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Abstract. In this paper we describe all left, right unital and unital algebra structures on two-
dimensional vector space over any algebraically closed field and R. We tabulate the algebras
and provide their unit elements.

1. Introduction

The principal building blocks of our descriptions are derived from [1, 4] as the authors have
presented complete lists of isomorphism classes of all two-dimensional algebras over algebraically
closed fields and R, providing the lists of canonical representatives of their structure constant’s
matrices. The latest lists of all complex unital associative algebras in dimension two, three, four,
and five are available in [10], [2], [6] and [9], respectively. The lists of all complex associative
algebras (both unital and non-unital) in dimension two and three are presented in [5, 11]. In this
paper we describe the isomorphism classes of two-dimensional left(right) unital algebras over any
algebraically closed field and R. Our approach is totally different than that of [2, 5, 6, 9, 10, 11].
We consider left(right) unital algebras over algebraically closed fields of characteristic not 2, 3,
characteristic 2, characteristic 3 and over R separately according to classification results of [1, 4].
To the best knowledge of authors the descriptions of left(right) unital two-dimensional algebras
over algebraically closed fields and R have not been given yet. The organization of the paper
is as follows. In Section 2 we give the results from [1, 4] mentioned above as tables form. The
main results of the paper are in Sections 3,4 and 5. In Sections 3 and 4 we describe all possible
left(right) unital and unital algebra structures on two-dimensional vector space over an arbitrary
algebraically closed field, whereas Section 5 is devoted to the solution of the problem over R.

2. Preliminaries

Let F be any field, A® B stand for the Kronecker product consisting of blocks (a;; B), where A =
(aij), B are matrices over F. Let (A,-) be m-dimensional algebra over F and e = (e!, €%, ...,e™)
its basis. Then the bilinear operation - is represented by a matrix A = (Afj) € M(m x m%F)
as follows

u-v=-ecA(u®v),
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for u = eu,v = ev, where u = (uy,us,...,um)’, v = (v1,v2,...,0,)7 are column coordinate
vectors of u and v, respectively. The matrix A € M(m x m?;F) defined above is called the
matrix of structural constants (MSC) of A with respect to the basis e. Further we assume that
a basis e is fixed and we do not make a difference between the algebra A and its MSC A (see
3)).

If ¢/ = (e/',e?,...,e™) is another basis of A, ¢'g = e with g € G = GL(m;F), and A’ is MSC
of A with respect to € then it is known that

A" =gA(g™h*? (1)

is valid. Thus, the isomorphism of algebras A and B over F can be given in terms of MSC as
follows.

Definition 2.1 Two m-dimensional algebras A, B over F, given by their matrices of structure
constants A, B, are said to be isomorphic if B = gA(g~1)®? holds true for some g € GL(m;TF).

Definition 2.2 An element 1}, (1R) of an algebra A is called a left (respectively, right) unit if
17 -u=u (respectively, u-1p =) for all u € A. An algebra with the left(right) unit element
is said to be left(right) unital algebra, respectively.

Definition 2.3 An element 1 € A is said to be an unit element if 1 -u = u-1 = u for all
u € A. In this case the algebra A is said to be unital.

Further we consider only the case m = 2 and for the simplicity we use

A [ Q1 2 a3 oy
P P2 B3 Pa
for MSC, where a1, as, ag, ag, 51, B2, 83, 84 stand for any elements of F.

A classification of all two dimensional algebras over any field F, where the second and third
degree polynomial has a root, has been given in [1]. The classification there was done via
providing the canonical MSCs for such algebras. In this paper we rely on the result of [1], follow
its notations and for a convenience we present here the corresponding canonical representatives
according to Char(F) # 2,3, Char(F) = 2 and Char(F) = 3 cases in form of Tables 1, 2 and 3
below. The parameters given in the canonical representatives may take any values in F.

Table 1. The list of 2-dimensional algebras in Char(FF) # 2,3

Algebra Structure constants

ap | o az | oy | By B2 B3 B4

Ai(c) ay | ag | ao+1 | ag | B —a —a1+1| —as
As(c) | a1 | O 0 1| p B2 1—oy 0

mﬁ Ag(C) 0 1 1 0 51 52 1 —1
1 Aylc) [ | 0 0 010 B2 1—ag 0
— A5(C) (6751 0 0 0 1 2041 -1 1-— a1 0
%/ Aﬁ(C) (6751 0 0 1 51 1-— a1 —Q1 0
= Az(c) 0 1 1 0 | 51 1 0 -1
O Ag(c) a1 0 0 0 0 1-— (65} —Q 0
Ag 10 0 01 z —3 0

