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Abstract. We present a general perturbative effective field theory (EFT) description of
galaxy shape correlations, which are commonly known as intrinsic alignments. This rigorous
approach extends current analytical modelling strategies in that it only relies on the equiva-
lence principle. We present our results in terms of three-dimensional statistics for two- and
three-point functions of both galaxy shapes and number counts. In case of the two-point
function, we recover the well-known linear alignment result at leading order, but also present
the full next-to-leading order expressions. In case of the three-point function we present
leading order results for all the auto- and cross-correlations of galaxy shapes and densities.
We use a spherical tensor basis to decompose the tensor perturbations in different helicity
modes, which allows us to make use of isotropy and parity properties in the correlators.
Combined with the results on projection presented in a forthcoming companion paper, our
framework is directly applicable to accounting for intrinsic alignment contamination in weak
lensing surveys, and to extracting cosmological information from intrinsic alignments.
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Introduction

Intrinsic galaxy alignments are the correlations between intrinsic galaxy shapes and the large-
scale structure, i.e. before the effect of gravitational lensing on the observed shapes [see 1, 2,



for reviews]. These are known to exist between luminous red galaxies at low redshift [3—
7], and are considered a contaminant for cosmology with weak gravitational lensing [8-10].
Despite these alignments being measured to high significance in current galaxy surveys, there
have been relatively few efforts on exploring possible models for this signal. Historically, the
literature has adopted the “linear tidal alignment” model (LA) [11, 12] and only recently
have alternatives been considered. The LA model relies on assuming that projected intrinsic
galaxy shapes are proportional to the projected tidal field of the large-scale structure. While
this model seems to accurately describe alignments for red galaxy pairs separated by large
distances (= 10h~! Mpc), recent measurements of the alignment signal show an excess above
the linear prediction for smaller separations [6, 13]. In contrast, the alignment correlations of
blue galaxies remain poorly constrained, with only upper limits currently available [10, 13, 14],
and proposed models rely on the impact of tidal torques from the large-sale structure on the
direction of the galactic angular momenta [8, 9, 15, 16].

There are two main motivations for improving on the modelling of intrinsic galaxy align-
ments. First, obtaining unbiased parameter constraints from weak lensing surveys requires
accurate modelling of all potential contributions to observed correlations of galaxy shapes,
which includes the intrinsic alignment signal [17]. With the advent of the next generation of
weak lensing surveys such as FEuclid [18], the Large Synoptic Survey Telescope (LSST) [19]
and WFIRST [20], requirements on the accuracy of the alignment model are becoming more
strict [21]. Notably, the most important contribution to consider is the correlation between
the density field responsible for the lensing of galaxy shapes, which at the same time sources
the alignments of physically nearby galaxies. This is typically known as the “GI” contam-
ination [9]. Second, it has been shown that intrinsic alignments encode information from
phenomena such as primordial non-Gaussianity and gravitational waves from inflation in
complementary manner to other probes of the large-scale structure [22-25]. Accurate extrac-
tion of this information requires a reliable alignment model.

Beyond the linear predictions, intrinsic alignment modelling has been extended us-
ing tools like the “nonlinear alignment model” (NLA) [26], standard perturbation theory
(SPT) [27-29], the halo model [30, 31] and cosmological hydrodynamical simulations [32—44].
These methods target different questions regarding modelling of galaxy intrinsic alignments.
Analytical predictions like those provided by the NLA and SPT aim to be fast and extend
the LA model to smaller scales. The NLA model arose as phenomenological extension of the
LA model, where predictions are derived under the assumption of a linear response of galaxy
shapes to the tidal field but the linear matter power spectrum is replaced ad hoc with the
nonlinear one in the computation of IA correlations. This model is commonly used in weak
lensing analyses [45-47] and has proven sufficient given the constraining power of ongoing
experiments. SPT is designed to work in regimes where density perturbations are small, but
suffer from lack of convergence at small scales [48-50]. The halo model approach aims for a
phenomenological prediction of the nonlinear behaviour of galaxy alignments within halos.
Cosmological simulations can serve as a validation tool for all these models and help constrain
their free parameters in as much as the simulated galaxy population is representative of the
observed one.

In this work, we pursue an approach closer to the Eulerian perturbation theory, and
describe how a complete bias-like expansion up to a given order in perturbations can be
constructed to describe the statistics of any tensorial field in the large-scale structure using
the effective field theory (EFT) of the large-scale structure [51]. This method is based on the
description of the matter density distribution as an effective fluid on large scales. Small-scale



physics is integrated out and encapsulated in a set of free parameters that can be fit to either
simulations or observations. This systematic approach has previously been applied to scalar
fields representing number counts of galaxies and halos (see [52] for a review). Since it also
includes contributions that involve higher spatial derivatives of the density and tidal fields, it
consistently solves the issue of unphysical dependence of SPT predictions on very small-scale
modes which are not correctly described by perturbation theory.

This EFT of tracer shapes allows us to extend the modelling of intrinsic alignments from
linear scales to the quasi-linear regime. In our approach, we model three-dimensional galaxy
shapes within the EFT by identifying all terms that correspond to gravitational observables
at a given order and that satisfy the symmetries of a trace-free tensor. We then employ this
expansion to consistently compute auto-correlations of intrinsic galaxy shapes, and the cross-
correlation between intrinsic shapes and a set of scalar biased tracers, such as a generic galaxy
population. Our work, however, can be straightforwardly extended to applications that
are of interest to weak lensing surveys, such as the modelling of cross-correlations between
intrinsic shapes and the matter density field (this includes the case of the lensing by the
cosmic microwave background [53-56]). In addition, it is also possible to model the selection
effects induced by intrinsic alignments in scalar biased tracers observed by galaxy redshift
surveys [57-60] along the lines of [61]. Finally, the EFT prescription for scalar biased tracers
can also be applied to intrinsic correlations of galaxy sizes, as well as other galaxy properties.
Size correlations have recently been detected in current surveys [62] and can pose a challenging
contaminant in the attempt to constrain cosmological magnification via observed galaxy size
perturbations [62-64].

We envisage that our EFT approach can be used to model all of these observables on
quasi-linear scales. The EFT approach presented here can be applied to both galaxy shape
correlations spectroscopic surveys, where it is straightforward to isolate the alignment signal
from the effect of lensing. It can further be used to model the IA contamination to cosmic
shear, though scale cuts need to be applied to remain in the regime of validity of the EFT. If
the aim is to extract cosmological information up to fully nonlinear scales, the EFT approach
at the very least needs to be complemented by some phenomenological extension. Note that
modelling the fully regime is challenging not only from the point of view of modelling IA,
but also of baryonic physics [65] and galaxy bias [52]. We expect that the EFT can provide
a sufficiently accurate model ip to the nonlinear scale knr,,! though we leave more detailed
comparison with simulations to future work.

This work is organised as follows. Section 2 gives a general description of the expansion
of three-dimensional galaxy shapes in terms of local gravitational observables. In section 3,
we introduce the spherical tensor basis which is used to decompose the galaxy shape tensors.
We then proceed to compute three-dimensional statistics (both two- and three-point func-
tions) in section 4. In section 5, we present explicit one-loop power spectrum and tree-level
bispectrum results and give estimates of the contribution of each term in our intrinsic align-
ment framework. These contributions are scaled by unknown bias coefficients which should
be constrained from simulations, observations, or marginalised over in cosmological analyses.
In section 6 we outline briefly additional physical/observational effects that can affect the
observables. In particular we mention the galaxy shape projection on the sky and redshift
space distortions. These are the topic of an upcoming companion paper [66]. We conclude in
section 7. Most of the detailed calculations are delegated to the appendices. In appendix A
we perform the decomposition of the tensor fields in spherical tensor components that allows

YAt z = 0, knt, is roughly 0.25 h/Mpc; at z = 1 (the peak of the weak lensing sensitivity for future surveys),
it is 0.7 h/Mpc; and at z = 2, ~ 2h/Mpc.



fk) = [z f(x)e k= Fourier transform conventions

fp =/ (ggT’)’B Momentum integral

F(p1,p1)0(p2)d(p2) Integration over repeated momenta

= Jp, Jp, F(01,92)6(P1)d(p2)

55 Kronecker symbol

Sg = Nglég Normalized Kronecker symbol (eq. (3.14))

oP () Dirac delta function in real space

8D . = (2m)36P(k — k') Dirac delta function in Fourier space

D;; = 0;0;/V? — (1/3)55 Shear derivative

kin=ki+ -+ k, Sum notation (ki, = kj..., in appendix B)

Y;g-m) (x) Rank two spherical tensor basis

(O(k1) - O(kyn))’ n-point correlator without momentum conservation?

Om Fractional matter density perturbation

oL, Linear-order fractional matter density perturbation

0 = D;j0m Scaled tidal field

H%] = D;jom + (1/ 3)656,11 Scaled Hessian of gravitational potential

vt Matter velocity field

On Fractional galaxy number density perturbation

s Fractional galaxy size density perturbation
(trace of shape tensor)

Sij 3D galaxy shape tensor

9ij Trace-free part of 3D galaxy shape tensor

Yij Projected shape on the sky
(trace-free part of projected shape tensor)

Table 1. List of notation and most important quantities used in this paper. Fields in Fourier space
are understood to be integrated over repeated momentum variables.

us to isolate the relevant correlator contributions to the two- and three-point functions. The
detailed tensor field perturbative expansion is performed in appendix B and one-loop power
spectrum and tree-level bispectrum results are obtained. Some renormalisation concepts
concerning the tensor field of biased tracers are addressed in appendix C.

For numerical results, we assume a Euclidean ACDM cosmology with 2, = 0.295, ; =
0.047, ns = 0.968, og = 0.835 and h = 0.688. We consider the case of adiabatic Gaussian
perturbations and General Relativity. The case of primordial non-Gaussianity is straightfor-
ward to include following ref. [24]. Furthermore, in perturbative calculations, we make the
usual approximation of setting the n-th order growth factor D™ (7) to [D(7)]™. Notation

conventions and a list of most important quantities used in the paper are given in the table 1.

2Explicitly, we write
(O(k1) -+ O(kn)) = (2m)*8" (k1...u) (O(K1) - - O(kn)) (L.1)

where the Dirac delta function ensures the total momentum conservation, and is a consequence of the statistical
translation invariance.



2 General bias expansion for shapes

Galaxy shapes, more specifically ellipticities, are a spin-2 field on the sky, and their description
is analogous to polarization; specifically, shapes refer to the trace-free part of the second-
moment tensor of the projected image of the galaxy. Unlike the effect of gravitational lensing
on shapes, which is a projection effect, intrinsic galaxy shape correlations have to be described
in three-dimensional space, since they arise from physical interactions [24]. Our goal therefore
will be to first describe the statistics of the three-dimensional galaxy shape tensor, and then
to project it on the sky to obtain the observed spin-2 shape field. Note that the projection
mixes the trace- and trace-free parts of the three-dimensional shape tensor, so even though we
are mostly interested in the trace-free part after projection, we need to specify the full three-
dimensional shape tensor to begin with. As we will describe, the three-dimensional shapes
of galaxies in their rest frame can be described through a well-defined “bias” expansion in
terms of local gravitational observables. Hence, throughout this paper, all indices refer to
three-dimensional spatial indices.

2.1 Definitions and preliminary considerations

The fractional number density perturbation, ¢,, of galaxies at a space-time position (x,7) is
defined as

ng(x,T)
(ng(7))
The EFT of large-scale structure provides an effective description for this field which we
summarize in the next section. The EFT allows the prediction of galaxy count statistics for
a given cosmology, i.e. “galaxy clustering”, up to a number a free bias parameters that need
to be determined from simulations or observations.

As in the case of galaxy clustering, we should disentangle intrinsic physical effects (from
the point of view of an observer comoving with a galaxy) from projection effects which deal
with the mapping from the rest frame of the galaxy to the coordinates of the observer. In
the context of galaxy shapes, this means that we describe physical alignment effects in terms
of the three-dimensional galaxy shape in its rest frame, not in terms of the shape projected
on the sky plane. We will come back to the effect of projection in section 6, and in more
detail in the accompanying paper [66].

If Z,(x) is the specific intensity observed a certain distance from a galaxy «, then
we define [;; (24)? as the symmetric second-moments tensor of this quantity, normalized by
the total flux. As a result, I;;(x,) has units of length?. This is akin to modelling the 3D
intensity of each galaxy with an ellipsoid, where three degrees of freedom represent the lengths
of ellipsoid semiaxes, and the residual three parameters describe the relative orientation of
the ellipsoid (three Euler angles) at the position x,. We can then formally define a tensor

on(, 7)

—1. (2.1)

3We adopt the notation in which the vectorial quantities in the invariant form are represented as

where e’ are the basis vectors and V; are the vector components. In analogy to this notation, invariant form
of the tensorial quantities can be represented as

= Tijei %) ej7 (2.3)

where the basis is given as the Cartesian product of the two basis vectors e’, and Tj; are the usual tensor
components in the given basis.



field of intrinsic galaxy shapes as a function of comoving location,
Iij(w) = Z Iij(ma)(sD(:B — Ta), (2.4)
[e%

where the sum runs over all galaxies in the survey. The trace of the field returns a scalar
field which describes the number-weighted galaxy size, i.e.

tr[Li; ()] = s2(1 + 0()), (2.5)

where s2 is defined through (I;;) = 55 52/3 and 6(x) is the corresponding size fluctuation
field.* More generally, we define the shape fluctuation field

I,J(ac) - <Izj(x)> _ Izj(w) _ 1

Sig(®) = tr(Z;;) ~w({;) 3

1
(55 = ij (x) + §5S(:B)(5K~ (2.7)

i
where we have introduced the trace-free tensor g;;, which describes galaxy shape perturba-
tions. As was already mentioned, different normalizations of the field S;; (i.e. I;;) might be
more convenient in different situations; for example, one might introduce a number density
weighting in eq. (2.6). However all these different definitions do not change the bias expan-
sion which we introduce below, which is agnostic to the precise definition of the galaxy shape
field. We will only need the fact that g;;(x) is a symmetric trace-free tensor field. We return
to comment on the possible effects of this choice later on when we discuss the bias expansion
in section 2.3.

2.2 Review of bias expansion for scalar tracers

Any scalar tracer in the Universe can be connected to local gravitational observables by
means of a bias expansion,
Sz, 7) = > (0] (2.8)
o
where [O] are renormalised operators constructed out of the density field, gravitational poten-
tial and other perturbations, and the b(on ) are the corresponding (renormalised) bias param-
eters. We will define and perform the renormalisation procedure when we turn to statistics
in section 4. If the physical processes that determine the properties of the tracers are local,
then the need to satisfy the equivalence principle suggests that the operators in the bias
expansion are those corresponding to the density and the tidal field. This expansion allows
us in principle to predict any given statistics of the biased tracers, and to connect them to
the underlying cosmological model. Note further that the bias expansion is not unique: at
any given order in perturbations, the complete set of operators forms the basis of a vector
space, and any other basis can serve as an equivalent choice.
Reference [67] showed that one such complete basis of the general galaxy bias expansion
(at lowest order in derivatives) consists of all scalar combinations of a set of operators, TI".

4An alternative definition for the tensor field of interest could be

Lij(xa)
Li(e) =S 20\ 5 e 2), 2.6
@ g tr(la,ij) ol — ) (26)
With this choice, the trace of the shape field I;; yields the galaxy number density, i.e. tr[l;;(x)] = (ng)(1 +
on(@)). Our EFT expansion will apply to either definition, as well as any other definition in terms of physical

observables. However, the values of the bias parameters will depend on the chosen definition.



The operators IT" are second-rank tensors and thus the components always carry two indices,
ie. HZ-L}. These tensors are defined recursively starting from

2

(1]

0,05 P, T) = 55 6m + 645, (2.9)

3
which is proportional to the Hessian of the gravitational potential and contains the leading
gravitational observables at a given spacetime position @, 7: the matter density perturbation
dm and scaled tidal field ©;;. Note the superscript [1], to be distinguished from (1), refers
to the fact that II! starts at first order in perturbation theory, but contains higher order
terms as well. Thus, ©;; is the scaled fully nonlinear tidal field, while @S) will stand for its
linear-order component. To avoid any confusion, we introduce the label “generation” for [n]

. . 3) .
and reserve the label “order” for the perturbative expansion (n). For example, (1‘[[1])( ) is
then an operator of the first generation and third order. We can define the higher generation
tensors II by convective time derivatives:

1 D
o= —— _ R § (ol (PR D) § (ol 2.1
5 [ 5 (n—nut) (210)
where D 9 5
=5 Vo (2.11)
is the convective (or Lagrangian) time derlvative, and f = dlnD/dlna is the logarith-

mic growth rate. Including all operators at a given order constructed out of the IT" then
consistently incorporates the effect of time evolution on the final tracer field [67] (see also
section 2 of [52]).

For example, the set of operators that contribute to the expansion for a scalar field up

to cubic order are®
(1 o[t
@ ()], (@)’
@) te (@], e (] e Y], (tr[n[ll])3, r [TV (2.12)

Notice that this expansion is not only applicable to galaxy densities, but in general to any
scalar field that satisfies the local bias assumption. In particular, it can be also applied to
other properties of galaxies such as their sizes, in which case

=S"850]. (2.13)
O

Equations (2.8) and (2.13) assume a deterministic relation between the biased tracer field
and the local gravitational operators. Beyond this set of operators, we should also consider
the contributions from higher derivative operators and stochasticity attributed to the initial
conditions on very small scales, which we cover in section 2.5.

SWhen dealing with notation of the trace and trace-free bias operators constructed from the IT tensor
fields we adopt the shorthand notation, e.g. tr [(HD])Q}, instead of writing the tensor elements explicitly as

e [ 1Y)



Equivalently to eq. (2.8), we can construct observables from the Fourier-transformed
tracer overdensity field:

Z (2m)36% _— K™ (py....pn)dr(p1)...00(pn) (2.14)
n=1

where Kr(ln) are bias-dependent symmetrised kernels that will be introduced in section 3.1.

Similarly to the case of biased tracers, the EFT [51, 68] provides a standard expansion
for the matter field, i.e. what is needed to make theoretical predictions of gravitational lensing
(e.g [69, 70]). Up to third order, this is given by

() = 61 463 4 66) 4 272 R2 V25, (2.15)

where ¢? is the effective sound speed of the evolved matter density field, corresponding to the
leading EFT counterterm in the matter density field, and Ry is the characteristic scale of
the nonlinear regime. It is again often convenient to work with the Fourier transformed field,

[e.9]

om(k) = Z(Qw)gé,?_pl'_'nF(") (p1---yPn)0L(P1) -..0L(Pn) + counterterms, (2.16)

n=1
where F(") are the symmetrised SPT kernels [48] and pi.., = p1 + ... + Dn.

2.3 Bias expansion of shapes

For galaxy shapes, we now want to perform a similar deterministic expansion of the intrinsic
three-dimensional shape at lowest order in derivatives,

gij = b3 0] (2.17)

o

and we need to determine which operators O;; need to be included at a given order in
perturbation theory. The basic building block for this expansion is still the set of tensor fields
I1I" of all generations n > 1. Rather than considering scalar combinations, we now need
to take into account all trace-free tensor combinations. We denote the trace-free operator
associated with a generic tensor operator T;; by

TF[T);; = Tij — 6K5MT’“ (2.18)

For example, g;; = TF[S];;. Notice that in order to be consistent under renormalisation, trace
and trace-free parts in general are multiplied by different bias parameters (see appendix C
for further discussion), which is why we perform the bias expansion for g;; here, not Sj;.

