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Abstract. In the paper we give a complete classification of 2-dimensional evolution algebras
over algebraically closed fields, we compare the list of representatives of the isomorphism
classes with that of obtained earlier by the other authors. Also we describe their groups of
automorphisms and derivation algebras.

1. Introduction
Nowadays applications of mathematics in various areas of science is in big trend. Particularly,
applications of algebra in biology are due to works [11, 12, 13, 14]. The non-associative algebras
are used to formulate Mendel’s laws in [8, 9]. Other genetic algebras called evolution algebras
emerged to study non-Mendelian genetics. The class of evolution algebras is of big interest
due to their applications in genetics. Evolution algebras can be applied to the inheritance of
organelle genes, for instance, to predict all possible mechanisms to establish the homoplasmy of
cell populations. The evolution algebras were studied by Tian in [13], a pioneering monograph
where many connections of evolution algebras with other mathematical fields (such as graph
theory, stochastic processes, group theory, dynamical systems, mathematical physics, etc.) are
established. In [13] the close connection between evolution algebras, non-Mendelian genetics and
Markov chains are established. An evolution algebra is nothing but an algebra A provided with
a basis e = (e!,€2,...), such that e‘e/ = 0, whenever i # j (such a basis is said to be natural). In
[3, 5] the authors studied evolution algebras of arbitrary dimension and their algebraic properties.
On the other hand, the derivations of some classes of evolution algebras have been analyzed in
[2, 10, 13]. A result of classification of three-dimensional complex evolution algebras has been
studied in [4]. In the present paper, we give the complete classification of 2-dimensional evolution
algebras over any algebraically closed field, describe their groups of automorphisms and algebras
of derivations depending on a new approach introduced in [1]. For further information, related
to similar problems, the reader is referred to [6, 7, 13].

The organization of the paper is as follows. In Section 2 we introduce a new technique
to classify finite dimensional evolution algebras then we present all possible evolution algebra
structures on 2-dimensional vector space over any algebraically closed field. Section 3 contains
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the description of group automorphisms and the final section is devoted to the description of
derivation algebras of the algebras found in Section 2.

2. Classification of 2-dimensional evolution algebras

Let F denote any algebraically closed field and A be an n- dimensional algebra over F with
multiplication - given by a bilinear map (u, v) — u-v whenever u,v € A. Let E = {ej, e, ...,ep}
be a basis of A over F. Then we can write

n n
u = E ce;u; = eu, vV = E €jU; = €v
i=1 j=1

T T .
where u = ( Ul U ... Up ) ,and v = ( V1 VUV ... Up ) are column coordinate vectors
of u and v, respectively, and e = ( e1 ey ... ep ) .
€ —A1 61+A je2t .+ Aljen = E ijek
1,5,k=1

where Af ; are the structure constants of A whenever 4,5,k = 1,2, ...,n. Therefore

n
u- V—E e - E ejvj = E (€; - ej)uv; = E A”u,v]ek

a.] 1 ,jk 1

Then one can represent this bilinear map by a matrix A € M(n x n?,F) such that
u-v=eA(u®o) (1)

where u ® v = ( UYL ULV2 ... UIVp UV UQUY ... UQVp .. UVl UpU2 ... UpUp )T
So an n-dimensional algebra A is presented by a matrix A € M (n x n?,F), called the matrix of
structure constants MSC of A with respect to the basis E as follows

1 1 1 1 1 1 1 1 1
A%1 A%’2 A%,n A%,l A%2 A%,n AS’I AS’Q A72’L,n
A= A1,1 A1,2 Al,n A2,1 A2,2 A2,n An,l An,z e AL
n n n n n n n n n
A1,1 A1,2 In A2,1 A2,2 o Ay An,1 An,2 e AR,

In the sequel we do not distinguish the algebra A and its MSC A.
If B/ = {e€],...,e},} is also another basis for A, and B is the MSC of A with respect to E'.
Now, we will obtain the relation between the matrices of structure constants A and B.
According to the basis E' we can write e; = Z] 1 ]g]Z then we got e = €'g where

g€ GL(n,F), &= (¢ ¢ .. €, ),by (1) we got
u-v=e¢B0W ), (2)
where u = €’u/, v = €/v’ then due to (1) and (2) we got
u-v=eAlu®v) =B @v) =eg 'Blgu® gv) =eg 'B(g® g)(u®wv)
1,/ 1.,/ 1

as far as u = eu = v’ = eg '/, v = ev = €/v/ = eg~'v/. Therefore the equality

B =gA(g~H)**

is valid. Therefore, the isomorphism of algebras A and B with the MSC A and B is given as
follows.
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Definition 2.1 Two n-dimensional algebras A, B, given by their matrices of structural
constants A, B, are said to be isomorphic if B = gA(g~")®? holds true for some g € GL(n,TF).

