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Abstract

CrossMark

Digital adiabatic passage in multi-pod and multi-lambda systems is investigated. We show that
using digital variation of control fields, one can create a coherent superposition of ground states
in multi-state systems. In order to design the propagator at every step, the multi-state systems are
simplified to a three-state system using Morris-Shore transformation. In this method, the number
of steps is arbitrary and by increasing the number of steps the population of excited states

decreases to negligible small values. Sensitivity of the final fidelity with respect to exact value of

max decreases by increasing the number of steps.
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1. Introduction

In recent years, creation of coherent superposition of states
due to its application in quantum processes such as quantum
information processing [1] and nonlinear optics [2], has been
considered extensively. Multi-pod and multi-Lambda lin-
kages are two important quantum systems in which coherent
superposition of states can be generated. In a multi-pod
linkage, an arbitrary number of ground states are coupled to
an excited state and the multi-lambda linkage pattern is
composed of an initial ground state, an arbitrary number of
excited states and the target ground states such that the
number of excited states is equal to the number of target
states. In resent years, STIRAP (stimulated Raman adiabatic
passage) [3-9] and m-pulse [10] techniques have been
developed and are used to create a coherent superposition of
ground states in multi-pod and multi-lambda systems
[11-15].

Shapiro et al. [16] proposed a technique, named piecewise
adiabatic passage (PAP), Which can be used to transfer the
population in three-state A-like systems by a train of femtose-
cond pulses. Rangelov and Vitanov [17] proposed another
technique for producing complete population transfer in three-
state A-like systems by a train of coincident pulse pairs, in
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which for large number of pulse pairs the maximum population
in the middle state is reduced to a negligible small value.
Recently, the proposed technique in [17] has been extended to
multi-state systems [18-20], nuclear state population transfer
[21, 22] and hyperbolic-tangent pulses [23]. Vatikus and
Greentree [24] proposed another scheme of adiabatic passage,
with a stepwise change of the fields, named digital adiabatic
passage (DAP). In this scheme the tunnel matrix elements (Rabi
frequencies) are forced to vary in discrete steps, rather than
smoothly. Recently, it has been shown that DAP technique can
be used in optical waveguides in the case of waveguide
separation that is varied digitally [25, 26].

Here we show that DAP technique can be implemented
in multi-pod and multi-lambda systems to generate an arbi-
trary coherent superposition of ground states. For this pur-
pose, by using Morris-Shore (MS) transformation [27-29] we
first reduce the multi-pod and multi-lambda systems to a
three-state A-like system . Then we introduce fractional
digital adiabatic passage (F-DAP) in MS basis and extend it to
original basis. The tunnel matrix elements are piecewise
constant with time and are designed to create an arbitrary
coherent superposition of all ground states from an initial
state. In this method, the Rabi frequencies are changed
abruptly in each step and by increasing the number of steps,

© 2020 IOP Publishing Ltd  Printed in the UK
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Figure 1. Multi-state system with multi-pod linkage pattern (a) in original basis, (b) in MS basis.

maximum population of excited states reduces to a negligible
small values.

This paper is organized as follows. In section 2 we
introduce the Hamiltonian of a multi-pod system. Using a
suitable MS transformation we reduce the Hamiltonian in
original basis to a three state Hamiltonian in MS basis. By
designing stepwise sinusoidal Rabi frequencies we generate a
coherent superposition of desired states. In section 3, we show
how DAP technique can be applied in muti-lambda systems.
Finally, in section 4 we provide a summary of the results.

2. Superposition of states in N-pod systems using
digital pulses

2.1. Reduction to A-system using MS transformation

We consider a system consists of N + 1 ground states and an
excited state |e) [see figure 1(a)]. The initial state |a) is cou-
pled to the excited state with a pump pulse 2p(f). Other
ground states |1}, |2),---,|N) are also coupled to the excited
state with Stokes pulses €2g(¢), Qg (2),--+,Q2sn(2). We impose
that the Stokes pulses have the same shape. The initial
Hamiltonian in original basis {|a), |e), |1), |2),---,|N)} can be
written as (Z = 1):

Qp(y A s1(0) () -+ QD)
ﬁ(t)z (@] QSl(t) 0 0 0 i (1)

0 QSQ(I) 0 0 0

0 Q@ 0 0 - 0

where the single-photon detuning measures the frequency
offset from resonance. The Rabi frequencies of the couplings
between the ground states and the excited state respectively
denoted as

Qp(1) = [Qp(1) |,
QSj(l‘) = |Qsj(t)|ei¢sj,j =1,--,N.

