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Abstract — We address the Thomas precession for the hydrogen-like atom and point out that in
the derivation of this effect in the semi-classical approach, two different successions of rotation-free
Lorentz transformations between the laboratory frame K and the proper electron’s frames, Ke(t)
and Kc(t+dt), separated by the time interval d¢, were used by different authors. We further show
that the succession of Lorentz transformations K — K. (t) — Ke(t 4 dt) leads to relativistically
non-adequate results in the frame Ke(¢) with respect to the rotational frequency of the electron
spin, and thus an alternative succession of transformations K — Kc(t), K — K¢(t + dt) must be
applied. From the physical viewpoint this means the validity of the introduced “tracking rule”,
when the rotation-free Lorentz transformation, being realized between the frame of observation K
and the frame K(¢) co-moving with a tracking object at the time moment ¢, remains in force at
any future time moments, too. We apply this rule to the moving macroscopic objects and analyze

its implications with respect to the Thomas-Wigner rotation and its application to astrometry.

Copyright © EPLA, 2020

Introduction. — The Thomas precession of the elec-
tron spin has been introduced in ref. [1] in the semi-
classical analysis of spin-orbit coupling in hydrogen-like
atoms, where the usual representation about a Larmor
precession of the magnetic dipole moment of electron
in the presence of a magnetic field, existing in the co-
moving frames of an orbiting electron, yielded a result
twice larger than the measurement data. This appar-
ent contradiction has been eliminated by Thomas, who
pointed out that the successive Lorentz transformations
(LT) from the rest frame of nucleus K to the frame K,(t)
co-moving with the electron at the moment ¢, and then
from K, (t) to K (t + dt), entail a spatial rotation of coor-
dinate axes of the system K. (¢ + dt) with respect to the
system K, later called the Thomas-Wigner rotation [2,3].
The time derivative of the angle of Thomas-Wigner rota-
tion yields the frequency, equal to half of the frequency of
the Larmor precession wy, of electron’s spin. Hence, the
measured spin-orbit interaction in a hydrogen-like atom
should be half of the value resulting from the frequency
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of Larmor precession, which agrees with the experimental
results.

This disclosure by Thomas has played an important role
in favor of the hypothesis about spin [4] and nowadays,
the Thomas-Wigner rotation and Thomas precession rep-
resent the classical relativistic effects considered in numer-
ous books and papers (see, e.g., refs. [5-13], published
in the 21st century; our own contribution is presented in
refs. [14-20]).

The Thomas-Wigner rotation and Thomas precession,
being purely kinematical effects [21,22], result from non-
commutativity of successive rotation-free LT (Lorentz
boosts L) between three Lorentz frames K, K; and Ko,
moving with non-collinear relative velocities v (between
K, K1) and u (between K;, Ky). Namely, the succession
L(v)L(u), corresponding to the order of transformations
K — K; — Ko, differs from the direct rotation-free trans-
formation L(v & u) from K to Ko by the Thomas-Wigner
rotation of the system Ky with respect to K at the an-
gle fpo. Alternatively, one can consider another succession
of rotation-free transformations K — Ky — K; (L(v @
w)L ™! (u)), which differs from the direct transformation
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K — K; by the Thomas-Wigner rotation of the system
K; with respect to K at the angle ;.

Considering a circular motion of the classical electron
e around the nucleus Ze, resting in the labframe K, we
associate the frame Ky with K(¢) and the frame Ko with
Ke(t+dt). Indicating with v the velocity of K(¢) in K, and
vdt the velocity of Kq(t + dt) in K.(¢), we may follow the
original approach by Thomas [1,2] and use the successive
rotation-free LT L(v)L(0dt)(K — K (t) — Ko (t + dt)).

However, in some other publications (e.g., in the fa-
miliar textbook [22]), the Thomas precession is analyzed
in another situation, where the rotation-free LT are im-
plemented between the pairs of frames K, K¢(t) and K,
Ko (t + dt), where K (t) and K¢ (¢ + dt) are no longer re-
lated via rotation-free LT, unlike the adoption by Thomas.