By taking all trace-free combinations of the I, we obtain the following list of operators
up to third order:

1t TR, (2.19)
22 TRMPl;, TR(TM)?);, TR e[
3¢ TRIP); , TREMIP;, TP e,

[

TF[(I)?)s;, TE(IM)?);; te[TI], TR e rM)?, TR e ()2



The number of operators is higher than in the scalar case: we have one more second order
and three more third-order operators. As argued by [67], we do not need to include tr[IT"]
with n > 1 in either scalar or trace-free tensor basis, since those operators can always be
re-expressed in terms of lower order operators that we have already included. This does not
hold for TF[H[”]] however: the term TF[H[Q]] needs to be included at second order, since

Hg] o 8%62] [5r2n - 2(@1@1)2} (2:20)
cannot be expressed as a linear combination of the other second order bias operators. This
is an important difference to the case of galaxy bias, where II? only appears at third order
(via the nonlocal operator variously called Oy, T'3 and others). TF[II?)] corresponds to the
term t;; recently also included in [28, 29]. More generally, in the expansion of galaxy shapes
at n-th order we have terms up to including the n-th generation, whereas we only obtain
terms up to (n — 1)-th generation in the bias expansion of galaxy number counts (and other
scalar observables).

We emphasise again that, while the bias expansion for 3D shapes is independent of how
the shape field is precisely defined, the values of the bias parameters b(og) will, in general,
differ depending on this definition. For example, when galaxy number weighting is included,
one obtains a contribution to one of the second-order bias coefficients given by

ber ) T[] 2 b1y (2.21)

where by is the linear bias corresponding to the number counts of the galaxy sample whose
shape field is being measured.®

This dependence of the values of bias parameters on the definition of the tracer is of
course not unique to shapes: weighted galaxy number counts (e.g., by luminosity) also lead
to different bias parameters than unweighted counts. The central point is that, when leaving
all bias parameters free, the EFT expansion is able to describe any physical tracer, regardless
of its selection or weighting as long as these are based on physical observables.

Note that perturbations in the relative velocities between baryons and cold dark matter
can be straightforwardly included in analogy to the case of galaxy clustering (see section
8 of [52]). They are unlikely to be relevant in the case of purely photometric experiment,

SConsideration of the galaxy number weighting of the shape fluctuation field S;; can be viewed as a
reinterpretation of eq. (2.7). We could thus decompose the S;; field as

S5(e) = (14 6n(@)) (35(2) + 35.@05 ) (222)

where we have newly defined shape g;; and size bs fields. The connection to the earlier definition in eq. (2.7)
is simply given by the multiplicative, (1 + dn), number weighting factor

gii(®) = (1+6a(®)) is (@), 6s(@) = (1 + 6u(2)) 6s(). (2.23)

At linear order we still have b$ = B% and b5 = b5, while at second order we obtain terms proportional to brfl;%
and b7b;. However, in either definition there also exists an independent operator tr[Hm} TF[H[”], as part of
the expansion of g;;(x) and also g;;(x), whose free coefficient can absorb the difference and thus renders the
two expansions formally equivalent. Note also that in this new definition, products of the fields appear, which
are sometimes called ‘contact-operators’, requiring corresponding counterterms in the correlators. As argued
above, these operators are, however, fully degenerate with ones already existing in the expansion of g;; in
eq. (2.19), implying that the existing counterterm structure is also sufficient to capture all the UV-sensitivity
of these field products in the new definition.



but could aid in the modelling of baryon acoustic oscillations in galaxy alignments in when
spectra are available [71].

2.4 Selection effects

So far, we have assumed that the intrinsic, three-dimensional shape of galaxies (as measured
through its surface brightness) does not involve any preferred directions apart from those
introduced by the large-scale tidal field which is encoded in the operators in eq. (2.19).
Then, the statistics of projected galaxy shapes can be derived from eq. (2.17) by projecting
the three-dimensional shape tensor g;; to a tensor 7;; on the sky. For the in-depth treatment
of these projection effects we refer the reader to the accompanying paper [66].

In reality, both observed number counts and shapes can also depend on the orientation of
the galaxy with respect to the line of sight. For example, the detection probability of luminous
red galaxies is higher when they are aligned along the line of sight [57, 59, 72]. Similarly,
edge-on disks could be detected more easily due to higher signal-to-noise. However, in this
case dust absorption within the galaxy could also play a role. A similar interplay between
the tidal field and internal halo properties has recently been shown to exist by [60]. In order
to include such effects, one has to allow for the line of sight to appear in the shape expansion.
Ref. [61] recently provided the complete enumeration of these terms for the galaxy density.
Here, we generalise their result to shapes, i.e. to a trace-free three-dimensional tensor instead
of a scalar tracer. We obtain the following relevant subset of new terms up to second order:

st - (2.24)

2 TR[RFAI, L] kAl TR,

3 TR@FATIIIG), afaliy TRI®);  akat) TR, .
Here, we have not included terms which are proportional to #‘A/. This is because such
contributions disappear after projection onto the sky, which is the observationally relevant
case we focus on in this paper. Further, we have neglected writing the cubic contributions
that are of order (1‘[[1])3’ as they disappear in the power spectrum after renormalisation.

Note that there is no additional contribution at linear order (and lowest order in deriva-

tives). This is because we do not have any additional indices to contract with n*al, so a
linear term involving 7 has to be proportional to 7‘A/. The same holds for all higher-order
terms of the form TF[H["]]U. At second order, there are two contributions, the second of
which involves ﬁkﬁlﬂgl] = th], which is the leading selection effect that appears in the bias
expansion of the galaxy density (e.g., [61]). Thus, the second contribution could arise due to
the selection effect for aligned galaxies mentioned above, coupled with the fact that the shear
field is weighted by the galaxy number density. At third order, terms of similar structure
appear but now involving IT[ (there is no selection contribution involving I15) at this order
following the above reasoning, while we have not written any of the (II')? contributions).

2.5 Higher derivatives

So far, we have worked to lowest order in spatial derivatives. Essentially, this assumes
that galaxy shapes are perfectly local functions of density and tidal field along the fluid
trajectory. This is clearly an approximation. To go beyond it, we promote the bias parameters
in eq. (2.17) to spatial functionals of the operators. Then, expanding the operators inside
these functionals in a formal Taylor series, one can show that one obtains spatial derivatives

~10 -



acting on the operators O;;, where for each derivative we obtain one power of R, the typical
spatial extent of the kernel. For example, in the case where dark matter halos are treated
as a biased tracer, it is often assumed that the typical scale associated with the derivative
expansion is approximately the halo Lagrangian radius, i.e. R, ~ Rj. The leading higher
derivative term in eq. (2.17) is

R2V2TF[IM); . (2.25)
At higher order, we obtain terms such as
RE2V2TFR|()2);;, R2 TR[9, Mo Tl | (2.26)

and many others; these terms increase rapidly in number at higher order. Fortunately, as
long as R, is of order the halo Lagrangian radius or smaller, these terms are fairly small. For
example, eq. (2.25) is suppressed by (R.k)2. In that case, it is sufficient to keep only eq. (2.25)
for the 1-loop power spectrum. If the scale R, is larger than the spatial length scale (nonlinear
scale) controlling the perturbative expansion, then one can correspondingly include higher-
order derivative terms. This might be the case for very massive halos [73-75], for example,
or due to radiative-transfer effects [76-81].

2.6 Stochasticity

The small-scale modes that we integrate over to define the bias parameters bo in eq. (2.17)
(which are really responses of galaxy shapes to long-wavelength perturbations) lead to
stochasticity or scatter around the mean relations. In analogy with stochastic contributions
to galaxy bias [52], eq. (2.17) is generalized to

gij(x,7) = Z [b(og) (1) +eo(x,7)| O(x, 7) + €5(x, 7). (2.27)
O
The fields €;;, €o are uncorrelated with the O;;, have vanishing expectation value and more-
over are completely described by their one-point distributions: (eo(x)eor(x))” etc. While the
€o are scalar fields, €;; is a trace-free tensor in keeping with the symmetry properties of g;;.
In fact, €;; after projection describes the leading order shape noise contribution to the shape
power spectrum

2
(e e (k) = (3505 + ool — 2atals) P, (2.28)

where P? is a white-noise (constant) power spectrum on large scales, with corrections toward
smaller scales scaling as k> R2. Using the requirement that €;; inherits the tensorial properties
of the g;; field, it can be easily shown that this is indeed the only trace-free tensorial structure
that we can form that does not depend on the direction of the k mode (see appendix A.1).
Since the formation process of tracers is local in real space, the noise cannot depend on k in
the limit that & — 0.

Beyond linear order, the higher-order stochastic contributions up to third order are
given by

° g (2.29)
gnd e%tr[ﬂm],

ery TR,
g e (o ) el e ()7,

EH[Z] TF[HP]}U y E[H[l]}z TF[(HM)Q]Z] s EH[1]H[1] TF[H[I]]U tI‘[H[l]] .
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The second-order contributions on the second line in particular will become relevant in the
three-point function (bispectrum) of shapes, sizes and number counts.

3 The shape, size and number count fields

We are now ready to obtain expressions for the galaxy shape, size, and number count fields.
We proceed in two steps: first, we transform all operators to Fourier space. Second, we
decompose the tensors into irreducible spherical tensor components, which greatly simplifies
both the loop integrals and sky projections.

3.1 Perturbation expansion in Fourier space

We use perturbation theory to compute the behaviour of the tracer overdensity and shape
fields in the mildly nonlinear regime. Given that our goal is to investigate one-loop power
spectra and tree-level bispectra, it is required to obtain the explicit expressions for the field
up to the third order. Thus in order to proceed we need to compute the perturbative
contributions from each of the bias terms in eq. (2.12) and eq. (2.19). Since, for any operator
O™F in the list eq. (2.19) there is an operator O such that

1
O = TF[O];; — 555 tr[0], (3.1)

we can perform the field expansion in terms of the operators I and then take the trace and
trace-free components at the end. The latter will precisely yield the operators in eq. (2.19),
while the former will lead to eq. (2.12) with some trivial degeneracies.

Starting with the leading term II' in eq. (2.9), in Fourier space we have

i (k) = M35, k), (32)
where the perturbative expansion (up to the EFT counterterms) of the matter field dy, is given
in eq. (2.16). Writing the explicit form of these higher order bias operators is straightforward
though tedious. For this reason we refer the interested reader to appendix B for the detailed
derivation.

Combining all these results we can write down the full perturbative expansion for the
bias expansion of the number density d,, size ds and shape g;; fields at each order in PT.
Collecting all the terms in eq. (2.19) and using the expansions detailed above we get the
contributions that we summarise in table 2.

Finally, the biased tracer observables of both density and shape fields can now be
obtained by taking trace and trace-free components of these operators. We can thus write

ae{n st: 84 Zb Oi;](k,7),
gii (K, 7) Zb Oij](k,7), (3.3)

where by the set of operators O;; we mean the operators in table 2, in addition to the
derivative and stochastic operators. Writing the scalar field bias expansion in this form gen-
erates several degenerate terms. This is expected, since taking the trace of all the operators
in eq. (2.19) leads to a subset of linearly independent operators. These degeneracy relations
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Order Gen. Family Operator Kernel K;; (n.q.p)
m o1 I Ed
(2) (1] 1 HE‘] Pr2.iP12.0 () (py, py)
,,,,,,,,,,,,,,,,,,,,,,, Pia
2] 1 ) 22 (p1, po)
2
) [ L2 (ripa; + ;)
3 H[l] tr [H[l]} % (puplj + pmpzj)
3) [ 1 1) PPl FO) (py, pa, ps)
,,,,,,,,,,,,,,,,,,,,,,, 123
2] 1 1 7 (b1, p2, p3)
[11)2 (P12P3) P12 (iPsj) po(2)
2 [(H ) Lj [ 3p¥op3 F (p1,p2)} sim
3 1) e [11l] HE p‘;”“)F(z)(phm)} .
12 S1m
3] | ! 70 (b1, p2, p3)
3
2 [(HU]) LJ [%(pumj)}m
3 |:H[1]H[2]:|z] [% 7(7372})(1)271)3)]sim
4 112 e [110Y] B i )(pl,pz)] )
2 (P1-p2)p1,{iP2,
5 ()] or ] S
1] [ 2 P1,iP1,j
6 I (tr [T ]) [ 3P?]Lim
[1] [1)2 p1iP1;(P2.p3)*
7 ;5 e [(I)7] { 503t Lim

Table 2. Table of bias kernels Ki(? 9:P) up to the third order in PT. All the operators are categorised
according to the PT order n and operator generation ¢ they belong to. Within each order n and
generation ¢, we assign an additional labelling number, that we call “family number” p. Thus, every
operator is uniquely identified by the set of integers (n, ¢, p). Note that the family number is arbitrarily
given by ordering in this table for convenience in referring to these operators in the following section.
Importantly, at fixed generation and family number (g, p), operators of different order have the same
bias coefficient. The label “sim” indicates that kernels are to be symmetrised in all p; momenta.

between the trace of the operators in table 2 are explicitly given in appendix B.2. Once these
degeneracies are removed, we recover known results on the bias expansion of the galaxy
density (see [52] for a review).

Similarly to the case of scalar fields in eq. (2.14), it is convenient to work with the
Fourier transformed tensorial field expansion when describing the shape field. We define the
expansion of the Fourier transformed symmetric rank two tensor field given in eq. (2.7) as

Z 21)36P (k — p1..n) KZ‘(;L)(plf"pn) or(p1) -+ dn(pn)- (3.4)
n=1

where K l(]n) are bias-dependent symmetrised kernels. Notice that we do not indicate explicitly
that it refers to the shape field, since we will only deal with this biased field in the following.
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The expressions given in eq. (3.3) can now be obtained by taking either trace or trace-free
components of these bias expansion representation of the S(k) tensor. We also note that
the scalar bias kernel K™ used in case of the scalar field in eq. (2.14), can be expressed
just as the trace of K Z-(?), once the degeneracies mentioned above are removed. Within each
order and generation we assign an additional labelling number to each operator O;;, which
we call family number, in order to distinguish all the operators and biases just by their order,
generation, and family numbers. Note that the family number is arbitrarily given by the
ordering given in table 2 and carries no physical meaning. For the kernels in eq. (3.4) we
can write an explicit expression in terms of operators given in table 2 (in addition to the
derivative and stochastic operators). We can thus write

Km0 = 3 (a5 e [0 0] @)

q,p

+ 8 TF [K(”’q’p) (p1,-- 'pn)} y ) ,

where we have now inserted the bare bias parameters, as they are yet to be renormalised.
Note that at each PT order n we have contributions of generations such that ¢ < n, and
indices ‘s’ and ‘g’ are respectively labels for bias coefficients of size density and shapes (or
equivalently trace and trace-free parts). Notice that these bias coefficients depend only on
the generation ¢ and family p numbers but not the PT order n. One might naively expect
that for the field of same tracers the same bias coefficients could potentially be used for both
trace and trace-free part. However, the renormalisation shows that we are in general not
allowed to make this assumption; cgsj, and c,g% are different in general. For more extensive
discussion on this technical but important point we refer the reader to appendix C. In order
to familiarise ourselves with the notation introduced here, it is useful to explicitly write the
kernels for e.g. the size density field and compare it to the expansion used in previous work.
Note this expansion is the same in the case of the number count field, but with different bias
coefficients. We can write down the first and second order kernels as

6V (k) = op_p, tr[K ()01 (p) = (¢, + ¢, R2K?) 61 (K), (3.6)

882 (k) = 85, _py UK (1, P2)0L(P1)6L(P2)

s D1-p2
= 5113—171—112 (Cl,lF( )(p17p2) +c5 17%(3 )(P17p2)+02 2(pp)+02 3>5L(p1)51;(p2)

152

~S ~s (P1-P2 ~5
S <01,1F(2) (p1,p2) + 62’2(101102) + 65 3>5L(P1)5L(P2)

Here we have used the shorthand notation for Dirac delta and integration over repeated
momenta described in table I. In the first line, we have included the leading higher-derivative
term as well, since it can be conveniently combined with the linear bias term. As we shall
discuss in section 4.3, when the trace is taken in the expression for (552), the three operators
appearing after the second equality exhibit a degeneracy (see eq. (B.63)), and thus one
of them can be reabsorbed in the other two operators. This gives us the last line in the
expression for 53(2). We can compare this expression to some of the usual bias expansions and
nomenclature used in the literature. For example, in ref. [82] the biased tracer field at second
order is expressed in terms of second order dark matter field 6, square of linear density
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[62]% and scaled tidal operator” [©@(M]2. In this basis we can write the above size density
field as

oM (k) = b3 <1 - ;bSR*RikQ) op(k), (3.7)
‘ 1 1
0P (k) = 03012 (k) + SB3100]° (k) + b [0 ()

1 1 p2)? 1
= 3 (VF D (prp) + 285 + St (PP 1)), 1) o),
2 2 iP5 3
We see that in this second order example it is easy to identify the relation of the bias
parameters in the two bases. These are related by the simple linear transformation (see also
appendix C of [52])

bi = 6?717 b%* = —26%*/631, b; = 26373, and bS®2 = 25372 — 56373. (38)

Of course, similar relations would be obtained for higher generation bias parameters from
the higher order terms in the field expansion.

To reiterate, we see that at the second order in PT, we have nominally four bias param-
eters appearing in both shape and size (or number count) fields. These, we label ¢; 1, c21,
c2,2 and cp 3. Linear bias ¢y 1 is the first generation bias parameter and since it is the only one
in any of the fields (number, size or shape), we can drop the second label and simply write
c1 = c1,1. The rest of these parameters carry the common generation index in first place,
while the second index indicates the fact that there are three operators in this generation.
As we have seen above, when the trace of these operators is taken, operators are degenerate,
and we can redefine the parameters in order to reduce the operator basis, making it consis-
tent with eq. (2.12). However, this will not be the case when trace-free (shape) components
are considered. In this case, no such degeneracy appears at the level of the field, and all
of the parameters and operators listed above need to be retained. Degeneracies as well as
renormalisation are further discussed in section 4.3 and again, in more detail, in appendix B.

3.2 Irreducible spherical tensor decomposition

So far we have been discussing the expansion and parametrisation of biased tracers, describ-
ing their number densities, sizes and shapes. Eventually we are interested in computing
statistical correlators, such as power spectra and bispectra between these tracer fields. On
such correlators and statistical quantities we moreover impose some symmetry properties,
like spatial homogeneity, isotropy and parity invariance, which motivates us to use a specific
decomposition of our biased fields in order to optimally utilise these properties.

In this section we particularly focus on isotropy and the consequences it has on the
decomposition of the tensor (rank two) fields we have been discussing in the previous section.
Given this setting, it is useful to decompose our symmetric tensors in the basis tensors that
have simple transformation properties under the irreducible representations of the SO(3)
rotation group. Such tensors we call spherical tensors [83] of multipole order £ = 2. They
transform under rotation as

2
YU(E) = Y D2,0.0,0)Y ) (k). (3.9)
m'=—2

"Note that ref. [82] uses the s;; label for the tidal field, instead of ©;; used here.
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where D? is the rank five Wigner matrix. We can now decompose any tensor field T;;(k)
into these basis functions in terms of helicity m = 0,41, +2 defined with respect to the
wavevector k:

)4
)= 3 Tk (Y R), (3.10)

£=0,2m=—/¢

:%Téo)( k)oKy ©) + Z ™ (k) Y™ (k).

m=—2

Here, Yo(z) =YyQ© )5ij is the single helicity-0 mode, and Y(© = 1 is defined for symmetry.
Often, it Wlll be convenient to drop the tensor indices ¢ on the basis vectors; hence, we
choose the boldface symbol Y in order to emphasise that we are dealing with a basis ¢ = 2
tensor, while for the ¢ = 0 component we will use the explicit form given above. Tz(m)
are the spherical tensor components transforming under rotation analogously to the basis
tensors given in eq. (3.9). Spherical tensor components can be directly obtained from Tj; by

projections using the basis vectors:
10 (k) = [T (k)], 13" (k) = Y;"" (k).T(k). (3.11)

It is important to stress that this decomposition is relying on symmetry properties only and
no dynamical properties of the field are used thus far. In other words, the decomposition is
equally valid in cases when PT/EFT methods are used to describe the field, as we do in this
paper, or if one would use e.g. N-body or hydro simulations to describe these fields. In this
sense, this decomposition allows us to modularize and separate the properties of statistical
symmetry of our system from the explicit dynamic characteristics.

