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The famous Kadomtsev—Petviashvili (KP) equation is a classical equation in soliton theory. A Bicklund transfor-
mation between the KP equation and the Schwarzian KP equation is demonstrated by means of the truncated Painlevé
expansion in this paper. One-parameter group transformations and one-parameter subgroup-invariant solutions for the ex-
tended KP equation are obtained. The consistent Riccati expansion (CRE) solvability of the KP equation is proved. Some
interaction structures between soliton—cnoidal waves are obtained by CRE and several evolution graphs and density graphs

are plotted.
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1. Introduction

The famous Kadomtsev—Petviashvili (KP) equation is
written as

(s + Urxx — Outty ) +30uy,, =0, (6 ==1), (1

where the subscripts denote derivatives. It is firstly derived
by Kadomtsev and Petviashvili to study the stability of soliton
solutions of the Korteweg—de Vries (KdV) equation with re-
spect to weak transverse perturbations.!!! When § = —1 and
1, the KP equation represents the KPI and KPII equations, re-
spectively. As a extension of the KdV equation in two dimen-
sions, both of the KPI equation and the KPII equation have
arisen in various physical contexts, such as plasma physics,
fluid mechanics, optics, condensed matter physics, and geo-
physics, etc.!!3

Nowadays, the KP equation is one of the most important
soliton equations, because the KP equation (1) is a univer-
sal completely-integrable (2+1)-dimensional nonlinear evo-
lution equation. The KP equation is a member of the KP
soliton hierarchy and it serves as a kernel model in the uni-
versal Sato’s theory.*] Many integrable properties of the
KP equation have been researched in the past years, in-

[6.7] [8.9]

cluding lump solutions, mixed lump-kink solutions,

line-soliton solutions,'” the Lax representation,!'!l multi-

component Wronskian solution,['?! Painlevé property,!3]

DOI: 10.1088/1674-1056/ab5eff

14,151 consistent tanh expansion,“ﬂ

Darboux transformation,
Biicklund transformation,!'”! and similarity reductions.!!!]

In 2013, the theory of nonlocal residual symmetry was
put forward.'8 In order to localize the residual symmetries
to the localized symmetries, the researched system should be
extended to a extended system. The Lie point symmetries of
the extended system are composed of the residual symmetries
and the standard Lie point symmetries, which suggests that
the residual symmetry method is a useful complement to the

[18-211 The concepts of consistent

classical Lie group theory.
Riccati expansion (CRE) and CRE solvability were proposed
in 2015.12?1 A system having a CRE is then defined to be CRE
solvable. The CRE solvability is demonstrated quite univer-
sal for various integrable systems. Especially, it is revealed
that CRE can be applied to obtain interaction solution between
solitons and cnoidal waves.

In Ref. [23], with the help of the Lax pair and the adjoint
Lax pair of the KP equation, the authors researched the non-
local symmetries of the KP equation related to the Darboux
transformations. In this paper, we will research the nonlocal
symmetries of the KP equation related to the Bécklund trans-
formations. To our knowledge, the CRE solvability of the KP
equation has not been reported. So we focus our attention on
the nonlocal symmetries and CRE of the KP equation in this

paper.
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This paper is organized as follows. In Section 2, trun-
cated Painlevé expansion is applied to the KP equation, and a
Bécklund transformation of the KP equation is obtained. Sec-
tion 3 is devoted to one-parameter group transformations and
one-parameter subgroup invariant solutions. Bicklund trans-
formations related to nonlocal symmetries are discussed in
Section 4. In Section 5, the CRE solvability of the KP equa-
tion is proved, and soliton—cnoidal wave interaction solutions
of the KP equation are discussed. The final section is summary
and discussion.

