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Abstract. The probability distribution of the total entropy production in the
non-equilibrium steady state follows a symmetry relation called the fluctuation
theorem. When a certain part of the system is masked or hidden, it is difficult
to infer the exact estimate of the total entropy production. Entropy produced
from the observed part of the system shows significant deviation from the
steady state fluctuation theorem. This deviation occurs due to the interaction
between the observed and the masked part of the system. A naive guess would
be that the deviation from the steady state fluctuation theorem may disappear
in the limit of small interaction between both parts of the system. In contrast,
we investigate the entropy production of a particle in a harmonically coupled
Brownian particle system (say, particle A and B) in a heat reservoir at a
constant temperature. The system is maintained in the non-equilibrium steady
state using stochastic driving. When the coupling between particle A and B is
infinitesimally weak, the deviation from the steady state fluctuation theorem
for the entropy production of a partial system of a coupled system is studied.
Furthermore, we consider a harmonically confined system (i.e. a harmonically
coupled system of particle A and B in harmonic confinement). In the weak
coupling limit, the entropy produced by the partial system (e.g. particle A)
of the coupled system in a harmonic trap satisfies the steady state fluctuation
theorem. Numerical simulations are performed to support the analytical
results. Part of these results were announced in a recent letter, see Gupta and
Sabhapandit (2016 Furophys. Lett. 115 60003).
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1. Introduction

Stochastic thermodynamics [49-51] aims to extend the classical thermodynamics [4] to
small-scale systems. These small-scale systems may be a polystyrene bead (Brownian
particle), enzymes, DNA or RNA molecules, etc, in a fluctuating environment called a
heat bath that is in equilibrium with a well-defined temperature 7. Within the frame-
work of stochastic thermodynamics, the notion of thermodynamical observables such
as work, entropy production, heat exchange, etc, can be defined at the level of a trajec-
tory of a non-equilibrium ensemble. The heat exchange by a small system with the sur-
rounding equilibrium environment, work done by external forces on the small system,
and the change in its internal energy satisfy the first law of thermodynamics (energy
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conservation) even for a single stochastic trajectory of any time duration 7. Since the
work done on such small systems is comparable to the thermal energy kg1’ (where kg is
the Boltzmann’s constant), once in a while, it is expected to observe the reverse action
of these systems by consuming heat from the surrounding bath. For a large-scale sys-
tem, we call it the wviolations of the second law of thermodynamics. Fluctuation theorems
[9-11, 13, 14, 18, 19, 23, 28, 30, 46-49] are the relations that measure this violation in
terms of the ratio of the probability of positive entropy production to that of negative
entropy production. There has been a great amount of research on understanding the
validity of fluctuation theorems for various stochastic quantities such as heat exchange,
work, power injection, and entropy production, etc [7, 8, 15-17, 24, 27, 32, 34, 35, 44,
45, 55-61].

Consider a system in contact with a heat bath of constant temperature, and is
maintained out of equilibrium using a steady supply of energy provided by an external
driving such as time-dependent external fields, stochastic forces, periodic driving, shear
flow, etc. Similarly, a system can also be driven away from equilibrium by connecting
its ends to heat and/or particle reservoirs of different temperatures and/or chemical
potentials. In general, a stochastic quantity A such as work, heat exchange, power
injection or entropy production, etc, is a functional of the fluctuating trajectories.
Hence, these quantities are described by probability distributions. When the probabil-
ity distribution of A satisfies the relation

P(A=+ar) .
PA=—ar) " g

for a large time 7, we say that a fluctuation theorem holds for A. Here sign ‘~’ implies
the logarithmic equality:

Y 1 1 P(A = +ar)

Ser P(A=—ar) " @)
The quantity A is an extensive quantity that scales with the observation time 7.
Therefore, it is clear from (1) that, as the observation time gets longer, the system will
appear as time irreversible, which is consistent with the second law of thermodynam-
ics. As an example, consider a thermal conductor connected to a temperature gradient,
and let A be the amount of heat that flows for a duration 7. The quantity A is taken
to be positive when heat flows down the temperature gradient, and it is considered
negative when the heat flows in the opposite direction. When the observable A is mea-
sured along the stochastic trajectories emanating from the steady state ensemble, the
resulting fluctuation theorem is called the steady state fluctuation theorem (SSFT). It
is shown in [48, 49] that, if A denotes the total entropy production, incorporating the
change in the system entropy and the entropy change of the surrounding bath in a
given observation time, then the SSF'T is valid for A for all time, i.e. in this case, the
sign ‘~’ is replaced by the equality sign ‘=" in (1).

Consider a system of n interacting degrees of freedom (DOFs). The timescale of
relaxation of these DOFs is much larger than that of the bath DOFs. The state of the
system at a time ¢ € [0, 7] is represented by x(t) := (x1(t), z2(t), ..., z,(t)) in the phase
space, which evolves according to stochastic dynamics. In practice, there can be some
technical difficulties due to which one cannot access the whole system. Suppose m-DOF's
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of the system are experimentally observed, which we call a subsystem or partial system,
ie. x5(t) == (x1(t), x2(t), ..., zm(t)) where m < n. In such case, the observable statistics
of a partial system might not be same as that of a complete system. In fact, a lot of
work has been done in the area of partial measurement. For example, Shiraishi et al
[62] showed that the partial entropy production for a subset of all transitions satisfies
the integral fluctuation theorem. Similarly, Kawaguchi et al [26] proved the integral
fluctuation theorem for the hidden entropy production. Rahav et al [41] defined an
entropy production for coarse-grained dynamics (i.e. coarse-grained entropy) and the
deviation from the fluctuation theorem was studied. The effect of coarse-graining on the
entropy production can also be seen in [31, 40]. Mehl et al [33] experimentally studied
the deviation from the fluctuation theorem for the total entropy production by observ-
ing one of the beads (partial entropy production as defined later) in the non-equilibrium
steady state of a coupled paramagnetic bead system with the interaction strength.
Similarly, Borrelli et al [3] investigated the fluctuation theorem for the entropy produc-
tion of one of the single-electron boxes in a system of coupled single-electron boxes.
In [29], Lacoste et al showed that the Gallavotti-Cohen symmetry [30] is present in a
purely ratchet model and this symmetry is preserved for flashing ratchets only when
one includes both chemical and mechanical DOFs in the description. In an experimen-
tal work, Ribezzi-Crivellari et al [42] inferred the full work distribution from the partial
work measurement using the Crooks fluctuation theorem. Similar studies on partial
observation can also be found in [1, 2, 5, 6, 12, 25, 36-39, 54]. In all above references,
the cause of the partial observation was either due to coarse-graining or the inacces-
sibility of certain DOFs. Within the context of fluctuation of entropy production, the
total entropy production of a subsystem may not obey the SSFT when the interactions
among DOFs of the complete system are significantly large. In contrast to a naive
understanding, we [21] have given a mechanism under which such partial measurement
leads to a new fluctuation theorem for total entropy production of a partial system n
the limit of vanishing interaction among the observed and hidden DOFs. Moreover, we
have briefly reported a technique to nullify the effect of the weak coupling of hidden
variables on the observed ones using harmonic confinement. Similarly, in [22], we have
shown the deviation from the steady state fluctuation theorem for entropy production
of a partial system in a heat transport model in the weak coupling limit.

In this paper, we consider two different model systems where two Brownian par-
ticles are interacting harmonically with each other in the absence of a confining poten-
tial (model 1) and in the presence of harmonic confinement (model 2), in a heat bath
at temperature 7. In contrast to [22], each particle is driven using an external sto-
chastic Gaussian force. The given system generates entropy. Here, we consider two
definitions of total entropy production of one of the particles in the coupled system:
partial and apparent entropy production (see section 4). In the non-equilibrium steady
state, fluctuation theorem for both definitions of entropy productions and also for both
model systems is tested. Part of the results were announced earlier in [21] without giv-
ing details.

The remainder of the paper is organized as follows. We first give a brief outline
of the paper in section 2. In section 3, we present model 1. The definitions of partial
and apparent entropy production ASZ, are introduced in section 4. Section 5 contains
the Fokker—Planck equation for the moment-generating function of the partial and
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apparent entropy production and its formal solution in the large time limit. Further,
we invert the moment-generating function (e *25it) & g(A)e(™™rN), to obtain the
probability density function P(ASZ,). In section 6, we show the computation of yu(\)
in the limit of coupling strength tending to zero (6 — 0). The large deviation func-
tion I(s), asymmetry function f(s) = I(s) — I(—s), and the fluctuation theorem are
discussed in section 7. In section 8, we give the comparison of numerical simulations
with the analytical predictions. We discuss the results for model 2 in section 9. The
method of numerical simulation is explained in section 10. Finally, we summarize our
paper in section 11. In appendix A, we present the complete calculation to obtain the
moment generating function of the partial and apparent entropy production for model
1. A discussion on branch point singularities of 1(\) and the contour that distinguishes
regions of different possibilities of singularities is given in appendix B. We discuss the
large deviation function and its continuity properties in appendix C and appendix D,
respectively, in the limit 6 — 0. The continuity properties of the asymmetry function
f(s) in the limit § — 0 are shown in appendix E. The computation of the moment-
generating function of the partial and apparent entropy production for model 2 is given
in appendix F.

2. Outline

Let us first outline this paper, before jumping into the details. We consider a sys-
tem (model 1) of two Brownian particles (say A and B) with a harmonic coupling
(with a dimensionless coupling parameter 0) and driven by external random forces (see
figure 2), which evolves by the Langevin equations (4)—(6). We consider the entropy
production due to only one of the particles (particle A) defined by (7), which we term
as the partial entropy production. We also introduce another entropy production that
we term as apparent entropy production, which is defined by considering only particle
A, an uncoupled particle (as if the second particle is not present), although in the com-
putation the full dynamics is taken into account. In fact, for the ease of computation,
both the definitions of the entropy production can be combined into a single expres-
sion given by (14). At large time, the probability density function of the time-averaged
entropy production s = (7/7,)PASZ, of the partial system, follows the large deviation
form p(s) ~ exp|[(7/7,)1(s)], given by (52). To compute the large deviation function
I(s), we first obtain the moment generating function as (e *25it) ~ g(\)e(™/™1M) for
large 7, where p(A) is given by (32) and the prefactor g(A) is given by (A.38). For 6 =0,
i.e. when particle A is uncoupled from B, p()), which we denote by po(A) and is given
by (37), has two branch-point A+ respectively (see figure 1(a)) with Ay + A_ = 1. Both
to(A) and go(N) (i.e. g(A) for 6 =0, given by (39)) follow the Gallavotti-Cohen sym-
metry po(A) = po(1 — A) and go(A) = go(1 — A), which ensures that the fluctuation theo-
rem is satisfied (at least for large 7). The large deviation function /(s) obtained by the
Legendre transform of po()A) follows the symmetry I(s) — I(—s) = s (see figure 1(c)).
Moreover, I(s) = Azs as s — +o0, giving I(s) — I(—s) = [A; + A_]s as s — oo, which
is consistent with the above large deviation symmetry as Ay +A_ =1. Now, for
0 > 0, the branch points shift to new locations )\gf) respectively (see figure 1(b)) and
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Figure 1. (a) For 6 =0, uo(A) has two branch-points at Ay respectively and the
two branch-cuts in (—oo, A_) and (A, c0) are shown by the thick red line. (b) For

0 > 0, the branch-points shift to new locations /\(f) respectively. (c) For 6 = 0, the
fluctuation theorem dictates that I(s) — I(—s) = s, i.e. the slope is unity. On the
other hand, for 4 > 0, the slope as s — oo, tends to )\Sf) + /\(_6)7 which need not be
unity.

I(s) = )\gg)s as s — Foo, giving I(s) — I(—s) — [)\f) +A?]s as s — co. However, now
/\Sf) 1+ A@ # 1 (see figure 1(c)), and hence, the fluctuation theorem is not satisfied as
s — 00. Naively, one would expect that )\f) — Ay as 0 — 0. However, it turns out to
be the case of singular perturbation (see section 6), where )\gf) as 0 — 0, do not always
tend to Ai, rather, in some parameter regime, either one or both of )\gf) tend to new
values \:. Whenever it happens, it makes the eventual slope of I(s) — I(—s) as s — 00
different from unity, which is a deviation from the fluctuation theorem. We next confine
(see figure 8) the above two particle-coupled system in a harmonic potential (model 2,
see section 9). In this case, we always find that )\Sf) — Ay as 0 — 0, and consequently,
the fluctuation theorem is satisfied (see figure 10).

