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Abstract
The influence of the Hall effect on the nonlinear evolution of the m/n =1/1 resistive-kink mode
is numerically investigated by the three-dimensional toroidal Hall-MHD code CLT. It is found
that the Hall effect can lead to the explosive growth of the resistive-kink mode at the nonlinear
stage. The explosive nonlinear growth of the resistive-kink mode mainly results from the
structural transition of the current sheet in the Hall-MHD simulations. At the nonlinear stage, the
geometry of the current sheet turns into X-type from Y-type, resulting in the significant
acceleration of the reconnection process. The fast reconnection induced by the Hall effect may
explain the fast crash observed in large tokamaks. We also found that there exists a critical value
of the ion inertial length that is resulted from the acceleration of magnetic reconnection due to
the decoupling motions of ions and electrons and the suppression effect by the electron
diamagnetic rotation in the Hall MHD. The critical value of di decreases with increasing thermal
conductivity k̂ . When di exceeds a critical value, the peak growth rate decreases with
increasing d .i
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1. Introduction

Sawtooth in magnetically confined fusion devices (such as
tokamaks) is periodic oscillations of the core temperature with
a rapid drop (about 10–100 μs) after a slow rise (about a few
milliseconds) [1–3]. Sawtooth is one of the most common
phenomena in tokamaks when the safety factor on the
magnetic axis is below 1.0. Sawtooth plays an important role
in Tokamak performance because it can trigger neo-classical
tearing mode instabilities [4, 5] on other rational surfaces,
which are very deleterious for plasma confinement. It can also
influence the confinement of α particles [6]. Therefore, for
magnetically confined fusion reactors, it is crucial to under-
stand the physical mechanism behind sawtooth oscillations.

Sawtooth was firstly observed in 1974 in the symmetric
Tokamak [1]. Kadomtsev [7] then proposed a complete
reconnection model to explain the temperature crash in the
core region with the crash time ( ) /t t t~ ,c A R

1 2 where tA and
tR are the Alfvén and resistive diffusion times, respectively.
However, as plasmas become hotter in large tokamaks (such

as JET [8] and TFTR [9]), the resistivity of plasmas in these
experiments becomes lower. Therefore, the crash time pre-
dicted in the Kadomtsev’s model is about two orders of
magnitude larger than the observed crash times. In order
to resolve this big difference, many works on sawtooth
[4, 10–40] have been carried out.

Aydemir [15] firstly found that the m/n =1/1 resistive
kink mode exhibits a nonlinearly enhanced growth rate that
far exceeds its linear growth rate due to collisionless mod-
ification in the four-field model given by Hazeltine et al [41].
Shortly after that, Wang and Bhattacharjee [16] presented an
analytical theory for the nonlinear dynamical evolution of the
m/n =1/1 resistive kink mode, governed by the Hall term. It
successfully explains the nonlinearly enhanced growth rates
-the acceleration of reconnection results from the geometry
transition in the reconnection diffusion region. In the frame-
work of resistive-MHD, which does not include Hall terms,
the current sheet becomes thinner and elongated at the non-
linear stage. The current sheet then looks like two ‘Y’ char-
acters. That is why it is called Y-type reconnection. The
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Y-type current sheet implies that the time scale of magnetic
reconnection will be slow [42]. However, in the framework of
Hall-MHD, the current sheet shrinks and its length becomes
in the same order of the current thickness, which looks like an
‘X’ character. Such geometry transition in the nonlinear stage
results in the fast reconnection process [43–46]. However,
these studies are either based on the reduced MHD model in
the cylindrical geometry or carried out with compressible Hall
MHD model in the slab geometry, and a toroidal investigation
is then needed to ensure that the fast crash observed in
tokamaks is indeed related to Hall effects. However, three-
dimensional (3D) Hall MHD simulations in the toroidal
geometry are not easy to be conducted. The difficulty of a 3D
Hall MHD simulation is that the Hall term can introduce a
dispersive dispersion relation w ~ k2 that causes severe pro-
blems on the numerical stability [47, 48]. Recently, Beidler
et al firstly presented 3D toroidal Hall-MHD simulations on
the fast reconnection during the sawtooth crash through an
implicit code M3D-C1 [20]. In the present paper, we will
carry out our 3D toroidal Hall-MHD simulations by an
explicit code.

