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Abstract

It is known that a rotating black hole immersed in a magnetic field can selec-
tively accrete charges of one sign and repel charges of the opposite sign. This
gives rise to a magnetic moment of the form Mgy = ﬁ Sgu where Q is the
black hole charge, mpy is the mass and Sgy the spin. As a consequence, a black
hole in a binary system with a neutron star is affected by the star magnetic field
as a magnetic dipole. We study the consequence of this fact on the emission of
gravitational waves by a black hole-neutron star binary system.

Keywords: classical black holes, neutron stars, gravitational waves: generation
and sources

(Some figures may appear in colour only in the online journal)

Black holes are usually considered neutral, because the repulsion of electrically
charged particles is so much stronger than the gravitational attraction thus preventing
the accumulation of a significative charge; on the other hand, the attraction of charges
of the opposite sign will easily neutralize any present charge. However, in 1974, Wald
[1] discovered that a rotating black hole immersed in a uniform magnetic field By,
accretes selectively charges of one sign and repels charges of the opposite sign up to a
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maximum charge Q = 2¢2G~/>BySgy where Sgy is the black hole spin!. In this way,a black
hole acquires a magnetic moment and can interact with an external magnetic field like a
magnetic dipole.

There is a great deal of proofs that black holes immersed in magnetic field exist, such as
black holes surrounded by magnetized accretion disks [3] or binary systems with a black hole
and a companion neutron star [4], therefore the possibility that black holes might be charged
is not purely academical. As discussed in [5] a black hole charge can have visible effects: for
example in a rotating black hole it would generate an electromotive force between the poles
and the equator and the successive accretion of charges of the opposite sign will cause a slow
down of the rotation (the so-called Blandford—Znajek mechanism [6])?; this is considered as
one of the possible origin for relativistic jets [5]. Another effect of a non zero black hole charge
is the displacement of the innermost stable circular orbit (ISCO) in a way that mimics the effect
of the rotation of the black hole [5]. See also [7] for a recent work on the possible effect of a
non negligible black hole charge.

Ground-based (LIGO [8], VIRGO [9], KAGRA [10] and the future Einstein telescope [11])
and space-borne (such as the future LISA, [12, 13]) gravitational waves detectors require high-
accuracy templates for the data analysis of the gravitational waves signal. A great deal of work
has been done in the past decades studying compact binary systems up to 3.5 post-Newtonian
order considering the purely gravitational effects [14—22], spin—orbit effects [23-25] and
quadratic and cubic in spin effects [26—36]. More recently tail contribution [37] and tidal effects
[38] were included. See also the review [39].

In this context, in a recent paper [40], motivated by their strong magnetic field, we have
discussed the effects of the magnetic interaction of two neutron stars in a binary system on the
generation of gravitational waves finding that, considering a system in which a star is young
and has a magnetic field of the order of 10'> G while the other is older and has a magnetic
field of the order of 10'° G (this system is similar to the double pulsar system PSR J0737-3039
[41, 42]), the effect is barely observable by a ground based detector.

In a similar way, motivated by the fact that a possible non negligible charge and magnetic
dipole moment can be present on a black hole in a binary system with a neutron star through
the Wald process thanks to the companion magnetic field, in this paper we shall discuss the
effects on the generation of gravitational waves induced by the magnetic interaction between
the magnetized neutron star and the charged, rotating black hole.

This paper is organized as follows: in section 1 we discuss the Einstein—Maxwell system
and its linearization for small fields and small velocities; in section 2 we calculate the electro-
magnetic potential and the Faraday tensor; in section 3 we discuss the equations of motion of
the bodies in the system; in section 4 we present the evolution equations for the black hole spin
and the neutron star magnetic moment; in section 5 we present the gravitational wave (GW)
and electromagnetic wave (EMW) fluxes; in section 6 we calculate the orbit phase evolution

! For a charged, rotating black hole, the maximum charge is given by [2].

0=

C4 G2m2 S2 ) )
G (% ma) = om0 @
where we have used equation (2) in the second equality: if the charge is greater than this value, the black hole becomes
a naked singularity. To fix the idea of the magnitude of this charge, Q ~ 1.7 x 10*'\/1 — x2C for a black hole with
mass 10 M, and dimensionless spin x. If the black hole is immersed in a sufficiently high magnetic field, the maximum
charge Q = 262G~/ ByS can be greater than (1): in this case the maximum charge is given by (1).

