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1.  Introduction

With the accelerating development of science and tech-
nology, the requirement of measuring free-form specular 
surfaces has increased rapidly in fields ranging from optical 
mirror fabrication to semiconductors, mold manufacturing, 
and the cell phone industry [1–5]. Among all the optical 
three-dimensional (3D) surface metrologies, phase mea-
suring deflectometry (PMD), which is based on structured 
illumination, has received much attention from researchers 
as it has the advantages of full-field measurement, incoher-
ence, high sensitivity, stability and high cost performance. 
Its system is simply composed by a camera and a liquid 
crystal display (LCD) screen, while millions of points can 

be measured in a single measurement with the lateral and 
height resolution at the micro- and nano-meter level, respec-
tively [6–11].

However, the slope-height ambiguity problem in PMD, 
which indicates the extracted phase is related to both the height 
and the slope of the test surface, restricts the measurement 
accuracy of PMD. As shown in figure 1, there are an infinite 
combination of heights (hi, i  =  1,2…) and slopes (or surface 
normal ni, i  =  1,2…) of the test surface that could make the 
camera pixel A record the light omitted from the screen pixel 
B. So, because of this ambiguity problem in PMD, it is dif-
ficult to calculate the correct surface normal ni of the tested 
shape if without prior knowledge of the tested shape to restrict 
the calculation.
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Existing strategies [9,12–17] for solving the slope-height 
ambiguity problem can be divided into two classes, which are 
as follows.

	 1.	�Methods with the assistance of additional equipment. In 
2004, Knauer et al [9] solved the ambiguity problem by 
using an additional camera. Graves et al [12, 13] and Li 
et al [14] employed a laser tracking machine and point 
source microscope to acquire the geometry of one point 
on the test surface as prior knowledge. Other potential 
ways include using mechanical shifting stages to control 
the camera and LCD screen to move perpendicular to the 
tested mirror’s optical axis [15]. Introducing an additional 
component increases the uncertainty and inflexibility of 
the calibration of the system.

	 2.	�Methods which request prior knowledge of the test sur-
face shape [16,17]. Sometimes it will be hard to know the 
shape of the test surface before testing, especially when a 
free-form surface is measured.

In order to suppress the measurement error caused by 
slope-height ambiguity, this paper firstly deduces the ana-
lytical expression of the ambiguity error caused by the 
slope-height ambiguity. Based on this expression, the rela-
tions between the ambiguity error and the system geometry 
parameters are analyzed for the first time. In this way, condi-
tions are sought to minimize the ambiguity error. Further, a 
system setup based on the co-axis optical path is proposed 
to meet these conditions, and this system setup is proved to 
be feasible for suppressing error caused by the slope-height 
ambiguity.

2.  Analytical model of slope-height ambiguity

The schematic of the PMD system and its principle of cal-
culating the surface slope are shown in figure 2. The camera 
records the fringe pattern on the LCD screen through the 
test specular surface. The captured fringe pattern will distort 
according to the height slope of the test surface. The surface 
slope can be calculated by establishing the relation between 
the phase of the distorted fringe pattern and surface slope. In 
figure 2, in general there is an angle difference θ between the 
test surface and reference surface at position O′, and there is a 
height difference h between them. Due to the reversibility of 
the optical path, the light that emits from the camera pixel is 
reflected by the test surface at point O′, and reaches the LCD 
screen at position B′. For the convenience of our analytical 
model’s deduction of the ambiguity error, two steps are car-
ried out.

	 a.	� Assume that there is an angle difference θ between the 
test surface and reference surface at position O, and there 
is no height difference between them.

Due to the reversibility of the optical path, the light that 
emits from the camera pixel is reflected by the reference sur-
face at point O, and reaches the LCD screen at position A, as 
shown in figure 3. In ∆OAB, there is

|AB| = sin 2θ
|OA|

sin(π − α− 2θ)
.� (1)

Figure 1.  A schematic figure showing the slope-height ambiguity 
problem in PMD: two different combinations of the height and 
slope of a test surface may both make the camera pixel A record the 
light omitted from the screen pixel B.

Figure 2.  Schematic of the PMD system.

Figure 3.  Schematic of the PMD system when there is only an 
angle difference between the test surface and reference surface.