In order to construct the basis tensors explicitly, we first define an orthonormal basis of
3D Euclidean space through

A

k - .
|k3>>i;:|, e =k x e ek:k:, (3.12)

e =
where 7 is chosen to be an arbitrary, non-collinear direction to k. From this, the helicity
basis can be constructed as

e =ep, et = :F% (e1 Fieq) . (3.13)

Using this basis, the tensor basis functions are defined as

+1 ? ? +2
VO = No (il = 305), Y = Ni(yef +hies), Y = NaeFed, (3.19)

) ) v

where Ny 12 = {\/g , \/; , } are normalisation constants so that the basis is orthonormal.

Notice that Y;( are trace-free.

More details and properties of the helicity basis are given in appendix A. Most impor-
tantly, at the power spectrum level, the only nonvanishing contributions involve two fields of
the same helicity. This is due to statistical isotropy (the absence of preferred directions). In
addition, parity guarantees that the power spectra of opposite helicity will be the same. This
fact significantly reduces the number of terms we have to consider in the following. Similar
reductions occur also for higher order statistics.
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4 Three-dimensional correlation statistics

We are now ready to derive the statistics of scalar (size, number) and tensor (shape) fields.
Our results will be the two-point functions at 1-loop (next-to-leading) order as well as the
three-point functions at leading order.

4.1 Two-point functions

There are three types of two-point functions to consider: the auto-correlations of scalar and
trace-free tensor fields, and their cross-correlation. We write these as

(6a(K)Ou(K")) = (27r)3(5,]3+k,Pab(k), where a, b € {n, s} (4.1)
(0a(R)gij (K) = (27)°0p PiF (K)
(9i5(K)gra (k') = (277) 5k+k' Ukl(k)

We reiterate that, in our notation, the different fields are denoted as

n : fractional galaxy number density perturbation (4.2)
s : fractional galaxy size perturbation

gij (8) : trace-free galaxy shape perturbation.

In order to obtain expressions for these spectra we can consider the power spectrum of the
full 3D shape field and then project out the trace and trace-free part. We define the power
spectrum of the full 3D shape field as

(S5(R)SEK) ) = (2m)* 08 PLR (R), (4.3)

where (a,3) are the labels of different bias samples (e.g. different mass halos, LRG’s, etc).
However, we will drop these indices here for simplicity and they can be easily reinstated if
needed. Using the decomposition into spherical tensor basis given in eq. (3.10) we can intro-

duce the power spectra of the spherical tensor field components Sém). Given that the tensors
are invariant quantities and the basis spherical tensors transform according to eq. (3.9), the
(m)

components S5 also transform as spherical tensors. Statistical isotropy and homogeneity
then give for the component power spectra

(5™ () S K'Y ) = (27208 00y 0 Pl (R), (44)

where ¢ and ¢’ can take values 0 or 2 representing the trace or trace-free components (or
alternatively the total angular momentum), and m and m’ are helicity components. We see
that as a consequence of statistical isotropy different helicity components do not correlate.
Given that we started from the real shear tensor it follows that Sém)*(k:) = (—I)ESém)(—k)
which together with the parity invariance gives PE(ZL )(k) = Pg(gm)(k). Combining the above
results, the shear-shear tensor power spectrum can be decomposed into six independent scalar
contributions, i.e. we have

N

Piju = 6K5 PO 4 1 398 YRS + YOV PR + 3 (v @y PR, (45)

q=1
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where 5g]Yk(§) = ZS )5]5 5KYk(l ), and in the last term we also symmetrize over (q) and

(—q) contributions, i.e. Yt{(q)Yk(l}Q) Y(q)Y( 94 Y( )Y( 9 (notice that we do not divide

by 2). The first term here is the auto- correlatlon of the trace components, while the next
term describes the cross-correlation of the trace component of one field with the trace-free
component of the other. If one is correlating different tracers, then this term separates
into two contributions o PS‘QB , P;{)ﬂ . Finally, the remaining terms correspond to the auto-
correlation of the trace-free parts, which consists of three distinct helicity components. We
have thus reduced the, naively, 6 x 6 components of P, (k) to 5 (6 in case of different tracers

being cross-correlated, as Pég) #* P2(8)) functions of k£ only. For a more detailed derivation
of this decomposition we refer the reader to appendix A.1. It is worth stressing again that
the decomposition above is valid in the fully nonlinear case and does not rely on any PT
considerations.

We are interested in the auto- and cross-correlators of galaxies and shapes that can be
obtained by taking the trace or trace-free components, i.e. dg = tr [S] and g;; = TF [S]

ij"
Combining the expressions in eq. (4.1) and (4.5) we have

P(k) = PR Ok), where a,be {n,s} (4.6)

a 0),7 ag(0
P(k) = Y\ (k) Py (k),
(k)Y (k) PEED ()

{ZJ

2
P (k) = Y (o), () P (k) + S (1 :
q=1

The helicity m = +1 and m = +2 contributions only appear in the shape-shape auto-
spectra. We also note that the expressions for the auto- and cross-power spectra involving
the fractional galaxy number density perturbation ¢, are identical in form to those for dg,
but with different bias coefficients. We will thus no longer distinguish between them.

4.2 One-loop power spectrum components
The use of the perturbative form of the shear tensor field given by eq. (3.4) allows us to

obtain the one-loop PT expression for the power spectrum as

1,

PP (k) = Pl (k) + Pog) (k) + PU (k) + Uy (k) + c.t. + hud. + stochastic,  (4.7)

where we noted that appropriate loop counterterms (c.t.) and potential higher derivative
(h.d.) bias terms (ones that are not already included in Pz?kl below) have to be added, as well
as additional stochastic terms discussed in section 2. Individual perturbative contributions
are defined as

(2m)*0R s Pha(k) = (S5 (R)S (K)) (48)
(2m)0R 1 Pyt (k) = (S (k)T () ) |
(2m) 3R Pl (k) = (S5 (k) S () )

where the (31) contribution is obtained by replacing the (i) and (kl) index pairs. The linear
order result including the leading higher-derivative term then gives

P (k) = (§c1<k>6£§+c%<km§0>> (3 L<k>5m+cL<kmS°>)PL<k>, (4.9)
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Order Terms | Integrals
() | PG =Py
=Py = | 835 i PL(k)
(22) P® = | 2 0 [KO(p,k—p)| tr[KO(p,k —p)| PL(R)PL(k ~ p)
P = 2% KO (p,k—p) tr|[KO (p,k ~p)| PL(p)PL(k — )
P = 2w [KO(p.k - p)| Y. KO (p.k— p)PL(p) Pk ~ p)
PEY = |2 K (p.k—p) ¥, KO (p.k —p)PL(p) Pk — p)
13) | ry” =@ = | 3¢” w|[KO(k.p.—p)| PLP)PL(K)
P = = |30 &Y " KO (k. p. —p) PL(p) Py (k)
Table 3. One-loop contribution decomposition.
where
a,€{n,s, gt: cg(k)=cl+ C%*71R3k2 + O(RIEY), (4.10)

and ¢} is the linear bias of fractional size density while ¢§ is linear bias of the trace-free shape
field. Note that in eq. (3.5) we used the two index notation for the bias coefficient ¢, 4, but
for linear level bias this is of course not required since there is only one coefficient, and thus
we suppress the second index, i.e. ¢j = ¢} ;. Second, the remaining terms of order R%k? in
the expression above are the leading size and shape derivative bias terms

cicr, R2K2 P (k), (4.11)

which contribute to results for Pég) , Po(g), PQ((Q)), while higher helicity terms do not have such
contributions at the order we work in.
The one-loop contributions (22) and (13) are given by
22 2 2
PR (k) =2 K (p, k — p)K\) (p.k — p)PL(p)PL(k — ),

1
ﬁ%mﬁ*<y%§w%#v&%mﬁ®mrm&@l (4.12)

Applying the decomposition in eq. (4.6) we get table 3.
We see that only the (22) contribution gives rise to the m = £1 and m = £2 helicity
modes while linear theory as well as (13) contribute only to the ¢ = 0 helicity modes. We can

also notice that, in case of ¢ = 1 and 2, projections of the type Yig.Q)*Yk(l_q)*Pgil(k) directly
probe (22) contributions. That is, these projections are the leading order terms on largest
scales and thus directly probe the second kernels K 3.

4.3 Bias degeneracies and renormalisation of the one-loop power spectrum

Counting the operators in table 2, we see that there are eleven bias operators (besides stochas-
tic and higher-derivative ones). However, given that we are interested here in only one-loop
level two-point and tree-level three-point statistics we expect additional degeneracies to ap-
pear. This will reduce the number of independent operator correlators and consequently also
the number of independent bias coefficients relevant for these statistics. In this section we
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summarize these degeneracies and give results that contain the maximal non-degenerate set
of operators for the one-loop power spectrum. For the full study of degeneracy and renor-
malisation for the one-loop power spectrum we refer the interested reader to appendix B.1.

After decomposing the second-order operators in table 2 into helicity components, we
obtain seven independent scalar operators at second order, which we combine into a set of
kernels 1C2) (ky, k):

K (ky, ky) = {tr [Hm@)],tr {(Hm)Q} , (tr [H[I]DQ 71@(0)*(’912)-(1_[[1])27 (4.13)
13(1)*(k12)-(n[1])2, 1,—2(2)*(14312)'(1'[[1])2, Y2(2)*(k12). [H[l] tr [H[”H }(kla ks).

Using this operator basis we can evaluate all the contributions to the (22) loop integrals given
in table 3. These contributions are given as the cross-correlations of all the operators in the
basis and can be represented by the following integrals

Lim(k) = [KP](p,k—p) [KP] (p,k—p) PL(p)PL(k — D). (4.14)

Components of the I;;(k) are given in table 4. Symmetry of the integral components I;;(k) =
Ii(k) is a consequence of the symmetric integrand structure. Moreover, these component
contributions exhibit further linear dependencies. Trace and ¢ = 0 contributions thus give
one more dependence expressed by eq. (B.45), while higher helicity correlators give three
similar dependencies, given by eq. (B.46), after the azimuthal integration is performed. This
finally gives us ten independent integral correlators that need to be evaluated in order to
obtain all the (22) contributions in table 4. These are

I, Lia, I3, Ioa, Io3, Ios, I33, I3a, Iy4, I5s, (4.15)

explicitly listed in eq. (B.47). On the left panel of figure 1 we show the functional form of these
terms on the scales of interest at z = 0. We note that all the I,,,,, terms have ~ k? asymptotic
functional dependence on large scales (after the constant part has been subtracted), except
the matter I3 term which is ~ k* (due to the mass conservation equation valid in the dark
matter case). We subtract the UV-sensitive constant contribution on large scales since this
is absorbed by the renormalised stochastic power spectrum P, in eq. (2.28). We return to
this below. The full biased tracer mode coupling (22) correlators are then determined by two
trace, and three trace-free second order bias coefficients that can be defined as

. a a . a __ .a 2 a a __ a 5 a
a € {n, s} : {b2,1a b2’2}, where : b5, =59+ 2¢5 1, b9 =53+ 3¢5, (4.16)
e e s - g g g _ g 2.8 g _ g
g: {52,17 b3 9, 52,3}7 where: 03, =c3, + 39+ ¢33, b3y =33+ 55, b33=0o5.

Let us proceed with investigation of the (13) terms in table 3. Here, only helicity-
zero operators (¢ = 0) contribute, appearing in kernel forms tr [K (3)] and YQ(O)*.K ). As
we saw earlier, the reason why only ¢ = 0 terms contribute to (13) term is the coupling
of linear with third order perturbations. Given that at linear order only scalar (¢ = 0)
contributions exist, statistical isotropy ensures only ¢ = 0 components survive also in all (13)
terms. Moreover, the specific form of the kernel input vectors k, p and —p gives additional
constraints on the contributing operators. For the trace term, there are five such relations
listed in eq. (B.68), leaving six independent operators in the tr [K (3)] term. The remaining

contraction, using the YQ(O)* basis function, yields similar constraints listed in eq. (B.69).
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Figure 1. I,,,(k) and J,(k) contributions that are present in the power spectra of size and shape

fields at one-loop order, at z = 0. Dashed lines represent negative contributions while the solid ones

are positive. Left panel shows I,,,,, mode coupling terms, obtained from correlating two second order

fields. Right panel shows J,,, propagator like, terms that are obtained from correlating the linear and
third order fields.

This leaves altogether eight remaining terms in the YQ(O)*.K () kernel part. Using these
relations we can re-express the residual contributions in K ®) kernels. One particular choice
of use of these degeneracy relations is given in table 5, where the surviving independent
operators are listed with the accompanying bias degeneracies. Moreover, these operators
also exhibit UV-sensitive, potentially divergent, behaviour, which thus needs to be regularised
and renormalised. In order to isolate these UV-sensitive contributions, we can consider the
leading contributions in the low-k£ Taylor expansion. We thus look at the following expression

(5 / KOk, -p)Pi())

uv

and consider only the set of independent operators given in table 5. In order to perform this
procedure we proclaim the linear bias ¢ parameter to be a ‘bare’ parameter, and to be in
fact a sum of a finite part and a UV counter term part:

= (D, + (D) py- (4.17)

The UV counter term above is then chosen to precisely cancel the UV-sensitive kernel parts
(explicitly given in eq. (B.49)). This renormalisation procedure generates new degeneracies
and after taking these into account we end up with just two independent trace operators

{or 0], o [()?]} (4.18)

This implies one independent third order bias parameter, since IIl operator multiplies the
renormalised linear bias, (cﬁ) - This result is, as expected, in agreement with earlier ob-
tained one-loop power spectrum results for the density of biased tracers (see e.g. [73, 84]).

In analogy to the I,,,, mode coupling integrals that contribute to (22), we can introduce
the (13) integrals:®

Jn(k) =3[K®)] (k,p,-p) PL(p), (4.19)

8Notice that we never use ordinary Bessel functions in this paper, so no confusion can arise.
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where the relevant integral components are given in Eq (B.55). As we shall see, J, has
altogether three independent components, even though only two of these contribute to the
trace tr [K (3)] part. The third component will contribute only to the trace-free part, as we
show below.

We look next at the trace-free scalar projection YQ(O)*.K (3). The renormalisation pro-
cedure is analogous to that for the trace part and detailed explanation is given in and after
eq. (B.56). It is of interest to also explore the possible dependencies among terms in trace
and trace-free basis for the K®) kernel, which leads to new relations given in eq. (B.59).

Finally, for the YQ(O)*.K (3) we obtain three independent contributions

{tr {Hm}ﬁn.’ tr[(H[ll)Z]ﬁn', NoYz(O)*.{(H[l])z}ﬁn}. (4.20)

Thus, besides the two independent terms appearing also in trace contributions to the (13),
trace-free terms, we have an additional independent term and thus one additional bias pa-
rameter. Hence, in addition to the two existing components of the J,, integrals eq. (4.19) we
get a new component given in eq. (B.61). The factor of Ny appears because of our choice of
normalisation of YQ(O) tensor basis function.

Before summarising, notice that the higher-order stochastic terms in eq. (2.29), that we
have been neglecting so far, do not lead to additional contributions. In particular, they are
all absorbed in the renormalised values for P# in eq. (2.28), or similar white noise part in the
P? case of size and number counts. It is also interesting to note that the cross-correlation
power spectrum (3(k)g;;(k'))" does not have any shot noise contribution at lowest order in
k, as expected, since correlators like (e(k, T)e;;(k', 7)) are zero by symmetry when k — 0.
At order k2, there exists a stochastic contribution, however.

After taking into account all of these degeneracies, functional redundancies and after
renormalisation is performed we obtain the irreducible functional form for trace and trace-
free part of (13) of the one-loop power spectrum. Combining these results with results for the
(22) term we can obtain the full one-loop power spectrum for the biased tracers of number
densities, sizes and shapes. We have contributions of the following independent bias terms

P11 Psa Py3

we st (U s U T U {o ) U fstoen ) (421
b} {%ljbwb }LJ&%D@Q}Ly@g}LJ{umm},

P11 Pog Py3

with associated one-loop contributions explicitly given in eq. (B.47), (B.55) and (B.61). For
the one-loop power spectrum of fractional galaxy number density J, and fractional galaxy
size density perturbation ds we see that we require four bias coefficients (one linear and
three non-linear) in addition to the derivative bias terms and stochastic bias terms. For
the one-loop power spectrum of the trace-free part of galaxy shapes we have two additional
(non-linear) bias parameters, that we label b3 5,3 and b . In all cases, the leading derivative
contributions are

a,b,€ {n, s, g} : bibhy R2K*Pr(k), (4.22)

and, as discussed, at one-loop these contribute only to the power spectra with helicity ¢ = 0.
Stochastic contributions to the spectra, symbolically added to the parameter list above,
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consist of white noise contributions to the P(S)O and Pj, power spectra. It is important to
note however that these white noise contributions to the Pj, spectra are given by the same
parameter for all the helicities ¢ = 0,1 and 2.

4.4 Resummation of the IR modes and the BAO

Standard Eulerian perturbation theory relies on the expansion of density and velocity fields,
and subsequently correlators of these fields, into perturbations that can be attributed to
tidal forces and displacements due to long wavelength modes. The underlying assumptions
is thus that both of these are small. However, on mildly nonlinear scales, the effects of
long displacement modes can be of order one and thus the simple perturbative expansion is
no longer feasible. In standard Eulerian PT such contributions mostly cancel out in equal-
time correlators, which is a consequence of equivalence principle [85-87]. Nonetheless the
effects of these long displacement modes are more prominently visible in the Baryon Acoustic
Oscillation (BAO) feature, and thus it is of interest to try to handle these displacements in a
non-perturbative way. It turns out that is possible to perform the resummation of such long
(IR) displacement modes, and such procedure is known under the name of IR-resummation.
For the statistics of number density field the natural setting to perform such IR-resummation
is the Lagrangian perturbation theory [88-91], however the equivalent task can be performed
also in the Eulerian settings [92-95].

In the simpler rendering of the IR-resummation methods, we first split the linear power
spectrum into smooth (nw) and oscillatory parts (w) via

Py (k) = P (k) + P¥ (), (4.23)

where the long displacement resummation now affects only the PV part [90, 92]. Performing
such IR-resummation for the one-loop nonlinear power spectrum, either for dark matter or
halo overdensity, we get

1
PR(k) = PP (k) + ¢ 25°F (1 + 222k2> PY (k) (4.24)
+ Piotoop | P(k) = PR (R) + ¢ 37 PE(R)] (k) + {h.d )™+

where 3 is the estimated dispersion of the long mode displacement contributions:

A
2= /0 % [1 — Jo(kTbao) + 2j2(krbao)} Pr(k), (4.25)

and A is the characteristic scale of the IR mode splitting, although in practice this scale can
be pushed to arbitrarily small scales, given that contributions to the integral from high &
end of Py, is small. The higher derivative terms, labeled {h.d.}'? above, also exhibit anal-
ogous and straightforward IR-resummed structure. This procedure is equivalent in case of
matter and galaxy power spectra, since at leading order of soft modes doing the displacing,
the displacement field is the same for both matter and biased tracers (due to the equiva-
lence principle).

