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Abstract
In this work we explore the boundary conditions in the Einstein–Hilbert action, by considering a
displacement from the Riemannian manifold to an extended one. The latter is characterized by
including spinor fields into the quantum geometric description of a noncommutative spacetime.
These fields are defined on the background spacetime, emerging from the expectation value of the
quantum structure of spacetime generated by matrices that comply with a Clifford algebra.
We demonstrate that spinor fields are candidate to describe all known interactions in physics, with
gravitation included. In this framework we demonstrate that the cosmological constant Λ, is
originated exclusively by massive fermion fields that would be the primordial components of dark
energy, during the inflationary expansion of an universe that describes a de Sitter expansion.
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1. Introduction and motivation

The theory of inflation [1–3] solves the curvature problem by
producing a very tiny spatial curvature at the onset of the
radiation epoch taking place right after inflation. The spatial
curvature can well grow during the decelerated phase of
expansion but it will be always subleading provided inflation
lasted for sufficiently long time. A general prediction of
cosmological inflation is the generation of quantum fluctua-
tions of the inflaton field [4–6], and of primordial gravita-
tional waves (GW) [7–10]. The GW detected so far come
from astrophysical phenomena [11–16], but have not yet been
detected as a cosmic background of gravitational radiation.
The detection of GW produced during inflation would be of
great importance for the understanding and corroborating of
an inflationary epoch during the early phase of the expansion
of the Universe [17], but the problem is that it is very weak. In
the standard single-field, slow-roll inflationary scenario the
tensor fluctuations of the metric are characterized by a nearly

scale-invariant power-spectrum on super-Hubble scales.
During inflation the Universe grows quasi-exponentially
describing a de Sitter expansion which is driven by a scalar
field in a classical description, but its origin is still unknown
and should be the same that of the dark energy (or the cos-
mological parameter). All these theoretical descriptions of the
physical nature that drives the expansion of the Universe
contituite the same physical problem and is a mistery that
deserves study.

One of the central problems in contemporary theoretical
physics is the unification of quantum field theory with general
relativity in a theory that contain both. In previous works we
have developed a pure geometric spinor field theory on an
arbitrary curved background, which is considered a Rie-
mannian manifold [18]. In that theory, the spinor field with
components Yaˆ is responsible for the displacement from a
Riemann manifold to an extended manifold, and the covariant
derivative of the metric tensor in the Riemannian background
manifold is null:  =a bqg 0. However, the extended covariant
derivative on the extended manifold (we denote the covariant
derivative on the extended manifold with a ), is nonzero:
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¹g
abg 0 [19]. Furthermore, we consider the coupling of the

spinor fields with the background and their self-interactions in
a generic manner. The theory is worked in 8 dimensions, 4 of
them related to the space-time coordinates (xμ), and the other
4 related to the inner space (fμ), described by compact
coordinates. The former have the spin components as canonical
momentums: (sμ). To describe a non-commutative spacetime,
we shall consider unit vectors are 4×4-matrices: ga¯ , that
generate a globally hyperbolic spacetime. These matrices gen-
erate the background metric and we include the spinor infor-
mation in the spacetime structure that can describe quantum
effects in a relativistic framework: g g =a b ab ´g, 2 4 4{ ¯ ¯ } , where

´4 4 is the identity 4×4-matrix.
In this work we extend the study when boundary terms

are considered in the variation of the Einstein–Hilbert (EH)
action in general relativity. We explore the emergent quantum
physical dynamics that is obtained when we make a dis-
placement from a background Riemann manifold to an
extended one, by extending the unified spinor field (USF)
formalism developed in previous works, in order to make an
rigorous study of the nature of the flux through the 3D-
gaussian hypersurface on which the non-metricity is nonzero.
In section 2 we introduce the theoretical expression for the
cosmological constant by studying the flux through
the gaussian hypersurface in the boundary conditions of the
minimal action principle and we demonstrates that Λ is ori-
ginated exclusively by fermionic fields. In section 3 we
describe the noncommutative quantum spacetime. In
section 5 we develop the quantum dynamics of the spinor
field components Yaˆ on the extended manifold. In section 4,
we make the Fourier expansion of the spinor fields from the
scalar flux that cross the 3D-gaussian hypersurface in
the boundary conditions of the minimal action principle. In
the section 6 we calculate the value of the cosmological
constant Λ in a de Sitter expansion of the Universe and we
obtain the value of the mass parameter m. Finally, in section 7
we develop some final comments.

