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Abstract
Material characteristics and input-field specifics limit controllability of nonlinear electromagnetic-
field interactions. As these nonlinear interactions could be exploited to create strongly localized bright
and darkwaves, such as nonlinear surface polaritons, ameliorating this limitation is important.We
present our approach to amelioration, which is based on a surface-polaritonic waveguide
reconfiguration that enables excitation, propagation and coherent control of coupled dark rogue
waves having orthogonal polarizations. Our controlmechanism is achieved by finely tuning laser-field
intensities and their respective detuning at the interface between the atomicmedium and the
metamaterial layer. In particular, we utilize controllable electromagnetically induced transparency
windows commensurate with surface-polaritonic polarization-modulation instability to create
symmetric and asymmetric polaritonic frequency combs associatedwith dark localizedwaves. Our
method takes advantage of an atomic self-defocusing nonlinearity and dark rogue-wave propagation
to obtain a sufficient condition for generating phase singularities. Underpinning thismethod is our
theorywhich incorporates dissipation and dispersion due to the atomicmediumbeing coupled to
nonlinear surface-polaritonic waves. Consequently, ourwaveguide configuration acts as a bimodal
polaritonic frequency-comb generator and high-speed phase rotator, thereby opening prospects for
phase singularities in nanophotonic and quantum communication devices.

1. Introduction

Controllable excitation for nonlinear plasmonics [1] and for polaritonic frequency-comb generation in
nanophotonic circuits would be valuable for spectroscopy [2], quantum [3, 4] and fast optical communication
[5]. Polaritonic and plasmonic excitation boost nonlinearities due to strong coupling of surface-polaritonic
waves(SPWs) to interface, giant surface-field confinement [6, 7], anomalous spectral responses to the surface
optical properties and ultra-fast temporal action of plasmon excitation to the polarization of hybrid interface [1].
Recent investigations reveal excitation and propagation of nonlinear surface polaritonic(plasmonic)waves and
explore applications to various nanoplasmonic systems [8] such as efficient high-harmonic generation [9, 10],
ultra-fast dynamics of SPWs [11], ultra-short pulse focusing [12, 13], light spin coupled to plasmon orbit [14]
and frequency-comb generation [15].

Excitation and propagation of the plasmon oscillation and consequently linear and nonlinear SPWs are
limited due to high-Ohmic loss of themetallic layer [16], dissipation of thematerial layer [17] and input driving
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field [18]. In the past few decades, experimental and theoretical investigations(for an intuitive explanation of
dealingwith plasmonic loss for waveguide application, see [19]) report stable propagation of linear and
nonlinear SPWs employing ultra-low lossmetallic-type layers such as single-crystal [20] andmono-crystal [21]
metallic film, structured Fanometamaterials [22], semiconductormetamaterials [23] and superconducting
metamaterials [24]. These investigations reveal that plasmonic excitation and stable propagation needminimal
metallic nanostructure roughness [25]. Therefore, polaritonic frequency combs, and generally space–time
control of nonlinear SPWs, are unfortunately challenging due tomaterial limitations and driving field
characteristics [26–28].

Propagation of an optical pulse in nonlinearmedia leads to the appearance of strongly localized bright and
darkwaves such as soliton [29], roguewaves and breathers in nearly conservative systems [30]. Bright rogue
waves and breathers are highly localized nonlinear solitary waveswith oscillatory amplitudes [31, 32]. These
waves are valuable for their applications to phase and intensitymodulation schemes [33, 34], as well as the
formation of bound states andmolecule-like behavior [35].More generally, dissipative roguewaves and
breathers [36] have potential applications to nonlinear systems such asmode-locked lasers [37] and frequency-
comb generators [38]. By contrast, dark roguewaveswere only observed duringmultimode polarized light
propagation in a telecommunication fiber to date [39, 40]. Besides, their application remains unexplored.

Previous investigations show that the interface between a dielectric and ametallic layer is highly nonlinear
and SPWshence can propagate as various types of nonlinear optical waves such as soliton, roguewaves and
breathers [41, 42]. On the other hand,many proposals indicate that the optical properties of the linear and
nonlinear SPWs can be controlled [27, 28, 41], and stable propagation of surface polaritonic solitons, rogue
waves and breathers can be achieved by employing a hybrid plasmonicwaveguide comprising a negative index-
metamaterial(NIMM) layer and a thin atomicmedium layer [42].

Excited bright surface-polaritonic breathers have applications to plasmonic-phasemodulation [43] and
polaritonic frequency-comb generation [44, 45]. Therefore, natural questions that appear arewhether the dark-
surface polaritonic roguewaves can be excited by stable propagation and nonlinear interaction ofmultimode
SPWs,whether they are controllable andwhatwould be the application of these nonlinear polaritonic dark
roguewaves. The existence of coupled dark roguewaves, their coherent control and resultant applications to an
experimentally feasible hybrid waveguide has not yet been investigated.

We ameliorate the controllability limitation arising due tomaterial characteristics and input-field properties
by proposing a hybrid plasmonicwaveguide that exploits spectral control of nonlinear electromagnetic-field
interactions including surface polaritons. Ourwaveguide enables excitation, propagation and coherent control
of coupled dark roguewaves with orthogonal polarization and includesfinely tuned laser field intensities and
corresponding detuning at the interface between atomicmedium andNIMM layer.We exploit controllable
double electromagnetically induced transparency (DEIT)windows [46] commensurate with plasmonic analog
of polarization-modulation instability to create symmetric surface polaritonic frequency combs associatedwith
dark roguewaves. Furthermore we take advantage of atomic self-defocusing nonlinearity at EITwindows to
obtain the sufficient condition for surface-polaritonic phase singularities.

Consequently, ourwaveguides twist surface polaritonic phase and generate controllable bimodal frequency
combs based on generating phase singularities and coupled dark roguewave excitations, thereby opening
prospects for designing ultra-fast phase rotor andmultimode frequency-comb generator for nanophotonic and
quantumoptical communication devices. Ourmethod for generating, controlling and propagating polaritonic
dark roguewaves, surface polaritonic phase singularities andmultimode polaritonic frequency combs is based
on introducing atomic dissipation and dispersion to coupled nonlinear SPWs and is novel.

The rest of our paper is organized as follows. In section 2we present the background of ourwork. The stable
excitation of coupled SPs and linear propagation regime is expressed in section 4.1 andwe explore the coupled
nonlinear SPWpropagation and dark rogue-wave formation in section 4.1.1. Finally, we discuss and summarize
our results in sections 5 and 6, respectively.

2. Background

Webegin by briefly reviewingDEITwindows. Next, we discuss polarization-modulation instabilities and
introduce theManakov system and bright and dark rogue-wave formation. Finally, we review salient aspects of
generation and propagation of frequency combs.

2.1.Double electromagnetically induced transparency
This subsections starts with pertinent basic concepts of the single- [47, 48]- and double [46, 49, 50]-induced
transparencywindows.We discuss the important properties of the spectral transparencywindows necessary
for the generation of self-focusing/self-defocusing and cross-focusing/cross-defocusing nonlinearities.
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Self-defocusing and cross-defocusing nonlinearities are necessary to generate coupled-dark roguewaves and
phase singularities.

The notion of an EITwindow refers to interfering electronic transition of an atomicmedium to eliminate or
reduce resonant atomic absorption andmodulate the linear dispersion. This quantum interference is a result of
Fano interference [51] that requires coupling of discrete transition to a continuum and creates narrow spectral
transparencywindows.Dispersion of EIT-assisted atomicmediumwith detuning(δ), eigenfrequencies(δ± )
and dispersion constants(χ± )

c
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d d
c

d d
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-
+

-
+

+
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represents strong Fano interference and hence strong absorption reduction in the resonant conditionwith zero
detuning(δ=0).

Consequently, DEITwindows extend the concept of EIT to create two transparencywindows for a probe
field over different narrow spectral domains. Controlling spectral widths ofDEITwindows is important for
applications to coherent control of light amplification, enhancing nonlinear optical susceptibilities, to achieve
coherent control of frequencywidths for transparencywindows in order to create strong self- and cross-
defocusing optical nonlinearities (i.e. self- and cross-phasemodulation) and tomanipulate group-velocity
dispersion (GVD) of the atomicmedium.

