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Abstract. The results of a numerical simulation on the nonlinear dynamics of a flexible rotor 

mounted on magnetic and auxiliary bearings are presented in this work.  The focus of this work 

was to investigate the effect of shaft flexibility on the rotor response during load sharing 

operation between the magnetic and auxiliary bearings.  For the range of parameters considered 

herein, results from the numerical simulation showed that the stiffness ratio, which represented 

the contact stiffness of the auxiliary bearing, was a more effective parameter, as compared to 

the Coulomb sliding friction coefficient, for the suppression of sub-synchronous and non-

synchronous vibrations in the rotor’s response.  Sub-synchronous vibrations of period-2, 

period-4, period-8 and period-16 were observed in the response of the rotor.  Non-synchronous 

vibration which was also seen in the rotor’s response was determined to be chaos.  For the case 

of the rotor response with variation of the stiffness ratio, the route to chaos was found to be due 

to a sequence of period-doubling bifurcations, where the synchronous or period-1 response 

bifurcated into period-2, period-4, period-8 and period-16 responses, culminating into chaotic 

vibration.  Vibrations which are of sub-synchronous and non-synchronous nature are best 

avoided in the rotor’s response during operation, whereby the load is shared between magnetic 

and auxiliary bearings, as they produce stress reversals.  Such stresses can potentially cause 

fatigue failure of the rotors and their associated structures. 

1.  Introduction 

Magnetic bearings, which are nonlinear in nature, have in the past found many application in rotating 

machinery.  The main sources of nonlinearity in these bearings are due to the relationship between the 

magnetic bearing force with the stator-to-rotor air gap and coil current, and the cross-coupled 

magnetic bearing forces in the orthogonal directions [1-2].  Ji et al. [3] had, in the recent past, 

presented a considerably extensive review on the nonlinear dynamics of magnetic bearings.  There has 

also been many articles published on the nonlinear vibrations of magnetic bearing system in the past, 

and some of the pertinent ones include references [4-9].  The effects of auxiliary bearings on the 

nonlinear response of rotating machinery supported by magnetic bearings have not been considered in 

most of these works.  Auxiliary bearings, or also known as retainer or catcher bearings, are important 

machine elements in the design and operation of rotating machinery supported by active magnetic 

bearings.  These bearings have two important functions.  First, they give support to the rotating 

machinery while it is stationary.  Second, they act as back-up bearings to protect the magnetic bearings 

in the event of power loss during operation.  The auxiliary bearings are usually designed to have their 

clearances to be half of the clearances of magnetic bearings.  As a consequence, there is always a 

possibility of contact to occur during machinery’s operation.  In such cases, the rotor load is shared by 

both the magnetic bearing and the auxiliary bearing, and this further affects the rotor-bearing system’s 
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dynamics.  Some of the important works in the past that are concerned with the dynamics of rotating 

machinery supported by active magnetic bearings and auxiliary bearings are briefly reviewed herein. 

Past works on rotors supported by magnetic and auxiliary bearings can be conveniently categorized 

into two specific areas.  The first is concerned with rotor drop on auxiliary bearings, which is a 

transient phenomenon, and the second is the load sharing between the magnetic bearing and auxiliary 

bearing, which is a steady-state phenomenon.  Fumagalli and Schweitzer [10] showed the possibility 

of backward whirl with large amplitude to occur during rotor drop on auxiliary bearing.  Ishii and Kirk 

[11] revealed that a range of support damping which are optimal exists that prevents backward whirl 

from occurring during rotor drop on auxiliary bearing.  Kirk [12] proposed a theoretical method to 

determine the response of a rotor drop onto auxiliary bearing, and further validated this method during 

shop testing of a full scale eight stage centrifugal compressor.  In the numerical work of Karkkainen et 

al. [13], it was shown that the utilization of different models to represent friction during rotor drop, 

and the magnitude of auxiliary bearing’s clearance had almost negligible effect on the response of the 

rotor.  Numerical and experimental works of Zeng [14] on rotor drop onto auxiliary bearings, with 

different support configurations, of a magnetically suspended flexible rotor revealed that the magnetic 

force which decays in the event of a magnetic bearing failure had insignificant influence on the rotor’s 

response. 