In case of the shape spectra and cross-spectra featuring in e.g. eq. (4.6) we have several
spectra Po(g), 2(3) that each follow the same PT expansion as presented above. Thus the
IR-resummation can be organised in the analogous manner, and we can write a general
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expression for each of the Po(g), Pég), 2(3) power spectra

[P\ (k) = [Pp™ ]ég}(k)-i—e_éZﬁkE( 22k2> [Py (k)] (4.26)

Lsin (9)
; [Pl_loop [Po(k) = PR () + e 35 PY (b)| } (k) + {c:t. )™ +
o

The displacement dispersion Y2 can again be estimated in the same way as earlier. The IR-
resummation procedure will guarantee that the shape of the BAO oscillations is described
correctly in all of the above spectra, and corresponding correlation functions.

Alternatively, one could perform the full IR-resummation as described in [88, 89], which
is suitable to apply on Eulerian PT, without resorting to the splitting of linear power spectrum
into the wiggle and no-wiggle parts. On the other hand, if we start from the bias expansion in
Lagrangian coordinates IR-resummation is naturally done by keeping the long displacements
exponentiated in the power spectrum and correlator estimation [90].

4.5 Three-point functions

We turn next to the three-point function of shapes as well as number and size correlations.
Even though we will consider only the tree-level result for the bispectrum, the decomposition
in spherical tensors that we perform here is valid nonlinearly for any order in PT, as was the
case for the power spectrum. We saw how the statistical homogeneity, isotropy, and parity
invariance contributed in constraining the form of the power spectrum of rank two tensor
fields. We would like to repeat this exercise here for the case of the bispectrum to obtain the
minimal basis template constrained by these symmetries. For the bispectrum we correlate
three tensor fields, which each contain trace and trace-free parts and are expanded as in
eq. (3.4). This gives

<S%(k1>sl§l(k2)s7:ys(k3)> = (27T)35£1+k2+k3B?j§7rs(k17 ko, k3)7 (427)

where (a,,7y) are again the labels of different bias samples (e.g. different mass halos, LRG’s,
etc), that we drop below. For more extensive discussion of isotropy and parity invariance
we refer the reader to appendix A.2. As we did in the case of the power spectrum, it is
convenient to introduce the bispectrum of spherical tensor components of the S;; tensors,
given by

(S (k) S (e2) S (ks) ) = (2)0F, gy Bl (ot oo ). (4.28)

This provides us with the decomposition of the full bispectrum in terms of the Y (™) basis
tensors:

Bijrirs(k1, ko, k3) = 2*75551@151{ B(()(())oo Dk, kg, ks) (4.29)
+ 5K5kl Z Y, (hog) B ™) (K, kg, bes) + 2 cycle
mz=—2
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2
1 m T T mao,m,
+§5§ S° Y™ (ko) Y0 (Rs) By ) (K, Ko, es) + 2 cycle

m;=—2
i—(2,3)
2 ~ - ~
+ 3 Y (k)Y (Re) Y0 (Rs) Bl ™ (e, Ko K-
Ztias)

It is not as trivial to employ statistical rotation and parity invariance in bispectrum as is for
the power spectrum, and we refer the interested reader to appendix A.2 for details. Here we
just state that the condition following from these symmetry requirements reads

(ragrasms) _ (_qymtmasms gl e o) (4.20)

Using this we can significantly reduce the number of the independent bispectra of spherical
tensor components in the expansion above. For the scalar-scalar-tensor B(()gf’m?’) part we
thus have only three independent contributions, while the scalar-tensor-tensor B(()ggm’m?’) has
13 independent contributions. The tensor-tensor-tensor part has, as expected, the richest
structure yielding 63 independent contributions. For the explicit decomposition into these
independent components we refer to eq. (A.37), (A.38) and (A.39). Similar as in the case of
power spectrum, all dynamical effects and biasing expansion are contained in these B é:’z;ZQmS)
bispectra of spherical components, while the index structure is captured by the basis tensors
Y (™) We note again that the decomposition above is valid for the fully nonlinear bispectrum
and does not rely on PT expansion. At the end of the next section we will return to the
bispectrum and give the explicit tree-level computation in the form of our bias expansion in
eq. (2.19).

The observables that we can construct out of these tensors are auto- and cross-correlators
of galaxy densities, sizes and shapes that can be obtained by taking the trace ds = tr [S} and
trace-free g;; = TF [S] i components. Combining expressions above we have

B™(ky, ko, k) = B2 (ky ko, ks), where a,b,c€ {n, s} (4.31)

2
B%bg(klakz,ke,) = Z Kg-m)(lzig)ngg’(m)(kl,kg,kg),

m=—2

2
Bk, ko, k3) = Z Yk(zmQ)(’A@)Kﬂ(sm)(E3)Bg§§’(m2’m3)(k1,k2,kz),

mi:—2
i=(2,3)
2
BEE (ki ko ks) = > YU (k) Y™ (ko) Y0 (k) Bagy ") (Kot ko, Ks),
m;=—2
i=(1,2,3)

where more explicit decompositions of these bispectra, in terms of minimal number of com-
ponents, are given in eq. (A.37), (A.38) and (A.39). Note that helicity =1 and +2 can, in
principle, contribute to any of the shape bispectra where at least one shape field is correlated.
At first sight, this might seem unexpected, especially for the size-size-shape contributions,
given that in the power spectrum, rotational invariance forbade existence of such higher he-
licity contributions in the cross-correlations with scalar fields. In the bispectrum, however,
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these symmetry constraints are not as strong, and higher helicity modes can contribute even
in cross-correlations with a single shape field. Naturally, further simplifications on large
scales can be obtained once PT is employed, but those emerge from dynamical and physical
reasons rather than symmetries. As expected, the expressions for correlators of the fractional
galaxy number density perturbation d, bispectra look equivalent to the Js bispectra, except
for the respective bias coefficients. In the next section, we summarise the PT results at
tree-level in terms of the above decomposition, while all the calculation details are delegated
to appendix B.3.

Before that, we discuss the leading stochastic contributions to the bispectrum, which
are less trivial than in the power spectrum case. Starting from the simplest size-size-
size correlator we typically have two type of contributions: (e(kq)e(k2)e(ks))’ and also
(6m(k1)e(k2)[edm](k3)) ~ const Pp (ko). Moving on to the size-size-shape correlator we get
only one contribution where stochastic operators can contribute at leading order,

(8 k)3 (2)gis (K3))' D (e(ka)om (k) [en TR | (k) )~ const. Pr(ha) Yol (o)
(4.32)
and, of course, the similar one if we exchange ki and ko. This contribution is similar to
the second contribution in the size-size-size case above. The size-shape-shape bispectrum
has the richest structure in terms of the stochastic fields. First we have contribution from
auto-correlation of stochastic components

2
(0s(F1)gij(k2)gri(k3))' D (e(k1)eij(k2)eri(ks))' ~ const. (5525% + 050, — 351']'51}«{1) . (4.33)
In addition, there are contributions from the second order stochastic operators
/
(06 1) i (k) gia (s))' > (O )eis (k) [ ehudm] (k) (4.34)

2
~ const. <5§5ﬁ + 05y 05y, — 35”-5;5) Pr(k1),

(5 0e) g3y (k) gia ) > {eCkr) TR (k) [eqg TR ) )
~ const. Py (k2)Y,\" (k2) Y, (k3).,

and the latter contribution can be symmetrised in ko and k3 variables. This is an explicit
example where the eo(x)O;;(x) type of operators contribute in a non-degenerate way to
the higher n-point correlation functions from the €;; o(x)O(x) type of operators, which thus
justifies our stochastic operators basis in eq. (2.29).

The last correlator to consider is the shape-shape-shape bispectrum. Here we have only
pure tensorial stochastic contributions of €;; and efjém operators. These contributions are

(9ij (k1) g1 (k2) gmn (k3))" D (€ij (k1) e (k2)emn(ks))’ (4.35)

~ const. A§7kl7mnBe ,

(913 0e0) g1 (2) g () > (TR () [esadn] () (k) )
2

~ const. <(5,Ifm5llfl + 5151,51}7(71 T3

5,55;;”) L)Y (R)
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where the latter contribution is to be symmetrised in all k; variables. Here, B, is a white
noise tensorial bispectrum amplitude, and we used the AK notation for the total pair-

ij,kl,mn
symmetric, pair-traceless tensor
K K K K
A’L] kl,mn — 5 6 6 (51716] 6lm + 52n6]l5km + 5zm5] 5ln + 6zm5j16kzn (436)

+ 0K O G 4 KK G 4 656K K 4] 5K5km)

— 05 0Oy — OO — OriOmeOien — 0ROty Oin, — Ob 1051 — Opo i O3,

njm imYin

The contributions above constitute all the stochastic terms that are present at tree level.
We note that in the expressions above we did not explicitly include all the necessary index
and argument permutation, nonetheless, it should be clear how these should be added to the
total correlators.

5 Results

In this section we give explicit expressions for 3D shape power spectra up to one-loop or-
der in PT, and tree-level bispectra. We combine the expressions for the spectra given in
table 3 with independent renormalised biases in eq. (4.21) and explicit integral forms given
in eq. (B.47), (B.55) and (B.61). Results for the bispectra are presented summarising the
results from appendix (B.3). In order for the results to be as general as possible we also
consider the cross-correlations of different types of tracers which we label with a, 3 and ~.°
Thus our formalism distinguishes tracers depending on their type (scalar, tensor) and their
internal properties (mass, luminosity, metallicity, etc.), which are in turn reflected in the
values of the bias coefficients.

5.1 Omne-loop power spectrum

We first look at the (22) contributions. Combining all the results given in table 3, with
explicit, non-degenerate form of second order kernels given in eq. (B.38), and redefinition of
bias terms in eq. (B.48) we have

(2] =2 o [K@pk-p)| v [KP @ k-p)|P0)PE-p) (1)
— Qbi(a)bi(ﬁ)ln(k) + 2bi{( )b;( )}112(k) 4 2bs{(a)b;(§)}113(k)

+ 21);(7?)6;5?)[22(143) + 2bs{( )bz( P Los () + 252(2)bs(5)133(k)

(22)

This result corresponds to the standard density-density bias expansion and can be found in
many other references (e.g. [52, 73, 84, 96]). Next we consider the (22) part of the cross-
correlation of density and shape:

P =g =2 w[KQ @k - p)] K ok p)PLp) Pk~ )

2 s(a 2 s(a 2 s(a
_ 2\[31;1( WO 1, (k) + 2\[3%51)17%(5)112(@ + 2\[3%52)1;%(5)113(@

T+ 258D 14 (k) + 26565 (k) + 26565 T ()

9Note again that these labels are different from a and b labels we used to label either the number density
On or size density ds and d,. In this section we have no need in distinguishing between the number density
and size since the expressions for size we give are also equally valid for number density.
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S 1 Sla 1
+ B >b§f§)\£ (L3 (k) — Tna(k)) + 055 05 )\/; (L2s (k) — Ia(K))

S 1
+ bz(,z)bg,(zﬁ)\/; (T3 (k) = Ina (k) (5:2)
while the scalar part of the shape-shape auto-correlation is given by:

7, =2 KD ko) VO [K P 0k )| L) P~ p)

4 ol p 2 o 1
= gbf( B 1 () + 205 )bg,(f)}\/;m(k) + B )bg,(gﬁ)}g (N13(k) = ha(K))

a 1 o 1
+ 05570857 5 (Loa(k) — 2Ta (k) + s (k) + 15 >b§f§”\£ (Taa(k) = Toa(k))

+ 2055 B8 Lua (). (5.3)

We notice that all these spectra depend only on three bias parameters b1, b 1 and bs 2, besides
the stochastic contributions. This implies that the scalar power spectra are not sensitive to
the third bias operator b 3, which is of course not surprising given our choice of basis given
in eq. (B.48). This bias term shows up only in the ¢ = 2 helicity term.
The ¢ = 1 and ¢ = 2 helicities contribute only to the shape-shape auto-correlations.
For the ¢ = 1 contributions we have a single contribution
7Y, =2 VKD k- p) VKD 0.k~ p) P PL(E )

= 20505 Iss (k). (5.4)

At one-loop this term consists thus of the autocorrelation of the operator YZ(I).(H[”)Q. It is
interesting to note that this ¢ = 1 projection can then be used to isolate the bias bgl, ie.
without resorting to higher n-point functions, and can thus serve as a consistency check of
the biasing framework. However, as we see from the figure 1, on large and mildly nonlinear
scales k < 1Mpc/h this term is suppressed by a few orders of magnitude relative to the other
mode coupling I,,, terms. Moreover, we should keep in mind that these are 3D spectra
which, when considering the real data survey, eventually need to be projected on the sky.
These projections further complicate the potential isolation of this term, even though this
q = 1 contribution is the sole one-loop contribution to the B-modes of projected galaxy
shapes [66], and thus the sole contaminant from nonlinear intrinsic alignments to searches
for tensor modes using galaxy shapes [22, 23, 97]. For ¢ = 2, there are several contributions:

7], = 2 Y KD k=) VKD 0.k~ p) PL() Pk~ )
= 208068 Ioo (k) + 208505 (Ior (k) — Lo (k)
+ 2b§f§)b§f§) (Ios (k) — 2067 (k) + 7 (k)) . (5.5)

As was mentioned before, this is the only one-loop power spectrum channel that depends on
the new bg’g bias parameter. All the scale-dependent mode coupling terms Igg, Ig7 and I77
that appear here are given as linear combinations of other I,,, terms presented in eq. (B.46).
It is however interesting to discuss the scale-dependence of these terms (figure 4). We see
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that, at scales where we expect the one-loop results to be relevant (at k ~ 0.1Mpc/h for
z = 0), all of these three functional dependent terms in tensor channel are at least one order
of magnitude larger than the I55 term relevant in the vector channel.

We proceed to investigate the (13) contributions to the one-loop power spectra. Here,
as discussed earlier, only the ¢ = 0 part contributes and thus we have the density/size and
shape auto- and cross-correlations

s o = 265630 7y (k) + 03B g (),

aB0)]  _ ps(a)a(8) 2
e Lm_bl g <1+\/Q>J1(k)
2 «
(B 5 DN ) ) + 5 1),
o «@ 2 « 2 « 2
[P”B(O)ng) — 218 )b?ﬁ)\/;h(k) + 8l )bgff)}\/;b(k:) + b8l )bgfﬁ)}\/;Jg(k). (5.6)

Integrals Ji, Jo and Js above are derived in appendix B.1 and the explicit expressions can
be found in eq. (B.55) and (B.61). The factor of \/2/3 comes from the normalisation of
the Ng. We also note that both cross-size-shape and auto-shape-shape power spectra have
a new bias dependence b§,2. From the left panel of figure 1 we see that the contribution of
J3 term is comparable to Ji term, but is suppressed relative to the Jo on scales of interest
(k < 0.15Mpc/h for z = 0).

These (22) and (13) terms, in addition to stochastic and derivative contributions, can
now be combined to give galaxy number, size and shape two-point statistics, up to one-loop.

Size-size auto- and cross-correlations: are given by

k) = Py k) = [P ] w0+ [P0] )+ [P

where the linear term includes also the leading derivative contributions
2] ) = (567 + 5BV R Pu(k) + O (REKY (5.8)

as explicitly given in eq. (4.9) and (4.10), and we include the sum over the symmetrised indices
a and 3. Note that b, parameter is also degenerate with the leading counterterms to the (13)
loops and thus can be considered as a parameter that also captures these renormalisation
effects. No new counterterms thus need to be included at this PT order. The leading
stochastic contributions is given just by the shot noise term

P60 (k) = P2+ O(R2K), (5.9)

o . . .
where Ps,f = const., as discussed in section 2.6.

Size-shape cross-correlation: have a simple tensorial structure

i

k)| = POy k), (5.10)

ij
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where we have

PO ) = [P O] )+ [Py + [P] )+ (5.11)

The linear term again includes leading derivative contributions
2] k) = (B0 + GOV R2?) PL(k) + O (BRI PL(R) (5.12)

while the shot noise contributions vanish due to symmetries at leading order in derivatives
(see the discussion related to eq. (4.21)), no matter which tracers are considered. Notice that
the term proportional to bi(a)bf(ﬁ ) corresponds to the case of the LA model [11] evaluated
in linear theory. The stochastic contributions in the power spectrum start with the leading
derivative expansion term ~ R2k?, which come from the off-diagonal derivative terms o<

R%(0,0; — %5ijv2)e(w) in the expansion of stochastic fields.!”

Shape-shape auto- and cross-correlations: are given by the expression

[ng (k)} = }figo)Y( 015(0) Z Q)}Paﬁ( )(k), (5.15)

where we have
PO = [PO] )+ [P 0+ [PEO] 0+ [P0 0+ (16)
PO k) = [Py o)+ | P Y] 0+

PP (k) = [P;f@)} )+ [P;;W)} QORI

The linear term contributes only to the first equation above and contains also the leading
derivative contributions

PO ) = (50 + o R Pu(k) + O (RERY). (5.17)

Here again the term proportional to b%(a)b%(ﬁ) is the one considered in the LA model and
evaluated in linear theory. Leading stochasticity is given by eq. (2.28), while no other op-
erators in eq. (2.29) yield new contributions (see also the discussion related to eq. (4.21)).
Interestingly, all the helicity contributions, ¢ = 0, 1, 2, have the same functional form

P O] (k) = 2P + O(R2P), (5.18)

0The leading derivative contributions to the stochastic trace-free tensor field come from operators
1
RinGW((B), Rf(&@j — géwvg)e(m) (513)

In cross-correlations of scalar and tensor fields (dsg;;) the first term above does not contribute, for essentially
same reasons as in the case of white noise contribution. The second term however gives a non-vanishing
contribution

(6:gi;) D (ees;) ~ const. RZ(kik; — 6;;k*/3), (5.14)

which then contributes to the power spectrum Pég)(k) D const. Y(O)*( k)R2(k;k; — 6;;k%/3) = const. R2k>.
Note that, one is in fact forced to introduce such terms when con51der1ng the UV sensitivity of the mode cou-
pling (22) loop integrals, which means that “const.” parameter above can also be interpreted as a renormalised
stochastic counterterm.

— 30 —



where Py, 6’3 ~ const. is the simple shot noise contribution. This fact can potentially also be
used as a cross-check of possible systematic errors in the data.

In figure 2 we show auto power spectra for Po(g), Po(g), 2(2), PQ(%) and PQ(S). We present
the total one-loop power spectra for an arbitrary choice of bias coefficients. In figures, we fix
by = 1 and all the plots are for z = 0. (Validation against simulations and observations are left
for future work.) In the larger top panels we show several lines; the dashed line corresponds
to the linear theory (the LA model [11]), the dot-dashed corresponds to one-loop results
where only bi/ & contributions is kept and the rest of bias parameters are set to zero, and
the solid line is the full one-loop result with bias choice b8 = by /4 and b;/*g = —3/2 fixed
(with the scale R, set to 1 Mpc/h), and no stochastic contributions. In the lower panels of

(1)

figure 2, we show the ratios to linear theory (except for the PQ; and Pz(g) case where there is
no linear contribution). These plots indicate the relative size of these one-loop contributions
when order-unity values for the bias parameters are assumed.