Figure 4.  Schematic of the PMD system when there is only a 
height variation between the test surface and reference surface.
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The phase difference between A and B is

∆ϕ = |AB| 2π
P

,� (2)

where P donates the period of the fringe pattern on the LCD 
screen. With equations (1) and (2), we have

∆ϕ =
2π |OA| sin 2θ

P sin(π − α− 2θ)
=

2π |OA| tan 2θ
P(sinα+ tan 2θ cosα)

.� (3)

	 b.	� Now suppose the test surface only has a height difference 
h against the reference surface, and there is no slope dif-
ference between them.

When measuring the test surface, the light will be reflected 
at point O′, and reach the LCD screen at position B, which is 
shown in figure 4. In ∆ABC , the point C is chosen to satisfy 
BC//OO′, and ∠BCA = π − 2β . So,

|AB| = sin∠BCA
|BC|
sinα

=
2h cosβ
sinα

.� (4)

Figure 5.  The influence of β on the slope-height ambiguity. (a) The relation between the phase variation caused by the slope-height 
ambiguity and the angle β. (b) Zoom in of the black box region in (a).

Figure 7.  The setup of the proposed low slope-height ambiguity 
system.Figure 6.  The relation between phase variation caused by the slope-

height ambiguity and the angle α.
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The phase difference between A and B is

∆ϕ =
4πh cosβ

P sinα
.� (5)

As a matter of fact, the test surface has an angle differ-
ence θ against the reference surface at point O’ in figure 4. 
However, the phase difference cannot simply be represented 
by equation (3) plus (5), because the |OA| in equation (3) has 
changed to |O′B| (in figure 3). |OA| and |O′B| have the relation 
of equation (6):

|O′B| = |OA| − |AC| = |OA| − h sin(2β − α)

sinα sinβ
.� (6)

Therefore, the total phase variation is

∆ϕ = 4πh cos β
P sinα +

2π|O′B| tan 2θ
P(sinα+tan 2θ cosα)

= 2π
P

ß
2h cos β
sinα +

[
|OA|− h sin(2β−α)

sinα sin β

]
tan 2θ

(sinα+tan 2θ cosα)

™
.

�

(7)

Equation (7) shows that both slope and height will affect 
the phase difference. We can analyze how surface height vari-
ation h affects the phase difference with equation (7).

As a slope measurement method, the phase variation in 
PMD is supposed to be only decided by the slope of the test 
surface. However, according to equation  (7), the phase is 
also related to the height of test surface h. Without additional 
assumptions or restrictions to the test surface or system, it is 
almost impossible to distinguish the phase varied by slope 
and height. This is the aforementioned slope-height ambiguity 
problem in PMDs.

Errors will occur if we cannot eliminate the height-induced 
phase variation completely from the whole phase variation. It 
can be seen from equation (7) that the ambiguity error comes 
from the items containing the variable h in the right side of 
the equation. According to equation (7), the ambiguity error is 
related to the following three system parameters:

P: the period of the fringe pattern; 
α: the angle between OA and LCD screen; 
β: the angle between the light emitted from the camera pixel 

and reference surface.

The relationship between the ambiguity error contained in 
the phase and the three system parameters will be analyzed 
in section 3, and an attempt is made to find the condition for 
minimizing the error.

3.  Simulation and proposal of a low slope-height 
ambiguity system

The parameters in the simulation are chosen as α  =  90°, 
β  =  90°, P  =  12 mm, h  =  0.1 mm, θ  =  0.5°, and |OA|  =   
190 mm. Then α and β are changed gradually to see the varia-
tion of the phase caused by the slope-height ambiguity.

	 a.	� The influence of β on the slope-height ambiguity.

Figure 5(a) shows the variation trend of phase ambiguity 
error when the angle β changes from 1° to 90°. Figure 5(b) 
shows a zoom of the black box area of figure 5(a). The phase 

error drops significantly with increases of the angle β. When β 
is increased up to 90°, the phase error is almost zero.

On the other hand, the phase ambiguity error also decreases 
with increases of the fringe period P, which can be deduced 
easily by equation (7).

	 b.	� The influence of α on the slope-height ambiguity.

Figure 6 shows the relation between phase ambiguity error 
and the angle α. The phase error increases rapidly when α is 
less than 20°, and decreases slowly when α exceeds 20°.

From the above simulation results, to minimize the phase 
variation caused by the slope-height ambiguity, the PMD 
system should satisfy the following conditions:

	 (i)	�α and β are as close as possible to 90°; 
	(ii)	�the fringe period P should be increased if possible; 
	(iii)	�a telecentric light path should be used in the imaging 

system, so the angle β is the same for all the rays of light.