2.2.Modulation instability anddark roguewaves
This subsection begins by introducing the concept of themodulation instability [52].We then discuss the
properties ofmodulation instability in homogeneousmediawith normal/anomalous dispersion. Finally, we
briefly explain the polarization-modulation instability as the possible origin of the coupled nonlinear waves such
as dark roguewaves. Our discussion in this subsection ends by introducing theManakov system,which
describes dynamics of the coupled nonlinear darkwaves.

Modulation instability is known as a process inwhich aweak periodic perturbation can be amplified through
propagation in a nonlinearmedium [52]. In the scalar description of electromagnetic waves or single-mode
propagation regime,modulation instability occurs only for anomalous dispersion and the process is described
by the commonnonlinear Schrödinger equation (NLSE). However, for a vector electromagnetic field, which can
be described by a pair of two-circularly polarized electromagnetic fields within themedium,modulation
instability can emerge in both normal and anomalous dispersion regimes. This nonlinear process is then usually
termed polarizationmodulation instability [53]. ThefirstmulticomponentNLSE type ofmodel with
applications to physics is thewell knownManakovmodel [54]. For two polarization components, the
corresponding set of two coupledNLSEs is completely integrable. In this framework [55], polarization-
modulation instability was found to be the origin of coupled bright or dark roguewaves [40, 56].

Nonlinear dynamics of the two-mode electric fieldwith amplitudes q1,2 and formation of roguewaves are
described by the following systemof coupled equations [54]
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This coupled system can be extended to describe other physical systems by adding higher-order effects to
coupledNLSEs [57]. However, we neglect effects due to these nonlinear dynamical evolution terms in the
coupled nonlinear SPWs as these nonlinear terms are related to higher-order dispersion and nonlinearities,
thereby leading to distinct rogue-wave and polarization-modulation instability properties.Moreover, the rogue
waves can be generated and propagated in the coupledNLSEwith nonlinear coherent coupling term [58]. The
positive nonlinear coherent coupling term leads to energy exchange between the two propagatingmodeswhose
effects on coupled nonlinear SPWs goes beyond the scope of this work. In ourwork, we employ the standard
Manakov system(2) to investigate dynamical evolution of the coupled nonlinear SPWs through the interface
between the atomicmedium and themetamaterial layer.

2.3. Frequency combs
This subsection introduces key concepts of optical frequency combs. Frequency combs refer to equidistant
optical frequency components associatedwith a regular train of ultrashort pulses (with high degree ofmutual
coherence) at afixed repetition rate, andmay be generated in an optical resonator especially [59–62], but not
exclusively. In an opticalmicroresonator with off-set frequency fO and pulse repetition rate fr, the nth frequency
of the opticalmodes is

= ´ +f n f f . 3n r O ( )

Coherent frequency comb excitationwould be valuable due to their wide applications to quantumoptics and
information [63], spectroscopy [2], optical clock [64] inter alia.
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Single-mode surface polaritonic frequency combs can be efficiently excited in a nonlinearmediumwith
reducedGVD [44]. The frequency combs in aweakly perturbedwavewithin a nonlinearmediumwith higher-
order dispersion βn(ω) and frequencyδ are obtained by [5]

å åw w d d
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which represents nonlinear dispersion.We establish controllable excitation and propagation of two-mode
surface polaritonic frequency combs, andwe demonstrate formation of coupled-dark roguewave by symmetric
frequency-combs generationwithinDEITwindows.

3. Approach

Wefirst qualitativelymodel our plasmonic waveguide insection 3.1 by introducing theNIMM layer, the atomic
medium and driving fields. Second, insection 3.2, we introduce an analytical quantitativemathematical
description of ourwaveguide by employing amacroscopic description toNIMM layer, treating driving lasers as
semi-classicalfields and obtaining SPP dynamics using theMaxwell–Bloch equation. Finally, we describe our
perturbative approach and transformation to solveMaxwell–Bloch equations approximately insection 3.3.

3.1.Model
In this subsection, first we introduce ourwaveguide configuration.Nextwe discuss theNIMM layer, atomic
medium and briefly discuss the possible realisticmodels of thesematerials for our proposed scheme. Finally, we
explain the irradiation and coupling of laser fields andmicrowavefields to the interface between the atomic
medium and themetamaterial.

Excitation and stable propagation of coupled dark roguewaves are obtained by a nonlinear waveguide as
depicted infigure 1. This polaritonic apparatus consists of two parts.We assume the upper layer as a transparent
medium, aNIMM layer as a bottom layer and a coherently driven four-level N-type atomicmedium [65]
introduced as a dopant along the dielectric-metamaterial interface. Our configuration serves as a nonlinear
waveguide formed by dopant atoms in a lossless dielectricmediumover a thickness of several dipole-transition
wavelengths.

Variousmetamaterial layers such as active and passiveNIMMand epitaxial silver films can serve as the
plasmonicwaveguide in our proposed scheme [66, 67]. Here we assume afishnet structure with nanorods
possessing low-loss in the optical frequency region.We assume that thisNIMM layer is infiltratedwith a dipolar
gainmedium such as a dye and pumped by an additional trigger laser either perpendicularly through the bottom
layer or via end-fire coupling technique [68].

We choose anN-type atomicmediumbecause of its controllable dispersion and giant Kerr nonlinearity [65].
Specifically, we study +Pr3 -impurities within a Y SiO2 5 crystal with energy levels [69]
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Atomic density isNa, and natural and dephasing decay rates for ñ « ñm n∣ ∣ areΓmn andgmn
dep, respectively [70].

This sample is then cooledwith a cryostat to near the liquid-helium temperature (GHz regime) and assumed as a
top layer of our proposed hybridwaveguide.

Inhomogeneous broadening, which is negligible in cooled gases due to aweakDoppler effect, includes spin–
spin and dipole–dipole interactions. These two interactions are quite large for our solid-state systemnear the

Figure 1.Proposedmultimode nonlinear waveguide, comprising aN-type atoms doped into a lossless dielectric placed above a loss-
freeNIMM layer. Copropagating coupling(c), signal(s) and orthogonally-polarizedweak probe(p) lasers and aμ-wave (μ)field
drive the systemwith Rabi frequenciesΩc (green arrows),Ωs (magenta arrows) and W

p (red arrows), andΩμ (gray arrows),
respectively. Detunings from atomic transitions areD D,c,s p , andΔm.
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liquid-helium temperature [71], but inclusion of these interactions in nonlinear SP dynamics requires further
consideration, which is beyond the scope of ourwork.Multimode polaritonic frequency combs and SP phase
singularities involve preparing a special ensemble of +Pr3 using persistent spectral hole burning [72], which can
circumvent limitations due to inhomogeneous broadening.

Our hybridwaveguide is irradiated by three lasers: a coupling(c), a signal(s) and a circularly polarized
probe(p) laser. These laser beams are injected into the interface between the atomicmedium and theNIMM
layer.We assume that thesefields are transversely confined to the interface with a coupling function
z Îz , m c, s, pm( ) { }, that drives atomic transitions according to Rabi frequenciesΩm.We assume that these
laserfields with different frequencies are produced from a single tunable dye laser and slightly frequency shifted
using acousto-opticmodulators.Moreover, amicrowave (denoted μ)fieldwith central frequencyωμ is incident
perpendicularly to the atomicmedium-NIMM layer and drives the hyper-fine atomic transition.

3.2.Mathematical formalismof the plasmonicwaveguide
This subsection starts with the quantitative description of ourwaveguide. First, wemodel ourNIMM layer and
give amathematical formalism to describe theNIMM layer. Next we discuss the quantitative description of our
atomicmedium at the interface and employ the Liouville formalism commensurate with systemHamiltonian to
obtain dynamics of the atomicmedium interacting with evanescenct laser fields. Finally, wemathematically
describe dynamics of the SPWs in our polaritonic waveguide using reducedMaxwell equation coupled to
Liouville equation.

We evaluate the optical properties of thisNIMM layer employingmacroscopic description of the
metamaterial structure andwe describe the permittivity and permeability of this structure using theDrude–
Lorentzmodel [26, 73, 74]with permittivity
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w

w w g
= -

+
¥

i
6

l l
N

e
2

e( )
( )

and permeability

m m
w

w w g
= -

+¥ i
, 7

l l
N

m
2

m( )
( )

for e¥ andm¥ the background constant for the permittivity and permeability, respectively. The other constants
areωl the perturbation frequency,ωe andωm are the electric andmagnetic plasma frequencies, and γe andγm
are the corresponding decay rates.We assume that thisNIMM layer isfilledwith a R6Gdyemolecule with
macroscopic gain. The effect of dye-molecule gain is incorporated by exploiting the dipole approximation and
taking into account the radiative and nonradiative decay rates of the R6Gdyematerial [75].