% The maximum charge a black hole can accrete before a breakdown of the vacuum is given by £ > 10713, /% / e

(see [6]). This charge is smaller than the maximum charge that can be accreted through the Wald process.
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of the binary system and estimate the effects of our newly calculated electromagnetic terms
on the number of GW cycles in a ground-based detector; in section 7 we calculate the effects
of the EMW on the orbit phase evolution; in section 8 we discuss our results; finally in the
appendix A we report the detailed calculation of the background electromagnetic potential and
in appendix B we report the calculation of the gravitational waves flux.

In what follows NS indicates the magnetized neutron star, while BH indicates the rotat-
ing, charged black hole. Moreover, to make all the factors ¢ explicit we impose (see for
example [39]):

S = cSphysica = Gm*x 0 < x < 1 2)

where x is the dimensionless spin (we have y < 0.1 for NS and x = 1 for maximally rotating
BH [39]). We use the cgs unit system and the convention (—, +, +, +) for the sign of the metric.

1. The Einstein—Maxwell system

A binary system such as the one considered in this work is described by the Einstein—Maxwell
system [40]:

1 817G, ..  87G, i
G/u/ - R/u/ - Eg/u/R - C—4TMV + C—4TMV (33’)
¥ 4
Fl = (3b)

where G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricci scalar, Tl‘ﬁ, is the mat-
ter stress-energy tensor and T/‘ﬂ}“ is the electromagnetic stress-energy tensor given by (see for
example [40]):
elm 111 af ap
T = o ZguVFaBF — 8" F o F.3| . (3¢)
where F),, is the Faraday tensor and gaﬁ is the inverse of the metric and, finally, J, is the
four-current. In terms of the electromagnetic potential A,,, (3b) can be written as [43]:

47

OA, = ——
C

Ju+ R)Ay. (3d)

As in [40], we describe the neutron star as a magnetic dipole (in its rest frame) and define
the four-current as [44, 45]:

I ==V, (MES (x — x1(1) 4)

where Mg is the antisymmetric dipole moment tensor of the NS and x;(7) is the star position
at proper time 7. Since we do not want our star to have an electric dipole in its rest frame, we

impose (see [40, 46, 47]):
Mgu, =0 4)

where u” is the star four-velocity.
Since we assume that the black hole has a charge, it also has a magnetic moment proportional
to the spin given by the following equation [1]:

My = 9 o (6)

v
mgy "



Class. Quantum Grav. 37 (2020) 095002 M Villani

The spin tensor SE‘IEI has six components, but only three are physical, the ones corresponding

to the spin vector components, while the others could be eliminated by fixing the center of the

body reference frame, therefore, we have to add the supplementary spin condition (see [24, 26,
39, 48-51]):

Spp’ =0. (7)

To solve the Einstein—Maxwell system we need to add contour conditions [39, 40]: we

assume that the metric was flat and stationary in the far past, so that there is no incoming
radiation at the source position. Mathematically, these contour conditions are given by:

atg/w(t,f) =0 h};n g/w(t,)?) = Nuv Vit g T. (8)
r——+o0

where 7, is the flat Minkowsky metric and 7 is the present time.
As in [40], we can define a background electromagnetic potential and a perturbation,

0 ~
respectively A, and A, and impose:

0 ~
A=A, +A,. ©)

Following [39] and references therein, we also split the metric into a flat background 7, =
O(1) and a perturbation field 4, = O(G). This post Newtonian (PN) expansion is valid for
systems in which the binary separation d is larger than Ry = 2% where m is the total mass of
the system and for small relative velocities v < ¢ (see [39, 52] and references therein)?>.

Assuming that Mf)‘f = O(1), the four-current (4) can analogously be splitted into a

background and a perturbation component defined respectively as:

0
J,=—cd, (M{qsﬁ(x - xl(T))) (10a)
and:

Ty =—c (MKIS#(Ss (x— Xl(T)) (31/ ln(\/—_g)) (10b)

where g is the determinant of the metric, .(},, is O(1) and will be the source of the back-
ground electromagnetic potential while 7,, is O(G) and will be the source of the perturbation
electromagnetic potential.

With the above definitions, we can write the linearized Einstein—Maxwell system as (see
also [40]):

0 470

DA, = — 27, (11a)
C

16w 16w
Oy = —-1el [TR] + (&lg (7] + A/,,,,) (11b)
~ Ay~ 0 ~

DA, = ——J,, + R, A" + R, A" (11c)

C

3 As discussed in [52], the term small velocities is misleading, since the PN expansion is valid also for velocities v ~ %
in this case one should include in the expansion higher order terms in v/c.
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where the tensor A, is defined in [39, 53] and contains all the terms at least quadratic in the
metric perturbatiog. From the third of the above equations, we see that, for consistency, the
perturbation field A, has to be O(G), since the right hand side is O(G). This expansion takes
care of the case in which the backreaction of the gravitational field on the electromagnetic field
is non negligible.

