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In page 3, footnote 4, the sentence ‘The original parameters can be found in [24]’ should be corrected as ‘The
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Weapologize for any confusion these typosmay have caused. They do not affect the other results or conclusions
of the article.
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Abstract
We solve themagnetostriction strains for B20 helimagnets in the skyrmion crystal phase. By taking
MnSi as an example, we reproduce its temperature–magnetic field (T–B) phase diagramswithin a
thermodynamic potential incorporatingmagnetoelastic interactions. The calculation shows that the
normal strain ε33 undergoes a sudden jump through a conical-skyrmion phase transition at any
temperature. The corresponding experimentalmeasurements forMnSi agree quantitatively well with
the calculation.

1. Introduction

Magnetic skyrmion, a topologically protected spinwhirl, has attracted great attention for its potential applications
in spintronics devices since its experimental discovery in 2009 [1]. Initially found in a small pocket-like region in
the temperature–magneticfieldphase diagramofbulkMnSi [1], skyrmions are laterwidely observed inother B20
bulkmaterials [2–4], thinfilms [5–9] andnanostructures [10–14]with enhanced stability. As amagnetic texture,
skyrmion is not only affectedby applicationof electromagneticfields such as biasmagneticfield, electric current
[15], and laser [16], but also sensitive to non-electromagneticfields such as temperature gradient [17] and
mechanical stresses [3, 18].While the interaction between skyrmions and the electromagneticfields or the
temperature gradient arewell-understoodboth theoretically and experimentally, the effect ofmechanical stress on
the skyrmion is notwell addressed, even though several previous experiments have proven thatmechanical stress is
an effectivemethod for controlling the formation and stability of skyrmions [3, 18–24] and even their dynamic
properties [25].More specifically, the ultra-lowemergent elastic stiffness [26]of the skyrmioncrystal (SkX)
observed inFeGe thinfilms [3] and inMnSi [18]makes it convenient tomanipulatewithmechanical stresses.
Concerning the tensorproperties ofmechanical stresses and strains, sophisticatedmanipulation of the properties
and stability ofmagnetic skyrmionsmay be realized by changing the type ofmechanical loading, forwhich a
comprehensive understanding of the interactionmechanismbetweenmagnetic skyrmions andmechanical loads is
highly required.

The interaction between skyrmions andmechanical loads stem from the intrinsicmagnetoelastic coupling
in chiralmagnets, which in turn affects themechanical properties of thematerials. Before the experimental
discovery of SkX, themagnetostriction of a prototype helimagnetMnSi has been studied [27]. It is later found
that appearance of the SkX phase leads to a jump of themagnetostriction [28] as well as the elastic constants
[29, 30] as functions of the biasmagnetic field. Thefirst step toward a thorough understanding of the emergent
elastic properties of the SkX phase is to explain thesemagnetoelastic-related phenomena of the SkX phase
quantitatively within a unified theoretical framework. Recently, we have developed such a thermodynamic
model concerningmagnetoelastic effects for B20 compounds [31]. It explains quantitatively both the jump in
the elastic constants in the conical-skyrmion (or skyrmion-conical) phase transition as the biasfield increases
[29, 30, 32] and the variation of the temperature–magnetic field phase diagramunder uniaxial compression [18].
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Nevertheless,magnetostriction in the SkX phase, which is the basicmagnetoelastic property of anymagnets, is
not well understood either theoretically and experimentally.

In this work, we apply a combination ofmagnetostrictionmeasurements and theoretical calculations to the
real helimagnetMnSi, to demonstrate directly that themagnetostriction of B20 helimagnets are able to bewell
described by our developed theoreticalmodel. Specifically, in the present work, we improve our previously-
developed theory by employingmore precise descriptions for differentmagnetic phases.