2. Boundary conditions, flux and origin of the
cosmological constant

On the other hand, the boundary conditions in the minimum
action’s principle is a very important issue which must be
taken into account to develop a physical theory [20, 21]. For
simplicity we can consider this topic in a general EH action

ò= - +
k

 x gd R4
2

ˆ ⎡⎣ ⎤⎦ . It is important to notice that, after

variation, we obtain

òd d k d= - + +ab
ab ab

ab
ab x g g G T g Rd , 14 [ ( ) ] ( )

where k p= G c8 4. Here, abT is the the background stress
tensor

d
d

= -ab mn mn


T
g

g2 , 2( )

and  is the Lagrangian density that describes the background
physical dynamics. The last term in (1) is very important

because takes into account boundary conditions. When that
quantity is zero, we obtain the well known Einstein’s
equations without cosmological constant. In the general case,
the classical Einstein equations, with boundary conditions
included, results to be

k= -ab abG T , 3¯ ¯ ( )

with = - Lab ab abG G x g¯ ( ) . It is well known that Heisenberg
suggested an unified quantum field theory of a fundamental
spinor field describing all matter fields in their interactions
[22, 23]. In his theory the masses and interactions of particles
are a consequence of a self-interaction term of the elementary
spinor field. The fact that manifolds with no-Euclidean geo-
metry can help uncover new features of quantum matter
makes it desirable to create manifolds of controllable shape
and to develop the capability to add in synthetic gauge fields
[24]. In our case, the full connections will be defined by

a
b g d

a
b gG = + G = + Ybg

a
bg
a a

bg g , 4{ } { }ˆ ˆ ˆ ( )

which is an extension of whole introduced in [18, 19, 25].
Here, Yaˆ are quantum spinor field components that represent
rather bosons or fermions4, and ò is a parameter to be deter-
mined. In the classical General Relativity theory Λ is an
invariant on the Riemann manifold, but not on the extended
manifold (4). In this framework, the flux Θ, on the extended
manifold is given by

d d d dQ = = - G + Gab
ab

a
a

a
ab
b ab

ab

 


g R W g g ,

5

ˆ ˆ [ ˆ ] ( ) ˆ ( ) ˆ

( )
∣∣ ∣∣ ∣∣

where ∣∣ denotes the covariant derivative on the extended
manifold defined by (4), with self-interactions included and
dG = Yab

a
bg


gˆ ˆ . These self-interactions will describe

quantum properties of spacetime, such that we must require

k= - L = -ab ab ab abG G x g T , 6¯ ( ) ¯ ( )

where

òd dQ = = ¢á ñab
ab

ab
abg R g v B R Bd , 7∣ ˆ ∣ ( )

4 If we consider the case of fermions, we obtain the quantization rules in
agreement with a anti-commutative algebra that comes from the Pauli’s
exclusion principle

f f

f f

f f

g g
h

d d

á Y Y ¢ ¢ ñ

= - ¢ - ¢

á Y Y ¢ ¢ ñ =

m n

m n

m n

´




B B

s

g

B B

x x

x x

x x

, , ,

1

2
, ,

, , , 0.

2

2 4 4
4 4

∣{ ˆ ( ) ˆ ( )}∣

{ ˆ ˆ } ( ) ( )

∣[ ˆ ( ) ˆ ( )]∣

( ) ( )

where h
g

is the squared root of the ratio between the determinant of the
Minkowsky metric: hmn and the metric that describes the background: mng .
This ratio describes the inverse of the relative volume of the background
manifold. Furthermore, in the case of bosons, they describe the algebra

f f

f f

f f

g g
h

d d

á Y Y ¢ ¢ ñ

= - ¢ - ¢

á Y Y ¢ ¢ ñ =

m n

m n

m n



B B

s

g

B B

x x

x x

x x

, , ,

2
, ,

, , , 0,

2

2
4 4

∣[ ˆ ( ) ˆ ( )]∣

[ ˆ ˆ ] ( ) ( )

∣{ ˆ ( ) ˆ ( )}∣

( ) ( )

for the spin value s (integer for bosons and +n2 1 2( ) for fermions).
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òL = ¢á L ñv B Bd , 8∣ ˆ ∣ ( )

ò d= + ¢á ñab ab abG G v B G Bd , 9¯ ∣ ˆ ∣ ( )

ò d= + ¢á ñab ab abT T v B T Bd , 10¯ ∣ ˆ ∣ ( )

where ¢v is the volume of the spacetime coordinated and of
the inner space (which we shall study with more detail later,
in section 2), on which we shall describe the spinor fields
operators. In order to the new Einstein’s equations to be
fulfilled, we must require that:

k= -ab abG T , 11( )

d k dº -L = -ab ab abG g T . 12ˆ ˆ ˆ ( )

Here, the equation (11) describes the background (classical
equations) without cosmlogoical parameter, and (12)
describes the new physics due to the flux that cross the 3D-
gaussian hypersurface, which we shall consider that in this
work is of quantum nature. Furthermore, the quantum stress
tensor d abT̂ , is defined by

d
d
d

= -ab mn mn


T
g

g2 , 13ˆ ˆ ˆ ( )

where ̂ is the Lagrangian density which describes the
quantum dynamics related to the flux that cross the 3D-
gaussian hypersurface and must be the responsible for the
existence of the quantum operator L̂ that originates the cos-
mological parameter Λ(x).