To complete the system (11), we have to define the gauge in which we are working: we use
the harmonic gauge for the gravitational part and the Lorentz gauge for the electromagnetic
part, therefore we impose that all the defined fields are transverse:

0 ~
ohn,=0, 0A"=00A" =0. (12)

In what follows, we restrict ourself to the higher order electromagnetic corrections, so only

0 ~
the background electromagnetic potential A, will be important (it could be shown that A, gives
corrections of the order of ¢~2).

2. Electromagnetic potential and Faraday tensor

Following [26-36, 39], we can define the BH spin vector as:

1 P o
SE,H = _5 vV —8€uvpo micsfgﬂ (13a)
whose inverse is:
1 0
SEJI;I = _\/7_—576/“/,;«%5%1{. (13b)

With these definitions, equation (7) is automatically satisfied because of the antisymmetry of
the Levi-Civita symbol €,,,,,,.* By analogy, we can define the magnetic dipole vector of the NS
as follows:

1 -
Mfz—i—gwﬂmms (14a)

whose inverse is:
1

——€upott” Mg

Ve

where we used u” so that the relation (5) is satisfied at all orders.
From the first equation of the linearized Einstein—Maxwell system, following the derivation

given in the appendix A, we find that the background electromagnetic potential is given by (see
also [54]):

M = — (14b)

0 nk

A= -MjEL +0(c?) (15a)
r

0 nk

Ao = —MyP =+ 0(c ™). (15b)
n

4We define the Levi-Civita symbol by imposing €g»3 = 1, all the other components follow by permutation of the
indices.
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where we have defined:

SU
I
=l
=U

1

rt =|f—f1|

=

—_

where X is the position of the NS. When evaluated at the black hole position and upon using
the definition of the magnetic dipole vector (14a), we find:

0
(Az> _ 6l]"nIZ'/\/lNS + 0(0—2) (16a)
BH "12
0 1€ i ij
<A0> — - DIRTITENS 4 o), (16b)
BH € 5V)
where 71, = % is the direction of the relative position of the NS and of the BH,

ri = |X; — X3] and vy is the NS velocity.
With these potentials, the background Faraday tensor evaluated at the position of the black
hole is given by:

0 0 0
(FW> =0, (A,,) -9, (A#> (17a)
BH BH

Fi; 6uk/\/le _ 3€jkle\Js”i12 - lklMNSnIZ k .+ o (17b)
o5 T2
1 €gmvy LM _
( ko) Eslm SIS (6, — 3ndyniy) + 0. (17¢)
12

3. Equations of motion

On the first body of the binary system (the NS) will act only the gravitational force, while on
the second (the BH) will act both the gravitational and the electromagnetic force because of
the interaction of the BH magnetic dipole with the NS magnetic field; therefore, at the higher
order, the accelerations of the two bodies in the binary system are given by:

GmBH

ay = ni, + 0(c™?) (18a)
12
i GmNS i aﬁa _2
H="a M2 + 2o 5— Mgy i(Fas)BH + 0(c™)
12
Gmys ;13 M, Sk ‘ A A
= O gy 1 22 M (83 = Snfunly ) iy + Saniy + 8ty | + 0 (180)
T2 ¢ 2mpy T

where in the second term in the first line of (18b), we used the acceleration of a magnetic dipole
in a magnetic field reported for example in [40, 46], while in the second line we calculated the
gradient of the background Faraday tensor given in the previous section and used the definition
of the BH magnetic dipole (6).
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Figure 1. In this graphic we represent the triads relevant for this paper: in black {x,y,2}
is the initial triad, in blue {7, Z, )\} is the moving triad and in red {Xors Yors i} is the triad
that identifies the orbital plane. The axis 7is common to the last two triads and is orthog-
onal to the orbit plane; it has been represented in red. The vectors 7 and X lie in the orbit
plane. The angle ¢, the orbital phase, is also shown.