3. Model 1

Consider two Brownian particles (say, A and B) in an aqueous medium at a constant
temperature T. For simplicity, we consider the motion along one dimension. Both of
these particles are interacting with each other with a harmonic spring of stiffness k. The
schematic diagram of the system is shown in figure 2. The Hamiltonian H(y, va,vg) of
the coupled Brownian particle system is

1 1 1
H(y,va,vB) = §mvi + émvé + 57@’92, 3)
where m is the mass of each particle, y = x4 — xp is the relative position of particle A
with respect to particle B, and v4 and vp are velocities of particle A and B, respectively.
The given system is maintained in the non-equilibrium steady state using external
stochastic Gaussian forces. Let f4(f) and fz(f) be the external forces acting on particle A
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Bath (T)

A1)
A f(t)
External forces

Figure 2. Two Brownian particles (A and B) are coupled with a spring of coupling
parameter § = 2km/~? (dimensionless). The whole system is in contact with a heat
bath of constant temperature 7. The external stochastic Gaussian forces f4(?) and
fB(t) are acting on the particles A and B, respectively.

and B, respectively. The dynamics of the coupled Brownian particle system is described
by the following underdamped Langevin equations [62]

y=wva(t) —vs(), (4)
mia = —yva(t) +na(t) — ky(t) + fa(t), )
m@B = —’}/UB(t) + 773(75) + ky(t) + fB(t)7 (6)

where the dot represents a time derivative and ~y the dissipation constant. The ther-
mal Gaussian noises 74(t) and ng(t) are acting on the particles A and B, respec-
tively, from the heat bath. These thermal Gaussian noises have mean zero and
correlation (n;(t)n;(t")) = 2D6;;0(t —t'), where D =~T'. Similarly, the external forces
fa(t) and fp(t) have mean zero and correlation ( fa(t) fa(t')) =2D06(t —t') and
(f5(t) fB(t')) = 2D0a?6(t — t'). In this paper, we consider two different choices of exter-
nal forces: (1) both external forces are independent of each other, and (2) the force on
particle B is correlated with that on particle A: fg(t) = afa(t). Moreover, the external
force f(t) is uncorrelated with the thermal Gaussian noise 7;(t) for all time. Notice that
a physical system, where the external forces due an electric field would be correlated
with each other, could be a coupled colloidal particle system with different electric
charges on them. Here, we consider three dimensionless parameters: (1) strength of
force 0 acting on particle A relative to that of the bath, (2) strength of force o? acting
on particle B relative to that on particle A, and (3) coupling parameter § = 2km />
For convenience, we set Boltzmann’s constant kg = 1 throughout the calculation.

4. Partial and apparent entropy production

Incomplete information can be of two types: (1) the observer knows the full system,
but intentionally observes the part of the system (i.e. partial information), and (2) the
observer is not aware of a hidden part of the system (i.e. apparent information). In both
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scenarios, actual information of the system is lost. In this paper, we have two models of
a stochastically driven coupled Brownian particle system (particle A and B) in a heat
bath (sections 3 and 9). The observable in this paper is the total entropy production of
particle A in the coupled Brownian particle system in a steady state.
Let us first consider model 1. The total entropy production due to particle A in the
coupled Brownian particle system (partial entropy production) is
O QA Ps? VA\T
ASé?)t: ——_IDM (7)
T P, Ss [UA(O)]
In the above equation, Q* = [ dt [na(t) — yva(t)]va(t) is the heat absorbed by the
Brownian particle A of the coupled system from the heat bath, and PZ2(v,) is the
steady state probability distribution of the velocity of particle A obtained after inte-
grating the joint distribution Py(y,va,vp) obtained from (4)—(6) over the relative dis-
tance y and the velocity of particle B. Thus,
PARAR)] e—va(T)/(2Hp) .
vA(T)] = ———,
ss VA \/m ( )

where Hp is given by
Hp = lim ([oa(r) — (La(r))]")

_ DI2+ 0+ a?0)mk +2(1 4+ 6)7%]

; 9)
2my(y2 + mk)

for both choices of external forces. In (7), the first and second terms on the right-hand
side are, respectively, the entropy change in the bath and the system entropy produc-
tion due to particle A in the coupled system shown in figure 2 [48, 49].

Using (5), (7) and (8), we rewrite the partial entropy production ASZ4, as
- 1 (7 1{m 1
A
ASiy = T/o dt [ fa(t) = ky(t)]va(t) — 3 [7 - HP:| [WA(T) = vA(0)]. (10

In the above equation, the integral shown on the right-hand side follows the Stratonovich
rule of integration [51].

In the case of apparent entropy production, the observer is not aware of the hidden
particle present in the system. Let us call particle B the hidden particle. Therefore,
he/she constructs the total entropy production for particle A as follows. Since, for the
observer, particle A is the only one present in the heat bath (she/he being unaware of
the presence of particle B), its velocity evolves according to the following underdamped
Langevin equation:

mioa = —yva(t) +na(t) + fa(t). (11)

Therefore, apparent entropy production for particle A is obtained by substituting £ =0
in (10):

AGA — % /0 "t Fa(tva(t) — . [T = H—A} [3(7) — v3(0)]. (12)

In the above equation,
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D(1+06)
Hy=Hp|,y=— —— (13)

Both definitions of entropy production (see (10) and (12)) can be jointly written as

ash=7 [Ma oo -7 [[aouo -5 [F - glBe-aon

where Il = 1 and II = 0 correspond to partial and apparent entropy production, respec-
tively, and H = IIHp + (1 — 1) H 4.

It is important to note that in both types of incomplete information, the underly-
ing dynamics of the coupled system is given by (4)—(6) [21]. Therefore, we compute the
distribution of ASZ, (14) subject to the actual dynamics given by (4)—(6).

The column vector U = (y,v4,v)T is linearly dependent on thermal Gaussian
noises and external stochastic Gaussian forces (see (4)—(6)). Therefore, the steady state
distribution of Uis a Gaussian distribution (see (A.13)). Notice that the quantity ASZ,
depends on thermal and external noises quadratically (see (4)—(6), and (14)). Therefore,
the distribution P(ASZ,) is expected to be non-Gaussian.

We define
W= % { /0 "t falt)valt) — Tk /0 "t y(t)m(t)} | (15)

While the first term inside the bracket is the work done by the stochastic external force
fa(t) on Brownian particle A [20, 44], the second term is the interaction energy. Both
of these terms are scaled by the temperature T of the heat bath.

In this paper, we give two model systems (sections 3 and 9) driven away from the
equilibrium. The quantity of interest is the entropy production from a part (e.g. par-
ticle A) of the coupled system. The steady state fluctuation theorem (1) would not be
satisfied for the partial and apparent entropy productions as we are observing a part
of the coupled system. An interesting question arises: what would happen if one takes
the limit of coupling tending to zero? Therefore, the aim of this paper is to understand
the steady state fluctuation theorem for such entropy productions in the weak coupling
limit (&6 — 0).

5. Probability density function and fluctuation theorem

The entropy production ASZ, (14) can be written as
1|m 1
A
Ast, =W = 3|7 = 7 1) - 40 16)

where the quantity W is a functional of the stochastic trajectories and the second term
on the right-hand side depends on the initial v4(0) and the final velocity va(7) of the
Brownian particle A. Therefore, the conditional moment generating function for ASZ,
is

https://doi.org/10.1088/1742-5468 /ab54b6 9
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Z(\ U, 7|Us) = (e 256U — U(7)]),,.

= ZW()\ U, 7'|U0) (A/2)(mT~ —H~ )(UTZU—UOTZUO)’ (17)

where Zy (A, U, 7|Up) = (e MW5[U — U(T)]>UO, and ¥ is a square matrix whose elements
are given by X;; = 0;20;; with {7, j} = {1,2,3}. In the above equation, angular brackets
represent the average over the set of all trajectories from the fixed initial variable U
to the final variable U, and ) is the conjugate variable with respect to ASA, in the
Fourier transform.

The evolution of the restricted moment generating function Zy (A, U, 7|Up) is gov-
erned by the following Fokker—Planck equation [43]

aZW()‘a U: 7_|Uv0)
or

with the initial condition Zw (A, U, = 0|Uy) = (U — Up). In the above equation, the
Fokker—Planck operator L) is

oL 5 {67—[ o oM 8]+D(1+0)

0
m Ox; Ov;  Ov; O; m? v}

= E)\ZW()\, U,T|U0) (18)

+ A1 200) —— 0
i=A,B a'UA
+1(U + 2C ) \abv )i+ 34_& kv _|_D_0 +w
m B A aUB 7 m _D y A - D
D(1+46a?) 9> 20DOa  O?

2 2

(19)

m v, m2  Ovs0vg’

where we have used the correlation parameter C' defined as

0 for (fa(t) fe(t))y =0 V ¢t
¢= {1 for fp(t) = afa(t). (20)

It is difficult to obtain the solution of the Fokker—Planck equation (18). Nevertheless, a
formal solution of it in the large time limit (7 — o0) can be written as

Zw (AU, 7|Us) = x (U, NW(U, N)elT/ MY 4 1)

where 7, =m/v is the characteristic time, p(\) is the largest eigenvalue of the
Fokker—Planck operator L), and the corresponding right eigenfunction is (U, \):
LA\VU(U,A) = w(N)¥(U,N). In (21), x(Uy, A) is the projection of the initial state onto the
left eigenvector of the Fokker—Planck operator £y corresponding to the largest eigen-
value p(\). These left and right eigenfunctions satisfy the normalization condition:
[AU x(U,N)Y(U,N) =1

The moment-generating function Z(\) for AS{, is obtained by integrating the
restricted moment-generating function Z(\, U, 7|Up) given in (17), over the initial state
Uy sampled from the steady state distribution Pi(Up) and the final state U:

—/dU/dUO Pu(Us) Z(A\, U, 7|Uy)

(22)
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where

9(\) = / v / AUy Peo(Uo)X (U, AYU(U, X) /AT = DTS00 310), (23)
To obtain the probability density function for ASZ,, we invert the moment-gener-
ating function Z(\) using the inverse Fourier transformation in the complex X space

1 “+ioco

PSS =sr/m) = 5 [z e, o
T J oo

where s = ASA 7. /7 is the scaled variable. The contour of integration in the above

equation is along the imaginary axis through the origin of the complex A-plane. In the

large-7 limit (7 > 7,), using (22), we get

1 +ioco
P(AS& = ST/T—Y) ~ 2_71'1/ d\ g()\)e(T/T’Y)hS(/\)7 (25)

in which hg(A) = u(A) + As.
The above integral can be approximated using the saddle-point method provided
both p(\) and g(A) are the analytic function of A [53]. Thus,

G )elm/mhs ()

PO =TI = e T 0
where A*(s) is the saddle point solution of

(N _

TN e =S5, (27)
and

M) 1= 62512)\) Ao (28)

The fluctuation theorem estimates the ratio of the probability of positive total entropy
production and that of negative total entropy production where the latter one is

1 “+ioco
P(AS{; _ _ST/TV) ~ 2_/ d\ Lq()\)e(T/Tw)[M(A)—As]‘ (29)

If both functions p(A) and g(A) satisfy Gallavotti—-Cohen (GC) symmetry [30], i.e.
w(A) = pu(l —X) and g(\) = g(1 — \), after some simplifications, we obtain

—sT /Ty 1-+ico
P(ASA, = —s7/7.) ~ & / A ()M
1

27

where the contour of integration is along the imaginary axis at Re(\) = 1 of the com-
plex A-plane. In the absence of singularity in p(A) and g(\) between (1 —ioco, 1 + ic0)

and (—ioco, +ic0), the contour of integration can be shifted from Re(\) = 1 to the origin
of the complex A-plane. Therefore, we get
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efsr/m +ioco
P(ASLE = —s7/7,) =~ / dX g(\)eT/ ™A +As] (30)

27

From (25) and (30), we obtain the relation
P(AS{, = st/7,)

05T/
P(ASH, = —st/m) (31)

The above relation is the fluctuation theorem for ASZ, in the steady state for a time
segment 7. Notice that the sign ‘~’ indicates that the above identity is true for a large
time 7. Therefore, the criteria for any observable to satisfy the fluctuation theorem in
the steady state are: (1) the corresponding p(A) and prefactor g(A) should be analytic
functions for A € [0, 1], and (2) both of these functions must obey GC symmetry.

