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Abstract
We propose a renormalizable B — L standard model extension based on Dy
symmetry which accommodates fermion mass and mixing parameters with
CP violation. Both normal and inverted neutrino mass ordering as well as
the smallness of the active neutrino masses are generated through a type I
seesaw mechanism. The obtained physical parameters are well consistent
with the global fit of neutrino oscillation in Esteban et al (2019 J. High
Energy Phys. JHEP01(2019)106) while the quark masses are in good
agreement with the recent experimental data (Tanabashi er al (Particle Data
Group) 2018 Phys. Rev. D 98 030001 and 2019 update). The model also
predicts an effective neutrino mass parameter of (m,) = 1.24 x 1072eV
for normal hierarchy and (m,,) = 4.88 x 1072eV for inverted hierarchy
which are all consistent with the recent experimental limits on neutrinoless
double beta decay.

Keywords: quark and lepton mass and mixing, extensions of electroweak
Higgs sector, non-standard-model neutrinos, right-handed neutrinos, discrete

symmetries

(Some figures may appear in colour only in the online journal)

1. Introduction

In recent years, there have been a vast number of proposals that could provide the explanation
of the smallness of neutrino masses, for instance, seesaw mechanisms [1-6], the neutrino
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Table 1. Neutrino oscillation parameters extracted from the global analysis, taken from
[59]. Here, [ = 1 for NH and [ = 2 for IH.

Am}, Am321
Parameter (1073 eV?) (1073eV?)  sin26;,  sintfy;  sin?f3 6 ()
Best fit NH 7.39 2.525 0.310 0.582  0.02240 217
IH 7.39 —2.512 0.310 0.582 0.02263 280

minimal SM [7-11], Two-Higgs-doublet model [12], the scotogenic model® [18], the 3-3-1
models [19-24] and so on. However, the fermion mixings was not explicitly explained in
these extensions.

Among the possible extensions of the SM, the extension with an extra U (1)gz_ . (baryon
number minus lepton number) gauge symmetry is one of promising extensions of the SM
which has been considered in [25-46] in which the anomalies can be canceled in different
ways. In this work, we develop the model proposed by S. Khalil er al, where three right-
handed neutrinos, two SU (2); doublets (H’, H") and two SU(2), singlets (¢, ) are intro-
duced in addition to the SM particle content. In this type of model the presence of three
right-handed neutrinos (1) is essential to cancel anomalies [31-36], the masses of new boson
Z' and three right-handed neutrinos are generated when the B — L gauge symmetry is broken
[47, 48], and other phenomena including leptogenesis [30, 49, 50], dark matter [51-56, 33],
the muon anomalous magnetic moment [32], gravitational wave radiation [31], inflation [57],
etc, are explained, however, the model by itself does not provide a natural explanation for
fermion mixings. The implications of the B — L extension to the SM do not change the decay
branching ratios and the extra Higgs has relatively small cross sections, but it is accessible at
LHC and the searching for Z’ is accessible via a clean dilepton signal at LHC [33]. Moreover,
the richer TeV phenomenology for the coming LHC and neutrino physics opens new pro-
spects [58].

Experimentally, the best-fit values for neutrino mass squared splittings, leptonic mixing
angles and the Dirac CP violating phase, for both mass hierarchies with Super-Kamiokande
atmospheric neutrino data (wSK-atm), are given in [59] as shown in table 1.

The magnitude of the elements of the leptonic mixing matrix obtained from global fit
results, at the 30 CL ranges, are given in [59]:

0.797 — 0.842 0.518 — 0.585 0.143 — 0.156
|U %k -am| = [0.235 — 0.484 0.458 — 0.671 0.647 — 0.781 |. (1
0.304 — 0.531 0.497 — 0.699 0.607 — 0.747

Besides that, the best-fit results for the magnitudes of all nine CKM elements as well as quark
masses have now been determined with high accuracy [60]

0.97446 0.22452 0.00365

V&Rl =10.22438 0.97359 0.04214 |, 2)
0.00896 0.04133 0.99911

m, =2.16 MeV, m, = 127 GeV, m, = 172.9 GeV,

my=4.67MeV, m; =93MeV, my=4.18GeV, A3)

3 Depending on the particle content, there exist models which generate an active neutrino mass at one-loop [13],
two-loop [14, 15], or three-loop [16, 17] level.
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where m,,, m, are very small compared to other quark masses and the quark mixing angles are
very small compared to the lepton mixing ones.

The difference of the lepton mixing angles given in equation (1) and quark mixing angles
in equation (2) has stimulated works on discrete symmetries which has shown many out-
standing advantages in explaining the observed pattern of SM fermionic masses and mixing
angles. There have been many models based on discrete symmetries, see for instance, A4
[61-75], S5 [76-82], S, [83-103], T’ [104-108], etc. However, in these papers, the fermion
masses and mixings are generated from non-renormalizable interactions or at loop level.
Some extensions of the SM based on D, symmetry generate mass spectra and mixing
parameters for quarks and/or leptons were presented in [109-111] in which only fermion
masses and maximal mixing of the atmospheric neutrino and/or the vanishing 6,3 was
predicted which was ruled out by the recent experimental data [60]. This problem has been
improved in our previous work, based on 3-3-1 model, by adding a new triplet p put in 1”
under D, regarded as a small perturbation [112]. In this work, we build a B — L SM
extension, where the D, discrete symmetry is supplemented by the Z, discrete group, pro-
viding a framework capable of reproducing the SM fermion masses and mixings. Three right-
handed neutrinos (v;z), two SU(2); doublets H', H” with B — L = 0 respectively put in 1’
and 2 under D, and two flavons ¢, ¢ with B — L = 2 respectively put in 1 and 2 under D, are
introduced. We note that D, symmetry has not been considered before in this kind of the
model®. This model is completely different from our previous works [112—114] because the
3-3-1 model itself is an extension of the SM.