We denote atomic energy levels by

w= ÎE j, 1, 2, 3, 4 8j j { } ( )

for each atomic level ñj∣ . Transitions are achieved by drivingwith three co-propagating laser fields at frequencies
ws,c,p inwhichc ands lasers drive transitions ñ « ñ3 4∣ ∣ , ñ « ñ3 2∣ ∣ and orthogonally polarizedp lasers drive
ñ « ñ1 2∣ ∣ transition, respectively. These laserfields are injected into our hybrid waveguide employing the end-

fire coupling technique [76].Moreover, a weakμ-wavefieldwith initial phase θ that is incident perpendicularly
to the atomicmedium-NIMM interface drives ñ « ñ2 4∣ ∣ hyperfine transition. The corresponding frequency
detunings are

w w w w
w w w w

D - D -
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for w+ (w-) denoting left-(right)- circularly polarized probefield frequencies.
The electric field of thewaveguide is
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the electricfield of the pumped lasers
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the electric field vector along the interface
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the amplitude of the electricfield, Lx (Ly) the length of the atomicmedium-NIMM interface
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the confinedmode effective length that determines the confinement of the EMwaves to the interface and
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the effective electrical permeability andmagnetic permeability of the interface.
The Rabi frequencies of the laser fields are

W = W = W =      p p p, , , 17c 34 c s 23 s p 34 p∣ ∣ ∣ ∣ ∣ ∣ ( )

with =p epij ij ij∣ ∣ , where eij denotes the unit vector of the electrical dipolemoment, is the dipolemoment of the

ñ « ñi j∣ ∣ atomic transition. These laser fields tightly confined to the interface both transversely and
longitudinally according to the evanescent decay function [41]

z z z» » e u r , 18p c s 12 p≔ · ( ) ( )

and theμ-wavefieldwith Rabi frequency

qW = Wm m exp i , 19∣ ∣ { } ( )

depletes the excited state’s energy levels and interacts with theN-type atomicmedium in ourwaveguide.
TheHamiltonian of this system in the interaction picture, under rotating-wave and dipole approximations is
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forD º 01 . The other rotated detunings are
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andwe assumeD = D - Dm c s. Dynamics of this hybrid interface is described by the Liouville equation
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forΓ the 4×4matrix describing the decay rates of the Pr:Y SiO2 5 crystal due to dephasing or other
inhomogeneousmechanisms. The explicit solution to the Liouville equation is expressed in appendix A.

Excitation of SPWs is obtained by tight confinement of the plasmonic field through the interface and
modulation of the dissipation and dispersion of the atomicmedium.We assume that strong coupling of the
weak probefield to ñ « ñ1 2∣ ∣ transition yields exciting and propagating the SPWs inwhich dynamics is
governed by theMaxwell equation
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here the electrical dipolemoment of the system is
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Weemploy the slowly varying amplitude approximation as
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to reduce equation (23) to
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Weemploy the circularly polarized probe laser beam to excite and stably propagate themulti-mode SPWs.
To this aim, we employ

e 29ˆ ( )

for right ( + ) and left ( - ) circular polarizations, respectively, with =  ¢ ¢ e ei 2x y( ) as unit electric vector
of the polarized laser light. Unit vectors possess small rotation to achieve equally confined plasmonicfield for
each polarization component andwe also assume small frequency shift induced by acousto-opticmodulators.
We then evaluate dynamics of the Rabi frequency for each polarization components using reducedMaxwell
equation (26) commensurate with the Liouville equation (22).

3.3.Methods
Here, the coupled plasmonic dark roguewaves, phase deformation of plasmonicwaves and controllable
polaritonic frequency combs are obtained using pertubativemethod employing theDarboux transformation. In
section 3.3.1we discuss themultiple scalemethod for perturbative solution of theMaxwell–Liouville equations.
In section 3.3.2we discuss themain steps in formation of Lax pairs and review the dressedDarboux
transformation for solving theManakov systemof equations.

3.3.1.Multiple scaling variable and asymptotic expansion
Ourmethods for solvingMaxwell–Bloch equations in this polaritonic waveguide are based on the asymptotic
expansion commensurate with themultiple-scale fast and slow variables. Asymptotic expansion for an arbitrary
function f (x, t)with respect to sequences  x t,( ) and a perturbation parameter ε is a series or termswritten as
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d e e=: . 31l
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Weasymptotically expand the density-matrix elements (rij˜ ) and probe field Rabi frequency (Ωp) to obtain
perturbative solution ofMaxwell–Bloch equation. In our analysis, we also assume the position to be slow two-
scale variable (x0,1,2) and time as a slower one-step scaled variable (x0,1). Our truncated third-order perturbative
solution (i.e. solution up to l=3) for both probe laser polarizations yields coupledNLSEs.

3.3.2. Lax pair and dressedDarboux transformation
We start this subsection by introducing ourmethod to solve theManakov systemof equations.We beginwith a
brief discussion of Lax-pair formation and thenwe explain the general properties of our dressedDarboux
transformationmethod to solveManakov like system. The general solution of theManakov system can be
obtained using the dressedDarboux transformation [77].We focus on generation and propagation of
fundamental polaritonic dark roguewaves, but ourmethod is powerful beyond our needs here such as yielding
solutions of bright-dark and bright-bright roguewaves in a focusingManakov system [78].

We employ ourmethod to convert equation (2) to connect with the Lax pair of the linear eigenvalue
problem [79]

y
y

y
t

y
¶
¶

=
¶
¶

=
x

X T, , 32( )

with y y= x t k, ,( ) a solution of the aforementionedODEs.Herek is a complex parameter, andX andT are
N×Nmatrices depending on tx k, ,( ).
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We let y 0( ) be the singular solution of equation (32) at zeroth order

y
y

y
t

y
¶
¶

=
¶
¶

=
x

X T, , 33
0

0 0
0

0 0 ( )
( )

( ) ( )
( )

( ) ( )

then the higher order solution of equations (32) is obtained by assuming yy -D x t k, , 0 1( ) ≔ ( ) or consequently

y y= D x t k, , , 340( ) ( )( )

with

= +
-


D x t k
x t

k k
1, ,

,
, 35

pole

( ) ( ) ( )

here is the residuematrix and kpole the pole position in the complex plain k. Evaluatingmatrix is
challenging and can be calculated only for a few cases of nonlinear optical waves.We calculate thismatrix for
special cases of equal polaritonic field amplitude in appendix C. In this work, we employ this transformation to
obtain the surface polaritonic analog of coupled dark roguewaves.

Nowwe show the emergence of SP phase singularities corresponding to phase deformation of a polaritonic
planewave due tofield localization at a specific time and position [39]. This emergence leads to generation of
multimode polaritonic frequency combs in our proposed scheme shown infigure 1. Excitation and propagation
of the dark nonlinear-polaritonic waves, polaritonic phase singularities, and frequency combs are achieved by
coupling the two orthogonal polarizations of the probe laser to the ñ « ñ1 2∣ ∣ transition. TheNIMM layerwith
lowOhmic loss enables low-loss SPWpropagation. Dual EITwindows emerging at the atom-NIMM interface
enables us tomodify nonlinearity and dispersion of the two-mode SPs.

4. Results

In this sectionwe discuss ourmain results.We explain the linear properties of excited two-mode SPWs, obtain
the coupledNLSE systemof equations and give amathematical description to derive theManakov systemof
equations in section 4.1. In section 4.2, we discuss generation of coupled dark roguewaves, formation of surface
polaritonic phase singularities and stable propagation ofmultimode polaritonic frequency combs.

4.1. Coupled surface polaritonic wave excitation andpropagation in the linear regime
Excitation and propagation of the coupled SPwaves would depend on the dispersion and dissipation of the
interface. Generation efficiency and propagation length of the plasmonic waves aremaximized if theOhmic loss
of theNIMM layer and the linear absorption of the atomicmedium areminimized. Consequently, dispersion
and dissipation of the atomicmedium in the linear regime aremodified. As a result, in order to stably
propagating coupled SPwaves, the linear optical properties of the hybrid plasmonicwaveguide should be
modified. Therefore, in this section, we take advantage of the dispersion controllability of atomicmedium
aroundDEITwindows and employ the low-loss behavior ofNIMM layer in the optical region to formulate
stably propagated coupled SPwaves in the linear regime.