This finding motivated us to analyze closer the available
publications about the Thomas precession, where all of
them can be indeed divided into two groups:

— the first group, where, following Thomas, the succes-
sion of rotation-free LT K — K (t) — Ke(t + dt) is
adopted, which corresponds to the Thomas-Wigner
rotation between the systems K and K, (¢ + dt) (e.g.,
[1,2,5,21,23-26);

— the second group, where another succession of
rotation-free LT is adopted, K — K, (t), K — Kq(t +
dt), which corresponds to the Thomas-Wigner rota-
tion between the systems K, (t) and Kq(t + dt) (e.g.,
22,27-29)).

We notice that none of the publications in both groups
contain any argumentation with respect to their choice of
succession of LT in the derivation of Thomas precession.
Perhaps, this situation can be explained by the fact that
for the hydrogen-like atom, considered in the semi-classical
limit, both approaches yield identical results with respect
to spin-orbit coupling in the laboratory frame K.

Nevertheless, in the next section, we clarify the princi-
pal difference between both successions of LT mentioned
above, and show that a relativistically adequate solution
in the electron’s co-moving frames is derived only under
the choice of rotation-free LT K — K. (t), K — K (¢ +dt).

Extending this result, named below as the “tracking
rule”, to the motion of macroscopic objects, in the third
section, we analyze the problem of the measurement of the
Thomas-Wigner rotation of an elongated object, moving
in Earth laboratory and suggest an appropriate experi-
ment that can serve also as a new method for the deter-
mination of motional characteristics of Earth and Sun via
the measurement of the Thomas-Winger rotational angle
of the elongated object and its variation due to a self-
rotation of Earth. We conclude in the fourth section.

Incorrect and correct ways to the Thomas pre-
cession. — As is known, the mathematical apparatus of
relativistic kinematics does not contain any means which

Fig. 1: The rest frame of the nucleus K (laboratory frame) and
the electron co-moving frames Ke(t) and K¢ (t+dt) at the time
moments ¢ and t+dt, correspondingly. We show the rotation of
the system K. (¢ 4 dt) at the angle df during the time interval
dt. At the choice of successive LT K — Kc(t) — Ke(t + dt),
this rotation happens with respect to the laboratory system K;
at the choice of succession of LT K — Ke(t), K — Kc(t + dt),
this rotation takes place with respect to the system Ke(¢).

could establish an order of successive rotation-free LT be-
tween three inertial reference frames K;, Ko and K3, mov-
ing with respect to each other with non-collinear relative
velocities. Usually, this circumstance does not bother re-
searchers, because in the majority of situations, a succes-
sion of LT between the frames under consideration is set
exogenously, as was done, for example, in all publications
on the Thomas precession, starting with [1].

In the case of circular motion of a classical electron
around an immovable nucleus, there are two options for
the choice of successive LT under derivation of the Thomas
precession, and both of them: K — Kq(t) — K¢ (¢t + dt)
and K — Ke(t), K — Kc(t + dt) had been used by
researchers, as mentioned above. With respect to a labora-
tory observer, both options yield the same value of the fre-
quency of Thomas precession. Nevertheless, their physical
implications occur differently in the electron’s co-moving
frames.

In order to clarify this difference, we refer to fig. 1,
where, for simplicity, we show the co-moving electron’s
frame K. (¢) at the time moment ¢, when its tangential ve-
locity is parallel to the axis . We also show the co-moving
electron’s frame K. (¢t +dt) at the time moment ¢+ d¢, and
indicate a spatial turn of the system K. (¢4 d¢) around the
axis z at the angle df.

Here, one should notice that under the choice of succes-
sion of rotation-free LT K — K¢ (t) — Kc(t 4+ dt), the axes
of Ke(t + dt) are turned with respect to the axes of the
labframe K, and remain parallel to the axes of Kq(t).

When the rotation-free LT are carried out between the
frames K, Kc(t) and K, Kq(t 4+ dt), then the rotation of
the system K, (¢ + dt) happens with respect to Kq(t). In
this situation, one may conjecture that in electron’s co-
moving frames the precession frequency of its spin could
be different for two different successions of LT.
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Let us show that this is actually the case.

