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Abstract

The evolution of finitely many particles obeying Langevindynamicsis described
by Dean—Kawasaki equations, a class of stochastic equations featuring a non-
Lipschitz multiplicative noise in divergence form. We derive a regularised
Dean—Kawasaki model based on second order Langevin dynamics by
analysing a system of particles interacting via a pairwise potential. Key
tools of our analysis are the propagation of chaos and Simon’s compactness
criterion. The model we obtain is a small-noise stochastic perturbation of the
undamped McKean—Vlasov equation. We also provide a high-probability
result for existence and uniqueness for our model.

Keywords: interacting particles, propagation of chaos, weakly self-consistent
Vlasov—Fokker—Planck equation, Dean—Kawasaki model, mild solutions,
second order Langevin dynamics

Mathematics Subject Classification numbers: 60H15 (35R60)

1. Introduction

The Dean—Kawasaki model [6, 15] describes the evolution of a system of finitely many particles
obeying Langevin dynamics. A key feature of the particle system is the stochastic independence
of the forcing terms driving the particles. The particles themselves, on the other hand, might be
independent [19] or interact through a potential [6]: in this work, we focus on the latter case.

In its simplest form, the Dean—Kawasaki model reads
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with o € R, where p is the particle density, F' is an energy functional, and £ is a space-time
white noise. The model (1) may be obtained from either a first-order Langevin equation [6],
or from second-order Langevin dynamics in an overdamped limit [19].

Equations such as (1) pose a challenge for existence theory, in particular due to the multi-
plicative structure of the noise in divergence form and to its square-root coefficient function.
The latter is related to the independence of the forcing terms driving the particles [6, 19].
Consequently, well-posedness for (1) is an open question, with the exception of the purely
diffusive case [18]. More specifically, for the deterministic drift being %A, where N > 0,
equation (1) admits a unique trivial (atomic) solution only if N € N, and has no solutions if
N ¢ N, This striking result indicates how subtle the analysis of equations of this kind is.

In order to obtain non-trivial solutions to (1), different approaches have been developed in
recent years. One approach is to correct the drift [2, 16, 17, 28], another one is to regularise the
equation [10, 21]. For a regularised undamped equivalent of (1), corresponding to a regularised
stochastic wave equation in the density/momentum density pair (p, j), a result of existence and
uniqueness is found in [4]; that model, here referred to as the regularised Dean—Kawasaki
model, is derived from independent particles. The key regularisation chosen in [4] is a represen-
tation of particles by Gaussians, rather than their limiting Dirac measures. The main contrib-
utions of this work is to extend this idea to some important systems of interacting particles.
Specifically, we derive and analyse a regularised Dean—Kawasaki model set in the undamped
regime, as in [4], but describing the evolution of a system of finitely many weakly interacting
particles governed by undamped McKean—Vlasov dynamics, see for example [3, 9, 23].

Throughout the paper, we rely on some methodology found in [4]. However, the interac-
tion of the particles also requires various new approaches. Specifically, in contrast to [4], we
employ propagation of chaos techniques [20] and Simon’s compactness criterion [25] to over-
come the difficulties posed by stochastically dependent particles. In addition, as the resulting
model is superlinear (as specified below), we also need to localise the solutions using suitable
stopping times. More details are provided in section 1.2 below.

1.1. Weakly interacting particles on a one-dimensional torus

The system studied here consists of N interacting particles on the one-dimensional flat torus of
length one, denoted by T. Each particle i € {1,...,N} is described in terms of position and
velocity (g;, p;) € T x R. The system obeys the following undamped Langevin dynamics on
a probability space (2, F,P),

qi = pis

1 & . )
Piz—’YPt—NZW'(qi—CIj)-FUﬂi, i=1,....N,
j=1

where {3}, are independent Brownian motions, the interaction potential W is periodic and
smooth, say W € C?(T), the initial conditions {(gi0,pio) }), are independent and identically
distributed, and o and +y are positive constants. The dissipative term —7p; is a frictional drag,
balancing the fluctuating Brownian term o 3;. The particles {(g;, p;) }!_, are exchangeable, but
not necessarily independent.

Remark 1.1. Throughout this work, diacritical dots (") are used to indicate time differentia-
tion of finite or infinite dimensional It6 processes (e.g. see (2)).
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In order to study (2), we introduce an auxiliary Langevin system of particles {(g;,p;) }',
obeying

L G)
pi= =P — W' * i (q;) + o i, i=1,...,N,

where * denotes the convolution operator on T, y, denotes the law of g;(¢), and the Brownian
motions and the initial conditions coincide P-a.s. with their respective counterparts in (2). As
a result of these assumptions, the particles {(g;, p;) })_, are clearly independent. System (3) is
associated with the Vlasov—Fokker—Planck equation

of, o of:
54‘ 67_W* [ft](CI)a nft

in the probability density function fi(g,p): [0,T] x T x R — [0,00), where p[f](q) =
Jwfi(q.p)dp: see [3, 27].

o(vpfy) @
ap

1.2. Outline of the paper

We derive and analyse a regularised Dean—Kawasaki model in the undamped regime, based on
the interacting particle system (2). A portion of our analysis is based on [4], and the relevant
methodological novelties are sketched and put into context below.

Section 2 contains some auxiliary results. Section 2.1 establishes a propagation of chaos
result (proposition 2.1) linking (2) and (3), using ideas from [20, 22]. This sort of result, which
is not required in [4], is here needed to compare the system of interest (2) to the more tractable
system of independent particles (3). Specific aspects of the latter system’s regularity, and in
particular of the regularity of solutions to (4), are studied in proposition 2.3 in section 2.2;
there, we explain the reason for choosing T (rather than R as in [4]) as the spatial domain.
Section 2.3 relies on propositions 2.1 and 2.3 to establish proposition 2.6: for € > 0, this
result provides e-independent uniform estimates for certain Sobolev-space norms applied to
the regularised densities

Zwe z , ]e X, t ZP: We X = 6]:( )) (5)

Jre(x1) ZP, L(x = qi(1)). ©6)

Above, (x,1) € T x [0, T], while w, is the periodic von Mises distribution [12] on T with loca-
tion parameter p := 0 and concentration parameter £ 1= €2, namely,

. (x/2) _ sin?(x/2)
we(x):=Z""e <12, Z. = Te 272 dx. (7

The quantities in (5) are the regularised empirical density and momentum density for (2), and
will be the building block of our final model; as for (6), this is a relevant auxiliary quantity
emerging from the analysis of (5).

The kernel w, is introduced for smoothing and regularisation purposes. More precisely, we
work with the quantities (5) and (6) rather than their atomic counterparts defined by a replace-
ment of w, with Dirac delta functions centred on the particles; this is a key aspect of our
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approach, as it allows us to use standard tools from stochastic analysis and work with smooth
functions. We refer to [4, section 1] for a similar discussion. The kernel w., which recovers a
Dirac delta as € — 0, is the toroidal equivalent of a Gaussian distribution with variance €. The
basic inequality |x/4| < [sin(x/2)| < |x/2|, valid for all x € [0, 7], implies that the e-scalings
of all the moments of w, are identical to those of a Gaussian of variance €2. In particular, we
have that Cie < Z, < Cye, for some constants C, > C; > 0. We can thus effectively use the
kernel w, as if it is a Gaussian of variance €2, thus reusing much of scaling considerations (of
polynomial type in e~! and N~!) found in [4], where w is Gaussian.

Remark 1.2. Throughout the paper, the quantities in (5) and (6) will always be understood
under scalings of the type Ne? = 1, for 6 large enough. Such a scaling is convenient to deal
with the simultaneous limits € — 0 and N — oo. This is because most bounds that we will
prove with respect to (5) and (6) feature a polynomial contribution in e~! and N~!, as men-
tioned above.

