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In page 3, footnote 4, the sentence “The original parameters can be found in [24]’ should be corrected as “The
original parameters can be found in [31]’. In page 5, section 3.1, the third equation of equation (7) should be
corrected as

* * 1 *
(€33)conical = I:K*(quc + m()zc) + Ll m()zc - LOqu;C - ELZ quc:l

We apologize for any confusion these typos may have caused. They do not affect the other results or conclusions
of the article.
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Abstract

We solve the magnetostriction strains for B20 helimagnets in the skyrmion crystal phase. By taking
MnSi as an example, we reproduce its temperature—magnetic field (T-B) phase diagrams within a
thermodynamic potential incorporating magnetoelastic interactions. The calculation shows that the
normal strain €35 undergoes a sudden jump through a conical-skyrmion phase transition at any
temperature. The corresponding experimental measurements for MnSi agree quantitatively well with
the calculation.

1. Introduction

Magnetic skyrmion, a topologically protected spin whirl, has attracted great attention for its potential applications
in spintronics devices since its experimental discovery in 2009 [1]. Initially found in a small pocket-like region in
the temperature—magnetic field phase diagram of bulk MnSi [ 1], skyrmions are later widely observed in other B20
bulk materials [2—4], thin films [5-9] and nanostructures [ 10—14] with enhanced stability. As a magnetic texture,
skyrmion is not only affected by application of electromagnetic fields such as bias magnetic field, electric current
[15], and laser [16], but also sensitive to non-electromagnetic fields such as temperature gradient [17] and
mechanical stresses [3, 18]. While the interaction between skyrmions and the electromagnetic fields or the
temperature gradient are well-understood both theoretically and experimentally, the effect of mechanical stress on
the skyrmion is not well addressed, even though several previous experiments have proven that mechanical stress is
an effective method for controlling the formation and stability of skyrmions [3, 18—24] and even their dynamic
properties [25]. More specifically, the ultra-low emergent elastic stiffness [26] of the skyrmion crystal (SkX)
observed in FeGe thin films [3] and in MnSi [ 18] makes it convenient to manipulate with mechanical stresses.
Concerning the tensor properties of mechanical stresses and strains, sophisticated manipulation of the properties
and stability of magnetic skyrmions may be realized by changing the type of mechanical loading, for which a
comprehensive understanding of the interaction mechanism between magnetic skyrmions and mechanical loads is
highly required.

The interaction between skyrmions and mechanical loads stem from the intrinsic magnetoelastic coupling
in chiral magnets, which in turn affects the mechanical properties of the materials. Before the experimental
discovery of SkX, the magnetostriction of a prototype helimagnet MnSi has been studied [27]. It is later found
that appearance of the SkX phaseleads to a jump of the magnetostriction [28] as well as the elastic constants
[29, 30] as functions of the bias magnetic field. The first step toward a thorough understanding of the emergent
elastic properties of the SkX phase is to explain these magnetoelastic-related phenomena of the SkX phase
quantitatively within a unified theoretical framework. Recently, we have developed such a thermodynamic
model concerning magnetoelastic effects for B20 compounds [31]. It explains quantitatively both the jump in
the elastic constants in the conical-skyrmion (or skyrmion-conical) phase transition as the bias field increases
[29, 30, 32] and the variation of the temperature—magnetic field phase diagram under uniaxial compression [18].

©2019 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/ab5ec2
https://orcid.org/0000-0002-5615-7475
https://orcid.org/0000-0002-5615-7475
https://orcid.org/0000-0001-8954-4028
https://orcid.org/0000-0001-8954-4028
https://orcid.org/0000-0001-8879-3508
https://orcid.org/0000-0001-8879-3508
mailto:huyf3@mail.sysu.edu.cn
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ab5ec2&domain=pdf&date_stamp=2019-12-20
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ab5ec2&domain=pdf&date_stamp=2019-12-20
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0
http://creativecommons.org/licenses/by/3.0

10P Publishing

NewJ. Phys. 21 (2019) 123052 SWanget al

Nevertheless, magnetostriction in the SkX phase, which is the basic magnetoelastic property of any magnets, is
not well understood either theoretically and experimentally.