(2a)
(2b)

We assume that all of the laser pulses are in exact resonance
with their transitions (A = 0) and the phases have constant
values. Following MS transformation technique [27-29], the
initial Hamiltonian (1) can be transformed into an effective A-
system reading in the basis, {|a), |le), [¢c)} [see figure 1(b)]
as has been shown in [13, 14, 19, 30]. The Hamiltonian in the
new basis reads:

0 Q) 0

Hyus(t) = | Q@) 0 sc( | 3
0 Qgsc(t) 0
where
|¢c> = X1|1> + X2|2> +ee XN|N>’ “4)

and Qgc(t) = Qs1(t)/x;. In the above equation x;, (i = 1,
2,---, N) is defined as follows:

X1 = X1X2 -+ XN—1, (5a)
X2 = ei(cvsfzzbs,)xl’xZ e XN (5b)
Xy = el fixg . (5¢)

Here x; =sinf; and x;=cosl;, (j=1,2,...,N— 1),
where 0 < 0; < w/2 is an angle parametrizing the Stokes

amplitudes as follows:

_lez(l)l = tan 6, (6a)
|Q2s1() |
B U7 (6b)
Y950 P
[Ssn ()] = tanOy_1. (6¢)

VI Qs P
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2.2. Digital fractional adiabatic passage in MS basis

In the following we impose that ¢p = ¢5; = 0. The eigen-
vectors of the reduced Hamiltonian (3) in MS basis are

Qpla) + Q% + Q¢ le) + Qscloe)

|Dy) = = = ,
2(2p + s50)

Do) = Qscla) — Qplde)
VOB + Q¢

with corresponding eigenenergies

Ey =40 + Q3. Ey=0. (8)

Here |D,) is referred to the dark state in the context of
STIRAP. In F-STIRAP our aim is to transfer the population
from the initial state |a) to the final state |¢) such that we can
create a coherent superposition of these states as:

[Ur(ts)) = cos pla) — sinp|dc). 9

where ¢ is an angle parmetrizing the 2p and Qgc pulses in
MS basis. Using smoothly varying control function for Qp(f)
and Qgc(?), with the constraints that Qsc(f = 0) > Qp(r = 0)

and 5= . ) the population is transferred fractionally

Qp(t = tax)
from |a) to |@c). Our strategy is to digital control of the time
evolution of the system in order to fractional population
transfer between the states |a) and |¢.). For digital control we
use sinusoidal functions in S steps as the pulses in the kth step
are

(Ta)

(7)

QP = Oy sin 5_50] Qb =0 cos[ §p ], 10
U s = weos| g U0
where
St _
£=15 J 1€ [t tha)- (11)

cos? Uy + sin® ¥ cos(r7i)
UMs(Tk) = | —isin Yy sin(Qy7)
sin ¥ cos Yy [cos( ) — 1]

Using digital pulses, the difference between kth and (k + 1)th
dark state is

n(k) =1 = [{Do(k) Dotk + D) = sinz[(sf 1)]. (12)

In the limit of n < 1, the total error in the F-DAP is the sum
over all the individual errors,

S
— k) = §sin?| —2 ] 13
=Yk S‘“[(sn (13)

which becomes in the limit of large S as

2
a4
Nr = 5 14)

In order to calculate the unitary evolution operator for kth step
in MS basis we define the second MS basis so called bright
and dark states [31] as follows:

[vi) = sindila) + cos Iilpe), (15a)
[va) = le), (15b)
[v3) = cosla) — siny|pc), (15¢)
where
Q(k)
tanvy = ——. (16)
04