A 2-dimensional algebra A with a basis e = (e, €?) is represented by MSC A as follows

Al Al Al Al
A— 11 A1z 21 Ao > e M(2x4,F
(4 4 ) ewexam

and under change of the basis e = (e!,e?) MSC A is given by B = gA(g~1)®2, where for

1 &1 m
= one has
g < S M ) "
& &am &m0t

ez 1o -1 | §ibe & Semn mme
(7) 9989 §1&2 Lam &2 mne
& S Lm

In the paper we deal with finite-dimensional evolution algebras and denote the algebra by E.

Definition 2.2 An n-dimensional algebra E is said to be an evolution algebra if it admits a
basis {et, €2, ...,e"} such that e'e’ = 0 wheneveri # j, i,j =1,2,...,n.

According to the definition above the matrix of structure constants (MSC) for evolution
algebras has the following form

Ei; 0 -+ 0 Eyy 0 --- 0 E,,
g | Fii 0 - 0 B3, 0 - 0 E7,
Efy 0 .-~ 0 E¥y 0 --- 0 EJ,

Onward, to simplify the notations for a 2-dimensional algebra A the matrix of its structure
constants (MSC) A is denoted by

A— ap a Qa3 Q4
B P2 Bz Ba )’
In this section we prove the following result on classification of 2-dimensional evolution

algebras.

Theorem 2.3 Over any algebraically closed field F every nontrivial 2-dimensional evolution
algebra is isomorphic to only one of the algebras listed below by their matrices of structure
constants:

1
c
>, where b € T, E3:<

1 00 00 01
Ez<b)_<100 1000)’
1 0 01 1 0 0 -1 00 01
E4_(0000>’E5_<—100 1>’E6_<0000)'
.. . . a 0 0 b
Proof. Let E be a nontrivial evolution algebra given by E = c 00 d and

/

/ / /
(% % % Q4 ) _ ool ®2  wh, -1 _ & m ‘
(5 5 5 5 )=omu et = (§ )
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For the entries of E’ one has

2 = 3

By =

where A = 1m0 — Lom1.
In particular, note that

(%
By

and

doi:10.1088/1742-6596/1489/1/012001

%(f (an2 — em) + & (b — dm)),
= (&xmi(anz — emy) + Eama (b — dm)),
(i (amz —em) +n3 bz — d)), 3
il §(—aba + c&1) + &3 (—b&y + d&y)),
A (Eam(—a&a + &) + Lama(—bka + d&1)),
x(i(—a& + c&1) + n3(—b&e + d&1)),

J=(&n) (2a)(En) .
D-(en) (ra)(d ) .

/
&
Bl 54

which shows that o) 8} — /5] = 0 whenever ad — bc = 0.
We claim that there is a basis of E such that
=fy=03=0

ab = aj

and o, o, B, B} as simple as possible.
Consider the following cases.

e Case 1: ad — bc # 0. In this case due to (6) and (4) is equivalent to {171 = &ama = 0. Let
us consider g = ( %1 r? ) Then A = &1m2 and from (5) we have
2

2
n E
ay :agb aﬁlzbia ﬁi 17 64

Due to ad — bc # 0 one has the following subcases:

dng .

— Subcase 1-a: a # 0,d # 0. In this case one can make of = 1,3) =1 to get

El(b,c):<i 8 8 Ii),wherebc%l.

— Subcase 1-b: a # 0,d = 0. In this case 8} = 0 and one can make of = 1, 8] =1 to get

o O

Eg(b):<1 8 8>,Whereb;&0.

— Subcase 1-c: a = 0,d # 0. In this case @j = 0 and one can make 3 = 1,a); = 1 to get

E’:<(C) 8 8 i),wherec;«éO.

It is isomorphic to Ex(c).
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— Subcase 1-d: a =0,d = 0. In this o) = 0,8} = 0 and one can make ] = oy = 1 to get

0 0 01
E3—(1 00 0)‘
e Case 2: ad —bc=0

— Subcase 2-a: Both (a,b), (¢, d) are nonzero and (¢,d) = A(a,b). In this case (5) is
equivalent to

N2 — Am
—

- A
agim + bz = 0, of = L (agf + b63), oy = L anf + b,

§2 — AL §2 — A¢
Bl = =2 (agd +083), By = —SE (a4 o).