In this work, we apply a combination of magnetostriction measurements and theoretical calculations to the
real helimagnet MnSi, to demonstrate directly that the magnetostriction of B20 helimagnets are able to be well
described by our developed theoretical model. Specifically, in the present work, we improve our previously-
developed theory by employing more precise descriptions for different magnetic phases.

2. Extended micromagnetic model incorporating magnetoelastic interaction

The rescaled Helmholtz free energy density for the chiral magnets [31] in this study can be written as
W(m) Eij) = Wm(m) + %(m) E':ij)> (1)

where m denotes the rescaled magnetization, ¢;; denotes the elastic strains, and #;, (m) denotes the part of the
free energy density that depends solely on the magnetization. It can be written as

3 2
Wm(m)Z(a—m) +2m-(V xm) —2b-m

i=1\ OTi

2
+tm? + m* + er(%) , )
i=1 or;

Here, the terms on the r.h.s. of equation (2) denote, respectively, the exchange energy density, the
Dzyaloshinskii-Moriya (DM) interaction, the Zeeman energy density with the rescaled magnetic field b, the
second and fourth order Landau expansion terms with the rescaled temperature t, and the exchange anisotropy
with a rescaled coefficient Xe.

The second term on the r.h.s.of equation (1) denotes the part of the free energy density that depends on the
elastic strains ;;; it can be expanded as

Wo(m, ;) = Wa(eij) + Wye(m, &), 3)

where W, (g;;) denotes the rescaled elastic energy density, and W, (m, &;) denotes the rescaled magnetoelastic
free energy density. Expressions for #;(g;;) and W, (m, &;), as well as the rescaling process of equation (2), are
given in the appendix.

2.1. Magnetostriction strains and the temperature-magnetic field phase diagram calculated for different
magnetic phases suffering mechanical loads

Magnetostriction strains refer to the homogeneous elastic strains caused by magnetization when no mechanical
0w (m, &;7) . . Ow (m, &;7)
——2 = Owheni = j,and ———*-
Eij v

load is applied. As a result, they can be derived from = Owheni = j,
where W (m, €;) = & f W (m, €;;)dV. The analytical solution of the magnetostriction strains can be obtained
frome;; = & f E;‘;dV with
E;kl = K*m* — Ll*m12 - L;‘mf + Lé‘l(msml,z — mymy3) + Lékz(msmz,l — mym; )
+ Lymy(my3 — ms)),
Z5>2k2 = K*m* — Ll*m22 - Lz*”ﬁ2 + Lékl(mlmz,a — msmy)) + Léz(m1m3,2 — m3my )
+ L3ymy(msy — my3),
€y = K¥*m? — L'm3 — Lim3 + L& (mymsy — mims,) + L&y (mamy s — mymys)
+ L&sMs(myy — myy),
Va3 = Cag' [—Lsmyms + Logm(my — m33) + my(Loami, + Losma,)
— m3(Logm 3 + Losms )],
Vs = Cog' [—Lsmyms + Logmy(msz — myy) + ms(Losmas + Losms )
— my(Losmy,y + Losm )],
V= Co' [—=Lsmymy + Losms(my,y — my,) + my(Loamsy + Losmy 3)
— my(Losmsy + Losmy3)], 4)
In equation (4), y; = 2e, i = j denotes the engineering shear strains. The rescaled magnetization
m = [my, my, m3]", m> = m? + m3 + mjand m;j(i,j = 1,2,3)is the first-order partial derivatives. K", L¥

