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Abstract

The moment problem related to the extended Lotka—Volterra system
(sometimes also called the hungry Lotka—Volterra system or the Narita—[toh—
Bogoyavlensky lattice) over finite fields is introduced. It turns out the moment
problem could be used to design an algorithm for decoding multiple BCH-
Goppa codes over the same finite field simultaneously. When multiple codes
have the same error locations, the algorithm requires fewer known syndromes
and has lower computational complexity than running the decoding algorithm
in Nakamura (1996 Phys. Lett. A 223 75-81) multiple times.

Keywords: BCH-Goppa code, extended Lotka—Volterra lattice, moment
problem

1. Introduction

The finite nonperiodic Toda equation over finite fields has shown its importance to the theory
of error-correcting codes [1-4]. The pioneering work on this issue is that Faybusovish applied
quotient difference (qd) algorithm to the decoding procedure of Goppa codes [1], where the
qd algorithm [5] is indeed a discrete-time version of the Toda equation. Shirota suggested that
the Stieltjes method for the eigenvector of a Jacobi matrix that appears in the Lax representa-
tion also works in the decoding approach to the Reed—Solomon codes (RS codes) [6]. Later,
Nakamura put forward a method to transform the BCH-Goppa decoding procedure [7] into
the moment problem of the finite nonperiodic Toda equation and proposed a new BCH-Goppa
decoding algorithm through a Lax representation of finite Toda equation [2]. Further work
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on this topic is a new BCH-Goppa decoding algorithm derived from the discrete-time finite
Toda molecule [3]. The idea of the algorithm is to calculate a continued fraction expansion
of rational approximant of the formal Laurent series over a finite field through qd algorithm
[8]. In fact, the famous Berlekamp—Massey algorithm in coding theory [9, 10] may naturally
follow from solving the problem of rational approximant of the formal Laurent series over a
finite field. These works promote the development of other related subjects such as orthogonal
polynomials [11, 12], combinatorics [10], continued fractions [13] etc.

Since Toda type lattices and their discretizations have been studied extensively over the last
fifty years, we expect them to shed more light to decoding algorithms. Inspired by the corre-
sponding tau functions and the spectral problems, we would investigate a family of modifica-
tions of the Toda lattice called the extended Lotka—Volterra lattice.

The Lotka—Volterra system

dak

Fr (@1 — ar—1), (D
is an integrable system, which is intimately related to the Toda equation [14, 22]

duk dbk

o = b = i), = 2(u; — i) 2

The moment problem and linearized deformation equation of the finite Lotka—Volterra system
can be regarded as a reduced form of that for the finite nonperiodic Toda equation [14—16].
The extended Lotka—Volterra lattice

M M
dd—c? = a; Hak+j— Hak,j , for fixed M € N 3)
j=1 j=1

was proposed by Narita [17], Itoh [18], and Bogoyavlensky [19-21] as a generalization of the
Lotka—Volterra lattice. Sometimes it is called the Narita—Itoh—-Bogoyavlensky lattice or the
hungry Lotka—Volterra lattice, but for our convenience, we shall call it the extended Lotka—
Volterra lattice throughout the paper. It can also be linearized via the Moser’s map [14, 22]. To
the best of our knowledge, there is not any decoding algorithm corresponding to the extended
Lotka—Volterra lattice (3) available in the literature. The main purpose of this paper is to pro-
pose a BCH-Goppa decoding algorithm based on the moment problem related to the extended
Lotka—Volterra system (3). This algorithm could be used to find errors for multiple codewords
over the same field GF(¢") simultaneously. Compared with running the BCH-Goppa decoding
algorithm in [2] for a single code multiple times, our approach seems more efficient in the case
that the multiple codes have the same error locations.

The outline of this paper is as follows: in section 2, some basic facts of moment problem
and coding theory are provided and a brief review of the BCH-Goppa decoding algorithm with
the context of moment problem is given. In section 3, the moment problem of the extended
Lotka—Volterra systems (3) is introduced. In section 4, the corresponding decoding procedure
for multiple codewords is designed and some numerical examples are presented. Section 5 is
devoted to conclusion.

2. Basic notations of moment problem and BCH-Goppa decoding

In this section, some basic facts with adaptive symbols on the moment problem [23, 24] and
the coding theory [25] are given to make this paper self-contained.
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2.1. Moment problem

Assume f(z) admits an expression as

s = [~ H a3 s - e

oo A

=1
where 6(z) is the delta function. If we define the moments (z*) under the discrete Stieltjes
measure /4(z) as

[o'e) n
k k k.2
@)= [ =Y N
oo =
then it is obvious that
n rj2

12'.': 2 (g
=3 =5 =758 -y @)

J=1

In this paper, the moment problem is to find a parametric Stieltjes measure yu(z) from given
moments (zX).

2.2. Introduction to BCH-Goppa decoding

Let N, K, g, u, I and r be positive integers, where r + K < N, ¢ is a power of a prime, g and
N are coprime.

Definition 2.1 (BCH code). Let o be a primitive Nth root of unity over a finite
field GF(g"), i.e. o = 1. A cyclic code of length N over GF(q) is called a BCH code, if
al,atl ... al*tr=1 are roots of its generator polynomial G(x). In other words, all the BCH
codes can be equivalently written as

C={c(x) = icjxj € GF(q)(x)|c(a)) = c(a/T) = ... = ¢(a'T"") = 0}.
j=0

If N=¢" — 1, i.e. a is a primitive element of GF(g"), then the BCH code is called primitive.

Definition 2.2 (RS code). A Reed-Solomon code is a primitive BCH code with u = 1.
The generator of such a code has the form G(x) = HJIIIFI (x — /) where « is a primitive in
GF(q).