In this work, the first generations are put in 1 while the two others are put in 2 under D,
symmetry. Dy is the symmetry group of a square. It has four singlets 1, 1’, 1” and 1” and one
doublet 2 [115]. For convention, we present briefly the Clebsch—Gordan coefficients of D, in
appendix A. This paper is organized as follows. In section 2 we present a simple SM
extension by adding U (1)z_; and D, symmetries. In section 3 we present the lepton sector of
the model and introduce necessary Higgs fields responsible masses for the leptons. Section 4
deals with quark masses and mixings. We make conclusions in section 5.

2. The model

In the model under consideration, the electroweak sector of the SM is supplemented by a gauge
symmetry U(1)z_; and a D, discrete symmetry. In addition to the SM model particle content,
three right-handed neutrinos (v;z), two SU(2); doublets H', H” with B — L = 0, respectively,
putin 1’ and 2 under D, and two flavons ¢, ¢ with B — L = 2 respectively put in 1 and 2 under
D, are introduced. The particle content of the model is given in tables 2 and 3. In general, the
lepton mixing matrix is given by U = U, U, where U, refers to the left-handed charged-lepton
mixing matrix and U, is the neutrino mixing matrix. In the basis where the charged lepton mass is
diagonal (U,; = 1), the lepton mixing matrix is that of the neutrinos, U = U,. With the fermion
content in tables 2 and 3 and the tensor products of D, group in appendix A, the charged
lepton masses can arise from the couplings of 91 o)rl1.0)r t0 scalars, where under SU (3), x
SUQ) x Uy x U(1)g_y x D, symmetry, ¥ Lg transforms as (1, 2, —1/2, 0, 1) which
implies that in order to generate the charged-lepton mass matrix, one needs one D, singlet
transforming as (1, 2, 1/2, 0, 1) to build an invariant under all given symmetries. Similarly, we
have {1log ~ (1, 2, 1/2, 0, 2), Yarhig ~ (1, 2, 1/2, 0, 2) and ¢hurlor ~ (1, 2, 1/2, 0, 1 +
17 + 1” + 1™). Therefore, to generate masses for the charged leptons, we need two SU(2); scalar

In this scenario, fermion masses and mixing angles are generated from renormalizable Yukawa interactions.
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Table 2. The fermion content of the model and the charge assignment. Here o = 2, 3.

SUB). SU@). Uy UM Di Z4

by, 1 2 ~1/2 ~1 1 i
U, 1 2 ~1/2 ~1 2
lix 1 1 ~1 ~1 1 i
lg 1 1 ~1 ~1 2 i
ViR 1 1 0 -1 1 i
Var 1 1 0 ~1 2
o 3 2 1/6 1/3 1 i
0w 3 2 1/6 1/3 2 i
iR 3 1 2/3 1/3 1 i
Uok 3 1 2/3 1/3 2 =i
dig 3 1 ~1/3  1/3 1
dor 3 1 ~1/3  1/3 2 =i

Table 3. Scalar content of the model and the charge assignment.

SUB). SU@). Uy Ul)p-r Ds Z4

H 1 2 1/2 0 11
H 2 1/2 0 U1
H" 1 2 1/2 0 2 -1
0 1 1 0 2 1 -1
¢ 1 1 0 2 2 -1

fields H and H' as given in table 3. For the known scalar doublets, available interactions are
(1 H yigs @arH )21 and (@, H')2 1,8 however they only generate the Dirac mass term. In
general, neutrinos can have not only Dirac mass term but also Majorana mass term. To generate
Majorana mass term for neutrinos we will therefore introduce two new SU(2), singlets ¢, ¢ with
B — L = 2 respectively put in 1 and 2 under D,, instead coupling to 91, vi; and Yaz Var,
responsible for the realistic neutrino masses and mixings.

In the quarks sector, with two SU(2); scalar fields H and H’, available interactions are
Qs H)ousr, (QarH pugr, (O3 H)rusk, (Qp H)adgr, (QprH')2dgr and (QsH)yrdsg which
can generate masses for the up and down quarks. In this case, the matrices which couple the
left-handed quarks #; and d; to those in the mass bases areU,;, = U, = 1, and the CKM
quark mixing matrix is equal to the identity matrix. However, as we know, the quark mixing
matrix is given in equation (2) which is a little different from the unit matrix, and it adheres to

the following approximate pattern’:

0.97446 0.224 52 0
|Vexm| ~ 1 0.22438  0.973 59 0o | )
0 0 0.999 11

To obtain the quark mixing form in equation (4) we propose an additional SU(2); doublet H”
put in 1” under Dy coupling to gy, usr and 31, dr, respectively, contributing to the elements
(12) and (21) of the up and down quark mass matrices M,, and M,. The Yukawa interactions