We provide a detailed quantitative description of our proposedwaveguide by employing singular
perturbations toMaxwell–Bloch equations [80].We obtain the zeroth-order solution of this perturbative
solution (i.e. the steady-state solution) achieved by setting W = 0p and (∂/∂t)=0 as

r r r= = = ¹+ -  ij1, 0 for 11. 36ij11
0

11
0 0˜ ˜ ˜ ( )( ) ( ) ( )

Our approach is then based on perturbative, asymptotic expansions withmultiple scale position (x) and time (t)
variables [42, 81]

e e= =x x t t, , 37l
l

l
l ( )

forε the perturbation-scale parameter

e
W

W

W

W

W

Wm

  

max , , 38
p

c

p p

s

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

≔ ( )

andl the perturbation order.
We obtain the linear excitation regime by setting l=1 and assuming that perturbation of the atomic states is

weak so only the ñ « ñj 1 ;∣ ∣ Îj 2, 3, 4{ }coherence term contributes to evolution of the coupled SPWs. In this
case

eW = W  , 39p p
1 ( )
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and the density-matrix elements are

r r er= +   . 40ij ij ij
0 1˜ ˜ ˜ ( )( )

We treat a probefieldwith pulse-envelope function ( F ) perturbed as

JW =  F exp i 41p
1 { } ( )

with J w w= - K x t ;( ) ω is the perturbation frequency of the SPwaves and wK ( ) is the chromatic linear
dispersion of the circular polarization components. Thefirst order density-matrix elements are perturbed as

r z J= Î  z F a jexp i , 2, 3, 4 42j j1
1

1
1˜ ( ) { } { } ( )

with other r = 0ji
1˜ .We evaluate the linear dispersion bymappingD D

p p as

w

k

=

+

w

z w w

z w w w w w



 W + - -

W W W - W + +W + + + + + - Wm

 

    

K

43

n c

z d d

z d d d d d21
i i

i i i i i

eff

c
2

31 41

s c
2 2

c
2

21 s
2

41 31 21 41 m
2

( )

( )∣ ( ) ∣ ( )( ))
¯ ∣ ( ) ∣ [ ( ) ( )] ( )[( )( ) ∣ ∣ ]

with

zW W +m mz c.c.. 442 2¯ ≔ ( ) ( )

The complete solution of the first-order perturbation is given in appendix B.
Chromatic dispersion of the SPWs in the interface between the atomicmedium andultra-low loss

metamaterial layer is shown infigure 2. Thisfigure depicts the formation ofDEIT [82] and themodification of
the frequency spectrumby employing small frequency shifts to the probe field polarization components. This
spectralmodification leads to absorption cancellation in the dispersion spectrum. Therefore, each polarization
component (W

p ) excites stable polaritonic waveswithin generated transparencywindows at different spectral
frequencies that can be propagated through interface.

These generated spectral windows depend on the frequency separation ofDEITwindows, which can be
effectivelymodified by finely tuning themicrowave-field intensity with a radio-frequency generator.We achieve
stable coupled-polaritonic waves propagation for

w w» » -+ -9.3 MHz; 8 MHz. 45( )

In this case, the optical properties of the hybrid interface

e c w+1 46d ≔ ( ) ( )

hereχ(ω) is the susceptibility of the interface ismodified as

e e w Im 1, Re 1 47d d[ ] [ ( )] ( )

leading to stable propagation of the SPWs.
We employ the nonlinearity and higher-order dispersion in our analysis by taking advantage of the tightly

confined coupled polaritonic waves.We incorporate the nonlinearity of the atomicmediumby considering both
the self-Kerr nonlinearity (cıı

pp
3( )) and the cross-Kerr nonlinearities (cı

pp
3ȷ( )); with Î ı, ȷ { }and ¹ı ȷ as

Figure 2.Optical properties of the +Pr3 -ions inourhybridwaveguide. Panel(a) represents the absorptionof the atomicmediumfor
right(blue solid-line) and left(reddashed-line) circularpolarizations. Panel(b)depicts the chromatic dispersionof the SPWs for
right(black solid-line) and left(greendashed-line) circularly polarizated components. Parameters are W = W =38 MHz, 80 MHz,s c∣ ∣
D = D = D =m2 MHz, 0, 0.5 MHzs c andD = -D =+ - 5 MHzp p . The suitable temperature is =T 4 K and W »m 2.5 MHz.
Parameters related toNIMMlayer are e m w w g= = = ´ = = ´¥ ¥

- - -1.2, 1.37 10 s , 10 s , 2.37 10 se
16 1

m
15 1

e
13 1 and

g = -10 sm
12 1.
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c w c w c c

c w c w c c

= + W + W

= + W + W

+ + + ++ - +-

- - - -- + -+

,

, 48

p
1

p
2

pp
3

p
2

pp
3

p
1

p
2

pp
3

p
2

pp
3

( ) ( ) ∣ ∣ ∣ ∣

( ) ( ) ∣ ∣ ∣ ∣ ( )

( ) ( ) ( )

( ) ( ) ( )

with

c w
e

=




p

E

N a
, 49p

1 a 21 21
1

0 p

( )
∣ ∣

∣ ∣
( )

andwe consider the higher order dispersion by assuming w as a carrier frequency and employing Taylor
expansion ofK(ω) around the spectral transparencywindows as

åw w w= -

=

¥ 

K
K

m
, 50

m

m

0

m
⎛
⎝⎜

⎞
⎠⎟( )

!
( ) ( )

with w w= ¶ ¶ w w
 

= K Km m
m [ ( ) ] .

Evolution of group velocity for two-mode SPWs in terms of perturbation frequency of the polaritonic waves
is depicted infigure 3.Different group velocities for two-mode SPWs are evident, andwe see the slow-light
propagation in spectral windows ofDEIT. The small group velocitymismatch around the center of spectral
transparencies leads to the intensity profile overlap of the two-mode polaritonicmodes which provides coupled-
mode SPWs. Therefore, points corresponding to w are suitable for stable propagation of coupled SPWs.

4.1.1. Excitation and propagation of coupled nonlinear SPWs
Modifying the linear properties of the SPWs in the interface between the atomicmedium and confining the
electric field component of the polaritonic waves in our nonlinear hybridwaveguide yields the excitation and
propagation of coupled two-mode nonlinear polaritonic waves. As ourwaveguide has the potential to control
self-defocusing nonlinearity of the two-mode SPWs,we predict the excitation of surface polaritonic coupled
darkwave, polaritonic phase singularities and controllablemultimode frequency combs.

Therefore, we organize this section as follows: in section 4.1.2we explore realistic parameters to demonstrate
that dynamics of the two-mode SPs in our polaritonic waveguide is described by theManakov system and in
section 4.2we discuss the consequences of the two-mode nonlinear SPWs evolution in the hybrid polaritonic
waveguide and predict the formation of surface polaritonic coupled dark roguewaves, polaritonic phase
singularities and controllable surface polaritonic frequency combs.

4.1.2. Derivation of standardManakov system
This subsection describes themathematical details ofManakov systemderivation. First, we employ themultiple
scale variablemethod and asymptotic expansion to derive the coupledNLSE.Next we test the efficiency of our
waveguide for a set of experimentally accessible parameters. Finally, we give a detailed technical discussion to
derive the coupledNLSE to theManakov systemof equations.

To evaluate the propagation of the SPWs in the nonlinear regime, we employ asymptotic expansions to
probefield Rabi-frequency and density-matrix elements for both circular polarizations as

e

r r e r

W = å W

- = å

 

  

r t, ,

, 51

l
l l

ij ij l
l

ij
l

p p

0

( )

˜ ˜ ˜ ( )

( )

( ) ( )

Figure 3.Dynamics of group velocity for the two-mode surface-polaritonic waves. The blue solid line represents the linear group
velocity of the SPWs excited by right circularly polarizedwhile the red dashed line represents the SPPdynamics for the left circularly
polarized light. The parameters used in this simulation are the same as thefigure 2.
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with W l
p

( ) and r
ij

l˜ ( ) the lth-order perturbation of the density-matrix elements and probefield Rabi frequencies,
respectively.We obtain the second-order perturbative solution of theMaxwell–Liouville equations by assuming

r z a

r r r r

=

=- + +

  

   

a z F xexp ,

, 52

jj jj
2 2 2 2

2

11
2

22
2

33
2

44
2

˜ ∣ ( )∣ ∣ ∣ { }

˜ ( ˜ ˜ ˜ ) ( )

for diagonalmatrix elements and

r z a

r z a

r z a

r z J

=

=

=

=
¶
¶

 

 

 






a z F x

a z F x

a z F x

a z
F

t

exp ,

exp ,

exp ,

exp i , 53j

23 23
2 2 2

2

24 24
2 2 2

2

34 23
2 2 2

2

1 23
2 2

1

˜ ∣ ( )∣ ∣ ∣ { }
˜ ∣ ( )∣ ∣ ∣ { }
˜ ∣ ( )∣ ∣ ∣ { }

˜ ∣ ( )∣ { } ( )

for nondiagonal density-matrix elements, with Îj 2, 3, 4{ }, and

a e w= KIm 542 [ ( )] ( )
representing the loss coefficient.