In the center of mass frame and for circular orbits’, the above equations can be rewritten as
follows (see [39]):

da=d, — a Z—Q r12n12—|—a;€—|—aA)\ (19)

where 7115, [, ) constitute a triad of orthonormal vectors: 77, was defined above and is the direc-

tion of the relative position of the NS and the BH, ¢/ = % is the unit vector normal to the

instantaneous orbital plane (¥}, is the relative speed of the NS and the BH) and = 12 X lis
the third unit vector that completes the triad (see [39] and references therein and also figure 1).
In the above equations, we have:

Q-ily  Gm 13 ;
@ @ Tm 0 M i <5jk _ 3n{2n'f2) (20a)
2 1, c 2mBH s
.13
.o 130 MisSh (e + i) (20b)
c ZmBH r{,
ay=ad - x=0(c) (20¢c)

5In the approximation of circular orbits, terms proportional to i, = 77}, - U}, are neglected because they are of the
order O(c~?) [39]. This is a good approximation because gravitational waves tend to circularize the orbit by carrying
away angular momentum from the binary system (see [39]).

7
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where we have defined:

MINSMBH
m2

MBH — MINS
A: _—

m=mys +mpy V= +0(c™) 1)
where m is the total mass, while v and A will be used later and are respectively the adimensional
reduced mass of the system and mass difference.

The electromagnetic contribution to the energy of the system is given by (see for

example [46]):
1 0
E™ = - My (F(w) (22)
2 BH

0 MisShy

1
2 e 3
2mpuc 1,

_ (8 = 3ntonfy ) + 03
while the gravitational contribution to the total energy of the system is calculated in [39] and
references therein, and is given simply by:

G
e — 2" o, (23)
2

4. Evolution equation for the spin and the magnetic moment

We report here the equations of evolution for the BH spin and the NS magnetic moment.

On the BH spin will act the magnetic field of the NS and gravity through the spin—orbit
coupling; since the latter is O(c~2) [39, 40] we report here only the higher order electromagnetic
contribution (see also [46]):

dsBH <™ » 5 0 /o , .
dr =Mpy (F if)BH +0 ) = mguc (Fij) BHSIJBH o
N 0 e€pSpuMbis 3 0 €jaSkgMigni, — eiskS]’gH(MNsn)ns P
mpHC o MBHC iy 12
24)

where (Mysn) = Mign,.
At the higher order, the evolution of the NS magnetic moment is due only to the star

rotation [40]:
LJINS = WM+ 0(c?) (25)

where w? is an antisymmetric tensor describing the rotation of the star. If I is the moment of
inertia of the star, we have (see [40]):

SNS  5Gm A
IJ = Er—zNSXNSwij (26)

Wij =

where we have used equation (2) and we have supposed that the star is spherical and with
constant density so that I = %mNS 2, ris the star radius and s 18 the star dimensionless spin.

8
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5. Flux of gravitational and electromagnetic waves

We can now calculate at the higher order the electromagnetic contribution to the gravitational
waves flux.

As reported in [39, 55], at the higher order, the gravitational waves flux is given by:
G |1

F=3 EIS)IS) +0(c™?) 27)

where If?) is the third time derivative of the quadrupole momentum, which is given by:

Lj = oxoixj= + O(c™?) (28)

where 0 = mnsd° (x — x1(1)) + mppd°>(x — x5(1)), where x, (¢) is the position of the NS and x,(7)
is the position of the BH at coordinate time ¢. The angular brackets around the indices mean
that we are considering symmetric trace free tensors, i.e. (see [39, 56]):

. 1 . . 1 ...
xSy = = (Y Xy = Z6YE D). (29)
Following the derivation given in the appendix B, we find that the gravitational wave flux
is given by:

5 5
Fow 326 o5 48 c - ((MNswwxsgﬂn)+<MNswn)<SBHw)) 212 (30)

567" T 5 Gommg
where the first term is the highest order purely gravitational contribution to the GW flux and
the second is our electromagnetic term in which we have defined (Mysww) = Migw;w/,
(Sgun) = SR, Mysww = Migw"w; and (Spyw) = Sk,w;, while v was defined in (21)
and «J is the direction of the relative velocity vector defined in the appendix B, equation (B4).

The detailed calculation of the electromagnetic waves flux was given in [40], here we only
report the final result at the higher order:

7.7
EMW 5 x'c

24 G*m?
where A was defined in (21).

(A= 1) (Mgs + Mnsw)) . (31)

6. Orbit phase evolution and number of gravitational waves cycles

We can now estimate the impact of the newly calculated electromagnetic terms on the orbital
phase evolution of the binary system.

