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We provide corrections to a typo and an error in the original paper.
1. Correction to the typo
The correct version of equations (3.1) and (3.12) in the main text is,
V= My, A = et (1.1a)
Py = e*wgoij, GV =Ml (1.1b)

2. Correction to the error in appendix A.1

This section replaces the first part of appendix A.1, up to (A.25).
Consider the spatial parts v = e"de and p = m,' dm, of two Lorentzian metrics g, f. In [1],

it is established that the existence of the real square root (g_' f) 172 implies,

Bi=g+an=q+ae 'p\7!, (2.1a)
Bi=qg—an=gq—am 'pA, (2.1b)
x = e 6A;Rm, = x". (2.1¢)

To be more precise, the freely specifiable spatial vielbein m, is used to compute the viel-
bein Rm, such that the spatial part x of the geometric mean metric h = g#f is given by
x = €T0A;(Rm,). This is obtained by imposing (2.1¢) and solving it for the Euclidean

1361-6382/20/079501+4$33.00 © 2020 IOP Publishing Ltd ~ Printed in the UK 1


https://doi.org/10.1088/1361-6382/ab56fc
https://orcid.org/0000-0002-4487-9403
https://orcid.org/0000-0002-0207-8608
https://orcid.org/0000-0003-0243-1229
mailto:francesco.torsello@fysik.su.se
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6382/ab74f7&domain=pdf&date_stamp=2020-03-05
publisher-id
doi
https://doi.org/10.1088/1361-6382/ab74f7

Class. Quantum Grav. 37 (2020) 079501 Corrigendum

orthogonal transformation R in terms of A and the vielbeins e, m,. Such a solution always
exists, as it is part of the polar decomposition of the invertible matrix R, [1, 2] (see (3.7) in
the main text). For the sake of simplicity, we define the new vielbein of ¢ to be m := Rm,; we
have the freedom to do that since mo*RTdRm, = m,"dm,, implying that ¢ is blind to this
choice. The interaction terms are not affected as well, since they always contain both Ay and
R, irrespective of this choice. The matrix A explicitly appears in them. On the contrary, R
does not appear explicitly, but it is taken into account implicitly inside m.
‘We define the bimetric interactions as [3],

n:=elv, n:=m'v, (2.2a)
Q:=e'ASe, Q:= m~'Am, (2.2b)
D:=m A e, D= e "Am, (2.2¢)
B:=D ' =e A, B:=D ! = m~ ' Age, (2.2d)
d N N d
Vi=—m"y " Bien(D), Vi= -2y e 1 (B), (2.2¢)
n=0 =0
d _ B d B
U= -A"m"> " B,Y, 1(B), U:=-Dm"> B,Y, 1(D), (2.2)
n=0 n=0

d d
Q1) == QU = —Bm*y B,Y,—1(D),  (Qu) == QU= -A""Am"y B,Y,_1(B). (2.29)
n=0 n=0

where ¢,(X) are the elementary symmetric polynomials of the linear operator X,

en(X) = xlo, x2, . x| (2.3)
and Y,,(X) is defined as,
Yo(X) =) (=1 e ()X . (2.4)
k=0

See [3] for more details about the properties of e,(X) and Y,(X). Note that d is the dimension
of the spacetime, that is, d = N + 1. Hence, some terms in the summations will be zero. The
By parameters are d + 1 real dimensionless constants appearing in the bimetric interaction
potential, together with the energy scale m [4]. We define the bimetric sources (respectively,
the bimetric energy densitites, the bimetric currents and the bimetric spatial stress—energy
tensors) as [3],

P = —en(B), Pi=—wQU)5nt, TPy =i [V‘sk/‘ — Q)5 + WﬁlukJ} ,
(2.50)
W e (B) . (V84— (Qu)'; + Wit
T Tdet(me )y 7T Tdet(mety T 0T det (me~1) ’
(2.5b)
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where the summation — mdzzzoﬁ(n) is understood in front of all the bimetric sources. Note
the relation between the two bimetric currents jbi,}'i’i, which implies the relation (A.35)
between the momentum constraints in the main text.

Here we compute the expressions for the bimetric interaction and sources in the (c)BSSN
formalism. We require that the symmetrization condition (2.1) holds for the BSSN variables
as well. Since the shifts are the same in the BSSN formalism, we require conditions (2.1a)
and (2.1b) to stay the same. The condition (2.1c¢) should instead lead to its analog in the BSSN
formalism,

¥ =" 6ARm, = V', (2.6)

where ]Xs, R are the BSSN counterparts of the spatial part of the Lorentz boost (3.8) and the
orthogonal transformation in (3.7) in the main text, whose expression is unknown yet.

We start by computing the conformal decomposition of the objects in the Lorentz frame.
The requirement that (2.1a) stays the same implies,

I o1
B=g+ae 'pA\l=g+aelép\ = p\l=¢pr (2.7)

where the scalar ¢ accounts for the conformal decomposition of pA~!. It follows that,

P p 1+pT5p)l/2*
= = p= —_— . 2.8
(I+pop)2  (1+p'op)2  ° g<1+1E>T<Sf> oG
We apply p'd to (2.8) and obtain,
pPop _  &p'p z<1+pT5p>1/2 p'op
(1+p70p)'/?  (1+p'op)'/2 1+p'op/ (1+pop)/?
2.9
which is equivalent to
T(S 2*T6* X X T(s
pdp  &{pop — pop= p'op 2.10)

1+pdp 1+p'ép &(1+p'ép) —p'op’

Hence, in general, we can rescale p as in (2.8) with a generic £ when we recast the equa-
tions into the (c) BSSN formulation, as long as we satisfy (2.10). However, there is no need
to rescale it since this is an unnecessary complication. Indeed, we can always satisfy (2.8) and
(2.10) by choosing £ = 1, which implies p = p. It immediately follows,

p=p=A=(1+pop)/>=(1+pop) /" = A 2.11a)
—v=pAl=pi =+ @.11h)
— A, =(1+pp'8)> = (1+pp'e)* = A, @.11¢)

which implies (see (A.23) in the main text),
R = (J’IROTJRO) VR, = 20-0) (é’lf{OTéf{O) V2 e20-0R, T — R, 2.12)

Using (3.11) in the main text and (2.11¢), (2.12) and m, = e~2Ym, (which follows from (3.11)
in the main text), the spatial part of the symmetrization condition (2.1c) can be written as,
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X = e"0ARm, = TV IA R, =: 20TV

2.13)
= XT = (eT(SASRmO)T — ez(¢+¢) (ET(SASRI’/Fl())T = ez(¢+’¢')>%T, (

that is, if 'y is symmetric, its BSSN counterpart X is also symmetric, as desired.
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Abstract

Numerical integration of the field equations in bimetric relativity is necessary
to obtain solutions describing realistic systems. Thus, it is crucial to recast
the equations as a well-posed problem. In general relativity, under certain
assumptions, the covariant BSSN formulation is a strongly hyperbolic
formulation of the Einstein equations, hence its Cauchy problem is well-posed.
In this paper, we establish the covariant BSSN formulation of the bimetric
field equations. It shares many features with the corresponding formulation
in general relativity, but there are a few fundamental differences between
them. Some of these differences depend on the gauge choice and alter the
hyperbolic structure of the system of partial differential equations compared
to general relativity. Accordingly, the strong hyperbolicity of the system
cannot be claimed yet, under the same assumptions as in general relativity.
In the paper, we stress the differences compared with general relativity and
state the main issues that should be tackled next, to draw a roadmap towards
numerical bimetric relativity.

Keywords: ghost-free bimetric theory, Hassan—Rosen bimetric theory,
bimetric relativity, BSSN formulation, numerical relativity
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1. Introduction

The Hassan—Rosen bimetric theory, or bimetric relativity (BR), is an extension of general
relativity (GR) describing the nonlinear interaction of two metrics g,, and f,, [1, 2]. Its
unambiguous definition and spacetime interpretation are established in [3], and the complete
Hamiltonian analysis of it is performed in [4]. The study of this theory is well-motivated.
First, its cosmology is compatible with local gravity tests, and in particular with the recent
observations of gravitational waves [5], since it describes the dynamics of both a massless and
a massive spin-2 field, allowing for gravitational waves propagating with the speed of light. In
addition, BR provides us with self-accelerating cosmological solutions [6-9] and a framework
where the gravitational origin of dark matter can be studied [10—13]. This motivates further
exploration of the theory and the work to obtain solutions to its field equations describing
realistic physical systems. These are needed to compare the predictions of the theory against
the observational data, possibly confirming or falsifying the theory.

At first, introducing a second metric in the same spacetime may sound exotic, but turns out
to be necessary to make a spin-2 field massive”. In GR, it is possible to couple a spin-2 field
(the metric) to spin-0 and spin-1 fields. Hence, it is natural to try and see if and how a second
spin-2 field can be coupled to the metric. Then, the question about the physical meaning of
the second metric arises. In BR, independent matter sources are minimally coupled to only
one of the two metrics [14, 15]. This implies that a test particle coupled to the metric g,,,, fol-
lows the geodesics determined by this metric, exactly as in GR. The interaction with f,,,, is
only experienced indirectly. The key difference is that the metric g,,,, is not determined by the
Einstein field equations (EFE), but rather by the bimetric field equations (BFE) which account

2 There is no way to construct a dynamical mass term with only one metric, since g,,,g"" = 4, the spacetime
dimension.
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for the interaction between the metrics. For more details about BR, we refer the reader to the
review in [16].