We consider the extended flux through the 3D-Gaussian
hypersurface described by (5). From the equations (6) and
(48), we can write

d= - L = +ab ab ab ab abG G g G G , 14¯ ( )

such that, we obtain

d d= = - Lab
abg G G 4 , 15( )

where

ò òd d f d= = - á ñab
ab

ab
abG g G x g B g G Bd d . 164 4 ∣ ˆ ∣ ( )

Hence, we promote as a quantum operator L̂, with expecta-
tion value d dL = - =G T1

4

1

4
:

ò ò
ò ò

f

f d

L = - á L ñ

= - á ñ

x g B B

x g B T B

d d ,

1

4
d d , 17

4 4

4 4

∣ ˆ ∣

∣ ˆ ∣ ( )

where d d= ab
abT g Tˆ ˆ . In section 6 we shall calculate Λ in a

cosmological de Sitter expansion that describes the infla-
tionary expansion of the primordial universe, in order to
estimate its value due to primordial fermionic fields.

3. Quantum structure of a noncommutative
spacetime

In order to describe the dynamics of the operators Yaˆ we
must take into account the quantum structure of spacetime.

To propose a description we shall consider that this
spacetime is generated by a base of 4×4-matrices, gaˆ . The
g g=a a

m
mEˆ matrices which generate the background metric

are related by the vielbein a
mE to basis γμ in the Minkowski

spacetime (in cartesian coordinates). By introducing these
matrices we aim to include the spinor information in the
spacetime structure and construct a non-commutative basis
that can describe quantum effects in a relativistic framework.
The Dirac and Majorana matrices are good candidates, but in
general it is possible to use any basis that describe a globally
hyperbolic spacetime, which is the global geometry neces-
sary to obtain relativistic causality. It is expected that the
background spacetime can emerge from the expectation
value of a quantum structure of spacetime. We consider
the variation of the quantum operator mX̂ , which can be
represented as

òd
p

g= +a n a n nX x k b X x b X x
1

2
d , 18k k k k2

4 *ˆ ( )
( )

ˆ [ ˆ ( ) ˆ ( )] ( )†

such that bk
† and bk are the creation and annihilation opera-

tors of spacetime, with dá ñ = - ¢¢B b b B k k,k k
4∣[ ]∣ ( )† ( )
 

. We
shall use the Heisenberg representation of the states ñB∣ , in
which the states do not evolve over time, but yes do it the
operators. In an analogous manner we introduce the varia-
tion of the quantum operator Fmˆ : related to spin

òd f
p

g f fF = F + Fa n a n ns c c
1

2
d , 19s s s s2

4 *ˆ ( )
( )

ˆ [ ˆ ( ) ˆ ( )] ( )†

where dá ñ = - ¢¢B c c B s s,s s
4∣[ ]∣ ( )† ( )  

. In our case the back-
ground quantum state can be represented in a ordinary Fock
space in contrast with Loop Quantum Gravity (LQG)
[26, 27], where operators are qualitatively different from the
standard quantization of gauge fields. The variations and
differentials of the operators mX̂ and Fmˆ on the extended
Weylian manifold, are given respectively by

d

d f

ñ = ñ

F ñ= F ñ

m m
a

a

m m
a

a

X B X x B

B B

d ,

d , 20

ˆ ∣ ( ˆ ) ∣
ˆ ∣ ( ˆ ) ∣ ( )





f

ñ = ñ

F ñ= F ñ

m m
a

a

m m
a

a

X B X x B

B B

d d ,

d d , 21

,

,

ˆ ∣ ( ˆ ) ∣
ˆ ∣ ( ˆ ) ∣ ( )

where the covariant derivatives take into account the inter-
action of mX̂ , with the geometrical spinor components Yaˆ :

ñ =  + Y - Y ñm
b b

m m
b

m
bX B X X X B , 22( ˆ ) ∣ [ ˆ ( ˆ ˆ ˆ ˆ )]∣ ( )

F ñ =  F + Y F - F Y ñm
b b

m m
b

m
bB B . 23( ˆ ) ∣ [ ˆ ( ˆ ˆ ˆ ˆ )]∣ ( )