Namely, under the choice of rotation-free transforma-
tions K — Kq(t) — Ke(t 4+ dt) applied by Thomas [1], an
observer in the electron’s frame K. (¢) does not observe any
rotation of the frame K, (¢+dt), so that the corresponding
axes of Kq(t) and K, (¢ 4+ dt) remain parallel to each other
at any t. Hence, the rotational frequency of the electron
spin wg, measured in K, coincides with the Larmor fre-
quency wy, of precession of the magnetic dipole moment
of electron around the magnetic field of the nucleus, i.e.,

(1)

Concurrently, we notice that the transformations K —
Ke(t) = Ke(t + dt) entail the relative spatial rotation of
the systems K and K,(t + dt) at the Thomas-Wigner an-
gle df around the axis z. Hence, the observers in the
electron’s frames K, (t) and K. (¢t + dt) see different spatial
orientations of the x- and y-axes of the laboratory system
K, which differ from each other by the angle —df. This
means that in K., the system K rotates around the axis z
with the frequency

ws =wr(K = Ko(t) = K (t + dt)).

_do _
dt

wi = fwT:—%(K%Ke(t) — Kot + dt)).

(2)

Equations (1) and (2), obtained under the choice of suc-
cessive LT K — K. (t) — K¢ (t + dt), indicate that in the
inertial frames, co-moving with the orbiting electron at
different time moments, the precession of its spin happens
with the Larmor frequency wy, (eq. (1)), and no “Thomas
half” is present in the frames K.(¢) at any ¢, unlike the
precession frequency wy, /2 for a laboratory observer.

Thus we conclude that the succession of transformations
K — Kq(t) = Ke(t + dt) leads to the result, which is not
adequate from the relativistic viewpoint.

Next, we consider the rotation-free LT K — K¢(¢), K —
Ke(t + dt) and analyze their implications in the electron’s
frame.

This choice of transformations implies, by definition, no
relative rotation between the systems K and K, (¢) at any ¢.
Therefore, observers in co-moving electron’s frames K(t)
see fixed spatial orientations of the axes of the labframe
K at any ¢, which means that no rotation of the system K
takes place in Ko, i.e.,

wr = 0(K = K¢ (t), K = Ko (t + dt)), (3)
instead of eq. (2), derived under the alternative choice of
succession of rotation-free LT.

Further, we point out that under the rotation-free trans-
formations K — K¢(t), K — Ke(t 4+ dt), the z- and y-axes
of the frame K. (¢4 dt) are turned with respect to the axes
of K¢(t) at the Thomas-Wigner angle dfr_y around the
axis z. Hence, in K¢(t), the electron spin also experiences
this rotation, which should be added to its rotation due
to Larmor precession. Therefore, in the frame K, the re-
sultant rotation of the electron’s spin happens with half

of the frequency wr:

wWg = W, —

= LK = Ko(t), K> Ke(t+dD).  (4)

Thus, we conclude that under the choice of rotation-
free LT K — K,(t), K — K.(t + dt), both a laboratory
observer and an observer, co-moving with the electron at
any time moment ¢, see the same frequency (4) of preces-
sion of electron’s spin.

The analysis implemented above allows asserting that
only the succession of rotation-free LT K — Kq(t), K —
Kc(t + dt) ensures relativistically adequate solutions for
the spin-orbit interaction, derived in the semi-classical ap-
proach to a hydrogen-like atom, both in the labframe K
and in the proper electron frames K, (t).

Here it is important to recall that all variables of a phys-
ical equation must represent values that are measured in
a unique inertial frame. The exclusion of the atomic nu-
cleus motion from the equation means that the calcula-
tion is carried out in the rest frame of the nucleus. Hence,
Lorentz transformation must be applied to the spin-orbit
interaction energy from the instantaneous rest frame of
the electron to the nuclear rest frame.

Concurrently, we have seen that the alternative choice
of succession of transformations K — Ke(t) — K, (¢t + dt)
yields the incorrect eq. (1) in the frame K. and should be
rejected.

This result shows that in relativistic problems, dealing
with successive LT between at least three Lorentz frames,
moving with non-collinear relative velocities, the order of
application of these transformations cannot be chosen ar-
bitrarily at least in the case where two of the frames under
consideration represent the proper frames co-moving with
the same object at different time moments. It is obvious
that this statement is valid not only for a circular motion,
considered in the analysis of Thomas precession, but for
any motion along a smooth curved path, too, because at
any spatial point, such a motion can be approximated by
a momentary circular motion with a suitable radius.