2. The Hall-MHD model in CLT

The CLT code is a three-dimensional toroidal Hall-MHD
code. The 4th order finite difference method in the R, f, and Z
directions, and the 4th order Runge–Kutta scheme in the time
integration are applied [49]. In CLT, the cut-cell method is
used to handle the boundary problems [50]. The full set of
the Hall-MHD equations used in the CLT code is given as
follows:
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where r, p, pe, v, B, E, and J are the mass density, the total
plasma pressure, the electron pressure, the plasma velocity, the
magnetic field, the electric field, and the current density,
respectively. The plasma pressure is contributed only from
electrons due to the assumption of cold ions, i.e. =p p .e The
subscript ‘0’ means the initial value. ( )/G =5 3 is the ratio of
specific heat of plasma. The normalization of the variables used
in the present paper are: / BB B,00 / ax x, /r r r ,00

Figure 1. The initial q and pressure profiles. y=r ,norm where ynorm is the normalized magnetic flux.

Figure 2. The evolutions of (a) the kinetic energy and (b) the growth
rate for the m/n=1/1 resistive-kink mode with and without the
Hall effect. The kinetic energy is normalized with r V .A0
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/ vv v,A / t t t,A ( )/ /m p B p,00
2

0 ( )/ /m B aJ J,00 0
and ( )/ v BE E,A 00 where a is the minor radius,

/ m r=v BA 00 0 00 is the Alfvén speed, and /=t a vA A is the
Alfvén time. B00 and r00 are the initial magnetic field and mass
density at the magnetic axis, respectively. /w=d ci pi is the ion
inertial length, where wpi is the ion plasma frequency. h, D, k̂ ,
k , and u are the resistivity, the plasma diffusion coefficient, the
perpendicular and parallel thermal conductivity, and the visc-
osity, respectively, and normalized as follows: ( )/ /h m a tA0

2

h, ( )/ / D a t D,A
2 ( )/ /k k^ ^a t ,A

2 ( )/ / k ka t ,A
2

and ( )/ /u ua t .A
2

3. Simulation results

3.1. Fast reconnection induced by Hall effect

A toroidal Tokamak geometry with a circular cross-section is
chosen in our simulations (the major radius =R 40 and the
minor radius =a 1). The initial safety factor and pressure
profiles are shown in figure 1. Since the safety factor at
the magnetic axis is =q 0.7,0 the most unstable mode in the
system is the m/n =1/1 resistive kink mode. The equili-
brium is obtained from the NOVA code [51]. The bench-
marking could be seen from our previous studies [52]. The
grids used in the present paper are ´ ´400 64 400
( )fR Z, , . Since there are 64 grids in the f direction, the
maximum toroidal mode number is 32. The convergence

studies have been ensured by using different grids, i.e.
´ ´256 64 256, ´ ´400 64 400, and ´ ´400 128 400

( )fR Z, , , respectively. In the present paper, the resistivity,
the viscosity, the plasma diffusivity, the parallel and
perpendicular thermal conductivity, are chosen to be h =
´ -3 10 ,6 u = ´ -3 10 ,5 = ´ -D 1.0 10 ,4

∣∣k = ´ -5 10 ,2

and k = ´^
-3.0 10 5 to k = ´^

-3.0 10 ,7 respectively. The
resistivity in the present paper is constant and remains
unchanged during the simulation. The purpose for the con-
stant resistivity is to clearly show the significant influence of
the Hall effect on the resistive kink mode.

In this subsection, we conduct two typical cases with
=d 0i (resistive-MHD) and =d 0.15i (Hall-MHD) to illus-

trate influences of the Hall effect on the nonlinear evolution of
the m/n =1/1 resistive-kink mode. The evolutions of the
kinetic energy and the growth rate for the m/n =1/1 resis-
tive-kink mode with and without the Hall effect are shown in
figure 2. In the present paper, the growth rate is defined as

( )/g = ¶ ¶E tln ,k and is normalized with -t ,A
1 where tA is the

Alfven time. The linear growth rates for the two cases are
both about 0.006. In the nonlinear stage, the growth rates of
the kinetic energy in both cases exhibit enhancement. In the
resistive case, the enhancement of the nonlinear growth rate is
associated with that magnetic reconnection is accelerated by
the external inward flow [53] induced by internal kink
instability. In the Hall case, the burst in the nonlinear phase
results from both external inward flow and the Hall effects