In order to recover a background theory in agreement with
General Relativity, we must require that the operators can be
applied to some background quantum state in the back-
ground curved space time, and they comply with

d d fñ = ñ F ñ = ñm m m mX B x B B Bd , d , 24ˆ ∣ ∣ ˆ ∣ ∣ ( )

where fα are the four compact dimensions related to their
canonical momentum components sα that describe the spin.
Hence, the requisites for the equation (24) to be fulfilled, are
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m
n bY - Y ñ = ñm

b
m

b
n

 X X B X B , 25{ }( ˆ ˆ ˆ ˆ )∣ ˆ ∣ ( )

d
n
b mY - Y ñ = ñm

a
m
a n

n
ab

n X X B g X B , 26{ }( ˆ ˆ ˆ ˆ )∣ ˆ ∣ ( )

m
n bF Y - Y F ñ = F ñm

b
m

b
n

 B B , 27{ }( ˆ ˆ ˆ ˆ )∣ ˆ ∣ ( )

d
n
b mF Y - Y F ñ = F ñm

a
m
a n

n
ab

n B g B . 28{ }( ˆ ˆ ˆ ˆ )∣ ˆ ∣ ( )

The squared norm of the bi-vectorial space of dF̂, and
the inner product of dX̂ , are

d d d d g g d d d dF F º F F ºm n
m n

a
a

X X X X
1

4
,

1

4
, 29( ˆ ˆ )( ˆ ˆ ) ˆ ˆ ( )

⟷

⟷

⟶

⟶

where f g gF = =a a a aX x,ˆ ˆ ˆ ˆ are respectively the compo-
nents of the inner space and the coordinate space,
and g g g g g g= +a b a b a b, ,1

2

1

2
( ˆ ˆ ) { ˆ ˆ } [ ˆ ˆ ], so that g g =a b( ˆ ˆ )

g g g g-a b a b, ,1

2

1

2
{ ˆ ˆ } [ ˆ ˆ ], in order to obtain the relevant

invariant: g g g g =a b
a b

´4 4 4( ˆ ˆ )( ˆ ˆ ) . The matrices gmˆ , comply
with the Clifford algebra:

g g g g g g= =m
abn
m a b n m n mn

´ g
I
3

, , 2 ,4 4ˆ
!

ˆ ˆ ˆ { ˆ ˆ }

where g g g g=I 0 1 2 3 is the pseudoscalar, ´4 4 is the identity
matrix, and we define =abn

m mr
rabn g , with:

rabn
rabn= -rabn

1 if is an even permutation of 0123
1 if is an odd permutation of 0123

0 in any other case
.

⎧
⎨⎪
⎩⎪

We shall consider the Weyl representation of matrices in
cartesian coordinates:

g g s
s

g s
s

g s
s

= = -

= - = -



0

0
, 0

0
,

0
0

, 0
0

, 30

0 1
1

1

2
2

2
3

3

3

( )
( )

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where the Pauli matrices are

s s s= = - =
-

0 1
1 0

, 0 i
i 0

, 1 0
0 1

.1 2 3( ) ( ) ( )
The idea of introducing these matrices is to generate a
globally hyperbolic (and non-commutative) spacetime
where those matrices are a generalization of the unitary
vectors. Once defined the spacetime on the desired global
topology, one can describe the 4-quantum spinor fields on
this spacetime, in order for describe quantum effects in a
relativistic framework. In other words, spacetime and matter
are described by the same tetra-vectors gmˆ . The Dirac and
Majorana matrices are good candidates, but in general it is
possible to use any basis that describe a globally hyperbolic
spacetime, which is the global geometry necessary to obtain
relativistic causality.

The line elements to describe both, the coordinate
spacetime and the inner spacetime, are

d d d f d d d= á ¢ñ = á F F ¢ñ¢ ¢x B X X B B Bd , d .

31

BB BB
2 2∣ ∣ ∣ ∣

( )
⟶

⟶

⟷

⟷

Notice that the coordinated spacetime takes into account only
symmetrized contributions with respect to the matrices pro-
duct, but the inner line element becomes from a bi-vectorial
product that takes into account symmetric and anti-symmetric
contributions of matrices. The bi-vectorial squared norm of
the spinor Ŝ , is

g g= á ñ = á ñ =m n
m n

«

«

´S B SS B B S S B s
1

4
,

32

2 2
4 4

ˆ ∣ ∣ ∣( ˆ ˆ )( ˆ ˆ )∣

( )

 

where g=m mS sˆ ˆ . Each component of spin mŜ , is defined as the
canonical momentum corresponding to the inner coordinate
Fmˆ , such that one can define an universal bi-vectorial invariant:

g g

f p

á F ñ= á F ñ

= =

m n
m n

«

«

´ ´ 
B S B B S B

s n

1

4
2 , 334 4 4 4

∣ ∣ ∣( ˆ ˆ )( ˆ ˆ )∣

( ) ( )

with n-integer. In this framework, gravitons (which have
s=2ÿ), will be invariant under f=nπ rotations, vectorial
bosons (with s=ÿ), will be invariant under f=2nπ rota-
tions, fermions with = s 1

2
will be invariant under f p= n4

rotations, meanwhile fermions with = s 3

2
are invariant

under f p= n4

3
rotations.