2. Extendedmicromagneticmodel incorporatingmagnetoelastic interaction

The rescaledHelmholtz free energy density for the chiralmagnets [31] in this study can bewritten as

e e= +~ ~ ~w w wm m m, , , 1ij m e ij( ) ( ) ( ) ( )

wherem denotes the rescaledmagnetization, εij denotes the elastic strains, and
~w mm( ) denotes the part of the

free energy density that depends solely on themagnetization. It can bewritten as
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Here, the terms on the r.h.s. of equation (2) denote, respectively, the exchange energy density, the
Dzyaloshinskii-Moriya (DM) interaction, the Zeeman energy density with the rescaledmagnetic field b, the
second and fourth order Landau expansion termswith the rescaled temperature t, and the exchange anisotropy
with a rescaled coefficient

~
Ae.

The second termon the r.h.s.of equation (1) denotes the part of the free energy density that depends on the
elastic strains e ;ij it can be expanded as

e e e= +~ ~ ~w w wm m, , , 3e ij el ij me ij( ) ( ) ( ) ( )

where e~wel ij( ) denotes the rescaled elastic energy density, and e~w m,me ij( ) denotes the rescaledmagnetoelastic
free energy density. Expressions for e~wel ij( ) and e~w m,me ij( ), as well as the rescaling process of equation (2), are
given in the appendix.

2.1.Magnetostriction strains and the temperature–magneticfield phase diagram calculated for different
magnetic phases sufferingmechanical loads
Magnetostriction strains refer to the homogeneous elastic strains caused bymagnetizationwhen nomechanical

load is applied. As a result, they can be derived from =
e

e

¶

¶
0

w m, ij

ij

( )
when i=j, and =

e

g

¶

¶
0

w m, ij

ij

( )
when ¹i j,

where òe e= ~w w Vm m, , dij V ij
1( ) ( ) . The analytical solution of themagnetostriction strains can be obtained

from òe e= Vdij V ij
1 * with

e

e

e

g

g

g

= - - + - + -

+ -

= - - + - + -

+ -

= - - + - + -

+ -

= - + - + +

- +

= - + - + +

- +

= - + - + +

- +

-

-

-

K m L m L m L m m m m L m m m m

L m m m

K m L m L m L m m m m L m m m m

L m m m

K m L m L m L m m m m L m m m m

L M m m

C L m m L m m m m L m L m

m L m L m

C L m m L m m m m L m L m

m L m L m

C L m m L m m m m L m L m

m L m L m

,

,

,

,

,

, 4

O O

O

O O

O

O O

O

O O O

O O

O O O

O O

O O O

O O

11
2

1 1
2

2 3
2

1 3 1,2 2 1,3 2 3 2,1 2 3,1

3 1 2,3 3,2

22
2

1 2
2

2 1
2

1 1 2,3 3 2,1 2 1 3,2 3 1,2

3 2 3,1 1,3

33
2

1 3
2

2 2
2

1 2 3,1 1 3,2 2 2 1,3 1 2,3

3 3 1,2 2,1

23 44
1

3 2 3 6 1 2,2 3,3 2 4 1,2 5 2,1

3 4 1,3 5 3,1

13 44
1

3 1 3 6 2 3,3 1,1 3 4 2,3 5 3,2

1 4 2,1 5 1,2

12 44
1

3 1 2 6 3 1,1 2,2 1 4 3,1 5 1,3

2 4 3,2 5 2,3

* * * * * *

*

* * * * * *

*

* * * * * *

*

*

*

*

( ) ( )
( )

( ) ( )
( )

( ) ( )
( )

[ ˜ ˜ ( ) ( ˜ ˜ )
( ˜ ˜ )]

[ ˜ ˜ ( ) ( ˜ ˜ )
( ˜ ˜ )]

[ ˜ ˜ ( ) ( ˜ ˜ )
( ˜ ˜ )] ( )

In equation (4), g e= ¹i j2 ,ij ij denotes the engineering shear strains. The rescaledmagnetization

= m m mm , , T
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2 andmi,j (i, j=1, 2, 3) is thefirst-order partial derivatives.K*, Li*