6. Moment-generating function

The computation of Z(\) can be done using a method developed in [27] and detailed in
appendix A. We obtain (see (A.28))

o0

1)) = —% [ dum [1 + h;?‘u?)} (32)

The prefactor term g(\) is given in (A.38).
In the above equation, the function h(u, A) for the first choice of forces (i.e. C' = 0) is

h(u, X) = 40A(1 = N)[u* + (1 — 0)u® + 6%(2 — IT) /4] — A6*{Aa?0° (I — 1)* + AII°
— I[a® + M1 —II(1 + *)}]}
whereas for the second choice of forces (i.e. C'=1) (33)
h(u, A) = 49M(1 — A) [u* + (1 — §)u® 4 6°/2] — 46A(1 — AI)dau® — A6 [AIT?
+ 6{I1 — TIA(2 — IT) + (ALl — 1)(2 + alD)}].
The function (34)
q(u) = (1+u*) [u” + (v - 0)7] (35)

is same for both choices of external forces and also for both definitions of entropy
production.

In the case of a single Brownian particle (see figure 2 with J = 0) in the heat bath
at a temperature T and driven by an external Gaussian white noise, p(\) given in (32)
reduces to

1 [~ 40X(1 — )
po(A) = i) du In [1 + uz——i—l] ) (36)
which can be solved exactly, and it is given by
po(A) =[1—=v(N)]/2,  where (37)
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v(N) = VA = DA = A (38)
in which
A= [1+V1+671)/2.

In the above equation (38), the branch points Ay > 1 and A— < 0. Moreover, the branch
points obey A_ + Ay = 1. In this case, one can also compute the prefactor term exactly,
and it is given by

B 2¢/v(N)

14 v(N)

Here, both p(\) and go(A) are analytic functions of A € (A_, A\;) and both of them
obey GC symmetry, i.e. po(A) = uo(l — A) and go(A) = go(1 — A). Hence, the SSFT is
satisfied (see section 5). However, the function p(A) does not satisfy the GC symmetry
in the presence of coupling (6 # 0). Therefore, the steady state fluctuation theorem
would not be satisfied for both partial and apparent entropy productions.

In the following, we show how to compute the integral given in (32) (i.e. for J # 0).
We rewrite this integral using integration by parts

1 /+°° wll!(u, N)a(u) = h(u, \)g'(u)]

= — du ,
a7 | q(u) [q(uw) + hu, N)]

where / represents a derivative with respect to u. In the above integrand, the factors in

the denominator are polynomials in the variable u2. Therefore, the denominator can be
factored in terms of the roots of the polynomials:

q(u) + h(u, \) = H(u2 —u3) and q(u) = H(u2 —wyp).

J k

9o(A) (39)

1(A)

(40)

This gives a set of simple poles in the complex u-plane. Consequently, evaluating the
integral by using the residue theorem, and using q(u;) + h(u;,A) =0 and g(wy) =0,
gives

() = % [Z = wk] , (41)

where {u;} and {w;} are the zeros of the polynomials [¢(u) 4+ h(u, A)] and g(u), respec-
tively, that lies on the upper half of the complex u-plane. Clearly, {u;} are functions
of A\ while {wy;} are independent of A. The computation of p(\) using these residues is
quite cumbersome. Nevertheless, one can compute p(A) numerically provided the range
of A is known within which p()) remains a real function. The range of A depends on
the choice of § and « for given d. In the absence of coupling, the saddle point A\j(s) (see
(C.4)) stays within the branch point singularities of 1o(\), i.e. Af(s) — Ay as the scaled
parameter s — F0o. Therefore, we expect that the saddle point A*(s) (see (27)) hits
either of the branch point singularities of ;1(\) as s — +o00. To obtain these singularities
for 6 > 0, we analyze the argument of the logarithm in the integrand of (32), i.e. the
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terms ¢(u) and g(u) + h(u, A). In all the four cases, we find that the function ¢(u) given
in (35), is always positive for any real u € (—o00,00). We also find that,

h(u, A) = b(u)X — p(u)A?, (42)

where the functions b(u) and p(u) are different for all four cases (see (33) and (34)). In
all cases, p(u) is always positive for any real u € (—oo, 00). The two roots

Ax(u) = L \/62213( ;4}) o )’

of the quadratic polynomial ¢(u) + h(u, \), are always real for any real u € (—o0, 00).
Moreover, A (u) is positive and A_(u) is negative. For a given u, the integrand in (32)
is real only within the range A € (A_(u), A4 (u)). Therefore, p(A) is real only within the

range \ € ()\(_6), )\Sf)), where
A9 = max A_(u) and /\Sf) = min Ay (u).

u

(43)

The equation for the extremum is given by

aAi(u)
ou

=0. (44)

u=ul

Consequently, the solution of the equation

V) e )atu) £ 500)| [ pp ) - i)

£ 2000 | ) ) — Flud)atu)| =0 )

gives v’ . Notice that the above equation is true for all 4. In the weak coupling limit
(0 — 0), we can find v using (45). This gives Ay (u) — )\(f) as u — ul-

In figure 3, we plot Ay(u) given in (43), for different values of # and « against wu.
For 0 < § <1 (dotted, dashed, and dot-dashed lines), we find that A, (u) has either
one minimum located at u = 0 (see figure 3(a)) or two minima located at u = £u? (see
figure 3(b)) (where v} — 0 as 0 — 0) depending on the parameters 6 and «. This is
determined by whether

?A (u)
ou?

?A+ (u)
o >0 or 2

<0. (46)
u=0

In the first case, we get )\Sf) — S\Jr < Ay as 0 = 0, whereas in the latter case Af) conv-
erges to Ay as d — 0. Similarly, we get \¥) _y \ < \_ (see figure 3(c)) or A_ (see
figure 3(d)) depending on whether
O*A_(u) O*A_(u)
<0 —_—
ou?  lu=0 o ou?

Setting A\’ (0) = 0 gives the contour in («, ) space separating different possibilities of

> 0. (47)

u=0

pair of branch point singularities ()\(_5),)\@) of u(A), and these singularities and the
equations of contours are given in table 1. Using these equations (see table 1) in the
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A_(u)

-0.72F

-0.74¢

-0.76
/

-0.78

A_(u)

-0.80F

-0.82F

Figure 3. Different possibilities of the variation of Ay(u) (see (43)) with respect
to u are shown for different values of ¢ and « in which dotted, dashed, and
dot-dashed lines correspond to 0 < § < 1 (coupling is present) whereas solid lines
indicate the 0 = 0 case (coupling is absent). All dotted, dashed, and dot-dashed
lines correspond to (a) A7 (0) > 0, (b) X[ (0) <0, (c) \'(0) <0, and (d) X\’ (0) >0
(see (46) and (47)).

limit & — 0, the phase diagrams can be obtained for different possibilities of II and C

and are shown in figure 4.

In the following, we show how p(A) behaves near the branch point singularities. We
write p(A) = pa(A) + ps(A) near the branch point, where 1, () and p5(A) are the analytic
and the singular part of u(\), respectively. We now analyze the roots of g(u) + h(u, \)
with respect to the variable u, near a branch point. Let us consider the case )\f) — 5\+.
Using (42) and writing :\Jr — A = € near the branch point (where € > 0), we get

A(u) — eB(u) — O(€*) = 0, (48)
where

Alu) = q(u) +b(w)Ay — p(u)AZ,

B(u) = b(u) — 2p(u) .

The left side c~)f (48) is a polynomial in «?. Since the minimum is located at u =0, the
branch point A, satisfies the equation A(0) = 0. Therefore, two of the roots u?, of (48)
are of O(e) for small €, which are given by
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Table 1. Branch point singularities and equations of contours for phase diagrams

in figure 4. Their explicit values are given in appendix B.

Partial entropy production = Apparent entropy production

Ir=1) (II=0)
Uncorrelated Branch point singularities: Branch point singularities:
forces (3\,, /:\+) in region I (A_,\}) in region I

(A_,\}) in region II

(A~ §\+) in region II

(A_, Ay) in region III

(C=0) Equation of contour: Equation of contour:
r1(0,a,6) =0 r9(0,,6) =0
r3(0,a,0) =0
Correlated forces Branch point singularities: Branch point singularities:

(A, /:\+) in region I
(A_,\}) in region II

(A_, Ay) in region I
(A_, ;) in region II

35

(C=1) Equation of contour: Equation of contour:
ry(0,a,6) =0 r5(0,a,0) =0
0.025 . . .
(b) [I1=0, C=0]
0.020}
0.015F I
NS
0.010} r5(8,@,0)=0
0.005}
r1(6,@,0=0 r8,@,0)=0
0.0 : ' - 0.000 : : : ' ' s
0.0 05 1.0 1.5 2.0 0 5 15 20 25 30
a a
0.05
(d
0.04f
0.03} I
D)

0.02}

0.1} II r4(6,a,0)=0 : 0.01}

r5(6,@,0)=0
0.0 . L L L 0.00 L L
0.0 0.2 0.4 0.6 0.8 1.0 0 2 4 6 8

@

74

10

Figure 4. The phase diagrams corresponding to different choices of II (where
IT =1 and II = 0 represent the case for partial and apparent entropy production,
respectively) and C (see (20)) are shown in the limit of weak coupling (i.e. § — 0).
The axis (not shown) that corresponds to ¢ is perpendicular to the plane of the
paper. Black solid contour for given Il and C (see table 1) separates regions of

different branch point singularities in pu(\).
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2 _ 2B(0)

— 2
Uy, = A7(0) e+ O(e”).

On the other hand, differentiating the equation
q(u) + b(u)As (u) = p(u) N2 (u) =0

with respect to u, and using the condition X (0) =0, we get B(0)/A"(0) = —1/NL(0).
Since, A} (0) > 0, we finally get

V2e
NL0) + O(e). (49)

The other roots are of O(1) which, at the leading order, satisfy the reduced equa-
tion u 2A(u) = 0. Similarly, we can find the behavior near A\_. Thus, from (41), we find
the nature of the singularities near a branch point as:

— 1 \/5\+—)\ aS>\—>5\+,

A/ 2" (0)
ps(A) = K = -
—\/ﬁ A—A_ as A — A_.

Note that +)/ (0) diverges as 6 — 0. Therefore, jis()\) goes to zero as § — 0.

In the other two cases where /\f) — A4, the singular behaviors of p(\) near the
singularities in the limit § — 0 are same as that of pg(A). In all cases, away from the
singularities, u(A) — po(A) as & — 0.

In order to invert the moment-generating function Z(\), we need g(\), which is
difficult to obtain (see (A.38)). Since we are interested in the weak coupling limit
(0 < 6 < 1), we can approximate the prefactor g(A) with that of the free particle go(\)
(see appendix C):

g(A) = go(N),

where go(A) is given in (39).

In the region I of figures 4(b) and (d), the branch point singularities of p(\) are Ay
in the limit of coupling tending to zero. We expect that the function p(A) would obey
the GC symmetry and both u(\) and go(A) are analytic functions for A € (A_,;A;) in
the weak coupling limit. Therefore, the steady state fluctuation theorem might hold for
apparent entropy production in those regions (see section 5).

Ui+ = +i

(50)

7. Large deviation function, asymmetry function and fluctuation theorem

The probability density function p(s) can be written as (see (26))
p(s) = P(ASG, = s7/7,) /7, (51)
and its large deviation form is [53]

p(s) ~ e("’/"'«/)f(s). (52)
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In the above equation, I(s) := hs(A*) is the large deviation function and is given for all
cases in appendix C. The continuity properties of I(s) in the limit 6 — 0 are shown in
appendix D. When the probability density function p(s) obeys the fluctuation theorem,
it satisfies

L Ty p(s)
lim —ln
T/Ty—00 T p(-S) (53)
One can define an asymmetry function f(s) as
T p(s
f(s) = iln(—). (54)

T p(=s)
In the large time limit (7 — o0),
f(s) = 1(s) = I(=s). (55)

The asymmetry function f(s) and its continuity properties for all cases in the limit
0 — 0 are discussed in appendix E.