The field equations governing the dynamics of the two metrics have been solved analyti-
cally in some important cases (see [16] and references therein). In the majority of those cases,
they are reduced to a set of ordinary differential equations. This is done, e.g. by imposing
spherical symmetry and staticity—the radial coordinate is the sole independent variable—or
spatial homogeneity and spherical symmetry—the time coordinate is the sole independent
variable. Other exact solutions are equivalent to those of GR, which one can always obtain
in BR in vacuum under the conditions established in [17, 18], and in the presence of external
matter sources under other conditions [17].

We are interested in solving the bimetric field equations to obtain more realistic solutions,
e.g. the spherical gravitational collapse of matter. In this case, very few results can be obtained
analytically (see, e.g. [19]) and the numerical integration of the BFE becomes indispensable.
In addition, the BFE are now a system of partial differential equations (PDEs)—both the time
and radial coordinate are independent variables—and, as such, it is desirable to recast them
as a well-posed problem before integrating them. Well-posedness can be naively thought of
as the concept of ‘stability against small perturbations’ for PDEs [20]. The concept of well-
posedness for first-order systems of PDEs is introduced in section 1.1.

In GR, the EFE can be recasted in a variety of well-posed forms (see, e.g. [21, chap-
ter 5]), one of them being the Baumgarte, Shapiro, Shibata, Nakamura, Oohara and Kojima
(BSSNOK or, more commonly, BSSN) formulation [22-26] (see also [27] for a pedagogi-
cal introduction), with its covariant generalization [28]. One begins by rewriting the EFE
as a Cauchy problem. This can be accomplished doing a N + 1 decomposition, where the
EFE split into a set of constraint equations not involving time derivatives, and a set of evolu-
tion equations involving first-order time derivatives. Then, in the free evolution scheme, one
finds the appropriate initial data by solving the constraint equations, and evolves them by
solving the evolution equations only. In [29] it is proven that the constraints stay satisfied in
the free evolution scheme, and the same holds in BR [30]. If one adopts the free evolution
scheme, as we do, only the well-posedness of the Cauchy problem arising from the evolution
equations is relevant.

Following the path outlined by numerical relativity, we would like to recast the BFE as a
well-posed problem. The first step, i.e. the N + 1 decomposition of the BFE, was established
in [31]. In this paper, we present the covariant BSSN (¢cBSSN) formulation of the BFE. The
choice of the BSSN formulation is motivated by the fact that it is one of the most widely
used in numerical relativity, allowing for stable long-term numerical evolution—see, e.g. sec-
tion 11.4.5 in [32]. A future research goal is to obtain stable long-term bimetric simulations,
hence, as the starting point, we followed closely what people are doing in numerical relativ-
ity. Examples of guiding lights are the Einstein Toolkit [33] and SENR/NRPy + [34], which
are both using the BSSN formulation. We show that, even though the cBSSN formulation of
the EFE, together with the standard gauge and some other technical assumptions, is strongly
hyperbolic and therefore its Cauchy problem is well-posed and suitable for the numerical
integration [28], we cannot yet say if the cBSSN formulation of the BFE is also strongly
hyperbolic. The reason is that the lapse functions of the two metrics are dependent [4, 35, 36].
Their ratio, after a first-order reduction of the equations, involves the dynamical fields algebra-
ically®. This ratio appears in the evolution equations in both the metric sectors and, depending
on the gauge choice, its first and second spatial derivatives can appear in the equations of one
or both sectors. These spatial derivatives affect the hyperbolic structure of the system of PDEs

3 The shift vectors are dependent as well, and their relation contains the ratio between the lapses.

3
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compared to GR, hence the result about the strong hyperbolicity of the cBSSN formulation
of the EFE cannot be directly extended to the cBSSN formulation of the BFE. In the paper,
we discuss in more detail these issues and stress the similarities and differences compared to
GR. Observe that the bimetric features described in the paper, such as the discussion about the
gauge fixing, the relations between lapses and shifts, and how these affect the well-posedness
of the problem, do not depend on the chosen formulation and need to be accounted for in any
formulation of the BFE.

We stress that recasting the BFE as a well-posed Cauchy problem, suitable for numerical
integration, is a powerful strategy to obtain interesting physical solutions in BR. For example,
since the Birkhoff theorem is not valid in BR [37], a non-static spherically symmetric system,
generically, emits gravitational radiation which is longitudinally polarized, coming from the
helicity-0 mode of the massive spin-2 field. This could happen during a spherically symmetric
gravitational collapse, or for non-static spherically symmetric black holes. This can provide us
with predictions from BR that can be tested against the observational data in the future, which
is one of the motivations of our work, inspired by the success of numerical relativity.

1.1. Structure of the paper

In section 1.3, we concisely introduce the concepts of well-posedness and strong hyperbolic-
ity for a system of (first-order) PDEs. In section 2, we very briefly introduce bimetric relativity
and review its N + 1 formulation. In section 3, we introduce the BSSN formulation with its
covariant extension and emphasize the differences between BR and GR. In section 4, we dis-
cuss gauge fixing in bimetric relativity and qualitatively describe how it affects the hyperbolic
structure of the evolution equations. We summarize our results and state our view about what
the next challenges in this field are in section 5. The appendix includes explicit equations and
technical details.

1.2. Notation

Consider the spatial metrics -y, ¢ and x and their determinants. We shall denote the deter-
minant of a spatial metric with A, and define the following notation referring to the metric
sectors,

A, no accent : quantity refers to the g-sector,

A, tilde : quantity refers to the f-sector,

X, hash : quantity refers to the h-sector,

A, boldface : quantity refers to the Lorentz frame.

A, overbar : quantity refers to the g-sector in BSSN,
A, wide hat : quantity refers to the f-sector in BSSN,
& circle : quantity refers to the h-sector in BSSN,

*

A, boldface, asterisk : quantity refers to the Lorentz frame in BSSN.

We denote tensors both with and without their indices, e.g. the metric g or g,,,.. Greek indices
run from 0 to d — 1, where d is the dimension of spacetime; latin indices run from 1 tod — 1;
boldface indices are spatial Lorentz indices and run from 1 tod — 1.
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1.3. Well-posedness and strong hyperbolicity

When dealing with PDEs, it is important to be able to write the mathematical boundary value
problem arising from them in a well-posed way. A ‘mathematical boundary value problem’ is
a differential problem with some specified boundary or initial data, such as the Dirichlet prob-
lem or the Cauchy problem. The definition of a well-posed problem given in [20, p 226] was
introduced for the first time by Hadamard in [38] and reads: ‘A mathematical problem which
is to correspond to physical reality should satisfy the following basic requirements: (1) the
solution must exist. (2) The solution should be uniquely determined. (3) The solution should
depend continuously on the data [...]". As stated in [39, p 8], the first two requirements charac-
terize the mathematical determinacy of the problem, whereas the third requirement character-
izes its physical determinacy and the possibility to apply numerical methods to solve it. We
stress that, from the numerical viewpoint, well-posedness is highly desirable, since it entails
that small errors in the initial data implies controllable errors in the numerical solution®.

It is important to emphasize that, contrary to Hadamard’s opinion, ill-posed systems can
in fact be physically relevant (see e.g. [39]). Examples of ill-posed problems can be found in
[44]. However, in these cases the ill-posedness is acceptable, as it has to do with the physical
description of the system. This is not the case in relativity (general or bimetric).

Following [27, section 11.1], we now give the definition of a strongly hyperbolic system
containing first-order time and spatial derivatives. The generalization to systems involving
second-order spatial derivatives—as the (c)BSSN system in GR and BR—can be found in
[45]. Consider the system of PDEs given by,

o' + A¥ 0’ = §', (1.1)

where u is the n-dimensional vector containing the unknown functions to solve for, S is the
source n-vector and each of the A* are n x n matrices of constant coefficients. Consider an
arbitrary unit covector ny, and define the ‘principal symbol’ or ‘characteristic matrix’ of the
system (1.1) as,

Pl = mAh,. (1.2)

The system (1.1) is called ‘strongly hyperbolic’ if, for all unit covectors ny, the principal sym-
bol P'; has real eigenvalues and a complete set of eigenvectors. Strongly hyperbolic first-order
systems of PDEs lead to well-posed Cauchy problems [46, theorem 6.2.2].

2. The bimetric field equations and their standard N + 1formulation

The BFE can be written [47]°,
Gy = kg (V'y + T") . Gy = wp (Vi) + T7"), 2.1

where G, and Gy are the Einstein tensors for the two metrics g and f, T, and Ty are two inde-
pendent stress—energy tensors, V, and V; are the bimetric stress—energy tensors that couple the
metrics, and k, and xy are the two Einstein gravitational constants. The bimetric stress—energy
tensors may or may not satisfy the energy conditions (for the energy conditions, see [48]). In

4Note that the requirement of well-posedness also applies to the case of ordinary differential equations (ODEs). In
that case, the well-posedness of the Cauchy problem is established by the Picard—Lindelof theorem [41-43] (also
called the Picard-Lipshitz theorem, or the fundamental theorem of ODEs), see also [40, ch. 1].

