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Ultrasonic beam focusing characteristics of shear-vertical waves for
contact-type linear phased array in solid∗
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We investigate the beam focusing technology of shear-vertical (SV) waves for a contact-type linear phased array to
overcome the shortcomings of conventional wedge transducer arrays. The numerical simulation reveals the transient exci-
tation and propagation characteristics of SV waves. It is found that the element size plays an important role in determining
the transient radiation directivity of SV waves. The transient beam focusing characteristics of SV waves for various array
parameters are deeply studied. It is particularly interesting to see that smaller element width will provide the focused beam
of SV waves with higher quality, while larger element width may result in erratic fluctuation of focusing energy around
the focal point. There exists a specific range of inter-element spacing for optimum focusing performance. Moreover, good
beam focusing performance of SV waves can be achieved only at high steering angles.
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1. Introduction
Over the last decades, the ultrasonic phased array technol-

ogy has achieved considerable development, which now plays
an important role in the fields of medical diagnosis,[1–4] non-
destructive evaluation (NDE),[5–8] and so on. An ultrasonic
phased array can be assembled by numerous piezoelectric ele-
ments that can be excited independently to generate ultrasonic
waves. Thus, the principal advantage of phased arrays over
traditional single-probe transducers is their flexible capabil-
ity of beam controlling. Typically, the dynamical beam steer-
ing and focusing technology is the significant application of a
phased array, which can be achieved by controlling the time
delay and amplitude of excitation pulse on each element with
a electronic hardware system. Due to the mature manufactur-
ing technology and good beam controlling performance, linear
phased arrays have the most extensive applications in NDE.

Generally, a contact-type transducer array is considered
to primarily generate compressional waves (p-waves) in an
inspection medium.[9] Therefore, the beam steering and fo-
cusing technology of p-waves for a linear phased array were
deeply studied by many investigators with an assumption of
fluid mediums.[10–15] However, a linear phased array using p-
waves suffers a limitation from the steering angle, due to its
poor performance at a higher steering angle.[8] This makes
it hard to be employed to inspect the medium with com-
plicated structures, such as the turbine disc head shown in
Fig. 1(a), where the defects appear outside the available in-
spection area of p-waves.[16,17] This disadvantage motivates to
propose the wedge transducer using shear-vertical (SV) waves,

as shown in Fig. 1(b), whose fundamental principle is the
wave mode conversion. The SV waves transmitting into the
medium are generated by the refraction of p-waves excited by
a transducer, which gives an access to perform inspections at
a higher steering angle with the wedge transducer. Therefore,
the wedge transducer array is typically applied in the detec-
tion of the component with a complicated structure. For in-
stance, Crowther[16] summarized the applications of a wedge
transducer array in NDE of power station. Ye et al.[18] carried
out the research for employing linear phased arrays coupled
with the wedge to detect flaws in the dissimilar metal welds.
Lhémery et al.[19] introduced the modeling methods of the ul-
trasonic inspection for welds by using a wedge transducer ar-
ray.

Despite the benefit of good performance at higher steer-
ing angles for a wedge transducer array, it also suffers some
deficiencies. Firstly, a complicated field within the wedge
will be generated by the multiple reflections of waves excited
by the transducer array, which contaminates the received sig-
nals for imaging.[20] In previous works, some assumptions
on the wedges were adopted to simplify the model, where
the interference of reflected waves to received signals was
neglected.[19,21] In practical circumstances, although the ab-
sorbing layer made of a lossy material shown in Fig. 2 is typ-
ically attached to the wedge in order to suppress the reflec-
tion, the reflected waves in the wedge can still make a non-
negligible effect due to the limited absorption capability of
most lossy materials. Secondly, the delay law of elements
for beam focusing with the wedge transducer array is compli-
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cated. As shown in Fig. 2, the wave propagation path of each
element for beam focusing is typically determined by using
ray-tracing methods or Fermat’s principle,[22] which makes
it complicated to determine the time delay of each element.
Thirdly, the wave mode conversion inevitably causes energy
loss due to the acoustic impedance difference between the
wedge and the inspection medium, which may result in the
degradation of signal-to-noise ratio. Finally, the existence of
wedge enlarges the overall size of the transducer array, which
limits its application in the space-constrained components. In
practical inspection, it is always desirable to minimize the
overall size of the transducer array in an attempt to perform
inspections for various components with complex structures,
especially for the component without enough space available
for the transducer array. In short, the wedge transducer ar-
ray suffers some limitations in practical applications from the
wedge.

