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Abstract. Fracture of inhomogeneous non-linear elastic rods with a longitudinal circular 
cylindrical crack is analyzed. Rods have circular cross-section and are loaded in torsion. 
General approach for analyzing the strain energy release rate is developed by considering the 
balance of the energy. The rods exhibit continuous material inhomogeneity in both radial and 
length directions. The general approach is applied to analyze the strain energy release rate for a 
longitudinal crack in a clamped inhomogeneous rod loaded in torsion. The strain energy 
release rate is derived also by considering the complementary strain energy for verification.

1. Introduction
The advance in various branches of current engineering is related to extensive use of inhomogeneous 
materials in load-bearing structural members and components. The basic feature of continuously 
inhomogeneous structural materials is the dependence of their properties on spatial coordinates (the 
material properties are continuous functions of spatial coordinates). The increased interest towards 
inhomogeneous materials is due chiefly to widespread application of functionally graded materials [1]. 
The main advantage of functionally graded materials is that their microstructure and properties can be 
formed technologically so as to meet different performance requirements in different parts of a 
structural member. Studying fracture behaviour of inhomogeneous materials is very important for their 
load-bearing structural applications. Usually, fracture of inhomogeneous (functionally graded) 
materials has been analyzed assuming linear-elastic behaviour [2, 3].

The present paper deals with longitudinal fracture analysis of non-linear elastic inhomogeneous 
rods of circular cross-section loaded in torsion. The fracture is studied in terms of the strain energy 
release rate. In contrast to previous publications which analyze the strain energy release rate in 
particular rods by using individual stress-strain relations and laws for distribution of material 
properties [4, 5], the aim of the present paper is to derive general solution to the strain energy release 
rate that is applicable for arbitrary rod configuration in torsion.

2. General approach

An inhomogeneous rod of circular cross-section of radius, 1R , is shown in figure 1. A longitudinal 

crack presenting a circular cylindrical surface of radius, 2R , is located in the rod as shown in figure 1. 

The crack length is denoted by a . The internal crack arm is treated as a rod of circular cross-section of 

radius, 2R , and length, a . The external crack arm is treated as a rod of ring-shaped cross-section of 
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internal and external radiuses, 2R and 1R , and length, a . The rod is loaded by torsion moments, iT , 

as shown in figure 1. A torsion moment, bT , is applied at the free end of the internal crack arm. The 

rod is in state of equilibrium under these torsion moments. The length of the rod is denoted by l . The 
rod exhibits continuous (smooth) material inhomogeneity in both radial and length directions. Besides, 
the material has non-linear elastic mechanical behaviour. 

Figure 1. Geometry and loading of an inhomogeneous rod 
with a longitudinal circular cylindrical crack loaded in torsion.

The longitudinal fracture behaviour of the rod is studied in terms of the strain energy release rate, 

G . General approach for analyzing the strain energy release rate is developed by considering the 

balance of the energy. For this purpose, by assuming a small increase, ad , of the crack length, the 
strain energy release rate is derived as
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where m is the number of the torsion moments, iw is the angle of twist of the rod cross-section in 

which the i-th torsion moment is applied, bw is the angle of twist of the free end of the internal crack 

arm, U is the strain energy stored in the rod that is written as 
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where int0u is the strain energy density in the internal crack arm, 
iextu0 and 

ABextu0 are, respectively, 

the strain energy densities in the i-th portion and portion, AB , of the external crack arm, 
BDuncu0 and 

iuncu0 are, respectively, the strain energy densities in portion, BD , and the i-th portion and of the un-
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cracked part of the rod ( )la £ , n and r are, respectively, the numbers of torsion moments applied at 

the external crack arm and the un-cracked part of the rod, R and j are the polar coordinates. 

By applying the integrals of Maxwell-Mohr, the angles of twist, iw , are written as (figure 1)
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where ijT and 
jextg are, respectively, the torsion moment induced by the unit loading for obtaining of 

iw and the shear strain at the periphery of the rod in the j-th portion of the external crack arm, iABT

and 
ABextg are, respectively, the torsion moment induced by the unit loading for obtaining of iw and 

the shear strain at the periphery of the rod in portion, AB , of the external crack arm, iBDT and
BDuncg

are, respectively, the torsion moment induced by the unit loading for obtaining of iw and the shear 

strain at the periphery of the rod in portion, BD , of the un-cracked part of the rod, ikT and
kuncg are, 

respectively, the torsion moment induced by the unit loading for obtaining of iw and the shear strain 

at the periphery of the rod in the k-th portion of the un-cracked part of the rod. 
The integrals of Maxwell-Mohr are applied also to obtain the angle of twist of the free and of the 

internal crack arm (figure 1)
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where bT and intg are, respectively, the torsion moment induced by the unit loading for obtaining of 

bw and the shear strain at the periphery of the internal crack arm, BDT is the torsion moment in 

portion, BD , induced by the unit loading for obtaining of bw , and kT is the torsion moment in k-

portion of the un-cracked part of the rod induced by the unit loading for obtaining of bw .