3 We choose the same sign convention as in [31], for the sign in front of the bimetric interaction potential in the
action.
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particular, note that in vacuum, if one of them satisfies the null energy condition, the other
does not [49]. When one of them does, it can be interpreted as a stress—energy tensor arising
from the other spin-2 field. One example of this can be found in [37].

A fundamental feature about the bimetric stress—energy tensors is that they are non-deriva-
tive, i.e. they are not defined in terms of the derivatives of the metrics, but are functions of the

square root matrix S = (g_1 f ) 1/2 only, where the principal branch of the matrix square root
function is assumed [3]. This allows us to rewrite the BFE (2.1) as,

G, =T, G, =T, (2.2)

with Tg, i= Vol + Tk, and i, = Vi, + Tp",.

The BFE are then formally equivalent to two sets of Einstein equations coupled via the
effective stress—energy tensors only. Then, one can recast them in the standard N 4 1 decom-
position by following the same steps as in GR. One defines a spacelike hypersurface embedded
in the spacetime, where the initial data are specified, and projects the Einstein equations both
on the hypersurface and on the direction orthogonal to it (see, e.g. [27, 32]). The sources are
now the sum of the external matter sources and the bimetric stress—energy tensors, whose
decomposition has to be computed. This was done independently in [1, 4] and [31] following
different approaches. The result is a set of evolution equations, a set of constraints similar to
those of GR, and the bimetric conservation law (BCL) C, = 0 (the so-called secondary con-
straint), which is crucial in eliminating the Boulware—Deser ghost [50], as explained in [4].
Here, we follow the approach in [31], to which we refer the reader for the details. The N + 1
BFE computed in [31] are written explicitly in appendix A.2.

The bimetric conservation law G, = 0 must be preserved in time, therefore 9,C, = 0. This
is called the ‘preservation of the bimetric conservation law’ (PBCL), and provides a relation
between the lapse functions of the two metrics, of the form [4, 35, 36]

« Wf . .

H = —Wg =: W = scalar field independent of the lapses and the shifts. (2.3)
Unfortunately, the explicit expression for W is very complicated, even in spherical symmetry.
See [36] and the addendum to this paper in the supplementary material (available at stacks.iop.
org/CQG/37/025013/mmedia) for its expression in the standard 3 4 1 and ¢cBSSN formalisms,
respectively. Note that the existence of the relation between the lapses is consistent with the fact
that bimetric relativity is invariant under the action of a diffeomorphism group acting in the same
way on both sectors. In other words, we are free to choose one coordinate system for both metrics.
In the N + 1 decomposition, this translates in the freedom to choose one lapse function and one
shift vector only, as explained in more detail in section 4.

3. The covariant BSSN formulation of the bimetric field equations

This section is devoted to the discussion of the BSSN and cBSSN formulation of the standard
3 + 1 BFE. We will mainly focus on the differences compared with GR. The explicit equa-
tions are presented in appendices A.1, A.3 and A.4.

3.1. The BSSN formulation

When rewriting the bimetric standard 3 + 1 equations (equations (A.32a), (A.33a) and
(A.36a)) in the BSSN formulation, the starting point is the definition of the conformal metrics
[27, section 11.5]
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Tyi=e Py AT = e, (3.1a)
gy=e oy o ="l (3.1b)
which are assumed to have determinants equal to 1. This renders the conformal metrics ten-

sor densities of weight —2/3, and the conformal factors scalar densities of weight 1/6. The
conformal structure implies

= —1 A = —1 A .
¢=;log(d), ¥ =5log(A). (3.2)
We also decompose the traceless part of the extrinsic curvatures as follows
_ 1
Aji=e 4“t’A —e 4 (K 37,11(> (3.3a)
A ~ ~ 1 -
Aji=eWA; = (K, - gcpin) . (3.3b)

Likewise, the conformal traceless extrinsic curvatures are tensor densitites of weight —2/3. The
indices of the conformal tensors are raised and lowered by the conformal metrics of the cor-
responding metric sector. In the BSSN formulation, the ‘conformal connections’ are defined as,

i

=75/, M=t (3.4)
where f}k,f;k are the Christoffel symbols of the conformal metrics 7;;, $;. The conformal
connections transform as in equation (11.45) in [27]. The new dynamical variables in the
BSSN formulation are the conformal metrics 7;;, $;;, the conformal factors ¢, 1), the traces of
the extrinsic curvatures K, K the conformal traceless parts of the extrinsic curvatures AU,A
and the conformal connections T, I'. With the appropriate transformation rules for these geo-
metrical objects, the BSSN equations are covariant under spatial coordinate transformations
not involving the time coordinate [28].

In order to evolve the system in time, one needs to choose a gauge. The BSSN equations are
strongly hyperbolic if one chooses the standard gauge, introduced below, and enforce that A;

is traceless during the evolution [25, 26, 28]. The standard gauge consists in the 1 4 log slicing
for the lapse « [51], and the I’-driver condition for the shift 8 [52],

o = Bjaja —2akK, (3.5a)
i in i 1 3 pi

0B = plop + 2B (3.5b)

OB = pioB + T — pIOT — B, (3.50)

where B' is an auxiliary variable and 7 is a freely specifiable real constant. As explained in
[28], the I'-driver condition (3.5b) and (3.5c¢) is not spatially covariant. Suppose we have some
initial data on the spacelike hypersurface, written in Cartesian coordinates. We can rewrite
them in spherical coordinates by using the transformation rules for the tensors densities and
the conformal connections. We then evolve these initial data according to the BSSN equa-
tions with the standard gauge, up to some time #:. Since the I'-driver condition is not covari-
ant, the dynamical variables at #; are not related by the same transformation rules for tensor
densities and conformal connections. Therefore, the dynamical variables at f; in Cartesian
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coordinates and spherical coordinates differ geometrically. This problem can be solved by
rewriting the BSSN equations and the standard gauge according to a procedure presented in
[28] (see also [53]) and summarized in section 3.3.

In BR, the rewriting of the evolution equations (BEE) and the constraint equations (BCE)
in terms of the BSSN dynamical fields mimics the analog computation in GR, whereas the
rewriting of the BCL has no analog in GR. Actually, the parts of the equations not involving
the bimetric interactions are exactly the same as in GR. The bimetric BSSN constraint and
evolution equations are listed in appendix A.3. The differences compared with GR are:

1. The presence of the bimetric conservation law C, = 0.

2. The fact that the lapse function and the shift vector of one of the metrics g and f are not
freely specifiable.

3. The effective sources include both the contribution from the external matter sources and
the bimetric sources.

The parts involving the bimetric interactions can be rewritten in the BSSN formulation by
determining how the spatial vielbein e, m of the spatial metrics -y, ¢ transform under the con-
formal change (3.1). This is discussed in the next subsection.

3.2. The BSSN formulation of the bimetric interactions

The N + 1 decomposition of the BFE as formulated in [31] relies on the parametrization with
. . 1/2 . .

respect to the geometric mean metric b = g#f := g (¢7'f) /2 of the metrics g and f°. In this

parametrization, the spatial metrics are written in terms of their vielbeins. In matrix notation,

v = e'de, p= m' ém, (3.6)
where the spatial vielbein e is freely specifiable and the spatial vielbein m is defined as

m := Rm, 0'RT6=R,

R=(6"'R,OR,) "R, Ryi= 0 'me ' TeTOA,, 3.7)

where the freely specifiable vielbein m, of ¢ is rotated into m by the orthogonal transforma-
tion R, and § is the spatial part of the Minkowski metric, i.e. the Euclidean metric’. The
transformation R is determined by the requirement that the geometric mean A exists [54]. The
operator A is the spatial part of a Lorentz boost with boost vector v = A~!p and Lorentz fac-
tor A = (1 +pTdp)'/2 It can be written as Ag = (I+pp'd)"/> =T+ pp'd/(A + 1), and
the 4-dimensional Lorentz boost itself can be written as

A pTd
A= (p pAs). 3.8)

See appendix A.1 for more details. In this framework, the real spatial vector p, called ‘separa-
tion parameter’, defines the shift vectors § and j3, respectively of the metrics g and f, in terms
of the shift vector g of the geometric mean metric A,

Bi=qg+an=qg+ae 'p7, B:=g—an=qg—am 'pAx~'. (3.9

This is the most general parametrization of the bimetric N + 1 decomposition [31].

%In index notation we have h;; = gi [(g’lf) 1/2 k.

7 For the sake of clarity, we write & explicitly in"every equation where it appears, because it is needed to raise and
lower the Lorentz indices.
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Since all the spatial bimetric interactions terms, defined in [31] and reported in appendix A. 1,
depend on the spatial vielbeins, on Ag and R, their rewriting in the BSSN formalism relies
on the conformal decomposition of these variables. The conformal decomposition of the viel-
beins read,

F=ey=ze"de=(e%")d (e ), (3.10)

which tells us that
Z=e %, m=e ¥m, 3.11a)
e =e?e !, ! =e*m ! (3.11b)

From (3.11) and the conformal decomposition of A and R, reported in appendix A.1, we can
derive the BSSN formulation of all the spatial bimetric interactions and sources. The explicit
derivations are presented in appendix A.1.