Section 3 is concerned with the evolution of the particle system (2). Section 3.1 contains
proposition 3.2, which provides relative compactness in law for the families {pc}., {jc }, and
{j2.c } in the limit € — 0. In this result, the crucial feature of time regularity of the processes
is settled not by the Kolmogorov criterion [14, corollary 14.9] (as for the corresponding result
in [4]), but by Simon’s compactness criterion [25, theorem 5] applied in the context of the
Prokhorov theorem [14]. The need for the latter method arises since the estimates for the time
regularity obtained here are less sharp than those in [4], due to the use of the propagation of
chaos (proposition 2.1).

We then focus on the evolution equations for (5), which are the building blocks of our
regularised Dean—Kawasaki model. As the evolution equations for (5) are not closable in (5),
we rely on three relevant approximations. The first one, explained in section 3.2, provides
the distinctive particle interaction term {W’ « p.} p.. The second one, detailed in section 3.3,
gives the relevant Dean—Kawasaki type noise (depending on p. and on a regular infinite-
dimensional noise). The key differences with respect to the analogous argument performed in
[4] (these being primarily due to the use of the propagation of chaos, the use of the von Mises
kernels, and the lack of control over inverse powers of p. in the case of dependent particles)
are explained there. The third and final approximation, which we justify in a low-temperature
regime, allows us to replace j, . (defined in (6)) with a multiple of dp./Ox.

In section 4 we take advantage of the approximations discussed above and derive our
regularised Dean—Kawasaki model for weakly interacting particles in undamped regime

e (x) =~ e, (8a)

o2 5 . ~ o _ -
%(x,t) = —elx.1) - (ﬂ) %i (1) = {W' 5 pe( ) }(x)pe(x 1) + ﬁm €. (8b)
pe(x,0) = po(x), je(x,0) = jo(x),

for (x,1) € T x [0, T], where (po,jo) is a suitable initial datum, where 56 is aregular Q-Wiener
process (e.g. in the sense of [24]), and where the aforementioned approximations are visible
in the last three terms of the right-hand side of (8b). We use (., . ) to refer to the solution of
the approximate model (8), and (p, j¢) to refer to the original densities in (5).

We provide a few preliminary results concerning the existence of local mild solutions to
(8) and also to its noise-free version. We then prove the main existence and uniqueness result
of the paper, theorem 4.4. More specifically, we perform a small-noise regime analysis, in a
similar way to the one carried out in [4], to prove a high-probability existence and uniqueness
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result of mild solutions to (8). On top of the arguments in [4], additional localisation proce-
dures via stopping times and the conservation of mass for the system are needed to treat the
locally bounded (superlinear) interaction term {W’  p. } p..

2. Preliminary results

We prove a few results which will be used in section 3 for the derivation of the undamped
regularised Dean—Kawasaki model for weakly interacting particles.

2.1. Propagation of chaos
We first quantify how much the particles in (2) follow their counterparts in (3).

Proposition 2.1 (Propagation of chaos). Let N € N, let a > 2 be an even natural
number; let T > 0, and let W € C?(T). There exists a constant C = C(W, T, ) such that
L C(W.T,a)

E —q « —D ag\ >
,:EFT] [lg1(t) =g, ()" + Ip1(t) = Py (1)]*]* < W )

where the particle notation is inherited from (2) and (3).

Proof. We adapt the proof of [20, theorem 3.3]. Let fy(t):=
E[lq1(t) — q,(0)|* + |p1(t) — p,(£)|*]. We apply the 1td formula for the function f(z) = |z|®
applied to the processes ¢;(t) — g,;(¢) and p;(t) — p,(t), for each i € {1,...,N}, and sum the
results. We notice that the stochastic noise for p;(¢t) — p;(¢), i € {1,...,N}, vanishes by as-
sumption. We obtain

N Y
> lai() — g, :/0 a(gi(r) — g;(r)* " (pi(r) — p;(r))dr =: Ty, (10a)
i=1 i=1
Z\pz P01 = - Z pilr) = Bi(r)* ™ (W (gi(r) — g;(r) — W' (g (r))) dr
ij=1
+ / Zam (1) (=3 [pi(r) = Bi(r))dr = T + T,

(10b)

We bound T using the Young inequality with exponents @ and «/ (v — 1). We thus obtain for
Ty + T3

T\ + Ty < Clar) / Z 9:(r) — @D + ) — B D)
As for T, we rewrite itas Tr = — % fo ZQ’I | { (1) (r }dr where

e (r) = [W(qi(r) — gi(r) — W' (@i(r) r>] M

e (r) = [W(g,(r) —g,(r) - W*ur( ())](,,,() pi<r>>"“.
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We use the boundedness of W”, a Taylor expansion of W’, and the Young inequality with
exponents v and o/ (« — 1) to find

/Zm

ij=1

S %/0 Z W (qi(r) — qi(r) — W (G@i(r) — q;(r))] Ipi(r) — py(r)|* " dr

ij=1

o / Z{Mz =0+ [gi(r) = g(n)]} Ipi(r) = pi(r)*dr

lJl

el [ Z{m, a0+ o) = g0 + () = )" or
~cwa) [ ) Zﬂq, [+ i) = )" (12

Fix r € [0,7] and i € {1,...,N}. We employ the Holder inequality with exponents a and
a/(a — 1) to obtain

E[Zcff) r)] —E[Z [W(@(r) = G(r)) — W' (@ ()] (pi(r) —pi(r)*"

Jj=1 j=1

E (Ipi(r) — pi(r)[)“ " 01 (), (13)

1

N

where

[0 [e3

N
N=E > &Guan| | =E|| X &nan ’
=1 =

with & () z,() = W'(q;(r) — g;(r)) — W’ * 11,(g;(r)), and where we have also used the fact
that « is an even natural number. We define

Tio == (1. -sja) €{1,...,N}* : Jji # i such that j, appears exactly once in j},
T ={i=U1r--sJa) €{1,....N}*:j& Tia} -

We have #7;. < C(a)N®/?, where # denotes set cardinality. To see this, consider a generic
j € T2.0- There are at most a/2 values attained in j: arguing by contradiction, if this is not the
case, then i is attained exactly once (due to the definition of 7; ). However, this means that
the remaining o — 1 occurrences of j are distributed among at least «/2 values, granting the
existence of ji # i appearing exactly once in j, and thus contradicting the definition of 73 .
We therefore have no more than C(a)N®/? possible configurations in 75, where C(a) is a
suitable constant. We expand the definition of 6;(r) as

bi(r)=> E lH€q,<r>q, |+ D E

J€T .0 J€Tra

11 fqi<r>,qfk<r>] :
k=1

869



Nonlinearity 33 (2020) 864 F Cornalba et al

For any j € S} 4, itholds that E [H,f‘:l 5@(,)%(,)] = 0. To see this, let z € T, and let j # i be

an index appearing just once in j. Then

E {H &), () | 4i(r) =Z} =]]&:E ( 11 5z,q,-k<r>> &g | A7) =Z]
k=1

Jk=i JkF i)

= Hfz,z E |:( H 52,11,-,((”)) 51@,‘(’)

Jr=i JkF ik

(14)

=Tl 8| T a0 | E|&a0) (15)

Jk=i JKF Lk

=[l&E| I &0 |EIWE-g() - W pn(2)] =0 6

Jrk=i Ji AT

where  independence  of particles is used in (14) and (15), and
E[(W(z —q;(r)) — W' pr(z))] =0 settles (16). The exchangeability of particles, the
Hoélder inequality, the boundedness of W’, and the bound #7;,, < C(a)N /2 then give

0i(r)= > E qu,(r),q,k(r)}
k=1

€Sy a

< C(@NZE [[W(q,(r) = @())|™ + W' * (g, (r))*] < C(W, )N 0

SR

We sum (10a) and (10b), combine (11)-(13), and (17), and use the exchangeability of the
particles to obtain

5N(t)</0 C(a,fy)ﬂN(r)err/o C(W,a)N~'2(By(r))@=/dr, (18)

Applying the Young inequality in the second integral of (18) and then Gronwall’s inequality
completes the proof. I

We point out a couple of differences between proposition 2.1 and [20, theorem 3.3]. Firstly,
we do not require convexity for the interaction potential W, as we are only interested in an
estimate up to a given finite time; there is thus no need for a dissipative term in (18). Secondly,
since the derivative W’ is bounded, we can choose « arbitrarily large without violating the
validity of (17). In the proof of proposition 2.6 below, we will pick av > 2.