An alternative way to estimate the relevance of the one-loop contribution is to treat
the loop corrections as a theoretical error estimates. These we can again do by assuming the
order of magnitude values for all of the bias parameters. We assume that the higher bias
coefficients are approximately of the same order as the linear bias. Even though this might
not be the true value for each of the bias coefficients, the expectation is that for most of
coefficients this will be the case. This allows us to estimate the band of relevance where we
expect the contributions for the one-loop power spectrum to be of importance. Using again
the values bi/g =1 and b%*g = —3/2 (with R, = 1Mpc/h) we estimate the values of the be/E,

with a limit of |b§L/ &| < by /4 imposed, such that deviation from the linear theory on the scales
of interest ( k£ < 0.15Mpc/h at z = 0) is maximal. In figure 3 we show these estimated error
band regions for the three scalar spectrum contributions Pég), Pég), 2([2)), since only scalar
spectra have a linear order contribution. We see that in all three cases one-loop corrections
behave similarly and thus we can expect approximately the same accuracy in comparison to
the e.g. N-body simulations or data from galaxy surveys. At higher redshift, the accuracy
is expected to improve at a given scale, given that there has been less time for structure
to grow.

We should also note that the scale R, controlling the expansion in derivatives (powers
of k%) could be substantially different from the scale controlling loop corrections. This scale
depends on the tracer [98] and, in particular, also captures non-gravitational effects such as
pressure forces, radiative transfer, the choice of shape measurement method or the wavelength
of observation [7, 99, 100].

5.2 Tree-level bispectrum

Here we give expressions for the auto- and cross-bispectra at tree-level in PT. For details
we refer the reader to equation (B.3), while here we summarize the main results and give
explicit expressions for all the possible contributions. We consider all possible three-point
correlations of galaxy sizes and shapes:!!

Size-size-size correlations: are given by scalar expression

Bsss(klak27k3) = B(()gz)(kth)k?))' (519)

"Noting again that correlators considering galaxy density d, are equivalent to the ones with galaxy size s,
with same bias structure but different bias values.
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Figure 2. The size and shape auto- and cross- power spectra. In each of the four panels, the upper
plot shows the power spectra themselves, while the lower plot shows the ratio to the linear theory or
leading low-k dependence (in case of ¢ = 1 and 2). In all configurations we use characteristic bias
values by = 1, bg, = —3/2 (and R. = 1Mpc/h), as well as b, = b1 /4 for all of the other one-loop
bias contributions. In all cases, we neglect the stochastic bias contributions. In the upper-left panel,
we show the size-size contribution Pég). Dashed lines are linear theory predictions containing only
b1 bias parameter, solid lines are nonlinear predictions but again using only b; bias parameter, while
the dot-dashed lines show the full one-loop bias result. In the upper-right panel, we show size-shape
power spectrum Pég), containing only helicity zero component. Dashed, solid, and dot-dashed lines
again correspond to contributions as in the previous panel. Lower-left panel shows the helicity zero
component of the shape-shape power spectrum PQ(S), where again, three different lines are the same
as in the previous panels. Lastly, the lower-right panel shows helicity one and two components of the
shape-shape power spectrum P2(21) and Pg(g). Here the leading order contributions start at one-loop
with the characteristic mode coupling ~ k2 dependence at large scales. Note that the amplitude of
the helicity one contribution, which is the only one contributing to the Cpp angular spectrum, is
approximately two orders of magnitude suppressed relative to the helicity two case (which contributes

to the CEE)
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Figure 3. Relative contributions of the one-loop bias contributions compared to the dark matter
one-loop power spectra for Pég), Po(g), PQ(S). We again used by = 1, b, = —3/2 and for the rest of
the biases we use the values |b,,| = b1 /4. The sign of bias values b,, are adjusted so that the grey area
represents the band of potential bias one-loop contributions where |b,| < by /4. In all cases we neglect
the stochastic bias contributions. Effectively this provides an estimate of the validity regime of linear

alignment model, provided our bias coefficient choice is realistic.

This is the usual scalar (for example, number-count) bispectrum at tree-level. These results
have been extensively investigated in many earlier works (see e.g. [52, 61, 73, 84, 101-103]
and references therein, for recent discussions). The deterministic bias contributions, can be
organised and written as three contributions:

Big O (ke ko, k) = Fo Ok ko) + O ey, key) + F O (s, k), (5.20)

where the kernel for size like tracers is given by
./—"gﬁ%(o)(kl, k) = Qbi(a)bsl(ﬁ) tr [K»(Y2)(k1a kg)] Pr(k1)Pr(k2) (5.21)

~

~ 2
= 255 @ps?) (bi’”)F(?)(k:l, ko) + 03 (k1.k:2> + b;’f;)> Py (k1) Pr(k2).
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This kernel, besides the dependence on the 0] bias parameter, depends also on two other
second order size bias parameters b3 ; and b5 ,. The explicit dependence of the kernel at tree-
level PT is given in Eq (B.73) and corresponding operators are defined in table 2. In addition
to these deterministic quadratic order biases, tree-level results also have contribution from
stochastic field components discussed in section 4.5. The two contributions can be written as

BSBBOV( )k, ko, k3) O const.2?7 + const.§”" Pp (k1) + 2 cycle . (5.22)

Size-size-shape correlation: is the simplest bispectrum sensitive to the shape fields. It
consists of correlating one shape and two size fields, and according to eq. (4.6) and (A.37)
can be expanded in three independent bispectra of spherical tensor components

BE (ky, ko, k) = Z Y™ (k) By (1, ko, ks) (5.23)
m=—2
2

= Y, (ks) Bigh (k1 ko ks) +2 3 Re Y, (ks) | By k. ko, ).

m=1

This is the term where all four shape bias coefficients can appear in addition to the usual
scalar (size) bias coefficients. We can organise these deterministic bias contributions as follows

Bos ™ (ke kg, keg) = Fo 0 (Rey, ko) + 58 7O (o, o)
- Séfm]-'gaﬁ’(o)(kg, k1) + stoch., (5.24)

where S(Ifm =Ny 15(Ifm is the normalised Kronecker delta function. In addition to the scalar
contributions given in eq. (5.21) we have tensor (shear) contributions given by the new kernel

FolPr 0 (key, ko) = 20505 Y™ (Ry) K (v, o) Pr (Rt ) P (Keo). (5.25)
The explicit form of this kernel is at tree-level PT is given in eq. (B.74) with corresponding
operators given in table 2. Besides the dependence on the linear b% bias parameter, this shape
kernel depends on additional three, second order, shape bias parameters bg’l, bg2 and bg’?).
In order to show explicitly these result we can consider this bispectrum in the plane parallel
approximation, i.e. we consider only the triangle configurations k1, ko, and kg that lie in the

plane parallel to the line of sight. Furthermore, we can assume that the k3 vector lies along
the Z axes in the plane, while e; is along the ¢ plane axes. This gives us contributions

s(a 2N
FENO) (o, ) — 2@ 30 [Cl( )P (ke k) (5.26)
g(v) (D ro )2 L 729 72 72 72
+ &5 (7 (1 — (Fr k) ) +4 (2 - i, + i3, — i3, )
1/~ =~ ~
+3 <k1.k:2> klmkh)
co (5 (R B4 i - 13,) + 5 (R o) o

L
4
1/ - .
+ 9 (28, — B, + 243, — k§y>]PL(k1)PL(k2),
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s(a)s N - ko k
F;ﬁ%(l)(kl, ko) = — 2bl( )bl(ﬁ)—l (Cgflv) i 63(27) + C%,(?Y)) (k;lxk;ly + k?xk2y> Pr(k1)Pr(k2),
V2
o s(a) s L & ke k
FoPNO) () ) — @) NQ[ (c%ff) +c§f;)) : (kl.k:2> Jory iy
D7 (R, +,) | P,

where the relations between the ¢ and b® bias coefficients is given in eq. (4.16). However,
besides these deterministic bias contributions given explicitly in appendix B.3 we need to
consider also stochastic contribution given in eq. (4.32). This contribution can be projected
to the bispectrum of spherical tensor components B(()g)Q, and it is proportional to the scalar

product of two spherical tensors

N N n A 2
B2 O (key Ky, k3) D const.®® Py (ky) (Y<°> (ky). YO (kg)) o< [(kg.kg) - ﬂ Py (ks),
(5.27)

and the similar contribution also comes from exchanging ki and k.

It is convenient to perform the change of basis and to define the electric £¥ and magnetic
B components of the Bf;g bispectrum by introducing the components of the shear field
E = (922 — Gyy)/2, B = gay = gy in the plane parallel approximation. We will discuss these
projection effects in various bases, including the full sky treatment, in more detail in the
accompanying paper [66]. Here however, motivated by making the connection to the recent
results in [29], we stick to this basis. In this new basis, using the coordinate frame set up
from above, we obtain two independent F and B contributions

e S8, (87 1 « 3
BE’B’Y’ g(kjl’k27kj3) 7N BOOBQ'Y (0)(k1,k2,k3) - EZ\IQ-B(_)(I]BQfy (2)(k17k25k3) (528)
) 2 s(a
=53 Ppe) <bsl(0‘)F(2)(k2,k3) + 05 (k:z.kg) +b252>> Py, (k2) Py (k3)
o a2
+ B pe) (bi(B)F@)(kg, ki) + 03 <k3-k1) + bZ(,g)) Py (ks) Pr (k1)
s(a)ys 7 2
+ bl( )bl(ﬁ) (b%(’Y)F@)(kl,kz) + (bg,( ) b%(’Y)) 1 <1 _ (k? kg) >
5y [fE(kl) + fE(kQ)DPL(kl)PL(k2)
~ ~\2 1 ~ 2 \2 1
aBy _ - _ =
+ const. ([(klkzg) 3} Py (k) + [(k2.k3) 3] PL(k2)> ,
Bgﬁfy’ssg(klv k?a k3) = - \/iNlB((]é)Q(kla k27 k3)
=D | (k) + S (2) | Pr (k) P (k).
where, following [9], we used abbreviations fz(k) = (k2 — l%g) /2 and fp(k) = l;‘xl;y, and we
replaced ¢8 bias coefficients with b% biases using the map given in eq. (4.16). Note that from
this projected bispectrum alone one can constrain the combination of bias parameters b3, b2 1

and 6572 vs 3~ As mentioned, this bispectrum configuration has been studied in reference [29]
(see eq. (2. 34) and (2.35)), using equivalent projections on the plane, in order to constrain
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the second order bias parameters. Our results agree with theirs, up to trivial bias coefficient
redefinitions and a contribution in BE® given by ¢;b3D*(1 + 2)P(k1)P(k2) (first term in the
third line of their eq. (2.34)), which does not appear in our results; indeed, each contribution
to the tree-level bispectrum should come with precisely three bias coefficients. We also give
the stochastic term contributing to the BESg bispectrum component in the last line.

Size-shape-shape correlation: is the next bispectrum we consider here. Once at least
two shape fields are correlated, higher helicities m = +1 and 42 start contributing in richer
ways. We can decompose this bispectrum as

Bi% (K1, k2, k) = Z Y, (ko) V.0 (Re) Bz ™) (e, ke, Kig), (5.29)

m;=—2
i=(2,3)

where the explicit expansion can be written in terms of 13 independent contributions
B(()g?’mg), as given in eq. (A.38). However, since at least two linear PT level fields need
to be correlated and those carry only scalar contributions, we can further simplify these re-
sults at the tree-level PT. It follows that only bispectra with only one m; different from zero
(£1,£1)  (£1,£2) (£2,£2)
can contribute. In other words, contributions like By, 7, B and By’ appear
only at PT orders higher than tree-level. These reduces the number of independent terms
to altogether five contributions, of B(()g’QmS) and B(();n;’o) form. In terms of the bias expansion,
these two contributions have equivalent functional forms, up to the exchange of ko and kg
variables. Thus for the tree-level result we can further simplify the decomposition above

and write

B (k1 ko, y) =Y (k )Y, (k) By (5.30)
+2Z <Re Y™ (ko) Yo ()| B35
+ Re [ zg )(Ez)Yk(lm)(’%?))] B(()ggn))

At tree PT order, deterministic bias contributions are given in terms of kernels ]__éo) and

fQ(m) that we already introduced above egs. (5.21) and (5.25) respectively. We have

ngg%(mmms)(kl, ko, ks3) = S&ng(lfm:;]:aﬁ’y (0)(k2, ks) + S(I)meJ;éﬂwa,(mg)(kl’ ky) (5.31)
- S(I)(,m:sf;aﬁy(mﬁ(kl, k3) + stoch.,

where Kronecker delta functions reflect the constraints of the tree-level PT result discussed
above. These deterministic biases are also more extensively discussed in appendix B.3.

Besides deterministic bias contributions, this bispectrum has the richest stochastic struc-
ture given by three distinct terms in eq. (4.33) and (4.34). This contribution can be projected
to the bispectrum of spherical tensor components Bég’;), and it is proportional to the scalar
product of two spherical tensors

ng%(m2’m3)(k1, k2, k3) D 08,0t <comst.?ﬁf7 + const.577 Pp (k) (5.32)

+ const. a’87 [PL(k'Q) + PL(kg)]) (Y(O) (l%z).Y(O) (12:3)) .
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As indicated by the Kronecker delta functions, it contributes only to the ¢ = 0 component,
while higher helicity components are free of constant, Poisson noise-like, contributions. For
these, the stochasticity starts with the derivative terms like the ones discussed earlier when
we looked at the power spectrum.

Shape-shape-shape correlation: is the shape auto-bispectrum and consists of only shape
bias parameters and operators. It has the richest correlator structure where in principle all the
helicities can contribute. However, for the same reason as for the size-shape-shape correlator,
only components with one non-zero helicity index m; survive at tree level. We can decompose
the auto-tensor bispectrum as

Biglflrs(kl,kg,kg Z le ( )(kQ) ( )(kg) (Tm,mmms)(k ko, ks3). (5.33)
m;=—2
i=(1,2,3)

As argued above, in the expansion given in eq. (A.39) only terms with only one nonzero m;
contribute and we have

Bgse (kl,kg,k3) () k: (0) ko Y;(SO) (000) (5_34)
ijklrs ] 222

+2 Z <Re Y0 () Y, (ko) Y0 (k) | BG™ + 2 cycle).

This gives us just seven independent contributions, which is a drastic reduction from the full
case of 63 independendt contributions. Deterministic bias in these contributions consist only

of }'Q(m) kernels given in eq. (5.25), and component bispectra can be written as

By 2T (R Keg, Keg) = 68 00y Fa ) (R o) (5.35)
+ 50 m150 mgfﬂ’ya (mz)(k k3) + 50 mgéo,mgf;aﬁy(ml)(k& kl)
+ stoch.

As earlier, explicit derivations are given in appendix B.3. The structure of the kernel and
the Kronecker deltas again reflect the constraints of the tree-level PT, showing that only one
m,; can be of helicity £1 or +2 at the time.

In addition to the deterministic contributions size auto-bispectrum has two distinct
constant stochastic contributions given in eq. (4.35). This contribution can be projected to
the bispectrum of spherical tensor components, where they contribute only to the helicity

zero term Bég; 0 These are proportional to the scalar product of spherical tensors

B ) (g K, K) O 08y 8, 0y (const. 57 (YO (y) Y ) () YO (k) )

+ const.‘fm Pr (k1) (Y(O) (EQ).Y(O)(’%?))) +2 cycle),
(5.36)

while the stochasticity of the higher helicity contributions starts with the k—dependent terms,
similar to what we discussed in the case of the one-loop power spectrum.
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6 Projection and redshift-space distortions

Defining a projection operator onto the sky
Pij = 55 — %5, (6.1)

where Z denotes the direction of the line of sight, the measured shape ~;; is given by the
trace-free part of the sky-projected shape tensor [24]:

vij(®, 2) = TF |PFP gz, 7[2]) | + va(x, 7[2]) (6.2)

where v ;; denotes the weak lensing shear, which at linear order simply adds to the intrinsic
shape. We shall address the effects of projection in the accompanying paper [66], but empha-
sise that the spherical-tensor decomposition makes their implementation especially simple
and conceptually clear.

The expression in eq. (6.2) above is only correct at leading order, since the true relation
between intrinsic shape, shear, and observed shear is nonlinear. Further, redshift-space
distortions need to be taken into account in case of spectroscopic galaxy samples (see e.g. [6,
104, 105] for linear theory treatments). Finally, there are “GR corrections” to the projection
effects similar to the galaxy density going beyond the usual “Kaiser+magnification bias”
formula. These subleading projection contributions, which contain the effect of Doppler
boost on the observed galaxy shape and other interesting effects, could be straightforwardly
derived following e.g. [106] (see also references therein). We defer all of these additional
contributions to future work.

7 Conclusions

In this paper, we have developed a consistent perturbative framework to study the statistics of
extended objects. In particular, we focused on the statistics of objects that can be described
with tensor fields of rank two. As a most obvious application, the formalism describes galaxy
shape correlations, i.e. intrinsic alignments, as well as cross-correlations with scalar fields like
galaxy number density or galaxy size fields. Our key findings can be summarised as follows:

e Asin the case of galaxy clustering, we should disentangle intrinsic physical effects (from
the point of view of an observer comoving with the galaxy) from projection effects which
deal with the mapping from the galaxy’s rest frame to the observer’s coordinates. In
the context of galaxy shapes, this means that we describe physical alignment effects
in terms of the 3D galaxy shape g;; in its rest frame, before any projection on the sky
(Vig)-

e We allow for all local physical observables to appear in the expansion of 3D galaxy
shapes. This includes the density and tidal field along the fluid trajectory, as well
as spatial derivatives thereof [67, 84, 107]. The latter (higher derivative terms) are
suppressed by an additional scale R, (non-locality scale) which depends on the galaxy
sample, but is expected to be of order the Lagrangian radius of the parent halos. The
density and tidal field along the fluid trajectory can be expanded in terms of convective
time derivatives which can then be reordered into terms of successively higher order in
perturbation theory [67]. The additional nonlocal bias terms generated by primordial
non-Gaussianity can also be included in this formalism along the lines of [22, 24, 25]. In
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particular, our expansion allows for a consistent derivation of the three-point function
of galaxy shapes including primordial non-Gaussianity, which is left for future work.

The case of shapes is exactly analogous to that of the galaxy number density, the
only difference being that instead of a 3-scalar, we are now dealing with a trace-free,
symmetric 3-tensor, g;;. The bias expansion of galaxy intrinsic sizes is on the other hand
equivalent to that of galaxy number density (with the same number of bias parameters
and operator basis). While the latter are not as well developed in the context of current
experiments, the projection on the sky plane mixes 3D trace and trace-free parts, so
that bias expansions for both components are necessary in order to consistently describe
projected galaxy shapes. Further, the results could prove useful for the application of
intrinsic size correlations in galaxy evolution studies and to model their contamination
to the cosmological magnification of galaxy sizes in the future.

Any symmetric three-tensor can be decomposed into spherical tensors, which gives us a
natural framework to study correlations and utilize symmetries like statistical isotropy
and parity, independently of the details of dynamics and bias expansion. The choice
of spherical tensor basis also charts the path towards projecting the correlators in 3D
onto the sky sphere where they are observed, which will be addressed separately in [66].