However, with traditional optical configurations, the angle 
β is almost never able to attain 90°, since the camera will cap-
ture the image of the camera itself rather than the fringe pat-
tern on the LCD screen.

In order to realize α and β values being 90°, a telecen-
tric co-axis system is designed with the assistance of a beam 
splitter and a telecentric lens. The light path of this telecen-
tric co-axis system is shown in figure 7. The angle between 
the beam splitter and the reference plane is 45°. The beam-
splitter-based co-axis light path ensures α and β are 90°, and 
the purpose of the telecentric lens is to make sure each ray of 
light shares the same α and β values. Based on the simula-
tion results of figures 5 and 6, compared with traditional PMD 
systems (when α and β are 60° as a typical value), the tel-
ecentric co-axis system in figure 7 (when α and β are 90°) 
will be affected less by the ambiguity problem. Further, this 
low-ambiguity system will be more compact in its light path 
because of the existence of the beam splitter.

The beam splitter should be 45° to the reference sur-
face, and LCD screen is 90° to the reference surface. So, the 
angles α and β are precisely 90°. However, it can be seen 
from figures  5(b) and 6 that the phase variation caused by 
the slope-height ambiguity is still very small when there is a  

Figure 8.  Simulation results of the ambiguity error in the phase in 
two systems (red dots are the low slope-height ambiguity system; 
blue dots are the typically used system).
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1° or 2° angle difference. In our experiment, the angles in the 
system are measured by a gyroscope. With the light path in 
figure 7, the angles α and β are close to 90°.

Simulations are undertaken to see the performance of the 
low slope-height ambiguity system in suppressing the ambi-
guity error. In this simulation, the height of the test surface is 
increased gradually from 0 to 3.00 mm. Then, the phase varia-
tions caused by the slope-height ambiguity in the two systems 
are compared, one of which is the system in figure 7, and the 
other the example of a commonly used system where α and 
β are 60°. The simulation results are shown in figure 8. The 
ambiguity error is consistently near 0 in the co-axis system 
when the surface height increases from 0 to 3.00 mm, which 
means the phase is barely influenced by the surface height, 
while in the commonly used system where α and β are 60°, 
the phase error increases greatly with surface height.

4.  Experimental work

Figures 9(a) and (b) show the experimental setup of the 
low slope-height ambiguity error system and the commonly 
employed system. The optical configuration of figure 9(a) can 

be shown as figure 7. α and β are 90°. The fringe period P 
and the distance between reference surface and LCD screen 
|OA| are chosen the same as their values in the simulation. 
It should be noted that in figure 7, |OA|  =  |OO1|  +  |O1A|. In 
comparison, figure 9(c) shows the optical configuration of the 
commonly employed system. α and β are 60°, and the P as 

Figure 9.  Experimental systems. (a) Low slope-height ambiguity system. (b) A commonly used system setup. (c) The optical configuration 
of the commonly employed system.

Figure 10.  Experiment results of the ambiguity error in the phase in 
two systems. (Red dots are the slope-height ambiguity system; blue 
dots are the normally used system.)

Meas. Sci. Technol. 31 (2020) 045007
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well as |OA| are also chosen in accordance with their values 
in the simulation. In both systems, the CCD camera (Allied 
Vision Technologies Prosilica GT1660, with 1600  ×  1200 
pixels) is equipped with a telecentric camera lens (Computar 
TEC-M55).

The test surface, a plane mirror, is placed on a Z-axis stage 
(with a unit length of 0.01 mm). With the movement of this 
stage, plane mirrors with different height values are gener-
ated. The initial state of the stage is chosen as the reference 
plane. The phase differences caused by the test surface height 
variation in two systems are shown in figure 10. Comparing 
figure 8 (simulation result) and figure 10 (experiment result), 
the phase variation caused by the slope-height ambiguity 
in the two systems are similar both in values and trends in 
simulation and experiment. The ambiguity error is maintained 
close to zero in the slope-height ambiguity system when the 
surface height (Z-axis stage) increases from 0 to 3.00 mm. In 
contrast, the error increases greatly with the surface height in 
the typically used system.

Good agreement between simulation and experiment 
results proves the correctness of the phase error model equa-
tion  (7) and the feasibility of the error suppression system 
setup in some degree.