2. Backlund transformations of KP equation re-
lated to truncated Painlevé expansion

The truncated Painlevé expansion method is proved to be
very useful in solving nonlinear partial differential equations
(PDEs). 2426 For the KP equation (1), its truncated Painlevé
expansion can be written as!!'?!

u=uy+ 7 + 1727 (2)
where
fefi =3 fo’ +4 fe o +36 £,
uyg = ! 6fx2 ? ) (3)
uy = _2fxx7 4)
uy =2 f2. %)

The substitution of Egs. (2)—(5) into the KP equation

solves!!3]

Sy +K:+36CC,+36C, =0, (6)
where
fxxx 3 fxx2
S={f:x} = — ==
{fix} A

(1 _ fy)
K‘(ﬂ)’ ¢ (fx @

with f being arbitrary function of {x,y,¢}. S, K, and C are in-
variants under the Mobious transformation, then equation (6)
can be called as Schwarzian KP equation. From the combina-
tion of Egs. (2)—(7), we can obtain a Backlund transformation
on the KP equation (1) and the Schwarzian KP equation (6).

Theorem 1 (Bicklund transformation theorem) If f
satisfies the Schwarzian KP equation, then

fxft _3fxx2+4fxfxxx+36fy2
uy = 6f2

u=

®)

is a solution of the KP equation.

3. One-parameter group transformations and
one-parameter subgroup invariant solutions
of KP equation

Symmetry study is one of the most effective method to
research PDEs.[?-32 The symmetry determining equation of

the KP equation is
Ox + Oxxxx — 121, 0y —6U G — 60U +36 0, =0, (9)

where o is the symmetry of u in the KP equation. It is easy to
verify that 0 = —2 f,, satisfies Eq. (9) when u satisfies Eq. (8).
From Eq. (2) and Eq. (4), we know that —2 f,, is the residue
of the truncated Painlevé expansion of the KP equation. The
residue of the truncated Painlevé expansion is a symmetry of
a PDE, so we call this symmetry as residual symmetry.

The residual symmetry can be combined the classical Lie
symmetries, and the full Lie point symmetries can be obtained.
Then we can establish an extended system, which include the
KP equation, the Schwarzian KP equation and the Béicklund
transformations between the two equations. The extended sys-
tem can be written as

(us + Upex — Outtty ) x +30uyy =0,
f.X.XX _ § fxxz + ﬁ
Lo 2870 \f/s

+35fy<f>') +38 (ﬁ) =0, (10b)
x y

(10a)

Je \ x fx
2 2
u:fxftfsfxx +4f2;cfxxx+36fy , (100)
6 fx
fi=g (10d)
gx=nh (10e)

For the extended KP system, the symmetry ¢ should be ex-
tended to four symmetry components {c*, 6/, 6%, 6"}, which
satisfy the symmetry determining equations in the form of

0"y + 0" e — 121, 6" — 61U " oy — 65" 1y,
+380", =0, (11a)
(Gfxft + 65fy°'fy + 4fxxx<7fx)fxx + 3(5fy2 - 3fxx2)6fxx
— (0443867 4+ 6/ o) 2+ [0 e f:
—267 i fu+ (67, +407 ) fruo + 407w frn
-2 Gfx(fxxxx +368 fyy)] fr =0,
66" £ — (07, +40/ ) £+ (6fx0” s + 4 frr0
—681,67\) e+ [fife+6(81, = fu?)lo/ =0, (11c)
(11d)

o, =o". (Ile)

(11b)

Gfx = o-g7

From the above equations, we can obtain the subvectors
in the form of

<

2
1= a0y~ fady— (& + 1),
2 = [0y +8dg+hoy, V3 =9y,

1 1
(Fl) = <3Fl,t)€— 185F1,ny2) Ok

I |

<
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+ < 0 F my 2 ZuF, — F] U) d, transformation, V; is translation transformation, and the oth-
108 3 18 ers denote Galilean translation transformations.
+ Fo + 2F1 ,y8 lFl ,g8 — 2F1 +ho, From the vector fields, one can obtain one-parameter in-
V(B) = Fyd, é Fyid V.ariant.subgr.oups. Th(.a partial operator J; in V(F}) shows .that
time ¢ is variable, while the other terms on Fj are functions
V(F) = 1 SF3 vy + F30, + i Fy 10y, (12) of ¢, which make it too complicated to obtain a one-parameter

