as
0 0

w _ 9 w9 _ 9
Nowe ~ “or o T 06 (5.40)
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An auxiliary null vector N* given by

0 0 1 0
Nt — = — 4+ —f(0,r) = 541
T A G4D
completes the basis. The expression N,dx* = —(f(0,r)/2)dv +dr shows N, N' =0,
N,ek = —1, and N,elj = 0. Then, the only nonvanishing component of the transverse curva-
ture Cqp := (VN )elle of X is
Coo = 2rf(0.r) = (5.42)
= - r)=—. .
o0 = 517(0, B
Since equations (5.39) and (5.42) do not contain B, [04p] = [Cas] = [¢] = 0 is realized and

therefore a C' regular matching is achieved at .
On the other hand, W # 0 holds at v = 0 because equations (5.41) and (5.33) show

2By
= 32
which contains Bj. Nevertheless, since equation (5.29) shows f/(¢x) =0 with
¢s, = 0, the J-vacuum condition (III) in proposition 5 is satisfied at v = 0. In this case, since
f(¢x) = 1/2k # 0 holds, both C' regularity and vacuum ¥ are realized in the Einstein frame
by propositions 9 and 10.

(N*V ,,0)|s (5.43)

6. Summary

In the present paper, we have studied junction conditions in a large class of scalar—tensor theo-
ries in arbitrary n(> 3) dimensions. We have treated both null and non-null junction hypersur-
faces X under the three assumptions: (a) the Lagrangian density for bulk matter fields does not
depend on the scalar field, (b) the matter fields are minimally coupled to gravity, and (c) the
energy-momentum tensor on Y does not contain the same scalar field in the bulk spacetime.
As a consequence of the assumptions (a) and (b), the bulk energy-momentum tensor does not
contribute to the energy-momentum tensor on ..

While the metric and scalar field must be continuous on X as the first junction conditions,
the jumps of their first derivatives and the matter field on X are related as the second junction
conditions given from the Einstein equations and the equation of motion for the bulk scalar
field treated as distributions [11]. We have confirmed that the resulting junction conditions are
compatible with the ones derived in the variational method pioneered in [13] in the case of
non-null 3.

To the best of the authors’ knowledge, the junction conditions in the Jordan frame have
been derived for the first time in the present paper in the cases of spacelike ¥ with n # 4 and
null ¥ with arbitrary n(> 3). In the Jordan frame, the junction conditions at timelike 3 were
previously derived in four dimensions [18] and also in arbitrary dimensions [20]. In [17], the
authors derived the junction conditions at non-null ¥ in a general scalar—tensor theory which
contains our action (2.10) in the absence of additional matter fields. However, a signature
(which is s in [17]) is missing in the surface term By in equation (3.3) in [17], which is required
to be consistent with the result in general relativity.

Subsequently, we have clarified the C' regular matching conditions and the vacuum con-
ditions at X both in the Jordan and Einstein frames. At non-null X in the Einstein frame,
the C' regularity (E-regularity) is equivalent to the vacuum ¥ condition (E-vacuum). In the
Jordan frame, in contrast, while the C' regularity (J-regularity) implies vacuum ¥ (J-vacuum),
J-vacuum does not necessarily imply J-regularity. In other words, J-regularity is a sufficient
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condition for J-vacuum which suggests a possibility of vacuum thin-shell at non-null X in the
Jordan frame.

The situations are different in the case where X is null. In this case, E-regularity and
E-vacuum are even not equivalent. Actually, E-regularity is a sufficient condition for E-vacuum
so that there is a possibility of vacuum thin-shell at null 3. To compound matters, J-regularity
and J-vacuum do not necessarily imply each other, which suggests that both non-vacuum C!
regular matching and vacuum thin-shell may be possible at null ¥ in the Jordan frame. The
main results obtained in the present paper are summarized in table 1.

Lastly, we have clarified the relations between the sufficient conditions for the C! regularity
in the Jordan and Einstein frames and also between the vacuum X conditions, which allow us
to identify the properties of the junction hypersurface ¥ in the other frame. We have adopted
these results to two concrete exact solutions; The Roberts-(A)dS solution in the Einstein frame
in four dimensions and the generalized Xu solution in the Jordan frame in three dimensions.