From the physical viewpoint, this result signifies that,
as soon as we set the rotation-free LT between the frame
of observation K and the frame K(¢) co-moving with a
tracking object at the time moment ¢, then the rotation-
free transformation between K and K(¢) remains in force
at future time moments, too.

In our opinion, this property of LT, which we suggest to
name the “tracking rule”, represents an important addi-
tion to the available mathematical structure of the special
theory of relativity (STR), which allows avoiding non-
adequate solutions of relativistic problems, dealing with
successive LT, as we have demonstrated above via the
analysis of Thomas precession.

In a more general view, let us show that the “track-
ing rule” represents the necessary condition for covariant
description of the motional equation for spin, which is
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given by the BMT equation [29]. Indeed, the spatial com-
ponents of BMT equation for a charged particle with spin
s, moving along a curved path, can be presented in the
form (see, e.g., [22])

( ds ) < ds ) N "
- = - wr S
dt lab dt co-moving 7

where the subscript “lab” defines the quantities in a labo-
ratory frame, the subscript “co-moving” defines the quan-
tities in a set of the frames co-moving with the charged
particle, while the last term on the r.h.s. describes the ro-
tation of the systems attached to the particle, which, we
emphasize, is only possible under application of the “track-
ing rule”, which ensures the Thomas-Wigner rotation be-
tween the systems K(¢) and K(¢ + dt), attached to the
particle at the time moments ¢ and t+dt, correspondingly.

Thus, we conclude that this rule represents the neces-
sary element for the covariant description of motion of
charged particles with spin, and thus, the choice of suc-
cessive rotation-free LT K — K. (t) — Kq(t + dt) in the
description of a hydrogen-like atom [1,2,5,21,23-26], be-
ing at odds with the “tracking rule”, actually leads to
relativistically non-adequate result (1) in the frames K(¢).

Further on, we highlight the general character of eq. (5),
which is applicable not only to electron’s spin, but also
remains in force for any vector, describing, e.g., the mo-
tion of a macroscopic gyroscope [30]. In a macroscopic
scale, it seems especially important to carry out the di-
rect measurement of the Thomas-Wigner rotation with
respect to macroscopic extended bodies moving in a lab-
oratory frame, which will have a fundamental signifi-
cance as the new experimental verification of relativity
theory in phenomena, dealing with successive space-time
transformations.

In addition, we show in the next section that such mea-
surements will open the possibility to develop new astro-
metric methods, which will allow, via the tracking rule,
to extract information with respect to the most general
modes of motion of Earth and the Sun in the Universe.

()

Thomas-Wigner rotation of elongated macro-
scopic objects in terrestrial conditions and its
possible application to astrometric measurements.
— In this section we deal with an elongated object at-
tached to the celestial body (e.g., Earth); which orbits a
host body (e.g., the Sun), and focus our attention to the
Thomas-Wigner rotation of the elongated objects under
application of the “tracking rule”.

For the one-body problem, where a celestial body with
the rest mass m orbits a host body with practically infi-
nite mass, the motion of the body m along an elliptic orbit
immediately provides a natural choice of rotation-free LT
between the frame K, attached to the host body, and the
frame K(¢), co-moving with an orbiting body at the con-
sidered moment t. According to the tracking rule, this
choice of rotation-free transformations remains in force
in that case, where one more object, moving along with

l Ky (#) (object 2)

K, (7) (object 1)

o

Fig. 2: The object 1 with its Lorentz frame K; and the object
2 with its Lorentz frame K are moving along the same ellip-
tic orbit around the immovable host body (the frame K) in
the xy-plane. The object 2, in addition to its elliptic motion,
continuously oscillates in the rotational plane near its current
elliptic coordinate at the velocity u, which is orthogonal to its
orbital velocity v. We assume that u < v, and the distance
between the objects 1 and 2 is much smaller than their respec-
tive distances from the host body and their orbital velocity
v is practically the same. According to the “tracking rule”,
we carry out the rotation-free LT L(v) from K to K; and the
rotation-free LT L(v ® u) from K to Kz, so that the LT from
K1 to K» is not rotation-free.

the celestial body, simultaneously experiences additional
movement, e.g., small oscillations near its equilibrium po-
sition. As an example, in fig. 2 we show the Lorentz frame
K, co-moving at the considered time moment with an
object 1 (e.g., Earth), orbiting in the zy-plane along the
elliptic orbit around the immovable host body (e.g., the
Sun), as well as the Lorentz frame Ks, co-moving with an-
other object 2 (e.g., an elongated rod), which, in addition
to its elliptic motion along with the object 1, continuously
oscillates in the same plane with a small amplitude near
its current equilibrium position. We assume that the dis-
tance between the objects 1 and 2 is much smaller than
their distances from the host body, so that their orbital
velocity v is practically the same.