) ) invariant subgroup from V(F}). Only when special function
where F1, F;, and F3 are functions of . The generalized vector

s of F) is given, we can obtain some special one-parameter in-
variant subgroups. From Vi, V2, V3, V(F), and V(F3), five
V=CWi+CVh+GVs+V(R)+V(F)+V(F), (13) one-parameter invariant subgroups in the following form can
where V) is related to residual symmetry, V, is the scaling‘ be obtained:
2¢h 267 2f 4g 4h 8g%e
ef+2 (ef+2)2’sf+2’(sf+2)2’(ef+2>2(£f+2>3}

geV) {x,y.t,u,f,g,h} — {x,y,t,u
ge(V2) : {x,y.t,u, f.g, b} — {x,ytu, fef g e het},

ge(V3) : {x,y,t,u, f,g,h} — {x,y.t,u, f+¢€,8,h},

(V(B)) : {wt s fog b} — {x+ Foeytu—SFaif.g b}
ge(V(

3)) : {x7y7[au f g7h} —

{x (‘%F3+y85)F3,,y+Faeru (&Fwyg‘s)Fs,mf,g,h}- (14)

8e

12 6 72 36

By means of one-parameter subgroups, the exact solutions dependent on a one-parameter can be obtained from a known exact
solutions. Then, the following Bécklund transformation theorem can be obtained.

Theorem 2 (One-parameter group transformation) If {u(x,y,t),f(x,y,7),g(x,y,7),h(x,y,t)} is an exact solution of the
extended KP equation, then so are the following functions:

_ 2&h(x,y,1) 2g(x,y,0)%e* - 2 f(x,y,1)
u1:u(x7yat)7 7 flzia
ef(x,yt)+2  (ef(x,yt)+2) € f(x,y1)+2
; (15a)
- 48(35;}’7’) E _ 4h(x7yat) _ Sg(x7y7t)28
ST e fann+22 T e fant) v22  (ef(on) +2)
{m =u(x,y,0), fr=r(xy1)ef, g =g(xy1)e, hy=h(x,y1)e*}, (15b)
{w=ulx,y1), f3=rf(xyt)+e g =gxyt), hs=h(xy1)}, (15¢)
£ _
Uy =ux—FReyt)—-—F;, =f(x—FE&yt),
4= u( 2y)762,zf4 f(x—Fe y,t) 7 (15d)
g4:g(x_F2£7yvt)7 h4=h(X—F28,y»t)7
1) o) €d
us—u(x—lzg F3F3t+6£yF3tay EF;, >+<€ F3 _)}36>F3’”’
- 5 5
f5:f x_ﬁe F3F'§t+68yF3t>y 8F3>
5 5 (15¢)
g5:g<x_1282F3F3t+68yF3t7y 8F37 >

_ 8 0
h5h(-x1282F3F31+68yF3t7y 8F37 )7

4. Bicklund transformations of the KP equation related to nonlocal symmetries

Symmetry method is a very powerful method to research PDEs. From the symmetry components, we can further obtain
reduction equations and the corresponding similarity solutions. The substitution of the similarity solutions into the extended KP
system will solve symmetry reduction equations. Six types of nontrivial reduction cases are obtained.
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Casel Fi(z) #0,C; #0.
In the first case, we will discuss the most general condition. In this case, we do not suppose any concrete form for Fi, F3,
and F3. The group invariants are

= L8R 6 y F3. F3 S F3 Fiiy
LTI Fm_/Fs”dt /Flz/*dﬂr OFi /Wdr "9 /Fl’”/F15/3dtdt+F12/3

F 1 F3J 6y " : I3
X./F715/3dt+66/F12/3/F15/3 9F712/3./F1"/F5/3dtdt+IS/F“t /F5/3dt dt—./—Flmdt, (16a)
_ .y [ B
n= F23 /F15/3 dr. (16b)

