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Abstract
In this work, we investigate soliton solutions for the conformable nonlinear differential equation
governing wave-propagation in low-pass electrical transmission lines. Adopting two integration
techniques, we construct dark and bright solitary waves, jacobian elliptic function solutions and
trigonometric solutions. The obtained results are relevant and will probably help to carry data
and codify them in telecommunication.
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1. Introduction

Nowadays, investigation of exact solutions of the nonlinear
differential equation advance beyond measure. Moreover, a
conformable derivative nonlinear ordinary differential
equation have become very important do to their application
in communication system. So, the problem of obtaining an
exact solution of the conformable nonlinear equation attracts
a lot of attentions. However, several works have been done
in optical fibers, fluid mechanics, biology, economy just to
name a few [1–5]. Thus, various mathematical methods have
been developed to solve them such as F-expansion method,
the generalize Kudryashov method, ( ( ))y x-exp -expansion
method, the ( )¢G G2 -expansion method, the trial expansion
method and so on [6–19]. We aim, in this work to apply the
auxiliary equation method and Sinh–Gordon method to ease
the investigation of the exact solutions to the conformable
derivative nonlinear differential equation governing slowly

modulated wave propagating in low-pass electrical trans-
mission line, which consist of a number of LC (inductance-
capacitance) connected and the dissipative effect is neglec-
ted [5]. The rest of details of the derivation of (1) are given
by [5].
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However, u(x, t) is the voltage in transmission lines and v, δ
and β are constants, while the variable x is the propagation
distance and t represents the slow time.

The rest, of our work is organized a follows: section 2
summarize the conformable derivative theorem. The glimpse
of the methods apply are given in sections 3 and 4 applies the
methods for obtaining soliton solutions to the proposed
model, follows by some graphical representation. The last
section concludes the work.
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2. The conformable derivative

Let us gives the short definition of the conformable derivative
of order αò(0, 1) as follows:
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Theorem 1. Let ( ]a 0, 1 and ( ) ( )= =f f t h h t, be
a-conformable differentiable at <t 0. Hence,
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3. Glimpse of the methods

3.1. The auxiliary equation method

We surmise the general conformable derivative nonlinear
PDE as follows
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and u(x, t) is an unknown function, while P is a polynomial of
u and its partial fractional derivatives. The next following
steps describe the traveling wave solution obtained by aux-
iliary equation method.

Step 1: We first used the following fractional complex
transformation, and suppose ( ) ( )x=u x t U, ,
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where k1, k2 are constants to be determined later, and
¹k k, 01 2 . By using the above transformation, it is obtained

the ordinary differential equation of the form

( ) ( )¢  ¢¢¢ =G U U U U, , , , ... 0, 5

Step 2: Surmise that the exact solutions of ODE (5) can be
expressed [20].
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are constants to be determined later, and ¹A 0i .

Step 3: Under the terms of the method, it is suppose that
solution of (6) can be written in the following form
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where A0, A1, A3, A4 and AN are constant to be determined
later.

Step 3: The value of integer N, is obtained by using
the balance principle between the nonlinear terms and the
highest order derivative come in the obtained ordinary diff-
erential equation. More precisely, if the degree of U(ξ) is

[ ( )]x =U Ndeg , then the degree of the other terms will be
written as follows
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Step 4: Substituting (9), (8) and (7) into (5) provides a
polynomial g(ξ) of ξ. Next, collecting all the coefficient g(ξ)i,
(i=0, 1, 2, K.....N) yield a system of algebraic equation.
Solving this system, we describe the variable coefficients of
A0, Ai, i=(1, 2, K.., N) then the solution to (3) can be
obtained in terms of g(ξ).

Step 5: To obtain the exact solutions to (3), the following
solutions of (7) and (8) are used.

case 1: for C2>0 and C4<0, C0=C1=C3=0.
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case 3: for C2>0 and C4>0, C0=C1=0.
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case 5: for C2>0, C0=C1=0.
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where C0, C1, C2, C3 and C4 are arbitrary constants. Therefore,
using (10–114) and (9), the exact solutions to (3) can be obtained.