3.3. The covariant extension of the BSSN formulation

As we outlined in section 3.1, the BSSN formulation with the standard gauge is not spa-
tially covariant. As described in [28], this is a problem when comparing the same physical
system in different coordinates. Therein, the BSSN formulation was generalized making
it spatially covariant, obtaining the cBSSN formulation. Since the computations in [28§]
do not alter the expressions of the matter sources in the evolution equations, the covari-
ant generalization applies to both metric sectors in BR®. As a consequence, the bimetric
sources have the same expression as in the BSSN formulation, given by (A.26a), (A.28a)
and (A.31a)°.

Having a covariant version of the BSSN formulation is important in BR, since it allows us
to safely use spherical coordinates. Since the Birkhoff theorem is not valid in BR, see, e.g.
[37], a spherically symmetric solution of the BFE does not need to be static. From one side,
this may be interpreted as an undesired feature of the theory; on the other hand, it makes the
study of spherically symmetric systems much more interesting in BR than in GR, as discussed
in the Introduction. Specifically, spherically symmetric systems in BR emit longitudinally
polarized gravitational radiation, which can be tested against observational data.

In addition, using spherical coordinates made it possible to compute both the ratio between
the lapses W appearing in (2.3) and the separation parameter p appearing in (3.9) in the dif-
ference between the shifts (see [31, 36] and appendix A.5 for more details). Note that p is also
known in the most general 3(;)-model [4, 55], where the explicit expression for n = m~pA~!
in (3.9) is computed'’.

In the BSSN formulation, the determinant of the conformal metric 7 is taken to be 1, mak-
ing it a scalar rather than a scalar density. This also alters the transformation properties of the
metric and the extrinsic curvature, making them tensor densities. In the cBSSN formulation,
nothing is assumed on the transformation properties of the determinant of the conformal met-
ric. The new conformal decomposition of the metrics and the extrinsic curvatures becomes,

8 The computations in [28] are made in vacuum, but it is straightforward to add an external source and generalize
them.

% As a general rule in this context, every computation that does not concern the matter sources in the evolution and
constraint equations in GR can be directly translated in BR without modification.

"Knowing f, p = [1 — (mﬁ)T(mﬁ)}_l/zmn.
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V= A =€t (3.120)

gyi=e oy ¢ ="l (3.12b)
which is the same as before, without the restriction on the determinants A and A, and

_ 1 1

Ay =e A = (K, - 37K + 57,»,-A> , (3.13a)

. a5 —ap (% 1 - 1 .

K:=K—A4, K:=K—A. (3.13¢)

The tensors A and A are not traceless, as can be seen by comparing (3.13) with (3.3). The con-
formal connections in (3.4) are made covariant by introducing two background connections
fB}k, f‘B;:k [56]. It is possible, but not necessary, to introduce two background metrics whose

Levi—Civita connections serve as the background connections. We define the new dynamical
variables,

= ’yjkAf;k =k (f;k — fB]i»k>, A= @jkAf;k = (fj’k — fB;k>.
(3.14)
Since the difference between two Christoffel symbols is a tensor, our set of dynamical vari-
ables includes tensors only, i.e. 7, i, @, w,Zi,-,A,j,E, k, A, A. The standard gauge (3.5) in the
c¢BSSN formalism reads [28],

da = B/Dgja — 20K, (3.15a)
i = ai . g

oiB" = p'Dg;B' + ZB’ (3.15b)

OB = p'De;B' + (O — FDg;N') — B, (3.15¢)

which is manifestly covariant. The explicit bimetric cBSSN constraint and evolution equa-
tions are written in appendix A.4.

We emphasize that the background connections are completely arbitrary, and in GR, there is
no preferred connection to be chosen. In BR, a third metric / is defined!'. Hence, we can choose
the Levi—Civita connection of the conformal spatial metric )oc to define the covariant conformal
connection in (3.14). The consequences of this choice are described in more detail in [58].

In the cBSSN formulation, the determinants A, A of the conformal metrics and the traces
K,A are left undetermined, making the cBSSN evolution equations in (A.45a) and (A.47a)
incomplete [28]. We must choose how these quantities evolve, in order to be able to evolve the
full system. Following [28], we choose 9,A = DA =0. Regarding the determinants, there are
two natural choices, referred to as ‘Lagrangian’ and ‘Eulerian’ [28, 59, 60], given by

0,A =0, 0LA =0,A — LA =0,A -2AD,3 =0, (3.16)

11 Actually, in the space of pseudo-Riemannian metrics built on our manifold, we have a path of metrics connecting g
and f, corresponding to a geodesic of the trace metric and parameterized by A, = (g’] f ) “, a e R(see [31, 57]).

10
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with analog expressions for the f-sector. In BR, we need to specify the evolution of the deter-
minants andAthe traces in both sectors. More details on this can be found in [58]. The expres-

sion for &,A" in (3.15¢) is explicitly substituted with the Lagrangian formulation of (A.45¢).

4. Well-posedness and gauge choices

As established in [31], the three lapses and shifts of g, f and A are related by,
A

a? = H>\W, & = T a=Wa, (4.1a)

a ~ a ~ a _ _
B=aq+ e 'p, B=gq—m 'p. ﬁ:ﬁfX(WeWm "p,
(4.1b)

where A = /1 + pTdp and H is the lapse of 4. We are free to choose one lapse function and
one shift vector, exactly as in GR; the other four quantities are determined by (4.1).

When imposing a gauge in BR, it can be written in terms of any of the three lapse functions
or the shift vectors. Suppose, for example, that we choose the standard gauge with respect to
g in (3.15). This gauge can be rewritten in terms of the lapse functions &, H and the shift vec-
tors B3, q by using (4.1). Hence, we can impose the standard gauge with respect to g by gauge
fixing, say, H and (. We say that we ‘choose a gauge condition with respect to a metric’, to
emphasize that the geometry of the slicing is determined by that metric. In addition, we say
that we ‘gauge fix’ one of the lapses and shifts. The same gauge choice (or gauge condition)
can be expressed via different, but equivalent, gauge fixings. It follows that, in BR one can
have ‘mixed’ gauges, i.e. one can choose the 1 + log slicing with respect to , and the I'-driver
condition with respect to . In this case, 4 would determine the time slicing, whereas f would
determine the spatial gauge. If these gauges are singularity avoiding or horizon penetrating for
any of the metrics remains an open question. See [58] for a study of the ‘mean gauges’, i.e. the
gauge choices with respect to the mean metric A.

In GR, the cBSSN formulation is strongly hyperbolic if one chooses the standard gauge
and fulfills some other technical conditions [28]. In BR, the well-posedness of the evolution
equations involves both of the metric sectors. Suppose that we fix the lapse and shift of one
metric to be determined by the standard gauge. Now, the bimetric source J*/; appearing in the
evolution equation for the conformal extrinsic curvature (A.5a) contains the ratio of the lapses
W. The general explicit expression of W is not known, but it can be computed explicitly in
spherical symmetry ([36] and the supplementary material to this paper). In that case, W is a
lengthy expression—roughly, it fills two pages—which depends on the radial derivatives of
the dynamical fields. If the radial derivatives can not be replaced by algebraic expressions,
W will affect the characteristic matrix in (1.2) and alter the hyperbolic structure of the equa-
tions in the g-sector compared with GR. Following the procedure described in [61], which
promotes the logarithmic radial derivatives of the dynamical fields to be new dynamical vari-
ables, thus achieving a first-order reduction of the system, one ends up with an expression for
W which only depends on three radial derivatives, namely,

op', 0, (Xz + %?) o, (Az + % ) 4.2)

. — A —0
Here, p1 is the only nonzero component of p and Aj,A, are the A 0, A% components of
the conformal extrinsic curvatures (see appendix A.5 for more details). By using the two

1
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momentum constraints (A.54D), (A.54e) and the BCL (A.57) rewritten according to the
procedure in [61], these three derivatives can be substituted with expressions involving the
dynamical fields only algebraically. In more detail, the BCL can be solved for 9,p, and the
momentum constraints can be solved for 8,(A, + K/3) and 9,(A; + K/3)'2 This means that
the ratio of the lapses W is a purely algebraic expression in the dynamical fields, and, as
such, does not enter the characteristic matrix in (1.2) and does not alter the hyperbolicity of
the equations in the g-sector compared with GR. Therefore, if we choose the standard gauge
(3.15) for « and 3, the equations in the g-sector are strongly hyperbolic.

Note that the algebraicity of W in the dynamical fields is compatible with the fact that, in
the case of static spherically symmetric black hole solutions in BR (see [62—64] and reference
therein) the function describing the ratio of the lapses, T in [64], is determined by an algebraic
relation. This relation corresponds precisely to the PBCL 9,C, = 0. Also, this confirms that
the bimetric stress—energy tensors (of which the spatial bimetric interactions are the projec-
tions [31]) are non-derivative and cannot spoil the hyperbolic structure of the equations com-
pared with GR (in spherical symmetry).

On the other hand, we need to consider the f-sector as well. The equations in the f-sector
formally appear the same as in the g-sector, but now the lapse and shift of f are determined
by (4.1). As a consequence, the ratio of the lapses appears wherever the lapse and shift of f
appear. Since there are terms involving first and second spatial derivatives of the lapse and
shift, they contain first and second spatial derivatives of W. Hence, they contain the spatial
derivatives of all the dynamical fields, and we cannot eliminate all of them by using the
constraints. Therefore, the hyperbolic structure of the PDEs in the f-sector is drastically dif-
ferent compared with GR. This means that one cannot carry over the GR results to BR, and
additional steps are needed towards a definite answer regarding the strong hyperbolicity of the
equations.