Past works on magnetic and auxiliary bearing load sharing had shown the occurrences of various 

nonlinear phenomena in the rotor’s response.  The work of Lawen and Flowers [15] showed that the 

response of the rotor was heavily dependent on the parameters of the auxiliary bearings and their 

respective bearing housings.  Wang and Noah [16] showed the occurrences of sub-synchronous, quasi-

periodic and chaotic vibrations in the response of a rotor in auxiliary bearings.  In this work, however, 

the magnetic bearing forces were omitted in the model of the rotor-bearing system.  This work 

indicated that the contact between the rotor and auxiliary bearing was highly nonlinear albeit the 

absence of the magnetic bearing forces.  The response of a jet engine rotor supported by auxiliary 

bearings, investigated by Xie et al. [17], showed the occurrences of multiple solutions, sub-

synchronous vibration and chaos in the rotor’s response.  Effects of various parameters on the rotor’s 

response were examined in his work.  The authors concluded that auxiliary bearings designed to have 

high support damping, low support stiffness and small clearance gave the most favorable rotor 

response.  The response of a magnetically supported rotor in load sharing mode with auxiliary bearing, 

presented by Jang and Chen [18], showed various nonlinear phenomena including sub-synchronous, 

quasi-periodic and chaotic vibrations.  Work by Zeng [19] on the response of a Jeffcott rotor on 

auxiliary bearings showed the existence of various regions of nonlinear phenomena over a range of 

rotor speed.  These regions of nonlinear phenomena was found to be significantly affected by the rotor 

imbalance magnitude.  The author then showed that the selection of appropriate damping and stiffness 

coefficients of the auxiliary bearing can potentially reduce the rotor whirl amplitude response.  Inayat-

Hussain [20-21] had presented results on the numerical simulation of a magnetically supported rigid 

rotor in auxiliary bearings.  The work in [20] showed that, for relatively small rotor imbalance 

magnitudes, nonlinear vibrations in the response of the rotor could have not been identified if the 

auxiliary bearing forces were neglected in the rotor-bearing system model.  It was further shown that 

non-synchronous response was dominant for the case of large rotor imbalance magnitudes, and that 

the variation of stiffness and Coulomb sliding friction coefficient of the auxiliary bearings had almost 

negligible effect on the rotor’s response [21].  For relatively smaller rotor imbalance magnitudes, 

however, the variation of stiffness and Coulomb sliding friction coefficient were found to be effective 

to reduce the speed region where the non-synchronous vibration response occurred. 

The present work extends the work reported in [20-21], where a flexible rotor is considered, in 

contrast with the work presented in [20-21] that dealt with rigid rotor.  The effects of the auxiliary 

bearing contact stiffness and the Coulomb sliding friction coefficient on the rotor’s response are 

examined in the work presented herein. 
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2.  Governing Equations of the Rotor-Bearing System 

In this work the rotor-bearing system is represented by a simple flexible rotor, Figure 1.  The rotor has 

a disk of mass 2𝑚𝐷 located at its mid-span, and journal mass 𝑚𝐽 located at each of its two bearing 

stations.  The following assumptions were made in the formulation of the governing equations of the 

rotor-bearing system: (i) rotor is axially and radially symmetric, (ii) viscous damping acts on the disk 

located at the rotor’s mid-span, (iii) location of rotor imbalance is on the disk at the rotor’s mid-span, 

and (iv) gyroscopic effect is not considered.  Due to the symmetry of the flexible rotor, it was 

sufficient to consider only one-half of the rotor-bearing system in the formulation of the governing 

equations.  Displacements 𝑥̅𝐷 and 𝑦̅𝐷 of the geometric centre of the disk at the rotor mid-span, and 

displacements 𝑥̅𝐽 and 𝑦̅𝐽 of the geometric centre of the journal represent the motion of the rotor-

bearing system.  In the formulation of the equations of motion, the following forces that acts on the 

disk at the rotor mid-span and the bearing journal are accounted for: (i) force due to shaft elasticity, 