When p(s) obeys the fluctuation theorem, we find that f(s) = s for all s. We plot
the asymmetry functions f(s) (for s> 0) given in (55) against the scaled variable
s = ASt‘i‘)tT7 /T for partial entropy production (in figures 5(a) and (b)) and apparent
entropy production (in figures 5(c)—(e)) for the first choice of external forces (i.e. C'=0).
Similarly, for the second choice of external forces (i.e. C'= 1), we plot the asymmetry
functions f(s) given in (55) against the scaled variable s = ASA 7. /7 for partial entropy
production (in figures 5(f) and (g)) and apparent entropy production (in figures 5(h) and
(1)). These plots are shown for fixed § = 0.1 (magenta dashed line) and § = 0.01 (blue
dotted line). Moreover, in the limit d — 0 (black solid line), the asymmetry functions
f(s) given in appendix E are shown for each case. Therefore, we see that as the coupling
parameter § decreases, the asymmetry function f(s) converges to that of § — 0 case.

Thus, the asymptotic expression for the asymmetry function f(s)in the limit 6 — 0
and for large s (s — 00) are given as (see appendix E)

(10(A_) — o(A4) + (A_ + Ay)s region I of figure 4(a),
o(A_) — pro(Ay) + (A_ 4+ Ay )s region II of figure 4(a),
po(A=) — po(Ay) + (A= + Ap)s region I of figure 4(b),
to(A=) — po(Ay) + (A + Ay)s region II of figure 4(b),

£(s) = < po(A_) — po(Ay) + (A_ 4+ Ay)s region III of figure 4(b), (56)

fio(A_) — pio(As) + (A + A\y)s region I of figure 4(c),
fio(A_) — fio(As) + (A + Ay)s region II of figure 4(c),
po(A=) — po(A4) + (A= + Ay)s region I of figure 4(d),

Lio(A_) — pio(Ay) + (A_ + Ay)s region II of figure 4(d),

where A-s are given in appendix B. Note that the asymmetry function is an odd func-
tion of s, i.e. f(—s) = —f(s). From the above equation and figures 5(c) and (h), it is
clear that the steady state fluctuation theorem (f(s) = s) is satisfied only in the region
I of figures 4(b) and (d) in the weak coupling limit.
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Figure 5. The analytical asymmetry function f(s) given in (55) against the scaled
variable s = AS{,7., /7 for s> 0. Partial entropy production in (a)~(b) (C = 0)
and (f)—(g) (C' = 1), and apparent entropy production in (c)—(e) (C'= 0) and (h)—(i)
(C =1), where s} and s} are given in appendix C. These plots are shown for
coupling parameter § = 0.1 (magenta dashed line) and d = 0.01 (blue dotted line).
The asymmetry function in the limit § — 0 (black solid line) is also shown for
respective cases (see appendix E).

8. Numerical simulation

In figure 6, we show a comparison of theoretical predictions of the probability density
function p(s) (red dashed line) given by (51) and the asymmetry function f(s) (red
dashed lines) given by (54) with the numerical simulations (circles) for time 7/7., = 50
((a) and (b)) and 7/7, =150 ((c) and (d)). The parameters o and 6 are taken from
figure 4(a) (Il=1 and C'=0). For all these figures, we set the coupling parameter
0 = 0.1 and the temperature of the heat bath T'= 1.

In the following, we give quantitative measures to describe how much the theoretical
predictions are closer to the numerical simulation results. In the case of probability
density function, we choose two different measures at time 7/7,: (1) the Kullback—
Leibler divergence:
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Figure 6. A comparison of the analytical probability density function p(s) (red
dashed lines) given by (51) and the asymmetry function f(s) (red dashed line)
given by (54) with the numerical simulations (circles) is shown for time 7/7, = 50
((a) and (b)) and 7/7, = 150 ((c) and (d)). The parameters 6 and « are taken from
figure 4(a) for the case of partial entropy production (Il =1 and C=0). The
coupling parameter § and the temperature of the heat bath are fixed in all of the
above figures and taken to be d = 0.1 and T =1, respectively. This comparison
indicates that as the observation time relative to viscous relaxation time gets
longer, the agreement between theoretical prediction and the numerical simulation
becomes better.

Diw(r/7,) = / as pu(s)n 2202

pe(s)
and (2) the weighted norm:

Dy(r/7) = \//ds Ps(8)[ps(s) = pu(s)]?,

where p4(s) is the probability density function obtained from the numerical simulation
(after smoothing the data using the appropriate width of the binning) and p«(s) is the
analytical prediction of the probability density function. We find that for time 7/7, = 50,
D1, (50) = 0.0874399.... and D,(50) = 0.5484667.... whereas Dgp,(150) = 0.0313721...
and D,(150) = 0.3588365... at time 7/7, = 150. Similarly, we define a measure in the
case of asymmetry function as
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Dy(r/my) = \// ds [fs(s) = fi(9)]%,

where again the subscripts ¢ and s, respectively, refer to the theory and simulation.
We find that D;(50) = 0.000304931... and D¢(150) = 0.000 060 3556.. Therefore, we see
that as the observation time increases, the distance between theoretical predictions and
numerical simulations decreases. Hence, the agreement between these two gets better.

For the first choice of external forces, the comparison of analytical asymmetry
function f(s) (red dashed line) given by (54), with the numerical simulations (circles)
are shown for partial (in figures 7(a) and (b)) and apparent entropy production (in
figures 7(c)—(e)). Similarly, for the second choice of external forces, we compare the
analytical predictions of the asymmetry function f(s) (red dashed lines) given in (54),
with the numerical simulations (circles) for partial (in figures 7(f) and (g)) and apparent
entropy production (in figures 7(h) and (i)). Here, we take 6 = 0.1, T'= 1, and the obser-
vation time 7/7, = 150. These figures indicate that there is nice agreement between
theoretical prediction and numerical simulation.

9. Model 2

In the previous model, we considered a harmonically coupled Brownian particle sys-
tem (i.e. particle A and B) in a heat bath driven away from equilibrium using external
stochastic Gaussian forces. We showed that even in the limit § — 0, one might see
the deviation from the SSFT for partial and apparent entropy production. Here, we
consider a system consisting of two Brownian particles (say particle A and B) of mass
m coupled by a harmonic spring of stiffness k£ in a harmonic trap of stiffness kj. The
whole system is in contact with a thermal bath at constant temperature 7. Notice that
this model system is different from model 1 (see figure 2) because of the presence of
a confining potential. The schematic diagram of this model is shown in figure 8. The
Hamiltonian of this coupled system is given as
Loy 1 5 1 5 1 5 1 2

Hy(xa,x5,04,08) = 5™Mva + 5™MUB + §k0xA + §k‘oxB + §k(a:A —xB)°, (57)
where m is the mass of each particle, and x4(xp) and v4(vp) are the position and
velocity of particle A (particle B), respectively. In the above equation, the subscript
indicates the presence of the harmonic trap. Suppose particle A and B are driven using
stochastic Gaussian forces f4(¢) and fp(t), respectively. The Langevin equations of the
above coupled system are

B4 =va, (58)
ip = vp, (59)
mig = —yva — (k+ ko)za + kxp + fa(t) + na(?), (60)
mip = —yvp + kra — (k+ ko)xs + fp(t) +np(t). (61)
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Figure 7. The comparison of analytical asymmetry functions f(s) (red dashed
line) given in (54) with the numerical simulation results (circles). Partial entropy
production in (a)-(b) (C'= 0) and (f)-(g) (C'= 1) and apparent entropy production
in (c)—~(e) (C'=0) and (h)-() (C=1). We take 6 = 0.1, 7/7, = 150, and T = 1.

The properties of thermal Gaussian noise 7;(t) and external force f(t) are introduced

in section 3.

For this model system, we can define the partial and apparent entropy production

as described in section 4, which can be jointly written as
N (i U
ASE =W — 5L{TIHI—lu + éug’ H U,

where U = (ra,v4)". In the above equation,

1 (7 Ik ["

W = —/ dt fA(t)UA<t) + —/ dt Z‘B<t)UA(t),
T 0 T 0

- = T(Ep — T + (1 - T)(E — ),

where
B Hll 0
Hp 4 = ma ’
i 0 HE,
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Figure 8. A harmonically coupled Brownian particle system (particle A and B) in
a heat bath of a constant temperature 7T is shown. Each particle has mass m. The
coupling strength between particle A and B is § = 2km/+? (dimensionless). The
whole system in confined in a harmonic trap of strength k = mkq/+? (dimensionless).

The external stochastic forces fa(f) and fp(t) are acting on particle A and B,
respectively.

in which subscripts P and A correspond to partial and apparent entropy productions,
respectively.

The matrix element HY for the first choice of external forces is given by

" 32460+ a?0) + 166(1 +0)(0 + k) +20%(2 + 0 + a*0)(1 + k)
HP = Dm )
Av3K(5 + K) (20 + 0% + 4k)
whereas for second choice of external forces

HY — D B{2+0(1+ a)?} +166(140)(0 + k) + 62(2 + 0 + a?0)(1 + k) + 40k0(0 + 2k)
P - m .
4v3k(0 + K) (20 + 0% + 4k)

On the other hand, H% is the same for both choices of external forces

S DI4(1+6)(0 + 2K) + 6*(2 + 0 + a?0)]
P 2my (26 + 62 + 4k)
Matrix elements HY! and H3} are given as

Dm(1+46 D(1+6
HY = w) and H33 = g
Vih my
In the above equations, k = kym/~? is the strength of the harmonic trap.
The entropy production (62) depends on the thermal Gaussian noises 7;(t) and
external stochastic Gaussian forces f(f) quadratically. Therefore, its probability density

function is expected to be non-Gaussian, and is obtained by inverting the moment-
generating function, which is given as

ZK()\) = <e_)‘A‘S{2t> = gﬁ()\) e(T/Tv)HH()‘) + ... (66)
https://doi.org/10.1088/1742-5468 /ab54b6 23
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Complete computation of the moment-generating function Z,(\) in the large time limit
is shown in appendix F. In the above equation, the prefactor g.(\) is obtained as given
in (F.37). The function () in (F.24) has the following form

1 [~ ho(u, A
) == [~ w14 B, @7
where ¢, (u) is
@(u) = [(k —u?)* + u][(0 + # — u?)* + u’]. (68)

The form of h,(u, \) for the first choice of forces, i.e. for uncorrelated forces, is given as
B (u, A) = 40X(1 — NuP[u* + (1 — 2k — §)u® + k% + K + (2 — 11)6%/4]
— AU N0 (I — 1) + AIT? + OTI{ A (1 + oHIT — X — ?}],  (69)
whereas for the second choice of forces, i.e. for fp(t) = afa(t), it is
B (u, A) = 40X(1 — NuP[u* + (1 — 2k — §)u® + k% + k0 + (2 — 11)6%/4]

080N — ){4(k — o) + 8(2 + all)} + AT — o(1 — 1)), (7O

In the case of a single Brownian particle confined in a harmonic trap and driven by
external stochastic Gaussian forces in the non-equilibrium steady state, i, (\) — p2())
is
1 [~ RO (u, \)
0 rK\Y

N=-—— [ duln |14 0N
where h2(u, \) = 40X(1 — M)u? and ¢°(u) = (k — u?)? + v% Computation of the above
integral yields (37): u2(A\) = po(A). One can also obtain the prefactor g°(\) for this case,
which is given by

g = Y

ERZOVS (72)

Notice that both functions p2()\) and ¢°%()\) are independent of the strength of the
harmonic trap «. In (71) and (72), the superscript 0 corresponds to 6 = 0 (coupling is
absent). Both p2(\) and ¢%(\) are analytic functions for A € (A_, A, ). Moreover, they
obey GC symmetry. Therefore, in this case, the total entropy production satisfies the
SSFT.