By substituting of equation (2), (3) and (4) in (1), one derives the following general expression for 
the strain energy release rate for the longitudinal crack in the inhomogeneous non-linear elastic rod 
configuration shown in figure 1: 
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where the strain energy density, int0u , and the distribution of shear strain, g , in the cross-section of 

the internal crack arm are written as

( )ò=
g

ggt
0

int0 du , R
R2

intg
g= . (6)

In equation (6), ( )gt is the stress-strain relation (t is the shear stress, g is the shear strain), intg

is the shear strain at the periphery of the internal crack arm. The following equation for equilibrium of 

the cross-section of the internal crack arm is used to determine intg :
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After substituting of ( )gt in equation (7), the equation should be solved with respect to ing . The 

strain energy density, 
ABextu0 , that participates in equation (5) is determined by the first formula in 

equation (6). For this purpose, ( )gt is replaced with ( )extextAB
gt where ( )extextAB

gt is the distribution 

of the shear stresses in the cross-section of the external crack arm in portion, AB . The distribution of 

the shear strains, extg , is obtained by replacing of g , ing and 2R with extg , 
ABextg and 1R in the 

second formula in equation (7). The first formula in equation (6) is applied also to calculate the strain 

energy density, 
BDuncu0 , that participates in equation (5). For this purpose, ( )gt is replaced with 

( )uncuncBD
gt . Here, ( )uncuncBD

gt is the distribution of the shear stresses in the cross-section of the 

portion, BD , of the un-cracked part of the rod. The distribution of the shear strains, uncg , is obtained 

by the second formula in equation (6). For this purpose, g , ing and 2R are replaced with uncg , 
BDuncg

and 1R , respectively.

The integration in equation (5) should be carried-out by using the MatLab computer program for 
particular geometry of the inhomogeneous rod, loading conditions, crack location in radial direction 
and laws for distribution of properties of the inhomogeneous material in the rod.

3. Numerical example
The general approach developed in the previous section of the paper is applied here to analyze the 
strain energy release rate for the longitudinal crack in an inhomogeneous cantilever rod that is 
clamped in its right-hand end. 

Figure 2. The strain energy release rate in non-dimensional form (a) presented as a function of t .

(curve 1 – at 2.0/ 12 =RR , curve 2 – at 4.0/ 12 =RR , curve 3 – at 6.0/ 12 =RR ), and (b) presented 

as a function of g (curve 1 – at 25.0/ =la , curve 2 – at 50.0/ =la , curve 3 – at 75.0/ =la ).

The rod is loaded by two torsion moments, 1T and bT , which are applied at the external crack 

arm at distance, 1l , from the free end of the rod and at the free end of the internal crack arm, 

respectively. A longitudinal circular cylindrical crack of radius, 2R , and length, a , is located in the 

rod. The non-linear elastic behaviour of the material and the distribution of material property, H , in 
radial and length directions are treated as
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where S and f are material properties, CH is the value of H at the longitudinal centroidal axis of 

the rod, g is a material property that controls the material gradient in radial direction, 0CH is the 

value of CH at the left-hand end of the rod, t is a material property that controls the material 

gradient in longitudinal direction.
Calculations of the strain energy release rate are performed by applying equation (5). In order to 

verify equation (5), the strain energy release rate is derived also by differentiating the complementary 
strain energy with respect to the delamination crack area. The complementary strain energy stored in 
the rod is obtained by replacing of strain energy densities with complementary strain energy densities 
in equation (2). It should be noted that the strain energy release rate obtained by differentiating the 
complementary strain energy is exact match of that found by equation (5). This fact verifies the 
general approach developed in the present paper.

The calculated strain energy release rate is presented in non-dimensional form by using the 

formula ( )10/ RHGG CN = . It is assumed that 200.0=l m, 010.01 =l m, 005.01 =R m, 41 =T

Nm and 10=bT Nm. The crack position in radial direction and the crack length are characterized by 

12/ RR and la/ ratios, respectively. The influences of the material inhomogeneity in length direction 

and the crack location in radial direction on the longitudinal fracture are illustrated in figure 2a where 

the strain energy release rate is presented in non-dimensional form as a function of t at three 12/ RR

ratios for 25.0/ =la , 2.0=g , 2.1=f and 2.0=S . The curves in figure 2a indicate that the strain 

energy release rate decreases with increasing of t and 12/ RR ratio.

In order to evaluate the influence of the material inhomogeneity in radial direction and the crack 
length on the longitudinal fracture behaviour, the strain energy release rate in non-dimensional form is 
presented as a function of g in figure 2b at three la/ ratios. One can observe in figure 2b that the 

strain energy release rate decreases with increasing of g and la/ ratio.

4. Conclusions
Fracture behaviour of inhomogeneous rods with longitudinal circular cylindrical crack loaded in 
torsion is studied in terms of the strain energy release rate. The rods have circular cross-section and 
exhibit continuous (smooth) material inhomogeneity in both radial and length directions. Besides, the 
material has non-linear elastic mechanical behaviour. General approach for analyzing the strain energy 
release rate is developed by considering the energy balance. The approach is applied to analyze the 
strain energy release rate in a cantilever inhomogeneous rod. For verification, the strain energy release 
rate is derived also by considering the complementary strain energy. It is found that the strain energy 

release rate decreases with increasing of t and 12/ RR ratio. The analysis reveals that the strain 

energy release rate decreases also with increasing of g and la/ ratio.
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