(ii) imbalance force of the rotor, (iii) viscous damping force, (iv) force due to gravity, (v) magnetic 

bearing force, and (vi) auxiliary bearing force.  Eq. (1) presents the governing equations of the rotor-

bearing system.  In these equations, half-stiffness of the shaft is denoted by 𝑘𝑅, half-damping 

coefficient of the disk at the rotor mid-span is denoted by 𝑐𝑅, eccentricity of the rotor centre of mass is 

denoted by 𝑢, rotor angular speed is denoted by 𝜔, and the gravity constant is denoted by 𝑔.  The 

resultant magnetic bearing forces are denoted by 𝐹̅𝑋 and 𝐹̅𝑌, respectively in the 𝑋 and 𝑌-directions.  

𝐹̅𝐴𝑋 and 𝐹̅𝐴𝑌 are respectively the contact forces of the auxiliary bearing in the 𝑋 and 𝑌-directions. 
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Figure 1.  Schematic of a flexible rotor-bearing system. 

 

Eq. (1) can be made non-dimensional by dividing it with 𝑚𝐷𝜔𝑛
2𝑔0 and introducing the following 

parameters: 𝛾 =
𝑚𝐽

𝑚𝐷
, 𝜁 =

𝑐𝑅

2𝑚𝐷𝜔𝑟
, 𝑊 =

𝑔

𝜔𝑟
2𝑔0

, 𝑈 =
𝑢

𝑔0
, Ω =

𝜔

𝜔𝑛
 and 𝜏 = 𝜔𝑛𝑡.  The linear natural 

frequency of the magnetic bearing system is denoted by 𝜔𝑛, and the bearing’s nominal air gap is 

denoted by 𝑔0 0g .  The ratio of the journal mass 𝑚𝐽 to half-mass of the disc at the rotor mid-span 𝑚𝐷 

is denoted by 𝛾, the mass ratio.  Half the viscous damping ratio acting at the rotor mid-span is denoted 

by 𝜁.  𝑊 denotes the gravity parameter, and the pin-pin natural frequency of the flexible rotor, 𝜔𝑟, is 
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given by √
𝑘𝑅

𝑚𝐷
.  The ratio of the linear natural frequency of the magnetic bearing system 𝜔𝑛 to the pin-

pin natural frequency of the flexible rotor 𝜔𝑟 is denoted as the frequency ratio, 
𝜔𝑛

𝜔𝑟
.  The ratio of the 

rotor operating speed 𝜔 to the linear natural frequency of the magnetic bearing system 𝜔𝑛 is denoted 

as the speed parameter, Ω.  The non-dimensional rotor imbalance is denoted as unbalance parameter, 

𝑈, and the non-dimensional time is denoted by 𝜏.  The magnetic bearing’s nominal air gap is used to 

transform the displacement, velocity and acceleration of the disk and journal in the 𝑋 and 𝑌-directions 

into non-dimensional form.  The non-dimensional governing equations for the rotor-bearing system 

are presented in Eq. (2).  The first and second derivatives of the variables with respect to 𝜏 are denoted 

as superscripts (′) and (″). 
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The details of the derivation of the magnetic bearing forces have been presented in [8], and the 

non-dimensional forces are reproduced herein as Eq. (3).  The geometric coupling parameter is 

denoted by 𝛼, and the non-dimensional proportional and derivative feedback gains of the magnetic 

bearing controller are respectively denoted by 𝑃 and 𝐷. 
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Figure 2 shows the contact forces between the journal and the auxiliary bearing [21].  The normal 

contact force 𝐹̅𝑛 is a function of the auxiliary bearing contact stiffness 𝑘 and journal penetration depth, 

𝑒, whilst the friction force 𝐹̅𝑡 is a function of the normal force 𝐹̅𝑛 and the Coulomb sliding friction 

coefficient between the rotor and the auxiliary bearing, 𝜇 [17-18].  The auxiliary bearing commonly 

operates at one-half of the magnetic bearing’s nominal clearance in practical applications.  Eq. (4) 

represents these contact forces in both the 𝑋 and 𝑌-directions. 
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Figure 2.  Rotor - auxiliary bearing contact model [21]. 