Figure 3. The snapshots of the contour plots of the toroidal current density in the resistive-MHD simulation in the poloidal plane with f = 0
at (a) =t t0 ,A (b) =t t1402.2 ,A (c) =t t1628.4 ,A and (d) =t t1718.9 .A The dark red dashed line is the initial q=1 surface.
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[46]. Hall terms can lead to the separated motion of ions and
electrons in the vicinity of the diffusion region with the spatial
scale d .i The influence of the Hall effect can be dominant
when the current sheet is sufficiently thin. As a result, the
elongated thin current sheet shrinks, and the reconnection rate
exhibits a significant enhancement. The maximum growth
rate for the case with =d 0.15i is about 0.026, which is four
times larger than its linear growth rate. These results agree
well with previous cylindrical simulations [15] and theoretical
analysis [16].

Figure 3 shows the snapshots of the toroidal current
density in the resistive-MHD simulation. It indicates that the
reconnection in the diffusion region keeps Sweet-Parker [42]
(or called Y-type) reconnection throughout the evolution of
the resistive-kink mode. The current sheet is thin and strong at
the nonlinear stage, as shown in figure 3(d). It could also be
seen from the Poincare plots of the magnetic field (figure 4).
With the Hall effect, the current sheet structure at the linear
and early nonlinear stage is similar to that in resistive-MHD
simulation, as shown in figures 5(a) and (b). However, when
the thickness of the current sheet reduces to a critical value,
the Hall terms start to play a dominant role during the
reconnection. Then the elongated thin current sheet shrinks,

and the current sheet geometry in the diffusion region turns
into the X-type from the Y-type (figures 5(c) and (d)). Since
the X-type reconnection could be much faster than the Y-type
reconnection, the kinetic energy experiences explosive
growth, and the maximum reconnection rate in the nonlinear
stage becomes much larger than that in the linear stage.

The evolution of the growth rate for the resistive-MHD
and Hall-MHD simulations are shown in figures 6(a) and (b).
At the linear stage, the harmonics ( / /¹m n 1 1) are resulted
from the nonlinear interaction of the / /=m n 1 1 mode for
both resistive-MHD simulations and Hall-MHD simulations,
since their growth rates are approximately equal to multiple
times of the growth rate of / /=m n 1 1 mode ( /g =m n

/ /g =n m n 1 1). However, the behavior of the harmonics could
be extremely different at the nonlinear stage. For the resistive-
MHD simulations, the nonlinear growth rates of the harmo-
nics of the m/n=1/1 mode decrease. However, in the
Hall-MHD simulations, the growth rates of the harmonics of
the m/n=1/1 mode significantly increase at the nonlinear
stage, which suggests that the explosive growth at the non-
linear stage is mainly due to the fast development of the
harmonics of the m/n=1 mode.

Figure 4. The Poincaré plots of the magnetic field in the Hall-MHD simulation in the poloidal plane with f = 0 at (a) =t t0 ,A

(b) =t t1402.2 ,A (c) =t t1628.4 ,A and (d) =t t1718.9 .A
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The mode structures of the resistive-kink mode at the
time with the maximum growth rate for (a) resistive-MHD
and (b) Hall-MHD are shown in figure 7. The higher har-
monics of the m/n =1/1 mode are also well developed at the
nonlinear stage. In the framework of resistive-MHD, the
amplitudes of the m/n =2/2 and 3/3 modes are lower than
that of the m/n =1/1 mode. However, in the Hall-MHD
simulations, the amplitudes of the m/n =2/2 and 3/3 modes
become larger than that of the m/n =1/1 mode. The energy
spectrums are shown in figure 8(a) resistive-MHD and (b)

Hall-MHD, which also indicates that both the m/n =1/1
mode and its higher harmonics become dominant, and even
much higher harmonics of the m/n =1/1 mode appear in
Hall-MHD simulations.

It should be noted that the current sheet rotates in the
clockwise direction with =d 0.15i (figure 5), which means
that the resistive-kink mode has a real frequency in Hall-
MHD simulations. The mode rotation could also be seen from
the Poincaré plots of the magnetic field (figure 9). However,
the real frequency is zero in resistive-MHD simulations
(figures 3 and 4). The real frequency of the resistive-kink
mode results from the electron diamagnetic drift introduced
by Hall terms. Since the electron diamagnetic drift frequency

w = -e
m

n erB

dp

drT

e

0* is proportional to the poloidal mode num-

ber m, the harmonics of the m/n =1/1 mode have different
rotation frequency. That is the reason why there exists some
‘ripple’ on the contour plot of toroidal current at the nonlinear
stage (figures 5(b) and (c)).