3.2. The Sinh–Gordon method

For the Sinh–Gordon equation, the following preliminaries
are adopted [3]
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where α is a constant. By using the traveling-wave transfor-
mation (4) and then adopted u(x, t)=U(ξ), gives the ordinary

differential equation
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k1, k2 are constants to be determined. Integrating (17) once
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with integration constant c. To surmise
( )
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+

c 0, 1
k k1 2
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2
, so, it is obtained

( ) ( ) ( )x
x

x=
w

w
d

d
sinh . 19

Thereafter, with (19), it can be obtained soliton solutions to
the nonlinear partial differential equation (3), and we note that
(19) is a special case of (17) or (18).

Figure 1. Spatiotemporal plot of bright solitons u1(x, t) at α=0.9 and α=0.75 respectively.
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To build relevant jacobian elliptic function solution to
(3), the following form of (19) can be adopted

( ) ( ) ( )x
x
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2
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2

2

Considering f=2w, it is obtained from (20) the following
expression.
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where c is an integration constant. However, from (21), it is
recovered the following solutions

[ ( )] ( ) ( )x x=w cs m asinh ; , 22

[ ( )] ( ) ( )x x=w ns m bcosh ; , 22

Here m is the modulus of Jacobian elliptic function solutions
[4]. Substitute (22a) and (22b) into (20), the integration
constant c satisfies

( )= -c m1 , 232

and will be used in the following results. To apply the
method, the following steps will be follows

Step 1: We suppose that (5) admits the following solu-
tions

( ) ( ( ))
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x x= =

+ +
=
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U U w A
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Figure 2. Spatiotemporal plot of bright u1(x, t) at α=1 and α=0.58 respectively.
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where w=w(ξ) satisfies (20) or (21) and Ai(i=1, 2, 3,K.N),
Bi(i=1, 2, 3, K.., N) are constants to be determined later.

Step 2: The degree N is obtained by balancing the
highest degree linear term and nonlinear term in (5).

Step 3: Substitute (24) along with (19) and (21) into (5)
and the hyperbolic polynomial for w is recovered.

Step 4: Thereafter, set to zero the coefficients of
w wsinh coshj j ( = = ¼i j N0, 1; 0, 1, 2, , ), to obtain a set

of algebraic equations with the parameters Ai(i=1, 2, 3, K.
N), Bi(i=1, 2, 3, K.., N).

Step 5: Solving the obtained algebraic equations, derived
the doubly periodic solutions of the ODE (5).

4. Application of the methods

4.1. On solving the conformable derivative nonlinear differential
equation governing wave propagation in low-pass electrical
transmission lines with auxiliary equations method

In this section we will apply the auxiliary equation method to
construct exact solutions of the conformable derivative non-
linear differential equation governing wave propagation in
low-pass electrical transmission lines [4].

To achieve the nonlinear ordinary differential equation of
(1), the traveling wave transformation (4) is used. Thereafter,

Figure 3. Spatiotemporal plot and the corresponding profile of W-shaped bright solitons u1(x, t) at α=0.75 and α=0.6 respectively.
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the nonlinear differential equation is obtained as follows
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Using the balance principle between ( )xU3 and U , gives
N=1. Hence, we surmise that (6) can take the following
expression.

( ) ( ( )) ( )x x= +U A A g , 260 1
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⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟

( )

( ) ( )
( )

a a

=

+
-

-
G +

+
G +

a a

u x t A

A
C

C
C

k
t

k
x

,

tanh
1 1

,

28

2 0

1
2

4
2

1 2

Figure 4. Spatiotemporal plot dark solitons ∣ ( )∣u x t,2
2 at α=1 and at α=0.9 respectively.
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Hence, for >C 02 and C4>0, and C0=C1=0, it is
obtained soliton solutions
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and C0=C1=0, it is recovered soliton solutions
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Consequently, for >C 02 , and C0=C1=0, it is
obtained soliton solutions