The orbital phase is defined as ‘the angle ¢, oriented in the sense of motion, between the
separation of the two bodies in the direction of the ascending node within the plane of the
sky’ [39]; see also figure 1. We start from the energy balance (see [33, 35, 36, 39, 40, 57]):

dE

dr
where E is the total energy given by the sum of equations (22) and (23) and F is the total flux.
Using the chain rule and defining % =, we get [36]:

dp  (dE\ ' Q
a—‘<a) 7 (33)

—-F (32)
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The right hand side must be expanded in series of x and eventually integrated on x to get ¢.

In the usual case (see [39] and references therein) F contains only the GW contribution
FSW_ while in our case there is also the contribution of the electromagnetic flux FEMW, so
there are two different contributions to ¢: a purely electromagnetic term ¢*™" and the GW
term ¢°V:

% B d¢GW N d¢EMW - d_E -1 # a0
dx  dx dx dx (.FGW + fEMW)
As explained in [40], only (;SGW is measurable with GW detectors, while qSEMW must be inferred

indirectly from the decay of the orbit.
After the integration on x of the GW term, we find that, at the higher order, (;SGW is given
by:

$W i 52 {1 n E\/}—C ((Mww)(SBHn)Q n (MNswn)(SBHw)Q>]

- 321/x 8 G2m’mpy G*m?mpy

(35)

where the first term is the purely gravitational term calculated in [39] and references therein,
while the second term is the electromagnetic contribution calculated in this work.

We can now estimate the importance of the newly calculated electromagnetic corrections
using the number of gravitational waves cycles in a ground based detector [39, 40]:

NGW _ ¢ISCO - ¢seismic (36)

™

where ¢isco is the orbital phase calculated at the innermost stable circular orbit (ISCO) and
Oseismic 15 the orbital phase calculated at the cut off frequency fcismic = 10 Hz (below fieismic the
detector is blind because of the seismic noise).

We define the vectors Sk, and M as follows:

S{}H = SEH XBHG’"]Z‘:;H Mf\ls = Mnxs Mf\ls 37

where Mys is the modulus of the magnetic dipole vector and x gy is the adimensional spin of
the BH (see [39]).

Considering a system in which the neutron star has a radius r = 10 km, mass mys = 1.4 M,
and a magnetic field of 10'> G (corresponding to a magnetic dipole of the order of Myg =
10*® G cm™3) and the black hole has mass mgy = 10M,,, we find that the electromagnetic
contribution to the number of cycles is®:

N = 11 5 10740 ((Msow)(Sain) + (nsom)(Saw) ) xasxon - (38)

where @ was defined in (26). It could be shown that this estimate becomes smaller as mpy
Srows.

To give an idea of the orders of magnitude involved, the higher order purely gravitational
contribution to the cycle number for the system considered in the above paragraph is 3558.9,
as reported in [39].

3

6 We remind we use cgs units, so here Q is measured in cm®? g!/2s~!, not in Coulombs.

10
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7. Electromagnetic waves emission

Following the same steps we used for the calculation of the gravitational waves contribution
to the orbit phase evolution, using equation (31), we can estimate the effects of the EMW on
the evolution of the binary system.

The contribution to the orbital phase evolution is given by:

xS T125 P
¢EMW = —C ;2]/ |:384 G§m4 (A — 1) (MIZ\IS - (MNSw)Z) X2:| (39)

where A was defined in (21).
Now we can calculate, in a similar way as in the above section, the number of cycles due to
the electromagnetic waves; the result is:

NEMW

(A—1) (Mgg — (M)?) ﬁc} (40)

_5x’5/2 98304 ¢
32v 125 G*m*13

Considering the binary system discussed in the previous section, we find that
NEMW ~ 2 5 107%(A — 1)y, 41)

so we see that the contribution to the orbital phase evolution of the EMW flux is utterly negligi-
ble and therefore, the energy is carried out from the binary system mainly through gravitational
radiation.

8. Discussion and conclusions

Motivated by the fact that a rotating black hole in a magnetic field acquires a magnetic dipole
Mgy = ﬁSBH because it selectively accretes charges of one sign and repels charges of the
opposite sign, we have calculated the electromagnetic contribution to the gravitational waves
flux in a black hole-neutron star binary system. We have found that this contribution depends on
the charge Q of the black hole, but the electromagnetic effect on the generation of gravitational
waves is non negligible only if the black hole has a charge Q > 10™cm?®/2 g!/2 5! ~ 10° C for
mpy = 10M;, (the maximum charge that this black hole can accrete through the Wald process
is about 1.5 x 10" C). For a black hole in the interstellar medium it seems not possible to
accrete such an enormous charge, therefore the electromagnetic effect on the generation of

gravitational waves in a black hole-neutron star binary system is negligible.
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Appendix A