2.2. Fokker—Planck regularity estimates

We now establish useful regularity properties of the particle system (3). We use C" to denote
n times continuously differentiable functions on T, for n € NU {0}. We first specify our
assumptions on (3).
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Assumption 2.2. We assume that the initial datum (g(0),p(0)) of (3) coincides with

(Gaux (10)s Paux (10)) for some tg > 0, where (G, Panx) IS an auxiliary process satisfying (3)
and starting from an initial datum distributed according to a probability density fy satisfying

/ /fo(q,l?)(l + pH)kdpdg < oo.
T JR

Our choice to only consider a process ‘restarted’ at some time #y > 0 is motivated by the
need of the uniform-in-time Sobolev estimates found in [27, 17.2], which we will use in the
following result.

Proposition 2.3. Forn,n; € NU {0} and ¢ > 2, let w be a C"-probability density function
and g € C". Let the initial datum of (3) be as specified in assumption 2.2. Then

J

where C(g, to,fo,n) does not depend on w.

c

dx < C(g, to, fo, n), forall > 0,

n

B |s(a0)p" (1) i - 70)]

Proof. We first prove that, for f,(¢,p) being the probability density function of (g(¢),p(z))
and for any g € C°, we have

J

We use the boundedness of g and the Holder inequality with exponents ¢ and ¢/(c — 1) to
obtain

[ |g<q>p”'\‘ “ag < C(@) /
<C(§)/T</Rp”'c 2\1+p2!’“dp> (/R‘

The second p-integral in (20) can be bounded by a constant C(#y, fo, n), provided we pick k > ”2;61
To see this, we notice that [27, 17.2] gives uniform bounds in time for ||f;]
we use the Sobolev space notation. The continuous embedding W"+22(T x R) C C"(T x R),
which is a result of the application of [1, theorem 4.12, part I, case A, equation (1)]) thus im-
plies that

dg < C(g, 10, /0, 1), form e {0,1,...,n}.
(19)

am
2" || 5 fiap)| 4
@[ grztian| o

" o : o =
/R|P “Wﬁ(qm’ ’W}?(Q,P) dp

dg

8"1
aquz(q,p) ’ dp

=2 c—1
6m =1 _ ke
8qur(‘bp)‘ [L+p* dp) dg.
(20)

mn

al
wfr(‘l,l’)

Wn+22(TxR)> where

mn

f,(q,p)’ < C(to,fo, 1), forallr > 0.

sup g

qeT,peR

As a result, the argument of the second p-integral in (20) is controlled by (1 + pz)fckfcl, which
is integrable thanks to the choice of k. Thus (20) is bounded by

~ nic am
C(@.to.fou) / / |
TJR

2
ke
Wﬁ(q,p) |1+ p°|" dpdg,
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which is in turn uniformly bounded in time due to [27, 17.2]. We have thus verified (19).
We now define f;(g =[5 (0"/0q") {g(q)p" f(q.p)} dp. We use integration by parts and
Young’s inequality for convolutions to bound

/T E[g(ﬁ(t))ﬁ"‘(t) gnW(x—q( } Q" fi(a.p) 5 an w(x —Q)dpdchx
=[] [ aras tetar sty apa| aa
:/T /T (v~ alfilg dq’ = Hw*ﬁ Le(T) < ey V Zf('ﬂ‘) - Hﬁ ZC(T)
= /. aqn )p"‘ft(q,p)}dp dg
ey [| [ teta) " o Uit an

As g € C", it is clear that each of the (n + 1) terms in (23) is as prescribed by the left-hand-
side of (19), for some appropriate choices of g and m. The proof is complete. O

Remark 2.4. The use of [27, 17.2] is the reason for having T, and not R, as the spatial
domain.

Remark 2.5. With the same notation and assumptions of propositions 2.1 and 2.3, let the
initial datum of the particles systems (2) and (3) have density (G, (f0), Paux (f0))- It is easy to
prove that the particle systems (2) and (3) have moments of any order uniformly bounded on
[0, T]. This is a simple consequence of the boundedness of W’.

2.3. A useful application of the propagation of chaos

The result proved in this subsection is used in section 3 in order to provide estimates indepen-
dent of e for the H*-norm of the expressions (5) and (6). We use the standard Sobolev space
notation H* := H*(T), for k € N, and also L? := LP(T), for p € [1,00]. As already men-
tioned, we will always assume a scaling of type Ne? = 1, for @ large enough, say 6 > 6. In
this paper, we are not interested in optimising in 6 (i.e. in finding its lowest admissible value).

Proposition 2.6. Ler the assumptions of Propositions 2.1 and 2.3 be satisfied, and let
N 3 ¢ > 2. Then, in the regime Ne® = 1, for 0 large enough, we have that

B zzziz;p” >§: (- = qi(1) J (22a)
and
E Z % Z W' (qi(t) — (1)) ¢ pi" (1) (;9: we(- — qi(1)) (22b)

are uniformly bounded in €, N, and t € [0, T},
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Even though the proof of proposition 2.6 is a suitable extension of [4, proof of proposition
1.1], we include it here to keep the paper as self-contained as possible. For the benefit of the
curious reader, we point out the analogies between the two proofs in the subsequent remark
2.7, which may be skipped on a first reading.

Proof of proposition 2.6. We first deal with (23a). Set a;(x, 1) := p}* (¢) g;we (x — qi(1)).
If we expand the L°-norm, we get

l

where S| and S, are given by

N c

N ) rwel- — 4(0)

_ VHW s o],

Sie={j=U1,.--.jc) €{1,...,N}°: jdoes not have repeated components} ,
(23a)

Le

JES] ,]ESZ

Src={i=(,--..je) € {1,...,N}: j has repeated components}. (23p)

We use the exchangeability of the particles, the fact that #S,, < C (c)N"_l, the Holder in-
equality, and the fact that all moments of p; are uniformly bounded on [0, T] (see remark 2.5)
to obtain

—1
\C]gc)/qrmaiu,o}dm@(; Loo meso

/Hajkxt

J€32

where Q is some polynomial whose degree depends on n. The convergence to zero is granted
by the scaling Ne? = 1, assuming that @ is large enough. For each j € S; ., we now analyse
E [ [; ITiz: @ (x, )dx]. The particles {(g;, pi) }X, not being independent, we rely on the prop-
agation of chaos, i.e. on proposition 2.1. The strategy is the following: in each a;, (x, 1), we add
and subtract relevant quantities associated with (3). More specifically, we split

pi* (1) = pi' (1) = pi" (1) + " (1),
—_—— ——

(25a)
A= Biii=
o" o" o" o"
Sl = (1) = Jowe(x = ai(0) = el = ,0) + owex = G (0).
Agii= Byi:=
(25b)
The estimates

ALl < Cm)|pi(e) = B[ ()"~ + P (0)[" ), (26a)
[Asi| < Qe lgi(r) = g;(1)], (26b)
Boi| <Q(e71), (26¢)

where Q is a polynomial, follow easily from Taylor expansions and bounds on de-
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rivatives of w.. We regroup the 2% terms arising from the expansion of the product
c
[Ti=i (Arj + Bij) (A + Bay) as
¢ 2%—1