Instead of using (4.1) to replace the lapse of f, we could equivalently use it to determine
its value on the initial hypersurface, and impose the preservation in time of the PBCL (2.3)
by setting its time derivative to 0. This gives an evolution equation for the lapse of f, which
becomes a dynamical variable.'? Hence, with this choice, the principal symbol of the system
of PDE:s is largely different than in GR. For example, the evolution equation for the lapse of
f involves the time derivative of the ratio of the lapses W which nontrivially alters the hyper-
bolic structure compared with GR.

The analysis above holds in the case of spherical symmetry, which is presented in appendix
A.5. This study suggests that the ratio of the lapses, W, always contains some spatial deriva-
tives of the dynamical fields which can be eliminated by using the constraints, but the hyper-
bolicity is altered compared to GR by the spatial derivatives of the lapses and shifts involving
W . Therefore, the computation of W in the general case is a prerequisite for the study of the
well-posedness of any formulation of the BFE.

A possible gauge choice, which preserves the symmetry of the equations between g and f
and modifies the hyperbolic structures of both sectors in a more symmetric—and hopefully
better-behaved—way, is to fix the lapse and the shift of /4. In this case, we see from (4.1) that
W appears in the spatial derivatives of the lapses and shifts of both g and f, thus modifying
the hyperbolic structure in both sectors. This is investigated in more detail in [58], where both
the standard gauge and the maximal slicing for H and g are computed.

12Note that, in this way, we can freely specify p on the initial hypersurface, and the value of these three derivatives
will depend on this choice.
13 More in general, this is an evolution equation for the lapse that we do not gauge fix.

12
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5. Summary and outlook

In this paper, we presented the covariant BSSN formalism of the bimetric field equations. We
emphasized why this formulation is important in bimetric relativity and we stressed the dif-
ferences with the analogous formulation of the Einstein field equations, summarized below.

1. In addition to the Hamiltonian and momentum constraints for both metrics, there is an
additional bimetric conservation law (the so-called secondary constraint) €, = 0 that, in
the free evolution scheme, has to be solved for the initial data on the spacelike hypersur-
face.

2. The sources in the equations include both the external matter sources and the bimetric
sources in (A.5). After a first-order reduction of the PDEs, the bimetric sources do not
contain the derivatives of the dynamical fields. Hence, they do not alter the hyperbolic
structure of the equations compared to GR.

3. Bimetric relativity is diffeomorphism invariant. This provides us with the possibility to
choose one lapse function and one shift vector of any of the metrics, v, ¢ or their geo-
metric mean . The remaining lapses and shifts are determined by (4.1).

4. The relation between the lapses is established in [4, 35] by imposing the preservation of
the bimetric conservation law in time, 9;C, = 0, and it is computed explicitly in [36] for
spherically symmetric spacetimes in the standard 3 4 1 formulation. The expression in
the covariant BSSN formalism is given in the supplementary material of this paper. The
ratio between the lapses, W, is a lengthy algebraic expression in terms of the dynamical
fields and their spatial derivatives. Since the evolution equations involve the spatial
derivatives of W, the hyperbolic structure of the system of PDE is different compared
with the corresponding equations in GR. The hyperbolic structure is changed in either one
of the two metric sectors, or in both, depending on the gauge choice.

Other than these four differences, the system is analogous to the covariant BSSN formulation
of the Einstein field equations presented in [28]. In particular, from the viewpoint of numer-
ical relativity, the bimetric fields equations can be tackled numerically in the same way as the
Einstein field equations. However, since we showed that the results in GR cannot be carried
over to BR in a straightforward way, and the well-posedness of the problem is not proved yet,
we do not know how successful this can be. Nonetheless, the equations do offer some stimu-
lating challenges:

1. The computation of W and p is necessary to be able to solve the bimetric equations in
any formulation. At present, W is only computed under the assumption of spherical sym-
metry, whereas p is computed in spherical symmetry and in the most general (3(;-model;
we refer the reader to [4, 36, 55] for more details.

2. Investigating if the bimetric covariant BSSN evolution equations, together with a suitable
gauge, are strongly hyperbolic is of great importance and depends on the computation of
W . Since the latter is known in spherical symmetry, one can study the hyperbolicity of the
evolution equations in (A.58).

3. The choice of the gauge is essential in bimetric relativity (as it is in GR as well). In [58],
we study some possible gauge choices which alter the hyperbolic structure of the evolu-
tion equations in both sectors. In particular, we investigate the gauge conditions with
respect to the geometric mean metric /.

4. The challenge is to integrate the bimetric BSSN equations numerically in spherical sym-
metry, e.g. for a gravitational collapse of matter or a non-static black hole solution. The
numerical computation of both W and p significantly reduces the accuracy of the integra-

13
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tion. We have written a Mathematica/C + + code to perform the simulations, see [65] for
results obtained using the standard 3 + 1 equations. The results concerning the cBSSN
formulation will be the subject of another work. We remind the reader that, since the
Birkhoff theorem is not valid in bimetric relativity (see, e.g. [37]), the spherically sym-
metric case is very interesting to study. One can look for both vacuum and non-vacuum
spherical solutions with nontrivial dynamics, and perhaps gravitational wave emission.
This can potentially lead to results that could directly be compared against observational
data.
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Appendix. Explicit equations and computations

A.1. The BSSN decomposition of the bimetric interactions and sources

Consider the spatial parts v = e'de and ¢ = m, ' dm, of two Lorentzian metrics g,f. In [54],

it is established that the existence of the real square root (g~'f) 1/2 implies

Bi=g+an=qg+ae 'pA7!, (A.la)
B:=qg—an=q—am 'pA~!, (A.1b)
x =e dARm, = x". (A.1c)

To be more precise, the freely specifiable spatial vielbein m, is used to compute the viel-
bein AsRm, such that the spatial part x of the geometric mean metric & = g#f is given
by x = eTd(ARim,). This is obtained by imposing (A.lc) and solving it for the Euclidean
orthogonal transformation R in terms of Ay and the triangular vielbeins e, m,. Such a solu-
tion always exists, as it is part of the polar decomposition of the invertible matrix R, [54,
66] (see (3.7)). For the sake of simplicity, we define the new vielbein of ¢ to be m := Rum,
rather than AgRm,; we have the freedom to do that since ¢ = moTRTAT6ARm, =
mc,TRT(‘iRmO = ms ' O, implying that ¢ is blind to this choice. The interaction terms are
not affected as well, since they always contain both A and R, irrespective of this choice. The
matrix Ay explicitly appears in them. On the contrary, R does not appear explicitly, but it is
taken into account implicitly inside m.

We define the bimetric interactions as [31],

n:=e v, n:=m v, (A.2a)
Q:=c¢ A2, Q:=m'AZm, (A.2b)
D:=m 'A e, D= e "Am, (A.2¢)

B:=D ' = TAm, B D =m ! Age, (A.2d)

14
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d d
Vi=—m’y Bue(D). Vi= ATy Buen i (B), (A2¢)
n=0 n=0
d N " d B
U:= _>‘71 deﬁnYnfl(B)’ U:=-D deﬁnYnfl(fD)’ (AZf)
n=0 n=0
N d N B B 4
(QU) := QU = —Bm"> B,Y, 1(D), (Qu):=QU=-XA"'Am"> B,Y, 1(B), (A.2g)
=0 n=0
where ¢,(X) are the elementary symmetric polynomials of the linear operator X,
en(X) = xlo, x2, x| (A3)
and Y,(X) is defined as,
Yu(X) := > (=1 er(x)x"*, (A.4)
k=0

See [31] for more details about the properties of ¢,(X) and Y,(X). Note that d is the dimen-
sion of the spacetime, i.e. d = N + 1. Hence, some terms in the summations will be zero. The
B(ny parameters are d + 1 real dimensionless constants appearing in the bimetric interaction
potential, together with the energy scale m [1]. We define the bimetric sources (respectively,
the bimetric energy densitites, the bimetric currents and the bimetric spatial stress—energy
tensors) as [31],

p* = —eu(B), Pi= Q) 5T, Ty = [V5kj — QW) + W_lukj:| , (A.5a)
, i [P0 = (Qu)'s + W]
P C) B ST B Ol Rt J J (A.5b)
det (me=1)" 7' det (me—1)’ v det (me—1) ’

where the summation — mdzzzoﬂn is understood in front of all the bimetric sources. Note the
relation between the two bimetric currents jb,-,}b i» which implies the relation (A.35) between
the momentum constraints.

Here we compute the expressions for the bimetric interactions and sources in the (c)BSSN
formalism. We require that the symmetrization condition (A.1) holds for the BSSN variables
as well. Since the shifts are the same in the BSSN formalism, we require conditions (A.1a)
and (A.1b) to stay the same. The condition (A.lc) should instead lead to its analog in the
BSSN formalism,

o

X =& SA R, = X, (A6)
where XS, 1*{ are the BSSN counterparts of the spatial part of the Lorentz boost (3.8) and the

orthogonal transformation in (3.7), whose expression is unknown yet. This naturally leads us
to define the vielbeins of ¢ in the BSSN formalism as,

s = Agin, = R, (A7)
analogously to the standard N + 1 formalism,

my = Agm, m:= Rm,. (A.8)
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We start by computing the conformal decomposition of the objects in the Lorentz frame.
‘We have,

p= Mo Omy = mgy " (RT5R) me =m'dm=m Ay §Agm = my ' dmy.