transducer array

defects

available inspection area

wedge

p waves

SV waves

transducer array

(a)

(b)

Fig. 1. A profile of the turbine disc head inspected (a) by a linear
phased array using p-waves and (b) by a wedge transducer array using
SV waves.

In most previous works, the SV waves directly generated
by transducer array are always neglected, due to the tradi-
tional opinion that the conventional transducer array primarily
generates p-waves.[9] In addition, the assumption of the fluid
medium in the classical modelling approach of the field ex-
cited by the arrays also makes the SV waves neglected.[10–15]

However, a number of recent studies illustrate the unique exci-
tation and propagation mechanism of SV waves, which makes
it possible to achieve beam focusing of SV waves with a
contact-type transducer array.[20,23–25] For instance, Drinkwa-
ter et al.[20] pointed out that the SV waves with higher ampli-

tude over p-waves could be generated by a contact-type trans-
ducer array in some special cases. Noroy et al.[24] improved
the ultrasonic field generated by a laser array with the shear
wave focusing technology. More recently, Zhang et al.[25]

proposed the concept of ultrasonic focusing technology with
multiple waves, whereas more in-depth analyses have not been
given. Obviously, it is profoundly meaningful to study the
beam focusing behavior of SV waves for a contact-type linear
phased array. It is desirable for contact-type transducer arrays
to achieve good beam focusing performance of SV waves at
high steering angles and to overcome the shortcomings caused
by the wedge. Additionally, another momentous aspect not
taken seriously from most previous works is the transient per-
formance of the linear phased array, where the transducer ar-
ray was generally assumed to emit continuous waves.[15] In
practical inspection, however, the elements are excited by the
short-time pulse to generate transient waves, which make the
field more complicated. In this paper, the elements are ex-
cited by the pulse with finite duration in an attempt to make
the beam focusing field more realistic.

wedge

focal point

transducer array
absorbing 

layer

path

Fig. 2. A schematic diagram showing the typical beam focusing process
of wedge transducer array.

The focus of this paper is on studying the transient beam
focusing characteristics of SV waves for a contact-type lin-
ear phased array. The remainder of this paper is organized as
follows. Section 2 gives the theoretical formulas for beam fo-
cusing field of SV waves excited by contact-type linear phased
arrays. Section 3 shows the transient excitation characteristics
of SV waves by numerical simulation. Also, the beam focus-
ing performance of SV waves for various array design param-
eters is analyzed in detail. Finally, Section 4 summarizes the
study.

2. Theoretical analysis
In this section, the theoretical formulas of the transient

beam focusing field of SV waves excited by a linear phased
array are given. In order to analyze the beam focusing charac-
teristics of SV waves in detail, the radiation directivity func-
tion of beam focusing field is defined, which is an important
aspect evaluating the focusing performance.
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2.1. Field excited by a single element

Typically, the linear array behaves as infinitely long strip
sources.[20] Hence, as shown in Fig. 3, the inspection medium
can be assumed as a two-dimensional elastic half-space solid
with a free boundary, where the element with width of 2a is
placed on the surface. The Cartesian coordinate system (x, z)
is introduced, where the origin is located at the center of the el-
ement. For convenience, the polar coordinate system (r, θ ) is
also introduced to analyze the beam directivity function later.

z

xo

a

r
θ

Fig. 3. Configuration of a single element source.