We define the variation of the metric tensor on the
extended manifold, with respect to the background curved
(Riemannian) one

d dñ = ñba g
g

bag X B g B . 34ˆ ˆ ∣ ∣ ( )

4. Fourier expansion of the flux bΘ and gauge-
invariance

The flux through the 3D-gaussian hypersurface, will be

f dQ = = -  Ym n ab
ab m

m
x g R 3 , 35ˆ ( ∣ ) ˆ ˆ ( )

which means that the flux fQ m nxˆ ( ∣ ) is always integrable on
the background (Riemannian) manifold, and Ymˆ is invariant

under transformations: Y = Y -  Qm m m˜̂ ˆ ˆ , with

Q = 0, 36ˆ ( )

in order to  Y =  Ym
m

m
m˜̂ ˆ .

The flux Q̂, of Yaˆ -field through the 3D-Gaussian
hypersurface, can be represented according to (31), as a
Fourier expansion in the momentum-space (the asterisk
denotes the complex conjugate):

ò òf
p

Q =

´ Q + Q

b n

b bF - F
«

«

«

«

 

x k s

A x B x

1

2
d d

e e .s k k s
S

k s k s
S

4
4 4

, , , ,
i i

*

ˆ ( ∣ )
( )

[ ( ) ( ) ]†
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4.1. Definition of bΨα

Therefore we can define the spinor 4-vector components

fY =a
b n d

d
Q

Faxˆ ( ∣ )
ˆ
ˆ , in the momentum-space associated to (31):

ò òf
p

d

d
Y =

F

F

´ Q - Q

a
b n

a
«

«

F - F
«

«

«

«



 

x k s
S

A B

i

2
d d

e e , 37s k k s
S

k s k s
S

4
4 4

, , , ,
i i

*

ˆ ( ∣ )
( )

( )

ˆ

[ ] ( )†

where g=a aS sˆ ˆ is the spin operator, and

d
d

g g g
F

F = - = -a ab a b
b

a a
«

«

´S g S S s2 2 , 384 4ˆ ( ) ( ˆ ˆ ) ˆ ˆ ˆ ( )

such that g= b
b

´s S4 4
1

4
ˆ ˆ .

5. Quantum dynamics of bΨα on the extended
manifold

The boundary terms in (1), on the extended manifold
described by the connections components (4), are given by
(5), where d d= Q = Lab

ab
a ab

abg R x g g( ) is the flux of the

4-vector d a
Ŵ that cross any 3D closed manifold defined on an

arbitrary region of the background manifold, which is con-
sidered as Riemannian and is characterized by the Levi-Civita
connections. Here, we are considering the covariant deriva-
tive of the metric tensor and some vector on the extended
manifold, with self-interactions included, which are respec-
tively given by

x

=  - Y + Y

+ - Y

ba g g ba bg a b ag

g ab

g g g g

g2 1 , 392

ˆ ( ˆ ˆ )

( ) ˆ ( )


d x

x

¡ =  ¡ + G ¡ - - ¡ Y

=  ¡ + Y ¡ - ¡ Y + ¡ Y

b
a a

b
b
a a

b

a
b a

b
a

b
a

b


 1

, 40

2

2

[ ] ( ) ˆ

( ˆ ˆ ) ˆ ( )
∣∣

where ξ is the self-interaction constant,  =g bag 0 is the
covariant derivative on the Riemann manifold, and  denotes
the covariant derivative on the extended manifold. If we deal
with fermions, creation and destruction operators must com-
ply [18]

+ =
 

s L
A B

c M4
. 41

p
k s k s

p
2 2

2 ,
2

,
2

3 3 2

(∣ ∣ ∣ ∣ ) ( )
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

The expectation value for the local particle-number operator
for bosons with wave-number norm k and spin s N, k s,

ˆ , is
given by

ò ò

f f

fá ñ = -

´ á Y Y ñ = ´





B N B n
c M

x g

B B nx x

d d

, , , , 42

k s k s
p

k s

, , 3 3

2

4 4

, 4 4

∣ ˆ ∣

∣{ ˆ ( ) ˆ ( )}∣ ( )†

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

where the slashed spinor fields are: gY = Y Y =m
m,ˆ ¯ ˆ ˆ †

g Ym m( ¯ ˆ )†. Furthermore, these fields comply with the algebra

f f

f fh
d d

á Y Y ¢ ¢ ñ = +

´ - ¢ - ¢


B B

s L
A B

g

x x

x x

, , ,
4

.