(i=1,2,3),and Lgi (i=1,2, ---, 6)are coefficients of different orders of magnetoelastic interactions and are
explained in detail in the appendix. Substitution of the expression of rescaled magnetization m for different
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Figure 1. Temperature—magnetic field phase diagram of MnSi obtained through free energy minimization. Below the critical
temperature of about 30 K, a helimagnetic ground state appears. As the applied magnetic field increases, it transforms into a conical
phase and finally into a ferromagnetic state. Skyrmions appear in the form of crystal phase very close to T, only in a tiny region of
magnetic field and temperature.

magnetic phases into equation (4) yields detailed expression for the magnetostriction strains. To determine the
exact values of magnetostriction strains at a given temperature and magnetic field, one first minimizes

W (m, €;;(m) with respect to m for different magnetic phases at the condition considered [31]. By changing the
values of temperature and magnetic field and then repeating this process, we obtain the temperature—magnetic
field phase diagram.

3. Magnetostriction strains and phase diagram for bulk MnSi

We choose the prototype chiral magnet MnSi as an example to calculate the temperature—-magnetic field phase
diagram using the thermodynamic parameters listed in*. To stabilize the SkX phase, we introduce in the free
energy functional a negative exchange anisotropy [33], and describe the SkX phase within the fourth order
Fourier representation [34] instead of the third-order Fourier representation used in our previous work [31],
from which we obtain a lower free energy density for the SkX phase. For the conical and helical phases, we
include a ‘double-Q’ Fourier term in the description of the magnetization with the same direction of the wave
vector [35]. From this, we obtain a lower free energy densities for the conical and helical phases. With these
improvements, both the calculated temperature—magnetic field phase diagram and the magnetostriction strain
agree better with the corresponding experiments.

The calculated results reproduce the typical features of chiral magnets, as shown in figure 1. Below the
critical temperature (T, ~ 30 K for MnSi),we obtain a helimagnetic ground state due to the competition
between the exchange and DM interactions. The helimagnetic state transforms into a conical phase and finally
into the ferromagnetic state with increasing magnetic field. Skyrmions, in the form of the crystal phase, appear
very close to T, only in a tiny region of magnetic field and temperature.

Using the values of the equilibrium magnetization obtained from these phase diagram calculations, we can
further calculate the magnetostriction strains at any given temperature and magnetic field through equation (4).
Here, we chose the variation of Aes3 as an example, because it is easily measured experimentally. This quantity,
Aes; = €33(b) — £33(0), denotes the change of €35 due to a change of the magnetic field.

The typical magnetic field dependence of Ae;; at the temperature T = 26.4 Kis shown in figure 2(a). As the
field increases from zero, the magnetostriction first decreases up to the lower critical field B¢, &~ 0.07 T. It then
increases approximately quadratically with the field strengthen up to the upper critical magnetic field
By = 0.25 T. This is accompanied by a hill-like jump between the two fields By; =~ 0.08 Tand B4, ~ 0.11 T.
At magnetic field higher than B > B, we obtain an approximately linear dependence of the magnetostriction
on the field strength. Compared with the conventional magnetic phases in the prototypical helimagnet
MnSiand in previous work [27], B¢y and B, are easily identified to correspond the critical fields for the

* The thermodynamic parameters of MnSi used in the calculation are presented in a rescaled formas A, = —0.06, C;; = 1.508 x 105,
Co=3416 x 10°Cy=6282 x 10° K = —2924, [; = —10.24, [, = 8.773, 3 = 12.03, Lo; = —0.377, Lo, = 0.754,
Los = —0.377. The original parameters can be found in [24].
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Figure 2. Variation of Ae;; with magnetic field, as obtained from theoretical calculations, at (a) 26.4 K and (b) different temperatures.
The magnetostriction strains in the SkX phase are calculated using a fourth order Fourier representation of the SkX. Note that above
about 28 K, the helical-conical phase transition is replaced by a helical-SkX phase transition, which is marked by B, while B4; marks
the conical-SkX phase transition and the conical phase is only metastable.

helical-to-conical phase and the conical-to-ferromagnetic phase transition, respectively. The hill-like jump in
the field range [B4;, Ba,] characterizes the skyrmion phase.