For the model given above, the wave equations can be
written as

∂ 2ϕ

∂x2 +
∂ 2ϕ

∂ z2 + c2
pϕ = 0,

∂ 2ψ

∂x2 +
∂ 2ψ

∂ z2 + c2
s ψ = 0, (1)

where cp and cs are the velocities of p and SV waves, φ and ψ

are the displacement potentials of p and SV waves.
The single element can be regarded as the normal surface-

loading uniformly distributed on the free surface, hence the
boundary conditions at z = 0 can be written as

τzz (x,z = 0, t) =
{
− f (t) , |x|6 a,
0, |x|> a,

τzx (x,z = 0, t) = 0, (2)

where τzz and τzz are the stresses, and f (t) is the excitation
source function loading on the element. The negative sign de-
notes that the force is loaded opposite to the external normal
of the boundary.

This is a classical problem of wave motion in elastody-
namics and can be solved by several methods. In this paper,
with the angular spectrum method[26] based on 2-D Fourier
transform, the solutions of displacement potentials can be ob-
tained as follows:

ϕ (x,z, t) =
1

2π

∞∫
−∞

F (ω)

+∞∫
−∞

2sin(ka)
µk

· k
2
s −2k2

G(k)

× exp [i (kx+αz−ωt)]dkdω,

ψ (x,z, t) =
1

2π

∞∫
−∞

F (ω)

+∞∫
−∞

2sin(ka)
µk

· 2kα

G(k)

× exp [i (kx+β z−ωt)]dkdω, (3)

where ω is the angular frequency, k is the wave number in
x-direction, i is the unit imaginary number, α = (k2

p− k2)1/2,
β = (k2

s − k2)1/2, kp and ks are the wave numbers of the p and
SV waves, µ is Lame’s constant, F(ω) is the Fourier transfor-
mation of f (t), and G(k) = 4k2αβ +(k2

s −2k2)2.
The displacement components can be easily obtained by

the function of displacement potentials,

ux (x,z, t) =
∂ϕ (x,z, t)

∂x
− ∂ψ (x,z, t)

∂ z
,

uz (x,z, t) =
∂ϕ (x,z, t)

∂ z
+

∂ψ (x,z, t)
∂x

, (4)

where ux(x,y, t) and uz(x,y, t) are the displacement compo-
nents in x and z directions.

For the convenience of analysis, the above formula of dis-
placement components can be rewritten in polar coordinates as

ux (r,θ , t) = ux (x,z, t) = ux (r sinθ ,r cosθ , t) ,

uz (r,θ , t) = uz (x,z, t) = uz (r sinθ ,r cosθ , t) . (5)

2.2. Beam focusing field of SV waves

As shown in Fig. 4, the linear phased array consisting of
N elements is placed on the free surface (N is an even num-
ber), where the origin of the coordinate system is located at
the center of the whole array and the elements are numbered
sequentially. Assume that the inter-element spacing is d, and
the element width is 2a. Any arbitrary observation point inside
the medium is denoted as (x, z) or (r, θ ). In addition, the focal
point is located at (xf, zf) or (rf, θf) with the focal length rf and
the steering angle for beam focusing θf. Here the anticlock-
wise angles with respect to the z-axis are taken to be positive,
which means that the azimuth angle θ and steering angle θf

plotted in Fig. 4 are positive.

z

xo

ad

↼x↪ z↽
↼xf↪ zf↽

j

r
rf

rj

θf

θj
θ

focal point

j⇁ j⇁

Fig. 4. Modeling of a transducer array of N elements for the beam fo-
cusing field.

The geometric relationships in Fig. 4 can be given as the
following formulas:

r j =

√
r2−2r

(
j− N +1

2

)
d sinθ +

(
j− N +1

2

)2

d2,

θ j = arctan
r sinθ −

(
j− N +1

2

)
d

z
. (6)

As observed in Fig. 4, the SV waves for focusing can be
regarded to travel in straight lines without refraction or wave
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mode conversion, which makes it easier to determine the time
delays on the j-th element required for beam focusing of SV
waves,

τ j =
1
cs

{(
rf sinθf +

N−1
2

d
)2

+(rf cosθf)
2
}1/2

−1
cs

{(
rf sinθf+

N +1−2 j
2

d
)2
+(rf cosθf)

2
}1/2

. (7)

Then, the focusing field of SV waves for the linear phased
array can be considered as the superposition with the contri-
bution of all elements,

us
x (r,θ , t) =

N

∑
j=1

ux (r j,θ j, t− τ j),

us
z (r,θ , t) =

N

∑
j=1

uz (r j,θ j, t− τ j). (8)

Note that for the case of t − τ j < 0, the above displacement
components are equal to zero.