[T A + Bij) (A2, + Bay) = HBl,/sz,/k + Z G,
k=1

where the sum spans all 2% — 1 terms of the expansion which feature at least one factor of
type A (i.e. each C; is a product of 2¢ terms of type A and B, with at least one being of type
A). As a result, we write

E / Hajk (x, r)dx
T =1

P

+ ZE[/TCde} =T, +Ts.
s=1

27)

C
E / 11 BB dx
T k=1
We bound T75. As each term Cy contains a factor of type A, we can use (26) to deduce that

Il < (H 1pi(e) — Pi(0)|“lau(e) — A<r>|ﬂi>
g (H [ (P~ + )] ™ [@&1”@)

i=1
(T o)) =7 s

for some «;, 8; € {051}, Y7, i + B; € {1,...,2c}. We can bound E [|C,|] by applying a
multi-factor Holder inequality involving each term of the product E [T5 x T4 x Ts]. More pre-
cisely, the expectation of each term of 73 is either unitary, or dealt with by using proposition
2.1 (propagation of chaos); the expectation of each term of 7, and 75 is either unitary, or dealt
with by relying on the fact that all moments of p,(¢), p«(#) are uniformly bounded on [0, T],
see remark 2.5. Due to the constraint Y ;_, a; + 3; € {1,...,2c}, we can apply proposition
2.1 at least once. Thus E [|Cy|] < C(n)N~ 7€, for some y;,7, > 0, fors = 1,...,2% — 1.
Provided that 6 is large enough, we deduce that 7, — 0 as € — 0.

As for T}, we rely on independence and identical distribution of the particles {(g;,p;)}Y,

and write
l/ 7’“
Ti—1

E [pl %w(x ~a0)]

We(x - q,-(t))dx]

c

dx < C(1o,fo, n),

; /

T

where the last inequality is given by proposition 2.3. The expectation in (23a) is thus dealt
with.

As for the expectation in (23b), the analysis proceeds similarly, and we only sketch the
relevant details. We may think of the argument of the L°-norm as a sum over two indexes
i,j=1,...,N,thus defining a;;(x, 1) := W'(qi(t) — q;(r)) pi* (¢ )a,,’xwe(x — ¢;(1)). We split the
Lf-norm expansion into the contributions given over the index sets Sy . and S; 5. (¢ couples of
indexes). The expectation associated with the index set S, 5. vanishes in the limit € — 0, using
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the same arguments leading to (26). Now fix j € S .. If we add the rewriting

W(qi(t) = g;(1)) = W'(ai(t) — q;() = W'(@,(1) — g;(1)) + W' (g@i(1) — ;(1))

Azjiji= Bsji=

to those in (26), with the associated bound
Az il < C(W) {lqi(r) = q,(0)] + |g;(1) — g;(1)| }

we may then write

c
/ H A1 (x7 l)dx
T k=1

E =K

c
/ H Bl;ka—IB2J2k—1B3J2k—1J2kd‘x
T =1

231
+2 B UT Csdx} (28)

=T+ T

where the notation is in analogy to (27). The convergence T, — 0 is settled as in the first part
of the proof, and we omit the details. To bound T, we simply need to bound

J

where we have used again independence and identical distribution of the particles {(g;, p;)
We notice that

c

dx, (29)

n

B [W(@,0) - 20077 () vl — 0,0)|

N
i=1"

B [W@,0) ~ G077 0) el = 00 030) = 207 (0 =3 |
== 2B W (g~ Da(0)) 10) = 2.7 (1) = 5

(9"xwe(x —2)E[W(zy — q,(1))] = » anxwe(x = 2g) W' pu(zg),

— S
_Zp

which implies

1 1

B [W@0) ~ 200 (0 o~ 00)| =B W s @00 (0 ot~ 3,00

The above equality shows that (30) is of the form prescribed by proposition 2.3, for
g := W’ % p,; as a matter of fact, W' x p, € C" because of the uniform regularity of p, for
t € [0,T], see [27, 17.2]. This ends the proof. O

Remark 2.7. The proof of proposition 2.6 is built on two splittings. The first one separates
the index set in S) ., Sa (and also Sz, S220); the second one distinguishes terms of type
A and B for every element in S, (and also in S 2.). The first splitting benefits from scaling
arguments (in N, ¢) which are found also in [4, proposition 1.1] (see the distinction between
terms ct, and /-1, therein). The second splitting benefits from Propagation of chaos, and does
not have a counterpart in [4, proposition 1.1].

Remark 2.8. In the proof of proposition 2.6, the minimum power « that we need to employ
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when using the propagation of chaos is a = 2¢ (for (23a)) and power o = 3¢ (for (23b)). In
the case of (23a), this can be seen easily from the multi-factor Holder inequality used to deal
with the one term IE [|C,|] for which >, a; + 3; = 2¢. An analogous consideration holds for
(23D). This justifies the need for the propagation of chaos for a > 2.

3. Evolution of the weakly interacting particle system

We analyse the time evolution of the densities (5) and (6) and start by deriving the relevant
evolution equations.

Lemma 3.1.  The evolution equations for pe,je and ja e are given by

Ope _ Oje
o (x,1) = — o (x, 1), (30a)

dje 1L (1 |
o 1) = —elw ) = o) - Z ZW (qi(1) = q; (1)) | we(x — qi(2))
1 _/:1

i=

+ € lt /817
ZW ) (30b)

=:Zy (x.1)

dj .
gf (1) = =292 (x, 1) — j3.e(x, 1)

Z\N

> (1 > Wit ))) Pi(OW(x = qi(1))

85 .
+ o2 ) + ZZp, W, (x — qi(1)) B (30¢)

where j3c = N~'STL | p2 (0w (x — qi(1)).

The proof of the lemma above is a simple application of the It6 formula, and thus omitted.

3.1 Compactness argument
‘We now turn to the main result of this section.

Proposition 3.2. Let T > 0. Let the assumptions of propositions 2.1 and 2.3 be satisfied.
Assume the scaling Ne? = 1, for 0 large enough. The families of processes {pc}e {jc}e and
{Ja.c }c are tight (hence relatively compact in distribution) in C(0,T:L?), as € — 0.

Proof. Assume for the time being (we will show this below) that

Elllpella]s EllUela], El[lj2eller] are uniformly bounded as e — 0,
€1y

where || - || is the natural norm of the space

U = L>0,T;H)NCP(0,T;H™'), for some 3 € (0,1/2). (32)
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Using [25,theorem 5], itis straightforwardtodeduce thattheembedding % — % := C(0,T; L2)
is compact. In addition, the sets G; := {u € % : |ju||% <j} are compact in 2, for each
Jj € N. Now fix a > 0. If we denote the law of p. by x., we get

Xe (Z\G)) = /&w\qmdp): /% RO ]1 /% lolla xe(dp) < a

forall e € (0, 1], provided that j is large enough, thanks to (31). An analogous argument applies
to {jc}te and {ja}e. This corresponds to tightness for the families {pe}e, {Jje te, and {jo.c}e,
hence the Prokhorov theorem [14, theorem 14.3] is applicable and gives relative compactness
in distribution for the three families. In order to complete the proof, we need to show (31).