Aqg 0 1 1 0 0 0 0 -1

A 0 1 1 0 1 0 0 -1

Aqs 0 0 0 0 1 0 0 0
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Table 2. The list of 2-dimensional algebras in Char(F) = 2

Algebra The structure constants
ay | o a3 | ag | B B2 B3 B
Aja(c) [ag oo [ ao+1 ] oy | B a1 —a;+1 | a
Azo(c) | a1 | O 0 1 | A B2 l—a; | O
o~ A372(C) (651 1 1 0 0 BQ 1-— (6751 1
Il A4,2(C) (o751 0 0 0 0 B2 1—ag 0
Q A572(C) (03] 0 0 0 1 1 1-— (6751 0
\g A672(C) (03] 0 0 1 51 1-— (03] (673] 0
5 A772(C) ] 1 1 0 0 1-— (03] (673] 1
A&Q(C) (651 0 0 0 0 1-— (03] (673] 0
Ag 2 1 0 0 0 1 0 1 0
Ap2 0 1 1 010 0 0 1
A2 1 1 1 010 1 1 1
A2 0 0 0 0 1 0 0 0
Table 3. The list of 2-dimensional algebras in Char(F) = 3
Algebra The structure constants
ap [ | a3 | ag | B B2 B3 B4
Ais(c) [oq | ag | aa+1 | au| i —aq —ap+1| —a
Ags(c) a1 | O 0 1|5 B2 1—o 0
o | Azs(c) | 0 | 1 1 0 | A P2 1 —1
Il A4,3(C) aq 0 0 0 0 52 1-— o 0
g A5,3(C) aq 0 0 0 1 —Q1] — 1 1-— a1 0
= [ Ass(c) [a [0 0 1B 11— —aq 0
5 A73(c) | O 1 1 0 | f 1 0 -1
Ags(c) [an | O 0 010 11— —ay 0
Ag 3 0 1 1 0 1 0 0 -1
A3 0 1 1 010 0 0 -1
Az 1 0 0 0 1 -1 -1 0
A3 0 0 0 0 1 0 0 0

3. Two-dimensional left unital algebras
Let A be a left unital algebra. In terms of its MSC A the algebra A to be left unital is written

as follows:

A(l®@u) = u,

(2)

where u = (u,u, ..., um)7, and | = (t1,ta, ...,tm)" are column coordinate vectors of u and 1y,

respectively.

It is easy to see that for a given 2-dimensional algebra A with MSC A = (

aq

o3

a2

B2

a3

B3

QY )
Pa

the existence of a left unit element is equivalent to the equality of ranks of the matrices

aq a3 aq a3 1

M- B1 B3 and M — B1 B3 0
a2 (07 (o9} oy 0

B2 —oq fs—a3 Bo—ar Bys—a3z 0
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This equality holds if and only if

pr B3| _ ‘ S31 Bs _ ’ as | g (3)
Q2 Oy B2—a1 Pa—a3 Bo—a1 fBa—a3
and at least one of the following two cases holds true:
(a1,a3) #0, (B1,83) = (g, a4) = (B2 — 1, B1 — a3) =0, (4)
or
0;1 0;)3 # 0, whenever there exists nonzero (a,b) € {(51,53), (a2, a4), (B2 — a1, B4 — a3)}.

()
Note that the conditions (3), (4) and (3), (5) correspond to the existence of many and unique
left units, respectively.

Theorem 3.1 Over any algebraically closed field F (Char (F) # 2) any nontrivial 2-dimensional
left unital algebra is isomorphic to only one of the following non-isomorphic left unital algebras
presented by their MSC:

[ ] Al (Ogl’ M 't 011(17041)2 l-qy /81>

B1 20 2 261 °
o 2011—201%—51 2041—204%—%,31 2041—40&—&-204?—61-1—04161
_ 25 203 232
= 1 1 _20[14_21&%4_51 s where ﬁl 7& 0,
B1 - 1 - —
1 2
az(2a2+1) ) _ 1 as 14 a9 5 (042 + 2@2)
i Al (1,0(2, 2 70 < 0 —1 0 —an )
(65} 0 0 1
o Az(1,0,a1) = < 0 a; —a;+1 0 > , where ag # 0,
. ap O 0 0
o Ay(o, ) = ( 0 a —art1 0 > , where a # 0,
1
s 0 0 1
o As(3,0) = ( 2 1 )7
(2 ) 0 5 —3 0
1
= 0 0 O
1y = 2
caw=(5] 4 0)