We use the bias expansion and perturbation theory to compute the one-loop power
spectrum and tree-level bispectrum statistics in the rest frame. The expression we
derive is valid for all auto- and cross-correlations of galaxy number density, sizes, and
shapes. We find that in order to have a closed bias renormalisation scheme, shape
bias requires independent bias coefficients from galaxy number density or galaxy size
(appendix C). That is, even if one were to observe the intrinsic three-dimensional shape
tensor of galaxies, one would have to allow for different coefficients in the bias expansion
of its trace and trace-free parts. This is expected because these two components trans-
form differently under rotations. They thus do not respond to a specific configuration
of large-scale modes in the same way.

The bias coefficients contributing to the one-loop power spectrum and tree-level bis-
pectrum statistics are

Py Pyo Py3

a, € {n, s} : @U {bgjl, b‘iz} U@U {bj}%*} U {stoch.},
g: {b%} U {bgl, b, b§3} U {bgl, b§72} U {b%*} U {stoch.} .

~—~— ~
Py Poo Pi3

For the fractional galaxy number density 0, and fractional galaxy size perturbation Js,
four deterministic bias coefficients (one linear and three non-linear) are required. For
the power spectrum of the trace-free part of galaxy shapes, we have two additional (non-
linear) bias parameters that we label b§73 and b§,2. For each tracer we add the leading
higher-derivative bias parameter, and the associated operator we treat as a third order
term in the power spectrum. Shape-shape power spectra with helicity different from
zero have contributions from only mode coupling terms and thus need only second order
bias terms. Due to this counting, these higher-derivative terms thus do not contribute
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to the leading, tree-level, bispectra. In the case of the tree-level bispectra, only second-
order bias parameters contribute, entering in all the auto- and cross-correlations. The
range of scales where this perturbative approach is expected to be applicable is the
same as that for the clustering of biased tracers studied extensively in the literature.

e We also explore the contributions arising from the stochasticity in the bias relation.
In the power spectrum, the dominant contributions at large scales come from the shot
noise-like spectrum (one parameter for each cross-spectrum), except for the P& com-
ponent which does not have a shot noise-like contribution. In shape-shape power spec-
trum, these arise from auto-correlations of the ¢;; stochastic field, while the higher
stochastic operator contribution only renormalises the shot noise spectrum. In the case
of the shape-shape power spectra all three helicity contributions ¢ = 0,1,2 have the
same shot noise spectrum, providing a window for consistency checks. In the bispec-
trum, the landscape is a bit richer, and besides purely stochastic contributions, higher
order stochastic operators efj tr[H[l]], enm TF [Hm]ij also give non-degenerate contribu-
tions already at tree-level. We thus need two, one, three, and two stochastic parameters
in the size-size-size, size-size-shape, size-shape-shape and shape-shape-shape contribu-
tions, respectively.

One of the advantages of the general, EFT-based expansion presented here is that it
applies regardless of the precise definition of the shape field, e.g. whether number-density
weighting is included, how the galaxies are selected, how the shape is measured or even if
the objects being studied are galaxies at all (e.g. clusters of galaxies also display significant
alignments [98]). All of these effects are absorbed by the free coefficients in the bias expansion.
In addition, if one were to study shape correlations of spectroscopic galaxies, redshift space
distortions need to be considered, and our formalism can be straightforwardly extended to
include these effects.

Last but not least, we stress that the formalism we have developed for the correlations of
the description of galaxy intrinsic alignments goes beyond this specific physical application.
In particular, the treatment and decomposition of tensor fields in terms of the tensor spherical
harmonics are, to our knowledge, pioneered in this paper. This allows one to modularise and
study separately the dynamical effects, like nonlinear clustering and bias expansion, from the
symmetry properties, like isotropy and parity. The significance and benefit of this approach
become especially apparent once additional physical and statistical phenomena need to be
considered. As an example, such decomposition simplifies the treatment of the projection
effects (that we address in [66]), and it could be useful in the full sky treatment of other
projection effects, like redshift space distortions.
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A Helicity decomposition

The tensor field of our interest S;;(x) is, by construction, a symmetric tensor. This means
that, at each the (¢ = const), spatial hyper-surfaces are homogeneous and isotropic and we
can perform harmonic analysis. A spatial tensor field can be decomposed into irreducible
components under rotations and translations, which then evolve independently. In flat space
this is nothing but the Fourier decomposition, where by considering an arbitrary Fourier
mode k on a given slice we can choose two normalised vectors e; and es perpendicular to k,
so that the set (e1, e2, ex) constitutes an orthonormal basis. For a given vector mode k, this
basis can be constructed just by choosing another random and non-collinear direction to k,

that we can call . The ortonormal basis is given as
kxn . .
—— es=kxe e =k. Al

In this basis each vector can be decomposed as V' = Viei+VZ2ey+Vhe, = Viel +Vhe2+V,eF,
and the covariant and contravariant cartesian basis are equivalent, i.e. e; = e*. It also is useful
to introduce the (covariant) helicity basis eg = ey, ex = q:% (e £ iez), where the relations

e =

between the covariant and contravariant basis vectors read

ei=e”* e =ef, e=(-1) e’ e =(-1) e, (A.2)
and form a complex orthonormal basis e;.e/ = ei.e;f = (55 The contravariant basis is
explicitly given by e = e;, and e = :F% (e1 Fiez). Any vector can be expanded in terms
of basis vectors, i.e., written as V = Vje’ = V'e;, and the relations between covariant and
contravariant spherical components are given by V; = (—=1)'V " and V' = (-1)'V_;. If Vis a
real vector i.e., if V* =V, then V;* = V? and V* = V;. On the other hand, if V' is complex,
then V* = (V*)" and V** = (V*);, where vector components are V; = V.e; and V' = V.e'.

Let us first decompose our tensor field in the trace and trace-free part:

T (k) = %55 tr [T] (k) + TF [1],, (k). (A.3)
We can now decompose any field in the sets of (contravariant) harmonic tensor basis:
helicity-0: ~ Y© =1, (A.4)
helicity-1: Y;(O) = l%l-, Y;(il) = eii,

. 1 . .
helicity—Q: }flgo) - NO <kz 7 355>7 }{[g‘il) = Nl (kje?: + kie;‘:)7 Y;g':tQ) = NQe?:e;tv

where Ny 12 = {\/g ) \/g , 1} so that the basis is orthonormal. The relation to the covariant
basis is given by

Symmetric tensors can now be decomposed into the a sum of products of the basis elements
and appropriate spherical components that do not carry index structure

l
Tik) = > 3 1" k) (Y (k) (A.6)

(=0,2 m——¢ K

2
1 m m) /1.
=31 RS+ Y TRV (R),

m=—2
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and thus
2

tr [T] (k) = T, (k)Y©, TF [T =3 kY. (A.7)
m=—2
Since T;(r) is a real tensor field it implies that 7;(k) = T;;(—k). From eq. (A.1) we have a
basis corresponding to the k/ vector k' = —k, e”r = e, e~ = eT, that corresponds to the
rotation (¢,6,¢) = (0,7,0). For a general basis vector, we can use the fact that the basis
elements are spherical tensors and we have

Z D!, (0.m.0)Y, (k) = (-1)*"Y, "™ (k) = (-7 (k),  (A8)
q=—¢
where D’ is a Wigner rotation matrix, and in particular D}, (0,,0) = 65, (—1)*". Using
this result we have that 7} (k) = T;;(—k) implies Tég)*(k:) = Tég)(—k). More generally, we
can show (using again the Wigner matrix) that vector components transform as Tg(m)(—k) =
(~1) T (k).
Under parity P : k; — —k; basis elements transform similar to the ordinary spherical
harmonics, i.e.
PY, " (k) = (- )%, (k) = (-1)"Y T (R) = ¥, (k. (A.9)
This can be explicitly seen from eq. (A.4) above, given that Pk — —k and Pet — —e™.
Note that this is different from simply choosing the basis Yz(m)(l;" ) around some different
vector k' that happens to be k' = —k, as we did above. The difference comes from the fact
that parity changes the right-handed basis into a left-handed and vice versa (so no rotation
can be performed to get from one basis to another). On the other hand, if we are interested
in obtaining, say, a right-handed basis around some arbitrary vector k/, we can get it by
rotating the right-handed basis from the one around the k, as we did earlier. It also follows
that tensor components transform as PTZ(m)(lAc) — T}m)*(k).
For comparison, consider the SVT decomposition in real space. Any vector can be
decomposed into longitudinal (scalar, S) and transverse (proper vector, V) parts through

S - . 4 T
e-gren G=0lhoe]. a-[-%2|e. @

Similarly, a symmetric trace-free tensor field h;; is decomposed as

8,0, 1
hij = b3y + hY + b, hfj:[v; 3@] h®, hY = 0uhy), (A.11)

where h° is a scalar field while h}/ is a transverse vector field. We can easily identify the scalar,
vector, and tensor contributions with the helicity—0, helicity£1, and helicity£2 contributions,
respectively, in the Fourier-space decomposition described above.

The divergence of the tensor field is then directly related to the longitudinal or scalar
part through
o'’

s _ 3
W= g his

(A.12)
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while the curl yields the tensor part:

In order not to confuse the helicity decomposition with our classification of scalar (den-
sity) and tensor (shape) observables, we refer to helicity-0,1,2 components throughout this
paper, instead of the sometimes used language of “scalar, vector, tensor” components.

A.1 Two-point functions

Next we consider the consequences of statistical homogeneity, isotropy, as well as parity
invariance on two-point correlators. First we note the implication of statistical homogeneity
for the total two-point function in Fourier space, i.e. power spectrum

(Sij(k) Su(k'))y = (2m)°05 4 1 Pija (k). (A.14)

Notice that in the following we allow for the two fields in this correlator to be different tracers,
although this is not indicated explicitly in the notation. Moreover we can also define spectra
of each field component as well. For an arbitrary rotation k; — k; = R.k; we have

(SU(k0) 55 (K8) ) = 37Dl (RYDY (R) (52 (k1) S (02) ) (A.15)

(m)

In particular if the rotation is around the k vector, by angle ¢, the first S, term gets a

phase €™ while the second one gets a phase e~""'® (since k' = —k).!2 From statistical
isotropy thus follows

<s,£m>(k) st )(k:’)> = (2m)36K 6P, 1 P (k). (A.16)
This shows that by correlating two general tensors (S;;(k)Si,(k’)) we can expect all helicity
contributions, but without mixing of different helicities in the power spectrum. Using the

facts that 6*(k) = 0(—k) and S};(k) = Si;(—k) we have shown that Sém)*(k:) = Sém)(—k)
(since we are interested in cases ¢ = 0 and 2) and so

(517906 SR = (55700 SR = (U709 SEM0) (aa)

that is to say that the power spectrum behaves as Pe(g/n )*(k:) = Pé(gjm) (k). Using the expansion
in eq. (A.6) we have

(511(k) Su(k) = 5050 <S<‘”<k> S (k) ) (A.18)

+ 5kl Z Y () (S5 (k) S§ (k) )

12Note that we have built our helicity basis out of the Cartesian coordinate system given in eq. (A.1) and
that m is the eigenvalue of the projected angular momentum operator on the k direction, i.e. L.k. Thus, if
we change k — —k the sign of m also changes. This is why we refer to the m index as the helicity.
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Given that each of the spectra Pe(g?)*(k:) = Pg(gm)(k) are real, and we have for ¢ = +1 or £2

it follows that
i,k (B) = Pij i (K), (A.20)

i.e. the total power spectrum is a real quantity. This is of course the consequence of the fact
that S;;(k) = Sij(—k) (i.e. the configuration space fields are real).

Simplifying the expression for the power spectrum and using eq. (A.8) to get the bases
elements in terms of the same k vector we have

0, L0
5K5sz(§0) + *Yéﬁ» )5sz2(0) +

. 5Ky<°>P02 +Z )Yy OPY, (A21)

q=-2

Pijim =

9 3

Note that in general, if different tracers are considered Pég) and Pég) give different con-
tributions, and become equivalent only when we look at the tracer auto-correlations. For
parity-invariant auto-correlations and cross-correlations we have PQ(S) = PQ(‘QqD (see below).
Thus, for general cross-correlations, assuming parity-invariance, we have 6 distinct contribu-
tions which reduces to 5 for tracer auto-correlations. If one does not impose parity-invariance
there are two more contributions in both cases. For simplicity, from now on we focus only
on auto-correlations, which implies P2(8) = Pég).

It is useful to introduce the following new labels for linear combination of the spectra
Moot -

R -2

ar

P =3 Lpr+pyy, PE? = (P+ + P)). (A.22)

The decomposition above is independent on dynamical equations and thus it is valid also in
the fully nonlinear case, as well as at a given PT order. We see that the power spectrum
can be decomposed in seven independent scalar spectra functions P, depending only on
amplitude of each k mode.

Using the new basis we can thus rewrite the power spectrum as

Pijim = (PPl + P’ + Pe® + Piel” + el + Prel™) + prel)) — (A.23)

ijlm

where we have relations of the two sets of basis vectors

<e30>)ijlm - éa;;a}fn, (A.24)
("), . = 5 (Kn + ¥k,
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and for the parity odd part

(%) _ L (3 0y D)y (-Dy (1) (x) _ L 3@y 2 (23O
<ed )ijlm 2 (YZJ Yim Y ) ’ (ee )z‘jlm 2 ( g Yim Y” Yim > '
The last symmetry condition we can apply is the parity invariance of the power spectra, i.e.
<P S (k) P Sim >(k')> - <s§m>(kz) sim >(k)>, (A.25)

from which immediately follows that P2(g) = P2(2_ - P2(|2q|). Parity invariance thus implies

that opposite helicity spectra are equal and P, = PX = 0. Our tensor power spectrum is
now given by

Py — 5K51m PO (5Ky(0) vVa8,) PY)

— ab

m Im}
q=1
= PYe® + Plel”) 4 Poe® + Pel") + Prelt). (A.26)

Finally, after imposing the statistical homogeneity, isotropy and parity invariance we end
up with tensor auto-power spectrum described with only five independent scalar spectral
functions.

In section 2.6 we give the form of the shot noise contribution to the shape-shape auto-
power spectrum on large scales

(5 851 + 04y Oy 35Kalm> . (A.27)

which is a result of correlations of the stochastic contributions €;;(k). It is quite simple to
show that this structure arises naturally from our expansion above by requiring that the
shot noise spectrum does not depend on direction nor amplitude of the k modes in the limit
k — 0. For example, using this requirement on eq. (A.26) we get P, = P, = 0, P. = 2P,
P;=—-P. = —4P..
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A.2 Three-point functions

Here we focus on the consequences of the homogeneity, isotropy, and statistical parity in-
variance on the form of the bispectra of rank two tensor fields. Correlating three such fields

gives us
(Sij (k1) Ski(K2)Srs(k3)) = (2m)°08) 1 koy 1 ks Bijirs (1, k2, Ks), (A.28)
and using again the expansion given in eq. (A.6) yields
<Sij(k1)skl(k2)srs(k3)> (A.29)
— oK <S<O><k1>s<°><k2>séo><k3>>

+ 5K5kl Z Y, (k <s(§0>(k1)5[§0>(kg)s§m3>(k3)>+2cycle

mz=—2

2
1 m T me T m m,
£ D0 W (k)Y (k) (S0 (1) ST (a) SE) (k) ) + 2 cyele

mo,m3=—2

+ Z Y () Y, (o) Y09 () (S5 (or) S5 (e2) 5™ (k) )

mi;=—

Again, while we do not indicate this in the notation here for clarity, our results in the following
are valid also for cross-correlations of three different fields. Note that the statistical rotation
isotropy can not be exploited here in the same simple way as it was in the two-point function
case by just rotating around the k axes by angle ¢. In the case of the bispectrum, this
operation is not very convenient since each of the vectors ki, ko and ks point in different
directions. Nonetheless, statistical isotropy and homogeneity give further constraints on
the bispectrum of spherical tensor components. For an arbitrary rotation k; — k, = R.k;
we have

(S (k1) S () S (0S)) (A.30)

é 12 :
= > Db (BDZ L (RDE L (R) (S (k) S (k) S (k) )
mi,m2,m3
given that S lﬁm) transforms as a spherical tensor. Due to the statistical homogeneity we can
isolate a Dirac delta function that guarantees the conservation of the total momenta from

the bispectrum of spherical tensor components
(S (1) S (k2) S (k) ) = (2m)08,3, B2 (e o, ). (A.31)

This allows us to write the tensor bispectrum in terms of bispectra of spherical tensor com-
ponents

Bijkirs(k1, k2, k3)

2*755%5}{'535%)’0) (1, k2, k3) (000)
5791 Z Y ms3) (()320 m3)(klv ko, k3) + 2 cycle (002)
m3=—2
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+ 5K Z Y\ (ko) V.07 (o) By ™™ (v ko, kz) + 2 cycle  (022)

m;=—2

1=(2,3)
+ Z Y™ (k) V(" (ko) V.09 (k3) Blgy ™™ (Kot ko, Kes).  (222)
m;=—2
i=(1,2,3)

(A.32)

From the fact that 67 (k) = dr(—k) and S7;(k) = S;j(—k) it follows that Sém)*(k:) =
(—=1)!S{™(—k), and thus it follows

(S (o) SE" (a) S (ka) ) = (ST (—kn) S (—ka) S (<)) . (A33)

Using eq. (A.30) and setting the bispectrum triangle in the plane & — § plane and rotating
around the 2 axes for 7 gives

(S (k) S (—ka) S (<) ) = (—1)™2 (S17™ (k) S () S (k)

1
(A.34)
5322?2’7”3)* = (= )m123B(1 oty ~™M27M3) We can also impose

invariance under the parity transformation which simply requires that

which thus gives the constraint B

(P SE™) (k) P SE™ (h2) PS( (ks) ) = (S (kr) S (Ra) ST (k) ), (A35)

which gives the constraint Bé"?gm,ma») = (—1)m2s Bél_ézz ma,=ms),

Using these symmetries, we can simplify individual terms in eq. (A.32). Besides the
first, trivial, purely scalar, term, the second term has a single nonzero helicity component.
We can simplify it by using

Y (ka) Bigy ™™ + Y™ (ke) Bigy ™ = (—1)" Y™ (ka) + Y, (ks) ) By ™

= 2Re | V" (ks) | BGy™. (A.36)

Thus only three components of the B(()gzo m) bispectrum are independent. For the (002)

contribution in eq. (A.32) we thus have

2
> Y (m 0820 ™ (ky, ko, k3) = Y, (ks ) B ? (K1, ko, k)

)
m=—2

2
+23 Re [Yigf”) (12:3)} BOO™ (k) ko, ks).  (A.37)
=1

For the (022) bispectrum we have more terms contributing. Naively 25 terms would con-
tribute, but after statistical parity and rotation invariance condition is used only 13 of them

47 —



are independent. This gives us

2
So Y (k) Y (k) By
)
=Y. (ko) Y, (Rs) B,
2
+2 3" (Re [¥,5™ (ko) Yoy () | BEgs™" + Re [¥,” (Ro) Y, () | B35
m=1
+ Re [V, (ko) Y, (ks)| B3 + Re [V (o) v, ™ (ks) | B3
+Re [Y™) (o) Y, (ka)] By
+ Re [ Y™ (k) Y,{" 0 (ks) | By ™). (A.38)

The final line in eq. (A.32) is the (222) bispectrum. Naively 125 terms contribute to these
spectra, however, 65 of them are independent, and we can write

S Y () Y (k) YA () B
L2

=Y, (k1) Y,y (ko) Y, () By

rs

2
+237 (Re [ (k) Y™ (k) V.07 (ks) | B

EQ)Y(*“”O (k)| BYGE™ ™ +2 cycle
2)

Y(O) (k?g)} (m m.0) + 2 cycle

v k) Y (’%2)1’;50)(’“3)} By +2 cycle
) Bég;’gfm’o) + 2 cycle

B(m7m73im)

ko) Y (©) (];33):| Bég;m 30) + 2 cycle
) 229 + 2 Cycle
)

] Bég;,m,m—ﬁi) + 2 cycle

2 2
Y (k) Y (o) Y8 (k) | B 42 cyele
+ Re [ Y™ (k) Y™ (o) Y0 (s) | By ™™ 2 cycle). (A.39)

Note again that these decompositions above are valid for the fully nonlinear case and do not
rely on the PT expansion. It is also clear from these explicit expansion, that all the bispectra
are real functions.
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B Fields in Fourier space

In this appendix, we derive Fourier-space expressions for the operators that appear in the
general bias expansion. For brevity, we here employ the summed vector notation

kin=ki+-+ k. (B.l)

We first turn our attention to eq. (2.10) that recursively defines higher tensor contribu-
tions I, Transforming this relation to Fourier space we have

- ()

P1-P2 n—1
—(277)35113—;;12?9(101)% lpy) |,

where 0 is the divergence of the peculiar velocity field v, i.e. §(k) = —ik - v(k) and we have

[e.e]

0(k) =Y _(2m)%0F . G (p1,....Pm)OL(P1) ... 5L (Pm), (B.3)

m=1

where G are standard velocity SPT kernels [48]. Assuming the ansatz for the I of
similar form as for the biased tracers d,, in eq. (2.14) we can write

k) = 37 (2m)268 o 7™ (p1, . Pm)OL(P1) - . 0L (D) (B.4)

n

In case of Hg] we can immediately deduce

Pim
Using this result and the recursion relation eq. (B.2) we can obtain the result for the general
kernel 7(™™) This gives
(n.m) m=n+tl m-1m

T (Pl Pm) = ( (p1,...,Pm) (B.6)

n—1)! i
m—1

-y PP 0 L p) G (pes D),

{=n—1 pZ—i—l,m

where m > n and n > 2. Note that for the case where n = m only one term £ = n — 1 in the

last part contributes. In order to get the symmetric kernels we can symmetrise this solution

by summing over all the momentum permutations

1
Wéﬁr’:rg(pl, e 7pm) = ﬁ Z ﬂgb’m)(p#l, e ,p#m>. (B?)
" r—all
Combining the two relations we have
-1
7 m—-—n+1 (1, o~ (m—1)!
TN B LSS D LU

l=n—1

D1¢-Pe+1, —1. _
x Z 27m7réﬁn,z] )(pla s >PZ)G(m 2 (p£+1, . ,pm)7
T—Cross pf+1,m
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where in the sum “m—cross” only the cross permutations between the two sets need to be
considered. In the rest of the paper we will drop the label “sim” and assume (unless explicitly
stated) that it is understood that the kernels are symmetrised. This gives the [n]—th order
expression for the ITM field.

