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Abstract
The present paper is devoted to investigation of the classical capacity of infinite-
dimensional continuous variable quantum measurement channels. A number of
usable conditions are introduced that enable us to apply previously obtained
general results to specific models, in particular, to the multi-mode bosonic
Gaussian measurement channels. An explicit formula for the classical capacity
of the Gaussian measurement channel is obtained in this paper without assum-
ing the global gauge symmetry, solely under certain ‘threshold condition’. The
result is illustrated by the capacity computation for a one-mode squeezed-noise
heterodyne measurement channel.
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1. Introduction

From the viewpoint of information theory measurements are peculiar communication chan-
nels that transform input quantum states into classical output data. As such, they are described
by the information capacity which is the most important quantity characterizing their ultimate
information-processing performance. The present work develops investigation of the capacities
of quantum measurement channels, initiated in [1—4]. The emphasis here is on the measure-
ments with continuous multi-dimensional output. It is well known (see, e.g., [3]) that channels
with continuous classical output (in contrast to discrete output) in principle cannot be extended
to quantum channels (i.e. maps with the quantum input and output). This prevents from a direct
use of the well developed quantum Shannon theory for channels and thus requires a separate
study. In particular, this remark fully applies to bosonic Gaussian measurement channels, which
are of great both theoretical and practical interest.

In [5] a proof of the coding theorem for the classical capacity of a measurement chan-
nel with arbitrary output alphabet was given in the most general setting. In the present work
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a number of applicable conditions are developed that make it possible to implement the gen-
eral results, in particular, to bring the capacity calculations to the quite specific formulas. In
proposition 1 of section 2 a convenient expression is obtained for the energy-constrained clas-
sical capacity of a measurement channel in terms of the differential entropy. This expression is
further specified in proposition 2 for irreducibly covariant measurement channels. Section 3 is
devoted to Gaussian measurement channels. Theorem 1 is proved, giving an explicit formula
for the energy-constrained classical capacity of the Gaussian measurement channel without
assuming the global gauge symmetry, solely under the ‘threshold condition’ (21). This result
generalizes theorem 1 from [6], in which the globally gauge-covariantcase was considered. The
resultis illustrated by an example of the single-mode squeezed-noise heterodyne measurement.

2. Capacity of the measurement channel and the output differential entropy

Let H be a separable Hilbert space. By ‘B(#) we denote the algebra of all bounded operators
in H, T(H) is the Banach space of trace-class operators, S(#) is the convex subset of density
operators, i.e. positive operators with unit trace, also called quantum states.

We also introduce a measure space (€2, F, 1), where {2 is a complete separable metric space,
F is a g-algebra of its subsets, u is a o-finite measure on F.

Definition 1. Probability operator-valued measure (POVM) on Q is a family M =
{M(A),A € F} of bounded Hermitian operators in H, satisfying the following conditions:

(@) M(A) 2 0;A € F;

(b) M(Y) = I, where [ is the unit operator in H;

(c) for arbitrary countable decomposition A = UA;, (A; € F, A;NA; =0, i # )) the relation
M(A) = " ;M(A;) holds in the sense of weak convergence of operators.

The POVM defines a quantum observable with values in ). The probability distribution of
the observable M in the state p is given by the formula

P,A)=TrpM(), A€F. (D

For brevity, we sometimes write P,(dw) = Tr pM(dw). As it is known, there is a unique
POVM, for which P, is given by the formula (1).

Definition 2. Measurement channel M is an affine map p — P,(dw) of the convex set of
quantum states &(7) into the set of probability distributions on §2.

The purpose of this work is to study the information characteristics of the channel M, in par-
ticular, its capacity for transmitting the classical information, with a natural energy restriction
at the input, basing on general expressions obtained previously in [5, 7].

Lemma 1. [5] For arbitrary observable M(dw) with values in ) there exists a o-finite
measure (. on S), such that for any density operator p € S(H) the probability distribution
P,(dw) = Tr pM(dw) has a density p,(w) with respect to measure [1.