Nowwe obtain dynamics of the coupled nonlinear SPWswithin hybrid interface. To this aim, we assume
that the probe laser is a weak field and neglect higher-order perturbation (W = > 0l

p
1( ) ). Dynamics of the

coupled SPWs in the second order approximation (l=2) is then expressed as

w
w

¶
¶

+
¶
¶

= =
¶
¶ w w


 

=

-


x v t

F v
K

i
1

0, , 55
1 g 1

g

1⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎡
⎣⎢

⎤
⎦⎥

( ) ( )

implying that two-mode SPWspropagate with group velocities vg andwith probe pulse-envelope function F .

The pulse envelope depends on the nonlinearity andGVDof the interface. The solvability condition (W = 0p
3( ) )

for the third order l=3 requires

¶
¶

-
¶
¶

- + =
+ + +

++
+

-+
- +F

x

K F

t
W F W F Fi

2
0 56

2

2

1
2

2 2( ∣ ∣ ∣ ∣ ) ( )

and

¶
¶

-
¶
¶

- + =
- - -

-+
+

++
- -F

x

K F

t
W F W F Fi

2
0, 57

2

2

1
2

2 2( ∣ ∣ ∣ ∣ ) ( )

with

w w= ¶ ¶ w w


= K K 582
2 2[ ( ) ]∣ ( )

characterizing atomicGVD.Also

w
c w w w w

w
c w w w w

= - -

= - -




p

p

W
c

W
c

2
, , , ,

2
, , , , 59

ıı

ı

ıı ıı ıı ıı

ı

ı

ı ı ı ı

2
p

21
2 pp

3

2
p

21
2 pp

3

∣ ∣
( )

∣ ∣
( ) ( )ȷ ȷ ȷ ȷ ȷ

( )

( )

denote self-phasemodulation(SPM) ++ --W ( ) and cross-phasemodulation(XPM) +- -+W ( ) of the atomic
medium,which are calculated using

c z z
z w

z w w w w w
=

- + W W + W + +

W W W - W + + W + + + + + - W
m

m m
    

60

z z
D a a z d a D a

z d d d d d

i

i i i i i
ıı

ıı ıı ıı ıı

pp
3 2 11 11

2
22

2 2
s c 31 32

2
42 42

2

s c
2 2

c
2

21 s
2

41 31 21 41
2

* *

( )

( )∣ ( )∣
( ) ( ( ) ( )) ) )

¯ ∣ ( )∣ [ ( ) ( )] ( )[( )( ) ∣ ∣ ]
( )

( ) ( ) ( ) ( )

with

z w wW + - - D z d di i 6111 c
2

31 41≔ ∣ ( ) ∣ ( )( ) ( )

and

z z wW W + W +mD z z di i . 6242 c s 41* *≔ ( ) ( ) ( ) ( )

Equations (57) and(58)haveGVD, SPMandXPMas complex coefficients and are referred to as coupled
Ginsburg-Landau equations.

In obtaining equations (57) and(58)we neglect GVDof theNIMM layer, which is 10−5×GVDof theN-type
atomicmedium. Furthermore, only x0,1,2 and t0,1matter because one can neglect (i)the second derivative of x1
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due to the slowly varying amplitude approximation and (ii)higher-order time scales >tl 1 and >xl 2 due to
negligible higher-order dispersion effects. Our approach exploits controllable (DEIT)windowswith separation
frequency dw* and lowOhmic loss of theNIMM layer to excite two-mode linear and nonlinear SPWmodes.

We treat SPs as two-mode planewaves with total energy  . Furthermore, we assume that excited nonlinear
SPs havewide initial temporal pulsewidth

t t t»+ - 63p p p≔ ( )

and half Rabi frequency

t

-

--
U

K

W2
. 640

2

p
2

≔ ∣ ∣
∣ ∣

( )

Plane SPWs generated by the probe laserwith peak power P0 can propagate up to several nonlinear length
units

--
L

U W

1
65N

0

≔
∣ ∣

( )

in the low-atomic absorption limit a 1 if imaginary parts of SPMandGVDaremuch lower than real parts.
Effective group velocity, GVD and the resultant SP drift are [83]

t
=


D = - = -

D
+ -

- +
+ -

-v
v v

v v
v v v

v

K v

2
, , , 66

g g

g g
g

p g

2 g
2

( )

respectively and average group-velocitymismatch is

pdw tv . 670*¯ ≔ ( )

Dispersion length and group-velocitymismatch length are

t t
d- -

L
K

L
v

2
, , 68D

p
2

2

p≔
∣ ∣

≔
∣ ∣

( )

respectively, whence normalized effective group velocity is

d
d

g
L

L
sgn . 69d

D≔ ( ) ( )

WenormalizedGVD K2 , SPM ++ --W ( ) andXPM W ( ) according to




-
--

g
K

K
g

W

W
, , 70ı ı

D
2

2
N

≔
∣ ∣

≔ ( )ȷ ȷ( )

for g
D
and g ı

N
ȷ( ), with Î ı, ȷ { }, denoting normalizedGVD, SPMandXPM, respectively.

We assume

t s t t= - +s x L t x v, , 2 71D 0≔ ≔ ( )

and employ themapping

s
¶
¶


¶
¶

¶
¶ s

gi , 72d
⎜ ⎟⎛
⎝

⎞
⎠ ( )

and use

a
W

-


u
U

xexp 73
p

0

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟≔ { ¯ } ( )

to see that the two-mode normalized SPwave dynamics is described by the coupledNLSE [77]

s
¶
¶

-
¶
¶

- + =+ + - -


u g u

g u g u u
2

0, 74
ı

ı

ı ı
ı ı ıD

2

2 N
2

N
2( ∣ ∣ ∣ ∣ ) ( )

which can be transformed to the coupledNLSE under certain parameters of the hybridwaveguide.
Nonlinear polarization (PNL) of the interface evidently effects SPWpropagation via small perturbations on

linear SPs. The perturbedwave has amplitude p q, 1 and frequencymodulationWwithmodulation
parameterκ± and initial instability frequency (νmod). Due to nonlinearity of themedium, thewave experiences
chirping
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=
¶ W

¶





t

arg
, 75

p
D[ ( )]

( )

leading to coupled-frequency-comb generation. Nonlinear SPs arise by assumingx has a slowly varying
amplitudemodification to the linear SPs.

We numerically analyze performance of our nonlinear polaritonic waveguide using realistic parameters for
both the atomicmedium [84] and theNIMM layer [68, 85]. Radiative decay is G = G = 9 kHz21

R
23
R , nonradiative

decay is G = 9 kHz42
NR , G = 10 kHz31

NR , and atomic density is = ´ -N 4.7 10 cma
18 3.We assume

W »m 2 MHz∣ ∣ ,Δμ=0.5 MHz and θ=π/2. Signal and coupling lightfields have frequencies
W = W »37.70 MHz, 80 MHzs c and detuningsD » D =2 MHz, 0s c from atomic transitions. These light
fields can be prepared from a laser using acousto-opticmodulation. Under these conditions, we achieve
controllable atomicDEITwindows at

w w» - »- +16.19 MHz, 10.30 MHz. 76( )

DEIT-window frequency separation is dw w w-+ -* ≔ . Coherent excitation and stable coupled-SPW
propagation is achieved by adjusting probe frequency withinDEITwindows.