Because the special form of Fy, F>, and F3 are not given,

At+F)]* 206G A(t+F)]?
. . . h = —H sech (t+F) _ o sech (t+F)
all integral terms on F, F>, and F3 cannot be simplified. Then, 2Cs A 2Cs
the reduction equations and the similarity solutions are very canh A(t+F) 18d
lengthy, and we will not list them in this case. For simplicity, e 2Cs ’ (18d)
we will assume some simple concrete forms for Fi, F, and F3 B B B B
in the following cases. where {U = U(;,n),F = F(;ﬂ?)vG = G(&.n).H =
Case 2 Fy = Cs £ 0, F, = Ct +Cy, Fy = Cgt + H(&,n)}, which satisfy the reduction equations
2
2 ?ého' o — p O’ —Fe® 1GF 1AM AR
n this case, the group 1nvariants are simplified to = 2F§2 6 Fg Cs ' 6 C52 Cs
3 2 2
ézx 1 5C32t 7i ot Cng 1t°Cq 5nC3—6C7+1+4F};§§ 19)
18 s 12 G 2 Cs 36C; 6F;
16:C tC
it R (17a) | Fy A
6 Cs Cs G=—- , (19b)
1G> Cot 2 6€
N=y—-———. (17b) 1 Fzg A
2 C C H=—-— 19
5 5 2 G0 (19¢)
We take the parameter A = \/2C; C; + C>* for simplicity. The , A2 Fee F,§4 ;
similarity solution of {u, f,g,h} is —3CsFgg 6 Fy™ + Fg Fegg Co by — e +3Cs Fee
Ly 8C*GPexp{(a (r+F)]/csi +(3Cs 8 Fyn — Co Fep + Fege Cs) Fe
A? {exp[A (1 +F)/Cs] + 1} —(4Cs Fge +Cs) Fge Fy = 0. (19d)
AL 1 Gt (18a)
A{exp[A(r+F)]/Cs+1} 6 Cs’ The substitution of Egs. (19a)—-(19¢) into Eq. (18a) leads to an
fe 9 + tanh A(t+F) A ’ (18b) exact solution of th(?‘ KP equation. .
C 2Cs C Theorem 3 (Bicklund transformation)
A(t+F) z The following formula is an exact solution of the KP
g=—Gsech | ————Z| (18¢) fone
2C;s ‘ equation:
N A(t+F)
_ 18R 1GFy +1A2F€2_2A2F52 U6 _AFggtanh[A(t—kF)]_6C7—8an+6C6t
) Féz 6 Fg Cs 6 C52 C52 [ <A([+F)) }2 Cs 2C5 36Cs
exp| ——— | +1
Gs
l+4F,§;;§ 1 Fgéz
—= 20
TTeR 2R (20)
\
where F (&) is governed by Eq. (19d). In this condition, the similarity solution is in the form of
U= 17C12G2 LGt GH Ly o
Case 3 F1 =Cs #0, F» = Cgt + C7, F3 = Cgt + Co, 2Cs2(t+F)? 6 Cs  Cs(t+F) ’
G 2Cs
2C1C3+Cy> =0, and €y #0. r=a T autr; (210)
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G
= 21
H C G?
h= 21d
EY AT 1)
where U, F, G, H are functions of group invariants
é e i 3C82l3 B (6C6C5+6C9C3)t2
718 52 12Cs2
(—=6C7;+0Cgy)t
— 22
+ 6Cs ) (22a)
1 Cgt>  Cot
= —— — + 22b
20 G »y (22b)

Substituting the similarity solution Egs. (21a)—(21d) into the
extended KP system Eqgs. (10a)-(10e) leads to the following
reduction equations

18R 1GF 6C6,—81Cy
2 F§2 6 C5F§ 36Cs
1+4Fzee 1 Feg?
+ 6F, 1R (23a)
2F: C.
[
G=—"2—" 23b
o (23b)
2F; ¢ C
H= _ﬁ, (23c)
G
FéCan C9F,§ F:?
36F2+(35F - —=1F =
n n Cs 419 Fee
— (1+4Fgg)Fz +3Fz” =0. (23d)

Plugging Eqgs. (23a)—-(23c) into Eq. (21a), we can obtain the
solution of u expressed by the following theorem.

Theorem 4 (Biacklund transformation)

If F () satisfies Eq. (23d), then the exact solution of u in
the KP equation can be in the form of

_OFR’—Feg? 1GFy  2F2 2F
T TR 6 F:Cs  (1+F)? 1+F
6Cr—5Cyn +6Csr 1 +4F,
_oL1—oCsn +0bel | 319 (24)
36Cs 6F;

Cased Fi =Cs5#0,F, =Cst +C;, F3=Cgt +Co,C; =0.