Due to piecewise constant nature of the digital Hamiltonian,
the mixing angle 1J; is constant. The MS Hamiltonian in the
dark-bright basis is Hg, = TTHysT, where

A sintdy, 0 cosvy
T=|o 1 0o | (17)
cosy, 0 —sinddy
and
A 0 Q O
Hipy=|Qy 0 0] (18)
0 0 0

The dark-bright propagator at the end of kth step can be
calculated as follows:

Uo (1) = exp(—iHTy)

cos( ) —isin(Qym) O
=|—isin(Qym) cos(Qym) O} (19)
0 0 1

where 7, = t{¥) . The transition propagator in the kth step of

MS basis Uys (1) = TUgp T is (20)

—isin sin(y7)  sin g cos i [cos(y i) — 1]

cos(Suy i) —icos Yy sin( 2 71) (20)
—icos Oy sin(Qym)  sin? 9y + cos? Y cos(us7i)
The total propagator during the F-DAP evolution is
Ons(t7) = Ons(75) Unis
x (15-1) =+ Oms(1i) -+ Oms(m) Uwis(7).  (21)

In this method we take fp = t'5) = 7/, and t&) =
ktmax /S. Figure 2 shows the evolution of Rabi frequencies and
population, for S = 5,15 which leads to find a state with equal
superposition of |a) and |§.). The results show that by increasing
the number of steps, S, the maximum population of |e) is
negligible which resembles STIRAP in three-state systems.

It is seen from equation (20) that when t,,x = 2nS7/Qyy,
with n € N in each case, then 7, = 2nkr/Qy and U () will
be an identity matrix. Hence the overall evolution must also
be identity. Figure 3 shows the population of state |-} at the end
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Figure 2. Fractional digital adiabatic passage evolution of Rabi frequencies and population as a function of fractional time #/f,,x in MS basis
for S =5, 15 with ¢ = 7/4 and t,,,, = S7/y,. Half population transfer is achieved in both cases in stepwise manner. However, the

population P.(z ) of the intermediate state is different depending on the number of steps. The Rabi frequencies are designed using (10).
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Figure 3. Final population of |¢..) after Half-DAP in MS basis using sin and cos protocol as a function of f,,,,, for the first four values of S ((a)
odd valus (S = 3, 5, 7, and 9) and (b) even values (S = 4, 6, 8, and 10). When cos(7;§2);) = 1, then the propagator becomes identity, which

is seen by two nulls in the population.

of the Half-DAP protocol as a function of #,,,, for different
values of S. The time axis is considered between two resonance
tmax = 0 and t,,,x = 2857/, corresponding to Ups(Tp) = . It
is observed that sensitivity of the system with respect to the
exact value of #,,,,, decreases with increasing the number of steps
which means the robustness of the population transfer.

2.3. Digital pulses in original basis

The purpose of this section is to create an arbitrary coherent
superposition of all ground states in a (N + 1)-pod system by

F-DAP technique. Using (4) and (9), F-DAP in original basis
leads to

(7)) = cos @ |a) — sinp (x|1) + xal2) + ... + XyIN)).
(22)

For creation of a desired superposition of all ground states

N N
W(tp)) = cala) + > cli), el + Dl =1, (23)

J=1 J=1
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Figure 4. Time evolution of Rabi frequencies and population in a (N + 1)-pod system with N = 5 using S = 5,15 steps that leads to a
superposition of ground states with equal amplitudes at the end of the evolution. The Rabi frequencies are designed using (24).
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Figure 5. Final fidelity of the system with respect to the desired state [Ugegireq) = %(|a) — 1) = |2) — |3) — |4) — |5)) in a (N + 1)-pod

system with N = 5 using the sinusoidal protocol as a function of #,,, for the first four values S ((a) odd values (S = 3, 5, 7, and 9) and (b)
even values (S = 4, 6, 8, and 10)). When cos(7,€2,) = 1, the propagator becomes identity, as it is seen the population starts from 0.168 and

ends at the same value.

at the end of evolution, we use sinusoidal functions for Rabi
frequencies in S steps such that the pulses in the kth step are