(A.9)
Since ¢ = e*¥, from (A.9) and (3.11) it follows,

me = ey, m=e¥m, m =eVim. (A.10)
Using (A.7), (A.8) and (A.10) we can write,

my = Agm = A (e*Vin) (A.11)

my = e*Viny = e* (Am) : (A.12)
implying,

Ayt = Ay, (A.13)

The tetrad 71 is a set of three Lorentz vectors m?;, m?,, m®3. The operator A"y acts in the
Lorentz frame and therefore it is blind to the spacetime index. This means that (A.13) is a set
of three equations. Let us denote any of the three Lorentz vectors m?; with u. Then (A.13)
becomes,

, T ppT . Tou\ (A+1
Asu—Asu:><I+§pl)u—(I+I:p )u:p—(i ‘;) (/\+ >p. (A.14)
+ 2+ 1 + pT6u
The coefﬁcien*t in front of P in (A.14) is a Lorentz (and spacetime) scalar, i.e. p and f) are col-
linear, P = € P. Next, we apply A to (A.13) from the left,

AAu = A A (A.15)

Two boosts with collinear boost vectors commute [67, p 50]. This implies that their spatial
parts commute as well. Indeed,

A pT\ (A pTE\ (A pTE) (X pTS
_ P A Pa)_ /\ P p (A.16)
P A P A P A P A
_ <A34pT56 A6T54pT53$> <3A46Tép ipT646T6AS>
AP+Ap PP+ AA, AP+Ap PP+ AN )

. . (A.17)
and since P = £ P and P are collinear, the spatial part of (A.17) reads,
0=pp'd+AA, — Pp'd — AA
S Ty .. (A.18)
= é-ppT(s + AsAs — gppT(s — AsAs = AgAs — AGA,
i.e. the spatial parts commute. Hence (A.15) becomes,
AAu= AAu (A.19)

and using Agu = fxsu (from (A.14)) in (A.19) we get,
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*

Au=Alu= (I+pp'6)u=(I+pp's)u. (A.20)
It follows that,
pp'du=ppou=— Epp du=ppdu=—=1=¢&==1.(A2])

The case & = —1 changes (A.la) and (A.1b) by introducing a minus sign in front of p.
Therefore, we choose & = 1 and get”,

* * «\ 1/2 *
P=p=—=A= (1+pT6p)l/2: (1+pT6p) =\ (A.22a)
—v=p\'=pr'=v (A.22b)
T /2 cxp 12 %
— A= (1+pp'8) "= (1+pp's) " =A. (A.22¢)

Let us now compute the BSSN version of R,, introduced in (3.7). From (3.11), (A.10) and
(A.22¢) it follows that,

R, =0 'mo T oA, = 20~ i1 Te oA, = 2O~VR,  (A23)
which implies,

*

1/2 * 1/2 * *
R:=(6"'R, OR,) PR, = 206-) (5*‘RJ6RO) e 2"YR, " = R, (A.24)

consistently with (A.9) and (A.10). Using (3.11), (A.10), (A.22¢) and (A.24), the spatial part
of the symmetrization condition (A.1c) can be written as,

X = €"6ARm, = @I AR, =: 2@HVY
T N N
= X" = (¢"6ARmy) =@+ (eTdARm,) = XPHPXT, (A.25)

i.e. if x is symmetric, its BSSN counterpart )% is also symmetric, as desired.
In light of (3.11), (A.22) and (A.24), we compute the BSSN decomposition of bimetric
interactions,

n:=e 'v=e¢%"v = n, A=m'v=eYnlv=e2Ya, (A.26a)
Q:= e_lAsze Q.= m_lAszm
=e 2 (E_IASZE> e’ = e (ﬁFIASzm) e
AT i A0, (A.26b)

14 Choosing ¢ = —1, i.e. changing the sign of p, is equivalent to changing the sign of v = pA~!' = p (1+ ppo)fl/Z,

where v is the boost vector and A the Lorentz factor of the boost in (3.8). Therefore, changing the sign of p is
equivalent to consider the boost A~! rather than A in the parametrization (3.8), which is an arbitrary choice that one
can make. This choice would introduce a minus sign in the relation between the shifts (A.1a) and (A.1b), the latter
remaining consistent. Since the two choices are equivalent, and we do not want to change the parametrization in
recasting the bimetric standard 3 + 1 decomposition into the bimetric (¢)BSSN decomposition, we choose £ = 1
without losing generality.
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Di=m'A! eD = e 'ATIm
=e (i 'AT'e) e2? *e_z‘#( A~ ) 2
= V) (gTIA i) = ) D,= X0 (a7 A, in) = 09D, (A260)
Bi=D ' = 2D B.=D ! =2 VB, (A.26d)

We note the following property of the elementary symmetric polynomials,

en(fX) = (fX)[alal (fX)2ay - (fX)a"]an
= (") X1 X2y - X, = fren(X),

where f'is a scalar field. We use this property to compute the bimetric interactions in terms of
the BSSN variables,

d d d
V= —mdzmen(@) = — deﬁ,,en(ez(d’_d’)'b) = — deﬁ,,ez”(w_qs)en(@)
n=0

n=0 n=0

(A.27)

(A.28a)
d d B
=\ deﬁnen,l(B) =-)\"! deﬂ,,en,l(eZ(d’_‘b)B)
n=0 n=0
d
=-A"'m"y BN e, (B) (A.28b)

n=0

d d n—1
U = _)\—l de/BnYn—l(B) _ _)\—l deﬁnZ(—l)n_]+k€k(3)3n_]_k
n=0 k=0

-\~ deﬂnZ n 1+k (2(‘#*45)@)62017lfk)(qpfqg)@nflfk

n=0 k=0
A md25nz Y itke (@)CZk(deb)eZ(w17k)(¢,¢)§n717k
n=0 k=0

A mdzﬁ 2(n=1) (v~ q&)z )= I+k, *)@n 1—k

— ! deﬂnGZ(nfl)(wfdJ) Y, (@), (A.28¢)
n=0
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d
ﬁ::—ﬁm“ZfﬁnYﬂ_l( _—Dmd25nz )11+ (D)D"

n=0 k=0
n—1
— _e2(w— d))Ddeﬁ Z 1)n—1+kek(ez(w—¢)j))ez(n—l—k)(w—¢)®n—1—k
n=0 k=0
n—1
= v ¢>)9de5”2 (— 1)~ ey (D)2 (V=8 e2(n=1-R) (=) Fyn—1—k
n=0 k=0

__gdeB e2n(¥— ¢)Z Y=k, (D) D=1k

=—-D mdz/gneZn(w—aﬁ) Y,_1(D). (A.284d)

n=0

From (A.2g), (A.26D), (A.28¢) and (A.284d) it follows,

d
Q1) = —QD deB "Wy, (D) = —Bm"y ey, (D),

n=0 n=0
(A.29)
~ ~ d —
(Qu) = —A"'am®y "B, DW=y, | (B). (A.30)
n=0
We compute the bimetric sources in (A.5a) in terms of the BSSN variables,
d d B d B
pb = deBnen(B) = deﬂnen(ez(¢_¢)B) = deBnezn(w_qg)en(B),
n=0 n=0 n=0
(A3la)
d A~
= /\deB,,e,, 1 det em ) = )\de@,en_l(ez(w*d’)D)det (ez(‘z’*w)éﬁfl)
n=0 n=0
d A
=\ deBne%"*1)(w*¢)62N(¢*w)en_l (D)det (Eﬁ’lil)
n=0
d R
— /\deBne%"*l*N)(w*qb)en,l(@)det (g,;fl) , (A.31b)
n=0
d d R
jb — deﬂn,y(Qﬁ)n _ —deBne“%@ez”(w_d’)an(D)e‘wn
n=0 n=0
d —
— _ mdzmez”w_z(”_l)‘bWBYn,l (@)ﬁ, (A31c)
n=0
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d
= —jPdet (em_l) = det <ez(¢_¢)éﬁ1_l> deﬂnez"w_z("_l)d’W@an(@)ﬁ

n=0
d
= det (Eﬁfl) deBneZN(qb*w)ez"w*z("*1)¢7§Yn_1 (f))ﬁ
n=0
d A
= det (@) m*y B, NV ImNOABY, L (D)n, (A.31d)
n=0
J° = (VI — (Qu) + WU)
d
= —m"> B, (7= Ve, (D) — VOB, (D) + WA DAy, (B))
n=0
d A A
= —m"> " 3,e?=9) (e,(D)I — BY,_1(D) + WA'@"Vy, ((B)), (A3le)
n=0
Jb = (\~71 — (Qu) + Wﬁlﬁ) det (em™")
d
= —md25,, (A—leZ("—UW—@en,l@)] —AT1QeXn D=9y, | (B)
n=0
+WlDe -9y, (@)) det (62(45—1&)?,51—1)
d
— —demeZ('l*NW*@ ( A12@ Ve, (B)] — A1)y, | (B)
n=0

+W'DY, (D)) det (ein ). (A31))

We remind the reader that N = d — 1 is the dimension of the spacelike hypersurface, in our
case N = 3, and [ is the N x N identity. Note that both the bimetric interactions and sources
can be computed starting with the physical vielbeins and metrics e, m, 7, ¢, or with the con-
formal vielbeins and metrics e, i1, 7, ¢ and the conformal factors ¢, .