Substituting F; = Cs, F, = Cgt + C7, F3 = Cst + Co, and
C1 = 0 into symmetry components, we will find that the group
invariants are in the form of

8Cs’r?  (6CsCs+8CoCy)t?

N TE: 12C52
—6C;+6C
( 76+C5 SY)I7 (252)
n=y- gscf - % (25b)
and the similarity solution is
u*fé%+U, (26a)

=8 | pelcascs)

G (26b)
g=Gel@G), (26¢)
h=He@/6) (26d)

where U = U(&,n), F = F(&,n), G = G(&,n), and
H = H(E,n). The substitution of the similarity solution
Egs. (26a)—(26d) into the extended KP system Eqgs. (10a)—
(10e) will solve the reduction equations in the form of

18F2 CoF,—CGF 68Csn—6C
U=- n_ %9 2 n 8N 7

2 Fg? 6Cs Fr 36Cs
2 Fege 1 Feg?
3R 2R (272)
G=F, (27b)
H =F§;’:, (27C)

CgFé F;;;’: Fy +F53C2+ (Féé.f.fCS +3F,Cs ) —F§HC9)F52
73F§§Fr’2C5 0— (4F§§5C5 +C2F)F§§F§

+3F;:Cs =0. (27d)

Substituting Eq. (27a) into Eq. (26a) leads to an exact solution
of u for the KP equation, which can be expressed by the follow
theorem.

Theorem 5 (Backlund transformation)

One exact solution of the KP equation can be written as

yo 2Peee OF’ P’ 3Cyin—6C —6Cet
3 F 2F? 36Cs
F-GyF
GF-GFy 8)
6F; Cs

where F (&) is constrained by formula (27d).
Case 5 F1 =C5,F2=C7,F3 =C9,C1 =C2=C3 =0.
On this condition, we can obtain the traveling transforma-
tion, and the similarity solution is

u=U(E,n), f=F(E&.n),
g:G(éan)v th(é,n% (29)
where group invariants are
-2, (30a)
Cot
=y——. 30b
n Cs (30b)
The corresponding reduction equations are
S Fy? — Feg? F, F;
U=—" 2‘55 16K 16 gﬁ7 (31a)
2F5 6 F;: C; 6C; 3 F(g
G=Fg, (31b)
H = Fgg, (le)

Fy (CS - 555)-35%
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FepCo\ Fe?
+<F§555+36F,m 2 9>'§+3F§§2—0. (31d)

s/ Fee
The combination of Eq. (29) and Eq. (31a) makes an exact
traveling wave solution of the KP equation.
Theorem 6 (Bicklund transformation)
The traveling wave solution of the KP equation can be in
the form of

SRR 1GFR 16 2 Fyg
"= 6Cs 3

¢

—=== 32
2F:? 6 FzCs F ' 52
where F (&) is governed by Eq. (31d).

5. CRE solvability and interaction wave solu-
tions of the KP equation

CRE is an important method to obtain some interaction
wave solutions for PDEs. CRE solvability method is a way
to judge whether the equation is integrable by means of con-
sistent Riccati expansion. The Riccati equation is in the form
of

R, = ag+ a1 R(w) +aaR(w)?, (33)

with ag, a;, and a, being arbitrary constants. The authors in
Ref. [33] systematically presented the general solution to the

Riccati equation. One exact solution of the Riccati equation is

x={x1,x2,.sXn}, v={vi,v2,.cc,Vim}, (36)

can be expanded as
Ji '
vi= Y vijR (W), 37)
j=0

where R(w) is a solution of the Riccati equation. Plugging
formula (37) into the system (36), and vanishing all the coef-

ficients on R!(w), the following system will be obtain
Pj’,-(xJ,v;’k,w) =0. (38)

If the system (38) is consistent, then the expansion (37) is a
CRE and the nonlinear system (36) is CRE-solvable.[??!