2.3. Radiation directivity

With the formulas of displacement components (8), the
total displacement can be written as

U (r,θ , t) =
√
[us

x (r,θ , t)]
2 +
[
us

z (r,θ , t)
]2
. (9)

In practical employment of phased array, the elements are ex-
cited by the short-time pulse to generate transient waves. In
this paper, the cosine envelope function with finite duration is
selected as the excitation source in an attempt to make the field
more realistic, which is introduced in detail later. Therefore,
in order to analyze the transient beam focusing characteristics,
the radiation directivity function is defined as

H (θ) =
max [U (rf,θ , t)]
max [U (rf,θf, t)]

, (10)

where U(rf, θ , t) is the total displacement at a given focal
length rf and any arbitrary angle θ , U(rf, θf, t) is the total dis-
placement at the same focal length rf and the steering angle
θf, and max[ ] is an operator that takes the peak amplitude of
total displacement within all calculation time t. This definition
of directivity function ensures that the influence of other waves
propagating in the medium on the focusing performance of SV
waves can be taken into account.

3. Beam focusing performance of SV waves
In this section, the variation of the beam focusing per-

formance of SV waves for parameters is analyzed in detail
through numerical simulation, including the element width
(2a), inter-element spacing (d) and steering angle (θf). The nu-
merical results show the critical conditions for achieving good
focusing performance of SV waves for contact-type linear ar-
ray. This paper only focuses on the bulk waves radiating inside

the medium, which makes the Rayleigh waves neglected in the
calculation hereafter.

As mentioned above, a cosine envelope function is chosen
as the excitation source in an attempt to simulate the realistic
focusing field, which can be written as

f (t) =
1
2

{
1+ cos

[2π

tc

(
t− tc

2

)]}
×cos

[
2π f0

(
t− tc

2

)]
, 0 6 t 6 tc,

f (t) = 0, t < 0, t > tc, (11)

where f0 is the central frequency, and tc is the pulse duration.
In the simulation, the parameters are selected as f0 = 1.5 MHz
and tc = 2/ f0, and the transient waveform of cosine envelope
is plotted in Fig. 5. The inspection medium is chosen to be
steel, where the velocities of p and SV waves are 5778 m/s and
3194 m/s, respectively. The wavelengths of p and SV waves
corresponding to the central frequency are λp = 3.8 mm and
λs = 2.1 mm.
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Fig. 5. The waveform of the cosine envelope function with f0 =
1.5 MHz and tc = 2/ f0.

3.1. Excitation and propagation mechanism of SV waves

As analyzed in previous works,[10,11] the basic radiation
directivity of a single element plays an important role in the
focusing field. This illustrates that the beam focusing perfor-
mance of SV waves is significantly dependent on the radiation
directivity of the single element. Thus, it is critical to study
the excitation characteristics of SV waves radiated by a single
element. As shown in Fig. 6, the transient directivity patterns
of the field excited by a single element with different widths
are given. This demonstrates an important property of the SV
wave that its transient radiation directivity is determined by
the element size. One can be observed that the SV waves
generated by the element mostly radiate along higher azimuth
angles but barely propagate forward. This unique excitation
and propagation mechanism of SV waves enables the linear
phased array to achieve good beam focusing performance of
SV waves at higher steering angles instead of lower steering
angles. However, as the element size enhances, the azimuth
angle with peak amplitude of SV waves gradually decreases.
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Worse still, there exists the erratic fluctuation in the basic di-
rectivity pattern of SV waves for a larger element size, which
may make a deleterious effect on the focusing performance.
Furthermore, it is also shown that the narrower element can
generate the SV waves with amplitude higher than p-waves.
Thus, it is recommended to employ the element with smaller
size in terms of beam focusing performance of SV waves.