The detailed dependence of the magnetostriction on the magnetic field at various temperatures below T, is
shown in figure 2(b). This jumped behavior emerges in the whole region of the skyrmion phase.

3.1. Derivation of the analytical expression of magnetostriction strains in bulk MnSi
To explain this jump, we derive below analytical expression of magnetostriction strains for the SkX phase within
the triple-Q approximation of the magnetization

- g sin(q,r) g sin(q,r)

0

0] V3m ,

mmpleo=[0]+ 0 LG [T =L sinaun | ©
Mmo —cos(q,r) 2 1 2 4

—cos(q,r) —cos(q,r)

T T
_% \25 0] ,q; = q[_% _g 0] , which yields from equation (4)

withgq, = g[1 0 0]',q, = q[

[ 1
(511)skyrmion = K*(qu + m()z) + Z(_Ll* - 2L;< + Lg)qu - 2L§2q + Lg?rq)qu - L;mg:l’

[ 1
(£22)skyrmion = | K¥(m] + mg) + Z(—Lf" — LY + L3g — 2L5yq + L$3q>m;],

[ 1
(533)skyrmion = K*(qu + m()z) + Z(_ZLfk - L;( + ZLglq + 2L5<3q)mq2 - Ll*m({l’

%i =0 when i = j. (6)




10P Publishing

NewJ. Phys. 21 (2019) 123052 SWanget al

For the conical phase, we have m ypical = [ch cos(qr) mg sin(qr,) mOC]T ,which gives from equation (4)

[ 1 * * * *
(Ell)conical = K*(quc + m(?c) + E(_Ll + LOlq + I‘O3q)quc - LZ m(?c]’
[ * 2 2 1 * * * 2 1 * 2
(522)c0nical = K (ch + mOc) + E(iLl + LOlq + Loa‘])ch - EL2 ch > (7)
[ * * 1 *
(533)c0nical = K*(quc - m(i) + Ll mgf - LOqung - ELZ quf:l’
Vi = Owheni=j.
Comparing equations (6) and (7), we have
1
(Ell)skyrmion - (Ell)conical ~ Z(Ll* - ZLz*) qu)
(522)skyrmi0n - (522)c0nical ~ Z(Lz* + Ll*) qu)
1
(533)skyrmion - (533)c0nical ~ Z(L;k - 2L1*) mqZ) (8)

where it is found through calculation that m, = mo.and m, ~ m,and the condition |L&ql, |L5,ql»

|L3sq| < |Li*|, |L;|is used. The magnitude of the jump in £33 through the phase transition from the conical
phase to the SkX phase is determined by the coefficient L," — 2L;". For MnSi L, — 2L;* > 0, which yields the
resultin figure 2. Another phenomenon shown in figure 2(b) is that the jump in £33 in the conical-skyrmion
phase transition becomes more insignificant as the temperature rises. As shown in equation (6), the difference in
£33 between the SkX phase and the conical phase depends not only on the parameter L;* — 2L;*but also on the
value of m,,. Since the skyrmion phase appears near the Curie temperature of the material, and near the Curie
temperature we have m, — 0, the difference of £33 in the two phases gradually vanishes as the temperature rises.
According to equation (7), this phenomenon is generally true for all strain components.

4. Experimental measurement of the magnetostriction strains in bulk MnSi

To test the theoretical results, we measured the magnetostriction of MnSi using the capacitance method [36]. We
used a rectangular, single-crystal sample of MnSi that was 1.82 mm long, 1.09 mm wide, and 2.61 mm high, with
the pair of end-faces parallel to the (001) crystallographic plane. We always measured the sample length in the
[100] direction, which is also parallel to the orientation of the magnetic field.