Definition 2.3 (Goppa code). Let M(x) be a (monic) polynomial of degree r over
GF(g"). Let £ = {a, ..., an—1} C GF(g¢") such that vy, . . ., ay—; are mutually distinct ele-
ments of the finite field GF(¢") and M(c;) # 0 for j=0,...,N — 1. We define the Goppa
code I'(L, M) with the Goppa polynomial M (x) to be the set of code words ¢ = (cg, . .., cn—1)
over GF(g) for which

N—1

Y9 =0 (mod M(x)).

X—(Xj

Jj=0
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We now introduce the parity check matrix for a kind of code C in the coding theory, which

means a matrix such that cH ' = 0 for every ¢ = (cq,...,cy—1) € C.
Theorem 2.1 ([25]). The BCH code has the parity check matrix of the form
1 o e a/(N=1)
TP ) NN (AR ()
H =
1 =D D)

Theorem 2.2 ([25]). The Goppa code has the parity-check matrix of the form

M(a())il M(a1)71 M(aN_1)71
M(ao)_lao M(al)_lal M(O[Nfl)_loqvfl
M(ozo)_loz(r)_1 M(oz])_laq_1 M(oz;\,_l)_lcy]r\,__l1
Assume that the sent codeword is ¢ = (cg,...,cy—1) and the received codeword is
b= (bog,...,by_1) = c + e, where e = (e, . ..,ey—1) is the unknown error, a decoding prob-

lem is to find the error e from the syndrome sequence
5= (80,81,...,8_1) =bH" =eH",

where H is the corresponding parity check matrix. Define the syndrome polynomial as

N—1
S(x) = Z Sixk,
k=0

where S; may be readily computed from the remainder. The main idea of the BCH-Goppa
decoding [7] is to find polynomials w(z) and o(z) such that

&%) = Z_:Skxl“rl =xS(x) (mod x"*1), 3)
g (}) k=0
deg(o) < |5 |, dentut) < 3] -1 ©

from which one can know the error positions by factoring the error-locator polynomial o (x),
and consequently obtain the error values.

In the BCH case, let G(x) be the generator polynomial. If G(x) has degree
N — K, we encode an information sequence (ao,di,...,ax—;) as a polynomial
a(x)G(x) = (ag + a;x + ... + ag_1x*"1)G(x). The encoder transmits the codeword
c(x) = Z;V:_Ol cjx/ satisfying the condition ¢(x) = a(x)G(x). (For the sake of simplicity, let
a(x) = 1in this paper.) The received word can be expressed by the polynomial b(x) = ngv: Bl bix/,
and then the error word will be given by e(x) = Ej.\:()l ex/ = j:BI bix/ — Zj\:ol cixl.

Let J = {jle; # 0} be the positions where an error occurs. Define P as the number of
errors. Then, in the BCH case, the syndromes are
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S = b a(l+k Z b G o Ze QI+ — a(l+k))
JjeJ

fork =0,...,r — 1. Similarly, in the Goppa case,

ZMoz, lba—ZMa] €jey;
JjeJ
fork=0,...,r— 1.
Observing that the syndromes are finite summations with number P related to the errors,
and the expansion of Ezg is similar to (4), it was shown by Nakamura that the P-error decod-

ing process to find out e;,j € J from So, - - . ,S2p—1, can be seen as a moment problem and can
be solved with the help of the moment problem related to the Toda lattice according to the
following diagram designed in [2]:

uy, by 8) 2\ — e, ol
— P J

(10) 1 11(9) T want (7
{Ak,Ak} E; {]’lk} — {Sk/SO}

=

2.3. Decoding as a moment problem related to Toda lattice
On one hand, the finite Toda equation has the Lax representation ‘éL [B, L], where
by u 0 ui

up b2 —Uu 0

are both tridiagonal matrices. Consider the rational function
f(z) = E[ (zf —L)7'E,, where E; = (1,0,...,0)". ®)
It has not only the partial fraction expansion

P 2 P
P . 2

= with r-=1,
Zz—)\p pz::l p

p=1

but also the series expansion

oo

f@=> Z,i%
k=0 ’
where
P
ho=1 and b= Xr7. ©)
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On the other hand, a solution of the Toda equation can be constructed by the direct formula

:@, k:1’2""’P71’

" (10)
be =% -2 k=12...P,
where Ay, Ak are determinants of Hankel type constructed from the moments, that is
hy h ... M
h hy ... I
Ap=| . ) o lk=1,2,...
he—1 he ... hyo
(11)
hy h ... I hy
_ ~ hi hy .. 1 g
Ay =hy, Ap=1 . . ) o Lk=2,3,...
he—v b ... hues ha

Therefore, if one wants to find out the error, one can firstly calculate Sy from the received
codeword and then construct the determinant A\, Ak to calculate wuy, by if Ag # 0 for
k=1,2,...,P. Finally, consider the partial fraction expansion of the rational function f(z)
to get ¢;, ;.

Remark 2.1. Here we remark that, since L is symmetric, the numerator and denominator of
the rational function f(z) can be obtained by recursion relationship with coefficients u; and by.
Hence the square root in the definition of u; (10) will not cause any problem.

3. Moment problem related to extended Lotka—Volterra lattice

In this section, we focus on the moment problem related to the extended Lotka—Volterra lattice

M

M
da,
T N1 R O a2
J Jj=1

i1

and show how to solve certain coding problem by using the corresponding moment problem
in the following section.