5 This is a good approximation for the realistic quark mixing matrix, which implies that the mixings among the
quarks are small.
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of the model are®:
—Ly = mty Hhg + hy(ly H)alog + bW, H ) log
X1, =5 = X - ~ X3 - ~ !
+5‘(¢1LH>lum + f(%LH)guaR + 73(%1{ )2Ver

N —C b)) —cC 3 e —C
+—=(DgV + =V \rVa + = pV1R + Digla
2( IRVIR)1P 2( RVaR)1® 2( RVIR {RVaR)2®P 5)

+h (O ED g + hoy(Qar H)attor + h3u(Qar H )attar

+hau(Qarttir + O1tar)2H' + hig(Q1 H) 1 dig + hoa(QarH)adog
+h30(QarH)2dor + hag(Qurdir + O11dor)2H" + hec.

It is noted that the following interactions, ¢y H"lx and ¢y H"vjx (i,j = 1, 2, 3), are
forbidden because of, at least, the Z; symmetry violation thus they are not included in
equation (5).

Since there are many Yukawa couplings in Higgs potential and it is easy to arrange a
suitable Higgs potential [112, 116]. In order to generate the remarkable fermion mixing
pattern, from the potential minimization conditions (see appendix B1), we choose the VEVs
of scalar fields as follows:

(H)y=0 v)', (H)=©0 )", (H")=(H), 0),
(H)=©0 vu)", (o) =v (0) = (o), (). () = v (6)

We note that, the VEVs of H and ¢ conserve D4 symmetry while that of H’ breaks this
symmetry down to Z, which consists of four elements {e, a, a?, a’} where a is the g rotation
[115]. The VEV of H” breaks D, symmetry down to Z, which consists of two elements {e, b}
while the VEV of ¢ breaks this symmetry down to Z, which consists of two elements {e, a’b}
where b is the reflection [115]. Furthermore, SU(2); singlet ¢ breaks the U (1)g_; symmetry
and SU(2); doublets H breaks the SU (2), x U (1)y symmetry down to U(1),,, [32-35].

After symmetry breaking, Dirac and right-handed neutrinos get masses, where Dirac
neutrino mass Mp ~ vy, vy, and right-handed neutrino mass Mg ~ vy, v, thus, B — L gauge
symmetry can provide a natural framework for the seesaw mechanism. The scale of B — L
symmetry breaking was discussed in detail in [32-35].

3. Lepton masses and mixings

From the lepton Yukawa terms given by equation (5), we rewrite the Yukawa interactions in
the charged lepton sector:

—Laep = )y Hhg + ho(thy Hlg + b3, Hlzg)

G He — Do H ™)
+h3('l;Z}2LI—1 IZR - wSLH l3R) + h.c.

In the charged-lepton sector, Dy is spontaneously broken down to Z, by the VEV of H’, there
exist no lepton flavor changing interactions thus the lepton flavor changing processes are

6 I’:IJ,ﬁJ/ and H” are, respectively, the complex conjugate fields of H, H' and H”, i.e. H = io,H* =
HY* — HOT ~ (1,2, =1/2,0, 1, 1, H ~ [1,2, ~1/2,0, 1, 1] and H" ~ [1,2, ~1/2,0,2, ~1].

5
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suppressed. With the help of (6), the Lagrangian mass term of the charged leptons can be
written in the form:

— L35 = (he, bp, Bp)My(hg, g, B)" + hec., 8)
where
M, = diag(lyvy, hovy + havy,, hove — h3vy,) = diag(m,, m, m;), (9)

which has the diagonal form. Thus, the diagonalization matrices are therefore Uy = Upr = 1
and the lepton mixing matrix depends on only that of the neutrinos. The masses of muon and
tau are explicitly separated by scalar H' resulting from the breaking D, — Z, and this is why
we introduce H' in accompanying with H.

Next, combining expressions of m, , r in equation (9) with the experimental values for
masses of the charged leptons at the weak scale given in [60]: m, =~ 0.510 99 MeV, m,, ~
105.658 37 MeV, m, ~ 1776.86 MeV, we get’ |hy| ~ 5.1 x 107, |hy| ~ 9.4 x 1073, |hs| ~
8.4 x 1073, i.e. the hierarchy of Yukawa couplings are required to obtain the hierarchy of
charged-lepton masses (i < |hy| = |hs)).

The neutrino masses arise from the couplings of w,Lu]R and g (i, j=1,2,3) to
scalars, where ¥ Vig, Y11 Vag and Yoz Vg (o = 2, 3) transform as SU(2); doublets and 1, 2
and (1, 1/, 1”7, 1”) under D, symmetry, respectively, while Dvig, Diglar and Diplng
transform as SU(2), singlets and 1, 2 and (1, 1/, 1”, 1”) under D4, respectlvely For the
SU(2), scalar doublets H and H’, the following interactions z/J,LH vig and w,LH Vjg are
available, however, these terms only contribute to the Dirac mass matrix Mp. To generate the
Majorana mass terms, we propose two new SU(2); singlets (i, ¢), respectively, transform as 1
and 2 under D, as given in table 3.