A.2. The bimetric standard N + 1equations
The bimetric standard N + 1 evolution equations read [31],
17 = —2aKj, (A.32a)
aJ_K,“ = —D,'Dja + « [R,'j — ZK[kKkj + KKU]
1 i
effk eff’ eff
— QRg {WJ PNV (J i P )} ; (A.32b)
91y = —2akKy, (A.32¢)
5J_kij = —Dibjd +a [RU - 2k[kkkj + ki{ij]

_ o~ LT
amf{@" TN

oy (T — ﬁeff)} : (A.32d)
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with 0, = 0, — %3, 0, =08, — ‘Zﬁ’ Band 3 being the shift vectors of the two metrics. The
bimetric standard N + 1 constraint equations (BCE) are,

2C =R+ K* — K;jK7 — 2k,p" =0, (A.33a)
Ci := DyK*; — DiK — ko™ = 0, (A.33b)
2€ := R+ K? — KK — 2k, = 0, (A.330)
€ := DiK*; — DK — kg™, = 0. (A.33d)

The effective sources are the sum of the bimetric sources given by (A.5), and the external
matter sources,

peff — pb _|_ pm’ jeffi :]bl _|_j[ni7 Jeffl] — Jbl/ +Jml/, (A.34a)

ﬁeff — ﬁb 4 ﬁm’ jeffi :jbi +}mi’ jeffij _ jbij 4 jmij' (A34b)
Note that the relation between the two bimetric currents in (A.5), implies that the two momen-
tum constraints are related to each other'>,

VA {ke ™ (DiKY — DiK) — j™ ) + /o {ry ™" (DkK*; — DiK) — ™} = 0.

(A.35)
The bimetric conservation law (BCL), in its asymmetric and symmetric form, reads
Gy := U, (Din? — K%) + W (Din? + K7;) — Di (UWn) (A.36a)
= =D; (Win) + Ip, (wn7)
i 2 i J
, 1 OVA A ~ (. . 18VA_, -,
—ulj Din/—*a\/inj—Kji —ulj Dinj—*8(n1+Kji =0. (A36b)
2 VA 2 VA

A.3. The bimetric BSSN equations

We now write down the bimetric BSSN equations, applying the procedure in [27, section 11.5]
to (A.32), (A.33) and (A.36), using (A.31) for the bimetric sources.
The bimetric BSSN 3 + 1 evolution equations for the g-sector are,

K

816 = _%, (A.37a)
i = K : Kg efft eff

01K = —'DiDja + o |A"Ay + 3 1t3 (J itp ) , (A.37b)

917, = —20Ay, (A.37¢)

15 Note, however, that solving one momentum constraint does not imply that the other is automatically satisfied.
Both of them need to be solved independently.
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_ 1 1 1 i
alA,»j = e_4¢ {—DiDja + g’)/ijDkaOé + « Rij — *")/,'jR — Kg (Jeffij — g’)/ij.]eff ,>:|} N (A37d)

3
—i —ij —i—k 2 —ij

0,T = —2&" 90 + 20 {FMA@ — 370K + 64”06 - m"fff} (A.37¢)

where

. 1 X

L = B0 + gakﬁk, 25K = B'OK, (A.38a)
— ko — — k| = k 2_ k

L7y = B0+ TudiB" + 70 — 37505 (A.38b)
_ _ _ _ 2_

LAy = oA + A0k + Ay0i 8 — gAijakﬁk, (A.38¢)

.,%r = 5far -T ajﬁ’ + r 861 + vk’ak B + 70,0, (A.38d)

and for the f-sector

~ nK
§0p = _%, (A.39a)
~ U pn K?
9. K = —'D;Djc + @ {A”A,j +3 2f (7" + peff)} (A.39b)
DLy = —2aA;, (A.39¢)
5. I U DN SV SUs PR S et 1 et
Aj=¢e —D;D;a + ggo,»jDkD a+a|Rj— ggoin —rp | — 39 i) , (A.39d)
~ A " A AT -
0. 1" = 24196 + 2 {F}kA"" — 3PIOK + 6AT0 "ﬂfSDUfff} (A.39)
where
- 1. - L.
L= B0 + 0B, LK = FOK, (A.400)
kA s aAk s oAk 2 o 3k
L5pij = B Ok + Q08" + PO — g‘Pijakﬁ , (A.40D)
. o W e a Do
LA = BrOA; + An0;B* + Apdi Bt — gAijakﬂka (A.40c¢)
L1 = pIoT —TV9,8" + r 987 + A’“aka B+ @oa B (A.40d)
The bimetric BSSN constraint equations are
50
C:=7'D;Dje? — §R+ ?A”A — E1<2 + 4g 3ot =, (A4la)
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€ = D; (e*A") - %iﬂbjk — rgefel =, (A.41b)
G:=T +077 =0, (A.41c)
@im @D — SR+ SR - SR e, (A4
C; =Dy (e*AY) — %@Ui)jk — kpe®Vjelll — 0, (Adle)
G =T+ gj¢p' = 0. (A41))

Now we compute the BSSN decomposition of the bimetric conservation law (A.36). We
note that, due to (3.1), the relation between the two conformally related covariant derivatives
of a vector field X' is,

DiX! = DX’/ +2 (X' 0i¢ + 6/ X 0k — 7,,XF* 00 , (A.42)
which implies

DX = DX + 6X'0,0, (A.43)
with analogous formulas for the f-sector. Using the definition of the conformal extrinsic cur-
vatures (3.13) in the cBSSN formalism, the bimetric conservation law becomes

€ =) [Din? +2 (00 + 300k ~ T 040) — ¢ (&, 4+ 109K

FT Dt 2 (W00 + 680 — pun o) + e (A + 0k )|
- D, (uijnj) _ 6uijnj8i¢ (A.44a)
19VA
2 VA
18,»\/5
2 VA

- U {Eni +2(n/0:¢ + 6/n*Okp — Fin T ) — e* (X’; + %5&?)}

= % [E,- (Uijnj) — 6uijnj8i¢>] + uijn-i

+ % [D: (WiA7) — 6UWsni0,) —

Yoy
u'n

- {b,ﬁf +2 (A1 + 677k O — Gun G o) + e (Afi + %51‘,-1%)} =0. (A.44b)

Finally, we insert the expressions computed in appendix A.1 for the quantities appearing in
(A.44), which are written in terms of the BSSN variables.

A.4. The bimetric covariant BSSN equations

At this point, we apply the method described in [28] to the bimetric BSSN equations in appen-
dix A.3. The bimetric interactions and sources are not changed.
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These are the cBSSN 3 + 1 bimetric evolution equations for the g-sector, assuming that the
background connections do not depend on time,

_3L10g(Z) o«

Or¢ = 12 6

(A+K), (A45a)

0.K = ~0.A+ 5 (K +2KA) + oA, A"

_ et (Eiﬁa + 25’@5,-@1)) + %a (Jeffi,» + peff) , (A.45b)
1 — - 1_—
017; = g%aL log (A) — 2« <Aij - 5%'14) , (A.45¢)

0.A; — %X,,al log (&) + %anj

o { 2B A KA+ A [ - (R +A)7,) )

+e % {_D.Djo + 4D0D)é + o [Ry — DDy + 4DisDj — ke } . (A45d)
01N =7/ “Dg;Dgi3' — 7' kEB;kZﬁé

- %K"al log (A) — éwﬁajm log (A) — gaw@f

-2 (Xjk — %ﬁﬂﬁ) (5ij8ka — 6a(5ij8k¢ — aAf;k) — 2f$gae4¢jeffi, (A.45¢)

where Dg and Rp are the covariant derivative and the Riemann tensor of the background
geometry, and

Lpp=p0¢, LK =POK, (A.46q)
Loy = B0 + V0B + V0B, (A.46D)
LsAyj = BOAy + Ay + Aydi5", (A.46¢)
2T = pigT —To,4, (A46d)

_ ]7 — = —k =
Rj = —E’YMDBkDBe%-j + YDA — Vké’ym(iRBj)kzm
—tm A K = ] —m = —m , =
+ 7" AT AT e + 7 (2ATAT e + ATalTope) - (A d6e)

Note that all Lie derivatives in (A.46) are Lie derivatives of tensors, not tensor densities as in
(A.38). Equation (A.46e¢) is an identity for the Ricci tensor of y; in terms of the background
geometry [28, 68] (see appendix A of [68] for the proof). The superscript TF means ‘trace-
free’. Note that all the traces are with respect to 7 except the trace of J°f, which is with
respect to ~y. For the f-sector we have,

5.0 (A)

9= — 5T % (A + K) , (A.47a)
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0.k =-01A+ 5 (K> +2KA) + dA,,-A"f

W

(D ; 2D’aD,1/J) : & (jeffii + ﬁeff> )