 

The rotor - auxiliary bearing contact forces can be made non-dimensional by dividing Eq. (4) with 

𝑚𝐽𝜔𝑛
2𝑔0.  Eq. (5) is obtained by substituting the parameters and variables 𝐾 =

𝑘

𝑚𝐽𝜔𝑛
2 , 𝜀 =

𝑒

𝑔0
, 𝑥𝐽 =

𝑥̅𝐽

𝑔0
  

and 𝑦𝐽 =
𝑦̅𝐽

𝑔0
 into Eq. (4). 
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The ratio of the auxiliary bearing contact stiffness to the linear stiffness of the magnetic bearing 

system is denoted as the stiffness ratio, 𝐾.  The ratio of the journal penetration depth to the nominal 

clearance of the magnetic bearing is denoted by 𝜀. 

3.  Results and Discussion 

The governing equations of the rotor-bearing system, Eq. (2), were solved using MATLAB’s Runge-

Kutta (4,5) algorithm.  The following parameters were held constant in the numerical simulation:  

𝑊 = 0, 𝛾 = 0.2, 𝛼 = 0.24, 𝜁 = 0.001, 
𝜔𝑛

𝜔𝑟
= 1.5, 𝑈 = 0.05, 𝑃 = 1.1 and 𝐷 = 0.03.  The speed 

parameter, Coulomb sliding friction coefficient and stiffness ratio were respectively varied within the 

following ranges: 0.05 ≤ Ω ≤ 5.0, 0 ≤ 𝜇 ≤ 0.4 and 0 ≤ 𝐾 ≤ 5.0.  Figure 3(a) depicts the rotor’s 

response for 𝜇 = 0 and 𝐾 = 0 over the range 0.505.0  , the case of the omission of the auxiliary 

bearing in the system model.  Figure 3(b), on the other hand, shows the response of the rotor with the 

auxiliary bearing, 𝜇 = 0.2 and 𝐾 = 2.5, over the same speed parameter range.  The occurrence of sub-

synchronous response of the rotor is observed in Figure 3(a), the case without auxiliary bearing.  

Specifically period-2, period-4 and period 8 responses were seen in the range 0.23 ≤ Ω ≤ 0.27, and 

period-2 response in the range 0.37 ≤ Ω ≤ 0.39.  The rotor response was synchronous for the 

remaining values of speed parameter considered in his work.  For the case of a magnetically supported 

rigid rotor in auxiliary bearing presented in reference [21], the response was found to be synchronous 

for the same range of speed parameter, and for the same parameters of the rigid-rotor system.  This 

indicated that the sub-synchronous response seen in Figure 3(a) could be attributed to the flexibility of 

the rotor, which is represented by the frequency ratio 
𝜔𝑛

𝜔𝑟
= 1.5.  The incorporation of the auxiliary 

bearing in the system model resulted in a wider range of speed parameter where sub-synchronous and 

non-synchronous response of the rotor was observed, Figure 3(b).  Specifically such responses were 

seen in the ranges 0.25 ≤ Ω ≤ 0.93 and 1.54 ≤ Ω ≤ 2.82.  Synchronous response, on the other hand, 

was observed in the ranges 0.94 ≤ Ω ≤ 1.53 and 2.83 ≤ Ω ≤ 5.0. 

Bifurcation diagrams were also generated for the rotor response with variation of the Coulomb 

sliding friction coefficient, 𝜇, and stiffness ratio, 𝐾, and a constant speed parameter Ω = 0.75.  These 

bifurcation diagrams are shown in Figures 4(a) and 4(b) for the rotor response with variation of 𝜇 and 