The contour images of the pressure and the safety factor q at
the nonlinear stage in the Hall-MHD simulations are shown in
figure 10. At =t t1658.6 ,A the safety factor at the magnetic axis
is about 0.7, which is the same with the initial value
(figure 10(c)). After the reconnection, the minimum q in the
whole region becomes 1.0 (figure 10(d)), which indicates that it
is a complete reconnection. At =t t1724.5 ,A the original core is
squeezed to the X-point and almost disappears. As a result, a
peak of pressure profiles forms near X-point (figure 10(b)), and

Figure 5. The snapshots of the contour plots of the toroidal current density in the Hall-MHD simulation in the poloidal plane with f = 0 at
(a) =t t1243.9 ,A (b) =t t1545.5 ,A (c) =t t1658.6 ,A and (d) =t t1724.5 .A The dark red dashed line is the initial q=1 surface.

Figure 6. The evolution of the growth rate for modes with different
toroidal numbers (a) the resistive-MHD and (b) the Hall-MHD
simulations.
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the plasma pressure becomes almost flattened in other regions.
However, due to the stochasticity of the magnetic field in the
broad region, the original core could not be clearly seen from the
Poincare plots (figure 9(d)) or the safety factor image
(figure 10(d)). The stochasticity of the magnetic field mainly
results from the development of different helical modes.

3.2. The nonlinear evolution of the resistive-kink mode with
different d i

The inclusion of Hall terms in the generalized Ohm’s law
leads to two effects: the electron diamagnetic drift [54], which

could reduce the growth rate of the resistive-kink mode, and
the structural transition of the thin current sheet [16], which
could significantly enhance the nonlinear reconnection rate.
For typical parameters in the present tokamaks, the particle
density is about = - ´ -n 2 4 10 m ,19 3 the ion plasma fre-
quency is about w = - ´ -0.6 0.8 10 s ,pi

10 1 the minor radius
is ~a 0.5 and = ´ -c 3 10 m s ,8 1 then we have =di

/w = -c 4 5 cmpi and / ~d a 0.1.i As a result, the range of
the ion inertial length in the present subsection is scanned
from =d 0i to =d 0.2.i The linear growth rates of the
resistive-kink mode with different k̂ and di are shown in
figure 11, which is similar to our previous studies [55].

Figure 7. The mode structures of the resistive-kink mode at the time with the maximum growth rate for (a) resistive-MHD and (b) Hall-MHD.

Figure 8. The energy spectrum (kinetic energy) of the resistive-kink mode at the time with the maximum growth rate for (a) resistive-MHD
and (b) Hall-MHD.

6

Plasma Phys. Control. Fusion 62 (2020) 025030 W Zhang et al



The evolutions of the growth rates with k = ´^
-3 10 6

and different di are shown in figure 12. It is found that, for the
cases with <d 0.12,i the maximum nonlinear growth rate
increases with increasing d .i However, for the cases with

>d 0.12,i the maximum nonlinear growth rate decreases with
increasing d .i

It should be noted that the electron diamagnetic drift
velocity is proportional to d ,i and it can significantly suppress
the resistive-kink mode when the perpendicular thermal
conductivity is large while the electron magnetic drift only
has little influence on the growth rate of the resistive-kink
mode when k̂ is small. It implies that the critical value of di

is due to the competition between the suppression by the
electron diamagnetic rotation and the acceleration of magnetic
reconnection by decoupling motions of ions and electrons in
the Hall MHD.

As indicated in figure 11, the electron magnetic drift only
has little influence on the growth rate of the resistive-kink
mode with a small thermal conductivity. Therefore, we further
conduct the cases with k = ´^

-3 10 7 and different di to
show the acceleration of magnetic reconnection by the Hall

effect. From figure 13, the maximum growth rate in the case
with =d 0.2i is about 0.029, which is only slightly smaller
than that with =d 0.15i (the maximum growth rate is about
0.031). When k = ´^

-3 10 ,5 the maximum growth rate with
=d 0.15i is even smaller than that in the resistive-MHD

simulation (figure 14). With =d 0.2,i the linear growth rate
of the resistive-kink mode further decreases to 0.001, which
means that the mode is almost fully suppressed by the elec-
tron diamagnetic drift. The simulation results for the cases
with k = ´^

-3 10 7 and k = ´^
-3 10 5 in figures 13 and 14

suggest that as di increases, the decrease of the maximum
nonlinear growth rate is mainly due to the increase of the
electron diamagnetic rotation.