* Subsubcase 2-a-1: a + bA\? # 0. Put & — A& = 0. Then & # 0, the equality
afim + bamz = &i(ant + bAnz) implies am + b = 0. Ifb# 0 then 2 = —,
A =¢&(ny — Amp) and

_ 2 ala+bA?)

It implies that in this case one can make of = 1 and o/ one or zero, depending on

a, to get
/(100 1 , (1000
E4_<0 0 0 0>OTE_<0 00 0)'
The later is isomorphic to E5(0). If b =0 then 7, has to be zero, of = a&i1, o)) =
§7so by making of = o/ = 1 one gets Ej.

% Subsubcase 2-a-2: a + bA%Z = 0. Note that in this case a,b, A\ have to be nonzero,
to make & =11 = 0. Then A = &119, and

b a\
O/lzaglaail_ﬂaﬂl 51

&1

764 = b)\772

2
W2

It implies that one can make o = 1,5; = 1 to get o) = ;32 = —1, B} ==

and
1 00 -1
E5_<—1 00 1 )

— Subcase 2-b: ¢ =d = 0. In this case

/

of = "L (ag +063). b = aly = Z(akum + beamn), oy = L (an} + bi),

B = 208 1 0), 5= By = —SE(akims +bam), B = — (o + br).

Taking & = 0, n; = 0 results in

b
Oéllzaélaaé:aé:(L 227181 /82 /83_ﬁ4_0
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* Subsubcase 2-b-1: a # 0. Then one can make of =1, oy = 1 or 0, depending on b

to get
/(1001 , 00 0
E4_<0 0 0 0> OrE_( 00 0)7
respectively. The leter is isomorphic to E2(0).
* Subsubcase 2-b-2: a = (0. Then

S =

bns
o) =0, dy =04 =0, o, = B1=Py=pP3=0,=0,

?
;o (0 0 01
and one can make o = 1 to get Fg = < 0000 )

— Subcase 2-c: @ = b = 0. In this case

M m m
ot =~ (cgt +dh), ah = o = — B (cum + dtame), o = 2 (enf + i),

A
8= SHet + dh), 5= 4= S(ckam + deam). B = S (ent + and)

which is similar to the case ¢ = d = 0, i.e., we obtain algebras 1somorphic to previously
considered cases.

Now we compare the list of the paper with the following classification result on complex evolution
algebras obtained in [7].

Theorem 2.4 Fvery nonzero 2-dimensional complex evolution algebra is isomorphic to exactly
one of the following evolution algebras given by their matriz of structure constants

, (1000 , (1001
E1_<0000>7E2_<0000>’
1 , (0000
1>’E4_<1000)’
, (100 b , (000 1
E5a,b_<aoo1 B =100 ¢ )

whereab # 1, ¢ # 0 and B | ~ B, Eg ~ Eg, < & = cos 27 1 isin 5" for some k € {0,1,2}.
In the list of the paper these algebras are represeted as follows.

E»(0) ~ B}, By~ Ej, Es~ Ej, Eg~E}, Ei(a,b) = E; ,, Ea(c™®) =~ Eg

: o 100 ¢3 _1\®2 0 c .
the last isomorphism is due to 100 o0 =gEs (g7 )% at g = 2 0 . According

to the discussion above in [7] the algebra Eéo given in the present paper by F3 is missed.

3. The groups of automorphisms of 2-dimensional evolution algebras

Recall that a bijective function f : E — [E preserving the binary operation of E is an
automorphism of E. The set of all automorphisms E is denoted by Aut(E), it is a group with
respect to the composition operation. If a basis of n-dimensional algebra E is fixed, then the
elements of Aut(E) are represented by elements of GL(n,F) as follows

Aut(E) ={g € GL(n,F): gE — E(g®g) = 0}. (7)

Let i € F stand for an element with i? = —1, I = < (1) (1] ) and g = ( j g ) € GL(2,F).
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Theorem 3.1 Over an algebraically closed field F (Char(F) # 2), the automorphism groups of
two-dimensional algebras are given as follows:

Aut(Br(0,0) = (1), o AueiBo) = {1.(] o )} 2a,
au(Ea) = 11y, v 0. awzo)={(} 0, )¢ i1},
w51 3.5 £)(5 22 4 (2 5 )]s
s (8 4} i ({1 et}

Aut(Eﬁ):{(t; j) t#0, seIF}.