From equation (5), the Yukawa Lagrangian in neutrino sector reads:

L, = —wlLHVlR JF (d’zLHVZR + ¢3LHV3R)
_(%LH VR — ¢3LH v3g) + ?VlRSDVlR + > Z(D5gvar + DipVaR) P (10)
+?[(172€RVIR + Dpvor) @y + (TigVir + Dirvar) 9,1+hec.

With the VEVs given in equation (6), i.e. D, is broken to Z,, we get the Dirac neutrino mass
matrix (Mp) and the right-handed Majorana neutrino mass matrix (Mg) as follows

ar CR Cr
Mp = diag(ap, bp — cp, bp + cp), Mg =|cr br 0|, (11)
CR 0 bR
where
ap = xivg, bp = xvy, cp = B3V,
ar = Y V> br = YaVps CR = Y3V, (12)

We introduced the additional symmetries U (l)g_; X Z4 X D, to prevent some Yukawa
interactions thus giving rise to the predictive textures for the lepton and quark sectors. For
instance, under SU (3). x SU2), x U(l)y x U(1)p_p X D, symmetry, the coupling ¥ns lor

7 We use vy ~ vy, ~ 100 GeV for their scale.
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transform as (1,2, 1/2,0,1 + 1’ + 1” + 1"). For the known scalars H, H', H", ¢, ¢,
(arlag)H" is forbidden by the D, and Z, symmetries, (1), L,g) ¢ is prevented by the B — L, Z,
and SUQ2), symmetries, and (. l.g)¢ is prevented by the B — L, Dy, Z4 and SUQ2),
symmetries. Consequently, in the charged-lepton sector, there are only three terms invariant under
all symmetries SU3), x SUQ2), x U(l)y x U(l)g_r x D4, which corresponds to
(WD1LhR)H, Warlog ) H and (Y, 1,g)1,H' that provide a simple form of M, as indicated by
equation (9). The situation is similar for the remaining couplings that generate the desired mass
matrices given in equations (11) and (40).

The effective neutrino mass matrix obtained through the type-I seesaw mechanism as follows:

AO BO BO 0 a) —a
Meff = —MgMElMD = B() C() — D() D() + a b] + b2 C] s (13)
Bo DO CO — DO —dap C1 —bl + b2
where
2
b
AO - a ZD —|R- 26‘2’ BO - a C;?Dch;CZ,
—URUR R RYR — R
agb? bick
Co=—"L—., Do= bR (14)
—aRbR + ZCR _bR(aRbR - ZCR)
a = apCpCr L= ZchD(aRbR — CR%)
—aghg + 2¢}’ brlagbg — 2¢3)
_ ch(—agrbg + cp) chch

= (15)

27 brlagbg — 2¢3)° agb? — 2bpc2’

We note that Ay, By, Co and Dy given in equation (14) accommodated in the first matrix of
equation (13) due to the contribution of one SU(2); scalar doublet (H) and two SU(2); scalar
singlets ¢, ¢. The last matrix in equation (13) is deviation from the contribution of the SU(2),
scalar doublet H' only. If there is no contribution of H’, the deviations ay, by 5, ¢; will vanish
and the mass matrix Mg in (13) reduces to its first term which generates a nearly tri-
bimaximal mixing. Thus, second term in (13), which is proportional to the contribution of H’,
will take the role for a small deviation of 6,3 and being responsible for the CP violating phase
in the lepton sector.
The first matrix in equation (13) has three eigenvalues,

1
my = E(AO + Co £ \/8302 + (A9 — Cp)?), m3 = Cy — 2Dy, (16)

and the corresponding lepton mixing matrix takes the form:

cosf sinf O

_sin9 cos 6 1
Uy = 2 .2 2, 17
_sin cosf 1
2.2 JZ
where
2 2B 2B
G:arccosL,K: LI 0 s (18)
K2+ 2 Co—m  my— Ag

with Ay, By, Cy and m, , are defined in equations (14) and (16), respectively.

7
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The matrix Uy in equation (17) implies 613 = 0, 6,3 = 7/4 and 6, = 6 which was rule
out by the recent data®, however, the contribution of the second term in equation (13) will
improve this situation.

At the first order of perturbation theory, the second matrix in equation (13) contributes to
both eigenvalues and eigenvectors. In this case, the neutrino masses are given as:

AN =my + (by + ¢)sin?0, Xy = my + (by + c))cos? 0, Ay =m3 + by — ¢y, (19)

with by, ¢; and m; »3 are given in equations (15) and (16), respectively. The corresponding
lepton mixing matrix becomes:

U= U+ 6U, (20)
where Uy is defined by (17), and 6U has the following entries:

_ (by + ¢)sin?f cos O (b, + ¢})sinf cos?