(i=1, 2, 3), and LOi* (i=1, 2,L,6) are coefficients of different orders ofmagnetoelastic interactions and are
explained in detail in the appendix. Substitution of the expression of rescaledmagnetizationm for different
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magnetic phases into equation (4) yields detailed expression for themagnetostriction strains. To determine the
exact values ofmagnetostriction strains at a given temperature andmagnetic field, onefirstminimizes

ew m m, ij( ( )with respect tom for differentmagnetic phases at the condition considered [31]. By changing the
values of temperature andmagnetic field and then repeating this process, we obtain the temperature–magnetic
field phase diagram.

3.Magnetostriction strains and phase diagram for bulkMnSi

Wechoose the prototype chiralmagnetMnSi as an example to calculate the temperature–magnetic field phase
diagramusing the thermodynamic parameters listed in4. To stabilize the SkX phase, we introduce in the free
energy functional a negative exchange anisotropy [33], and describe the SkX phasewithin the fourth order
Fourier representation [34] instead of the third-order Fourier representation used in our previouswork [31],
fromwhichwe obtain a lower free energy density for the SkX phase. For the conical and helical phases, we
include a ‘double-Q’ Fourier term in the description of themagnetizationwith the same direction of thewave
vector [35]. From this, we obtain a lower free energy densities for the conical and helical phases.With these
improvements, both the calculated temperature–magnetic field phase diagram and themagnetostriction strain
agree better with the corresponding experiments.

The calculated results reproduce the typical features of chiralmagnets, as shown infigure 1. Below the
critical temperature (Tc∼30 K forMnSi),we obtain a helimagnetic ground state due to the competition
between the exchange andDM interactions. The helimagnetic state transforms into a conical phase andfinally
into the ferromagnetic statewith increasingmagnetic field. Skyrmions, in the formof the crystal phase, appear
very close toTc only in a tiny region ofmagnetic field and temperature.

Using the values of the equilibriummagnetization obtained from these phase diagram calculations, we can
further calculate themagnetostriction strains at any given temperature andmagnetic field through equation (4).
Here, we chose the variation ofΔε33 as an example, because it is easilymeasured experimentally. This quantity,
Δε33=ε33(b)−ε33(0), denotes the change of ε33 due to a change of themagnetic field.

The typicalmagnetic field dependence ofΔε33 at the temperatureT=26.4 K is shown infigure 2(a). As the
field increases from zero, themagnetostriction first decreases up to the lower critical fieldBC1≈0.07 T. It then
increases approximately quadratically with the field strengthen up to the upper criticalmagnetic field
BC2≈0.25 T. This is accompanied by a hill-like jump between the twofieldsBA1≈0.08 T andBA2≈0.11 T.
Atmagnetic field higher thanB>BC2, we obtain an approximately linear dependence of themagnetostriction
on thefield strength. Comparedwith the conventionalmagnetic phases in the prototypical helimagnet
MnSi and in previouswork [27],BC1 andBC2 are easily identified to correspond the criticalfields for the

Figure 1.Temperature–magnetic field phase diagramofMnSi obtained through free energyminimization. Below the critical
temperature of about 30 K, a helimagnetic ground state appears. As the appliedmagneticfield increases, it transforms into a conical
phase and finally into a ferromagnetic state. Skyrmions appear in the formof crystal phase very close toTc only in a tiny region of
magnetic field and temperature.

4
The thermodynamic parameters ofMnSi used in the calculation are presented in a rescaled form as = -A 0.06e˜ , = ´C 1.508 1011

6˜ ,
= ´C 3.416 1012

5˜ , = ´C 6.282 1044
5˜ , = -K 292.4˜ , = -L 10.241 , =L 8.7732˜ , =L 12.033˜ , = -L 0.377O1˜ , =L 0.754O2˜ ,

= -L 0.377O3˜ . The original parameters can be found in [24].