3.1. From bi-orthogonal polynomials to extended Lotka—Volterra latttice

The extended Lotka—Volterra lattice (12) can be derived from the bi-orthogonal polynomi-
als defined in [26, 27]. For a fixed positive integer M, let {P,(z)}.=, and {Qs(z)} -, be two
classes of adjacent monic polynomials satisfying the bi-orthogonal condition

<Pl’l(z)’ QS(Z)>M = hnan,s’ n7s = 0’ 1’ LRI )

where the bilinear functional has the form

(f(2),8(2))m = /_ h f(@")g(z)w(z)dp(z).
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If the weight function w(z) satisfies

| i - g

and

/ MDAy (N () = - = / ZMFDIAM (N dp(z) = 0,

then it is not hard to prove that the polynomials P,(z) and Q,(z) can be expressed as

8m 8m+1 e mtk—1 1
Zn | 8mtM  EmAMAL ct SmAMAk—1 M
Py iyism(z) = @ :
Em+ikM  8m+kM+1 o Em+kM~+k—1 Z(M+l)k
and
8m Em+1 o Em+k
Em+M Em+M+1 ce Em+M+k
Zm
O+ 1)k+m(z) = —m (13)
Gy
Em+M(k—1)  Em+Mk—1)+1 " Em+M(k—1)+k
1 M1 . Z(M+1)k
where k = LMLHJ,m =0,1,...,Mand
8m 8m+1 T 8m-+k—1
(m) 8m-+M Em+M+1 T Em+M+k—1 (14)
G = . .
EmAM(k—1)  Bm+Mk—1)+1 " m+M(k—1)+k—1
The polynomials Q(z) have the following recurrence relation
20,(2) = Qsm(2) + as05-1(2) (15)
where
©) 501
72@‘5@)‘ form =0,
a — k k B 16)
(M+1)k+m Gm G (
s form=1,....M.
Gy G

If we take a single parameter deformation of measure p(x),
dp(z. 1) = exp(2M™ V1) dp(z, 0).
then the moments admit the time evolution

ds _ o
dt Jj+M>
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which results in the the recursion relationship of polynomials

dQ; <
th(Z) - HC’S—MH‘QV(MH)(Z)' o

j=0

The compatibility condition of (15) and (17) leads to the extended Lotka—Volterra lattice (12).
This implies that the Lax pair of the finite extended Lotka—Volterra lattice reads

dL
dr (18)
where B and L are n X n matrices
M 1
—_—~
0o --- 0
aq 0 0 1
ap
L= S (19)
0
an—1 0
0
0
0
B= _Hjﬁioalﬂ'
~Toan-m-11i0 ... 0
N——
M1
(20

3.2. Linearization of extended Lotka—\Volterra lattice

In this section, we adopt Moser’s approach [14, 22] and Bogoyavlensky’s method [28] to
introduce a set of rational functions to give an integrable linearization of the extended Lotka—
Volterra lattice (12).

Assume that all eigenvalues of (19) are simple. Consider the vth element of resolvent oper-
ator R(z) = (zf — L) ' forv = 1,2, ..., M. Define the function

) =B @l - ) B =Y

z[j’vx’ E,=(0,...,0,1,0,...,0)T, (1)
=1 !
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where the vth element of E, is 1 and other elements of E, are zero. Moreover, zf,(z) — 1 as
z — o0, thus we have

> o =1 (22)
=1
In fact, f,(z) is the element of the vth row and vth column of R(z) so it can be expressed by
M,,(2)
v(2) = 23
A0 = 512 23)

where M,,,(z) is the (v,v) cofactor of the matrix (z/ — L). Since only 3 diagonals of L are
nonzero, M, ,(z) and |z — L| can be computed quickly through recurrence relations.

Remark 3.1. If we set 7(2) to be the determinant of the matrix obtained from the last j rows
and last j columns of z/ — L, we have recurrence relations

M
T](Z) =zT;_; (z) — Han_j+17}_1_M(z) for j=M+1,..,n,
=1
Ti(z) = 2/ forj=0,...,M.
Besides, it is not hard to see that
M,,(2) ="' T,_.(2).
Although we can consider all the rational functions f,(z), v=1,...,n, the ones for
v=M+1,...,n can be expressed by the linear combinations of the ones forv=1,...,M

by the above recurrence relations.

Remark 3.2. Some of p;, could be zero, which implies that the error values of some codes
can be zero in the coding theory. See example 4.5 for more details.

We define xk = exp Aﬁj_"l so that sM*1 = 1. Let Q be a diagonal matrix with the diagonal
entries 0 = k/,j = 1,...,n. It follows that
0 'LO=k"'L.

Since

O ' d-L)'0=[0d-L)Q] ' = (d — kL)' = k(kad —L)7",
one can obtain

Q0 'R(z)Q = KR(kz),
which leads to

£,(z) = EJR(z)E, = E] Q"'R(z)QE, = E, kR(k2)E, = f,(kz). (24)
By substituting the expansion (21) into (24), we get

n n n
Pjv Pjv Pjv
= —_— = K = .
@) ;Z_)\j j:ZIKZ—/\j Zz—m—l)\j

j=1
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Hence the corresponding residues p;, py are identical when there exists an integer m such that
Aj = K" A¢. In the case that all eigenvalues are simple, there are LMLHJ sets of nonzero eigen-
values A, , with the same residues p, and zero eigenvalue with the corresponding residue.

For simplicity, we mainly consider the case that n = (M + 1)P, In this case, the eigenval-
ues are simple and all the eigenvalues are nonzero. If we define P = ML_H and group the terms
in (21) by the identical residues, then it turns out that f,(z) has the following form

P

fle) = 32 WL e

M+1 _ \M+1
p:] < )\P

Let

P
Mgt = (M + 1), A and b,y = 1. (25)
p=1

Then the expansion (21) becomes

— P (M+1)ZMP v
K@) =3, T
oo Ty (MADpp AT (26)
- Zu:o 7Z(M+Du+1
_ ZOO hMu+v—]
- u=0 7(M+Du+tT1*
Let A\,..., A\, and ¢, . .., 1, be the left eigenvalues and the left eigenvectors of the opera-
tor L. There exists coefficients 7y, . . . , 7, such that