But in our case, p,(A) does not obey GC symmetry for large coupling d. Thus, one
may not expect the validity of the SSFT for the total entropy production of the partial
system (partial and apparent entropy production) for the large value of the coupling
parameter 9.

The analytical computation of the prefactor g, () is difficult to obtain as it requires
the computation of matrices H;()\), Ha(\), and H3()\) (see (F.25)—(F.27)), which is not
illuminating to us. Since our aim is to understand the fluctuation theorem for the par-
tial system in the weak coupling limit (§ — 0), we approximate g, () by the prefactor
of the moment generating function of a stochastically driven single Brownian particle
in a harmonic trap, i.e. g.(A\) = ¢°()\) (see (72)) [21].
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In the following, we used the method described in section 6 to evaluate the int-
egral for p,(\). First consider the integral of pl(\) for a single Brownian particle in a
harmonic trap given in (71). The arguments in the logarithm in the integrand of u2(\)
are ¢°(u) and [h9(u, A) + ¢°(u)]. While the function ¢°(u) is always positive for all real
values of u, the function [h2(u, \) + ¢%(u)] may have any sign. To understand the sign,
we solve the quadratic equation

B, \) + ¢2(u) = 0

K (WA = Ka(u)A = g2u) = 0, 7
in A where K;(u) = Ky(u) = 40u?. The roots of the above quadratic equation are

- KQ :I: \/K2 + 4K1( ) (U)

A (u) = .

In figures 9(a) and (b), we show the variation of \% (u) (solid lines) against u at fixed
trap strength x = 2. In the complex A-plane, we see that u2(\) is a real function for

A € (Amax, Amin) Where Ay, = min{j\(}r(u)} and Apa = max{\’ (u)}. In this case, the
extrema of functions X‘i (u) occur at u* = £/k (see figure 9). Therefore,

MN(u=+£VE) = e = [1E£V1+60-1]/2. (75)

This implies p2 (M) is a real function within (A_, A, ). Similarly, we can find the domain
within which p.(\) is a real quantity. For 6 # 0 (coupling is present), the argument
of the logarithm in the integrand of (67) are g¢.(u) and [h,(u, \) + ¢(u)] where ¢, (u) is
clearly a positive function for all real values of u. To see the domain, we write the qua-
dratic equation

P (U, A) + g (u) = 0
K3(u)A\? — Ky(u)\ — qo(u) = 0,
in A. The function g,(u) is given in (68), and one can find K3(u) and Ky(u) from (69) and

(70) for both definitions of entropy production and for both choices of external forces.
The roots of the quadratic equation (76) are

A (u) = Ky(u) + \/Kng(‘i‘)‘le( u)q (u) "

(76)

Figures 9(a) and (b) show the variation of A1 (u) (dotted and dashed lines) against u for
0 <0 <1 at fixed trap strength k = 2. We have also compared the given curve with
the 0 = 0 case (solid lines). It is clear from figure 9 that A.(u) converges to A (u) in the
limit of coupling tending to zero. Therefore, one can use perturbation theory to evalu-
ate u* in the limit 6 — 0. For the first choice of forces and both definitions of entropy
production, we see that

+|VE+ 7 +0(8%)], (78)
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Figure 9. Variation of \.(u) against u for 0 < § < 1 (dotted and dashed lines) and
0 = 0 (solid lines) at a trap strength xk = 2.

whereas for the second choice of forces,

:l:{\/ﬁjt A2+ 0(5) PEP,

i[\/EJr 5[1+2a(ejfwﬁ [600) O(ég)] AEP.

u =

(79)

where PEP and AEP stand for partial and apparent entropy production.

For each case, we substitute «* in (77). In the limit § — 0, we get Ax(u*) — A+ where
A+ are given in (75). When A € (A_, \;), ¢°()\) is also an analytic function. Therefore,
one can directly use the saddle-point approximation to compute the probability density

function for AS7, (see section 5) and it has the following large deviation form [53]

p(s) ~ e(T/Tv)K(S)’ (80)
where K(s) = p.(A\*) + A*s in which \* is the saddle point obtained by solving the

equation

O (M)
O s

= —s. (81)

Therefore, the asymmetry function in the large time limit is given by

f(s) = K(s) — K(—s). (82)

9.1. Numerical simulation

In figure 10, we compare the analytical results (dashed lines) of asymmetry function
f(s) using (82) with the numerical simulation results (squares) for partial entropy pro-
duction for the first choice of external forces (a), apparent entropy production for the
first choice of external forces (b), partial entropy production for the second choice of
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Figure 10. The asymmetry functions f(s) (for s > 0) against the scaled variable
s = AS2,7,/7. (a) Partial entropy production for the first choice of external
forces, (b) apparent entropy production for the first choice of external forces,
(c) partial entropy production for the second choice of external forces, and (d)
apparent entropy production for the second choice of external forces. The solid
lines correspond to the case when there is no coupling between particle A and B
(6 =0),i.e. f(s) = s whereas the squares and dashed lines, respectively, correspond
to numerical simulations and analytical predictions. For all the above figures,
we choose K =2.0, § =0.01, T=1, and 7/7, = 20. A discussion on the timescale
above, where the analytical results are expected to match with the numerical
simulations, is given in section 11.

external forces (c), and apparent entropy production for the second choice of external
forces (d). All of these results are obtained for fixed trap strength x = 2.0, coupling
parameter § = 0.01 and the observation time relative to relaxation time 7/7, = 20, and
the temperature of the bath 7= 1. A discussion on the timescale above, where the
analytical results are expected to match with the numerical simulations, is given in
section 11. Figure 10 shows a very good agreement between theoretical predictions and
numerical simulation.

From figures 10(a)—(d), it is clear that the slope of asymmetry function f(s) is unity
in the limit 6 — 0, which indicates that both definitions of total entropy production of
the partial system satisfy the SSFT.
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10. Method of simulation

To obtain the probability density function for ASA,, i.e. p(s) = P(ASA,)7/7,, in the
numerical simulation, we first discretize the Langevin equations given in (4)—(6), up to
an order of time segment A7. Discretization of the total entropy production for particle
A in the coupled system given in (14) is as follows. While the first two terms of (14), i.e.
W in (15), are functional of stochastic trajectories, the third term is the boundary term
that depends on the initial v4(0) and the final variable v4(7) of particle A. Notice that
for both definitions of entropy production, the initial conditions are drawn from the
steady state distribution of the full system (see (A.13)). The functional W given in (15),
which involves integrals that follow the Stratonovich rule of integration, is discretized
as the following

(r/AT)—-1

W= S VETOATR () ~ Why(t)] [oalte + A7) + alt)) r. (89

n=0

where t, = nA7, and f47(t,) is a Gaussian random variable with mean zero and vari-
ance one at each time step t,.

We construct the histogram for ASZ2, for both definitions of entropy production
and also for both choices of external forces using W given in the above equation, and
the boundary terms as given in (14) for R number of realizations. Similarly, we can
obtain the probability density function p(s) = P(ASA,)7 /7, for model 2 in the numer-
ical simulation.

11. Summary

We have considered two model systems: (model 1) a system of two Brownian particles
coupled by a harmonic spring of stiffness k, and (model 2) a harmonically coupled
Brownian particle system in a harmonic confinement of stiffness ky. In both cases, the
system is in contact with a heat bath of constant temperature. Each particle is driven
by an external Gaussian white noise. Here we have considered two different choices
of forces: (1) both forces are uncorrelated with each other, and (2) both of them are
correlated with each other. The strength of the force acting on particle A relative to
strength of the noise from the bath is 6, whereas the ratio of strength of the force
acting on particle B to that on particle A is o®. A dimensionless coupling parameter
§ = 2km/~* is also introduced. For model 2, the strength of the harmonic trap is
expressed as k = kgm/~? (dimensionless). In the presence of external driving, the given
systems reach a non-equilibrium steady state and produce entropy. Evidently, the
total entropy production from the combined system (A + B) satisfies the fluctuation
theorem. The central question we asked in this paper is whether the fluctuation theo-
rem holds for a partial system in the weak coupling limit (6 — 0). Therefore, we have
focused on total entropy production due to one of the particle (partial and apparent
entropy production) in both coupled systems. For model 1, we have plotted phase
diagrams (see figure 4) in (a, ) plane in the limit § — 0, and the SSF'T is satisfied for
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apparent entropy production only in region I of figures 4(b) and (d). In the case of
model 2, both definitions of entropy production satisfy the SSFT in the weak coupling
limit. Numerical simulations are also done to verify the analytical results and they are
in good agreement.

To understand why the trap helps to nullify the effect of weak coupling of the hid-
den DOFs on the observed ones, let us consider the overdamped case from (60) and
(61), where, in the presence of the trap, the relative spacing y = (x4 — xp) evolves
according to the overdamped Langevin equation given as

TGRS [} 0

Ty

Here, n(t) = na(t) — np(t) and f(t) = fa(t) — fp(t) are the thermal Gaussian noise and
external force in the relative frame, respectively.

First consider the case when there is no harmonic confinement (x = 0). In this case
the force due to the coupling becomes important when y ~ O(r,/§). The typical tim-
escale, above which we can see the effect of coupling, is given by the diffusive scale
ty ~y® ~ O(72/8°) as, for y < O(7,/0), the effect of coupling is negligible. Therefore,
when the observation time 7 is much larger than ¢,, we see a finite contribution to the
medium entropy production from the term dy as it becomes comparable to the external
force f4 even in the weak coupling limit (6 — 0) (see (14)).

On the other hand (x # 0 and § < k), the variance of y is proportional to 72 /(d + &)
in the limit 7 > 7, /K. Therefore, in the presence of the harmonic confinement, y typi-
cally scales as y ~ O(7,/+/k) when 7> 7,/k, and the force from the coupling term
dy ~ O(d7,/+/k) is much smaller than the external force f4(¢) for 7> 7, /k. Thus, in
this limit (6 — 0), the contribution to the medium entropy production from the term dy
is vanishingly small. Therefore, the SSFT holds for both definitions of entropy produc-
tion in the presence of a harmonic confinement in the weak coupling limit (i.e. § < k).

The asymmetry function f(s) (see (55)) may have a negative slope [22] but in the
present case, it only has a positive slope. The physical origin of the positive and nega-
tive slopes is not clear to us. It might be dependent on the choice of the system studied.
Therefore, it would be interesting to understand the physical origin of this behavior in
future.

Appendix A. Calculation of the moment generating function: Model 1

In this section, we compute the moment-generating function Z(\) of partial and appar-
ent entropy production for model 1 for both choices of external forces using the method
described in [27]. The model system shown in figure 2 evolves according to under-
damped Langevin (4)—(6). We rewrite these equations in the matrix form as

y=ATV (1), (A.1)

mV = -~V (t) — kAy(t) + F(t) + £(t), (A.2)
where V = (vq,vp)T, A=A, — DT, F = (fa, f5)T, and € = (na,n5)7.
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Finite time Fourier transform and its inverse for a time-dependent quantity Q(t)
are defined as

Qlwn) = - / at Q(t)e ", (A3)
Q)= Y Qwn)e™, (A.4)

with w, = 27n/7.