3

New J. Phys. 21 (2019) 123052 SWang et al



helical-to-conical phase and the conical-to-ferromagnetic phase transition, respectively. The hill-like jump in
thefield range [BA1,BA2] characterizes the skyrmion phase.

The detailed dependence of themagnetostriction on themagnetic field at various temperatures belowTc is
shown infigure 2(b). This jumped behavior emerges in thewhole region of the skyrmion phase.

3.1.Derivation of the analytical expression ofmagnetostriction strains in bulkMnSi
To explain this jump, we derive below analytical expression ofmagnetostriction strains for the SkX phase within
the triple-Q approximation of themagnetization
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Figure 2.Variation ofΔε33 withmagneticfield, as obtained from theoretical calculations, at (a) 26.4 K and (b) different temperatures.
Themagnetostriction strains in the SkX phase are calculated using a fourth order Fourier representation of the SkX.Note that above
about 28 K, the helical-conical phase transition is replaced by a helical-SkX phase transition, which ismarked byBC1, whileBA1marks
the conical-SkX phase transition and the conical phase is onlymetastable.

4

New J. Phys. 21 (2019) 123052 SWang et al



For the conical phase, we have = m qr m qr mm cos sinqc qc c
T
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where it is found through calculation thatm0≈m0c andmq≈mqc, and the condition L qO1*∣ ∣, L qO2*∣ ∣,
L q LO3 1* *∣ ∣ ∣ ∣ , L2*∣ ∣ is used. Themagnitude of the jump in ε33 through the phase transition from the conical
phase to the SkX phase is determined by the coefficient -L L22 1* *. ForMnSi - >L L2 02 1* * , which yields the
result infigure 2. Another phenomenon shown infigure 2(b) is that the jump in ε33 in the conical-skyrmion
phase transition becomesmore insignificant as the temperature rises. As shown in equation (6), the difference in
ε33 between the SkX phase and the conical phase depends not only on the parameter -L L22 1* * but also on the
value ofmq. Since the skyrmion phase appears near theCurie temperature of thematerial, and near theCurie
temperaturewe have m 0q , the difference of ε33 in the two phases gradually vanishes as the temperature rises.
According to equation (7), this phenomenon is generally true for all strain components.

4. Experimentalmeasurement of themagnetostriction strains in bulkMnSi

To test the theoretical results, wemeasured themagnetostriction ofMnSi using the capacitancemethod [36].We
used a rectangular, single-crystal sample ofMnSi that was 1.82 mm long, 1.09 mmwide, and 2.61 mmhigh, with
the pair of end-faces parallel to the (001) crystallographic plane.We alwaysmeasured the sample length in the
[100] direction, which is also parallel to the orientation of themagnetic field.

The complete variation ofΔε33 (calculated fromΔL/L, where L denotes the length in the height direction
andΔL denotes its variation)with the appliedmagnetic field forMnSi at different temperatures is shown in
figure 3(a). The rules for defining the four critical points infigure 3(a) are as follows:BC1 denotes the field
strength at which thefirst-order derivative dB/dT is zero; this corresponds to theminimum field in the low
magnetic field region, which ismarked by the black arrow infigure 3(b). The critical pointsBA1 andBA2 are
defined as themaximumandminimumof the first-order derivative curve in the intermediatemagnetic field
region, as shown infigure 3(b). These two points define the regionwhere skyrmions exist. The last transition
field corresponds to an abrupt change in slope, as obviously shownby the sudden jump ofΔL/L in the derivative
curve. This criticalfieldBC2 infigure 3(a) is determined from themidpoint of the transition in d(ΔL/L)/dB, as
marked by the black arrow in the derivative curve shown infigure 3(b). Figure 3(c) shows the experimental phase
diagram forMnSi, which is constructed from figure 3(a).