 SV waves

 P waves
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Fig. 6. The transient directivity patterns of SV waves and p-waves ex-
cited by a single element with various widths: (a) 2a/λs = 0 (point like
source), (b) 2a/λs = 0.5, (c) 2a/λs = 1.0, (d) 2a/λs = 1.5.

It should be noted that since the element in this paper is
excited to generate transient waves, the basic directivity pat-
terns given above differ from that in previous studies, where
the element was assumed to emit continuous waves.[15,20,27]

This also indicates the differences between the acoustic fields
radiated by transient waves and by continuous waves.

3.2. Element width (2a)

As analyzed above, the element width has a decisive influ-
ence on the beam focusing performance of SV waves. Thus,
figure 7 shows the beam focusing performance of SV waves
for linear phased array with different element sizes at three
steering angles. In the figure, the main lobe is defined as the
lobe appearing at the steering angle, which is surrounded by
lobes with lower amplitudes called the side lobes. In general,
the narrower main lobe provides the higher imaging resolution

and more concentrated focusing energy, which implies the bet-
ter beam focusing performance. It is desirable to suppress the
side lobe amplitude, which implies the reduction of focusing
energy leakage.

It can be observed that the main lobe quality degrades and
the side lobe amplitude increases with the growth of element
size. There even exists the erratic fluctuation in the main lobe
for the case of 2a = 1.5λs, which may result in the confus-
ing signal. This phenomenon can be explained by the basic
radiation directivity of SV waves shown in Fig. 6.

In addition, it is desirable to acquire the highest energy of
acoustic waves at the predetermined focal point, which is help-
ful to accurately employ the focal spot with highest energy to
perform inspection. However, it was found that the peak am-
plitude of displacement in field may not occur at the predeter-
mined focal point due to the diffraction effects.[13] Thus, the
distribution of acoustic field along steering direction is also an
important criterion for evaluating the beam focusing perfor-
mance. As shown in Fig. 8, the enlargement of element width
can result in the deviation of highest energy from the predeter-
mined focal point, as well as the erratic fluctuation of focus-
ing energy around focal point. Thus, it can be argued that the
narrower element is able to provide the better beam focusing
performance of SV waves.

However, it should be noted that the element with smaller
size makes a strict requirement for the manufacturing tech-
nology of arrays and suffers from a penalty of lower focus-
ing energy. Fortunately, it can be observed that the influences
of element size on the profile of the radiation directivity of
SV waves for a relatively smaller element width is marginal,
which can be proved by Figs. 6(a) and 6(b). In other words,
the reasonable enlargement of element width can achieve good
beam focusing performance without sacrificing the focusing
energy. Therefore, it is recommended to employ an element
width larger than 0.4λs but smaller than λs for the particular
case in this paper.
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Fig. 7. The directivity patterns of beam focusing field of SV waves excited by contact-type linear phased array for various element widths: (a)
2a/λs = 0.5, (b) 2a/λs = 1.0, (c) 2a/λs = 1.5 (N = 32, d = 1.5λs, rf = 40 mm).
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Fig. 8. The distribution of displacement amplitude along steering direc-
tion for various element widths (N = 32, d = 1.5λs, rf = 40 mm).

3.3. Inter-element spacing (d)

The inter-element spacing is another important design pa-
rameter of the transducer array that has an important effect on
the focusing performance. As shown in Fig. 9, the variations
of beam focusing performance for various inter-element spac-
ing are given, where the element width is selected to be 0.5λs.
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Fig. 9. The beam focusing performance of SV waves for various inter-
element spacings: (a) directivity patterns of focusing field, (b) the dis-
tribution of displacement amplitude along steering direction (N = 32,
2a = 0.5λs, rf = 40 mm, θf = 45◦).