43

p
k s k s

2 2

2 ,
2

,
2

4 4

∣{ ˆ ( ) ˆ ( )}∣ (∣ ∣ ∣ ∣ )

( ) ( )
( )

†

( ) ( )

This result is valid in any relativistic scenario. To connect the
Fock-space theory and the ordinary quantum mechanics one
can introduce the wave function in position space by using the
definition of a kind of nk s, -particle state vector that describes a
system of nk,s particles that are localized in coordinate space
at the points f fx x; ... ;n n1 1 :



f f f

f f

¼ ¼ ñ

= Y Y ñ
n

B

x x x

x x

, , , ; , , ,

1
; ... ; ,

n n

k s k s
n n

1 2 1 2

,

ord

,
1 1

∣

!
ˆ ( ) ˆ ( )∣† †

where here ñB∣ is our reference state. The reference state ñB∣ , is
not a vacuum state, but describes the Riemannian (classical)
reference with respect to which we describe the quantum sys-
tem on a curved background state. Notice the order prescription
in the product:k s,

ord
. This fact is because we are dealing with

fermions and the Pauli’s exclusion principle exclude the pos-
sibility that two particles can stay in the same state.

In order to obtain the dynamic equations of quantum
spinor fields on the extended manifold, we must variate the
Ricci tensor using the Palatini identity [28], d d= =bga

a
bgR Rˆ ˆ

d dG - Gba
a

g bg
a

a( ˆ ) ( ˆ ) 
5 , is

d x

x

=  Y - + - Y Y

- Y + + - Y Y

bg g b bg
n

n

bg n
n

b g

 



R g

g

1

1 . 44

2

2

ˆ [ ˆ ( ) ( ˆ ˆ )

( ˆ ) ( ) ˆ ˆ ] ( )

This tensor has both, symmetric bgÛ and antisymmetric bgV̂
contributions:

x

x

=  Y +  Y

- + - Y Y + Y

- + - Y Y

bg b g g b

bg
n

n bg n
n

b g



 



U

g g

2

1

1

2
1 , , 45

2

2

ˆ ( ˆ ˆ )

( ) ( ˆ ˆ ) ( ˆ )

( ){ ˆ ˆ } ( )

⎡
⎣⎢

⎤
⎦⎥

x=  Y -  Y + + - Y Ybg g b b g b g
 

V
2 2

1 , . 462ˆ ( ˆ ˆ ) ( )[ ˆ ˆ ] ( )

Furthermore, the purely antisymmetric tensor d º Sabg
a

bgR̂ ˆ , is

xS =  Y -  Y + - Y Ybg g b b g g b  1 , , 472ˆ ( ˆ ˆ ) ( )[ ˆ ˆ ] ( )

5 To calculate the Ricci tensor we must develop the following covariant
derivatives:

d

d

G = Y = Y

G = Y = Y + Y

ba
a

g
a

ba g b g

bg
a

a
a

bg a a
a

bg
a

bg a

 

 

g

g g g

,

,

( ˆ ) ( ˆ )∣ ˆ

( ˆ ) ( ˆ )∣ [ ˆ ˆ ]
  

   

where

x

x

x

Y =  Y - Y Y + - Y Y

Y =  Y + Y Y

= - Y + Y + - Y

b g g b bg
m

m b g

a
a

a
a a

a

bg a ag b gb
a

a bg





g

g g g g

1 ,

,

2 1 .

2

2

2

ˆ ˆ ˆ ˆ ( ) ˆ ˆ

ˆ ˆ ˆ ˆ

( ˆ ˆ ) ( ) ˆ






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which, once we set x- = g1 i2( ) , is the Yang–Mills tensor
on the curved background manifold and describes for exam-
ple the gluonic (strong) interactions of quarks. Notice that
(47) can describe the gluon field strength tensor related to the
gluon field components: Y =m l m

An2

nˆ ˆ , such that λ n are the
eight (3× 3) Gell-Mann matrices in the SU(3) group repre-
sentation and pa a=g 4 ,s s being the coupling constant of
the strong force. The experimental value is a 0.1182s  [29],
that corresponds to x- = 1 1.218 746i2( ) ).

The Einstein tensor on the extended manifold can be
defined using the symmetric contribution of the Ricci tensor
(44): d = -bg bg bgG U g U1

2
ˆ ˆ ˆ , with = ab

abU g Uˆ ˆ :

d

x x

=  Y +  Y + Y

+ + - Y Y - + - Y Y

bg b g g b bg n
n

b g bg
n

n



 

G g

g

2

1 , 2 1 .