E\:r = 77l,vwl +...+ nn,vwm

Then we have

1
YiR(z) = — N Vjs
n . -EV n .
/(@) = ETRQE, = Ny PR
Jj=1 Z_)\j j:lz_)‘j
so that p;, = 7;,4;E,. There is no difficulty to carry out
dR(z)
= [B,R
o = BRGE)

leading to

df, drR
Q) _ pri®fap — _ETR(z)BE,

M M i iEn ey
= Hm:o av—&-mEvTR(Z)EM-i-v-ﬁ-l = Hm:o Ay+m 27:1 % (27)
Denote 1);x = 1jEy. For L defined in (19), it has the recursive relationships
arip = Njn, -+ amime = Ajm,
Ui+ ayr1¥imr2 = NOimst> s Yiw + amnVimivit = NYjmtvs

which leads to

M—1
)\?4+1 - ZZ:I IT=0 ax+i

M
[T v

10

Yjy. (28)

¢j,M+v+1 -
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Then, one can obtain

1 M—1
dfv - )‘M+ ZZ:IHZ:O s
), Piv

Jj=1

by substituting the expression (28) into (27). Assume that J; is independent of time, then we
have
n d, j‘ M+1 -
df(2) _ Z o Z )\j EZ:1 =0 ak+lp_
dt Z— /\j Y

=1
and subsequently

v M—1

dgjtv _ )\M+1 ; lll A1) P
Adding the above equations for the index j from 1 to n, by using the condition (22), we obtain
n v M—1
0= Z Pj,v)\j}/i”rl - Z H Afet 1.
j=1 k=1 1=0

On account of (25), we have

Vv

M—1
Z H g1 = ZP;W\MH Z( + Dppa X = hag o
k=1 [=0

p=1
It follows that
thu—i—v—l
dr

Introducing g; with

= hy(us ) 4v—1 — Iarv—1hpgutv—1-

1 d
M = hMquv 1 and loggv 1= hM+v 1s
8v—1
foru=1,2,...,r,—landv = 1,2,..., M, it follows that
dg;
dr = 8j+M

for j=0,...,(M+ 1)(P — 1). Here r, denotes the number in (30).

Remark 3.3. Here the evolution of moments is discussed for completeness. However, no
time is involved in the following decoding problem since there is no need for the time evo-
lution.

4. Decoding as a moment problem related to extended Lotka—Volterra lattice
In this section, we show that the moment problem related to the extended Lotka—Volterra in

the previous section could be used to design a decoding algorithm for multiple codewords.
The decoding process is based on a similar diagram to (7), given by

1



J. Phys. A: Math. Theor. 53 (2020) 055202

Y Pan et al

—_
~—

{a(M+l)k+m} (L {Pp.vs /\M+1} —  {ejw aj}
(16) 1 11(25) 1 goal
Gty A} {Su/So)

for k=0,....,.P—1,m=0,.... M, p=1,...,P, u=0,....,r,—1,v=1,...

n = (M + 1)P, and r, denotes the number in (30).

4.1. Relation between coding theory and moment problem

Suppose that one sent M codes with sent codewords c¢, = (Coy,Clys---»
received codewords b, = (bo,,by,,...,by_1,) and the errors e, = (eo,, €1, - - -
v=12,....M

In the BCH code case, define the syndromes as

Zb L) =3 g 0Dy 01,y 1.

JjeJ

(29)

,M, where

CN—1y), the
,en—1y) for

Let J = {j|3v,e;, 0} be the positions where at least one error occurs and P be the number

of elements in J. We connect the syndromes with moments by setting

e,'vaﬂ" f ic ]

- M0 S, e i 100 €,
pjv = jed €'y

R otherwise,

and

\MHL al, je,
P 0, otherwise,

which leads to
j(utly) _
Suy = Z ejsvaj(u+ ) = EMu+v—1
jed

and

- S el g
hvytv—1 = Z (M + ])pp,v)\éM'H)” IS _ Puy

p=1

L =
Zj/ej ejr ol So.v

Define the error-locator polynomial as o (x) = Hje 7 (x —aof ) and the error-value polynomial

of the vth code as wy (x) = 3¢, €y’ [Ty (x — ).
Then, we have

wy(x) ej ol B SOva( )
olx) ]Zx]— al Zx“Jrl N .

where the rational function f,(z) defined in (26) and x = 7!, Hence, we can get errors by
calculating the partial fraction expansion of f,(z) produced by L as (21), where L is con-

structed by the a; defined by (16).

12
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In the Goppa code case, the corresponding syndromes can be expressed as

N—1
Su,v = ZM(aj)ilbj,VaJy - ZM(aj)ilej,vaL!’ u=0,1,....n—L
=0

jeJ

Define the error-locator polynomial as o(x) = [].., (x — ¢;) and the error-value polynomial

e
of the vth code as wy (x) = 35, M(cy) ™" ¢j [Ty 13 (¥ — ). Then, by setting
M(ozj)_]ej,v exp(a;t) .
Doy = (M+1) Ej/Ej M(ozj/)_]ej/yv exp(aj/t) » JE ']’
0, otherwise,
and

AMH ] JEJ,
P 0, otherwise,

Suy

we get EMu+v—1 = Su,v» hMu+v—l = Sow and
wy(x) _ Z Mv(aj)ilej,v _ i Suy _ So.+(2)
o(x) rTRS Lyt M

The above calculation suggests that the multiple BCH-Goppa decoding problem may be for-
mally solved according to the diagram (29).