(0U) = , () =
nmy — ny nmy — nmp
(bycos B 4+ V2aysinf)sin@  (—+/2a;cos b + by sinf)cos f
ms3 — my my — ms
29 _ ;
(6U)21:L (by + c¢)cos* 8 sin 6 + J2a cosf — bysinf ,
\/E my — m ny — mz
1 (® 0 sin% 0 2a;sinf + b 0
(U)p = —— (by + c¢1)cos 8 sin n \/_al sinf + b;cos ]’
Nb) my — ny my — m3
1 ((J2asin6 + by cosf)cos O (v2aycos @ — by sinf)sin 0
() = —= + )
\/5 msz — ny nmy — msg
(SU); = 1 [(by + cr)cos*Gsin b N —J2a,cos0 + b, sin@],
NG) my — my my — m3
(U = 1 [(by + cp)cos fsin* g N J2a;sin@ + b, COSQ]’
\/5 my; —nm ms3 — mp
(0U)33 = (0U)2s. (21)

In the three-neutrino framework, the lepton mixing matrix (Upyns) can be parameterized as
[60]

i6

1213 S12€13 NECE
_ s s
Upmns = | —s12¢23 — c2823513€"  cpacas — s12823513€"° spzep3 | X P, (22)
i6 is
$12823 — C12€23813€"°  —Cl2823 — S12023813€"° €23C13

where 0 is the Dirac CP violating phase and ¢; = cos 0, s; = sin§j; with 0,5, >3 and 6,3
being the solar angle, atmospheric angle and the reactor angle respectively. P contains
two Majorana phases (ay;, a3;) which play no role in neutrino oscillations, P =
diag(1, i, ei).

From equations (20)—(22) the lepton mixing angles can be defined via the elements of the
neutrino mixing matrix:

8 In the case cos = J2/3 (0 ~ 35.26°), Uy becomes an exact tribimaximal form [117-120].

8
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_ [Unl ty = |Uns|
|Util |Uss|

By combining equations (20), (21) and (23) we get:

efi‘s[(ml — m3)(m3 — my)s13 + M(a — \/B)]

11—t}

s13 = Upze, (23)

“= V2[my — ms + (my — my)cos? 0] ’
by = CYZ—J’ o= —by — (my — my)(sinf — t5 cos 0) ’ 24)
ty — 1 cos O[fp + cosO(sin @ — f15 cos 0)]
where
o= —(msin?0 4+ mycos20 — m3)(1 + t3) + (my — my)sin 6 cos Os;3(t5 — 1)cos &,
B =2[2(m3 — mysin®f — m;cos2 @) + (my — my)?* cos? O sin® s3]t
— (my — my)?cos?@sinOs3(1 + 155 — (t5 — 1)?cos? .
(25)

We found that two elements U, and U, depend only on two parameters 0, 6,,, namely
Uy = 1/(cosf + t1psinf), U = t1/(cos@ + t5sinf) with ¢, = 0.670 is the best-fit
value from the global analysis given in [59]. Furthermore, at 30 confidence level [59], U, €
(0.797, 0.842). Thus we get cos # = 0.831 (6 = 33.8°) and U, = 0.557.

Although the global analysis in [121] shows a hint in favor of the NH over the inverted
one at more than 30 and the global analysis in [59] based on LBL+ reactor data obtain a
preference for NH at about 20, however, the neutrino mass spectrum is currently unknown
and it can be NH (m; < my < my) or IH (m3 < m; < m»,) depending on the sign of Am32,
(Am322) [60]. In this work, two types of the neutrino mass spectrum can be found in which the
model parameters are in good agreement with the global analysis in [59] for both normal and
inverted hierarchy (IH).

3.1. Normal spectrum
By taking the best-fit values for neutrino mass squared splittings, leptonic mixing angles and

the Dirac CP violating phase for NH with Super-Kamiokande atmospheric neutrino data as

given in table 1, we get a solution’:

mi=—15 x 10-5m, + 1.74 /7,

by =175 x 1077my — 1.3 x 1070 /7, + 1.84 /7, — 0.5ms, (26)
with

7, =—2.45 x 1075 + 0.331m7,

Y =181 x 107* + 7.4 x 1072m3 — 2.66 x 10~"m, /7. (27)

The sum of neutrino masses in NH, 3"y = >"m, = 21-3:] /\ZN, is defined as:

Sy = ma+ L7477 + 3.687,, 28)

° There are four solutions for my, by however they give the same value for Ami]2 and the same absolute values of
A1 23 thus we only consider in detail this solution.
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Zy
0.090;
0.085 ’
0.080;
0.075 ’
0.070;

. .
0.012 0.014 0.016 0.018 0.020

Figure 1. >_y as a function of m, with m, € (0.01, 0.02) eV in the NH.

which is depicted in figure 1 with'® m, € (0.01, 0.02) eV. In the case m, = 0.014 eV, three
light neutrino masses are explicitly given as:

M =1.1x102eV, \) =14 x 1072, eV, A} =5.14 x 102eV, (29)

and the sum of three neutrino masses is found to be }°,, = 7.65 x 1072 eV. Let us note that
at present there exist various different bounds for ) m,. For example, it has the upper limits
[122] > m, < 0.152eV at 95% C.L in the minimal ACDM + > m, model, > m, <
0.118 eV by adding the high-/ polarization data [122], > m, < 0.101 eV is achieved in
NPDDE model, }-m,, < 0.093 eV in the NPDDE+r model and the most aggressive constraint
is >_m, < 0.078 eV in NPDDE-+r with the R16 prior while the most recent constraint [123]
is >-m, < 0.46 = 1.3 eV. Thus our model predicts most of updated bounds on sum of
neutrino masses in various cosmological scenarios presented in [122, 123].