Figure 5. Spatiotemporal contour plot of ∣ ( )∣u x t,2
2 at α=0.9 and α=0.72.
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4.2. On solving the conformable derivative nonlinear differential
equation governing wave propagation in low-pass electrical
transmission lines with Sinh–Gordon method

From (25) it is recovered N=1, and (24) gives

( ) ( )x = + +U A A w B wsinh cosh . 320 1 1

Substitute (32), (23), (21) and (19) into (25), it is obtained a
set of algebraic equations.
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Figure 6. Spatiotemporal plot evolution and contour plot of ∣ ( )∣u x t,2
2 at α=0.65 and α=0.55.
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hence it is obtained from the above system of algebraic
equations with help of Maple, the following results after
setting to zero all the coefficients of w wsinh coshj j (i=0, 1;
j=0, 1, 2, K, N). Thus, by taking into account (22a)
and (22b), follows the Jacobian elliptic function solutions
to (1).
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Figure 7. Spatiotemporal plot evolution and contour plot of ∣ ( )∣u x t,3
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From (33)–(36), when m 1 it is obtained solitary waves
solutions to (1),
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from (33)–(36), when m 0 it is obtained jacobian elliptic
function solutions and trigonometric function solutions to (1),
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Figures 1 and 2 are spatiotemporal plot evolution of
∣ ( )∣u x t,1

2 at d= - = = = =k k k A v, 100.67, 0.9, 0.05,2 1 1

0.25 and figure 3 is plot evolution of ∣ ( )∣u x t,1
2 at = -k k ,2 1

d= = = =k A v100.67, 0.8, 0.05, 0.251 . Figure 4–6 are
spatiotemporal plot evolution and contour plot evolution of
∣ ( )∣u x t,2

2 at d= - = = =k k k A, 100.67, 0.8, 0.0005,2 1 1

=v 0.25. While figure 3 is W-shape bright soliton of
∣ ( )∣u x t,1

2 at d= - = = = =k k k A v, 10.67, 1.9, 0.005,2 1 1

0.25. Figures 5–7, show the spatiotemporal plot of dark
solitons ∣ ( )∣u x t,2

2. The obtained results are more general than
those obtained by [3, 5]. We also observed that the fractional
parameter α has an impact on the width and on the amplitude
of the obtained above bright and dark solitons solutions (see
figures 1, 5–8). Without doubt, we can predict that the deri-
vative order changes the shape of the traveling-wave in the
electrical transmission lines. Furthermore, the memory effect
of fractional derivative can have application in electrical
transmission line.

Figure 8. Spatiotemporal plot evolution and contour plot of ∣ ( )∣u x t,3
2 at α=0.53 and d= - = = = =k k k A v, 10.02, 5.85, 0.005,2 1 1

0.0025.
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5. Conclusion and remarks

This paper studies the conformable derivative nonlinear
differential equation governing wave propagation in electrical
transmission lines. To obtain the ordinary differential
equation, the fraction complex temporal hypothesis is adop-
ted. By means of the auxiliary equation method and the Sinh–
Gordon method, it is obtained dark, bright solitons compare
to the results obtained by [1–3, 5]. Moreover, Some relevant
results have been obtained by using the Sinh–Gordon method.
As, it is well known that solitons have a great importance in
telecommunication system, the results obtained will probably
help to carry information and increase the bit-rate of data.