It is also necessary to know the number of syndromes needed for decoding. As is known,
we need to construct the matrix L of size (M + 1)P x (M + 1)P and calculate

wy(x)  So.fo(2)

o(x) M
where x = zM*1. The last a; involved in L is
M) o (M—1
B/ . i
HHE-D+M = (mM—1) (M
e,

where the last g; to be involved is the last element of

& 8m+1 0 8M+P-1

G(M) B &om  2m+1 0 &2M+P—1
b=

gemM 8pM+1  c 8PM+P—1

Therefore, if there exist P/ and Q' such that

/ pP—1 / /
P=|——| P-1=PM+Q,

we get the last element

8PM+P—1 = §(P+P)M+Q = SP+P/.Q'+1s

13
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which means the minimum number of the needed syndromes {So, S1, - -

r— 1=

4.2. Decoding algorithm for multiple BCH codes

—1 — —1
P+{PMJ forvl,z,...,PMle,
1_

P+ {P;J —1 forv:P—M{P[G]J +1,.

.y Sr.,—l,v} is

(30)

.M.

For decoding M sets of received BCH codes, we may design the decoding algorithm according

to four major steps.

(i) For M sets of known syndromes {So, S1.y, - - - » Sr,—1.»} Over the finite field GF(¢"), where

v=12,...,M,let

EMu+v—1 :Su’v, MZO,I,...,FV—I.

Calculate the determinants

G =1 G" =gn

8m 8m+1 Tt 8m+k—1
Em+M Em+M+1 T Em+M+k—1
G(m) _
=
EmAM(k—1)  Em+Mk—1)+1 " Em+(M+1)(k—1)

for
m=0,1,....M, k=23,...,P.
(ii) Introduce the matrix of (M + 1)P x (M + 1)P

—_——~ 1
0O --- 0
ai 0 0 1
ap
L =
1
0
AM+1)(P=1)+M 0
where
(0) (M)
¢ G
k+1Yk—1 _
O form = 0,
— k k
AM+1)k4+m = Gom Gm=1
Sy form=1,....M
Gk+l Gk

14
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fork=0,1,...,P— 1.
(iii) Compute the rational function of the vth row and vth column element of (z/ — L)'

v—1

—
fi(z) =E](d —L)'E,, E,=(0,...,0,1,0,...,0)".

(iv) Factor the polynomials o (x) and w(x) and calculate the partial fraction expansions

Sonfy(z) o wilx) Z ejpal

Mo o(x) x—al,

. 3D

JjeJ
where x = zM ‘H, to get the errors.

Remark 4.1.  All of the calculations are over the finite field GF(g").

Remark 4.2. As for M received Goppa codes, the similar decoding could be implemented
by replacing (31) with

S(),va(z) 2 wv(x) _ ZMV(aj)—le‘j,v.

M o(x) X — o

j€J

Remark 4.3. It is noted that some of the denominators appearing in dg . 1yc+m in step (ii)
may be equal to zero. If

G"™ #0, GV £0, - .G, #0,

for all 0 < m < M, and G,((l) =0 for some 0 <! < M, the number of error can be de-
coded by this algorithm becomes k — 1. However, sometimes, G,Em) = 0 is avoidable by
changing the orders of codes. For example, set the syndrome sequence of the second

code to be {So1,S1.1,---,5—1.1} and set the syndrome sequence of the first code to be
{802,812, Sr—12}.

Remark 4.4. Our decoding algorithm for multiple BCH-Goppa codes might be more ef-
ficient than running the decoding algorithm in [2] for a single code multiple times. When the
errors happen at the same locations, comparing with the P-error decoding for the BCH-Goppa
codes by M times, the number of syndromes we need to know becomes PM + P rather than
2MP, and the number of P-order determinants needed for calculation in step (i) becomes
M + 1 rather than 2M. This means that our decoding algorithm for multiple BCH-Goppa
codes is of less condition and lower complexity than running the decoding algorithm in [2]
for a single code multiple times. However, if the intersection of the error location sets of
any two codes is empty, their algorithm has a better performance. In this case, the number
of the required syndromes in our algorithm is MP + P, while 2P in their algorithm, where

pP= Z]Ail P;j and P; denotes the number of errors in the jth codewords. And, in step (i) we
need to compute P-order determinants, where P = Z]Ail Pj, while in [2] the highest order of
determinants is only max{P;,j = 1,2,...,M}.

15
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4.3. Decoding examples
One special case is M = 1, that is one P-error BCH-Goppa decoding. In this case we have
r—l—P—l—{ J—ZP—land

gk=5 k=0,1,...,2P - 1.

The determinants turn into

" =1, c"=s,,

Sm Serl et Sm+k71
(m) Sm+M Sm+2 Tt Sm+k
Gk == b
Smtk—1 Smtk 1 Smg2(k—1)

m=0,1, k=23,...,P

The elements in Jacobi matrix L can be computed by

© s

a — Gk+lG 1
CZ G(mrm >
o)

st = O
HOT G

fork=0,1,...,P — 1. Then, the error can be found by factoring o(x) and w(x) obtained by
the rational function f,(z)

S Lol

O,VJ;\:I(Z) A wy (x) _ Z ¢y —x 2
z o(x) G x—a

An example is shown as below to demonstrate this decoding process.

Example 4.1 (BCH code, 3-error decoding, M = 1,q = 2,u = 4,N = 15,1 = 1,r = 6).

Suppose @ € GF(2*) is the root of the irreducible polynomial x* + x + 1 over GF(2), which

results in a3 = 1. Consider the extension field

GF(2") = {70 + ma +na’ + 130,79 € GF(2),j = 0,1,2,3} = (70,71, 72, 73)-

It is not hard to see that there exists a one-to-one map from the cyclic group generated by
a to GF(2%):

a® = (1,0,0,0), a=(0,1,0,0), o2=(0,0,1,0), a3=(0,0,0,1),
o* = (1,1,0,0), (0.1,1,0), a®=(0,0,1,1), ol =(1,1,0,1),
b :(1 0,1,0), (0,1,0,1), a'°=(1,1,1,0), o'' =(0,1,1,1),
a2 =(1,1,1,1), o®=(1,0,1,1), o' =(1,0,0,1).