To our knowledge, CRE of the KP equation has not been
researched. In this section, we will discuss the CRE of the KP
equation, then obtain some interaction wave solutions of the
KP equation. u in Eq. (1) can be expanded as

1= qo+q1R(w)+q2R(w)? (39)

with qo, ¢1, g2, and w being functions of {x,y,7}, and R(w)
being a solution of the Riccati equation.

All differential coefficients on R(w) of the combination
of Egs. (1), (33), and (39) show that

N Vow aj 1
- _YZ et 35 w 1 4
R(w) = 2ar tanh 2 +2a2’ (34) %Zgwf;—i— <6a12+3a2ao> wxz—i—alwﬂ
2 2
where 2 Wiy . Wy 0 — Wiy
- 2= 40
+ 3wy 2wz (402)
0 = a1 —4ap . (35 g1 = 2a) aywy* +2as Wy, (40b)
A system a@ =2a"w (40c)
P(x,t,v) =0, P=A{P,P,....Py}, with w satisfying
|
WiwpWy 4 0wyt — (War + Wrper + 35wyy)wx2 + (dwyewy + 35wy2)wxx — 3wy =0. 41)

According to the definition on CRE and CRE solvable, the KP equation is CRE-solvable. The combination of Eqs. (34), (39),
and Eqs. (40a)—(40c) shows that an exact solution of the KP equation can be expressed as the following formula

6 NN 2 6
u= waztanh <Wz> — \/§wxxtanh <W2> — fwx2 +

AWyre +wy Wy25 - Wxx2

(42)

3 6wy 2w

where w is solved by Eq. (41). Then, the concrete form of the exact solution u can be proposed if w is solved. We will try to

solve Eq. (41) in the following paragraphs.
In Eq. (42), w can be supposed to have the form of

w=kix+hy+ot+aEg(snlkox+hLy+apt, i), v, i), 43)

where ki, 1, 1, ka, b, an, a3, n, and m are parameters to be determined, and E is the third type of incomplete elliptic integral.
Substituting Eq. (43) into Eq. (41), and collecting the coefficients of different powers on sn(k,x+ Ly + @y ¢, 1), one will find
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the relationships of the parameters. The five types of parameter restrictions can lead to five types of nontrivial solutions of w and

u, i.e.,
a32(12k1 7llk2)25V
ka?ky

vO+4(v—1)(u>-v)=0

[8(1 — V)kz(l]kz +a4)k13 —4as k22(2a3k212 + 3(14)(2\/ — 3)/(12 + 4k24a4a33 ’
+8a32k23 (2a3k212 —lLikhbv+ 3a4)k1} [J2 + 8v(11 ko +a4)k2 (V — 1)/{13 +vaz [aﬂz((l)z
—16]{23) + 12k22a4(\/ — 2)}]612 — a32\/k2[(8k23l1 + ml + (1)112)](1 — (Olllkz] =0

(V— l)l.iz _ 4V—a12a32

—4 4k23u2(1’;
= k=0, =0, 0 = 215
ag va2a32 4a2a32 s K1 y Ul , W1 v )

{
{ la? k?(v—1)(u>-v) ki bk
{

74/(12(15\/24’ +4k1a52(1+N2)V*4#2(J53 =0

kz(!)]
apg=—- — + ,a :_771 - 5 :4k3v+}7
‘T4 kiav ’ k' Tk @ 2 ki

K- as 1 a® ky k p? Lk ko 2,2 &)
=-— — Lh=— = — 44k —-1)=
ki 40 4 a  aazas azarky’ ! ko » 02 kq 4 (1 )a3 ’

=1 4k2(1-p2) 8
k27 k1+ 2( :u)a3 3

vV=—ay= +-——

as kou? 1 a? ko Lk ko @y
= — L= =
k] azasdas 4 ar a3a2k1

where a4 = 11 kr + 1 k1, as = ki + azky.
The substitution of Eq. (43) into Eq. (42) makes the solution of « in the form of

_ (v8%ki—as5)?0T*  2a3ky*vSCDVOT 1

2(vS2—1)2 (vsZ—1)? 6(vS2 — 1)2(vS2ki — ky — asky)?