𝐾, respectively.  The bifurcation diagram in Figure 4(a), depicting the response of the rotor with 

varying Coulomb sliding friction coefficient within the range 0 ≤ 𝜇 ≤ 0.4  and 𝐾 = 2.5, showed that 

sub-synchronous and non-synchronous vibrations dominated the response.  Period-2 response existed 

for the range 0 ≤ 𝜇 ≤ 0.07 and period-4 in the range 0.071 ≤ 𝜇 ≤ 0.113.  Synchronous response of 

the rotor was not observed within the range 0 ≤ 𝜇 ≤ 0.4 considered in this work.  The value of     
𝜔𝑛

𝜔𝑟
= 1.5 and Ω = 0.75 used in the simulation yields the rotor’s operating speed 𝜔 which is equals to 

1.125𝜔𝑟, indicating that the rotor operation was within the vicinity of the rigid bearing critical of the 

system.  Within such region of operation and for 𝐾 = 2.5, the results from the numerical simulation 

indicated that the Coulomb sliding friction coefficient is not an effective parameter to eliminate sub-
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synchronous and non-synchronous response of the rotor during load sharing operation between 

magnetic and auxiliary bearings. 

  

 
(a)                                                                            (b) 

Figure 3. Rotor response for 𝑈 = 0.05, 𝑊 = 0, 𝛾 = 0.2, 𝛼 = 0.24, 𝜁 = 0.001, 
𝜔𝑛

𝜔𝑟
= 1.5, 𝑃 = 1.1 

and 𝐷 = 0.03: (a) 𝜇 = 0 and 𝐾 = 0, (b) 𝜇 = 0.2 and 𝐾 = 2.5. 

 

 
(a)                                                                             (b) 

Figure 4. Rotor response for 𝑈 = 0.05, 𝑊 = 0, 𝛾 = 0.2, 𝛼 = 0.24, 𝜁 = 0.001, 
𝜔𝑛

𝜔𝑟
= 1.5, 𝑃 = 1.1,        

𝐷 = 0.03 and Ω = 0.75: (a) with variation of 𝜇 and 𝐾 = 2.5, (b) with variation of 𝐾 and 𝜇 = 0.2. 

 

 

Figure 4(b) shows the bifurcation diagram for the rotor response with the variation of stiffness ratio 

in the range 0 ≤ 𝐾 ≤ 5.0 and 𝜇 = 0.2.  Unlike the case of the rotor response with the variation of the 

Coulomb sliding friction coefficient shown in Figure 4(a), synchronous response was seen in the rotor 

response for lower values of the stiffness ratio.  Enlargement of Figure 4(b) is shown in Figure 5.  It is 

seen in Figure 5(a) that synchronous response existed for the range 0 ≤ 𝐾 ≤ 0.95.  Sub-synchronous 

response of period-2, period-4, period-8 and period-16 were respectively seen in the ranges 0.96 ≤
𝐾 ≤ 1.12, 1.13 ≤ 𝐾 ≤ 1.19, 1.20 ≤ 𝐾 ≤ 1.81 and 1.82 ≤ 𝐾 ≤ 1.87.  Further increase in the value 

of the stiffness parameter resulted in non-synchronous response of the rotor, specifically for the range 

1.88 ≤ 𝐾 ≤ 3.54, Figure 5.  As observed in Figure 5(b), the non-synchronous response of the rotor 

bifurcated through a reverse period-doubling route into period-4 and period-2 responses for the ranges 
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3.55 ≤ 𝐾 ≤ 3.73 and 3.74 ≤ 𝐾 ≤ 3.87, respectively.  For the remaining values of the stiffness 

parameter, 3.88 ≤ 𝐾 ≤ 5.0, non-synchronous vibration dominated the rotor’s response. 

The existence of synchronous response in the range 0 ≤ 𝐾 ≤ 0.95 indicated that the stiffness ratio 

is an effective parameter to eliminate sub-synchronous and non-synchronous responses of the rotor.  