5.Discussion

Wehave shown that the experimentalmeasurements well verified the theoretical results. Themagnitude of the
maximum jumped value ofΔε33 is on the order of 2.5×10−7, the same as the theoretical result. Nevertheless,
three discrepancies exist between experiment and theory. Thefirst is that the jump inΔε33 between the
magnetic phases is smoother in the experiment. The reason for this discrepancy is probably due to neglect of
possiblemixed states of the conical and SkXphases in the theoretical calculations. As shown by various TEM
(Transmission ElectronMicroscopy) observations of the SkX phase [5, 6], at the criticalmagnetic field for the
conical-SkX transition, some isolated skyrmions or skyrmion clusters appear due to the presence of defects or
grain boundaries, thus forming amixed state of conical and skyrmions phases, which smooths the jump inΔε33.
The second concern is the intermediatemagnetic (IM) state, which appears in a small windowbetween the
paramagnetic phase and the skyrmion phase infigure 3(c), but which is not present in the theoretical phase
diagram shown infigure 1. In the IMphase, themagnetostriction strain changes smoothly, as illustrated by the
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curve forΔε33 atT=29.6 K infigure 3(a), which indicates that the helical-conical transition ismissing. This
IM statemay be related to the precursor states discussed in previousworks [37–41] , but further exploration is
needed to confirm this. The third concern is the phase transition at high temperature from calculated phase
diagram is not consistent with the experimental one. The SkX phase is connecting to the helical phase at high
temperature in theoretical calculation, but in experiment the SX phase is connecting to conical phase. Thismay
be due to the fact that theoretical calculation is performedwithinmean-field approximation, where the effect of
fluctuation is neglected.

6. Summary

In summary, we have derived a general expression ofmagnetostriction strains for B20 helimagnets in the SkX
phase. ForMnSi, we calculated the normal strain ε33 at different temperatures andmagnetic fields, andwe also
perform the corresponding experimentalmeasurements, which agrees quantitatively with each other. ε33
undergoes a sudden jump that accompany a conical-skyrmion phase transition at any temperature, which can be
used to confirm the presence of the SkX phase.
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Appendix. Derivation of the rescaled free energy density functional incorporating
magnetoelastic interactions

The free energy density functional for cubic helimagnets incorporatingmagnetoelastic interactions can be
written as
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Figure 3. (a)Variation ofΔε33 withmagnetic field. (b)Themagnetostriction curve at 27.2 K and the corresponding first-order
derivative curve, which is used to determine the four critical points and (c)The temperature–magneticfield phase diagram forMnSi
obtained from experiments. (c) is obtained by extracting information from (a), where IMdenotes an intermediatemagnetic phase
with strong fluctuations ofmagnetization and hence of themagnetostriction as well.
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Here = M M MM , , T
1 2 3[ ] denotes themagnetization vector,Ms denotes the saturationmagnetization, and

= + +M M M M2
1
2

2
2

3
2. Thefirst term in equation (A.1) describes the exchange energy density with stiffnessA;

the second term is theDzyaloshinskii–Moriya (DM) interactionwith coupling constantD, which determines the
period and direction of the periodicmagnetization; the third term is the Zeeman energy density in the applied
magnetic fieldB; a b- +T T M M0

2 4( ) are two Landau expansion terms;Ae denotes the coefficient of the
exchange anisotropy; andwel andwme denote respectively the elastic energy density given in equation (A.2) and
magnetoelastic free energy density given in equation (A.3).

Equation (A.1) provides an implicitmodel for studying the effects ofmagnetoelastic interactions on the SkX
phase. The effects of these interactions cannot be understood by simply examining themagnetoelastic
thermodynamic parameters, such asK, L1, etc., because they are also related tomagnetic thermodynamic
parameters, such asA andD. It is thusmore convenient towrite the free energy density functional in a rescaled
formgiven in equation (A.1), where
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The rescaled thermodynamic parameters (parameters withwavy overlines) are defined by
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In equation (A.7), fOi
˜ , (i=1, 2,K,6) can be derived from equation (A.4) by replacingM bym. In

equation (7) of themain text, coefficients with the superscript ‘*’ are defined by
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