Wefind: (i)For theDEITwindow centred at w-, nonlinear SPs propagate with

= ´- -v c1.23 10 , 77g
5 ( )

»-- -+W W , and

= + ´
= - + ´

- - -

--
- -

K

W

3.29 0.20i 10 cm s ,

1.59 0.05i 10 cm s .
782

15 1 2

14 1 2

( )
( )

( )

(ii)For theDEITwindow centred at w+, nonlinear SPs propagate with

= ´+ -v c1.896 10 , 79g
5 ( )

wehave »+- ++W W , and

= + ´
= - + ´

+ - -

++
- -

K

W

2.90 0.10i 10 cm s ,

1.46 0.30i 10 cm s .
802

15 1 2

14 1 2

( )
( )

( )

Cases (i) and (ii) imply

» » =+ -g g g g1, 1, 0, 81ı
N D D d ( )ȷ( ) 

and »-v 0, so equation (74) transforms to standardManakov equations [39], which possess dark coupled-
polaritonic nonlinear waves(see appendix C formore details).

4.2. Coupled surface polaritonic dark roguewave excitation, polaritonic phase singularities and
controllable polaritonic frequency combs formation
Our proposed hybridwaveguide supports coupled dark SP roguewaves excited by amplitude and detuning
modulation of driving fields shown in figures 4(a), (b), which depicts SP dynamics. Coupled dark roguewaves
emerge due tomodulation instability and resultant nonlinear interference of perturbed two-mode plane SPWs.

Figure 4. Formation of first-order dark SP roguewave by nonlinear coupling twoplanewave SPs. Panels(a), (b) show intensity
patterns for plane-wave SPs. The blue-colormap shows zero-intensity points for the coupled SPswhereas the dark-red colormap
depicts the enhanced intensity of SPWs. Panels(c), (d) show the evolution of the coupled SPWs depicted in panel(a) in the complex

W - W+ +Im Rep
D

p
D[ ] [ ]( ) ( ) plane. Plots are obtained for atomic absorptions a a» = W =m

+ - 0.15, 60 kHz∣ ∣ , and dw = 20 MHz* .
We use t t= -3.57 p and t t= 0.28 p for panel(c) and panel(d), respectively.
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By controlling nonlinearity and dispersion commensurate with polarization-modulation instability, we obtain
SP-propagation dynamics at the atom-NIMM interface shown infigures 4(c), (d)depicting polaritonic
trajectories (dynamics in the W - WIm Reı

ı
ı

ı
p p[ ] [ ]plane). Dark roguewaves emerge at points corresponding to

W W =Re , Im 0, 0 82ı
ı

ı
ı

p p( [ ] [ ]) ( ) ( )

(‘zero-intensity points’) of the SP trajectorymap.
Formation of coupled polaritonic-dark roguewaves could enablemultimode high-speed polaritonic

switches [44] and phasemodulators [43]. To explore these possibilities, we let

W = W W  exp iarg , 83p
D

p
D

p
D∣ ∣∣ [ ( )] ( )

and consider small frequency separation

dw
w

W » W+ -1, . 84
p

p p
* ∣ ∣ ∣ ∣ ( )

Using reasonable parameters, we obtain

pW » W »+ -arg arg 85p
D

p
D( ) ( ) ( )

which is the phase shift between the initial and recovered state of the two-mode SPWs. This phase shift is also
useful formultimode SP phasemodulation. As our polaritonic waveguide exhibits highly defocusing nonlinear
dispersion, significantly compressed dark temporal pulse through grow-return cycle of perturbed SPPwave is
expected, which yields a fast(switching time falling to 10−8τ0)multimode-SP switching.

Zero-intensity points of two-mode SPs (spatial positions of polaritonic dark rogue-wave)depend onEIT-
window frequency separation, whichwe illustrate by lettingμw field W Wm p∣ ∣  , initial power P0=10 μWfor
SP generation, and dual EITwindowswith q p= 2m , and using dw* as the control parameter. The dual EIT
windows become symmetric for resonance conditionsω≈0 and »+ -K Kj j , Îj 0, 1, 2{ }.

Using realistic parameter values, the intensity hole bifurcates leading to SP phase-singularity formation at

t t- -L L3.57 , 3.57 , 0.28 , 2.60 86p N p N( ) ( ) ( )

for left-circular and

t t- - -L L1.65 , 2.62 , 0.93 , 3.57 87p N p N( ) ( ) ( )

for right-circular polarization.
Wenumerically solve theManakov-like systemby assuming a small perturbation

e pn+ f  
u t P t1 cos 2 e 880 0 mod

i( ) ≔ [ ( )] ( )

in terms ofmodulation amplitude andmodulation frequency.We demonstrate bifurcation of coupled
polaritonic dark roguewaves in time domain bymodifying frequency splitting of the center of symmetric dual
EITwindows as seen clearly infigure 5(a). The zero-intensity point bifurcates aswe increase frequency
separation of the EITwindows from dw » 10 MHz* to dw » 30 MHz* .

DEIT-window frequency separation produces symmetric and tunable frequency chirping as shown in
figure 5(b), achieved by numerically evolving the two-mode polaritonic phase. Generating a symmetric chirp

Figure 5. Impact of symmetry properties of the dual EITwindows on SP dark roguewaves: (a) the evolution of nonlinear SPs for
f f p e e= = = »+ - + -0, 2, 0.04 and n dw= 3mod * . Black and blue solid lines are obtained for dw = 10 MHz* and green and
red dotted lines are obtained for dw = 30 MHz* (b)Time evolution of the two-mode SP phase as a function of the frequency splitting
of the EITwindows. (c) SP frequency combswith symmetric or asymmetric shapes by varying the Rabi frequency of theμ-wave
driving field. (d) SPDrifts(66).
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leads tomultimode surface polaritonic frequency combs, illustrated infigure 5(c) by numerically solving the
Manakov-system for two input plane-wave SPfields with initial condition(88).

Formation of symmetric DEITwindows leads to symmetric frequency chirps, which are time-reversed
quasi-zero SP-wave intensities

Q Q= =-u u u u, 891 2
1

2 1∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )

withΘ denoting the time-reversal operator leading to formation of imitative two-mode polaritonic-frequency
combs.

With theμ-wavefield Rabi frequency as another control parameter (by increasing Wm∣ ∣) in the case of
asymmetric dual EITwindows, we control DEIT-windowwidth as shown infigure 5(c). In this case, we expand
the frequency-combmode number (n) around the EIT-window central frequencies (w) as a power series of
asymmetric SPWdispersion ( l{ } [62] and neglect higher-order dispersion ( >

l 2{ }), yielding

w w n n= + + +   





x
x

2
. 901

2 2
* ( ) ( ) ( )

Some polaritonic-frequency combmodes are absorbed into the narrowEITwindowdue to different linear
dispersions ( ¹+ - 1 1 and d d¹+ + - -K K( ) ( )). This absorption leads to different frequency chirps and an
asymmetric pattern for polaritonic frequency combs.

Polaritonic frequency combswith sideband spacingΔ fall within EITwindows, and dD  ≔
polaritonicmodes are excited at the atom-NIMM interface. Increasing nonlinearity and suppressing higher-
order dispersion

  x c x 912 1
2∣ ( )∣ ∣ ( )∣ ( )

through the atom-NIMM interface, we achieve efficient polaritonic frequency combs in the broad EITwindow,
whereas, in the narrowEITwindow, generated SP frequency combs are absorbed.

Nowwe explain the physical origin of polaritonic dark rogue-waves in our scheme using the SP-wave gain
map and by considering the seeded polaritonicmodulation instability. Thus, we assume small perturbations

= + +k t k t   - W -  W -   
u x t u p q, 1 e e 92x x

0
i i* *( ) [ ] ( )( ˜ ) ( ˜ )

by expanding SP dispersion and normalize nonlinear coefficients, detuning frequencies

d d d»- + 93≔ ( )

and frequencymodulation W¢.We assume

w w» G = D- +  v v, 94g g* *∣ ∣ ∣ ∣ ( )

andmap

m k d z- +g k K g2 2 , 2 . 95D 0 D( ) ˜ ( ) 

Thenwe define

+K K L1 2 . 960 0 N˜ ≔ ( ) ( )

Linearizing for weak perturbation [56] and assuming

»+ -u u 970 0 ( )

yields

m
d

d z m d+ + + + - - =
K

g

K

g

1

4
2 1 2 A 0 982 1

D

2

D

2

2

2 2 2
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )

for

d d+ +- -k K gA 2. 99D
2≔ [ ( )] ( )

The gainmap for the anomalous-dispersion case ( »g 1D ) leads to excitation of nonlinear SPmodes as
polaritonic dark roguewaves commensurate with symmetric normalizedDEITwindows

d< < < W¢ <0.1 1.6, 0.5 2.4, 100( )

which create an allowed dispersion band (termed ‘base-band’) for polaritonicmodulation instability shown in
figure 6(a).