QR = Qy sin[sg_ﬁ 1],
¢6

QF) = ¢,y cos [Si

QF) = ¢, cos [ S

)
)

(24a)

(24b)

(24¢)

0K = ¢y cos[ = 1], (24d)

where
3 = arccos(c,), (25a)
(= —o (25b)

NI

By adjusting (3 and (; appropriately, we can create a coherent
superposition of states with desired amplitudes. Figure 4
shows an example for a (N + 1)-pod system, N = 5, using
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Figure 6. Time evolution of populations (left frame) and fidelity (right frame) in a N + 1-pod system with N = 4 using S = 5 steps that lead

to (26). The Rabi frequencies are designed using (24).
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Figure 7. Multi-state system with multi-lambda linkage pattern (a)- in original basis, (b)- in MS basis.

S =5, 15 steps. In both cases, the population is transferred
from the initial state |a) to a superposition of all ground states
with equal amplitudes at the end of the dynamics. The tran-
sient population of the state |¢) is damped to a negligible value
for § = 15. In figure 5 we have plotted the fidelity of
final state, F = |(Uyesireal U(#7)) [* with respect to the desired
state [Yyesirea) = 72(la) — [1) = 12) = 13) = [4) = I5)), as
a function of #,,,«x for different values of S in a (N 4 1)-pod
system with N = 5. We observe that for different values of
fmax> as the number of steps increases, the final fidelity
remains close to 1. Figure 6 shows time evolution of popu-
lations and fidelity in (N + 1)-pod system with N = 4 using
S = 5 steps that leads to a superposition of ground states with
unequal amplitudes and different phases as follows:

W) = = |a

2 [3
— =) = =32
16 ) 16I ) 16 12)
_ ieiﬂ'/6|3> _ iein/2|4>_
16 16

(26)

3. Superposition of states in multi-lambda systems
using digital pulses
3.1. Reduction to A-system using MS transformation

In this section we consider a multi-lambda system [11, 18] as
shown in figure 7(a). The resonant real pump pulses couple the
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Figure 8. Time evolution of populations in a five-lambda system using S = 5, 15 steps of digital pulses that leads to (34). The Rabi

frequencies are designed using (32) and (33).

initial state |a) to a set of excited states |m)(m = N + 1,
N + 2, ...,2N) via Rabi frequencies Qp,(t)(n = 1, 2, ..., N).
The resonant real Stokes pulses {2,(f) also couple the excited
states |m) = [N+ n)(n =1,2 ... ,N) to the ground states
|n). The effective Hamiltonian of such a system in the space
{11, |12),---,I12N), |a)} is given by:

H(@) =
0 0 0 Qg1 (1) 0 0 0
0 0 0 0 Qo) - 0 0
0 0 0 Qsn@ 0
Qgs1(1) 0 0 0 Qp1(0) |-
0 Qp@ - 0 Q@) | (27)
: .0 : : : : :
0 0 - Qsn (D) 0 0 0 0 Qpn (1)
0 0 0 Qp Qpp -+ Opy 0

Following MS transformation technique , the initial Hamiltonian
can be transformed into an effective A-system reading in the
basis {|a), |@,), |¢;)} and N — 1 two state systems which are
separated from each other [see figure 7(b)] [18], in which |¢,)
and |¢,) are superposition of ground states and excited states of
original basis, respectively. In order to satisfty MS condition in
this system we require that the pump Rabi frequencies have the
same shape and also all of the Stokes Rabi frequencies have the
same temporal pule shape:

Qg1(t) = Qs2(t) = -+ = Qsn(t) = Qs(). (28)

The Hamiltonian in the subspace {|a), |$,), |¢,)} can be read as
follows:

0 Qpc(®) 0
Hus(®) = [Qpct) 0 Q50| (29)
0 Q) 0

where
1) = xil1) + Xal2) + -+ + xnIN), (30a)
|¢2> = xIN + 1> + XoIN + 2> +e XN|2N>’ (30b)
Qpc(t) = M. (30¢)
X1

In equation (30), x; can be calculated using (5) and (6) by
substituting €)p; instead of ()g;.