The complete variation of Aes; (calculated from AL/L, where L denotes the length in the height direction
and AL denotes its variation) with the applied magnetic field for MnSi at different temperatures is shown in
figure 3(a). The rules for defining the four critical points in figure 3(a) are as follows: B¢ denotes the field
strength at which the first-order derivative dB/dTis zero; this corresponds to the minimum field in the low
magnetic field region, which is marked by the black arrow in figure 3(b). The critical points B4; and B, are
defined as the maximum and minimum of the first-order derivative curve in the intermediate magnetic field
region, as shown in figure 3(b). These two points define the region where skyrmions exist. The last transition
field corresponds to an abrupt change in slope, as obviously shown by the sudden jump of AL/L in the derivative
curve. This critical field B, in figure 3(a) is determined from the midpoint of the transition in d(AL/L)/dB, as
marked by the black arrow in the derivative curve shown in figure 3(b). Figure 3(c) shows the experimental phase
diagram for MnSi, which is constructed from figure 3(a).

5. Discussion

We have shown that the experimental measurements well verified the theoretical results. The magnitude of the
maximum jumped value of Aes; is on the order of 2.5 x 1077, the same as the theoretical result. Nevertheless,
three discrepancies exist between experiment and theory. The first is that the jump in Aes; between the
magnetic phases is smoother in the experiment. The reason for this discrepancy is probably due to neglect of
possible mixed states of the conical and SkX phases in the theoretical calculations. As shown by various TEM
(Transmission Electron Microscopy) observations of the SkX phase [5, 6], at the critical magnetic field for the
conical-SkX transition, some isolated skyrmions or skyrmion clusters appear due to the presence of defects or
grain boundaries, thus forming a mixed state of conical and skyrmions phases, which smooths the jump in Ae;.
The second concern is the intermediate magnetic (IM) state, which appears in a small window between the
paramagnetic phase and the skyrmion phase in figure 3(c), but which is not present in the theoretical phase
diagram shown in figure 1. In the IM phase, the magnetostriction strain changes smoothly, as illustrated by the

5
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Figure 3. (a) Variation of Ae;; with magnetic field. (b) The magnetostriction curve at 27.2 K and the corresponding first-order
derivative curve, which is used to determine the four critical points and (c) The temperature—magnetic field phase diagram for MnSi
obtained from experiments. (c) is obtained by extracting information from (a), where IM denotes an intermediate magnetic phase
with strong fluctuations of magnetization and hence of the magnetostriction as well.

curve for Aessat T = 29.6 Kin figure 3(a), which indicates that the helical-conical transition is missing. This
IM state may be related to the precursor states discussed in previous works [37—41] , but further exploration is
needed to confirm this. The third concern is the phase transition at high temperature from calculated phase
diagram is not consistent with the experimental one. The SkX phase is connecting to the helical phase at high
temperature in theoretical calculation, but in experiment the SX phase is connecting to conical phase. This may
be due to the fact that theoretical calculation is performed within mean-field approximation, where the effect of
fluctuation is neglected.

6. Summary

In summary, we have derived a general expression of magnetostriction strains for B20 helimagnets in the SkX
phase. For MnSi, we calculated the normal strain £33 at different temperatures and magnetic fields, and we also
perform the corresponding experimental measurements, which agrees quantitatively with each other. €53
undergoes a sudden jump that accompany a conical-skyrmion phase transition at any temperature, which can be
used to confirm the presence of the SkX phase.
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Appendix. Derivation of the rescaled free energy density functional incorporating
magnetoelastic interactions

The free energy density functional for cubic helimagnets incorporating magnetoelastic interactions can be
written as
(oMY
w(M, €ij)=ZA(8—) +DM - (V XM)—B M+ a(T — Ty)M? + gM*
i=1 i

oM;