Therefore the measurement channel can be considered as an affine map M : p — p,(w),
and we will write p, = M(p).
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Definition 3. A Borel probability measure 7w on &(H) will be called ensemble. The average
state of the ensemble 7, determined by the Bochner integral in T(#) [8]

pr = / pm(dp), 2

S(H)

is just the barycenter of the measure 7.

Note that in specific applications the measure 7 is usually concentrated on some paramet-
rically given subset of states. In these cases, it is more convenient to define the ensemble as a
pair {m(dx), p,}, where the parameter x runs over a complete separable metric space X, m(dx)
is a probability measure on X, {py,x € X} is a measurable family of states.

For a given ensemble 7 and a measurement channel M the Shannon mutual information
between the input and the output of the channel can be defined by the formula

I, M) = / M) M (B, )m(dp).
S(H)

where

MM = [ oo P42
Q Ppr (W)
is the classical relative entropy. The functional I(w, M) is well defined and takes values in
[0; 4-00].
We introduce the generalized differential entropy of a probability density p(w) on (€2, ) by
the relation (see [9], where 1 is the Lebesgue measure on R*)

h(p) = — /Q plw) log p(ew)pu(d),

provided the integral exists, including the values +oo. If |R(M(p;))| < oo then
1. 00 = [ [ 50 (10g p) = Tog . (@) pcoyncan
sm)Ja

M) = [ M)
S(H)

where h(M (p)) = h(p,) is the differential entropy of the channel M output probability density.

In the case of infinite-dimensional H one usually introduces a constraint onto the input states
of the channel (otherwise the capacity may be infinite). Let H be a positive self-adjoint (in
general unbounded) operator in the space H, with the spectral decomposition H= fooo AdP(N),
where P()) is the spectral function. In specific applications, the role of H is played by the
energy operator of a quantum system at the input of the channel. We introduce the subset of
states

&g ={p: Tr pH < E}, (3

where E is a positive constant, and the trace is understood as the integral (for more detail see

[10])

Tr pH = /oc AA(Tr pP(N)).
0
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Consider the energy constraint on the input ensemble 7 defined by the relation Tr p,H < E.
According to theorem 1 from [5], the classical capacity of the measurement channel M with
the input constraint is given by the relation

CIM,H,E)= sup I(x', M),

7' Trp 1 HSE
where ' = {7y, p,'} runs through the finite ensembles. Then, obviously,

CIM,H,E)< sup I(m, M), “)

mTr pr HLE
where the supremum is taken over all ensembles.

Proposition 1. Ler M : p— p,(w) be a measurement channel such that for any p the
density p,(w) is bounded.
Let a nonnegative function H.(w) be given on ) that satisfies the conditions

/ e W p(dw) < oo, (%)
Q
for some 6 > 0, and

/QHc(w)p,,(w)u(dw) < o0, Vpe G, (6)

then
h(p,) < oo, Vp e Gp. (N

In this case, the capacity C(M, H, E) is given by the formula

COM.H.E)=  sup [h(M(pﬂ))— /

7 Tr pr H<E S(H)

h(/\/l(p))ﬂ(dp)} : ®)

where the supremum is taken over all ensembles.

Proof. It is shown in [6] that the value —oo is excluded for the output differential entropy
due to the fact that the density p, is bounded. We show that under the condition (6) the value
~+o00 is also excluded.

On the output space €2, we consider the probability distribution with the density

pu) =m e O, [ e IO ©)
Q
with respect to the measure i, then

h(p,) = —h(p,| pr) + Q/S)P/)(W)Hc(w)u(dW) + log m. (10)

This implies (7) due to the non-negativity of the relative entropy 4(p,||pu) and the inequality
(6).