Proof. Let us consider A;(c) = ( gl 02 a; ++11 0404[1 >
1 —a1 —Oo —2

aq ag +1
Then M = b L= and the equality (3) means
a9 (6%

—2041 —20(2 -1
Bioyg — ag(l — 041) = —,81(20t2 + 1) + 20[1(1 — 041) = —042(2(12 + 1) + 20104 =0

and (4) doesn’t occur. There are two possibilities:
Case 1. (1 # 0. In this case the equality (3) is equivalent to

_ B

ag(l—al) 041(1—041> 1
, Qg = — —, and
b1 2 B1 2

a1 ag+1
fr 11—

ay =
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Therefore, Ay (al, al(lﬁzal) -1 al(lﬁ_zal)Q - 12_561”,,6’1) has a left unit, where 31 # 0.
1

Case 2. 1 = 0. In this case the equality (3) is equivalent to

ag(l — 061) = 061(1 — 041) = —a2(2a2 + 1) + 2a1a4 =0

and (5) occurs if and only if a3 = 1 and therefore

2 1
Ay (1’ s, OQ(C;M,())

also has a left unit.

o1 0
Consider As(c) = < gi 502 . —0041 (1) ) Then M — %1 1 —1a1
P2 — a1 0

The equality (3) means
fr=01-a)(f2—a1)=P2—a1=0

and (4) doesn’t occur. Therefore, Ay(aq,0, ;) has a left unit, where a; # 0.

a7 1
In As(c) = < 601 512 } _01 > case we have M = 511 é and ‘ 512 _02 ’ =—-2#0,
P2 —2
which shows the absence of a left unit.
a1 0
. . (&3] 0 0 0 . 0 1-— a1
Let us consider Ay(c) = ( 0 By 1—ay 0 > Then M = 0 0 , the
P2 — aq 0

equality (3) is equivalent to (1 — aq)(a1 — f2) = 0 and therefore A4(1,1) has left units. In this
case (5) happens if and only if oy # 0,1, oy = P2. So A4(a, ) has a left unit, where oy # 0.

(05} 0
(a0 0 0 B 1 1-o
In As(c) = < 1 2 -1 1-a 0> case one has M = 0 0 , the
041—1 0

equality (3) means (1 — aj)(a; — 1) = 0, so we have a; = 1. But neither (4) no (5) occurs,
that means that among As(aq) there is no algebra with a left unit.
aq

0
o aq 0 0 1 o ﬁl —Q
In Ag(c) = < B 1-—a; —a; 0 > case we have M = 0 1
1-— 20[1 0
1
2:0)

(3) is equivalent to 1 = a1(1 — 2a1) = —1 + 2a; = 0 and therefore Ag (f

! , the equality

has a left unit.

0 1
In A7(c) = < ﬂo1 i é _01 ) case we have M = ﬂll 8 , and the inequality
1 -2
‘ i _02 ‘ = —2 # 0 shows the absence of a left unit due to (3).
(&5} 0
o a1 0 0 0 o 0 —Q1 . .
In Ag(c) = ( 0 1-a; —a; 0 ) case M = 0 0 , the equality (3) gives
1-— 20&1 0

a1(1 — 2a1) = 0 and therefore Ag(3) has a left unit.
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It is easy to see that for Ag, Ajg, A1 the equality (3) does not occur, the equalities (4), (5)
don’t occur for A5 and therefore they have no left units.

Note that according to Theorem 3.1 and Theorem 3.3 from [1, 4] in the cases of Char(F) # 2,3
and Char(F) = 3 the lists are identical. Therefore, we summarize the final result for 2-
dimensional left unital algebras in Table 4 (see Appendix), where all left units as well are
given.

We present the corresponding results in characteristic of F is 2 case without proof as follows.

Theorem 3.2 Over any algebraically closed field ¥ of characteristic 2 any mnontrivial 2-
dimensional left unital algebra is isomorphic to only one of the following non-isomorphic left
unital algebras presented by their MSC:

a; O 1 oy

i ALQ (061,0,054,0) = < 0 ag 1—a; O ) ’ where a1 7& 07

a; 0 0 1
Az 2(a1,0,01) = < 01 o 1-ar 0 > , where ay # 0,

Azo(1, B2) = (é 512 (1) ?>7

a; 0 0 0
(0 ar 1-ay O>,wh6rea17é0,

4. Two-dimensional right unital algebras
Now let us consider the existence of a right unit for an algebra A given by its MSC A =

ar @2 Az ) g easy to see that A has a right unit element if and only if the
Bi B2 Bz Pa

following matrices

Qg e%) (e %1 (6% 1
B1 B2 B1 B2 0
a3 oy ’ o oy 0
Bz —ar Bs—an Bz —ar Bs—az 0

have equal ranks. It happens if and only if

1 B2

a3z Q4

:l A o
Bs—ar Bi—

Qy

a3 _0
53—041 54_052 N

and at least one of the following two cases holds true

(a1,00) #0, (B1,02) = (a3, 04) = (B3 — a1, B4 — az) =0,
or

a2
b

a # 0, if there exists nonzero (a,b) € {(51,B2), (a3, a4), (B3 — a1, f1 — a2)}.