Uniform bounds for {p.}. We show that
E [l pellzo= o.r:im)] < C. (33a)

E [|lpellce or:u-1)] < Cs (33b)

for a constant C, independent of € and N. Using (30a), we deduce

T
lellze o) = sup lpe (Ol < 2llpe(-0) +2T/0 lie (- 9)l[7ds.
tel0,

Estimate (33a) is then settled by invoking proposition 2.6. We now take v € H' and compute

[(pe(ot) = peles), izl = \ [t = et v(x)dx] -|[(/ v el e v(x)dx\
ol

/T</Stj5(x,z)dz> Vv(x)dxl < ‘ /Stje(-,z)dz )

<le=sft ([ -2l a2) ol (34)

The bound x < 1 + x? valid for any x € R, the definition of the usual norm of C#(0,T; H™!),
and (34) imply

T
E [lodlesara) < €+ CE [loctn 0l + [ litallee] < ¢ 69

for some 3 € (0, 1/2), where the last inequality follows from proposition 2.6. We have thus
proved (33D).

Uniform bounds for {j.}.. Again, we show that there exists a constant C, independent of e
and N, such that

E [ellzo o7:6m)] < C, (36a)

E [|liellcs .rm-1)] < C. (36b)
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We use (30b) and deduce that

ellZ< oy = sup_llie (D)7
t€[0,7]

c{|ve<-,o>||%,1 [ dltet [ a2l

+/”N
o [Nz

) (;v > Wal) - q,.@)) wel = 4i(2))

2

dz

H!

2
=T+ ---+Ts.
H!

Uniform bounds for E [T}], E [T], E [T3], and E [T4] are directly given by proposition 2.6. As
for E [T5], we invoke [5, theorem 4.36] and bound

E /ng H%WE(' - Qi(s))Hj.llds = C/OT 1‘\’% éE [Hwe(~ B qi(s))l‘zl}ds

o? 1 1 CTo?
KCTSN|(-+=5 ) < —,
N? (e * > Néd

/ Z we(- = gi(2))dB;

+ sup
t€[0,7]

€3

where the reader is also referred to [4, proof of proposition 1.1] for the scalings of Sobolev
norms of w.(- — g;(s)), which we have used in the second line above. Estimate (37a) is thus
established. In order to prove (37b), we analyse the quantity |(je(-.7) —je(-, ), V)g—1].
Bounding the relevant contributions coming from the initial datum and the three deterministic
integrands is analogous to (34)—(37). As for the stochastic noise, we rely on [11, lemma 2.1]
and write, for « € (0,1/2) and A > 2 satisfying a\ > 1,

A
/ Zwe )dai(s)
WeA(0,T:H-1)
/2
< C(a, \E /ONA <Zw€ - ||L2> ds

cN\M?  C(a, N\ o)T
ClONT G () = W

We conclude the analysis for E [Ts] using the embedding W**(0, T; H~') — CP(0,T; H™')
for some § € (0, — 1/X). This embedding is a consequence, e.g. of [7]. Thus (37b) is set-
tled.

Uniform bounds for { ja.c }.. The argument is almost identical to that used for the family {j. }..
We show that

E [[lj2.ell o o.7:0m)] < C, (37a)

E [lli2ellcs o.r:m-1)] <G, (37b)
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for a constant C, independent of ¢, N. We use (30c) and deduce that
2l oy = sup [l2e (1)l
t€[0,7]

T T
c{|uz,e<-,o>||%,1 [ W2z [ e e

2

15 2 ZW’ 4i(2) = 42) | pOW — ()| dz

Hl
t o N 2
+ sup / N > Pt — qi(z))dB; — T 4+ +Ts.
t€(0,7] 0 P y
The analysis involving the terms T7, . . ., Ty is analogous to that of the homonyms for {j.}..

We only need to deal with the stochastic noise. As for E [T5],

E /OT;:H;pio)w;c—qi(s)) =C /;;iéﬂz[p%m|w;<~—qi<s>>|2l}

o? 1 1 CTo?
< CT5NE [p1(1)] <E—3 + —) < ) (38)

For o and A as in the previous part of the proof, we use the £”-Holder inequality and bound

A
[ WaA (0, T-Hl)]

Clon N)o M
<<“N— / [(Zm (-~ ais >>|iz> ]ds
() A2
< W/O [(Zl’ ) ] ds

Cla,No* [T C(a, A\, T)o?
A/2—1 _ A _
< N/\ 3)\/2 / NY2TIE <ZP: )} = NA/ZES)\/Z/O E [pt(s)] ds = N 2SN

(39)

—q(t )dﬁi(s)

Inequalities (38) and (39) allow us to deduce (37a) and (37b), and the proof is complete. []

Remark 3.3. In contrast to the methodology employed in [4, proposition 1.1], which settles
tightness in the case of independent particles, the proof of proposition 3.2 does not rely on the
Kolmogorov criterion. The reason is that the time regularity associated with the application of
the propagation of chaos is not sufficiently high.

Remark 3.4. 1In principle, there is more than one natural choice for the definition of the

space % . Specifically, in (33), one might replace H~! with any H~¥, where k € N U {0}, thus
including L2. This would result in adapting estimate (34) in the case of {p. } (and analogous
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expressions in the case of {j.} and {j2.}e), thus invoking proposition 2.6 with a different
parameter n. This directly reflects in a possibly different requirement for the scaling Ne? = 1.
Since we are not concerned with the lowest admissible value of 8, the choice of H~ ! is as good
as any other of those listed above.

3.2. Approximating the interaction term

We show that the third term of the right-hand-side of (300) is asymptotically equivalent (in the
limit e — 0 and N — 0) to the nonlocal interaction term {W’ x p } pe.

Proposition 3.5. Let T > 0. Let the assumptions of propositions 2.1 and 2.3 be satisfied.
Assume the scaling Ne? = 1, for 0 large enough. We have the equality

N Z ( Z W (qi(t) - qj(t))) wex = qit)) = {W' 5 pe (1)} (X)pel, ) + riepe(x.1) + r2e,
(40)

where r; and r; are stochastic remainders such that |ri.] < C(W)\/e and E[|r|] <
C(W.fo){/€ + €3}, for some B = B(0) > 0, and where f, is as in proposition 2.3.

Before we prove the result above, we recall a simple lemma.
Lemma3.6. Let f € CO(T)beaLipschitz function. There is a constant C = C(f), independent
of e >0 anda € T, such that |fT we(y —a)f(y)dy —f(a){ <C(Vetexp{—Ce'}).

Proof. Let A, := (a — \/e,a+ /€). Since f is Lipschitz, we obtain
/ we(y —a)f(y)dy = / we(y —a)f(y)dy + / we(y —a)f(y)dy
T A T\A.

> (f(a) — Cﬁ)/A «(y —a)dy + minf we(y — a)dy

xeT T\A.

> f(a) (1—/T\A we(y—a)dy> — CVe+minf we(y —a)dy. (4D

T\A,

It is immediate to notice that [1,, we(y —a)dy < Cexp {—Ce"} for some C > 0. From
(41), we obtain

Lrtr—armar st > <o) [ vty -ty ming [ -y cve

Ac

> inf — —Ce '} —Cy/e.
/C<1Eé1'ﬂr‘1f I)Iclea'[?(f)exp{ Ce } Cye

An analogous inequality (with opposite sign) may be obtained in a similar way, completing
the proof. O
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Proof of proposition 3.5. We split the left-hand-side of (40) as T + T», where

B 3§ oW g | e-a0)

i=1

and

Toi= 530 | V@0 - 90) — Wi = g0} | welr — aio).

As for T, we separate the sums in 7/ and j and deduce

N N N
- <;]ZW5(X—511‘(I))> (]:/ZW'(X_%’(’))> = pe(x,1) (;,ZW’(x—qj(t)))
= i=1 j=1

= pe(x,1) (rl,e + % Z /T W (x = y)we(y — qj(t))dy)
= {W/ * Pe(- 1)} pe(x, 1) + riepe(x, ).