ORCID iDs

Alphonse Houwe https://orcid.org/0000-0001-8615-4614

References

[1] Jumarie G 2006 Modified Riemann–Liouville derivative and
fractional Taylor series of nondifferentiable functions further
results Comput. Math. Appl. 51 1367–76

[2] Jumarie G 2010 Cauchy’s integral formula via the modified
Riemann–Liouville derivative for analytic functions of
fractional order Appl. Math. Lett. 23 1444–50

[3] Jumarie G 2009 Laplaceʼs transform of fractional order via the
Mittag–Leffler function and modified Riemann–Liouville
derivative Appl. Math. Lett. 22 378–85

[4] Abdou M A and Soliman A A 2018 New exact travelling wave
solutions for space-time fractional nonlinear equations
describing nonlinear transmission lines Results Phys. 9
1497–501

[5] Abdoulkary S, Beda T, Dafounamssou O, Tafo E W and
Mohamadou A 2013 Dynamics of solitary pulses in the
nonlinear low-pass electrical transmission lines through the
auxiliary equation method? J. Mod. Phys. Appl. 2 69–87

[6] Biswas A, Al-Amr M O, Rezazadeh H, Mirzazadeh M,
Eslami M, Zhou Q, Moshokoa S P and Belic M 2018
Resonant optical solitons with dual power-law nonlinearity
and fractional temporal evolution Optik 165 233–9

[7] Ekici M, Mirzazadeh M, Sonmezoglu A, Ullah M Z, Zhou Q,
Triki H, Moshokoa S P and Biswas A 2017 Optical solitons
with anti-cubic nonlinearity by extended trial equation
method Optik 136 368–73

[8] Fedele R, Schamel H, Karpman V I and Shukla P K 2003
Envelope solitons of nonlinear Schrödinger equation with an
anti-cubic nonlinearity J. Phys. A: Math. Gen. 36 1169–73

[9] Ali A, Seadawy A R and Lu D 2017 Soliton solutions of the
nonlinear Schrödinger equation with the dual power law
nonlinearity and resonant nonlinear Schrödinger equation
and their modulation instability analysis Optik 145 79–88

[10] Zayed E M E and Alurrfi K A E 2016 New extended auxiliary
equation method and its applications to nonlinear
Schrödinger-type equations Optik 127 9131–51

[11] Mirzazadeh M, Alqahtani R T and Biswas A 2017 Optical
soliton perturbation with quadratic-cubic nonlinearity by
Riccati-Bernoulli sub-ODE method and Kudryashov’s
scheme Optik 145 74–8

[12] Gabshi M A, Krishnan E V, Alquran A and Al-Khaled K 2017
Jacobi elliptic function solutions of a nonlinear Schrödinger
equation in metamaterials Nonlinear Stud. 3 469–80

[13] Jawad A J M, Mirzazadeh M, Zhou Q and Biswas A 2017
Optical solitons with anti-cubic nonlinearity using three
integration schemes Superlattices Microstruct. 105 1–10

[14] Yang X F, Deng Z C and Wei Y 2015 A Riccati–Bernoulli
sub-ODE method for nonlinear partial differential equations
and its application Adv. Difference Equations 2015 117

[15] Zhou Q, Liu L, Liu Y, Yu H, Yao P, Wei C and Zhang H 2015
Exact optical solitons in metamaterials with cubic quintic
nonlinearity and third-order dispersion Nonlinear Dyn. 3
1365–71

[16] Zhou Q, Mirzazadeh M, Ekici M and Sonmezoglu A 2016
Analytical study of solitons in non-Kerr nonlinear negative
index materials Nonlinear Dyn. 86 623–38

[17] Rizvi S T R and Ali K 2017 Jacobian elliptic periodic traveling
wave solutions in the negative-index materials Nonlinear
Dyn. 87 1967–72

[18] Hammouch Z, Mekkaoui T and Agarwal P 2018 Optical
solitons for the Calogero–Bogoyavlenskii–Schiff equation in
(2+1) dimensions with time-fractional conformable
derivative Euro. Phys. J. Plus 248 133

[19] Hammouch Z and Mekkaoui T 2012 Travelling-wave solutions
for some fractional partial differential equation by means of
generalized trigonometry functions Int. J. Appl. Math. Res. 1
206–12

[20] Houwe A et al 2019 Optical solitons for higher-order nonlinear
Schrödingerʼs equation with three exotic integration
architectures Opt.-Int. J. Light Electron Opt. 179 861–6