We found allowed region of mj that the elements of lepton mixing matrix U,; and
Us;(i = 1, 2, 3) can reach the constraint on the absolute values of the entries of the lepton
mixing matrix given in [59] . Indeed, in the case m3 = 0.05 eV, the other model parameters
are found in table 4 and the magnitude of the lepton mixing matrix in equation (20) then takes
the form:

0.831 0.557 0.15
[UN| =10.296 0.587 0.765 |, (30)
0.499 0.59 0.649

which is consistent with the constraint on the absolute values of the entries of the lepton
mixing matrix given in [59].

3.2. Inverted spectrum ms < my < mo

Similar to the normal spectrum, taking the best-fit values of neutrino oscillation parameters

for IH with Super-Kamiokande atmospheric neutrino data as given in table 1, we get a
: 11

solution :

10 1n NH [59], A> = /|AmZ| ~ 0.0086 eV thus we can assume m; € (0.01, 0.02) eV.
11 2

; and the same absolute values of

There are four solutions for m;, b, however they give the same value for Am
my 3 thus we only consider in detail the solution in equations (31), (32).

10
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Table 4. The model parameters in the case m, = 0.014 eV and m; = 0.05eV in NH.

Parameters The derived values(eV)

m 1.1 x 102

ai (=329 + 2.42i)1073
by 3.21 x 1073

by 7.25 x 1074

c —7.25 x 1074

Table 5. Some model parameters in the case my = 0.0505eV and m; = 0.055 eV

in IH.
Parameters The derived values (eV)
n 498 x 1072
a (0.726 + 5.22i)10~*
b, 3.82 x 1074
by = —¢ —2.44 x 1072
mll _ mlN’
by =175 x10"my — 1.3 x 10’6\/7_1 + 1.3\/'y_3 — 0.5m;, (€1))
v = —3.71 x 1074 + 0.148m22 —5.32 x 10_7m2\/*}/_1 — 0.5m;, (32)

with v, is defined in equation (27).

In TH [59], X\~ /|Am$| = 0.0501eV thus we can put )\, = 0.0505eV and
getlzmz = 0.0505 eV. The sum of neutrino mass is found to be Z?:I )\i] = 0.106 — 2.22 x
10~ 93 ~ 0.106 eV which is well consistent with most of the bonds presented in [122, 123].
In the case m, = 0.055eV the other parameters are found in table 5 and three physical
neutrino masses are explicitly given as X = 4.98 x 1072eV, A} = 5.05 x 102eV, M, =
6.18 x 1073 eV. The sum of neutrino mass is found to be 21.3:] /\{ = 0.106 eV which is well
consistent with almost upper bounds from cosmology given in [122].

The magnitude of the lepton mixing matrix in equation (20) then takes the form:

0.831 0.557 0.15
|U'| =0.386 0.533 0.766 |, (33)
0.419 0.649 0.649

which is consistent with the constraint on the absolute values of the entries of the lepton
mixing matrix given in [59].

3.3. Effective neutrino mass parameters

The effective neutrino masses governing the beta decay (m;) and neutrinoless double beta
decay ({(m,.)) [124—128] has the forms

12" In this model under consideration cos § ~ 0.83,¢c; = —by = 2.4 x 1072 hence \, = my + 2(c; + by)cos2 6 = m,.

11
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3 1/2
, mg = (Z|Uei|2mi2) , (34)
i=1

(Mee) = mz

where U,; (i = 1, 2, 3) is the PMNS leptonic mixing matrix elements and m; correspond to
the masses of three light neutrinos . With the model parameters obtained in sections 3.1 and
3.2, the effective neutrino masses in the beta decay and neutrinoless double beta decay, for the
Normal and Inverted neutrino mass orderings, acquire the following values:

1.23 x 1072eV for NH,
< ee) = ) (35)
4.88 x 107~ eV for IH,
and
-2
my = 142 x 107°eV for NH, (36)
‘ 507 x 1072eV for IH.

Furthermore, the Jarlskog invariant which controls the size of CP violation takes the
values [60, 129-131]:

—2.45 x 1072eV for NH
Jep = Im(Uns UAU US) = : (37)
< BUBTRERT T 1306 x 1026V for IH.

The resulting effective neutrino mass parameters in equations (35) and (36), for both normal
and inverted hierarchies, are below all the upper bounds arising from present Ov G0 decay
experiments, such as, KamLAND-Zen [132] (m.) < 0.05 + 0.16 eV, GERDA [133]
(mee) < 0.12 + 0.26 eV, MAJORANA [134] (m,.) < 0.24 =~ 0.53 eV, EXO [135-137]
(mee) < 0.17 + 0.49 eV, CUORE [138, 139] (m,.) < 0.11 + 0.5 eV, and they are very well
consistent with the meV limit of the effective neutrino mass can be reached by the planning of
future experiments [140-142].

4. Quark mass

The Yukawa interactions in quark sectors can be expanded from equation (5):

-L, = MmO Hug + hZuQ_ZLFIMZR + hqu_zLFI U + hZMQ%LFIM%R

—h3, O3, H uzg + h4u(Q2LH1 uig + QlLH1 usR + QzLszth + QILH2u3R)
+hg Qi Hdig + hogQor Hdog + h3q Qo H'dog + hoq Q3 Hdag

—h3g Q3. H'dsg + hag(QarHy dig + QiH, dog + Qs Hs dig + Q1 Hs dag)
+h.c.