As demonstrated in these two examples, all the results in the present paper may provide a
firm basis for applications in a variety of contexts, which would clarify the effects of the non-
minimal coupling of the scalar field to gravity. Additionally, to construct concrete examples
of the following configurations is an interesting task: (i) a vacuum thin-shell at null X in the
Einstein frame, (ii) a vacuum thin-shell at null and non-null ¥ in the Jordan frame, and (iii) a
non-vacuum at null X in the Jordan frame. We leave these problems for future investigations.
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Appendix A. Transformation from Jordan to Einstein frame

In this appendix, we consider a conformal transformation from the following action in the
Jordan frame:

h= [ anvma(rer - vor v )12 [ @b Tl

+/ d"x\/—g[:%)—i-/d”_lx |h|£(2m). (A.1)
M by

By a conformal transformation g, (x) = €(x)?g,, in n dimensions, the Ricci scalar is
transformed as

R =Q*{R-2n— 10— (n—1)(n—2)(V,InQ)(V’"InQ)},
(A.2)
which is shown by the following transformation of the Christoffel symbol:
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1
Fﬁo = g#a(aagap + apgoca - aoegpa)

T2
| IR _ _ _
= EQ ng {aa(ngap) + 8p(92gaa) - 8&(ngpo)}
=T, + (0, InQ)g", + (9, InQ)g", — (0 InQ)g"* g0 (A3)

We consider the case where the matching non-null hypersurface ¥ is described by ®(x) = 0
in both frames. In this case, the unit orthogonal vector of ¥ is transformed as

i, = (e8"°V, 0V, ®)"1?V,8 = Q7 (477 V,0V,2) 2V, & = Q7 'n,
(A4)
and hence the projection tensor is transformed as

Py = 8w — el = Q72 (gu — enpny) = Q %hy,,. (A.5)
Using these results, one can show that the extrinsic curvature and its trace are transformed as

Ky = h(’;h,j‘; oo = h pi’lf;(ap”” — o)

(n

= h(ihyfg{ap(ma) — (fgg + (05 In2)g% + (9, InQ)g%, — (931In Q)gaﬁgw> Qﬁa}

= QhhJ {V ity + (95 g gpota } = 2 { K + 1y (95 I Q)" } (A.6)

and
K =g"K,, =Q"g" {K + hu (9, n Q) }

13 1 _ (A7)
=Q K+ (n—1)Q (0, nQ)n’.

Putting the above expressions into the action (A.1) in the Jordan frame, we obtain
I = /M d"x\/jg{Q”_Zf(qb) (R 2= )EMQ = (n— 1)(n—2)(V, mnQ)(¥* In Q))
_ %Q"*Z(%)Z - Q”V(¢)}+25 /E d"’lx\/ﬁﬁ"’zf(qﬁ) <K +(n—1)(V,1n Q)r‘z")
+ /M d"xy =g L' + /2 d”"x\/ﬁ el
- /M d"x\/fg{m*zf(qs) (R = 1)(n—2)(V, nQ)(V* In Q))
200 = DTG, 0 - 0T - V(o) |

+2e/d"*1x EQHfgbiH/ d"x —gQ”L('")—i—/d"’lx RO—c (A8)
[tk + | ewgorel) « [ @/l

where we used the Stokes’ theorem (2.5) at the second equality.
Setting Q = (2, (4))~'/"=2), we obtain the action in the Einstein frame:

B (1 2=+ (n—-2)f
o= [ e g g

+i/ d"x |mf(+/ d"x\ﬁ—gQ”ES\”‘,l)+/d"‘1x R|Q L. (A.9)
Kn Jx M )

(Ve) Q"v<¢>}
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By a redefinition of the scalar field (2.22), we finally write down the action in the Einstein
frame in the following canonical form:

= [ e 5R- 300 - v
o /Ede IRIK + /M d'xy/=8LY -+ /E @ty JIEE. (A.10)
where
V(®) = 2raf (6()) "DV (1)), (A.11)
L) = @raf ($(1)) ™ 2L, (A.12)
L8 = @raf (6(1)) "D/ 02 £, (A.13)

As explained in section 2.4, for a proper mapping between the bulk equations in the Jordan
and Einstein frames, assumptions in lemma 1 are required. For a proper mapping between

the junction conditions in two frames, one needs \/—gﬁs\m/t) = \/—gri(;j’ in addition, which
includes the vacuum case E(Zm) = E_(Em) =0.