Following the “tracking rule”, we designate the rotation-
free LT from K to K; via L(v), and the rotation-free LT
from K to Ko via L(v @ u), where w is the velocity of os-
cillation motion of the object 2. Hence, the successive LT
from K; to Ky acquire the form L_l('v)L('v ®wu). In com-
parison with the direct rotation-free transformation L(u)
between K; and Ky, the transformation L™ (v)L(v @ )
entails the Thomas-Wigner rotation between these frames
in the z-direction. With an accuracy of calculations ¢ =2,
the angle of this rotation is equal to (e.g., [22])

(6)

We emphasize that the angle (6), at least in principle,
can be measured by an observer in the frame K; (which

Or—w = |u x v|/2c%.
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can be considered as the labframe on the surface of Earth).
Hence, having known the angle 67_y, and assuming the
velocity w to be known at any time moment, we further
evaluate according to (6) the component of velocity v of
Earth orthogonal to w.

The importance of such measurement is clearly seen in
the situation, where an observer in the labframe K; knows
nothing about the host body, which involves his/her frame
into the elliptic motion.

More specifically, a terrestrial observer can use the fact
of rotation of Earth around the Sun and decide that the
rotation-free LT between the Sun and Earth (Lgg) is ap-
plicable at any time moment. At the same time, the Sun
is also involved into a rotational motion in our Galaxy, so
that the actual rotation-free LT is realized between the
frames attached to the Galaxy rotational center and the
Sun (Lg-s). However, in such a case, the successive trans-
formations from the Galaxy rotational center to Earth
(LgsLs.g) would not be rotation-free, which does con-
tradict the tracking rule, according to which the LT from
the Galaxy rotational center to Earth must be rotation-
free. Thus, in order to avoid this apparent contradiction,
one has to assume that the LT from the frame of the Sun
to the frame of Earth cannot be rotation-free, as soon
as the Sun is involved into its Galactic motion. In this
situation, the measured Thomas-Wigner angle (6) should
correspond to the maximal value of v, which represents
the velocity of Earth in the Galaxy.

A sketch of the simplest experimental scheme for mea-
surement of the angle (6) is shown in fig. 3, where some
rod of the proper length [ (the object 2 in fig. 2), oriented
along the axis x, moves along the axis y, and at the time
moment, when the rod intersects the axis x of the labora-
tory frame, its velocity for a laboratory observer is equal
to u.

Linking figs. 2 and 3, we designate the laboratory frame
as Kj, and the co-moving frame of the rod at the mo-
ment of its intersection with the z-axis as Ko. Thus, due
to the “tracking rule”, the systems K; and Ky experience
the Thomas-Wigner rotation around the axis z at the an-
gle (6). Therefore, the intersection of the rod with the
axis x of the frame K; happens at different time moments
for its different points. One should notice that in typical
laboratory conditions, where, e.g., the length of the rod [
is near 1 m, and a typical velocity of the Sun in the Uni-
verse v ~107 3¢ (where c is the light velocity in vacuum),
the corresponding time difference is tiny. Indeed, at the
Thomas-Wigner angle 07 _y =uv/2¢?, it is equal to

107w lv

= ~10 2.

At =
U 2c2

(7)

In these conditions, applying reciprocating motion of
the rod, we get the possibility of repeating measurements
of the time difference (6). Then, using modern optical
methods in combination with the appropriate data pro-
cessing procedures, it is possible to measure the time in-
terval (7) even under its fluctuations near the average

K (host body)

L)

oscillating rod

Fig. 3: Further details of fig. 2: the laboratory frame K; is
located on Earth (object 1), and the rod [ oriented along the
x-axis (object 2) experiences reciprocating motion along the
axis y with the velocity v at the moment of its intersection
with the axis z. Due to the Thomas-Wigner rotation of the
rest frame of the rod Ko with respect to Ky, the opposite ends
of the rod intersect the axis x at different time moments of the
frame K, which is equipped with the corresponding apparatus
aimed to measure this time difference.

value caused by vibrations in the rod and other factors,
distorting its motion. In these conditions, a self-rotation
of Earth, leading to daily variation of the angle between
vectors v and uw and corresponding variation of the time
difference (7) can be considered as a factor which will sim-
plify the interpretation of the results obtained. What is
more, in the case of high stability of measurement condi-
tions, it will be possible to measure the annual variation
of the time difference (7) due to rotation of Earth around
the Sun.