Let us look at the first few terms coming from the expressions above. We start by
looking at the 77( )(pl,pg) term. At second order we have n = m = 2, which gives just
one term

2,2 Pi12,iP12,
7%'(]' )(Pl,p) #F( )(p1,p2) — 2 (puplj + p2ip2;) (B.9)
12
P12,iP12,j O ( (p1-P2)2) P1.-P2
=— 5 5 |1l- + 5 (P1ip2j + P2ip1j) -
Pl 7 Pip; 2ppy

At third order, we have two terms contributing for cases m = 2 and m = 3. The explicit
expression can be written in the form

2,3 P13,iP13,
m; Y (p1.p2.ps) = 2%17(3)(171@2,193) (B.10)
13
1D1. . .
- K 12)23 p23722pQ3J F®)(py,p3) + 2 cycle perm.
3 py D23
1
E p23 m lplﬁ G (p2,P3) + 2 cycle perm.,
3 P33 pi
D13,iP13,
71, p2,ps) = PR E S (b1 )
13
1 p1.p23 P23,iP23,;
T 9 2 5 F®)(py, p3) + 2 cycle perm.
P D3
1
n p23 o ZpLj G¢ )(p27p3) + 2 cycle perm.
6 D3 pi

1 (p1.p2)(P1-p3
+ *% (2p1ip1j + P2ip2; + P3ip3;) + 2 cycle perm. .
6 pipaps
Next we derive explicit expressions for the Fourier space kernels in eq. (2.12) and
eq. (2.19) up to the third order in PT. These results are summarised in table 2.12. We

start with the first order.

(1): for the first order IT!! we have

(1)
] (k) = 2P n Vo (), (B.11)
where .
iV (p) = ;;- (B.12)

(2): for the second order we have three new, second generation, operators and the one first
generation operator which also gives contributions to the second order. The latter one has
the following form

[HE‘]}(Z)(’“) (27)° 0 (12)(P1,p2)5L(p1)5L(p2) (B.13)
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where PLoip
1,2 12,iP12,5
ng )(p1,p2) = =22 PO (py py). (B.14)

P12

For completeness we write the full form of the F5, kernels

2(p1p2)?  prp2 (1 1
FO(p1,py) ==+ = + S+ B.15
PLP) =7+ 7 20 2 \pl » (B15)
The first of the second generation operators starting from the second order is
2@ 3 -(22)
18] (k) = @n)* 00,7 (P, P2)0L (P1)0L (P2), (B.16)
where )
W,(f’Q)(PLP )= MF( )(Plapz) B p22 (p1ip1j + p2ip2;) - (B.17)
p12 2 b1P3
The second term gives
2] @ iker 7ll] 1]
(@] Tk = [ e e (B.18)
L r
= (27)° 0% py, [77@(7151)(1’1)”%}1)(?2)} dr.(p1)0L(P2)
= (27) 8k 1 [nglﬁl)ﬂg}l)]Sim(p17P2)5L(p1)5L(p2),
where )
[nﬁ;l)wﬁ;n} . (plap2) = 5%(1011]92]' +p2¢p1j)- (B-19)
sim p1p2
The last of the second generation, second order, terms gives
[ e (1] k) = [ e oyl o (B.20)
i tr = 7“e i (P, (7 .
= (210 [7) (21)7 50 (£2) | 61.(p1) 1 (),
= (27)°0k_py, [77(1 1)} sim(P1,P2)5L(P1)5L(P2),
where
(1,1) _ 1 (pup1j | p2ip2;
[ﬂ-ij :|sim(p1’p2)_ 2( p% + p% ) (B'Ql)

(3): the third order gives seven operators of (new) third generation, three coming from
the second generation, and one originating at the first generation. We start with the one
originating at the first generation that has the following form

®3)
105 (k) = (@m0, (1. P2 3) 3L (P15 (P2) 51 (). (B.22)
where
( )(p17p27p3) %F(:ﬁ(‘plapZap?’)' (B23)
13
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The first of the second generation, third order, operators gives

3)
5] (k) = @m)0R i (p1. P2, )61 (P1)3L(P2)0L (P3), (B.24)
where 7'[‘1-(]2’3) is given in eq. (B.10). The second term from this group gives
213)
[(@)?) k)
ij
4 (2) 2)
= / etk ([H[”]. ()b r) + T () [ Y| .<r>) (B.25)
r im mj

= (27m)°63,_ plg[ 12 (p,pa) 7l 1)(p3)+7r$’42)(p1,p2) ﬂi(if)(pg)}5L(p1)6L(p2)5L(p3)

P12,3P3 i

— (27)%0R_ ., [(zm p3) P23 4 (. pg) P2l ]F<2><p1,p2>5L(p1>5L<p2>5L(p3>
p12p3 p12p3

(P12-P3) P12 {iP3,5} F(g)(
Piop;

= (2m)6_pys D1,P2)01(P1)01(P2)0r(P3)

(P12-P3) P12,(iD3,
= (277)35113—;;13[ 307 ; (55,4} F(Q)(pLPQ)} Or(p1)dr(p2)dr(p3),
1273 sim
where
(P12-P3) P12,{iPs3, 1 (p12-P3) P12,{iP3,j
[ 1201733} (2(2) (PLPQ)] == 5 122{ 3} p(2) (p1,p2) + 2 cycle perm..
3p12p3 sim 9 P12P3

(B.26)

Note that above both 7r1(]1 2 and 7r1(]1 Y are symmetric in the indices. The last term from the
second generation group is

Y e ()] (k)

z/?m’qmﬂ®(ﬁﬂmeWH{mﬂm@ﬂﬁmW@&O (B.27)

]

7T '(p1,pa) + F© )(Plapz) b )(P3)]5L(p1)5L(p2)5L(P3)

o
J
Qq
=5
'S
w
1

L2, 1p12 J pg’;];&j ) F®(py,ps) 01(p1)01(p2)dL(p3)
3

™o
A
C)q
=S
’E
&
N

1 3 1 1
(2m)20R s | 2 e P12y P3iP35 ) 53y po)| 6, (p1)6L(p2)SL(P3),
3 p12 p3 sim

where

1 P12, 3,iP3,j
|:3 <p12,7,§) 2,7 + p57l]2) 7])F(2) (pl)pZ):|
P12

D3 sim
= (p12,12p12,] + p3’223’3>F(2) (p1,p2) + 2 cycle perm. (B.28)
3 P12 D3

The first of the new (third) generation operators starting from the third order is

[ng(g)(k) (27)° 0 _p,, D (’)(pbP2,P3)5L(P1)5L(p2)5L(P3) (B.29)
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(3:3)
ij

tors gives

L)) 7 = [ et ] 0 1)) ) ] D)

vy

where T is given in eq. (B.10). The second of the third generation, third order, opera-

= (27T)35,]3,p13%(pl,ip3,j)5L(p1>5L(p2)5L(p3)
P1pb3D3

_ (277)351?—;313 [(Pl p2)(p2. Ps)(

P1,iP3;y)|  On(P1)dL(p2)dr(ps),  (B.30)

6p1p2p3 sim
where
(p1.p2)(p2-p3) ] (p1-p2)(P2-P3)
3 595 (PLiP3,; = —— 5" (p1.p3.,1) + 2 cycle perm.. B.31)
[ 3pip3p3 (P11P3) sim 6p3p3p3 (Pr1.Ps) (

The third of the third generation, third order, operators gives

] / e (0] 0 () 1)), 1) (B.32)

v

P zpl m
= (27T)351]37p13{1p72 ,(73]2})(192,P3)5L(p1)5L(P2)5L(P3)
1

P{1,iP1,m
= n0R PR ()| 6101151021 )
1

(p1- P23)P{1zp23 i}
— (27)36D J} p(2)
(2m) k[ S (

D2, P3)

1p2p
6p1

", (P2 s + (120 Zpgj})} 51.(p1)5L (p2)0L (p3).

sim

The fourth term gives

1 [H[HH(?’) _ reikm 21O ) er (10O (B.33)

2 (p1,2)61 (p1)51.(P2)01.(P3)

sim

zp12

7T
1 (2,2

(27m)° 8%y 3™ij (p1,p2)|  In(P1)dL(P2)dL(P3)
[ LF® (py, p)

p1 p (pliplj +P2ip2j)] - 0L(P1)0L(P2)0L(p3)-
The fifth term gives
mmwbuwmmzlwmW%&ﬂmwgmwmwmm (B.34)
= )50y, PR 115 ) )

(P1-P2)P1 {iP2,51}
6p1p2

— 0| | autmb e
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The sixth term gives

[H%} tr [H[H]Q} - /6““" [H[l]]g.)(r) {tr [H[ll](l)('r)r (B.35)

pl,;zsl,j 51.(p1)81,(p2)5L(p3)
1

= (27?)3(5,]27p13

— 2r)0 ., [p?j] 51.(p1)31(p2)5L (p3).
1 sim

Finally, the last of the third order, third generation, terms is

(3) .
[ e [))] = [ et ) i) ] o (B.36)
P1,iP1,5 (pz-P3)25
p2pip?

D p1.ip1,;(P2.P3)?
— (2082, [W} )61 ()61 ()

= (27)°0%_pys L(P1)L(p2)dL(ps3)

B.1 Bias expansion and renormalisation of the one-loop power spectrum

Naively, if we would count all the operators given in table 2, we would get eleven bias operators
without including the stochastic, or any of the higher derivative operators. These operators
are independent at the level of the field. However their contribution to the two-point (at one-
loop level) and three-point (at three-level) statistics generates some additional degeneracies.
These degeneracies would, of course, be broken if the four-point function (at tree-level)
would be added into the consideration. In one-loop two-point function, because only specific
momentum configurations contribute, operator correlations are not all independent, and thus
the number of independent bias coefficients can be reduced. In this section, we explore these
degeneracies and derive results described by the full non-degenerate set of operators for
one-loop power spectrum.

We first look at the (22) term. Operators and bias coefficients appearing as

tr [K(Q) (p, k — p)] and YZ(q)*.K(Q) (p, k — p), are given by four tensor operators

KD (p.k—p) =ci M P (p, k —p) + 21 [17] 2 (p, k — p)

2 2
+ e[ ()] P ook = p) + o[ 1)V k - ), (B37)

(5] (5]

where it is understood, as we discussed earlier, that the trace and trace-free part have different
bias coeffitients. Using the linear dependence of trace terms given in eq. (B.63) we can replace
for example the trace of IIZ operator

2 (2)
tr [K® (p,k —p)] =¢ tr [TV P (p,k —p) + <63,2 + 7C§,1> tr [(H[”)Q} (p.k —p)

+ (e 26 ) () ok - ) (5.38)

In the trace we are sensitive only to three independent operators and as expected have only
two new independent bias combinations: ¢f 5 + %0371 and ¢35 + %c}l. A similar reduction
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can be obtained using the projection with YQ(O)(k;) basis function and the resulting operator
dependence given in eq. (B.65). Using this, we get the expression

Y (k).K® (p. k - p) =Y, (). (1] (p, k — p) (B.39)
13 . )
+ <c§72 - 7c%71> YQ(O) (k). [(H[l])Z] (p,k—Dp)

20 0) (2)
+ (A e )i . [ e (] ok - )
Thus both the trace and YQ(O)(k:) projection for the (22) contribution have only three in-

dependent second order tensor operators: I (Hm)2 and T tr [Hm]. However, after
projections, these operators can be further reduced using the relations given in eq. (B.66),

and we can replace the YQ(O). [1‘[[1}] and YQ(O). [Hm tr [Hm]] operators to get

Y, (k) K@ (p, k — p) =& tr (1] P (p, k — p) (B.40)
(2)
+ <c§,3 + 270031> tr [H[ll tr [H[ll] — (H[ll)ﬂ (p,k —p)
(2

(B + o+ o) o (k). [(1Y)*] " (p, k — p).

Next we look at the projections using the higher helicity basis vectors Y2(1)*(k:) and Y2(2)*(k:).
Using the relations in eq. (B.67) it follows

* * 2 (2)
YV (k). K@ (pk - p) = (5, + o + ) V(). (M) T (pk ), (BAY)

% X 2
Y2 (k). K@ (pk —p) = (&, + 5, ) ¥, (k). (1)*] " (o, — p)

* (2)
+ Yy (k). [ 1 e [ (p ke — p)

= (Cg,l +c5a+ 033) Yz(g)*(k)‘ [(Hm)ﬂ ” (p.k—p)
+ Y2 ). [ e [] — ()] o,k — ).
Combining all these results leads to seven independent scalar operators at second order:
K@ (ke ko) = { oo [t [ ()% o [0 (0] ] L 95" ez, (110), (B.42)
Y3V (o). ()2, ¥3 2" (o). (1), ¥ (Rera). [Hm tr [HMH }(kla k).

In terms of bias coefficients we would have two independent second order trace coefficients,
and three trace-free coefficients. Note that in the basis we have chosen here most of the
operators depend only on c§, — 2§ | and ¢§ 4 + 2§, coefficients since

13 20
(- Tk )+ (dot T ) =+ i s

and so the only operator that remains multiplied with the new coefficients is
2)* 2 2) 2)*
Y2 (k). ] = (@)?) ™ (p,k - p) € V2" (k) K@ (p, k - ), (B.43)

carrying the bare ¢§ 5 coefficient.
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Op. o 0] e [(0)°] e e )] v k). (1) vV’ v ). @m)? vy ). [ e (Y]]
tr [TT1V] In bop L Ly 0 0 0
or [ (111)?] I Ins I 0 0 0
tr [T ¢ [TT04]) I3 Iy 0 0 0
v, (milt)? Iu 0 0 0
v, (1l Iss 0 v
Y2 (i) Iss Is7
Y. [ & [ Iy

Table 4. Relevant one-loop auto- and cross-correlation contributions to Pss.

Next we look at the (22) loop integrals given in table 3. For ¢ = 1 and 2, P;Zb (@) integrand
terms also contain integration over the azimuthal angle. However these integration can be
performed exactly, given that we can choose the coordinate frame in which none of the Py,
arguments depend on the azimuthal angle. For trace terms and terms with zero helicity
q = 0, the azimuthal angle integration is trivial. For this reason all the contributions to the
P>y components in table 3 can be obtained from the list of K® operators in the form of
cross-correlation integrals

Lun(k) = [K], (p,k —p) [K], (p,k—p)PL(p)PL(k —p), (B.44)

which are also explicitly are given in table 4. Note that the integral components are sym-
metric, i.e. I;;(k) = I;;(k). After we have exhausted the linear dependencies at the level of
the field operators, we explore the ones at the level of correlators. These are obtained, once
the integration over some of the variables is performed. First we list the dependencies in
the Poo type of integrals. These are structured into the contributions to the integrals I, (k)
given in eq. (B.44). Considering first the trace and helicity-0 contributions we can find one
dependence relation

28]12 - 122 + 123 — 2\/6 (7]14 + 5]24 — 5[34) = 0. (B45)

Higher helicity correlators exhibit similar dependencies after the azimuthal integration is
performed. Specifically, for helicity ¢ = 1 the integration gives (e*.p)(e™.p) — —%pQ(l —u?)
and similarly for ¢ = 2 we have (e*.p)?(e”.p)? — 1p*(1 — n?)%. We get the dependencies:
2159 — 2V/614 + 3144 — 18146 = 0,
2I9y + 6193 — 5v/61I24 — 3V/6134 + 12144 — 7217 = 0,
Ino + 6193 + 935 — 46124 — 12V/6134 + 24144 — 144177 = 0. (B.46)

Once we have explored all the dependencies we can list explicit expressions of all the remain-
ing, independent, one-loop mode coupling correlators:

(K2(7k - p + 3p?) — 10(k - p)?)°

L (k) = 196" (k — p)? Pr(p)PL(k — p), (B.47)
k-p—1p2)2(k2(7k - p + 3p2) — 10(k - p)?

Lo (k) = (k-p=p)" 151])4(,5_ p)ﬁ ) k) )PL<p)PL<k - p),
2. . N N2

) = ORI~ PR b )Ptk p).

(k) = B PP b (e ),

p'(k —p)?
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Figure 4. Linearly dependent mode coupling terms I14, Igs, Ig7 and Igg shown at z = 0. Dashed
lines represent negative contributions while the solid ones are positive.