Figure 11.  Experiment results of the shape error distribution when measuring a plane mirror in the proposed low slope-height ambiguity 
system and the normally used system. (a) With the proposed low slope-height ambiguity system and the tested mirror with 0.5 mm height 
difference to the reference plane; (b) with the proposed slope-height ambiguity system and the tested mirror with 1 mm height difference to 
the reference plane; (c) with the normally used system and the tested mirror with 0.5 mm height difference to the reference plane; (d) with 
the normally used system and the tested mirror with 1 mm height difference to the reference plane.

Figure 12.  The measured height root mean square (RMS) error 
of the low slope-height ambiguity system and the normally used 
system when the height difference between the measured plane 
mirror and the reference plane increases from 0.5 mm to 3 mm.

Meas. Sci. Technol. 31 (2020) 045007
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Figure 11 shows the measured shape distributions of the 
plane mirror with 0.5 mm and 1 mm height differences to the 
reference plane. Figures 11(a) and (b) are the measured results 
of the proposed low slope-height ambiguity system, and the 
corresponding root mean square (RMS) values are 8.2 nm and 
19 nm, respectively. Figures 11(c) and (d) are the results of the 
normally used system, and the corresponding RMS values are 
670 nm and 1300 nm, respectively. A low slope-height ambi-
guity can be attained using the PMD system based on the co-
axial optical path with telecentric imaging.

We further increase the height difference between the meas-
ured plane mirror and the reference plane to 1.5 mm, 2 mm, 
2.5 mm, and 3 mm gradually. The height RMS error of the two 
systems are shown in figure 12. The proposed low ambiguity 
system consistently has good performance in suppressing the 
ambiguity error, while in the normally used system, the height 
RMS error increases from 670 nm to 3800 nm when the height 
difference between the measured plane mirror and the refer-
ence plane increases from 0.5 mm to 3 mm. The comparison 
of the measured shape results of the two systems are in agree-
ment with the phase results showed in figure 10.

A concave mirror with 5000 mm radius of curvature is 
measured to verify the performance of the proposed method in 
measuring a more complex surface. The experimental proce-
dures are in accordance with the procedures while measuring 

the plane mirror. Figure  13 shows the ambiguity-induced 
errors of the two systems when the tested mirror has 1.5 mm 
and 2 mm height differences to the reference plane. Figure 14 
illustrates the measured height RMS error of the two systems 
when the height difference between the measured plane mirror 

Figure 13.  Experiment results of the shape error distribution when measuring a concave mirror in the proposed low slope-height ambiguity 
system and the normally used system. (a) With the proposed low-ambiguity system and the test mirror with 1.5 mm height difference to 
the reference plane; (b) with the proposed low-ambiguity system and the test mirror with 2 mm height difference to the reference plane; (c) 
with the normally used system and the test mirror with 1.5 mm height difference to the reference plane; (c) with the normally used system 
and the test mirror with 2 mm height difference to the reference plane.

Figure 14.  The measured height RMS error of the low-ambiguity 
system and the normally used system when the height difference 
between the measured concave mirror and the reference plane 
increases from 0.5 mm to 3 mm.

Meas. Sci. Technol. 31 (2020) 045007
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and the reference plane increases from 0.5 mm to 3 mm. For 
the low-ambiguity system, the ambiguity-induced errors are 
in the range of 17 nm to 115 nm. In contrast, the ambiguity-
induced errors are in the range of 620 nm to 3780 nm for the 
typically employed system. These results are in accordance 
with the experiment results while measuring the plane mirror.

In PMDs, a reference plane mirror is often required during 
the system calibration or measurement procedure. With the 
assistance of a plane mirror, the calibration or measurement 
procedure can usually be simplified. However, the reference 
plane mirror and test mirror are required to be placed at the 
same spatial position, which is almost impossible in actual 
applications, or the ambiguity error will affect the calibration/
measurement result. By using the presented low slope-height 
ambiguity system, the error caused by the displacement of the 
two surfaces will be suppressed to a very low level.

5.  Conclusion

The slope-height ambiguity problem restricts the measure-
ment accuracy of PMDs, especially in those measurement 
strategies with the assistance of the plane mirror. In this paper, 
an ambiguity error model is established. From the error’s ana-
lytical expression, the relations between the ambiguity error 
and the system parameters are analyzed for the first time. 
Three conditions to minimize the ambiguity error are car-
ried out. Moreover, a co-axis system with a telecentric light 
path is proposed to cope with the minimization conditions. 
Simulation and experiment have good agreement in showing 
the ability of this co-axis system in suppressing the error 
caused by slope-height ambiguity.
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