Using (A.3), we write (A.1) and (A.2) as

o) = ATCw) () + )] — T (3 4 i) A2y + 2mAV]
(A.5)
V(wn) = iwnG(wp) [F(wn) + E(wn)] + G<:jn) [kAAY — iw,mAV], (A.6)

where Ay = y(1) — y(0), AV = V(1) = V(0),® = kAAT and G(w,) = [(i7w, — mw?)I + ®]~!
in which I is the identity matrix. From the above equations, we can obtain ¢(w,) and
0a(wy) as

g(wn) - [GH(wn) - Gl?(wn)”ﬁA<wn) + fA(Wn) - ﬁB(wn) - fB(Wn)] o 4 fU7
(A.7)
Ba(n) = nCs () () + Falen)} + Cralon) (o) + Folen)}] + 227,
where (A.8)
T v+ imwy,
4 = TA G(wn)A, m{G11(wn) — Gr2(wn) }, m{G12(wn) — Gr1(wn)},

a7 = [k{G11(w,) — Gra(wn)}, —imw,Gi1(wy), —imw,Gia(wy)],

and AU = (Ay, AVT)T. In the above equations, the Green’s function matrix ele-
ments are Gy (w,) = (iIyw, — mw? + k)[iw, (v + imw,)(2k — mw? +iyw,)]”'  and
Gha(wn) = kliw, (7 + imw, ) (2k — mw? + iyw, )] ™%

Therefore, the row vector UT (1) = [y(7), VT (7)] is

) = lim E e lW"eUT (wn)

e—0
n=-—00

o0

=t 37 e ), o) (A.9)

Using (A.5) and (A.6), we see that

o T
Z @ wne A2—G [(y + imw,) AAyY + 2mAV],
T

n=—oo

Z e_“""E — kAT Ay — 1wnmAVT] GT,

n=-—oo
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go to zero as 7 — oo. This is because, in the large-7 limit, the summations can be con-
verted into integrals. As all the poles lie in the upper half of the complex w-plane, the
contribution to integrals is zero. Therefore, (A.9) reduces to

UT(r) —lim 3 e ) + €7 ) JGTA e T () + €7 (0,))67)
= lim > e (1= C)gy (ia+ fa) + a4 (s + 5)} + Call + sl + fal})],

(A.10)
where
qgf = l? = (Gu — Gha,iw, G, iwnG12)7
QZ = lg = (Glz — G11,iw, G2, iwnGll)u
lgT =[(1 — a)(G11 — G12),iw,(G11 + aG12), iw, (G2 + aG11)],

and the parameter C' is given in (20). For convenience, we define G;; = [G(wy)]ij,
G:j = [G(=wn)lijy fi = filwn), f7 = fi(=wn), i = fi(wn), and 77 = f;(—wy).

From (A.10), we see that U depends linearly on the thermal Gaussian noises and
external stochastic Gaussian forces. Therefore, the mean and correlation are sufficient
to obtain the probability density function of it. Computing the average over thermal
Gaussian noises and external stochastic Gaussian forces yields

(U(r)) =0, (A.11)

WU @) =2 [~ dw [(1- O+ Oasd) + (1 + @®0)aual} + Cl] + Lt + 011,
- (A.12)
where { denotes the transpose of the matrix and complex conjugation operation x*
(i.e. w, = —wy).
Thus, the steady state distribution of the coupled system is
e—3UTM™IU

Pu(U) = ————, where M;; = (U(T)UT(7))y. (A.13)

V/(@2m)3det M’

The functional W, given in (15), can be written as

W =W, — Wa, where (A.14)
1 T
Wy = T/ dt fa(t)va(t), (A.15)
0
Ik [
Wy = ?/ dt y(t)va(t). (A.16)
0
Using (A.4), we write W as
Wi= gz O [Falwn)ia(—wn) + fa(—wn)ia(wn)] (A1D)
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Substituting 04 (w,) from (A.8) in the above equation yields

Wy = % Z {iwn{Glle(ﬁA + fa) + Gafa(iip + fz) — Gy fa(ii + )

n=—oo

— Giofalily + [} +

T

-
Similarly, using (A.4), we write W5 as

Ik
W2 - T

e e

o7 [9(wn)Va(—wn) + G(—wn)Va(wn)]- (A.19)
Substituting §(w,) and 04(w,) from (A.7) and (A.8), respectively, in the above equa-
tion, we get

I1ET > . ~ 3 ~ r * * ~ Pk ~ % Fx
Wa =—— {lwn[{Gn(m + fa) + Gralils + f8)}(G1y — GL) (T4 + f4 — i1 — [5)
—{G51 (7 + f3) + Gy + f5)1(G11 — Gu2) (i + fa — iis — fB)]
q;AU ~ rs ~ ~ lwn T - ~ _ ~
+ (G11 — G12)(Ma+ fa—17B — fB) — TthU[Gn(ﬁA + fa) + Gi2(B + fB)]
iwn % [ ~% £k * [ ~% £k AUTq * * ~x ok ~ % ok
+ TAUTQI[GH(UA + f1) + Gla(fip + fB)] + —2(G11 —GL) A+ fa— 1 — )
AU (qug} + quI)AU} (A.20)
T2 '

The restricted moment-generating function Zy (A, U, 7|Up) for W is

Zw<>\, U, T|U0) == <e_)\W5[U - U(T)]>UO

d30_ icTU / _E(r
:/We CREy (A.21)

where the angular brackets represent the average over the set of all trajectories for fixed
initial Uy and the final variable U. In the above equation, we have used the integral
representation of the Dirac delta function and E(7) = —AW — ic?U(7). Substituting W
and U(7) from (A.15) and (A.10), respectively, in E(7) yields

[ A Mk
E — AT - * T . T pF+ 777 " 2
(7) ;{ =GO + Gron + 0L, G — Sl
AT NIk
- ﬁCoTCoCO + (o ag — ﬁqé, (A.22)

where C,, = C! — TILCY and |¢,|> = AUT (q1q} + ¢2¢])AU.
When the correlation parameter C'= 0, the matrices C} and CI! are
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0 0 iw, G11 0
) 0 0 iw, G1a 0
Cn = —iw, G, —iwn Gy iwy[Ghy — GFy] —iw, Gy |
0 0 iw, G1a 0
Cll 012 C(13 014
ol — 12 Cxn Oy Cy

Clz Cs3 Csz O
i1 Coy Gy Cu
The matrix elements of C1 are given as
C11 = iw,[G],G12 — G11GT,,
Cha = iwy[|G12* — |G|,
Cn = Ch3 = Cs3 = —Coy,

Crz2 = C1y = Csy,
Cfg = C’237
Cyy = Coy = Cuy.
The column vector «,, is
aj, AU g3 0
o — _i ay AU _ jeiwe qio
" T | oAU @aol’
ap AU qio
in which
al; = Hk[iw,G11q) — (G11 — G12)qd),

and the row vector containing thermal Gaussian noises and external Gaussian stochas-
tic forces in the frequency domain is (T = (7,75, fa, [ )-
When the correlation parameter C'= 1, the matrices C! and C! are

0 0 iw, G
o 0 0 iw, G2
n —1wnt1 *lwnGTQ 1wn[{G11 - GT1}+ '
a{G12 - GTQ}]
Cn Ciy Cis
C,}LI = Cikg 022 023 )
Cls C33 Css

where the matrix elements of CI! are
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Ci1 = iwy[G],G12 — G11GYy),

Cip = iwnHGlQ|2 - |G11|2],

Ci3 = 1wn[G12(GYy + aGYy) — G (G, + aGYy)],
Cop = —iw, [G,Gr2 — G11GYy),

Cog = 1w, |G| = |Gal* + (GG, — GraGYy)),
Ca3 = iw, (1 — a?)[G},G12 — GGyl

The column vector «,, is

\ L AU To
an =—7 VAU | —ie @ | To |, in which
bl AU To

bfl = Hk[iwnGan - (Gn - G12)qg],
551 = Hk[iwnquI - (G12 - Gu)qi],
bay = Ik[iw, (G11 + aGr2)g] — (1 — ) (G — Gra)gd] + al,

and the row vector containing thermal Gaussian noises and external Gaussian stochas-

tic force in the frequency domain is ¢! = (7, 7ig, f A)
Therefore, we get

<eE(T)>UO = <eXp [—ECOTOOCO + <0Ta0 ;\Tk } >

I
x H <exp [——CTC G Grom +al, G — Manlz} > (A.23)

Here, the angular brackets show the average for each n > 1 term according to the dis-
trlbutlon given by

exp[—¢h ATI¢]

s Py for C =0,

P(Cn) = (A.24)
exp[—¢E AT ] f =1
3 det A ) or -

whereas for n = 0 term, the average is taken with respect to the distribution

exp[—3¢T A1) _
/@m)idetA for ¢=0
P(Go) = (A.25)
el 5 A o) for C=1.

\/(2m)3detA ]

The diagonal matrix A given above is

Ao (2D /1) diag(1,1,6,0%0)  for C =0,
| (2D/7) diag(1,1,6) for C=1.

After computing the averages, we get
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Table Al. The vectors p, aT, ¢, and ay for both choices of external forces.

Vectors =0 c=1
pT ((J;, QZ> Q§7 QZ) (li(a l;» l;)
a{ —A/T(C11,012,013,Cl4) _)\/T(dllvd127d13)
¢ q i
a I3
a0 Iy
ar
a2 aa bfl
DY az, _% h
| al} b1
a4Tl
S ) (A.26)

where Q,, = (A™' + A C,,/T).
In the large time limit (7/7, = 00), we convert the summation into an integral,
which gives

<eE(T)>UO ~ e(fr/r»y)u()\)e—%UTH1U+1AUTH20+%AUTH3AU’ (A.27)
where
7_ oo
() = —ﬁ dw In[det (AQ)], (A.28)
T > T —1
leﬁ/_oodw’) Q" 0, (A.29)
Hy = —— h dw e “aTQ ¢ A.30
2 27 e 1 ) ( . )
T [ MIk
Hs = %/_ dw {al Q lag — T (Q1CI2 + QQ%) . (A.31)
The vectors pT, al, ¢, and ay are given in table Al, where
C11 = Hk[MGn‘h + (G 12)(]2]
crp = —k[iwGTq + (G 11)a2],
ci3 = —k[iwGT 1 + (G 12)02) + @2,
cy = —k[iwGiyq + (G 1)),
di = —1lk[iwGT g1 + (G 12)42),
di = —k[iwGToq1 + (Gm - >1k1)‘J2]7

diz = —Ilk[iw(GT; + aGTy)q + (G — Go)(1 — a)ga] + go.
Therefore, we write the restricted moment-generating function for W using (A.21) as
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3
Zw (N, U, 7|Up) ~ eT/mIrN) gz AUTHs AU / (‘; 33 0TV 30T Hio joTHI AU
T
A.32
The integration over o yields (A.32)
(r/m)u(N) oz AUT Hs AU B
Zw (N U, T|Up) =~ © e2 o3 (UT+AUT Ho)H{ (U+HS AU) (A.33)

/(2m)3 det Hy(\)

Factorizing the above equation in terms of the initial Uy and the final variable U (see (21))
gives the condition (Hs — HoH,'HI — H{'HI)+ (Hs — HyH, 'HT — H,H; YT =0,
therefore

o7/ o= 3UTL1(NU o= SUT Lo (M) Uo

/(2m)® det Hy ()

ZW()‘7 U7T|U0) ~ ; (A34)

where
Ly(\) = H{' + H['Hy
Ly(\) = —H;'HY.

From the above equation, one can find the steady state distribution for the coupled
system by substituting A = 0 and taking the limit 7 — oo:

_ exp[-3UTH (0)U]

Zw(0,U, 7 — oo|Uy) = Ps(U) = : _
w( |Uo) U) NETETAC) (A.35)
Moreover, one can see from (A.12) that (U(7)UT (7)) = H,(0).
Using (17), the restricted moment-generating function for AS4, is given as
o(T/m)uN) o= 3UTLi(NU o= 5Uf L2 (\)Uo
Z()‘, U7 T’UO) = ) (A36)

V/(2m)3 det Hy(N)
where the matrices L;(\) and Ly(\) modify to

L1\ = L)) — AS [T = i},

T H
La(\) = Ly(\) + A {% - %1

The moment-generating function Z(\) is obtained by integrating Z (A, U, 7|Uy) over the
initial variable U, with respect to the steady state distribution Py(Up) and the final
variable U,

Z0\) = / U / AUy Pu(Us) Z(ON U, 7|Us)

(A.37)
— g(/\) e(T/Tv)H()\) 4+ ... ,
where the prefactor g(\) is
. N ~1/2
g(\) = |det[H(\) Hy(0)La(V)] et [H(0) + L2 (V)] | (A.38)
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Appendix B. Equations of contours and branch point singularities
In this section, we discuss the equation of contours for figure 4 which separates the
regions of different branch point singularities in p(\).
For parameters Il =1, C =0, and 0 < § < 1, we see that A’/ (0) > 0 and the sign of

A" (0) is determined by a function (6, a, ). Therefore, the equation of the contour in
this case is given by

r1(0,a,0) =0, where (B.1)

(0, a,8) = =1 —0(a® — 3)(2+ 0 + 0a®) + 0[1 + 6(1 + o?).