Because of similarity of proofs in right unital cases to those of left unital ones we present the
result without proof by the following theorems.
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Theorem 4.1 Qver any algebraically closed field F of characteristic not 2 any nontrivial 2-
dimensional right unital algebra is isomorphic to only one of the following non-isomorphic right
unital algebras presented by their MSC:

— 2(1-2
o Ay (Oéb al(lggfal),—al(w%al) - %751) , where a1 81 # 0,

o A1(0, 0, —2as(c2 + 1),0), where ag(1 + ag) # 0,

A (3,-1,04,0),

A (5,0,5),

As(3,5) -

Theorem 4.2 QOver any algebraically closed field F of characteristic 2 any nontrivial 2-

dimensional right unital algebra is isomorphic to only one of the following non-isomorphic right
unital algebras presented by their MSC:

o A15(0,02,0, 1), where ag # 0,
o A3z(a1,0),

o Ago(a1,0), where ay # 0,
o A75(1

o Ago(aq), where ay # 0,

o Aigo.

The results obtained are summarized in Table 5 (see Appendix), where all right units as well
are listed.

Corollary 4.3 Over an algebraically closed field F, (Char(F) #2), there exist, up to
isomorphism, only two non-trivial 2-dimensional unital algebras given by their matrices of
structure constants as follows

0

0 )"

11 1001 11 1

Ay (202) =2 A(s2) = 2

(302)= (5§ 1 0) 2(a)- (6

Corollary 4.4 Over an algebraically closed field F, (Char (F) =2), there exists, up to
isomorphism, only two non-trivial 2-dimensional unital algebras given by their matrices of

structure constants as
1 0 0
0 1 > Y A1072 = < O ) M

5. Two-dimensional left and right unital real algebras
Due to [4] we have the following classification theorem.

= O
= O

1
A372(1,0) = < 0

O =
O =
O =
)

Theorem 5.1 Any non-trivial 2-dimensional real algebra is isomorphic to only one of the
following listed, by their matrices of structure constants, algebras:

(o a2z az+1l oy _ 4
e Ai,(c)= ( B —a1 —a1+1 —a ) , where ¢ = (a1, a9, ay, f1) € R*,

« 0 0 1
© Aerle) = ( 51 By 1—a; O ) , where f1 >0, ¢ = (a1, f1, f2) € R?,

1—041

0 0 -1
o A3,(c) = ( %i Bs 0 ) , where By >0, ¢ = (a1, b1, B2) € R?,
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o Ay, (c)= ( 501 512 1 _01 ), where ¢ = (B, B2) € R,
.A5’T(C):(%l 502 1—Ooq 8), where ¢ = (a1, B2) € R?,

o Ag,(c) = ( a 2()[10_1 1_0m 8), where ¢ = a; € R,
'A7,r(c):(%1 1_()a1 _(;1 (1)>aWh€T€5120, c=(a1,51) € R?,
o Ag,(c) = ( g,i 1—Oal _(;1 _01 >,whe7"e B1 >0, c=(a1,B1) € R%
° A97r(c):(£1 1 (1) _01 ), where ¢ = f1 € R,

o Ay, (c) = < 061 1_Oal —?11 8 ) where ¢ = a; € R,
can=(1 3 5 0)

’AW:<(1) (1) (1) —01)’

'Alf’““:(—ol (1J (1) —01>’

(343 0)

= (8090)

Owing to Theorem 5.1 the following results can be proved.