(38)

With the VEV alignments of H, H', H” as given in equation (6), the mass Lagrangian of
quarks reads
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mass * = _ _
=Ly = hyvgiipng + hayv o (fopug + dpuog)
* _ * _
+(houvy + h3uv i )iopuor + (houvyg — h3uv )itz usg

+higvgdipdig + hagvy(dapdir + dipdag)

+(haav + hagvy)dardor + (hagve — hagvy)dapdag + hec.
(L, fag, W3)M, (iR, tog, usg)" + (dig, dar, d3p)My(dig, dog, dig)"

+h.c.,

where the up-and down-quark mass matrices are

hluv;-]k h4uvl>l-;” 0 ayy Agay
M, = haviyn  houviy + ha,vy, 0 = |a4y  azy + azy
0 0 houvi = Vi, 0 0
have haqvgr 0 aiq Q4q
My =\ hagvyr  hogv + hzave, 0 = |aag  G2a + G3q
0 0 ]’ldeH — ]’l3dVH/ 0 0

The matrices M, 4 in equation (40) are, respectively, diagonalized as
Uqur‘Mu (]uR = diag(mua me, mt)’

UgM, Ugg = diag(mg, mg, my),

where
myc.= Alu + AZu’ m; = dpy, — Qazy,
mgs = MNa F Mg, mp = arg — azg,
cos Oy, —sinfy 4 O
Uuwayr = Uuar = sin O(M’d) cos G(M,d) 01,
0 0 1
with
. 1 a —a —a — A
sind _ K _ Qwa 2u,d) 3(u,d) 2(u,d)’
(u,d) > (u,d) )
VKo + 1 A4(ud)
and

MNay = @ay + A2wd) T Bd),

2 1
Moway = [(@20.a) + Ba) — Ga)® + 4a5.q 12

The quark mixing matrix is defined as

0
0

apy — azy

0
0

drq — dzq

cos 6, cosf; + sinf,sinf; cosb,sinf; — sinb,cosf; 0

Uckm = Ui” U = |sin6, cos; — cosf,sinf; cosb,cosb,; + sinf, sin

0 0

0l
1

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(40)

This is a good approximation for the realistic quark mixing matrix, which implies that the
mixings among the quarks are very small [60]. With the best-fit results of |Vexm| [60],

(Uckm)i1 = 0.974 46 and (Ucgm )12 = 0.224 52, from equation (46) we get

13
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sinf, = 0.899 (6, ~ 64.1°), sinf; = 0.974 (6; ~ 77.1°). 47)
From equations (42), (44) and (45) we have a solution'®:

. 1 .
ay, =my, + (mc — Wlu)Sln2 O a2y = E[mc + m; + (m, — mc‘)sulz 0.,
1 . . . 2, 1
asz, = E[mc - m; + (my, — m) sin’ 0., as, = i(m. — m,)sin 0, sin’ 0, — 1,
. 1 .
arqg = mg + (mg — my)sin0,, ary = E[Mb + my + (mg — my)sin?6,],

a3y = %[—mb + my + (mg — my)sin? 8], asg = i(my — my)sin? G/sin%6; — 1. (48)

By substituting the best-fit values of m,, my, m., ms, m,, m;, in equation (3) and obtained
values of sin 6, ; in equation (47) into equation (48), we get:

a;, =1.03 x 10°eV, a,, = 8.66 x 1010eV,

4y, = —8.63 x 1010V, a4, = 4.99 x 108 eV,

a1y = 8.85 x 107V, ayy — 2.09 x 10 eV,

sy = —2.09 x 10°eV, azy = 1.93 x 107 eV, (49)

. h i h i . .
ie. 4 ~ 11, ;—; ~ ﬁ ~ 4], ;—;‘d ~ 25, and if vgr ~ vy, ~ vy, the Yukawa coupling
ld d '

hierarchies are |hy.q)| ~ |h* @D < |hywa)] = |h3wal-

Some other issues such as the constraints from available collider, the predictions for
Higgs doublet spectrum and the renormalization group evolution, etc, have been studied in
[58, 143-147] so we will not discuss further here. The model predictions sustain under
renormalization group evolution because only one Higgs scalar doublet is allowed to have
Yukawa interactions with a given type of right-handed fermion [148] and the model could
potentially preserve perturbativity and vacuum stability all the way up to the Planck
scale [149].

5. Conclusions

We have proposed a renormalizable B — L standard model (SM) extension based on D,
symmetry which accommodates fermion mass and mixing parameters with CP violation.
Both normal and inverted neutrino mass ordering as well as the smallness of the active
neutrino masses are generated through a type I seesaw mechanism. The obtained physical
parameters are consistent with the global fit of neutrino oscillation in [59] while the quark
masses are in good agreement with the recent experimental data [60]. The model also predicts
an effective neutrino mass parameter of (m,) = 1.24 x 1072 eV for normal hierarchy and
(m,.) = 4.88 x 1072 eV for IH which are all consistent with the recent experimental limits
on neutrinoless double beta decay.

13 The system of equations has four solutions but they have the same absolute values of m, 4,5, S0 we only
consider in detail the solution in equation (48).
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Appendix A. D, group and Clebsch-Gordan coefficients

D, is the symmetry group of a square. It has eight elements divided into five conjugacy
classes, with 1, 1/, 1”7, 1” and 2 as its five irreducible representations.