Consider a finite decomposition V = {V;} of the output space {2 and the measurement
channel M, described by POVM {M(V;)}, which is embedded into a quantum channel with
finite-dimensional output.
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For the capacity of My, we have

C(M,H,E) > C(My,H,E)y=sup I(m, My),

mTr prHSE

where in the last equality we take a supremum over all ensembles and use the fact that
the measurement channel My can be considered as a quantum entanglement-breaking
channel [7]. By taking supremum over the decompositions }V and using the fact that
sup I(m, My) = I(w, M) (theorem 2.2 in [11]), we obtain the lower estimate which, together

V
with the upper estimate (4) gives (8). O

Definition 4. Let G be a locally compact group, acting continuously on the transitive
G-space €, letalso V: g — V, be a continuous (projective) unitary representation of the group
G in the Hilbert space H. APOVM M = {M(A),A € F} in H is called covariant under V, if

ViMA)YV, = M(g™'A), A€ F.

The following statement holds for the corresponding covariant measurement channel (an
analogue of proposition 1 from [12]). We assume that the channel M satisfies the conditions
of proposition 1 so that the formula (8) holds.

Proposition 2. Let the following conditions be satisfied for the measurement channel M
corresponding to the observable M which is covariant under an irreducible square integrable
representation g — V, of an unimodular group G:

(@) sup h(M(p))is attained on a state pY;
pTrpHLE
(b) inf h(M(p)) is attained on a state py;
p

() there exists a Borel probability measure 7% on G such that

= [Vinvimica,
Then the capacity of the channel M is given by the formula
C(M, H, E) = h(M(p2)) — h(M(po)), (1)
and it is attained on the ensemble {73(dg), V,poV; }.
Proof. From (8)
C(M, H,E) < l(M(pp)) — (M (po)). 12)

For a fixed point wy € €2, consider its stationary subgroup Gy. According to theorem 4.8.3 of
[13] the relation

M(A) = /Vg/PoV;, u(dw), where w = g'wy (13)
A

establishes one-to-one correspondence between the measurements {M(A)}, covariant with
respect to the irreducible square integrable representation g — V, of the unimodular group G,
and the density operators Py, commuting with operators {V,, g € Go}. Here p(dw) is properly
normalized G-invariant measure on §2, and the integral (13) is understood in the weak sense.

5
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Using the representation (13), the covariance of the measurement channel M and the
invariance of the measure p, we get

WM(VepoV7) = h(M(po)).

for any g € G. Substituting the ensemble {72(dg), V,po V; } in the formula (8), we obtain that
the upper bound (12) is achieved, which completes the proof. ([

3. The classical capacity of general Gaussian observable

The measurement channels we consider in this section correspond to general Gaussian observ-
ables in the sense of [14] (linear measurements in [13], see also [6] for the gauge covariant
case). In what follows the quantum input space H will be the Hilbert space of an irreducible
representation of the canonical commutation relations (A2) (see appendix), and the classical
output space ) = Z = R>.

We will consider the general Gaussian measurement channel p — M [p], described by
POVM on Z

. |detK|d>z

o € R%, (14)

M(d”2) = D(K2)psD(K2)
where z is 2s-dimensional real vector running in the symplectic space (R*,A), D(z) =
W(—A""7) are the displacement operators (see appendix) satisfying the equation that follows
from the canonical commutation relations (A2)

D(z)" W(w)D(z) = exp (iw'z) W(w),

K is a nondegenerate real matrix and pg is a centered Gaussian density operator with the real
symmetric covariance matrix (3. In [6] it is shown that without loss of generality we can put
K = I and consider the POVM

d¥z

25 N *

(15)

and the corresponding measurement channel M. In our case y is just the normalized Lebesgue
measure on Z = R%. The fact that the formulas (14) and (15) determine POVM follows from
theorem 4.8.3 of [13].