Note that this map will be helpful for simplifying the calculations.
By considering the minimal polynomials m;(x) of o' fori = 1,2,...,6, then we obtain a
polynomial

Gx)=x""+ 3+ X+ + 2 +x+1

16
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as the least common multiple of m (x), ma(x), . .., me(x). Thus we construct a BCH code with
the generator polynomial G(x). This example is based on a sent code

c=(1,1,1,0,1,1,0,0,1,0,1,0,0,0,0).

When we receive a codeword

b=(1,1,1,1,1,0,0,0,1,0,1,0,1,0,0),
we can calculate syndromes

{80, 51,52, 83, 84,85} = {1, 1,a', 1,a'’, o’}
Then the determinants are obtained as follows:

V=1 6"=1 ¥ =0 G”=1,
G'=1, ¢"=1, GI'=0a" &\ =0’

which results in the tridiagonal matrix L being

0 1
1 0 1
o 0
L= 5

(07

—_— O =
—_ O =

1
0
By calculating the (1, 1)th element of (A — L)™', we obtain

24+ a’z

o= rava

so that by setting x = z> we have

wi (%) N SOfI(Z) 2 +a’ o? o’ o2

a(x) 7z B2+’ x—ad x—a5  x—al?

Eventually, the error is found, i.e. ¢ = (0,0,0,1,0,1,0,0,0,0,0,0,1,0,0).

Next, we give an example of the algorithm with M = 2 for multiple BCH codes. The rela-
tionship becomes

{asmt — Ao} — {eual}
0 ) 1 goal
(G} {hour} —  {SU/S5)

17
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forv=1,2 and m = 0, 1,2. The elements in Jacobi matrix can be computed by

©0) @
a _ Ge1 Gy
3k GIEO)GIEZ) >

(1) ~(0)
a _ Gk+le
3k+1 — GA((J)r)thl) 5

@ G0
Gyyr = 25
2 = Gha

fork=0,1,...,P— 1.

Example 4.2 (BCH code, 3-error decoding, M = 2,q = 3,u = 3,N = 13,]; = 1,
I, =7,r = 5,r, = 4). Suppose o € GF(3%) is a root of the irreducible polynomial
x3 +x% + x + 2 over GF(3), then we obtain a'* = 1 and the extension field

GF(3%) = {70 + i +ma’,y; € GF(3).j = 0,1,2}.

Every element of the cyclic group generated by « can be one-to-one mapped into an ele-
ment (70,71, 72) in GF(3%):

a® = (1,0,0), a'=(0,1,0), a?=(0,0,1), o= (1,22),
ot =(2,2,0), o =(0,2,2), a®*=(2,1,0), o’ =(0,2,1),
of=(1,2,1), o =(1,0,1), a'°=(1,02), a'l=(2,21),
a2 = (1,1,1).

Let us consider two BCH codes with the generator polynomials
Gi(x) =" + 2% + 27 +xX° +28° + 247 +2

satisfying G (a) = Gi(a?) = G1(c®) = G,(a*) = G (o) and
Gy(x) =X +x + x5+ 2 + 2 2+ 2

satisfying Ga(a”) = Gy(a®) = G, (a®) = Gy(a!?) = 0. And the two sent codes are
a =(2,0,2,2,0,1,0,2,1,1,0,0,0)

and
¢ =1(2,2,1,0,2,0,1,1,0,1,0,0,0).

Assume that the two codewords we received are respectively

by =1(2,1,2,2,2,1,0,2,1,0,0,0,0)

and

by = (2,1,1,0,0,0,1,1,0,2,0,0,0).

By calculation, we obtain the syndromes

_ 5 1 ) ) _ 38
So,1 = o, Sii=a", SHi=oa, 8;=20, S84 =a,
Sop =201 S5 =2a% S5 =2a°% S3,=0a’,

18
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resulting in
go=0c, g=ad' g=0d) g =2d gg=20a
g1 =202 g3=2a% gs=2a°% g7=20c’.

Then we have the determinants

GV =1 6" =0, G =20, GY=0a,
G'=1, GV =2a" GV =a* G =2d,
G =1, ¢P=a", 6P =2q, G =a
and the matrix
0 0 1
20° 0 0 1
2 0 0 1
2" 0 0 1
L= a0 0 1
@ 0 0 1
@ 0 0 1
a2 0 0
a® 0
The corresponding rational functions f,(z) are
42082 + 2077 24202 +all??
file) =5 2.6 1 11,3 @) =5 2.6 & 11,3
77 + 202720 4+ allz’ 4+ 20, 7+ 20470 + a7 + 20
and by setting x = 7> we get
wl(x)AS filz) P +20%+20°) o« 20 n 20°
olx) M T ¥ r2a22 tallx+20 x—a  x—at  x—d,
wx) oo LR 2000 +2ax+a") 247 N a? all
o(x) "2 T ¥ t2022+ax+20 x—a x—aot  x—a

Thus, the error of the first code is
e =(0,1,0,0,2,0,0,0,0,2,0,0,0)
and the error of the second code is

e; = (0,2,0,0,1,0,0,0,0,1,0,0,0).

It follows from ¢ = b — e that original codes are

a =(2,0,2,2,0,1,0,2,1,1,0,0,0)

and
¢ =1(2,2,1,0,2,0,1,1,0,1,0,0,0)

respectively.
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The method can also be used to decode a Goppa code and a RS code. Some examples are
given for M = 3. The relationship becomes
{asiny — Ao} — {g.al}
1 0  goal
(G} {hna} — {S/S)

forv=1,2,3and m = 0, 1,2, 3. The elements in the matrix L can be computed according to

0 3 1 0
N R

Q) ) o GO
Qa2 = %, As4k3 = G@)IGZ),

k+1"k k+1"k

fork=0,1,...,P — 1.