Proof. To prove the theorem we go through the list given in Theorem 2.3 and compute their

groups automorphisms according to (7). Consider F(b,c) = < (1: 8 8 Zl) ) . Then

—
o

2 1.2 s ) )
gEl(b,c)—El(b,C)(g®g)—<$ x4+ cy — bz xy — btz —xy—0btz —bt*+br+y—y >7

ct —cax? + z — 22 —cxy —tz —cxy —tz t—t2—cy2+bz
therefore to describe the automorphisms one should solve the system of equations with respect
x,1y,z and t:

z—at+ey—b2° = 0 (8)
ct—cx?+z2-22 = 0 9)
—xy —btz = 0 (10)
—cxy—tz = 0 (11)
4 br+y—1y> = 0 (12)
t—t2 —cy® + bz 0. (13)
The equations (10) and (10) imply tz(bc — 1) = 0.
e Case 1: b # c. The system has only one solution g = I due to bc — 1 # 0.
. . . 10 0 1
e Case 2: b= c. The system has solutions in matrix form { < 0 1 ) , ( 10 ) } .
1 0 0 b
In the case Fs(b) = < 100 0 ) we have
Ba(b) — Ba(b)(g ® g) = r—a?+y—bz? —xy—btz —axy—btz —bt?+ br — >
§&2 2L 9) = t—a?+z —xy —xy —y? + bz ’
This produces the system of equations:
r—r+y—0b2 = 0 (14)
t—a’4+2z = 0 (15)
—zy—btz=0 = 0 (16)
—zy=0 = 0 (17)
b’ br—y* = 0 (18)
—y* + bz 0. (19)
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As above to find g we have to solve the system equation.

e Case 1: b # 0. Due to xy = 2zt = 0 one has only two subcases:
— Subcase 1-a: x =t =0, yz # 0. In this case the equation (15) implies z = 0, so there
is no non singular g with the entries satisfying the system.
— Subcase 1-b: at # 0, y = z = 0. In this subcase we have x =t =1 and g = I.

2

e Case 2: b=0.Duetoy=a? —a,t=2>—2,y=0wefindzx tobe 1,asaresult t =1— 2

andg:(i 19Z>,Wherez7é1.
01
0 O>,then

2
—Z
gE3 — E3(g®g) = < vy

If we consider F3 = < 2

o O

which implies the following two cases:

e Case 1: zt # 0,y = z = 0. In this case due to t = 22,2 = t?> one has z = 1,t = 1 or
x:—%—ki@,t:—%—i@orx:—%—iTS,t:—%—i—i@.

X oy o . . . . . 1 .\/3 1 V3

o Case2: x =t =0,yz # 0. Similarly, we obtainy = 1,z =lory = —5+i5,2 = —5 —i5"

VB, 1y V3
15,2 = —5 T 15

N[

ory=—
. 1001
Consider Ey = ( 000 0 ) , then

x—a?— 22 —xy —tz —xy—tz —t2+x—y2
z 0 0 z ’

0 -1
1 00 -1 o,
100 1 due to (7) one has z —y ==
t=a2+z2-2% ay—2t=0, r(x—2?+22)—2(2?+2-22) =0, —xt+y=9y>—12, —(22+2%) =
(22 —x + 22)% — (2% + 2 — 2?)2,
which can be rewritten as follows

Inthiscasewegetgz]org:<1 0 >

InthecaseE5—< — 22, y=x—x%+ 22,

Yy = T — x? + 22,
t = 224 2- 22
r(@® -z -2+ 202 +2-2%) = 0,
22 —22 = —(2®2 -2 22?2+ (22 - (2% - 2))%
e Case1: z #0. Then 22+ 2 — 22 = M and the substitution it into the last equation

implies
2 -2 =@ -2 -2 -2 @ - (@ - -2 -2 =0.

— Subcase 1-a: 22 — 22 =0. Then x = +z, y = +2, t = z and g is singular.

— Subcase 1-b: (22 —2—22)2 —22=0. Then 22 —x — 22 = 2, y = Fz,t = v+ 2 + 2,
rEz4z= ﬁ = Fx.
Therefore, the following two cases occur:
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* Subsubcase 1-b-1: 22 —x — 22 = 2z, y = —2,t = x + 22, 22 + 22 = 0. One has

r=-—z,y=—2z,t=z and g is singular.
% Subsubcase 1-b-2: 22 —x — 22 = —2, y = z,t = x. It implies that z = 1 — z and
1
g:(lfx xx),wherex;é%.

e Case 2: 2=0. Theny = —(22 —z), t = 22, 2%(x — 1) = 0 and 2% = — (22 — 2)? + 2*. So
z =1,y =0,t =1 and one gets a trivial automorphism.