Consider the quadratic Hamiltonian

H = ReR!, (16)

where R is the vector of canonical observables defined by (A3), € = [e;] is positive definite
real symmetric matrix, so that the mean energy of the input state p is equal to

Tr pH = Sp eaq,

where Sp denotes trace of 2s x 2s-matrices as distinct from the trace of operators in the Hilbert
space and

a =ReTrR'pR

is the covariance matrix of the state p. Then the input energy constraint has the form Sp ea
< E, where E is a positive number. Let us show that in the Gaussian case we are considering,

6
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the conditions of propositions 1 and 2 are fulfilled allowing to compute the energy-constrained
classical capacity of the channel M.

Lemma 2. The conditions of proposition 1 are fulfilled for any positive definite quadratic
form H.(z).

Proof. All such forms are equivalent in the sense H, (z) =< H.»(z) for all z, i.e. there exist
positive constants ki, ky, such that k;H. 1(z) < H.2(2) < kaH¢1(z). Therefore it is sufficient to
prove the inequality

2s

S <aHA+ ol (17)

2s _ . * T~
/R H( M2 = /R HQ D@D

where ¢y, ¢, > 0, and H is given by (16), for at least one such form H,(z).

Choose a symplectic basis {e;,h;} associated with the matrix 5 (see appendix, with
« replaced by () and let the real 2s-vector z be represented by its coordinates in the
decomposition

s
2= xje;+yshy,
=1

so that

)
Rz = Z)Cjéj +yjl~7j,
j=1

where g; = Rej, p; = Rh;. Consider the corresponding complex representation of the sym-
plectic space, where z is replaced by the complex s-vector z with the components

zj= 75 (xj +1y;) (see e.g. [6]). We will prove the identity

2s

/ -z*zD(z)pgD(z)*d L byl (18)

//TS

where H = 33| (4% + p%) and ¢; > 0. This implies (17) because H is a positive definite
quadratic form in R, namely H = RQR', with Q = %Z‘;:l (e i€+ h jh’j) < c1ly, the symbol
L, denotes the unit 2s x 2s-matrix and ¢; = [|Q||.

The density operator pz admits P-representation

d¥w

5= L\ }7
o= 1w (ol exp [ o] St

where Nj is the diagonal matrix with the entries N; > 0,j =1,...,s, (see e.g. [13]). The
quantity in the left hand side of (18) is the same as

d25 d2x
[ [aalasw s wles [swingt] G CE
s N N B -

7
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By changing variable z + w — z and taking into account zero first moments of the Gaussian
distribution, we obtain that this is equal to

dZSW dZSZ
s det N3 m*

s dzsz dZsW
= i\z) (z]| z,—— w'w e —W*N’lw} — 1,
/CZZ s [ wwen [cwsw] S

where we used the identity

/ (z—w)" (z—w)|z) (z|exp [—W*NEIW}
s C.\'

d2s
L1

z) (2]

cs s

Taking into account that z[z) = gjlz), where a;= s (¢;+ip;), and using the second
moments of the Gaussian distribution, we obtain

5
>l tala)
o=

dZS o
- (SPNS) 1 =) a;a) + (SpNs) 1

1 N ~ .
=32 (@ +5) + (s/2+ SpNy) I
j=1

Putting c; = (s/2 + SpNj), we obtain (18). O

Gaussian measurement channel (15) is covariant with respect to the irreducible (projective)
representation z — D(z) of the additive group G = Z in the sense

D()*M(B)D(z) =MB —2), z€Z

for M given by (15), as follows from (A2). Notice that Gy is trivial in this case. We will now
show that the channel satisfies the conditions of the proposition 2, in particular (c) is fulfilled
under certain ‘threshold condition’, in which case the formula (11) holds.

Probability density of outcomes of the observable (15) for the Gaussian input state p,, is

Pp. (@) =Tr paD(2)psD(2)"
—/ex —lw’au) exp [ —iw'z — 1u)’ﬂu) v
RN P ) Qny

1 I
~JQnyrdet@ 1 D) eXp( 2@+ h) Z)'

The Parseval’s formula was used here for the Weyl transform (theorem 5.3.3 of [13]).