Appendix B. Junction conditions from variational principle for non-null

In this appendix, we derive the junction conditions in the Jordan frame by the variational
principle in the case where the matching hypersurface ¥ is non-null. For this purpose it is
convenient to start with the following action:

Iy = Iy + Toms (B.1)
where the bulk (/) and boundary (/s ) actions are given by

L= [ xva( SR - 3 9,007,0) - Vo + L) B2

o = 2¢ /3 y d"'y\/Ihlf ($)K. (B.3)

In general relativity (f(¢) = 1/2k,), equation (B.3) reduces to the Gibbons—Hawking
term [35]. Such a boundary term has been constructed also in Einstein—Gauss—Bonnet gravity
[36, 37] and further generalized in Lovelock gravity [38], which is the most general quasi-
linear second-order theory of gravity in arbitrary dimensions [39].

In the following, we assume that g, and ¢ are continuous at M and matter Lagrangian

density \/—gﬁg\'ﬁ) does not depend on ¢.

B.1. Useful formulae
For variation, we will use

ogh = —g"g"Pdgy,, 08va = —8uaupdg"’. (B.4)
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Jacobi’s formula shows
1
6/—g = —Ew/—ggm,ég“” (B.5)
and

1 1 1
OV = =5V hlhah® = — /Tl 01 = =2 /Ihlh 68", (B.6)

While I'f, is not a tensor, its variation 61'/, , is a tensor given by

nv

%, = S (Vuds + V08w — V). ®.7)
which gives

OR’,,, = V0T, —V,0T% (B.8)

0Rsy =V, 01, — V017 . (B.9)

We can rewrite the term f(¢)g"” R, such that
F(@)8" R, =V pJ? — (VY of ()08 + (Lf ()81 58", (B.10)

where
= 1(0) (<108 + Talapus?06) )+ (T ()3 — (Vaf (6))gyot™ 56" (B11)
From equation (2.4), we obtain

1
on, = Esnuno‘nﬂzsgag, (B.12)

1
ont = —g””‘n%gag + Een”n"‘n%gag. (B.13)
Using this, after lengthy but straightforward calculations, we obtain

1 1
0K = —E(V“nﬂ)égag + Esn"‘n“gﬁ”(vuny)égaﬁ
(B.14)
l o 1 «
- Enﬁh H(V,.08as — VBigan) — EhZVp(h" nP5g0s).

B.2. Variation with respect to ¢

First let us consider variation with respect to ¢. Using integration by parts and used the Stokes’
theorem (2.5), variation of the bulk action (B.2) leads

Soln = /M d"xJ—T;(W PR~ v'<¢>)6¢ - /8 e ,060. B9

On the other hand, variation of the boundary term (B.3) simply leads

Solom = 2¢ /8 I (0K (B.16)
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Since matter Lagrangian density \/—gﬁs\",? does not depend on ¢, variation of the total
action (B.1) with respect to ¢ reduces to the following form:

dplo = / d"x\/—g& ()00 + / A"y /|1l F 406 (B.17)
M oM
where
Egy =0+ 1 (0)R - V'(9), (B.18)
Fio) =€ Q2 (9)K — n"V,0) . (B.19)

B.3. Variation with respect to ghv

Next let us consider variation with respect to g”*. Using integration by parts and the Stokes’
theorem (2.5), variation of the bulk action (B.2) leads

1
delpt = / d"x\/—g (:‘,’W — T,“,)(Sg‘“’ + E/ d*'yv/|h|n,J”
M 2 oM
1
:/ d"xd—g(é’,“, — Tm,)ég’“’
M 2
ve [ @y rone (9,60 - To(0g))

7 (V)8 50 + n"(Vaf(¢))g“”5gW}, (B.20)

where J” is defined by equation (B.11) and

Eur = = ()G + 3840 (;(W)Z + V(¢))

2
1
- E(Vud’)(vu(ls) - vquf(¢) + g/wa(Qb)’ (B.21)
with
aﬁ(m) .
Ty = =2 ﬁgl/‘\:" + g LY. (B.22)

On the other hand, variation of the boundary term (B.3) leads
sitosa = [ & | (K1 = K)ot = 1P (9,080~ T |

+ (Vaf (0)h**nPbgap — BoN o (f(d)H"** 1 5gap) |- (B.23)

The last term in the above integrand is a total derivative term on M and becomes a surface
integral at 00 M, namely the boundary of 0 M because for a given vector v, we have
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hPV ot = WY o, = eliehh™V 0, = h*’Dyv, = Dv". (B.24)