We plot the phase diagram in (o, #) plane using (B.1) in the weak coupling limit (§ — 0)
as shown in figure 4(a). In this case, the pair of branch point singularities in the limit
d — 0are (A_,Ay) and (A_, A\y) in regions I and II, respectively, of figure 4(a) where

A=1, (B.2)

A= (146467 (B.3)

For parameters II =0, C'=0, and 0 < ¢ < 1, the sign of X’/ (0) and \”(0) is determined
by functions r5(0, «r, §) and 73(6, «, §), respectively. Therefore, the equations of contours
in this case are given by

(6, o, 0) = 0, (B.4)

7”3(0,0(75) = 07 (B5)

where

r9(0, 0, 0) = —4 + 0% + 40%0[0 + \/O(2 + 0 + 0a2)] — 6(2 + 0a?)?,
r3(0, a,8) = 4 — a*0? — 402010 — \/O(2 + 0 + 0a?)] + 6(2 + o).

Using (B.4) and (B.5), we plot the phase diagram in («, 6) plane as shown in figure 4(b)
in the limit 6 — 0. In this case, the pair of branch point singularities in the limit § — 0
are (A_,A\;), (A_,A4), and (A_, A\}) in regions I, IT and III, respectively, of figure 4(b)
where

5. 0 ++/0(2+ 0+ 0a2)
s 20 + 6%a?
For parameters I =1, C=1, and 0 < < 1, we see that A/ (0) >0 and the sign of

A" (0) is determined by a function r4(¢, a, ). Therefore, the equation of the contour in
this case is given by

(B.6)

T4(07 «a, 5) = 07 where (B7)

r4(0,0,0) = =1 = 0(a — 1)(3+ a)[2 + (1 + @)*0] + 20[1 — 6(1 — a*){2 + (1 + )?}]
— &1+ 0(1+ )™
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We use (B.7) to plot the phase diagram in («, #) plane in the limit 6 — 0 as shown in
figure 4(c). In this case, the pair of branch point singularities in the limit 6 — 0 are
(A, Ay) and (A_, A}) in regions I and II, respectively, of figure 4(c) where

Ay =1, (B.8)

A =—[1+601+a)y L. (B.9)

Finally, for parameters II =0, C=1, and 0 < ¢ < 1, we see that X" (0) < 0 and the sign
of \”(0) is determined by a function 75(0, o, 0). Therefore, the equation of the contour
in this case is given by

r5(0, a,0) =0, where (B.10)

r5(0,a,6) = 1+ 2a0(1 + a) — 20/0[2 + 0(1 + a)?] — 62

In the limit § — 0, the phase diagram in («a, #) plane is shown using (B.10) in figure 4(d),
and the pair of branch point singularities in the limit § — 0 are (A_, A, ) and (A_, \})
in regions I and II, respectively, of figure 4(d) where

- 0(1+a)— /02 +0(1+ )?]

A= 50 . (B.11)
In all above cases, Ay are given by (38).
Appendix C. The large deviation function
The large deviation function (LDF) is defined by

I(s) = lim In P(ASA, = s7/7,). (C.1)

(1/7y)—00 (T/T,Y)
Therefore, from (26) we get
I(s) := hs(X*) = p(X*) + A"s. (C.2)

First, consider the case when particle A is isolated from particle B (0 = 0) (see sec-
tion 6). In this case, po(A) is analytic only within a finite region bounded by a pair of
branch point singularities at Ay. Here A- < 0 and Ay > 1 with Ay + A_ = 1, where A+
are given in (38). In this case, go(A) is also analytic within this region A € (A_, A}).

The solution of the equation

Ho(Ag) = —s, (C.3)
gives the saddle point

. 1 S 1

It follows that
ey [A+0(1/s%) ass— +oo,
Aols) = {)\+ - 0(1/s%) as s — —o0. (C.5)
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Therefore, as s decreases from oo to —oo, the saddle point A\j(s) moves from A_ to Ay
on the real A line.
Thus, the LDF Iy(s) is given by

Io(s) = no(Ao(5)) + Ao(s)s

S po(A2) FAs +0O(1/s) as s — 400, (C.6)
 ro(Ay) +As—O(1/s) as s — —oo.

In the presence of a non-zero coupling (0 > 0), u(\) has branch points at )\f). In this
case, the LDF I(s) is related to u(\) by

I(s) = p(\*) + X's  with g/ (\*) = —s,

where we have assumed that g()\) is analytic in the region \ € ()\(_6), )\Sf)). In case g(\)

has a singularity within this range, we can change the above LDF. However, we are
interested in the 6 — 0 limit and in this limit we can write g(A) = go(\) + 6°g1(A), with
¢ > 0, where the function g;(A) may have singularities. It is clear that the singularities
of g1(X\) are not going to contribute to the PDF in the 6 — 0 limit [21].

Now, we see from section 6 in the limit 6 — 0, )\(f) — 5\+ (see figure 3(a)) or Ai
(see figure 3(b)) and A\ _y N (see figure 3(c)) or A_ (see figure 3(d)). In general,
we can write the p(\) around these singularities. Consider a case when )@ _, §
and )\f) — Ay, near A_, we can write u(\) = pa(N) + ps(\) where p,(\) and pg(\) are,
respectively, the analytic and singular part of p(A). Evidently, p.(A\) — uo(A) as § — 0.
On the other hand, for the singular part near A_, for small 6, ps(N) o< =0y / A — .
(see (50)). Note that, for § — 0, if \(9) _y \_ instead of A_, then it is necessary that
A_ < A_ <0. In the limit 6 — 0, when s increases from —co to oo, the saddle point
A*(s) moves from Ay to A_ on the real A line. For [\*(s) — A_] > ¢ the saddle point
is dominated by the equation u,(A\*) = —s, which in the limit § — 0 reduces to (C.3).
Therefore, the LDF is the same [y(s) that has been obtained for the uncoupled case.
On the other hand, for [\*(s) — A_] < 2, the saddle point is dominated by the singular
part of the saddle point equation, which results in A*(s) = A_ + O(6?/s?). This gives
I(s) = pra[A- + O(62/s*)] + A_s + O(6%/s). Thus, in the limit § — 0, we get

{Io(s) for s < s7,

[ pu— ~ ~
(s) po(A_) +A_s for s > s7,

(C.7)
where s] is given by

Ao(s1) = A (C.8)

with Aj(s) is the saddle point given in (C.4) for the uncoupled case (6 = 0).
A similar calculation can be done for the case when \©) _y y and )\f) — A4, in the
limit 6 — 0

I(s) = {,UO(S\—I—) + Aps for s < s, C.9)

Iy(s) for s > s3,

where s3 is given by
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Aa(s3) = Ao, (C.10)
with A§(s) the solution of (C.3).

Since A%(s) is a monotonically decreasing function of s and A > A_, we have s} < s?,
and for the case when »@® _, § and )\(f) — A, , in the limit 6 — 0

M0<5\+) -+ 5\+S for s < S;,
I(s) = < Io(s) for s5 <'s < s7, (C.11)
fo(A_) + A_s for s > st

Finally, when \(® _,  and AY) — A, in the limit § — 0, we get

I(s) = Iy(s) for all s. (C.12)

Appendix D. Second-order discontinuity of the large deviation function

Consider a case where the LDF given by (C.7) has the following form

I(s) po(Ag) + Ass  for s < s7,
S) = ~ ~
po(A_) + A_s for s > s7,

where Aj(s) is the solution of (C.3) and s is given by (C.8). Evidently, I(sj_) = I(s],),
where s, = lim.,o(s} £ €)- .

Taking a derivative with respective to s, for s > s} we have I’(s) = A_. On the other
hand, for s < s} we get
dA§
ds

Note that the prime / represents the derivative with respect to s (\j) on the left-
(right-) hand side of above equation. Now using equations (C.3) and (C.8), we have
I'(s;) = I'(si,).

For the second derivatives, for s > s we have I”(s) = 0. On the other hand, for
s < s8], we get

I'(s) = Aj(s) + —— [o(A5) + ]

dA§ 1
Vi — 0 _ _ )
R PO
Therefore, I"(s1_) = —1/uf(A\_) whereas I"(sy;) = O—the second derivative is discon-

tinuous across s = sj.
Similarly, one can show that the LDF has second-order discontinuities across sj and
s3 for the other cases also.

Appendix E. The asymmetry function and its discontinuity

In this section, we analyze the asymmetry function, which is defined as follows

fs) = 1(s) = I(=s), (E.1)
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in the limit § — 0. We analyze below f(s) only for s > 0, as for s < 0 it can be obtained
from the relation f(—s) = —f(s).

When \® _, y and A — A, in the limit § — 0, evidently f(s)=s for all s.
Now, for the situation when \® _, 3 and A — A, in the limit § — 0, we analyze the

asymmetry function using the expression of the LDF given by (C.7). Here, for brevity,
we denote

L(s) = po(A_) + A_s.

From (C.4), Aj(s) + Aj(—s) = 1, and \5(0) = 1/2. Since Aj(s) is a monotonically decreas-
ing function of s, we have \j > 1/2 for s <0 and Aj < 1/2 for s > 0. Therefore, s} is
always positive as A_ < 0. Now, for s} > 0, we get

In(s) — Io(—s) =s for 0 < s < s,

f(s) = {Il(s) — Ip(—s) for s > s7.

Since the LDF has a second-order discontinuity at sj, it is evident that f(s) also has a
second-order discontinuity at si. The asymptotic expression of f(s), as s = 00, is given
by

F(s) = [mo(h2) = oA + A+ Als + ...
When @ _y y and )\f) — A4 in the limit 6 — 0, we again, for brevity, denote
Ly(s) = [u(Ay) + Ays]

in (C.9). Since A, >0, we get s5 < 0 for Ay >1/2 and s3>0 for 0 < Ay < 1/2. Now
when s3 < 0 we get

_ [Io(s) = Io(—s) =s for 0 <5< —s3,
f(s) = {IO(S) — Ir(—s) for s > —s3.

On the other hand, when s; > 0, we get

£(s) = I(s) — L(—s) =2 s for 0 < s < s,
— Uo(s) — I(—s) for s > s3.

Again, from the second-order discontinuity of the LDF, it is evident that f(s) also
exhibits a second-order discontinuity at |sj|. The asymptotic expression of f(s), as
5§ — 00, is given by

F(5) = [no(A-) = o)) + Dy + A s+ ...
When )\® _y §_ and )\Sf) — A, in the limit 6 — 0, for the case s > 0, we get

L(s) — L(—s) =2\,s for 0 <s < s,
f(s) =< Io(s) — Iy(—s) for s3 < s < 57,
Ii(s) — Is(—s) for s > s7.
On the other hand, for sj < 0, there may be two cases: (1) —s5 < s} and (2) —s5 > s7.
In the first case, we have
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In(s) — Ip(—s) =s for 0 < s < —s3,
f(s) =< Ip(s) (—s) for —s5 < s < s7,
L(s) (—s) for s > s7,
whereas for the second case, we get
Iy(s) — In(—s) =s for 0 < s < s,
f(s) =< I1i(s) — In(—s) for s7 < s < —s3,
I(s) — I (—s) for s > —s3.

S—[Q
S—[g

From, the second-order discontinuities of the LDF at the points s} and s, it is evident
that f(s) also exhibits second-order discontinuity at the points s} and |s}|. Moreover, in
all cases, for s > max(s}, |s3|), we have

F(5) = [po(A) = (X)) + [Ny + A ]s.