Lemma 3.6 gives |ry | < C(W)y/e, where C is independent of x, ¢, w. With the notation of
(40), it holds that r, . = T,. We use a Taylor expansion and bound

[r2el < % D IW@ilr) = gi(1) = W' (x = g(1))| we(x = qi(0))

ij=1

<SS - it — ) = 4 > b= a0l = ()
_ C<NW> Z I — (1) we (x — (1))

C(W Z{I x = qi(D)|we(x — qi(1)) — [x = qi() [ we(x = q,(1))} = T3 + T

Since the particles are identically distributed, we have

E[IT5]] = C(W)E [|x — g1 ()| we(x — q1())]

=Cc(w / [y — x| we(x — ) f(t,y)dy < C(W.fo) Ve,

where f7(t, -) is the probability density function of §(r), and f; is as in proposition 2.3. The last
inequality above is given by lemma 3.6: in particular, the constant C does not depend on time,

as Sup,> et (%fg(t, q) is finite. To see this, one may apply [27, 17.2] and [1, theorem 4.12],
with analogous considerations to those made in the proof of proposition 2.3.
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As for T,, we use a Taylor expansion, the bounds max,er w,(x) < Ce and

max,er |[W.(x)] < Ce~2, and write
E[T4]] = COW)E [lx — g1 (1) we(x — q1(2)) — [x = g, (1) | we(x — 7, (1))]
SCW)E[|x = qi(1)] - [we(x = q1 (1)) = we(x =7, (1)) ]
+ CWE[lg1 (1) — g, (1) [we(x — g, (1))]
S CW)e2E [lx — qi(1)] - |g1 (1) — g, (1)]]
+C(W)e 'Ellqi1(1) — q,(1)[] < C(W)e?,

for some 8 = ((0) > 0, where the last inequality follows from the propagation of chaos
(proposition 2.1), and the scaling Ne? = 1. The bound for r, . is established, and the proof is
complete. |

3.3. Noise comparison

We want to replace the stochastic noise of (30b) (previously referred to as Zy) with a noise
closed in p. and j.. We suitably adapt [4, subsections 3.2 and 3.3].

We first recall a useful fact. Let ~, be the probability density function of a Gaussian random
variable with mean zero and variance €2. It is not difficult to show that, for 7e := We — 7, it
holds that

[7ellco(—msmy < €%, for some o € (0, 1). (42)

Proposition 3.7. Let the assumptions of propositions 2.1 and 2.3 be satisfied. Assume the
scaling Neé® = 1, for 0 large enough. We define the stochastic noise

1/2

Ywi=oN""2 /55005 &

where  is space-time white noise and Q 3, : L? — L? is the convolution operator with kernel

w3, (Le. ée = Ql/ﬂif is an H'-valued Q-Wiener process with covariance operator 0. /3.)-

For some positive C = C(T), ¢1(0), and ¢3(0), and o as in (42), we have

|E [Zn(x1, 1) 2y (x2,1)] — E [Py (x1, 1) Yy (x2, 1)]]

Co? .
Sy Wvale = x) X {|x1 — x|+ 1@ e 2Oy —x2|l/2} N

Co?
N

o

This result is an adaptation of [4, proof of theorem 1.3]. We sketch the proof below, and
defer more technical considerations to remark 3.8.

[Proof of proposition 3.7] In what follows, the residuals r. in (42) appear several times.
We do not specify the argument, as ultimately only their C%-norms will play a role. Set
m := (x| + x2)/2. We use the multiplication rule for Gaussian kernels [4, lemma A.4], the
independence of the Brownian noises, and we apply (42) several times to obtain
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E [ZN()Cl, )ZN()Q’ t)]

([ (3]

= 2F ;/0 we(x1 — qi(u))we(xa — qi(u))du

= & 21:/0 (Ve(x1 — gi(u)) + re) (e(x2 — qi(u)) + re)du]

-EY m(xl—xme/ﬂ(m—qmu))du]
Li=1

) {Z/O {rz + reve(xr — qi(w)) + reve(xa — qi(u)) } du:| .
i=1

We use (42) to switch back to the von Mises kernels, and use the definition of p, NG to obtain

[E[Zyn(x1,1) 2N (x2,1)] — E [Yn (1, 1) Y (x2, 1)]|

0.2

t
ﬁw\/ie(xl —xz)/o E [pe/ﬁ(m, u)} du

0.2

t
_ﬁw\/ie(xl —xz)/o E [\/pﬁ/\/i(XI,u)pe/ﬁ(XQ,u)J du
N ) N
,Z:;/o {3r§+re/\/§r\/§€}du + SE ;/0 {re/ﬂwﬁe(xl—xz)}du}

.XN: /o[ {rewe(xl = qi(u) + rewe(x — qi(w) +r p Wy 5(m — qi(u))} du}

=: IA] *Az‘ + |A3 + Ay +A5|.

<

2
g

0.2

+ 3 E

The bound |A3 + Ay 4 As| < (Co? /N){e® + €*w 45 (x1 — x2)} follows easily from (42). In
order to control |[A; — A,|, it is sufficient to bound

elle

I s res | @)

where we have fixed u € [0, T}, and dropped the time dependence for notational convenience.
We bound the random variable in (43) as

Pesvalm \/P Jyalm) +b xl,xz)‘ < VIb(x1,x2)l, (44)
where

b(x1,x3) == pe/ﬂ(m) |:p6/ﬂ(x1) + pe/ﬁ(xz) — ZPE/\/i(m)}
+ (pe)va(x1) = p ) 5(m) (o, ) 5(x2) = Py 3(m)).

The Holder inequality implies that E [ |b(x1,x2) |} is bounded by
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1/4
Popal) 4 1,y ale2) = 20,5l |

£ [pi/ﬂ(m)} "e {

471/8
+E [ Pesyalx2) = Pe/\/i(m)‘ } =TT + T:T4.

popa() = pyalm) ]USE [

‘We notice that
C]

Zwe a(
=N“> E le ~g,(1)

jesl,r k=1

+NTY E

JES,

SEwe(x =g ()] + N '™ < flwelx =) |I5, Il/%(t, ~)||Loo +NTe
= gt i + N7,

(45)

where f(t,-) is the probability density function of g(r), and fy is as in proposition 2.3. As ¢
is large enough, and taking into account sup,s [[fz(# -)||[f~ < oo (implied by assumptions
of proposition 2.3 thanks to [27, 17.2]) we see that the left-hand side of (45) is uniformly
bounded in ¢, x, and . We may now bound T, . . ., T4. We write

<KE [7sm)] " 4 KE |0, 5 ~ 7,50 }/

where p, is the smoothed density with respect to the particle system (3). The first term in the
right-hand side above is bounded by (45), while the second is bounded using the propagation
of chaos. As aresult, T} < C.

As for T5, again by adding and subtracting relevant evaluations of p,, we obtain

1/4
Pesyalxt) = 56/\@()61)’ }

) 1/4
Pyvali) + 7y a2) ~ 20| | k|
1/4

TzéKlE{

1/4
+KIE{ +K1E|:p6/ﬁ(m)—ﬁe/ﬁ(m)’:| . (46)

2
popalo) = Byt |

The first term in the right-hand side of (46) can bounded by K|x; — x|, using the same strategy
used in [4, adaptation of proof of theorem 1.3]; the remaining ones are controlled using the
propagation of chaos. As a result, we get T, < K|x; — x| + €™, for some v, = v,(6) > 0.
The analysis of T3, T4 is similar to that of 7,. In the case of 73

1/8 ) 1/4
1< K70 =7, st | +KE o, 00 7, ate) |

1/4

The first term in the right-hand side of (47) can bounded by K+/|x; — x»|, using the same
strategy used in [4, adaptation of proof of theorem 1.3]; propagation of chaos controls the

remaining ones. So T3 < K/ |x; — x2| + €, for some 72 = 72(6) > 0. The estimate for T} is
the same, with the couple (x;, m) replaced by (x;, m).
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Putting everything together, we obtain the bound

E|

where ¢1(6) := min{~;;2v,} and ¢»(6) := 7,. This concludes the proof.