3.2. Digital pulses in original basis

The purpose of this subsection is to create an arbitrary
coherent superposition of all ground states in a multi-lambda
system. For creation of a desired superposition of all ground
states at the end of the evolution as

N
() =3 cili)

j=1

N
Yol =1, (31)
j=1

we use sinusoidal functions in § steps as the pulses in the kth
step are follows:

QF = ¢,y sin L s 32a

Pl 1seMm 2(S — 1) ( )
Q%) = ¢, Oy sin 5—7T s
S PG

(32b)

QK = cyQyy sin _& (32¢)
25— )|

and
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Figure 9. Final fidelity of five-lambda system for desired state (34) as a function of #,,,, using the sinusoidal protocol for the first four values
S (a) odd values (S = 3, 5, 7, and 9) and (b) even values (S = 4, 6, 8, and 10). When cos(7;{),) = 1, the propagator becomes identity, as it is

seen the population starts from zero and ends at the same value.

|

(33)

1<

Qb =0k =... =& = Q¥ = Q) cos| ———
Si $2 SN s M 25 —-1)

where ¢ is given by (11). Figure 8 shows the evolution of
population in a five-lambda system, N =5, for § =5, 15
steps of digital pulses that leads to

3 g
[¥(tp)) = %H) + \/%I%

7 2 4
+ 20 13) + 20 |4) + 20 15). (34)

In both cases the population is transferred from state |a)
to an equal superposition of ground states. The transient
population of the intermediate states is damped as S increases,
where for § = 15 it gives negligibly small values. Figure 9
also shows the fidelity of the final state with respect to the
desired state (34) as a function of t,,,, for different values of S
in a five-lambda system. It is seen, similar to multi-pod sys-
tems as the number of steps increases the robustness of final
fidelity of the system also increases with respect to fax.

4. Conclusion and discussion

In this paper, we studied generation of coherent superposition
of states in multi-pod and multi-lambda systems, with reso-
nant condition, using DAP technique. We showed that this
technique can be extended to fractional population transfer in
a three-state system. By applying MS transformation in both
multi-pod and multi-lambda systems, we found special values
of pulse parameters to designe appropiate digital Rabi fre-
quencies for creatation a desired coherent superposition of
ground states. The results of numerical studies show that DAP

technique in multi-state systems is robust against digitization
of the control parameters and so it resembles simple adiabatic
passage. Moreover, we showed that if the step number of
digital sinusoidal pulses increases, the robustness of final
fidelity of generated superposition state, with respect to #.x,
increases. Recently, the technique of three state DAP imple-
mented experimentally in three optical waveguides [26]. In
[32] an optical beam splitter with one input and N output
waveguide channels (N + 1-pod linkage) is introduced. The
DAP technique in multi-pod systems could be implemented
experimentally in such optical beam splitter. Also the DAP
technique in multi-state systems can be used to creation of
fast qudit gates.

We note that while the analytic solution for digital
adiabatic passage is applicable to exact resonance only, the
technique can be modified to include nonzero single-photon
detuning. In order to numerical study we consider (N + 1)-
pod system with N = 1 as our aim is to transfer the popula-

tion from state |a) to L(|a> — [1)). In figure 10 we plot the

V2

final fidelity of desired state |¥(t;)) = %(la) — |1)) versus
the single-photon detuning for (S = 5, 15) steps of digital
pulses. The figure demonstrates that by increasing the number
of steps, this technique is applicable for some range of non-
zero single-photon detuning.

At the end, we study how the final fidelity is affected by
increasing the number of levels with the same steps of digital
pulses. In order to study the robustness of the protocol for
more complicated level systems, we choice three (N + 1)-pod
systems with N =5, 10, 15. Our aim is to create coherent
superposition of all ground states with equal amplitudes in
these systems using S = 3 steps of digital pulses. In figure 11
we have plotted the fidelity of final state as a function of 7,
using S = 3 steps of digital pulses in these systems. It can be
seen that on all systems, F' = 1 is achieved for the same value
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of t,ax. However, with deviation from this value of #,,,,,, it is
harder and harder to achieve higher fidelities for larger
systems.
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