For normal dispersion (self-focusing nonlinearity), maximumgain is achieved in the larger transparency
window commensurate with the coupling laser intensity throughAutler–Townes splitting. For a coupling laser
with q pW » =100 MHz, 2c m , observed base-bandmodulation instability is within
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d< < < W¢ <1.5 3, 0.3 1.4 101( )

as shown infigure 6(b).
Our interactingmultimode nonlinear SPWs arise by perturbing coupledMaxwell equations so the total

polarization of our hybrid plasmonicwaveguide is linear and thus obtain linear electric fields ESP for each SP
wave(see appendixD for a detailed derivation of coupledMaxwell equationwith nonlinear polarization). By
introducing nonlinear polarization and accounting for SPMandXPMas small perturbations, the nonlinear
electric field ismodified to

òx
w m

 = -
 P E

Ek n

y

y
i
2

d

d
. 102

2
0

p eff

NL SP

2∬ ∣ ∣
( )

Weachieve nonlinear SPWs by substituting thismodification into coupledMaxwell equations and solve the
resultant equation using

x x x=  exp iarg , 103∣ ∣ [ ( )] ( )

and

»dg g 0 104D ( )

in theweak perturbation limit. Then

x x= ++ + - -E E E 105SP SP ( )

in the total nonlinear electric field leading to an interference pattern. Consequently, we achieve a phase
singularity in the spatial position due to destructive interference.

5.Discussion

Wehave presented awaveguide configuration to overcome the limitation in the controllability of coupled
surface polariton’s nonlinear interaction.We have employed both polarization and basebandmodulation
instability formalism in ourwaveguide configuration to generate the stable propagation of coupled dark rogue
wave.Our theory incorporates the atomic dissipation and dispersion to the coupled SPWs for generating and
controlling surface polaritonic phase singularities andmulti-mode surface polaritonic frequency combs.

Polaritonic dark rogue-wave formation depends on the group-velocitymismatch for the two polaritonic
modes, as shown infigure 5(d) by simulating drift of the two SPmodes. If XPMand SPMdiffer

d» +g g g , 106ıı
N N

( )( ) ( )

and the standardManakov systembecomes depleted, our predicted nonlinear waves cannot be observed under
those conditions. In our scheme, stable polaritonic dark roguewaves are excited around theDEIT-window
center for which

  x c x 1 1072 1
2∣ ( )∣ ∣ ( )∣ ( ) 

and the two-mode SPs have the same drift.

Figure 6. Intensitymap of theweakly perturbed coupled SPwaves in the (a)normal and (b)anomalous dispersion regimes in the
presence of giant self-defocusing nonlinearity. Panels(c), (d) showphase evolution of the perturbed u SPWs at the atom-NIMM
interface, respectively. Phase singularity and consequent twisting of SPs at the position of stable polaritonic dark roguewaves are
clearly seen.
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Coupled polaritonic dark roguewaves can also be generated and propagated in our hybrid plasmonic
waveguide by adding the positive coherent nonlinear term [58] corresponding to energy exchange between
coupled nonlinear SPWs. The energy-exchange effect between coupled SPWs in dark roguewave formation in a
plasmonic system is challenging and its inclusion goes beyond the scope of this work.Moreover, higher-order
surface polaritonic dark roguewaves can be excited and propagate in our nonlinear waveguide; however they
can be assumed as a nonlinear superposition of afixedwell-prescribed number of the fundamental dark rogue
waves [78]. Ourwork only deals with the first-order polaritonic dark roguewaves.

Our nonlinear waveguide could serve as an SP phase rotor due to the emergence of coupled polaritonic dark
roguewaves and resultant interference patterns shown infigures 6(c), (d). To this aim, we add a small
perturbation to the two-mode plane SPWs(88) and consider their nonlinear interference during their
propagation along the atom-NIMM interface. The SP twisted phase at the position of the polaritonic coupled
dark roguewaves leads to singularity formation shown infigures 6(c), (d), which are obtained by simulating the
nonlinear dynamics of planewave SPs at the nonlinear interface.

6. Conclusions

In summary, we propose amultimode polaritonic waveguide that exploits self-defocusing nonlinearity from
N-type atoms above the negative-indexmetamaterial to control and excite strongly localized dark polaritonic
waves.We have shown generation and stable propagation of polaritonic dark roguewaves in this system for
appropriate driving field intensities and detunings.Moreover, we establish symmetric and anti-symmetric
multimode SP frequency combs bymodulating dual EITwindows commensurate with base-band SP-
modulation instabilities. Our proposedwaveguide twists the SP phase by nonlinear phase interference through
the formation of dark-polaritonic roguewaveswithin symmetric atomicDEITwindows.Energy exchange
between the coupled SPWswould be interesting; however,modeling energy interchange between these
nonlinear plasmonicwaves is challenging.

Ourwork focuses on fundamental plasmonic dark roguewaves; higher-order coupled polaritonic rogue
waves can be assumed to be a nonlinear superposition of afixedwell prescribed number of the fundamental dark
roguewave. Therefore, our configuration could serve as a fast surface polaritonicmodulator,multimode SP
phasemodulator and SP phase rotator, which could open prospects for investigating phase singularities in
quantum-communication applications and for building compact nano-plasmonic devices.
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AppendixA. Solution of the Liouville equation

The explicit solution of the Liouville operator is

r r r z r z r r
¶
¶

+ G + G - G + W + W + W - =
t

z zi i i
1

2
c.c. 0, A121 22 32 33 42 44 p 12 s 23 m 24* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ˜ ˜ [ ( ) ˜ ( ) ˜ ˜ ] ( )

r r z r z r z r z r
¶
¶

+ G - G + W - W + W - W =
t

z z z zi i
1

2
0, A233 33 43 44 s 32 s 23 c 34 c 43* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ˜ [ ( ) ˜ ( ) ˜ ( ) ˜ ( ) ˜ ] ( )

r z r z r r r
¶
¶

+ G + - + W + W =
t

z zi
1

2
0, A344 44 14 41 m 42 m 24* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ [ ( ) ˜ ( ) ˜ ˜ ˜ ] ( )

r z r r z r r
¶
¶

+ + W + W + W - =
t

d z zi
1

2

1

2

1

2
0, A421 21 s 31 m 41 p 11 22*⎜ ⎟⎛

⎝
⎞
⎠ ˜ ( ) ˜ ˜ ( ) ( ˜ ˜ ) ( )

r z r z r z r
¶
¶

+ + + W - W =
t

d z z zi
1

2

1

2

1

2
0, A531 31 21 c 41 p 32* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ( ) ˜ ( ) ˜ ( ) ˜ ( )

r z r r z r
¶
¶

+ + W + W - W =
t

d z zi
1

2

1

2

1

2
0, A641 41 c 31 m 21 c 42* * *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ( ) ˜ ˜ ( ) ˜ ( )

r z r z r r z r r
¶
¶

+ + W - W + W + W - =
t

d z z zi
1

2

1

2

1

2

1

2
0, A723 23 p 13 c 24 m 43 s 33 22* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ( ) ˜ ( ) ˜ ˜ ( ) ( ˜ ˜ ) ( )
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r z r z r z r r r
¶
¶

+ + W - W + W + W - =
t

d z z zi
1

2

1

2

1

2

1

2
0, A842 42 p 41 c 32 s 43 m 22 44* * *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ( ) ˜ ( ) ˜ ( ) ˜ ( ˜ ˜ ) ( )

r r z r z r r
¶
¶

+ + W + W + W - =
t

d z zi
1

2

1

2

1

2
0, A943 43 m 23 s 42 c 33 44* *⎜ ⎟⎛

⎝
⎞
⎠ ˜ ˜ ( ) ˜ ( ) ( ˜ ˜ ) ( )

here

w g w g
w g

=-D + D + = -D + D - D +
=-D + D + D - D +

d d

d

i , i ,

i , A10

21 21 p 21 31 31 p s 31

41 41 c p s 41

( )
( ) ( )

w g w w g= -D + D + = -D + D - D + G = -D + D +d d di , i , i , A1123 23 s 23 42 42 c s 42 43 43 c 43( ) ( )

and

G G - G G G + G + G, , A1233 23 31 44 43 42 41≔ ≔ ( )

with G å G¹j l j jl≔ the total decay rate of the ñj∣ level, gij
dep as dephasing rates of the correspond atomic transitions

and

g g=
G + G

+
2

. A13ij
i j

ij
dep ( )

The Liouville equation for left and right probe field polarizations can then be readily obtained bymapping

W W D D , . A14p p p p ( ) 

The inhomogeneous broadening of the solid sample affect dij due to small-energy shift wD ij of the ñ « ñi j∣ ∣
atomic transition. Investigating the effect of the inhomogeneous broadening to theGVD, SPM,XPMand other
nonlinear parameters of the system are challenging and need further considerations. Our predicted phase
singularities and nonlinear dark roguewaves could be achieved in a specific subensemble of the +Pr3 -ionswith
wD 0ij  such as those occur via persistent spectral-hole burning technique.