The results concurred with those presented by Inayat-Hussain [21] for the case of a magnetically 

supported rigid rotor in auxiliary bearings, whereby it was shown that for low value of unbalance 

parameter, 𝑈 = 0.05, synchronous response existed for smaller values of stiffness parameter.  The 

outcome of the present work and that of Inayat-Hussain [21] on the steady-state response of a rigid 

and flexible rotor in load sharing operation between magnetic and auxiliary bearings, respectively, is 

also consistent with the work presented by Kirk [12] on rotor drop onto auxiliary bearings.  Similar to 

the outcome of the work of Kirk [12] on rotor drop analysis, the present work also showed the 

advantage of soft-mounted auxiliary bearing, namely those with low values of stiffness ratio, for the 

suppression on sub-synchronous and non-synchronous responses of rotors in load sharing operation 

between magnetic and auxiliary bearings. 

 

 

 
(a)                                                                            (b) 

Figure 5.  Enlargement of Figure 3(b) for: (a) 0 ≤ 𝐾 ≤ 2.5, (b) 2.5 ≤ 𝐾 ≤ 5.0. 

 

Sub-synchronous and non-synchronous vibrations are not desirable in the rotors’ response as they 

introduce stress reversals in the rotors and associated structures.  Such stresses, if allowed to occur for 

a long period of time, may cause fatigue failure to the rotors and associated structures.  As seen in 

Figure 5, synchronous response of the rotor undergoes a sequence of period-doubling bifurcation, 

culminating in non-synchronous response.  Figures 6 and 7 show the rotor response for 𝐾 = 1.75 and 

𝐾 = 2.75, respectively.  As is evident from the Poincaré map and power spectrum plot in these 

figures, period-16 response is seen for 𝐾 = 1.75, and the non-synchronous response observed for  

𝐾 = 2.75 is chaotic vibration.  The chaotic response of the rotor for 𝐾 = 2.75 is clearly evidenced by 

the strange attractor in the Poincaré map and the existence of broadband frequency in the power 

spectrum plot of Figures 7(b) and 7(c), respectively.  The bifurcations of the rotor response from 

period-1 to period-2, period-4, period-8 and period-16 before the occurrence of chaotic vibration, 

shown in Figure 4, indicated that the route to chaos was via the period-doubling cascade. 
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           (a)        (b)               (c) 

Figure 6.  Rotor response for 𝑈 = 0.05, 𝑊 = 0, 𝛾 = 0.2, 𝛼 = 0.24, 𝜁 = 0.001, 
𝜔𝑛

𝜔𝑟
= 1.5, 𝑃 = 1.1,        

𝐷 = 0.03,   Ω = 0.75, 𝜇 = 0.2 and 𝐾 = 1.75: (a) orbit, (b)  Poincaré map, (c) power spectrum. 

 

 
           (a)        (b)               (c) 

Figure 7.  Rotor response for  𝑈 = 0.05, 𝑊 = 0, 𝛾 = 0.2, 𝛼 = 0.24, 𝜁 = 0.001, 
𝜔𝑛

𝜔𝑟
= 1.5, 𝑃 = 1.1,       

𝐷 = 0.03,  Ω = 0.75, 𝜇 = 0.2 and 𝐾 = 2.75: (a) orbit, (b)  Poincaré map, (c) power spectrum. 

4.  Conclusions 

The response of a magnetically flexible rotor in auxiliary bearing was investigated via numerical 

simulation in this work.  The work particularly focused on the effect of shaft flexibility in the response 

of the flexible rotor in load sharing operation between magnetic and auxiliary bearings.  For the range 

of system parameters considered in this work, the numerical results showed that the auxiliary bearing 

contact stiffness, represented by stiffness ratio, 𝐾, was more effective as compared to the Coulomb 

sliding friction coefficient, 𝜇, for suppressing sub-synchronous and non-synchronous vibrations in the 

rotor’s response.  The results further showed the existence of sub-synchronous vibrations of period-2, 

period-4, period-8 and period-16 in the rotor’s response.  The non-synchronous response observed 

were chaotic vibration, and the route to chaos was found to be due to period-doubling cascade in the 

rotor response when the stiffness parameter was varied for the range 0 ≤ 𝐾 ≤ 5.0.  Sub-synchronous 

and non-synchronous vibrations are to be prevented in the rotating machinery operation as they 

produce stress reversals, which may in turn cause failure of the rotor and associated machine 

components due to fatigue. 
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