A series of numerical simulations with the application of
GPU acceleration [49] is carried out to study the nonlinear
dynamics of the resistive kink mode under different ion
inertial length and the perpendicular thermal conductivities. It
is found that the Hall effect can lead to the explosive growth
of the resistive-kink mode at the nonlinear stage, which agrees
well with previous theoretical predictions [16] and simulation
results [20, 38]. The acceleration of reconnection results from

Figure 9. The Poincaré plots of the magnetic field in the Hall-MHD simulation in the poloidal plane with f = 0 at (a) =t t1243.9 ,A

(b) =t t1545.5 ,A (c) =t t1658.6 ,A and (d) =t t1724.5 .A
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the geometry transition in the reconnection diffusion region.
In the framework of resistive-MHD, the current sheet
becomes thinner and elongated. The geometry of the current
sheet remains Y-type during the nonlinear evolution of the
resistive-kink mode. However, in the framework of Hall-
MHD, the length of the current sheet shrinks, and the geo-
metry of the diffusion region changes from Y-type to X-type
at the nonlinear stage, resulting in a fast reconnection process.
It is also found that the increase of the ion inertial length (di)
does not always lead to an increase of the nonlinear growth

rate. When di is smaller than the critical value, the maximum
growth rate increases with increasing d ;i however, when di is
larger than the critical value, the maximum growth rate
decreases with increasing d .i It is due to competition between
the suppression by the electron diamagnetic drift and the
acceleration by the Hall effect. Besides, the perpendicular
thermal conductivity k̂ is also found to have a significant

Figure 10. The contour plot of the total plasma pressure at (a) =t t1658.6 ,A and (b) =t t1724.5 A in the poloidal plane with f = 0. The dark
red dashed line is the initial q=1 surface. The contour plot of safety factor profiles in the poloidal plane with f = 0 at (c) =t t1658.6 ,A and
(d) =t t1724.5 .A

Figure 11. The linear growth rates of the resistive-kink mode with
different k̂ and d .i Figure 12. The evolutions of the growth rates with k = ´^

-3 10 6

and different d .i It should be noted that, for the cases with <d 0.12,i

the maximum nonlinear growth rate increases with increasing d .i
However, for the cases with >d 0.12,i the maximum nonlinear
growth rate decreases with increasing d .i
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influence on the maximum growth rate and the critical value
of d ,i which both decrease with increasing k̂ .

4. Summary

The influence of the Hall effect on the nonlinear evolution of
the m/n =1/1 resistive-kink mode is investigated. It is found
that the Hall effect can lead to the explosive growth of the
resistive-kink mode at the nonlinear stage, which is consistent
with earlier theoretical predictions [16]. The explosive non-
linear growth mainly results from the structural transition of
the current sheet. In the framework of resistive-MHD, the
current sheet remains in a Y-type geometry in the entire
simulation period. However, the current sheet turns into
X-type at the nonlinear stage from Y-type at the linear stage
in the Hall-MHD simulation, resulting in the significant

acceleration of the reconnection process. The nonlinear
explosive growth of the m/n =1/1 resistive-kink mode can
be the right candidate to explain the fast pressure crash
observed in large tokamaks [8, 9].

It should be noted that the maximum nonlinear growth
rate does not always increase with increasing ion inertial
length (di). There exists a critical value. If di is smaller than
the critical value, the maximum growth rate increases with
increasing d ;i if di exceeds the critical value, the maximum
growth rate decreases with increasing d .i It results from the
competition between the acceleration of magnetic reconnec-
tion due to the decoupling motions of ions and electrons and
the suppression by the electron diamagnetic rotation in the
Hall MHD. The critical value of di decreases with increasing
the thermal conductivity k̂ . For k = ´^

-3 10 ,6 the critical
value of the ion inertial length is =d 0.12.i It also should be
noted that the maximum growth rate also strongly depends on
the perpendicular thermal conductivity.
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