0 001
TakeEG—(O 00 0>.Then
22—tz —tz —t:+=x
gEG_E6(g®g)_ ( 0 0 0 Py )
t2 Y
therefore, g = L where t # 0.

In the cases of the field F of characteristic 2 the corresponding result is given as follows.

Theorem 3.2 The group of automorphisms of 2-dimensional evolution algebras over
algebraically closed field F (Char(FF) = 2) are given as follows

Aut(Ev(b,¢)) = {I}, if b+# ¢, Aut(Ei(bb)) = {I, < - )} i 41,

Aut(Ex(b) = {I}, ifb#0, Aut(Es(0)) = {( C Y ) : t#l},

= {05 Y (2O ) (2 ) wetecsn—a
Aut(E4):{I},Aut(E5):{<1it lzt): teIF}, Aut(E6):{<tO2 j) t;éO,seF}.

4. Derivation algebras of 2-dimensional evolution algebras
Recall that a derivation of an algebra E is a linear transformation d : E — E such that

dz-y)=d(x)-y+z-d(y), for all z,y € E.

The set of all derivations of an algebra I form a Lie algebra with respect to the bracket
[d1,d2] = dy ody — dg o dy for the derivations d; and dz. The Lie algebra is denoted by Der(E).
It is an important ingradient in studying structure properties of the algebra E. If E is an n-
dimensional algebra given by MSC E then the elements of Der(E) can be presented by elements
of M(n,F) as follows

Der(E)={De M(n,F): E(D®I1+1® D)— DE =0}.
In the paper we describe the derivation algebras of all 2-dimensional evolution algebras.

Theorem 4.1 The derivation algebras of 2-dimensional evolution algebras over an algebraically

closed field F (Char(F) # 2), can be given as follows
Der(Eq(b,c)) = {0}, Der(E2(b)) = {0}, if b #0,

Der(Es(0)) = {( 00 > L te F}, Der(E3) = Der(Ey) = {0},

Der(E5):{<_tt _tt>: teIE‘}, Der(Eﬁ):{<20t j) t,seIF‘}.
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Proof. Let D = < JZU gt/ ) be any element in M (2,F) and E;(b,c) = ( i

0 b
0 1).Then

T —cy y+bz y+bz thbazy)

o O

El(b’c>(D®I+I®D)_DEl(b’c): ( —ct+2cx—2z cy+z cy+=z t— bz

and one has to solve the following system of equations with respect to x,y, 2, t

r—cy = 0, (20)
—ct+2cx—2z = 0, (21)
y+bz = 0, (22)

cy+z = 0, (23)

2t —bx—y = 0, (24)
t— bz 0 (25)

to find the derivations. The equations (22) and (23) imply that z(1 — bc) = 0. Therefore, due
tobc#1lonehasz =y=t=z=0and D =0, i.e., Der(E;(b,c)) = {0}.
. (1 00 b
Let us consider Fy(b) = ( 100 0 ) . Then

EZ(b)(D®[+I®D)—DE2(b):< r—Y y+bz y+bz 2bt—bx>’

—t4+2zx— 2 Y Y —bz
which implies that x =y = 0,f = —z,bz = 0. The system of equations has nontrivial solution
D= ( 00 > if and only if b = 0.
z —z
0 001
TaukeEg,—<1 0 0 0).Then

E3(D®I+I®D)—DE3:<_t+y2w ; ; _;’)

and one gets D = 0.

In the case of E4 = < 8

o O

1 1
0 0 ) we have

E4(D®I+I®D)—DE4:(_”C vhe yde 2t_—z$)

and get D = 0.

In E5 = < _11 8 8 _11 ) case one has

r+y y—z y—z —2t+x—vy
E5(D®I+I®D)_DE5:(1£—2$—Z —y+z —y+z b4z )

and as a result D = < _ZZ z )

—Zz

10
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Let us consider Eg = (8 8 8 (1)>.Then
EG(D®I+I®D)—DE6:<8 2 2tx)

0 ¢

and one gets D = < 2ty )

Here are the corresponding results in the case of F with Char(F) = 2.

Theorem 4.2 The derivation algebras of 2-dimensional evolution algebras over algebraically

clo

sed field F of characteristic 2 are described as follows

Der(Ex(b,¢)) = {0} , Der(Ea(b)) = {0}, if b#0, Der(Es(0)) = {( ° e ) L te IF},

Der(E3) = {0}, Der(Ey) — {< - ) L te }F},

Der(E5):{<t t ) : teF}, Der(EG):{< 0 s ) : t,seIE‘}.
t —t 0 t
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