Theorem 5.2 Quver the real field R up to isomorphism there exist only the following nontrivial
non-isomorphic two dimensional left unital algebras

o Ay, (041 ar(lzen) _ 1 al(lzal)Q Lo 51)
5 ’ B 29 2 261
a1 20417204%7,31 2&172&%4»,81 2a174o¢%+20¢?7ﬁ1+a1ﬁ1
_ 28 28 2532
= 1 X 1 —2a1+2i1%+51 s where 61 75 0,
b1 - - — 5
1 2
az(202+1) ) (1 @ 1+a 3 (a2 +2a3)
.Al’r‘(laaa 2 70 <0 -1 0 —9 9
(o O 0 1
o Azr(a1,0,a1) = ( 0 ai —ai+1 0 ) , where ay # 0,
o a1 0 0 -1
e A3,(1,0,01) = < 0 a; —a1+1 0 > , where o # 0,
(a0 0 0
o A5 (ar,aq) = < 0 ar —art1 0 ) , where ay # 0,
1
= 0 0 1
° A7, ,0) = < Z2 1 >7
r (2 ) 0 3 —3 0
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Theorem 5.3 Quver the real field R up to isomorphism there exist only the following nontrivial
non-isomorphic two dimensional right unital algebras:

o Ay, (a1, oz1(12;12a1), —a%(lzggal) - %,BO , where a1 81 # 0,
A1 (0, ag, =202 (g + 1),0), where ag # 0,

Ay (%, 71,a4,0) ,

Agy (3,0, 8),

Az, (3,0, 82),

i A5,'I‘ (%7/82) .

The results are represented in Tables 6 and 7 (see Appendix), where the units also are provided.

Corollary 5.4 Up to isomorphism there are only the following nontrivial 2-dimensional real
unital algebras.

0 -1 )

1 )

5 0

1 1 L0 01
_ _ — 2
AQ,T <27072) ( O % % 0 >7 A3,T’
1
A5,’r‘< 72>:<
0

Among these algebras only A3 , (%, , %) is a division algebra and it is isomorphic to the algebra
of complex numbers.

N
N =
p
N =
~_
Il
N
(e N1
= O

N =
el Sl
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6. Appendix

Table 4. 2-dimensional left unital algebras

Algebra 17
—2(1—041)
(l-a1) 1 a1(l-a1)® 1— 5
Al <C¥1, Oél B1 - bR L ﬂ%al - 250;1 ) 51)7 where /81 7é 0 621
Ar (1 g, 2225250 o) e

As(aq,0, 1), where ag # 0

)

>,Wheret€IF

)

Aq(1,1)

Ayg(ar,aq), where ag # 0,1

Char (F) # 2

A1 2 (01,0, 4,0), where ag # 0

Az o(a1,0,aq), where o # 0

N—

Az (1, f2)

Ayp(1,1) , where t € F

Char (F) =2

A472(Oé1, al), where (673] 75 0, 1

=
oo [«
oh —~
NS ST
]
S—
N——

) P—‘OOS‘H@F — HOOS‘»—‘OE‘H SN O OE‘»—‘H‘ HOE‘»—‘
N—

10
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Table 5. 2-dimensional right unital algebras.

Ago (o), where oy # 0,1

Ato2

Algebra 1p
a1 (1—2a —a?(1—2a a 2
Ay <a1, 1(1%12 ) 1(21652 ) ﬁ’ﬂl>, where o131 # 0 ( % )
2
A1(0, ag, —2a2(ag 4+ 1),0), where ag # 0 < 1 >
g
1 2
\C:l\ Al (57_17a470) (2)
g AQ(%70762) 0
~
S 1 2
5 Aa(3,0) . , where t €
2
A4(%,ﬁg), where ,32 75 0 0
0
A1,2(0,9,0, 1), where ag # 0 ( 1 >
a2
0
Az a(at,0) < 1 >
1
Ag2(1,0), where oy # 0 < 561 >
N
1 A1) (1)
&=
= 1
S Aso (1) , where t € F
< ’ t
© 1
0
0
1

11
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Table 6. 2-dimensional left unital real algebras.

Algebra 1y,
o (l—cr o (l—ai)? —2(1-a1)
Avy (o, 22— § sl dze 5 ) where ) £ 0 5 >
A, <1,a2, %ﬂ) —2a22 -1 )
1
Ay (01,0, 1), where ay # 0 ( 061 )
1
Az (01,0, 1), where ag # 0 ( O(‘)l )
As . (1,1) ( 1 > , where t € R
1
As (o1, 1) where ap # 0, 1. ( 0(‘)1 )
1 2
A?,T (57 0) 0
2
1
AB,T (57 O) 0
2
1
At0,r(3) 0
Table 7. 2-dimensional right unital real algebras.
Algebra R

— —a?(1-2
A, (Ozl, a1(12512a1)’ a1(26% al) %7/81> where a1 81 # 0

[\
= N
~
N—

A1 (0, a2, —202(aa + 1),0), where ag # 0

1
ALT (%7 _17 Oy, 0)
A?,T(%a 07 BQ)

w"—‘wg‘
N——

A3,1"(%7 07 ﬁQ)

A57T(%7 0)

OCNFNONONOINg

A5, (3, B2), where B2 # 0

, where t € R
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