x{[8as ko> V3 ki u? + 20k v —v* (3817 4 @1ky)|SE 4 [16a3 v (U — u?v — vk

+4a3k* ViU 4+ a3v3 (@) — 8k120)ky 4+ v (1281)2 — 860k * + azanky +4 wiky +6811a31,)]S°

+ 1260k *v? 4 24a3 vk (v — 1)k + 12k1 2 V2 a3 0ky® + a3 v2 (24k12 0 — a3, — 3@ )y
+daz?v(v +p?v —6p?)ka* —3v3(8az’h? + azank) + 681 + 681 a3l + 20,k )] St

+ [4a3>v(4u* +4 = 3v)ky* +8a3 vk (2 +2u® — a320 — 2v)ko® + vaz (3w; — 240k, %)k,

+2vaz?k (@y — 1260k %ky) + V(1881 asls — 80k * + 1281, % + 4 ki + 3az ok 4 68a321,%))S?

+2a32(a329 — 4V)k24 + 8ask; (a32 06— V)k23 + 129k12a32k22 —az k] — w1k

+ [86ki>az — a3 (az o, + @) |ky + 20k — 38a3*1,* — 681 a3l — 38112},
where

1
T :tanh{zx/g[klx—klly—ka)] t+a3Ex(sn(kyx+Ly+wt, 1), v, u)]},

S =sn(kox+bLy+ aat, 1), C = cn(kox+bLy+ ant, u), D =dn(kox+ Ly + mt, 1)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

with the parameters satisfying one of formulas (44)—(48). in Fig. 2, with the free parameters being selected as follows:

The evolution of u with x and ¢ at y = 1 isdemonstratedin =~ 6 =1, 41 =0.9,a3 =04, k; =2,kr = -2, w; =4, and [ = 6.

Fig. 1(a), where the parameters satisfy Eq. (46) and the free pa- ~ Figure 2(a) displays the evolution of u with x and y, which

rameters being {6 = 1,4 =0.8,v=0.2,k; =2,0, = -2,k = shows the cnoidal waves reside on solitary waves. The evo-

3,l, = 8}. Figure 1(b) shows the density of u in Fig. 1(a).  lution of the shifted periodic wave u with x and 7 is displayed

Figure 1 clearly shows the interactions of cnoidal waves and  in Fig. 2(b). Figure 2(b) demonstrates that the exact solution

solitary waves. is rapidly approached the periodic waves on both sides of the

The solution of u satisfying formula (47) is demonstrated  solitons.

020201-7
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—100 —50 0 50 100
T

Fig. 1. The solution and the density of u expressed by Eq. (49) with for-
mula (46), respectively. The free parameters are 6 =1, u = 0.8, v =10.2,
ki =2, 0 =—-2,kp=3,and [, =8.

N O N RO

D ON RO

Fig. 2. Evolution of u with space and time. The parameters are constrained
by Eq. (47), and the free parameters are § =1, © = 0.9, a3 = 0.4, k| = 2,
ky = =2, @) =4, and I, = 6. Panel (a) is the evolution of u with x and y,
and panel (b) is the evolution of «# with x and ¢.

Figures 3(a) and 3(b) demonstrate the density of u in
Figs. 2(a) and 2(b), respectively. We can see that figure 3

clearly displays the interaction between solitons and cnoidal
waves.

100

50 1

—50 1

—100 1

—100 =50 0 50 100

100

50

—50

—100

—100 —50 0 50 100
T

Fig. 3. The density plots for the corresponding Fig. 2.

6. Summary and discussions

A Bicklund transformation between the KP equation and
the Schwarzian KP equation is demonstrated by means of
the truncated Painlevé expansion. By means of the truncated
Painlevé expansion, nonlocal residual symmetries of the KP
equation are studied. One-parameter group transformation and
one-parameter subgroup-invariant solutions are obtained. Sev-
eral Bécklund transformations related to the nonlocal symme-
tries are proposed. The CRE method is applied to study the KP
equation and the CRE solvability of the KP equation is proved
by CRE. With the help of CRE, the interaction solutions be-
tween solitons and cnoidal waves are obtained.
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