At the same time, a detailed discussion with respect
to real technical approaches to the performance of this
experiment lies outside the scope of the present paper.

One should notice that the measurement of the Thomas-
Wigner rotation in the experiments at a macroscopic scale
had never been realized before, because intuitively it was
natural to adopt that the rest frame of any elongated ob-
ject, moving with respect to a laboratory observer, should
be related to the laboratory frame via the rotation-free LT,
where no Thomas-Wigner rotation of this object in the
laboratory frame is expected. Thus, only the disclosure
of the “tracking rule”, which invalidates this supposition
and implies a more complicated transformation from the
laboratory frame to the proper frame of a moving object,
makes the proposed experiment topical.

As an outcome of such measurements, we conjecture to
get the possibility to evaluate the velocity of the Earth
and the Sun in space, associated with the component of
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their elliptic motion in the Universe, and to compare it,
e.g., with the known velocity of the Sun in the frame of
isotropy of the cosmic relic radiation.

Conclusion. — The presented approach to the Thomas
precession and determination of spin-orbit interval in the
hydrogen-like atom allowed us to conclude that the two
possible successions of rotation-free LT, K — Kq(t) —
Ke(t+dt) and K — Kq(t), K — K (t+dt), are, in general,
not equivalent to each other. We have shown that only the
set of transformations K — K (t), K — K¢ (t+d¢t) provides
relativistically adequate solutions both in the laboratory
frame and in the rest frames of the orbiting electron and,
by such a way, we came to the “tracking rule”, where the
rotation-free LT between the frame of observation K and
the frame K(¢) co-moving with a tracking object at the
initial time moment, remains in force at any future time
moments, too.

The disclosed “tracking rule” represents an important
addition to the physical content and mathematical struc-
ture of STR, and is closely related to the implementation
of eq. (5), resulting from the covariant BMT equation for
spin. From this angle of view, the “tracking rule” directly
stems from the covariance principle, which ensures rela-
tivistically adequate solutions in any frames of observation
realizable in Nature.

From the practical viewpoint, the “tracking rule” al-
lows to eliminate in many situations any ambiguities in
the choice of physically meaningful successions of rotation-
free transformations between three Lorentz frames under
consideration and, by such a way, straightforwardly re-
solves the known paradoxes with respect to the Thomas
precession and Thomas-Wigner rotation (e.g., [5,17,19,31].
The explicit resolution of these paradoxes will be done
elsewhere.

An attractive perspective of application of the tracking
rule is opened with respect to the determination of the
most fundamental modes of motion of the Sun in the Uni-
verse, via the measurement of the Thomas-Wigner rota-
tion of an elongated object (e.g., the rod in fig. 3), moving
in the laboratory frame.

We emphasize that the possibility of such measurements
—even if the estimated velocity of the Sun agrees with its
velocity in the frame of isotropy of cosmic relic radiation—
does not create any doubts in the validity of the Einstein
relativity principle. Indeed, the “tracking rule”, laying on
the basis of such measurements, is established only with
respect to motional diagrams, where some of the objects
under consideration move along curved paths, so that the
possibility to reveal the motion of one frame with respect
to another frame via “internal” measurement procedure
(e.g., the Thomas-Wigner rotation of the moving body)
does not touch the validity of Einstein relativity principle
formulated in effect for strictly inertial motion.

In the case where the relative velocities between three
inertial frames v, u and v @ u do not depend on time, the

“tracking rule” is no longer needed, and the succession of
rotation-free LT between these frames is set exogenously.
In such a case, the presence of time-independent Thomas-
Wigner rotation between two inertial systems does not
bring non-trivial information and straightforwardly fol-
lows from the general group properties of LT.
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