Example 4.3 (Goppa code, 2-error decoding, M = 3,q = 3,u = 3,N = 13,
r1 = 3,r, = 3,r3 = 2). Suppose a € GF(3?) is the root of the irreducible polynomial
x3 +x% + x + 2 over GF(3) and consider the extension field

GF(3%) = {0+ m1a + 02,7 € GF(3),j = 0,1,2}.
As indicated in the above example, we have a®=1lando;,i=1,2...,12 are mutually dis-
tinct.

Consider three Goppa codes T'(L, M), T'(L,M;) and T'(L, M3) over the same finite field
GF(3%), where £ = {1,q, ..., a!?} with the Goppa polynomials

M(z) =" +2+2, My(z)=z2"+1, Mi(z)=z"+2z+1.

If three codewords we sent are

e =1(2,0,2,0,2,2,2,2,2,0,2,2,2),
CZ - (19290727 17070’2’2’27 1’2’ 1)’
e3=(1,1,1,1,1,0,1,0,0,2,2,1,2)

and the received codewords are respectively

by = (2,0,2,0,2,2,2,2,2,0,1,2,1),
by =(1,2,0,2,1,0,0,2,2,2,2,2,2),
by =(1,1,1,1,1,0,1,0,0,2,1,1,0).

We compute the syndromes by using the received codewords

Sop =203, Sii=a'% S =2,
Sop =2a%, Sip=a’, S22 = 2019,
So3 =1, S13 = 2a'l,
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and then we have

80 = 20[3, 83 = alO, 86 = 2’
81 = 2at, 84 = o, 87 = 2019,
82:1s 85:20[“.
The determinants are
G =1, 6" =2, GV =1,
G(l) =1, GEI) — 20[4, Gél) — 20[8’
(2) -1, ng) — 1, ng) —d,
(()3) =1, G§3) =al?, G§3) =a’,
so that the matrix L is obtained
0 O 0 1
a 0 0 0 1
2 0 0 O 1
10 1
- a? 0 0 0
2 0 0o 0 1
227 0 0 O
&> 0 0
a® 0
Next, we compute the rational functions
7 10,3
' t+az
M) =5 550
2+ 2a02% + o
7 7.3
7' +2a'z
h@) = g5 5a s
2® 4+ 2a%z* + o
7 9.3
7'+ 207z
5E) = s
%+ 2al7* + o
Let x = z* and calculate the partial fraction expansions
wi(x) A 2 60 fl( ) 203 (x + a'?) B ab o?
o(x) 2 242000+ a x—al®  x—al?
W) a4 o SE) _ 204(x+2a7)  2a° 203
o(x) 02737 T 21 2a8x+a® x—ald X—alZ,
w3(x) A < fr) (k427 A N 20’7
a(x) 03753 24200+ x—al® ' x—al2
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Since
M (a'®) =247, Mi(a'?) = 22!, My (a'®) = 2a%,

My(a'?) = 22!, M3(a'®) = 205, M3(a'?) = 208,

we eventually get error values

el =2, ep1=2,e10p=1, enp=1, ejo3 =2, epp3 =1,

leading to
e; ={0,0,0,0,0,0,0,0,0,0,2,0,2},

e; ={0,0,0,0,0,0,0,0,0,0,1,0, 1},

e; ={0,0,0,0,0,0,0,0,0,0,2,0, 1}.

Example 4.4 (RS code, 3-error decoding, M = 3, q = 2%, u = 1,N = 15,r; = 4,r, = 4,
r3 = 4,1y = 1,I, = 5,13 = 14). Consider the extension field

GF(24) = {,-YO + patet + '720[2 + ’YSa?’y’Yj S GF(Z):J = 0’ 1’27 3} = (WO: Y1725 ’73)a

where v € GF(2%) is the root of the irreducible polynomial x* 4 x + 1 over GF(2). Recall that
we have o5 = 1.
Assume that we have three generator polynomials
4
Gi(x) = H(x —a) =x* + B + o + a’x 4+ a'?,
i=1
8
Gy(x) = H(x —ao)=x*+ a3 + o+ x4 !l
i=5
17
G3(x) = H (x —a') =x* + aM'x® + 2% + a'?x 4 o2,
i=14
and the sent codewords are

c1 = (o' 0%, 0% 0",1,0,0,0,0,0,0,0,0,0,0),
C2 - (a117 1,0{14’ a2’ ]"07 07 07 0, 0, O’ O’ O’ 0’ 0)7
3 = (a?,a'%,a%,a!',1,0,0,0,0,0,0,0,0,0,0).

If the received words are

by = (®,0%,0%,a',1,0,0,0,0,0,0,0,0,0,0),
by, = (1, 1,¢,0,1,0,0,0,0,0,0,0,0,0, 0),
by = (%, a2, 07,47, 1,0,0,0,0,0,0,0,0,0,0),

22



J. Phys. A: Math. Theor. 53 (2020) 055202 Y Pan et al
then the syndromes known from remainder are
Soi=a% Su=1 Si=a% S;=0ab
Sop=a'2, Sip=0a, S=a’ S;=da
Soz=a'?, Siz=a% Siy=a% S;3=d
It follows that g; are
go=0a% gi=1 g =a’ go=ab
gr=a gi=0 g=0a’, go=0
g=a g=a) g=a% g1=0d
and the determinants are
G(()O) — 1’ Ggo) — 046, Ggo) — Oé”, Ggo) — a”,
G'=1, &"=a2 G"=0a8 G =aq,
G =1, GV =a2 6P =a"% G =1,
G'=1 ¢V=1 =0 &=a
Next, by calculating a; one can obtain the matrix L
0O 0 0 1
a® 0 0 0 1
1 0 0 0 1
> 0 0 0 1
o 0 0 0 1
6
I « 05 0 0 1
« 0o 0 0 1
> 0 0 0 1
1 0 0 0 1
@ 0 0 0
> 0 0
a* 0
The rational functions f,(z) are
D) = 4107 4 o123
: 22+ aBB8 + %2 + o3
Al = M4 a7’ + 37
2 2+ aBd a4 + a5,
£ = M aald +asA
T 24 aBs %% o
By setting x = z* we get
wi (x) ag AR (@ +al%+a?) all o2
ox) ™ B +aBR+dx+a’ x—-1 x—a?2 x—ad,
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() o HE) P +axtad) a? . o?
a(x) = 90,2 23 _x3+a13x2—|—a9x—|—a5_x—l X — a2 x—a3,
W) oo S _aP@talxta’) ol ol o
o)  ME T P raBltaxtdd x—1 x—a x-aF