Denote by G(«) the set of all states which have zero first moments, and finite second
moments with the covariance matrix «. Take an ensemble 7, such that p, € &(«). Then p;,
is centered probability density with the covariance matrix « 4+ 3, and arguing similarly to the
proof of theorem 1 in [6], we get that the maximum of & (p;, ), equal to

h(pp,) = %log det(a + B) + C, (19)

8
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where the constant C depends on the normalization of the Lebesgue measure involved in
the calculation of the differential entropy (see formula (A8) in appendix), is attained on the
Gaussian state p, = pg.

Making additional maximization with respect to Gaussian states with covariance matrix «
satisfying the energy constraint Sp eav < E, we obtain

1
p:TrrI});IlixgEh (pﬂ) - a:SI;laaexgE 5 IOg det (Ol * 5) * C’

and the maximizer is a centered Gaussian state p% with the covariance matrix

o =arg max det(a+ ). (20)

a:Sp eLE
Thus, (a) of proposition 2 follows.

The statement of (b) follows from the results concerning the minimal output entropy. The
result of the paper [15] (proposition 4; see also [6]) concerning the minimal output entropy of
the Gaussian measurement channel implies that the minimizer py can be taken as the vacuum
state related to the complex structure J3 (see appendix). Substituting o = %AJ 5 into (19), we
get

. 1 1
min h(py) =h(py) = 5 log det (6 + 2A15) + C.
The condition n. 3 is fulfilled provided
1
o > S AT, 21

Indeed, in this case
Py = / _D@poD(@)" mp(da),
]R S

where m9(dz) is the centered Gaussian distribution on Z with the covariance matrix o, — 1 AJj.
One can check this by comparing the quantum characteristic functions of both sides. The
matrix inequality (21) is an analogue of the ‘threshold condition’ for the multi-mode quantum
Gaussian channel [12] (in the case of one mode inequalities of this kind appeared in [16—18]).

Thus we have proved the following result extending theorem 1 of [6] to the case without
global gauge symmetry.

Theorem 1. Let M be the measurement channel corresponding to the Gaussian POVM (14).
Assume that oY, , given by the formula (20), and [3 satisfy the condition (21). Then

C(M,H,E) :% log det (a% +8) — %log det (ﬂ + ;AM)

-1
I+ (aOE — ;A%) (6 + ;AJ5> ] , (22)

which is attained on the ensemble of Jz-coherent states D(z)poD(2)* (see appendix), where z
has the centered Gaussian probability distribution with the covariance matrix o — %AJ@.

1
=—log det
5 log de

Finding the covariance matrix (20) is a separate finite-dimensional optimization problem
which can be solved analytically in some special cases.

9
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Example. Take the energy operator of the signal mode H = (¢ + p?)/2 with the corre-

0 -1

sponding complex structure Jy = . We consider the POVM described by the formula

1 0
(15) where the covariance matrix of the quantum Gaussian noise is
B 0 1
= : 2 —.
/6 |: 0 52 5 /6 1/62 4

In quantum optics this would correspond to the heterodyne measurement of the signal mode
with the squeezed quantum noise from the local oscillator.
The complex structure of the measurement noise is

Js— 0 —V/ B2/
V' B1/B2 0 ’

which does not commute with Jy unless 3, = (8,. The covariance matrix of the squeezed
vacuum is (see appendix)

lAjgzl \/ﬂl/ﬂZ 0
2 2 0 VB /Bi|

and

b1+ 5\/BiTB 0
0 ot VB

so that det(ﬂ%—%A]B):(\/5152+1/2)2, hence the second term in (22) is
—log (VBif +1/2).