=~ . 1, =~ " 1. -
aj_go,-j:ggo,-jaj_log (A)—Za( — 3% A>
1.~ . 1. ~ .
8LA,~j = gAijaj_ log (A) + gAijaJ_A

+a {—22\,-,{21",- + KA; + %A [54; — (K +A) gza,-j]}

+e wb { DDOZ+4D(,CMD)'I/J+ [ 1/J+4D,1/)D/’g/1 _ ,‘ifJEff ]}TF’

LA = M Dg;Dgi ' — G Rely "

— %f\’gL log (A) — l@”@gl log (A) — idgp’jajf(

2 (A/‘k ; ”‘A) (5’ et — 668" 0p — ANT ) — 2Ge 1 M,

where the same conventions and notations as for the g-sector are implied. It holds,

Ly =500, LK =POK,
Ly = B Oy + pudiB* + i,
£ Al] - 6 akAt] +Alkaj/8 +A kaﬁ

_ Bofi — Mo + 219,
= poI" - 19,8 + gF 0,8/,

T 1 ~kl ~

Rij = —?P ‘DeiDeey + oxiDej N — ¢ bRy

P ALY, AT g + P (2ATG( ATy, + ATRAT,,) -

The bimetric cBSSN constraint equations are
— 2 — 2 loao —
=3 (K+A) + 34 A

+e7* (R~ 8D;¢D ¢ — 8D Dip) — 2rp™ = 0,

—i 1 - —ij 1
a4 . Y v/
Ci=e {—\/EDBJ (VAA >+6( 37 JA) 8¢

578 ( K+A) +Z’kAfjk} N )

G:=N 7 (T) ~ Tel) =0,

25

(A.47b)

(A47¢)

(A47d)

(A.47e)

(A.484a)

(A.48b)

(A.48¢)

(A.484)

(A.48e)

(A.49a)

(A.49b)

(A.49¢)
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N AN A2 1. PO
G::§<K+A) + 347 — AgA!

+e 4 (ie — 8DupDip — 8D Dnﬁ) T ) (A.49d)

& e ot {jKD (VAW +6 (41— L4 g

2 . A s
ali) ( K +A) + Akarjk} — kg =0, (A.49¢)

§ o= N — @/ (I, — T ) = 0. (A.49)

The cBSSN BCL is the same as in one in (A.44), since the bimetric interactions (A.26) and
(A.28) are not changed, and the bimetric sources are the same as in (A.31).

A.5. The bimetric covariant BSSN equations in spherical symmetry

The equations in this appendix were computed with the Mathematica package bimEX [69],
which can compute the bimetric cBSSN equations for any desired ansatz.
We write down the cBSSN equations in spherical symmetry, assuming the following ansatz,

@ = diag [a(t, r),b(t,r), b(1,r) sin(9)] , in; = diag [a(z, r (1, r) sin(6)]
A = diag [Ay(1,r), Aa(1, 1), Ao (1, 1)], Al = diag [ 1 (1, 1), A (1, 7), A (1, r)}
. Kr(ta r) Ar(tv r) qr(t’ r) pl(t’ r)
AN=[ o |.A= o |. 4=|[dwn|. p*=|p@r|. (A.50)
0 0 q®(t,r) pi(t,r)

The background geometries for both v and ¢ are chosen to be the spatial part of the flat metric
in spherical coordinates'®,

§ = diag [1,7%,sin(0)?] . (A.51)

From now on, we will assume the time and radial dependence of all the fields. We define the
function,

)
- A.52
R: 205 ( )
and the ‘shifted elementary symmetric polynomials’ [18],

B0 ()

where the 3,y are five real dimensionless constants appearing in the bimetric interaction
potential [1].

16 Note that this is not the Minkowski metric in the Lorentz frame, whose spatial part remains § = diag |1, 1, 1].
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Consistency conditions between the various equations imply that ¢’ = p* = 0, and ¢?, p*
do not appear explicitly into the equations, so we can set them to zero without losing general-
ity. Also, R is the identity and m = m,, which simplifies the computations considerably.

The constraint equations (A.49a) read,

— 2 @ 20,a O,b b Opb
o= o o+ (- 5 -200) (Fr200) -2 (B 20020 ) |

2

+ 3 (K +2A; +Ay) (K +34A;) — 26, (0" + pb) =0, (A.54a)
¥ o,b S

- {2 ( b ’¢) (A1 —A2) - 20, (A2 + 3")} — R (4T =0, (AS54D)

— 2r Oa 20b
G-} <2+3 azb)o’ (A.54¢)

b a
- 2 a 28,& o,b
e= {bz + ( - Zaﬂﬁ)( +za,¢> ( ,rw+2 w)}

2 (R +2h + o) (K 4340 — 2, (77 + ) = 0. (A.54d)

er = e {2 (ab” ,w) ( 2) —20, (Az + ;K)} — k(™) =0, (ASde)

2
A a, 2r 8,61 20,b

G=A" - <b2 + - e 25 ) =0, (A.54f)
where the bimetric energy density and currents are given by

b_ /a2 aett 2 or GV 2y

o= Ry gaw B) A = (R) P (A550)

R2 R2 ae? Q2etVR2 1 B3eSYR2

— 2
. 1 R> ae’? -2 , ae’® a2 @e® |

P =—= <<A 2+ =5 (R)| A> . Pr=——=(R)P'=———= " (AS55h)
We can solve p! from both (A.54b) and (A.54e), obtaining respectively

—24¢ _ _ b\ — _
p! = € . Mg 4 2 d, (Az + 1[() — (28 8Lb (A1 —Az) , (A.56a)
<T€> Kg 3 b
1

262 “
. e R a2 N a,b
P = { 410 aj . + ;f |:ar (Az + gK) — (26 i) (Al *Az) . (A56b)
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The asymmetric—and simpler—version of the BCL (A.44aq) is,
L /a\2
LA UIPNERENY @1 (s ) @)
204 b ~ e2? [~ R ~
2wt (% v | RE) S @)+ 5 (Ror -0+ %) (B
—ea |- (k4 A) (R) 2 (A + 1K) (R)]

_ ¥y {(Zl + %E) <R> +2 (A2+ ;K) (R M —0. (A.57)

The evolution equations (A.45) and (A.47), modified to get the evolution of the comp-

onents A A’ rather than A,],A,J, reduce to
9, log (A _

0K = #oK - 0.4+ 5 (K +2KA) +a (4 +24,)

0,0 (0,a 05\ = i ‘
4 < 7(1728 r! +ia(Jmi+pm+Jbli+pb)9
a a b

2
(A.58b)
1 — _ 1—
Oa=p"0a+a {(’“),ﬁ’ + gal log (A) -« (Al - gA)} , (A.58¢)
_ S | — - 1=
ob=p"0.b+b {gal log (A) — (Az - §A>} , (A.58d)
- A 2
DA = 0A + % +a(A+K) (Al - 3) - %a (err — 0y g _Jbag)
2640 0,b - @
20, — | — 20, R — 5R
+3a2{ { Gb( +b> =+ R = 22}
o.a ob
+8ra (aa + 48r¢ + b) - 8rrO[} ’ (ASS@)
_ _ A [+ A
DA, = BT O,A; + % +a(A+K) (Az 3 %a (err _gml, g, Jb99>
e 4 o.b _ @ —
- 20,0 | = +29, — | = 20,0+ Ry — R
302{ { <Z5( +20,9 + b) ¢+ R = 22}
o,a ob
100 ( : ) - aﬂa} , (A58
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2

a,Kr _ ﬁr ( A _ ;> + ::6 4:?aa (Z Zz) _ 2ng4¢~a (jmr +jbr)

A 2
5 [0, 108(2)0, log(&) — 9,9, log(8)] — 701 log(A) + 0,5 (jg ~A )

b
Jr404{(A1—2Az) (3 68,¢+ab)(Al_A2)r ar(A—I—K)}’
3 a a b

) -

5 ) (A.582)
8¢:B’81/}—5J—log(A) S (A4 k) (A.58h)
' r 12 6 ’
OK =pro,K—0A+ % (K +2KA) + & (A% + 243)
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The evolution equation for p! is obtained from the cBSSN version of (A.8) in [31],

- ~ ~ o 0O,
;00 = @00’ + @105 - 25)

vapt [(R)) (@ 1 57) +2 (8 + 57) (&),
+ap! [@)? (Al + %K) +2 (Az + %K) R <§>j
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+ez¢b(a<R>ia —0‘<R>; 3 )
2N [ a1 0,b+2b8) ~19,b+2b0s¢
+ 27 (oz <R>; T —a <R>: — ) : (A61)

A direct comparison between (A.61) and (2.10) in [36], reveals their equivalence.
Equations (A.54), (A.55), (A.56), (A.57), (A.58), (A.59), (A.60) and (A.61) reduce to the
standard 3 + 1 equations in spherical symmetry presented in [31] after imposing,

K =0, k:O, K:Zl—i—ﬂz, A:A1+2A2,
A =K, Ai:f(i, N = g"‘%_zj:b ’ Ar= g‘f‘afa—zaib s
b a ab 2@ %
6 =0, Y=0, 9.log(A)=—2a (K +2K,), 0. log(A)=—-2a (K1 +2K>) (A.62)

and appropriately using the Hamiltonian constraints in the evolution equations for the traces
K and K, and the momentum constraints in the evolution equations for the conformal factors

b, 1.
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