Pesya(m) — \/pi/ﬁ(m) - b(xl,xz)H < C{|x1 — x|+ e + 2Oy —x2|1/2}, (48)

Remark 3.8. The error bound of proposition 3.7 is less sharp than the one provided in [4,
theorem 1.3] in the following sense: firstly, the spatial term contributions in (48) are not quad-
ratic. This is due to the use of the suboptimal bound (44), as clarified in [4, remark 3.4]. More
precisely, we do not have an analogue of [4, proposition B.8] in the case of weakly interacting
particles, so we can not use more precise bounds involving inverse powers of p.; secondly,
the propagation of chaos produces stand-alone contributions in € (vanishing as e — 0); finally,
the need to switch from von Mises to Gaussian kernels (and vice versa) produces additional
contributions in € (also vanishing as € — 0).

4. The regularised model

While the equations (30a) and (30b) describe the ‘exact’ evolution of the relevant densities
(pe»je) associated to the weakly interacting particle system (2), they are not, however, closable
in (pe,jc): more precisely, they contain three terms (specifically, jo, Zy, and the nonlocal
interaction term of (300)) which can not be related directly to (pe,j.). In this final section,
under suitable assumptions, we derive and analyse an SPDE which approximates (30a) and
(30b). We propose the following approximations associated with the three terms mentioned
above, and we point out the extent to which they are valid.

Approximation 1. The interaction term in (30b) is replaced by {W’ x p.}p.. proposition
3.5 implies that this replacement gives a vanishing error (in the L! sense) as € — 0.

Approximation 2. We replace j, . with % 36’; <. This has been done also in [4], and we

adapt the essential details here. In local equilibrium, the probability density function of
the couple (g;(t), p:(t)) is approximately separable in the two variables (as shown in [8,
corollary 3.2]). We can thus write E [j, ] = E [p}(f)] E [0p./0x], which suggests the
proposed replacement. In a small temperature regime (corresponding to o2 /(27) < 1),
we see that Var[p?(1)] < Co*/(27)? < 0?/(27) ~ E [p} (1)), see again 8, corollary 3.2].
Itis in this case sensible to replace p} with E [p?], which means replacing j,,. with % e,

Approximation 3. We replace Zy with oN~'/2, /p, €. This is justified along the lines of
[4], and we adapt the necessary details. First, we notice that Zy and )y are asymptoti-
cally equivalent in distribution for e — 0, as shown in proposition 3.7. In addition, one
can show that, for each ¢ € [0, T}, {p(-, 1)} has a unique limit in L% as € — 0. This can be
seen be taking two sequences {a,; N*}, {b,; N’} (both satisfying the usual #-scaling) and
using scaling arguments (similar to those used, for example, in (45)) and the propagation
of chaos to show that I [||pa, (-, 1) — pp, (-, 1)||%:] — O as a,, b, — 0. As a result, the two
quantities p(-,7) and p, / ﬁ(-, t) coincide in the limit. Therefore, for € < 1, we consider
oN~/ 2\/,476 §~5 in spite of Vy, thus obtaining the overall noise replacement.

These approximations give the following regularised Dean—Kawasaki model for interacting
particles in undamped regime
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Ope e

o (W0 =g e
Jje 0pe -

D) = =il = () Felt) = W 53}l + = /A0 6 (490

pe(x,0) = po(x).  Je(x,0) = jo(x),

for (x,¢) € T x [0,T], and where (po,jo) is a suitable initial datum. We used the notation
(,55,}6) to distinguish the solution of the SPDE (49) from the smoothed (exact) densities
(pe-je ). We establish a high-probability existence and uniqueness result (in the sense of mild
solutions) for (49). Following [4, subsection 4.3], we smooth the coefficient function of the

noise in (49b) and study the system

AX.(0) = [AX, (1) + Q(X, ()] dr + By (X, () dW.. -

X.(0) = X, (50)
for X (1) == (pe(-1).Je(-+ 1)), Xo == (posjo), We := (0,&.), and where A (respectively, o) is a
linear (respectively, nonlinear) operator on W H Y(T) x H'(T) defined by

a0y = (<0 = (3) Len). alh) = O (W < DN,

and Bys: W — {f: W — L* x L?}is defined as By((p.j))(a,b) := acN~/2(0, hs(|p|) - b),
for hs being a C?(IR)-regularisation of the square-root function on [—4, 8], for some § > 0. A
mild solution to (50) on [0, T]is a W-valued predictable process X.s = (pc.s.jc.s) defined on
[0, T] such that IE”(fOT 1 Xe5(s)|I3ds) = 1, and satisfying, for each t € [0, T]

t t
&MOzS@Kr{/SO—@M&M@M&+/SU—@mm@w@»M% P-as.
0 0
where {S(#)},>¢ is the Cy-semigroup generated by A (see [4, lemma 4.2]).
We first of all analyse the noise-free version of (50).
Lemma 4.1. Fix 0 < ¢ < cp. Consider the system

Fﬂﬂ=%ﬂﬂ+dﬂmwn

X(0) = Xo := (po.jo) (51

and assume that minet po(x) > c1and || Xo|lw < c2. Then (51) has a unique local YW-valued
mild solution Z := (pz,jz) up to some T > 0, such that

meijrrl pz(x,5) > cy and ||Z(s)|lw < ¢, foralls € [0,T]. (52)

Proof. The operator A generates a Cy-semigroup of contractions on W, see for example
[4, lemma 4.2]. In addition, « is locally Lipschitz and locally bounded. To see this, choose
(uy,v1)and (ua,v,)in a W-ball of radius n. Then, using the Sobolev embedding H' C C? and
the boundedness of W’ and W/, we obtain
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lor((u1,01)) = (12, 02)) |3
= [{W s yuy — {W s w72 + 1(8/0) (W' 5 i by — {W' 5 wa o) ||
< CLIHW s (r = ) b 75 + KW 2 — 22 52+ W oy = ) o |75
W s b = o) + W 5 (g — ) b 1+ (W o} () — )}

<Cn, W) |[(ur,01) = (u2,02) |3y » (53)
which is the local Lipschitz property for «. Local boundedness is settled with an analogous
computation. We apply [26, theorem 4.5] to deduce the existence of a unique local W-valued
mild solution Z := (pz,jz) to (51) up to some T > 0. Since the solution is cadlag by [26, re-
mark 4.6], using the Sobolev embedding H ' €% we can choose T > 0 so that (52) is satis-
fied. O

Lemma 4.2. Let Xy be a deterministic initial datum for (50). Then (50) admits a unique
local mild solution.

Proof. This follows from [26, theorem 4.5], since (i) A generates a Cy-semigroup of con-
tractions on W; (ii) « is locally Lipschitz and locally bounded, see lemma 4.1; (iii) Bys is
locally Lipschitz and satisfies the linear growth condition, see [4, lemma 4.5]; (iv) the noise
We is a W-valued Q-Wiener process whose covariance operator Q. 5, has rapidly decaying
eigenvalues, see [4, subsection 4.2]. O

Now let X, be the unique local mild solution to (50). For some positive constants 7', §, and
k, we define two relevant stopping times associated with (50), namely

T i=inf {t > 0: || X.(O)|lw = k} AT, e 1= Tk/\inf{t>0:m€i%‘1ﬁ€(x,t) gé}. (54)

Lemma4.3. Fixk >0,6 >0, and T > 0. Let X, be the unique local mild solution to (50).
The following statements hold:

(a) The total mass of the system is conserved up 10 Ty, i.e. [1. pe(x,s)dx = [ po(x, s)dx for all
s < Tr
(b) There exists a constant C = C(Xy, W) such that, for all x € T and for all s < ps
—C < W xpe(x,s) <C, —C< W' xp(x,5) <C. (55)
Proof.