In real basis, in which the two-dimensional representation 2 of D, is real,
2X(I*, 2%) = 2(I*, 2¥), the Clebsch—Gordan coefficients of D, are:

1) @ 1(y) = 1y, Vi) @ U'(y) = 10ay),

") @ 1"(y) = 10ay), ") @ 1"(y) = 1y, (A1)

1) @ U(y) = Uay), L) @ 1"(y) = 1"(ayyp,

1) @ "(yp = 1"y, Vi) @ 1"(y) = 1"y,

) @ "(y) = U'ay), ") @ U'(y) = (ay), (A2)

Y1) AN , ) X1

10p) ® z(yz) - z(xlyz), ) © z(yz) - z(_xlyz), (A3)
" y] _ x1y2 " y] _ 7'x1y2
o)A o)) e

X Y
Z(xlz) & 2( 1) = 10y, + x2y,) & ll(xlyl — X2Y,)

Y2
Sy, + x29) & 1"y, — x2y). (AS5)
The conjugation representations of D, are given by
25(1%, 2%) = 2(1%, 2%), (A0)
(%) = 1(1), 15(1%) = 1/(1%), 1"*(1%) = 17(1%), 1"*(1) = 1"(1), (A7)

where, for example, 2*(I*, 2*) denotes some 2* multiplet of the form (x*, x5°) ~ 2*.

Appendix B. Higgs potential scalar

The general renormalized potential which is invariant under SU (3). x SU(2), x U(l)y x
U(l)g_; X Dy x Z4 symmetry takes the form'*:

Vo =VH) + VH") + VH") + V(p) + V($)
+V@H,H)+VH, H" +VH, o) +VH, ¢) + V(H', H"
+VH, o)+ VH, ¢) + VH", ¢) + VH", ) + V(p, ), (B1)

4 Here, we denote V(X — X, ¥ — ¥,-) = VX, ¥, xxiv—ti -

15
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where:
V(H) = i, H'H + X(H'H)?, V(H') = V(H — H),
V(H") = pigy, (H"H") + N (HH)W(HTH"), + A (HTH"), (H'TH"),
+ N ETH ) HH )+ N HTTH, (HTH ),
V) =VH — ¢), V(p)=VH"— ¢),
V(H, H) = )\""(H'H),(H''H"), + \S""(H'H"),,(H"'H),,,
V(H, H"y = X" (HTH) (H"TH"), + 7" (HH"),(H"'H),,
V(H, )= N HH) (G0 + M (H o) (¢H),,
VH, ¢)=V(H, H — ¢), VH',H"Y=VH — H', H"),
VH', )= M (H'TH) (o) + A (H )1, (6H )5,
VH', ¢)=VH' H" — ¢), VH", )= V(p— H, H",
VH", ¢) = N"O(H"H") (¢'¢) + MO H"H") (¢ ¢)y,
+ M OHTH (o) + NTOHTTHY 0 (6 D)1
+ MOHT ) (SHT + N H ) ($H),,
+ MCH S (FH Y+ N H ) (STH Y,
Vg, 9)=VH — ¢, ¢). (B2)

The scalars H, H', H", ¢ and ¢ with the VEVs in equation (6) is a solution from the

minimization conditions of V. To see this, in the system of minimization equations, let us
1%

” * %k / "ok *
putvy’ = vy, vy = 0, Vo, = Vo, = Vs andvy = vy, Vg = vy, vy = Vi, Vo = Voo Vg = Vs
which reduces to

2 H.2 HH/ HHIN | /2 HH" HH"~ 112 Hyp Hpy 2
/JzH + 2X 1574 + ()\1 + )\2 )V H + 2()\1 + )\2 )VH + ()\1 ¥ + )\2 Lf/)vw

+ 200 + M =0, (B3)

H;zq, + 2)\1{/‘)/%1 + ()\le/ + )\SIH/)VZ[ + 2()\111/1-[” + )\gl/H”)VIgZ + (/\f"“; + )\f"’j)v,f
+ 2007+ A =0, (B4)

ILLi[// + ()\fJH// + Aé{_][ii/)\)[% + (AIFI/H” + Ag],H//)V/%i + 2()\11_1// + )\gll)v;;z
+ 2007+ MO+ A+ AT N+ M- A0 =0, (B5)

pe 2007+ O+ A+ O+ ATV 200+ AT
+ 2007 + X)v; =0, (B6)

/‘i + ()\{11{/ + )\gml)vé + 2)\H/v/%1 + ()\f-I/H” + )\ngN)V;;Z + ()\IH/w_i_ /\f"’)vé

+ 200" + A" = 0. (B7)
The system of equations from (B3) to (B7) always gives the solution (v, v/, v", v, v) as
given in equation (6). It is also noted that this aligned is only one solution to have the

desirable results. In this type of the model, the breaking of the U (1)z_; symmetry at a scale
larger than the electroweak scale, i.e. vy, vy, var < vy, V,. After the electroweak symmetry
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breaking there exist the mixing between the remaining degrees of freedom from SU(2).
singlets with the ones coming from the SU(2), doublets which give rise to a number of
neutral, charged and pseudoscalar Higgs bosons (one of which will correspond to the SM
Higgs) and some of the scalars will be heavier than the others which has been analyzed

in [150].
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