Appendix F. Calculation of moment generating function: Model 2

In this section, we use the method developed in [27] and recently used in [34, 35, 44, 45]
to compute the moment-generating function for partial and apparent entropy produc-
tion for model 2. The Langevin (58)—(61) for the coupled system shown in figure 8, can
be written in the matrix form as

X =V, (F.1)

mV = =V (t) — X (t) 4+ £(t) + F(1), (F.2)

where X (t) = (za(t),zp(t))”, V() = (valt),vs®)T,  &@1) = (alt),ns(t)7,
F(t) = (fat), fz(t))*, and the matrix ® is given by

- (ko+k —Fk
(D_(—k k:0+k:)'

Using the finite time Fourier transform defined in appendix A, one can write (F.1) and
(F.2) in frequency domain as

X(wp) = G[F(wn) + E(wn)] — g[(imwn +7)AX + mAV], (F.3)

V(wy) = iwnG[F(wn) + E(wy)] + g[@AX — imw, AV, (F.4)
T
where AX = X(7) — X(0), AV = V(1) — V(0), and G(w,) = [(—mw?2 + iyw,)] + ®]Lis
the Green’s function symmetric matrix in which I is the identity matrix.
We calculate UT (1) = [XT (1), VT(7)] as

[o o]

UT (1) = lim Z g lwne [XT(wn),f/T(wn)]. (F.5)

n=—oo
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Using (F.3) and (F.4) in the above equation, we see that the following terms

1 [~ ; -
lim — / dw e “[(imw + V) AXT + mAVT]GT — 0
e—0 27 oo

1 [> : _ _
lim — / dw e [AXTOT — imwAVT|GT — 0.
e—0 2 oo

This is because, in the large time limit (7 — 00), we can convert the summation into
integration over w, and the contour of integration (clockwise) is a semicircle in the
lower half of the complex w-plane with the center at the origin and all the poles in the
upper half of complex w-plane. Therefore, U” (1) becomes

o0

UT (1) = lim Z e [(1— O){(fa + f0)O7 + (s + f5) O} 6

+ C(7aRT + 7R3 + faRE)],
where
T = RT = (G11, G2, iw,G11, 1w, G12),
T =R = (G2, G11,iw,Gra, 1w, G11),
RY = [G11 + aGha, Gz + aGhy, iw, (G + aG1y),
iw, (G2 + aG1y)),

and Gj; = [G(wy)]i;- From (F.6), one can easily find the mean and correlation of (1),
and these are
{U(r)) =0, (F.7)
T oo
UEOUT ) =T [ ol =01 +6)Q10] + (1 +60%)0:0}} + C{RIR]
_oo F.8
+ RaRY + OR3RL}]. (F.8)

Since U is linear in thermal Gaussian noises and external stochastic Gaussian forces, the
steady state distribution can be written using the mean and correlation given above:

e—zU MU

V(2m) det M’ (F-9)

P(U, T — oolUy) = PM™MU) =

where M;; = (U(T)UT (7))
Using (F.3) and (F.4), we write Zp(w,) and 04(w,) as

_ L -1

Tp(wn) = Gra(fa+ fa) + Gu(is + fB) — ;Q?AU, (F.10)
_ S . 1

Ua(wn) = w[G11(a + fa) + Gr2(iiB + fB)] + ;QZAU, (F.11)

where
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Q?’: :[(7 + iwnm)éu, (7 + iwnm)én, mél% méll],
QZ]; :([Gé]llv [Gé] 12, _iwnméll, _iwanIQ) .

From (63), W can be written as a sum of W; and W,:

W =W, + W, where (F.12)
1 T

W, = T/ di fa(t)va(t), (F.13)

0

Ik [

Wy = T/ dt zp(t)va(t). (F.14)

0
Using the finite time Fourier transform, we write W, as

T = oz . = .

W= o S [Falwn)ba(-on) + Fa(-wn)ialen)] (F.15)

Substituting v4(w,) from (F.11) in the above equation, we get

Wy = % {iwn{Gn(ﬁA + fA)JZZ + Gl + fB)f:‘
Ak [~ P\ £ Yk [k A3 —~ QTAU
— GL (M + fa)fa — Gio(ip + [) fat + 1 ;
£ T
N JAAU™ Q4 , (F.16)
T
where G}; = [G(—wn)];-
Similarly, we can write W, as
kT <= . - - -
Wo= o D [Ea(wn)ia(—wn) + Fa(—wa)awn)]. (F.17)

Substituting Z(w,) and 04 (w,) from (F.10) and (F.11), respectively, in the above equa-
tion, we get

W =T 3 [l G+ £2) + Guali + S Giai + F) + Gy + )]~ (Guatia + o
+ Gulis + TG + 1) + Gl + 30} + 2 [Gralia+ ) + Gl + Fo)
A+ Fo) + G + ) + 2006 5+ )+ Gl + )
- BB+ )+ Cralt + )] - S DQE QA (F.18)

The restricted moment generating function for W is given as
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ng(/\,u, 7-|Z/[0) = <e—)\W5[u - u<7)]>uo

4 —
_ / ((2171—0)-4 eiz‘rTZ/I <e£(7—)> (F.19)

where we have use the integral representation of the Dirac delta function. In the above
equation, £(1) = =AW — igTU(7). Using (F.6) and (F.12), we write £(7) as

o0

AITE A ATk
_Ejk_ﬂtg+€ﬂﬁﬂTC+——@# ﬁﬁa®+£%+ﬁ;%wE%)

where C, = C! 4+ IIkCY and |Q,|* = AUT(Q3Q} + Q, Q) AUL.
For wuncorrelated forces ((fa(t) fz(t')) =0 for all t ), the row vector
Cg; = (ﬁAaﬁB?fAv fB)7 the matrix C7I7, is

0 0 iw, G 0

I 0 0 iw,G1o 0
Cu = —iw, Gl —iwn Gy iwn|Gr — Gt —iw,G3, |

0 0 iw,, G1o 0

and the matrix CI is
Cii Ci2 Ci3 Cuy
on_ |Gz Gz Cos Co
" Cis Ci3 Css Cas
Cly G C3y Cu
whose matrix elements are
Ci1 = — Cap = C33 = —Cus = C13 = 1w, [G11 G}, — G12GT],
Cio =C1y = C34 = —Co3 = iwn[|éll|2 - |C?12|2],
Coy = — Cu1,
C; =Ci;(—wn).

The column vector f3, is given by

al, AU ofs
A CL21AZ/{ . 1 Qgﬁ . .
_ o iewn hich
B T | al Au ie oTs | in whic
al, AU ols

a11 = —Hk(lanTGn - Q4G12)
agl = @{1 = _Hk(lan3G12 - Q4G11),
a31 = —Hl{?(lanTGH — Zélg) + QZ.

For the second choice of external forces (i.e. fp(t) = afa(t)), the row vector
CT = (7ia, i, f4), the matrix C! is
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0 0 iwnén
0 0 iw, G2
—iwnéﬁ —iwné’{z iwn[(éu - GT1>+ ’
Oé(ém - GE)]

cl =

n

and the matrix CI is
Cin Cin Ci3
Cl=|Cry Cy Cos
Cis C33 Css
whose matrix elements are
Cii=—Cyp= iwn[éuéig - @{1@12]7
Cio :iwn[|é11|2 - |G12|2]7
Ci3 = — Ca3 = C11 + alya,
Cs3 =(1 — &®)Cuy,
C =C,j(—wn).

The column vector (3, in this case is given by

\ ch AU RTc
Bn = —7 el AU | —ie ™ | RIG |, in which
el AU Rla

Cll = — Hk(lan3G11 - Q4G12)
621 = — Hk‘(lwnggGm - Q4G11>
ey = — k[iw, Q5 (G + aGra) — Q1(Gia + aG)] + Q.

Therefore, we get

A MIk
(€ = <€XP {— éCOTCoCO T80+ —— T Q } >

= AT 15 T T )‘ k 2
xﬂl<exp[ TG G+ I+ LG T IQ ) o
In the above equation, the angular brackets represent the average over the joint
Gaussian distribution of thermal and external noises (,. For terms n > 1, the average
is done independently on each term using the distribution (A.24). Slmllarly, for n =0,
the average is computed with respect to the distribution (A.25).

Computation of averages yields

(€D, = elT/mIrn(N) o TR (1,05 Bt A Q) (F.22)

where Q,, = (A~ + A7C,/T). In the large time limit (7/7, — 00), we convert the sum-
mation into integration. Therefore, we get
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(€)Y e T/ in (N o= 50T Hao+iAUT Hao+ 3 AUT HaAU. (F.23)
where
T, [ =

He(N) = = N dw In [det (AQ)], (F.24)
H =~ dw T,

=5 p (F.25)
T 7 T * —1we
Hy = —o- - dw e a; 1o, (F.26)
_ T o0
.- / dw [alsz '+ S (0,00 + 0.0))| (F.27)

The vectors pT, a’, ¢, and @, are given in table F1, where

by = Hk[iwG, Qs + G7,Q4],
bia = lk[iwG;5 Qs + G, Q4] = by,
bz = [k[iwG;, Qs + G32Q4) + Qu,
dyy = Mk[iwG3, Qs + G7, Q4]
dia = 1k[iwG, Qs + G, Q4]
diz = Tk[iw (G, + aGly) Qs + (G, + oG} ) Qu] + Q.

The restricted moment-generating function for W can be written as

4]

ZSV()‘? u7 T‘Uo) ~ e(T/T"’)”"“()‘)e%AUTﬂgAL{

/ ((;4?4 oo U e—%ﬁTﬁla eloTHI AU (F.28)
T
Computing the integration over &, we get
ez AU s tU A UT+AUT H. U+HT AU
ng()\ Z/{ T‘Z/{O) ~ e(T/Tw),U«n( ) 77( + 2) ( + ) (F29)

~/Cntdet 4 (V)
We factorize the above equation in terms of the initial and the final variable (see appen-
dix A), which implies (Hs — HyHy'HY — H{'HY) + (Hs — HyHy 'HY — HoHY)T = 0.
Therefore, we get

e(T/T’Y)NK( )e QUTLl(A)u _1uTL2(>\)U()

Z5 (WU, 7o) ~
wl th) @n)tdet H,(N)

, (F.30)

where
Li(\) = H{' + H{ 'Hy,
Ly(\) = —H, 'Hj .
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Table F1. The vectors p’, @, ¢, and a, are shown.

Vectors C=0 =1
pr (91,95, 91, 93) (R1,R3,R3)
aj — MN/T(b11, b1, br3, b1a) — N/T(dyy, d12,dy3)
¢ o Ri
of Ry
or RE
o7
a2 EL1T1 5{1
A ag, *% T3
| a3, )
a5

In the case of partial entropy production and for both choices of external forces, the
steady state distribution Pi(Uf) can be obtained by integrating PM(Z/) given in (F.9),
over zp and vg. Therefore, we get

~ ex ——LITH g

7y = <ol |

Pu(U) =
(27)2 det Hp (-31)

Slmllarly, in the case of apparent entropy production, the steady state distribution
P, (Z/{) can be obtained from (58) and (60) at £ = 0 and given by
- ex ——UT]HI U
) — pl A ]

Py(U) =
(27)2 det H, F-32)

In (F.31) and (F.32), U = (z4,v4)7, and the matrices Hp and H, are given in (65).
The system entropy production of particle A in the coupled system is given by

I
ASZ = E[UTH;IU — UTH ' Uy

sys
1

—1I
+ T[UTH;L{ — UTH ' Uy), (F.33)

where
Hy' = diag(1/HY,0,1/H%,0),
H,' = diag(1/H},0,1/H%, 0),
UT = (za,25,04,08).

Total entropy production of particle A in the coupled system given in (62) can be writ-
ten as

1 1
ASE =W — §UTH—1L{ + EUOT H~ U, (F.34)
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where
H' =(ZEp — HpY) + (1 -1)(Z4 — HY).
The diagonal matrices =p and =4 are given by
=p = diag((k + ko)/T,0,m/T,0),
=4 = diag(ko/T,0,m/T,0).
Therefore, the restricted moment generating function for ASZ, (see (F.34)) is given as

o/ 7)1 (N) o= 3UT Ly (U o= 3UF Lo (WU
Zﬁ()\,u,’TV/{()) =~

5 (F.35)

with
i1(>\) - El()\> - )\H_l,
Lo(A) = Lo(N) + AH ™.

The moment-generating function is obtained by integrating over the initial steady state
distribution and the final variable

/ du / dtdy PM™N(Uo) Z, (N U, T Uy )
Gu(N)eT/ s,

(F.36)

where

0.(%) = [det () Hy(0) Ly (V)] det [ (0) + Lo(V)] (F.37)
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