Hence, we have
1
68(1/\/1 +18M) = / d"x+/ —g(gw, — ETWJ) 5g””
M

e [ O W~ Ky (Va9
oM
+ (surface integral at 9OM), (B.25)

where we used equation (B.4).
Now we have shown that variation of the total action (B.1) with respect to gi*” reduces to
the following form:

1
delo :/ d”x\/—ig(é’,w — TW> dgh? — / d""lyy/ |h| Fu 8"
M 2 oM
+ (Surface integral at 99M),

(B.26)

where

Fuv =¢ef(¢)(Khyy — Ky) + en® (Vof (¢) ). (B.27)

B.4. Derivation of the junction conditions

Assume that the spacetime M consists of two parts M and M_. In a situation where M
and M_ are connected at a non-null hypersurface ¥ as described in figure 3, we propose the
following action

h= /M d'xiy/—g* (f(asﬂk+ (V6T - V(e) + ﬁ‘ﬂ'il)
e vee (f(cb’)R’ (VR V(e + ﬂ;ﬁl)

e, / &2 /IR + 2 / &2 TR 6K
oM, —%, d

M_—-%_
+25/§; d”—lymv(¢)K++2€A d"—ly\/Wlf‘((ﬁ)K—_i_/zdn—ly |h|£(2m), (B28)

where 33 are the sides of ¥ with normal vectors !, pointing outward, so that the boundary
of each M4 is OIMy = (OMy — X1)U X, and €4, e_, € independently take their values
+1 and ¢*|s = ¢. Here we used 7, and (iji for the coordinates and induced metric on the
boundaries OM — ¥, respectively.

From the results obtained in the previous subsections, variation of the action (B.28) with
the boundary conditions g™+ = §¢* = 0 at IM — ¥ leads
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1
—/ dly Ihlfjﬁg‘“’—/ dly Ih\f;y5g””+/d"*1y Ihl( W>6g
oy il b

1 1
5&’IJ = / dner \Y% —g* (5/;: - ETIV) 6g+lw +/ dnx*\/7<gl;u - 2 MV> og M
My M

B.2
+ (Surface integral at JOM™), (B.29)
where
8£(’”) "
fy = —2 agfw + g L0, (B.30)
and
dply = d"xy\/—gtE bt + d'x_\/—g= & 00~
. (®) Ve ()
+ T IRIEG s+ |G 0. (B.31)
5, (®) (¢)
Choosing the normal vector n* to ¥ such that it points from M_ to M, , we have n* = n#* = —n}

and hence Kt (n{) = —K* (n*) and K~ (n" ) = K~ (n*). They show F,\, (n}) = —F,(n*),
Foo(n) = Fo, (n1), ]:(Z)) (n') = _]:(tb) (n*), and F, (n'y) = F 4 (n*), and consequently

nv

we have
d"'yV/|n|FL o = — Ed""yvlhlfiﬁg"”, (B.32)
paut
/2 d"~'y\/|h|F,, 08" = /E d"~'y\/|h|F,, 08", (B.33)
/ d"~y\/|hl (¢)5¢—_/dn_1y n|F, (#) 00, (B.34)
b by
| eiiFG e = [ @y i s (835)

Therefore, equations (B.29) and (B.31) finally reduce to
1 _ 1 o
0l :/ d"xi\/— (5:',,— ET:,,>5g+W+/ d"x_+/—g~ (SW ~3 /w)c?g "
My M_
+/ dly |h\( —Fo — 1t“,,)5g“ + (Surface integral at DOM™), (B.36)
b

and
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Ssly = / d'e, /g ES 00T + / d'x_ /=g~ E,)00
M_

My

—/zd”_ly (Bl (F ) — Fig))00-

Hence, by the variational principle, we obtain the Einstein equations £ fy =

(B.37)

(1/2)T%, and

the equation of motion for a scalar field S(j;) = 0 in the bulk spacetimes M as well as the
junction conditions [F,,,] = (1/2)t,, and [F(4)] = 0 on X. The bulk field equations are in the

following form:

200G + 805907 +V(9))
- (VM¢)(VV¢) - 2vuvuf(¢) + 2guu|:]f(¢) = Tuu,

06+ (9)R — V'(6) = 0,

(B.38)

(B.39)

where we have omitted 4 sign for simplicity, while the junction conditions at 3> are written as

2¢f(6) ((Klhpw — [Kuw]) + 2¢f"(0)n° [V o dlhpn = tun,

2 (6)[K] — n#[V,u] = 0.
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