(a) We consider the WW-inner product of the mild formulation of (50) with the constant ele-
ment ¢ := (1,0) € D(A*), the symbol * denoting the adjoint. As A*¢ = 0, we trivially
get that

/0 E [/0 [[(S(z — S)BN,5(XE(S))9A*C>||22(W!R) ds| dt < oco.

We define & := « o Ry, where
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¥ if [[yllw <k,
ki, if [[yllw >k

Ry W= W:y— {
yTw >
is a standard retraction map. Since the map & is Lipschitz continuous, we have a unique
global mild solution X, to (50) with o replaced by &, which then clearly satisfies
P( fOT X (£)|lw d < 00) = 1. Since we have predictability of both the deterministic and
stochastic integrands involved in the definition of mild solution (to (50) with « replaced
by &), we follow the proof of [13, proposition 2.10, part (ii)], but only with the specific
choice of { made above (and nor with any ¢ € D(A*)). We deduce that X, satisfies, P-a.s.

t

(500 = (00.0) + [ [%e(9).4%0) + (G(0).0) a5+ [ (Bus(e). W) = (Xo.)

Uniqueness of mild solutions implies that X, (s) = X(s) for all s < 7, and the claim is
settled. Notice that we have not proved that X, is a weak solution to (50).

(b) The potential W being smooth, there exists C such that —C < W(y—x) < C
for all x,y e T. If s< us, then pc(y,s) >0 for every ye T. We deduce that
—Cpe(y,8) S W(x —y)pe(y,s) < Cpe(y,s), forall y € T. Since ps < 7%, we can rely on
(a) and integrate in y, thus deducing that —C(Xp, W) < W’ x* pc(x,s) < C(W, Xp) for all
x € T and for all s < ps. An identical argument applies with W” replacing W'. O

We now turn to the proof of our main existence and uniqueness result for (49). This result
is an adapted version of [4, proposition 4.10 and theorem 1.4].

Theorem 4.4 (High-probability existence and uniqueness result). Fixv € (0,1),
and fix 0 < § < ¢1 < ¢z < k. Let Xo = (po,jo) € W be a deterministic initial condition, such
that minyet po(x) > ¢1 and || Xo||w < ¢z, and let T > 0 be as in the statement of lemma 4.1.
Assume the scaling Né® = 1, for 0 large enough. It is possible to choose a sufficiently large

number of particles N such that there exists a unique VV-valued mild solution X, = (ﬁe,je)
satisfying (49), up to time T, on a set F,, € F suchthat P(F,) > 1 — v.

Proof. Consider the time ¢ A s, for ¢ € [0, T], with ps defined in (54). Let X, and Z be the

local mild solutions to (50) and (51), respectively. We subtract the mild solution expressions
for X(¢ A us) and Z(z A ps), thus obtaining

X1 s) ~ 200 s) = [ S A s — ) [ (X(s)) — alZ(5))]ds
+ /0 " S(t A ps — s)Bys(Xe(s))dW,. (56)

We look for a small-noise regime estimate up to time ¢ A ug. In order to do so, we first
prove that

lae(Xe(s)) — a(Z(s)) [y < KT (W, lpollin T) [Xe(s) = Z(s) [y, foralls < pis. (57)
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We reuse computation (53) and deduce
la(Xe(s)) — a(Z(s)) I3y
<2{IW = (o = 5} pzls + KW = 5oz = Ol + 1AW+ (pz = )}z

~ ~ 2 ~ 2 ~ ~ 2
+ W s pe}(pz = )l + KW' (pz = pe) o7l + IEW  pe} (o7 — pé)llm}

=T+ + T, (58)
For s < ps, we bound the terms 75, Ty, T using lemma 4.3, and we bound the terms 7', T3, T
using the Sobolev embedding H' C C° and lemma 4.1. Estimate (57) is proved.

We are now in the position to provide the small-noise regime estimate for (56). We closely
follow the proof of [4, proposition 4.10]. Let ¢ > 2. We use [5, proposition 7.3] to deduce that,
for some K, = K> (W, ||pol|m1, T» q) and some K3 = K3(0,8,T, g, k)

E lsup [ Xe(s A ps) = Z(s A ps) |5y
s€[0.,1]

<xel[ ' 1Xe) — 2 o )0

+E | sup

SE0,T]

AE@Aué—@mmagmnmﬁmmwe

t
<K B sup Xl )~ Z(s A )y |
0 _SG[O,u}

"1

T K(0,5. T, q)M*(e.N)E [ [~ ||Xe<u>|%v>1[om<u>du]

t
< Kz/ E | sup |[Xe(s A ps) — Z(s A ps) Sy | du+ KsM?(e,N),  (59)
0 _sE[O,u}

where MY(e, N) was derived in [4, lemma 4.5], and decays to 0 as € — 0 for 6 large enough.
It is easy to deduce that

< K3Mi(e, N)e™:, (60)

E l sup [|Xe(s A ps) = Z(s A )l
s€[0,7]

For some small enough 1 > 0, define

S:= {w €Q: sup ||Xe(sAps) —Z(s A ps)|y < 77} :
s€[0,T]

Using the Chebyschev inequality in (60), we deduce that there exists N large enough so that
P(S) > 1 — v.Ifnis chosen small enough, for any w € S, we have that 15 = 7, = T'. If this was
not the case, we would have one of the following contradictions: on one hand, if us < 7 < T,
since minyer pz(x,s) > ¢; > 0 for all s € [0, T] thanks to lemma 4.1, and since 7 is small
enough, we can use the embedding H I C° to deduce that minyer fe (X, ps) > 0, contradict-
ing the definition of us; on the other hand, if us = 7 < T, since || pz(s)||w < ¢z < k for all
s € [0, T] thanks to lemma 4.1, and since 7 is small enough, we can use the same embedding
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H' C C° to deduce that || 5. (7¢)||w < k, contradicting the definition of 7;. This concludes the
proof. O

Remark 4.5. The main difference between this section and [4, section 4] is the combination of a
solution localisation via stopping times (needed because the interaction term { W’ x p¢ (-, £) } pe (-, )
is superlinear) and the conservation of mass, see theorem 4.4 and lemma 4.3.

Remark 4.6. The existence theory described in this subsection can be slightly simplified, as
one could deduce the validity of (55) for all x € T and all s < 7} (rather than for all s < ps).
In this case, the bounding constants would depend on & (hence on ||p||z) rather than on
fT po(x)dx, simply because of the embedding H' C C°. The proof of theorem 4.4 could then
be adapted by using the stopping time 7y instead of ys in the small-noise regime analysis lead-
ing up to (60), thus making the use of lemma 4.3 superfluous.

However, lemma 4.3 provides a lower constant K, for the benefit of (60). The reason for
this can be deduced from (58). The bounds associated with 77, . . ., Ty are of the type

T; < CH|X(s) — Z(s) |}y, i€ {l,...,6},

where the constants C;, i € {1,...,6}, depend on ||pz||z (or equivalently, on ||pol| s and 7).
However, the terms T3, T4, and T can be controlled more precisely, as C,, Cy4, and Cg can be
computed with the initial mass fT po(x)dx only (lemma 4.3). In the case of an initial datum
satisfying [} po(x)dx < || pol|z1, this corresponds to obtaining a constant K7 in (57) which is
approximately half the one we would get if we did not rely on lemma 4.3 to deal with 75, T4,
and Tg; this is simply because K7 = C7 + - - + CZ, and C3 + Cj + C2 would, in this case, be
negligible compared to C% + C% + Cg. This is turn implies that the constant K, in (60) can be
scaled down by a factor up to 292, Overall, this gives a smaller right-hand-side in (60), which
reflects into a lower number of particles needed to meet the requirements of theorem 4.4.
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