12

Phys. Scr. 95 (2020) 045203 A Houwe et al

https://orcid.org/0000-0001-8615-4614
https://orcid.org/0000-0001-8615-4614
https://orcid.org/0000-0001-8615-4614
https://orcid.org/0000-0001-8615-4614
https://doi.org/10.1016/j.camwa.2006.02.001
https://doi.org/10.1016/j.camwa.2006.02.001
https://doi.org/10.1016/j.camwa.2006.02.001
https://doi.org/10.1016/j.aml.2010.08.001
https://doi.org/10.1016/j.aml.2010.08.001
https://doi.org/10.1016/j.aml.2010.08.001
https://doi.org/10.1016/j.aml.2008.06.003
https://doi.org/10.1016/j.aml.2008.06.003
https://doi.org/10.1016/j.aml.2008.06.003
https://doi.org/10.1016/j.rinp.2018.04.031
https://doi.org/10.1016/j.rinp.2018.04.031
https://doi.org/10.1016/j.rinp.2018.04.031
https://doi.org/10.1016/j.rinp.2018.04.031
https://doi.org/10.1016/j.ijleo.2018.03.123
https://doi.org/10.1016/j.ijleo.2018.03.123
https://doi.org/10.1016/j.ijleo.2018.03.123
https://doi.org/10.1016/j.ijleo.2017.02.004
https://doi.org/10.1016/j.ijleo.2017.02.004
https://doi.org/10.1016/j.ijleo.2017.02.004
https://doi.org/10.1088/0305-4470/36/4/322
https://doi.org/10.1088/0305-4470/36/4/322
https://doi.org/10.1088/0305-4470/36/4/322
https://doi.org/10.1016/j.ijleo.2017.07.016
https://doi.org/10.1016/j.ijleo.2017.07.016
https://doi.org/10.1016/j.ijleo.2017.07.016
https://doi.org/10.1016/j.ijleo.2016.05.100
https://doi.org/10.1016/j.ijleo.2016.05.100
https://doi.org/10.1016/j.ijleo.2016.05.100
https://doi.org/10.1016/j.ijleo.2017.07.011
https://doi.org/10.1016/j.ijleo.2017.07.011
https://doi.org/10.1016/j.ijleo.2017.07.011
https://doi.org/10.1016/j.spmi.2017.03.015
https://doi.org/10.1016/j.spmi.2017.03.015
https://doi.org/10.1016/j.spmi.2017.03.015
https://doi.org/10.1186/s13662-015-0452-4
https://doi.org/10.1007/s11071-015-1948-x
https://doi.org/10.1007/s11071-015-1948-x
https://doi.org/10.1007/s11071-015-1948-x
https://doi.org/10.1007/s11071-015-1948-x
https://doi.org/10.1007/s11071-016-2911-1
https://doi.org/10.1007/s11071-016-2911-1
https://doi.org/10.1007/s11071-016-2911-1
https://doi.org/10.1007/s11071-016-3166-6
https://doi.org/10.1007/s11071-016-3166-6
https://doi.org/10.1007/s11071-016-3166-6
https://doi.org/10.1140/epjp/i2018-12096-8
https://doi.org/10.14419/ijamr.v1i2.66
https://doi.org/10.14419/ijamr.v1i2.66
https://doi.org/10.14419/ijamr.v1i2.66
https://doi.org/10.14419/ijamr.v1i2.66
https://doi.org/10.1016/j.ijleo.2018.11.027
https://doi.org/10.1016/j.ijleo.2018.11.027
https://doi.org/10.1016/j.ijleo.2018.11.027

	1. Introduction
	2. The conformable derivative
	3. Glimpse of the methods
	3.1. The auxiliary equation method
	3.2. The Sinh–Gordon method

	4. Application of the methods
	4.1. On solving the conformable derivative nonlinear differential equation governing wave propagation in low-pass electrical transmission lines with auxiliary equations method
	4.2. On solving the conformable derivative nonlinear differential equation governing wave propagation in low-pass electrical transmission lines with Sinh–Gordon method

	5. Conclusion and remarks
	References