0
In this appendix we calculate the components of the background electromagnetic potential A

0
and A,‘.
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Inverting the first equation of (11), we have:
0
A, =——0",. (A1)
Using the Green function of the D’ Alembert operator [] given for example in [58], we have:

[01 g (&)

5, xo — X — X|)dxyd’x' (A2)
PRI °
where x'o =cf. We first integrate on x'y using the property of the Dirac delta
f fx)d(x — x;)dx = f(x;) and then expand in series of ¢~! inside the integral as described in

[58], finding that:

0 J,()?’) 1d o -
A, ! H/|dx -3 u( )dx ’+2 3d2/\x ¥ J, @) N+ 0oe™).

X —
(A3)

retaining only the higher order terms and using our definition of the current (4), we have:

0 3.7

A= ‘xd_xm (M9 F — H(0)] + 0™ (Ada)
0 3.7
Ay = d'x MN58k63( — X))+ 0™ (A4b)

We now integrate by parts and use again the properties of the delta function, so we find:

0

= MNS 1 + 0(c™?) (A5a)
= —MYZ 2 Lo, (A5b)
as reported in (15) where n, = ‘?2‘, = |¥ — X| and where X; is the position vector of the
NS.
Appendix B

In this appendix we present the calculation of the gravitational wave flux.
As can be seen in equation (27), we need the third time derivative of the quadrupole moment
I;; which is given by:

1(3) (6v<’ egus 2y1<’a{>) mns + <6v2<’a§> + 2y2<’a§>) MBH (B1)

where v; is the velocity of the NS and v, is the velocity of the BH and d; and a, are given
by (18a) and (18b). In the previous equation the time derivative of the accelerations appears.
For @,, we have to consider the derivative of the electromagnetic contribution; two terms
appear: one containing Sk, and one containing M. Looking at equations (24) and (25),
we see that at the higher order only the second contributes, the other being of the order
o(c™h.

12
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The velocities of the bodies in the binary system can be expressed in terms of the relative
velocity thanks to the relations [39]:

mpH NS
V=V U= ——— U2 (B2)
m m

From the first of equations (20), we have that the (square of the) modulus of the relative
velocity is given by (for circular orbits):

Gm 13 QO MiS, S
2 Q) — 12 NS BH(él“_:;l 1)_ B3
v, = (Qrp)” = o ¢ 2 mpx r?z J nyoty, (B3)

With this, we can define the unit vector w as the direction of the relative velocity:

G 13 S’ S

7=y 0 My 3 — N BH (5ij - 3”'12”{2) (B4)
T2 c ZmBH s

Using the accelerations (18a), (18b), equation (25) and the relations (B2) into (B1), we find,

for circular orbits:

IP =T+ - L7l 4 o) B5)
where:
Gm*v . .
Zy=-8 ERNELT (B6a)
9 mQV < . )
I’IJ I’12 mp V12 ((MNSn)S}J;I + MIJ\I>S(SBHn))
m
+ nlen{; |:r3QI/ ((MNSOJSBH) S(MNSC‘J”)(SBH”)) +
12m
15 m
- TiQV ((MNSU)(SBHn) + (MNsn)(SBHv))}
Ty MBH
3 mvQ .
R S j> S
+n 12 |: ?2 mg ((MNSU) NS( BH'U))
12 my )
T o ((MNSSBH) 5(MNsn)(SBHn)) vl
Ty MBH
; o <(MNSW")SJ + (Spun)w’”* MY )} (B6b)
T, MBH
where we have defined (Mnysv) = Mygviy, (Spuv) = Spyviy, (MusSer) = MisSpa.

(MnswSpr) = MigwiiSas (Mns) = Mignty, (Sean) = Shyni,.
According to equation (27), we need the square of equation (B6). We first introduce the
adimensional parameter [39]:

3/2
GmO\ *? Gm [Gm 13 MiS] o
x:( n ) _ [ Gm JGm 13 Q BH (5ij—3n32n{2) (B7)

3 3 ra ¢ 2mpy r?z

13
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from which we get that, at the higher order:

1 cbx?
i ) BS
I G3m3 ( )
We now square equation (B6), substituting equations (B4) and (B8) and using relations (28).
After some lengthy algebra, Taylor expanding in x the result, we find:

320 5,5 48 &

FN =gV - 5 Gomtm (Mww)(Sn) + (M Swn)(Sw)) x'/? (B9)

as reported in equation (30).
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