Appendix B. Analytic solution of thefirst-order perturbative solution

In this appendix, we deal with the first order perturbative solution of theMaxwell–Bloch equation. It is worth
noting that the perturbative solution of theMaxwell–Bloch equations yields set of linear and inhomogeneous
equations that can be solved order by order.

We obtain thefirst-order perturbative solution by linearizing the coupledMaxwell–Bloch equations. This
linearization is achieved by substituting equations (40) and (41) intoMaxwell–Bloch equations. Then, we obtain
thefirst-order solution of the density-matrix elements in this hybrid waveguide can be expressed as

z w w
z w w w w w

=
W + - -

W W W - W + + W + + + + + - W


 

    
a

z d d

z d d d d d

i i

i i i i i
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1 c

2
31 41

s c m
2 2

c
2

21 s
2

41 31 21 41 m
2

∣ ( ) ∣ ( )( ))
( ¯ ) ∣ ( )∣ [ ( ) ( )] ( )[( )( ) ∣ ∣ ]

( )

z w z
z w w w w w

=
W + - W W

W W W - W + + W + + + + + - W




    
a

z d z

z d d d d d
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i i i i i
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31
1 s 41 c m
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2 2

c
2

21 s
2

41 31 21 41 m
2

* *( ) ( ) ( )
( ¯ ) ∣ ( )∣ [ ( ) ( )] ( )[( )( ) ∣ ∣ ]

( )

w z
z w w w w w

=
W + - W W

W W W - W + + W + + + + + - W


    
a

d z

z d d d d d

i

i i i i i
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2
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s c m
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c
2

21 s
2

41 31 21 41 m
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* *( ) ( )
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( )

Above analytic solutions describe the optical properties of the hybrid-plasmonic waveguide in the linear
approximation. The chromatic linear dispersion of this hybridwaveguide would then obtained using
equation (B1) for both left–right circular polarization of the probefield.

AppendixC.DressedDarboux transformation and coupled dark roguewave solution

Weobtain theManakov systembased on coupledNLSE formalism (i.e. equation (74)) bymapping

-u
g

g
t

g
x uexp i

2 4
, C1ı

ı

ı

ı
ıd

D

d⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎛
⎝⎜

⎞
⎠⎟

⎫
⎬
⎭ ˜ ( )

assuming normal GVDand considering symmetric DEITwindows. Then theManakov system reduces to 3×3
linear eigenvalue problem
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s
s

s
¶
¶

= L +
¶
¶

= - L - L + -
¶
¶


R

G R
R

G Q Q
Q

R
s

,
3

2

3

2

i

2
, C22

3
2⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥( ) ( )

L is the spectral parameter, R r s t, ,≔ ( )† is the arbitrarymatrix (†denotes thematrix transpose)

s= - = - -G diag 2i, i, i , diag 1, 1, 1 C33( ) ( ) ( )

and

=
+ -

+

-


u u
u
u

0
0 0
0 0

. C4*
*

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )

Weassume the two-mode plane SPPwaves excite and propagate as

k t= W -   u x t u x, exp i C50 0( ) ∣ ∣ { ( ˜ )} ( )

with

t t w w- + ++t x v x x k K
L

,
1

. C60
D

⎛
⎝⎜

⎞
⎠⎟≔ ( ) ˜ ≔ ( ) ( ) ( )

In order to obtain the general solution of the Lax-pairs, we introduce

F L
+

+

-

-
- R

u

u

u

u
diag 1, , , , C7

0 0

1* *⎛
⎝⎜

⎞
⎠⎟≔

∣ ∣ ∣ ∣
≔ ( ) ( )

Thenwe assumematrix perturbation around a stable pole L » L0 as

e eL » L + L - L , C80 0 0
2*( ) ( ) ( )

e e eF F F FL » + + + + . C9n0 2 1 4 2 2( ) ( ) ( )( ) ( ) ( ) 

Wedefine the characteristicmatrix ´Y n1 as

F F F F= ¼ -
Y
Y
Y
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⎡

⎣
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and evaluate the elements of the M matrix elements as
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We then obtain the nth order solution of equations (C2) as
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Employing theDarboux transformation [86] in theweak perturbation of the spectral parameter yields tofirst-
order coupled-dark roguewave generation described by

s
J J b

J J b J b
= +

L - L
- ++ + + - - -

u s u
u u

, 1
3

, C14ı ı
ı ı
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here, we also assume h h h»+ - ≔ and

J s w h b w h w J J
b

- + + - +si 2, i 2 ,
1

i
. C16ı ı ı

ı* * *≔ ( ) ≔ ( ) ≔ ( )

Our simulations are performed by rotating equation (C14) to the original variable (x, τ).

AppendixD.Derivation of the coupledNLSE

In this section, we derive the coupled-mode theory for SPPwaves at the nonlinearmedium-metamaterial layer
at the interface.We start withMaxwell equations
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 ´ = -
¶
¶

´ = +
¶
¶

E
B

H J
D

t t
, . D1( )

Weassume no charge density (i.e. =J 0), monochromatic electromagnetic fields with angular frequency (ω).
Treating optical properties of nonlinearmedium as ẽ,μ, electromagnetic fields with E H,˜ ˜ ,

m e= =B H D E, , D2˜ ˜ ˜ ˜ ˜ ( )

substituting intoMaxwell equations we achieve

wm we ´ = ´ = -E H H Ei , i , D3( )

wm we ´ = ´ = -E H H Ei , i . D4˜ ˜ ˜ ˜ ˜ ( )

Defining

´ + ´ E H E H , D5* *≔ ˜ ˜ ( )

and using the divergent formula as

  ´ = ´ + ´A B A B A B. , D6· ( ) · ( )

we obtain the divergent in (i.e.  · ) as

w e e = - E Ei . D7* *· ( ˜ ) · ˜ ( )
Wealso use the divergence theorem to a small volumewith infinitesimal thickness z and integration area,
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consider the electromagneticmodes of themetallic layer to be expand as

b bE r e H r hx y z x y z, exp i , , exp i D9p p p p p p( ) ≔ ( ) { } ( ) ≔ ( ) { } ( )

where p is the number ofmode, ep (hp) are the vector functions of the electrical(magnetic)modes.Moreover,
assuming

b b= - = - =- - -h h e e, , D10p p pp p p ( )

and taking into the account the orthogonality of the electromagneticmodes as
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we rewrite the deterministic function ( ) as
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Substituting this result into equation (D8)we achieve
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simplifying the result yields
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In the hybrid plasmonicwaveguide, the electromagnetic field exponentiallydecay at large distance of the
interface, i.e.

¥
 

 

n llim d 0. D15
l l

∮ · ˆ ( )

Moreover, we consider the electromagnetic fields in the nonlinear layer to be expanded in terms of normal
modes eqt (hqt) and slowly varying amplitudes (ap) as

å å= =E e H ha z a z, . D16
q

q q
q

q qt t˜ ( ) ˜ ( ) ( )

Using equations (D15) and(D16) in equation (D14) results in basic equation of coupled-mode theory

òb
w

e e+ = - e E
a z

z
a z

d

d
i

i

2
d . D17

p
p p p* *

( )
( ) ( ˜ ) · ˜ ( )

This equation can readily be adapted to theMarkov systemusing nonlinear polarization and employing two SPP
modes. To this aim,we assume
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consider the two-mode case Îp 1, 2{ }, take into account the effect of SPMandXPMas
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which then leads to the plasmonic version of theManakov system

b w- = +
a z

z
a z W a W a a z

d

d
i i , D221
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z
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