3
+ Ae(
243

1

2
) + Wel + Wines (Al)
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where
1 1
We = ECM(EIZI + €3 + €33) + Cia(aien + 1633 + ene33) + EC44(7122 + V5 + V55 (A.2)
1
Wme = W[KMZ&‘I‘ + Ll(]\/[lzé‘n + M22€22 + M32€33) + Lz(M32511 + M2522 + M22533)
5
i
+ Ls(MiMyy1; + MiMsyis + MoMs:3)]l + —5 > Loi fo» (A.3)
s i=1
and

for = enMi oMz — My 3M) + (M3 My — My 1 M3) + e33(Ms 1 M, — M3, M),

foo = a1(Ms 1 My — My Ms) + exn(M oMz — Mz, M) + e33(Mys My — My 3 M),

fos = anMi(My3 — M) + e My (M3 — My3) + es3Ms(My, — My)),

Jos = Y3(Mi s M3 — My, M) + yi3(My, My — My 3M3) + y12(Ms 2 My — M 1 My),

fo5 = Y23(Ms5,1:M5 — Mp1Mp) + y3s(MioMy — M3 o Ms) + y12(Ma s My — My sMy),

f06 =v3M (M5 — Mao) + Yi3Ma(My — Ms3) + y1aMs(Ma, — My ). (A.4)

Here M = [M;, M,, M5]" denotes the magnetization vector, M, denotes the saturation magnetization, and
M? = M? + M7 + Mj. The first term in equation (A.1) describes the exchange energy density with stiffness A;
the second term is the Dzyaloshinskii-Moriya (DM) interaction with coupling constant D, which determines the
period and direction of the periodic magnetization; the third term is the Zeeman energy density in the applied
magnetic field B; a(T — Ty)M? + 3M*are two Landau expansion terms; A, denotes the coefficient of the
exchange anisotropy; and w,; and w,,,. denote respectively the elastic energy density given in equation (A.2) and
magnetoelastic free energy density given in equation (A.3).

Equation (A.1) provides an implicit model for studying the effects of magnetoelastic interactions on the SkX
phase. The effects of these interactions cannot be understood by simply examining the magnetoelastic
thermodynamic parameters, such as K, L, etc., because they are also related to magnetic thermodynamic
parameters, such as A and D. It is thus more convenient to write the free energy density functional in a rescaled
form given in equation (A.1), where

W(m, 6,‘]‘) = gW(M, 5ij)- (AS)

~ 1~ ~ 1 ~
Wel = EC11(5121 + 5%2 + 5%3) + Cia(ain + ai1833 + €2633) + EC44(’Y122 + ’Y123 + ’Y%3)- (A.6)

~ o9 ' 2 2 2 i 2 2 2
Wie = Km gi + Ll(ml a1+ my € + msy 533) + Lz(m3 a1+ my € + m, 533)
6

+ Ly(mymymiy + mimsms + mymzys) + Y Loi fo;- (A7)
im1
and
2
=X p B M D
LD B M() D 4A
B=2GMy, My— |2, =T =T (A.8)
0 G

The rescaled thermodynamic parameters (parameters with wavy overlines) are defined by

- A - K - L ~ L ~ L
Ae:_e> K:—Z’ le—lza 2 = 22>L3: 32;
A GM; GM? GM; GM;
& _ 2Loi . _ ~ _ B
= Lo,’ = DMSZ’ (l = 1, 2, ey 6), C,‘j = acij. (A9)

In equation (A.7), fOi, (i=1,2, ..., 6)canbederived from equation (A.4) by replacing M by m. In
equation (7) of the main text, coefficients with the superscript *” are defined by

7
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_ —CuK + Co® + L + )
(G — G (G + 2C)
1* = il _ , L2* _ _ iz _ ,
(G — Gp) (G — Gip)
Lakl _ —611]:03 + C'lz(—fpl + I:ez + Los)
(Ci1 — GG + 2Gh2)
« _ Gulor — Cooi — Lox + Loy)
© (G — C) (G + 2Cpp)
Lk — Clz(io~1 + L~(32) —~(Cu +~C12)L~03
(Gi1 — GG + 2Gr2)
Ch = Cu + 2L23m?

ff*
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