2 2\2
R PPk~ )

(k-p—p*)3 (kK*(2k-p+p?) — 3(k-p)?
Du(k) = —F—F (prwf_iy 25 (o) Py (k- ),

I33(k) = Pp(p)PL(k — p),
(k-p—p?) (K*(2k - p+p?) —3(k - p)?
I34(k) = PP (\/ngPQ(Z;_I;)Q p )PL(p)PL(k—p%
k-p—p*)?(K2Q2k-p+p?) —3(k-p)?
(k-p—p?) (Gkip4(kp_£4) (k- p)?) PL(p)Pulk — p).
(k* =2k -p)*(k-p—p*)? ((k-p)* — k*p?)
4k2pt(k — p)*

Is(k) =

2

(k) =

Is5(k) = Pr(p)PL(k — p).
These contributions are shown in the left panel of figure 1 at z = 0. All I, terms, except I11,
have ~ k2 asymptotic functional dependence on large scales once the constant, UV sensitive,
part has been subtracted. The UV sensitive constant piece can always be subtracted the
large scale since this contributions can always be taken into account by the renormalised
stochastic operators. The matter I;; term starts with the asymptotic form ~ k%, which is
a manifestation of the mass and momentum conservation. The dependent terms I14, Igg,
Ig7 and Igg are given in figure 4. For comparison we also show the I55 on the same figure,
showing that it is relatively suppressed on the scales of interest k& < 1Mpc/h.

All this contributions to the (22) correlators are the combined to terms that are con-
trolled by two trace, and three trace-free second order bias coefficients, that can be rede-
fined as

2 5
. a a . a . a a a . a a
a € {n, s} : {b2,17 b2,2}7 where : b5, =c59 + 72,1 byo = o3+ =021
20
ol e s Y-S g g g _ g g
g: {b2,1v b5 9, b2,3}’ where: b3, =c3, +C35+ 53, b3y =0C5+ =20
g _ 8
b53=0¢53. (B.48)
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We next turn to (13) terms in table 3. Only helicity-0 terms (¢ = 0) are contributing to

this correlator. These are tr [K (3)] terms and YQ(O)*.K (3) terms. Given the specific form of
the input vectors k, p and —p we have additional constraints and linear dependencies among
the contributing operators. For the trace term, we have five relations given in eq. (B.68),
which leaves six independent terms in the tr [K (3)] term. The second helicity-0 contribution

YQ(O)*.K () gives similar linear dependencies listed in eq. (B.69). However, here eight terms
survive. These dependence relations can be used to reshuffle the bias coefficients leaving
only these independent k—dependent terms. Required bias combinations, multiplying these
surviving terms, are given in table 5.

All of these (13) contributions can exhibit UV sensitive and potentially divergent behav-
ior, and thus they need to be regularised and renormalised. We can isolate this UV sensitive
contributions by considering the leading terms when expanding in low k expansion. Looking
at the set of independent operators from table 5 from which we want to isolate the leading

UV part
(3‘/11(“Vk,p,zﬂfihﬁ> 7
p uv
gives us
2
(3 / tr{nul, (100)2, ) e 17, 00, ) (g ) (B.49)
p

68 68 82 5
& ()] § (&, p, —p) P — {0, —, = 1,2 4 o2
I'[( ) ] ( D, p) L(p) oV k—0 07 637637637 79 }

where o2 = fp Pr(p). We can now renormalise the linear bias coefficient ¢}, in order to absorb

these UV contributions. Note that the first TIl!l operator does not have UV divergencies
of this kind, as expected given that it is precisely the dark matter contribution given by
the standard F®) kernel. In order to perform this procedure we proclaim a linear bias ci
parameter to be a ‘bare’ parameter, and to be in fact a sum of a finite part and a UV counter
term part:

& = (g + (D (B.50)
The UV counter term can be set to precisely cancel the contributions obtained in eq. (B.49)

above. After this renormalisation procedure, only three operators contributing to the
tr [K (3)] kernel survive

o [{ml, ()%, miin® ] (B.51)
fin.
However, after the renormalisation we have a further degeneracy in last two operators
o | () — i o, (B.52)

Using this degeneracy to eliminate one of them, we end up with two independent trace

operators
o [ {, @) (B.53)

Since IT operator multiplies the renormalised linear bias (c{) fn o Uhis means that we
have only one independent third order bias parameter at one-loop order. This result
agrees with one-loop power spectrum result obtained for the number density of bias tracers
(see e.g. [73, 84].
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Op. tr [K(3)] YQ(O)*.K(3)
I o &
()’ 3 e
11 g [TI1Y] 53 53
e 53+ 531 + 15650 s B~
1 tr [H[”] 0 c3 4t 02 1+ wcg 1
(1) ¢ [T111] 0 sty + 18, + 38,
Tl (tr [Hm])z 36— 5Cha+ 2c5 .+ TosCh1 + TCha e+ 32 T 1051 T 105601
1 [(Hm)g] el s+ aciat Icia+ 15 +1scha | 392 — 331 — 15

Table 5. One-loop helicity-0 contributions to tr [Ks(s)] and YQ(O)*.KS’).

As we did for the mode coupling (22) integral I,,,,, it is also useful to introduce integrals
for the (13) contribution
Tn(k) =3[KP)]  (k,p,—p) Pr(p).

In total J,, has three independent components, only two of which contribute to the trace
tr [K (3)] part, as we noted above. The third one is contributing only to the trace-free

(B.54)

helicity-0 part Y2(0)*.K (), which will be shown shortly. For the first two components we can
write explicitly

f1(k,p) + g1(k,p)(k - p) +h1(k p)(k- p)

k) = &) by (k) Py (),
42k2pt ((k2 +p?) 2)
21k2p ((k2 +p?) 2)

where we introduced functions

filk,p) = 10k*p* (K* + p?), = —4k*p* (K* + p*) (17k* + 2p°)
— (214° + 44k"p? + 59k%p") . go(k,p) = 8 (18k"p* + 25k%p* + 3p°) |
4 (19 + 7p?) ho(k,p) = —12 (5k* + 13p?) .

These components thus contribute to both tr [K (3)} and YQ(O)*.K () terms.

Next we look at the Yg(o)*.K () term. Following a similar procedure as earlier we have

(3 / YQ‘O)*.{H[”, (mt)?, 1 e (], i, ol e (), (o) e (o), (B.56)
p

17l (tr [Hm])Q, I ¢ [(Hm)?] }(3)(k,p, —p)PL(p)>

== {O
k—0
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which after the renormalisation yields five surviving terms

v O ({2, e (), oo, o e i)} (B.57)

These, however, are again not independent and we have additional redundancies

v, 0", [(H[u)? _ Hmn[z}}ﬁ —0,

v, 0, [Hm or [ITY] — 112 g [H[”Hﬁ —0. (B.58)
n.
Moreover, we can also explore the possible dependencies among residual terms in the trace
and trace-free basis for the K(®) kernel. We find the following additional dependencies

No Y2<o>*.[ﬂm} ~tr [Hm} ~0

fin. fin.

ANy Yy [l [m] — ()] e ()] <o, (B.59)
n. n.
where Ny = 4/3/2 is the normalization of the YQ(O) tensor basis vector. Note that when

considering the constraints above we take into account the integration over k - 4 angle,
otherwise trivial angle dependent remainders might make integrand functions not strictly

degenerate. For the Yg(o)*.K () we obtain three independent contributions

el ey,

In contrast to the case of trace above, no further degeneracies appear here and thus all of these
operators are indeed independent. Thus, besides the two independent terms in eq. (B.55),
we have an additional independent term, and thus one additional bias parameter. This third
component is

fS(kap) + g3(k’p)(k } p)2 + hB(kap)(k i p)4 + wg(k?,p)(k 'p)6

NoY, . [(H[IJ)Q] ﬁn}. (B.60)

n.

Js(k) = . P(k)PL(p), (B.61)
105k2p4 ((k:2 +p2)? — Ak p)2>
where
fs(k,p) = —2k*p* (K* + p?) (29k* + 104p?) , (B.62)
g3(k,p) = 405k%p? + 1042k*p* + 705kp",
hs(k,p) = 15 (k* — 76k*p* — 9p*) ,
ws(k,p) = —360.

The third J3 term contributes only to the YQ(O)*.K () integral.

B.2 Degeneracy of the bias operators

By construction all the operators summarised in table 2 are independent, but the trace
components are not. We give the linear dependence relations here for these trace components.
For any pair of vectors p1, p2, at second order we have

ij

tr [7 o @mi)? — 50l e [HU]} Y, (B.63)
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and at third order, for any set of p;, po and p3 we have

tr [(H[ll)?jtr [H[ll}_HE}]tr[(HU])QH(g) 0, (B.64)
27 (3

3)
r [7 ) e (] — 2 1) e | ()?] = 5 1) (e [ } 0,

—16 (H[l])?j

tr {90 ) 445 P - 12 [H[”Hm] )
ij
3)

60 11 | (11)?] — 80 T (‘r [H[”]ﬂ =0,

2

fr [2205 )+ 336 (M| — 592 (nit)? — 630 (l)?

iJ v

3
1575 10 (0] — 570 1] g | (111)?] 200 T (x [H“l]ﬂ = 0.

Note that the second dependence relation above (in the third order) is the direct consequence
of the trace linear dependence at the second order.

If we pick the pair of vectors to be p, and k — p we can get another operator relation
by projecting onto Y2(O)*(k) basis function

2
Y, (k). [7 12 (p, k — p) + 13 (M) (p, k — p) — 20 TVt [T (p, &k — p)}( ',
(B.65)
as well as mixed linear dependence relations between the two projections
tr [ (p,k — p) = No (V" (k). M) (p, & — p) = 0, (B.66)

e [ ()2 — 110 e ] “ b,k —p)
_4N, (Yz(o)*(k:). [(n)? — 11t g [l ] (2)> (p,k—p) =0.

Next we turn to the higher helicity projections YQ(I)*(k:) and YQ(Q)*(k). Since the I operator
is orthogonal to both of these higher helicity basis projections we have

¥y (k). (1) (ke — p) = Y3 (k). (1)) (e~ ) (B.67)
=YV (k). [ tx TP (p, k — p),
Y2(2)*(k:). [Hm} (2) (p,k —p) = 2(2)*(k:). [(H“])Q] (2) (p,k —p).

Next we list similar constraints for the third order kernels, with kernel input vectors k,
p, —p. We need to consider only the helicity-0 contributions given that at one-loop level

only tr [K (3)] and YZ(O)*.K () terms contribute. Trace gives five such operator dependence
relations

0 = tr [ () tr [110] — 110V [(Hmﬂ](g) (k,p, —p), (B.68)

) 213)
0=tr [7 12 g 1] — 2 1 g {(Hm) } — 51l (tr [HMD ] (k,p, —p),
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- ) 27 (3)
0=tr 105 ¥ — 7 (H[11H[21) — 64 Tt {(H[”) } — 62 Il (tr [H“]]) } (k. p,—p),

- 3
0=tr [105 12 — 14 (HWHP}) — 68 T tr [(H[”)Q] — 44 1Y (tr [HMDQ]( ) (k. p, —p),

- 5 9 97 (3)
0= tr |2 (1) = 3 11 [ ()] 4 T (e [1101)) } (k,p,—p).

This thus leaves six independent operators in the tr [K (3)] term. When contracting with

Y2(0)* there are three similar constraints

0=v;*" [210 ¥ 4 511 (@) — 532(1)? b 1] — 700 112 [110Y] (B.69)

— 116 T tr [(H[”)Q] + 46 111V (tr [H[”])Q] Yk p,—p),

0 =3 [105 2 4 196 (T ) — 322 (1) b 1] — 280 11 g (110

— 101 1T ¢ [(H“])Q] 4171 1Y (tr [H[”]ﬂ (3)(k,p, -p),

0=v0" [2 (r1)? = ()2 e [T — 110 ¢ [(HW)Q] + 1l (tr [H[”])Q} “ k. p,—p),
leaving eight operators surviving in the YQ(O)*.K ®) term.

B.3 Bias expansion of the tree-level bispectrum
We apply the decomposition to the PT tree-level results. In order to do this we have to

expand one of the fields to the second order. This gives the general expression

B Koy, oo, k) = 2K (K1) L) 5 (o) K2, (Kot o) P (1 ) P (e2) + 2 cycle,  (B.70)

where the «, f and « label three, in principle different, generic biased tracers. Since the

1

linear kernel K;; has only helicity-0 components, and given that at tree-level at least two
linear kernels contribute to each correlator, the decomposition in eq. (4.29) reduces to a much
less general form, and nonzero helicity contributions only appear in terms with the second
order shear fields. Projecting out kernels for each of the rotational symmetry components
we get

B&%%(O’O’O)(kh ko, ks) = zb(a)b(ﬁ) tr [K(Q)(kl, k)| Pr(k1)Pr(ks) + 2 cycle,  (B.71)
Bg£77(0,07m)(k17k27k3) — 2[) *( 3). K(Q) 1, k2) Pr (k1) Pr(k2)

+ 250mb(7) (Ve g)(kl,ks)]PL(kl)

+ 07 tr (KD (Ko, ki) P (ka) ) P k),

ng"/a(o7m27m3)(k kg, kﬂg) — 250 me(a)b(B) (m3)*( ) ’52 kh kz)PL(kl)PL(kQ)
+ 208 DY (ky) K (Kot k) Pr (ke ) Py (s)

+ 200,00, KBS0 tr [KQ) (o, kes)] Pr (ko) Pr(Ks),
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By (o) Koo, Keg) = 208 0 b0V (R ) K (K, ko) Py (K ) Pr(K2)
+ 2 cycle,

where we used our normalised Kronecker delta STIfm = Ny 157I§m. Notice that there is no
integration over the k;, as these are the external wavenumbers. For the (022) and (222)
bispectra, higher helicity modes, where at least two m; are different from zero can not be
obtained at tree-level PT and arise only at higher order contributions. Indeed, at the tree-
level only four distinct terms are present, and these can be constructed using two basic
functional forms. We can thus introduce the shorthand for these components

FoP O (ke k) = 268687 tr [K? (Ror, o) ] Pr (K1) Pr (Ko),
FelPrm (key, kg) = 260 V™" (Re) KP) (K, ko) Pr (k) P (ko). (B.72)

where the kernels for the F' F10) are readily given as in eq. (B.38) and we can write

tr [K®) (ky, ko)] =55 tr [T (Roy, ko) + b5, tr [(H[ﬂ)ﬂ (2)(k1, ko)

+ b5 5 [( tr[nm])Q] (2)(k1, ko). (B.73)

However, for the .7-"20‘ A1) e do not use the eq. (B.41), since the projection is now relative
to the YQ(O) of the k3 mode, not present in the kernels. We have

Y, () K P (Kot o) = Y, ™ (Res). [TY] ) (1, ko) + C§,1Y2(m)*(k3)- (2] (ky, ko)

} (2

+ 53V, (kes). [H[” tr [ITY]] " (ky, ko)

(2)

+ Y™ (k). [ ()] (ke ko), (B.74)
where the bias relation in two basis are given in eq. (B.48). However note that since we
do not expect any a priori relation between shear and size bias coefficients we can use the
notation ¢ — b8 for any of the above biases, as long as this is consistently performed also in

the one-loop power spectrum. All the bispectra can now be built by cycling over variables of
these kernels to obtain the results

B (k) = 77Ok o)+ B o, hg) + 70 (ks k), (B.75)
Bioy " (key, ko, kis) = F5 T (ke ko) + 08, 7 (e, Kes)
3t 0 (e, ),
Bgzgv,(mz,ms)(kh ko, k3) = 5§m2]:2cv,87,(m3)(k17 ko) + ggmg(})(’ms}_gm,(o)(k% ks)
Oy 3 (ks ),
Bg;;%(mhmz’m)(kl’ ko, k3) = S(P)fmlgéfmzf;ﬁ%(ms)(kh ko) + Séfmlgéfmg,}fm’(m)(kz, ks)
- Oy O Fa M (R ).
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C Bias renormalisation for tensor fields

In section 3.1 we introduced the perturbative expansion of the tensorial fields and we asserted
that trace and trace-free parts of the tensor field require separate counterterms (i.e. bias co-
efficients). In this section, we show how this property naturally follows from the requirement
that our PT expansion should be closed under the renormalisation. First, we decompose the
biased tracer field into trace and trace-free parts:

Sij(x) = 555(&3) + gij(x). (C.1)

Considering that the trace S part is a scalar under 3D rotations, its general bias expansion
is given by the standard set of terms that appear in the expansion of the galaxy density (see
eq. (2.12)). This expansion is closed under renormalisation. That is, if g;; vanishes then the
statistics of the tracer S are all consistently described by the correlators (with UV-sensitive
parts removed) involving the operators appearing in the scalar bias expansion, multiplied by
renormalised bias parameters.

When we consider the trace-free part g;;, the corresponding bias expansion is given in
eq. (2.19). The conjecture is that the latter bias expansion is also closed under renormalisa-
tion. This follows from the fact that all local gravitational observables can (at fixed order in
perturbation theory) be written as combinations of the IT"™ operators. eq. (2.19) contains all
these combinations, with their trace subtracted. As an example, showing that counter-terms
again come from the same list of bias operators, consider the following one-loop contribution:

<5(k:’)TF [(H“]H[”HM>U (k)} >/

= Ok 1y (0 (K)3(P1)6(p2) 3 (p3))’ (C.2)

y Pips(p1-p2)(ps - p2) 1 5ii (P1-D2)(P1 - P3)(ps - p2)
PipaD; 3 pipsps

One sees that this loop integral becomes

<6(k:’)TF [(HD]H[HHD])

ij

(k)} > ~ [kk? - ;55] Pu(k)o?. (C.3)

This is absorbed by a counter term to the cubic operator given by o o2 TF [HEJ], or equiva-

lently by a contribution o CTF[H3]U2 to the renormalised bias coefficient of TF [HEJ], the first
operator in eq. (2.19).

Thus, trace and trace-free part can be consistently treated within their respective com-
plete bias expansions. However, this does not imply that the bias coefficients of the trace-free
parts are the same as the corresponding trace part. Indeed, the fact that the UV parts of the
trace and trace-free components of the correlators involve two different eigenvalues implies
that we have to allow for different bias parameters multiplying the trace and trace-free parts
of a symmetric tensor tracer I1. If we do, then the respective bias parameters can consistently
absorb the UV-dependent pieces. The fact that we need these different bias parameters was
perhaps not immediately obvious. However, the trace and trace-free parts clearly transform
differently under rotations, which leads to different structures in the correlation functions,

e.g. in the power spectrum
T (C.4)

K
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The preferred direction provided by k then requires one to allow for separate bias parameters
for trace and trace-free parts.

As proof of the fact that different counter terms are needed for trace and trace-free
part, let us consider a toy quadratic biasing model for the rank two tensor field. We start by
assuming the opposite claim, i.e. that bias expansion of the tensor field is given by the single
parameter for both the trace and trace-free parts. This gives us the expansion

Sij(r) = a1l (1) + e (I (r))?j. (C.5)

The simplest two-point function we can consider is the correlation with the linear density
(61 (Kk1)Si;(k2)) = c1 <5L(k:1)ngi(k2)> +e <5L(k1) (n[ll)jj(k2)> . (C.6)

If we look just at the second contribution above, we get

(k-
22,0 BB o0 = )y Pl )P ©7)
1 94 0 0
~ 15 | 0 94 0 |o?Pp(k), as k—0,
0 0 152

where we have set the coordinate frame so that k is along the z axis and we introduced
o? = fp Pr(p). It is evident from the structure of the matrix that the trace and trace-free
components require different renormalisation contributions. If we are interested just in the
trace we get the usual 68/2102 Py (k) contribution which simply renormalises the linear bias.
Indeed we get the standard renormalisation scheme (with several standard terms omitted,
due to the fact that we study the simplified toy bias model from eq. (C.5))

A=+ 6802. (C.8)

21
However, we can see that the trace-free component requires a different scheme implying that
our initial assumption, used in eq. (C.5), of the sufficiency of a single bias parameter set for
trace and trace-free components was incorrect. This thus proves that we need two different
bias parameter sets, as was initially claimed.
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