48

2 2

ˆ [( ˆ ˆ ) ˆ

( ){ ˆ ˆ } ( ) ( ˆ ˆ )]
( )

Therefore, the operatorial Einstein equation (12), with (48)
and (57) , results to be

x x

 Y +  Y + Y

+ + - Y Y - + - Y Y

= -  Y +  Y + Y Y

b g g b bg n
n

b g bg
n

n

b g g b b g



 

g

g

m

2
1 , 2 1

1

2
, .

49

2 2

[( ˆ ˆ ) ˆ

( ){ ˆ ˆ } ( ) ( ˆ ˆ )]

[( ˆ ˆ ) { ˆ ˆ }]
( )

In order to describe massless bosons and charged bosons,

we define = + Sbg bg bg V
1

2

1

4
ˆ ˆ ˆ and = - Sbg bg bg V

1

2

1

4
ˆ ˆ ˆ

=  Y -  Y + Y Ybg g b b g b g
 

N
2 4

, , 50
2

^ ^ ^ ^ ^( ) [ ] ( )

x= - - Y Ybg b g
 

M
2

1
4

, . 512
2

^ ^ ^( ) [ ] ( )
⎛
⎝⎜

⎞
⎠⎟

The symmetric tensor d bgĜ , with the antisymmetric ones

Sbg bg,ˆ ˆ and bg̂ , describe all the possible interactions of
fermions and bosons on the extended manifold. On one hand,
we see that bg̂ corresponds to a Yang–Mill strength tensor,
and describes massless bosons like photons or gravitons with
self-interactions included. On the other hand Sbgˆ describes
bosons which interact with colour charge (like gluons). We
can see that bg̂ is independent of the coupling and all the

coupling-related information is on the tensor bg̂ . Also, bg̂
does not contain a free-like term, so that can describe massive
and charged vector bosons (may be X and Y mediators
predicted by GUT theories) which will result in a non-wave-
like propagating field dynamics. If the four fundamental
tensors are conserved on the extended manifold, then they
must comply

d = =

S = =

bg
g

bg
g

bg
g

bg
g





G 0, 0,

0, 0. 52

( ˆ ) ( ˆ )

( ˆ ) ( ˆ ) ( )

 

 

6. de Sitter expansion: fermionic origin of
cosmological constant

To explore the model we shall consider a de Sitter (infla-
tionary) expansion, where the background spacetime is
described by the line element

h h d= -x a x xd d d d , 53ij
i j2 2 2( )[ ] ( )

where η, that runs from-¥ to zero, is the conformal time of
the Universe, which is considered as spatially flat, isotropic
and homogeneous.

6.1. Background dynamics

In a de Sitter expansion the scale factor of the Universe is
h = -

h
a

H

1( ) . If the expansion is governed by the inflaton

field j, and it is non-minimally coupled to gravity, the Uni-
verse can be described by the action

ò k
= - + j


x gd

2
, 544 ( )

⎡
⎣⎢

⎤
⎦⎥

where j j= - ¢ -j V
1

2
2( ) ( )

⎡
⎣⎢

⎤
⎦⎥, where the scalar potential

is a constant j
k

=V
H3 2

( ) and the prime denotes the deri-

vative with respect to η. Furthermore, = ¢H a a( ) is the
Hubble parameter which remains constant during the de Sitter
expansion [6]. The background inflaton field has the equation
of motion

j j
d
dj

 + ¢ + =H
V

2 0, 55( )

with solution j(η)=j0. Therefore, the kinetic component of
j is zero.

6.2. Calculation of Λ from fermion fields

We are aimed to calculate Λ in a de Sitter expansion origi-
nated by the flux through the 3D-Gaussian hypersurface,
described by (5), that becomes from Y Ya b,{ ˆ ˆ }, which has an
exclusively fermionic contribution. To describe the system we
shall consider a Lagrangian density for fermion fields with
mass m, described by

k
=  Y +  Y + Y Y

bg

b g g b b g
g m

4 2
, , 56ˆ ( ˆ ˆ ) { ˆ ˆ } ( )

⎡
⎣⎢

⎤
⎦⎥

such that, using the expression (13), we obtain the stress
tensor related to this Lagrangian

k d =  Y + Y + Y Ymn m n n m m nT m
1

2
, . 57ˆ [( ˆ ˆ ) { ˆ ˆ }] ( )

The matrices that generates the spacetime
g g=mn m n´g 1 2 ,4 4 ( ){ ˆ ˆ }, are:

g h g=m ma , 582ˆ ( ) ( )

with the gm given by (30).
Using the fact that d d= - º - = - =ab

bgG R U g Uˆ ˆ ˆ ˆ
k d- L = - T4 ˆ ˆ , and by contracting the quantum Einstein
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equation (49)