To compute the first term, we can restrict to diagonal input covariance matrices

1
B+ 505 =

« 0 1
oz:“ 042}’ a1+a2<2E,a1a2>Z.
The matrix
. B+ ay 0
atf= [ 0 Ba+ an

has the determinant (8; + ay) (B2 + az), so that the maximized expression is
log /(81 + a1) (B> + o). Since logx is increasing function, we have to maximize
(B1 + a1) (B2 + an) under the constraints o + oy < 2E, «ajop > %. The first constraint
gives the values

A =E+B—pB)/2, a3=E—(Hh—Pb)/2

corresponding to the maximal value of the first term in (22)

1
log 5 QRE + (81 + 52)) -

10
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The second constraint will be automatically fulfilled provided we impose the condition (21)
which amounts to

NN VY

N =
N =

0
oy =

or

E> % (maX{\/ﬁl/ﬁz, \/52/51} + |82 — 51|) .
Under this condition
COM:H,E) = log (E+ (51 + ) /2) — log (/i + 1/2)

o <2E+(ﬁl +Bz)>
S\ 2vBm L )
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Appendix

In this section we systematically use notations and some results from the book [14] where
further references are given. Consider a finite-dimensional symplectic space (Z, A) with
7 = RZS’

0 1
A:m%[ } | (A1)
-0 j=1,..s

Let H be the space of an irreducible representation z — W(z); z € Z of the canonical commu-
tation relations

W()W(Z) = exp [— ;z’Az’} W(z+7). (A2)

Here W(z) = exp iRz are the unitary Weyl operators, where
Rz=> (xjq;+y;p) (A3)
j=1

z = [x},y;l}=, . are the canonical observables of the quantum system.
Operator J in (Z, A) is called operator of complex structure if

J? =~y (A4)
where I is the identity operator in Z, and it is A-positive in the sense that

AJ = —J'A, AJ=0. (A5)
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A centered Gaussian state p, on B(#) is determined by its covariance matrix « =
Re Tr R'pR which is a real symmetric 2s X 2s-matrix satisfying

a>+-A. (A6)

This state is pure if and only if a = %AJ . It is called J-vacuum and denoted py. The non-
centered pure states D(z)poD(z)* are called J-coherent states (see section 12.3.2 of [14]).

Consider the operator A = A~'«. The operator A is skew-symmetric in the Euclidean space
(Z, ) with the scalar product a(z, 7) = z'az’. According to a theorem from linear algebra, there
is an orthogonal basis {e}, &} in (Z, ) and positive numbers {«;} such that

Aej:ajhj; Ahj:—ajej.

Equation (A6) implies N; = a; — 1/2 > 0. Choosing the normalization a(e;, ¢;) = a(h;, h))
= oy gives the symplectic basis in (Z, A) with the required properties.

There is at least one operator of complex structure, commuting with the operatorA = A™'a,
namely, the orthogonal operator J,, from the polar decomposition

A= |A|J, =T, |A] (A7)
in the Euclidean space (Z, o). The action of J,, in the symplectic basis is given by the formula
Joej=hj, Johj= —e;.

In [14] several formulas for the entropy of state p, were given. While we do not need these in
the present paper, let us show just another convenient formula involving the complex structure
Jo:

1
H(p) = 3Spg (—1/2A1,),

where g(x) = (x + D)log(x + 1) — xlog x. Indeed, starting from the relation (12.108) in [14],
we have

H(pa) =Y g(N) = g(a;—1/2)
j=1 j=1

= %Spg (@—1/2A],) = %Spg (a—1/2AJ,),

where the last step follows from the fact that
a—1/20], =T (& —1/2A1,) T,

T is the transition matrix between the symplectic bases, det 7 = 1.
We will need the formula for the differential entropy of a nondegenerate multidimensional
Gaussian probability distribution p,, with the covariance matrix o

1 1
h(p,) = 3 log det a4+ C = ESP log a4 C, (A8)

where the constant C depends on the normalization of the Lebesgue measure involved in the
definition of the differential entropy (see [9]).

12
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