In general, the beam focusing or steering performance
of linear phased array can profit from the reasonable enlarge-
ment of inter-element spacing.[10–12] This effect is similar to
the benefit from the enlargement of the overall dimension of
the monolithic transducer. Therefore, one can observe from

Fig. 9(a) that as the inter-element spacing increases, the main
lobe quality improves slightly. It is shown in Fig. 9(b) that for
the smaller value of inter-element spacing (d/λs < 1.5), the
location of peak amplitude approaches asymptotically to the
focal point with the growth of inter-element spacing. Subse-
quently, the continuous enlargement of inter-element spacing
may lead to the excessively large distance between the ele-
ments and the focal point, so that the elements away from the
focal point cannot make the effective contributions. As a con-
sequence, this results in the erratic fluctuation of focusing en-
ergy, such as the case of d/λs = 2.5 in Fig. 9(b). In conclusion,
it is recommended to employ the inter-element in the range of
λs and 2λs for the good beam focusing performance in such a
particular case.

3.4. Steering angle (θf)

As mentioned above, it is critical to achieve good beam
focusing performance of SV waves at higher steering angles.
Thus, the variations of directivity patterns of focusing field for
various steering angles are plotted in Fig. 10(a).
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Fig. 10. The beam focusing performance of SV waves for various steer-
ing angles: (a) directivity patterns of focusing field, (b) beam focusing
energy distribution (N = 32, 2a = 0.5λs, d = 1.5λs, rf = 40 mm).

One can be observed that for lower steering angles, the
main lobe quality is significantly improved with increasing
steering angles. The main lobe quality converges to optimum
when the beam is steered in the range from 30◦ to 60◦. After
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that, the main lobe quality has a tendency to degrade. This
phenomenon is exactly consistent with the radiation directiv-
ity pattern shown in Fig. 6(b), where the SV waves primarily
radiate along |θ |= 45◦.

In order to deeply analyze the beam focusing performance
at various steering angles, figure 10(b) gives the distribution of
focusing energy at the focal point for various steering angles.
It is shown that the beam focusing of SV waves can generate
higher focusing energy at the focal point with steering angle in
the range of 30◦ to 70◦, which can provide high signal-to-noise
ratio for inspection. This illustrates that the available inspec-
tion area for the beam focusing of SV waves is located in such
a range.

4. Conclusion and perspectives
In this paper, the transient beam focusing behavior of SV

waves for the contact-type linear phased array is studied. With
the angular spectrum method, the theoretical formulas of the
beam focusing field of SV waves excited by a contact-type
linear phased array is derived. The numerical model is de-
veloped to analyze the beam focusing characteristics of SV
waves, where the elements are excited by a cosine envelope
function to generate transient waves in an attempt to make the
simulated field more realistic.

The numerical results show that the SV waves excited
by the element radiate into the solid primarily along high az-
imuth angles rather than forward. This unique excitation and
propagation characteristics of SV waves enables the contact-
type linear phased array to achieve good beam focusing per-
formance of SV waves at high steering angles. The transient
radiation directivity of SV waves is determined by the element
width. It can be concluded that a larger element size degrades
the main lobe quality and results in the erratic fluctuation of fo-
cusing energy around focal point, which makes a deleterious
effect on the beam focusing performance. Instead, the nar-
rower element can provide better beam focusing performance
of SV waves. However, it should be noted that the element
with smaller size suffers from a penalty of lower focusing en-
ergy.

The investigation is also extended to study the influence
of inter-element spacing on the beam focusing performance.
In conclusion, the reasonable enlargement of inter-element
spacing can significantly improve the focusing performance
of transducer array, while the excessively large inter-element
spacing (d/λs > 2.0) may also result in the erratic fluctuation

of focusing energy around focal point. As a result, the element
width in the range of 0.4λs and λs and the inter-element in the
range of λs and 2λs are recommended to be employed for opti-
mum beam focusing performance in this paper. Furthermore,
the contact-type linear phased array can provide higher focus-
ing energy of SV waves for the available inspection area with
a steering angle in the range from 30◦ to 70◦.

In summary, the beam focusing technology of SV waves
for the contact-type linear phased array can meet the require-
ments of inspections for various components with complicated
structures, and overcome the disadvantages of conventional
wedge transducer array.
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