 Y =
-

Y Yn
n mn

m n


m
g

2 3 1
, , 59ˆ

( )
{ ˆ ˆ } ( )

we obtain that the cosmological parameter Λ, is (17), is

òL =
-

¢á Y Y ñmn
m n





m
g v B B

3

8 3 1
d , , 60∣{ ˆ ˆ }∣ ( )⎜ ⎟⎛

⎝
⎞
⎠

where it is easy to see that Λ is originated by quantum self-
interaction contributions of primordial coherent fermionic
fields, that comply with the algebra (61), and

f t f¢ = - ¢ ¢ = ¢ ¢v g x a xd d d d d4 4 3 4 4( ) . The fermion fields
obey the quantization rules on a de Sitter space-time

f f

f f
t

g g
h

d d

á Y Y ¢ ¢ ñ

= - ¢ - ¢

m n

m n ´




B B

c

s

g

x x

x x

, , ,

1

2
, ,

61
2

2

2 4 4
4 4

∣{ ˆ ( ) ˆ ( )}∣

( )
{ ˆ ˆ } ( ) ( )

( )

( ) ( )

where cτ is the size of the causal radius, c is the light velocity
in the vacuum, τ is same characteristic time-scale of the self-
interaction, such that in a cosmological framework we could
take τ=1/H, where H is the Hubble parameter. In this
fashion the theory includes the effects of a quantum field in
the geometry of spacetime. Therefore, we obtain

ò t
¢á Y Y ñ =mn

m n ´


g v B B
c

s
d ,

4
, 62

2

2

2 4 4∣{ ˆ ˆ }∣
( )

( )

and therefore, for fermion fields with s=ÿ/2, we obtain

L =
-

´



m H

c8

3

3 1
, 63

2

2 4 4 ( )⎜ ⎟⎛
⎝

⎞
⎠

which is

L = ´H

c

3
, 64

2

2 4 4 ( )

for

=
-


m 8
3 1

0. 65( )⎜ ⎟⎛
⎝

⎞
⎠

This is an important result that say us that, when the geome-
trical field d a

Ŵ is equal than the fermion field Yaˆ , the flux Q̂ is
integrable in terms of both: Yaˆ and d a

Ŵ . This fact holds when
ò=1/3 and hence m=0. However, when ò>1/3, the flux
Q̂ is integrable in terms of d a

Ŵ , but not of Yaˆ . In this case
fermion fields Yaˆ with s=ÿ/2, acquire a mass given by (65),
which is the responsible for the existence of L̂. Notice that for
the result (65), one obtains the asymptotic value for m:

¥m 24. 66∣ ( )

The observational present day value for Λ is [29]:

L = ´ - -1.58908742 10 m . 6752 2 ( )

which is obtained for an Hubble constant h= 0.678 and a
Hubble radius = ´c H 1.374 1026( ) meters.

7. Final comments

We have studied an USF theory that includes both, a quantum
description of spacetime and a relativistic description of spinor
fields which describes bosons and fermions on curved back-
ground spacetimes described by a Riemann manifold. To make
it, we have used as generators of the 4-quantum-operators the
4×4-γμ matrices, which comply with the Clifford algebra,
and assures that all operators do that. In this framework, the
extended Ricci tensor has symmetric and antisymmetric con-
tributions, but not as a consequence of the torsion, rather ori-
ginated by the structure coefficients induced by the Clifford
algebra of the generators γμ, with we construct the operators
and the spacetime. The spacetime has 8 dimensions, 4 dimen-
sions coordinates and 4 that describes the inner space fμ with
canonical moments sμ that describes the components of spin.

All the quantum spinor fields become from the boundary
terms in (1), on the extended manifold described by
the connections components (4). The flux through the
3D-gaussian hypersurface is given by (5), where

d f d= Q = Lab
ab

a a ab
abg R x g gˆ ˆ ( ∣ ) ˆ is the flux of the 4-vector

d d d= G - Ga
b

ba
bg
a bg




W g gˆ ˆ ˆ that cross any 3D closed mani-
fold defined on an arbitrary region of the background Rie-
mann manifold. In order to d = 0 in (1), we must require
that the extended manifold be an Einstein’s one:

d d= Lab abR g ,

so that, because d d= -ab
ab ab

abg g g g , we obtain the exten-
ded Einstein’s equation (3). As we have shown in section 2,
this implies that the ‘cosmological constant’ comes from the

extended Einstein tensor: d d
k
dL = - = =G R T

1

4

1

4 4
. Of

course, in general Λ is not a constant on the extended manifold,
but in the example of a de Sitter expansion, which was studied
in this paper, it is so. We have calculated its value, which is
determined exclusively by massive fermion fields. Of course
this is explained only by an entanglement of quantum fermions
(with spin 1/2), which are coherent at the beginning of the
expansion of the Universe. They should constitute the large-
scale dark energy in the Universe.
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