By use of the formula (31), we get the error values

13 9 9
€y =0 ,6 =0 ,e3] =Q,

12 7 2
eO,Z =« ’62,2 =« 963,2 =a,

11 12 8
€3 = ,€3 =0 ,€33 =

resulting in

er = (a'3,0,0,0°,0,0,0,0,0,0,0,0,0,0,0),
ey = (a!2,0,07,02,0,0,0,0,0,0,0,0,0,0,0),
e3 = (a!1,0,a'2,0%,0,0,0,0,0,0,0,0,0,0,0).

Finally, we give an example to demonstrate our algorithm may also work for the case that
the error-locations are different.

Example 4.5 (RS code, 4-error decoding, M =3, ¢ = 2%, u = 1,N = 15,r; = 6,
r; =5,r3 =5,1 =1, = I3 = 1). Consider the extension field

GF(2Y) = {70 + mia + ma? + 30,7 € GF(2),j = 0,1,2,3} = (70, 71,72, 13)s

where o € GF(2*) is the root of the irreducible polynomial x* + x + 1 over GF(2). Again, we
have o> = 1.

Assume that the three generator polynomials are
6
Gi(x) =[x - o),

j=1

Gy(x) = Gs3(x) = H(x — o),

j=1
in other words, we consider the sent codes

c1 = (o a’,a% 0% a' 0", 1,0,0,0,0,0,0,0,0),

c=c=(l,a,0,0%a’,1,0,0,0,0,0,0,0,0,0).
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If the received words are

by = (% a’, 0% a,a',0’,1,0,0,0,0,0,1,0,0),
by = (1,0°,0°,0%,47,1,0,0,0,0,0,0,a',0,0),
by = (1,1,0°,0!°, a’,0*,0,0,0,0,0,0,0,0,0),

we first calculate the syndromes and obtain

_ _ _ 10 _ _ 10 _ 5
Son=1, Si1=1, S=a”, S31=1, Ssp=a”, Ss1=oa’,

_ 2 13 _ 12 _ 14 _ 3
Sop=0a, Sip=a’, Sp=a’, Sp=a”, Sip=a’,

_ _ 8 _ 2 _ 7 _ 10
Soz3=1, Siz=0a°, Siz=a", Sz=a, Sipz=a".

It follows that g; are

10 10 5

go=1 g=1 ge=a", g=1, gn=a", gis=0o,
3 3
gr=a% gi=a g =a" go=a" gz=0d,

_ _ 8 _ 2 _ 7 _ 10
g=1g=0a° g=0a, gn=ao, gu=oa".

Subsequently, we obtain the determinants

GV =1, G"=1, 6P =a" 6V=0 G =0,
G((,l) =1, Ggl) =a? Ggl) =, Ggl) = a2, Gil) = a3,
G0 =1 6P=1, G6P=a GP=0a G =a"
GV =1 6PV=1 6P =a GV=0a' GP=a"

Then we have the matrix L by calculating a;

0 0 0 1
> 0 0 0 1
a® 0 0 0 1
1 0 0 0 1
a* 0 0 0 1
a® 0 0 0 1
& 0 0 0 1
[ a8010001
a® 0 0 0 1
a0 0 0 1
&> 0 0 0 1
@ 0 0 0 1
a® 0 0 0 1
a 0 0 0
a® 0 0
a® 0
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The rational functions f,(z) are

ZIS +OLZ“ +OéSZ7 +04623

filz) =
710 4+ 0212 + azd 4+ ozt + af
50 A5 1ol a2 1 al2
2 =
210+ 0tz12 + azd + o’ + af
2+’ ol + a7
fiz) =

210+ atz? + azd + ozt + ad,

By setting x = z* we get

wi(x) o S lfl @) Pra’taxta® o N o’ N al?
o(x) TP Mot ta+aix+ad x—-ad x—od  x—al?
wx) o Sozfz(z) _ Q203+ aP + a?x + a'?) _ ot . 10

a(x) s *rotdt+a?+adx+ab x—a  x—al?

w3 (x) ag £(2) _ ¥4 ¥ + al*x + o’ _ o’ N o’ N a®
a(x) e Aot tal+a’x+a® x—a x—ad x—a

By use of the formula (31), we get the error values

e3) = les; = 1l,epp; =1,

3 13
€l =07, ey =0,

4 4
el,3 =« 383,3 = 785,3 = Q,

leading to

e1 = (0,0,0,1,0,1,0,0,0,0,0,0,1,0,0),
ey = (0,03,0,0,0,0,0,0,0,0,0,0,'3,0,0),
e3 = (0,0%,0,04,0,0,0,0,0,0,0,0,0,0,0).

5. Conclusion

In this paper, the moment problem related to a category of extended Lotka—Volterra systems is
used for decoding multiple BCH-Goppa codes. When the errors of the multiple codes happen
at the same locations, our algorithm needs fewer known syndromes and lower complexity than

applying the single BCH-Goppa decoding algorithm in [2] multiple times.

As a future work, we would try to introduce the full-discrete version of the extended
Lotka—Volterra systems over finite fields to design a new decoding algorithm involving the

recursion relation.
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