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Abstract

We study the primordial perturbations and reheating process in the models where the Gauss–Bonnet (GB) term is
nonminimally coupled to the canonical and noncanonical (DBI and tachyon) scalar fields. We consider several
potentials and GB coupling terms as power-law, dilaton-like, cosh-type, E-model, and T-model. To seek the
observational viability of these models, we study the scalar perturbations numerically and compare the results with
the Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO joint data at 68% CL and 95% CL. We also study the
tensor perturbations in confrontation with the Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO+ LIGO, and
Virgo2016 joint data at 68% CL and 95% CL. In this regard, we obtain some constraints on the GB coupling
parameter β. Another important process in the early universe is the reheating phase after inflation, which is
necessary to reheat the universe for subsequent evolution. In this regard, we study the reheating process in these
models and find some expressions for the e-folds number and temperature during that era. Considering that from
Planck TT, TE, EE+lowEB+lensing data and BICEP2/Keck Array 2014, based on the ΛCDM+ +r dn

d kln
s model,

we have ns=0.9658±0.0038 and r<0.072, we obtain some constraints on the e-folds number and temperature.
From the values of the e-folds number and the effective equation of state and also the observationally viable value
of the scalar spectral index, we explore the capability of the models in explaining the reheating phase.

Unified Astronomy Thesaurus concepts: Inflationary universe (784); Observational cosmology (1146); Early
universe (435)

1. Introduction

One simple way to solve some problems of the standard
model of cosmology is to consider a single canonical scalar
field (inflation) with a flat potential leading to the slow-roll of
the inflation. The slow-rolling of the inflation causes enough
exponential expansion of the early universe. The primordial
perturbations in this single-field model would have adiabatic,
scale-invariant, and Gaussian-dominant modes (Guth 1981;
Albrecht & Steinhard 1982; Linde 1982, 1990; Lidsey et al.
1997; Liddle & Lyth 2000; Riotto 2002; Maldacena 2003;
Lyth & Liddle 2009). However, some cosmologists are
interested in the extended inflation models predicting the non-
Gaussian distributed perturbations (Maldacena 2003; Bartolo
et al. 2004; Chen 2010; De Felice & Tsujikawa 2011a, 2011b;
Nozari & Rashidi 2013a, 2016a; Nojiri & Odintsov 2011;
Nojiri et al. 2017).

Thinking over the very early time in the history of the
universe, approaching the Planck scale, and studying that
epoch, it seems necessary to incorporate some quantum
corrections into the Einstein gravity. The quantum theory of
gravity at the low-energy limit leads to the Einstein theory of
gravity (Burgess 2004). There is this belief that, as a promising
candidate for the quantum gravity, we can consider string
theory. To import the quantum effects of gravity by using the
higher-order curvature correction to the gravitational action,
string theory suggests to consider the Gauss–Bonnet (GB) term
(Gross & Sloan 1987). This term is a quadratic term defined by

= - + R R R R R4 , 1GB abcd
abcd

ab
ab 2 ( )

which is part of Lovelock’s theorem (Lovelock 1971), and its
role in the dynamics of the early universe is significant
(Boulware & Deser 1985; Zwiebach 1985). By adding this
term to the action of the theory, which makes the action

ghost-free, we do not face the unitarity problem. However, it
turns out that when we deal with the GB term in dimensions
fewer than five, this term behaves just like a topological term
and therefore has no influence on the background dynamics. To
import the GB effect on the background dynamics, one way is
to consider the GB term in higher dimensions (Andrew et al.
2007; Bamba et al. 2007; Brown 2007; Nozari & Fazlpour
2008; Nozari & Rashidi 2009a, 2009b, 2009c). Another way, if
we look for the GB effect in four dimensions, is to couple it
nonminimally to a scalar field or adopt a function of the GB
term in the four-dimensional action (Nojiri et al. 2005, 2007;
Nojiri & Odintsov 2005; Guo & Schwarz 2009, 2010; Koh
et al. 2014, 2017; Elizalde et al. 2018; Odintsov & Oikonomou
2018; Odintsov et al. 2019; Wu et al. 2018; Nojiri et al. 2019).
Among the work done on this issue, we focus on the models in
which the GB term is nonminimally coupled to the scalar field
in the theory. Some authors have studied these types of GB
inflation models and found some interesting observational
results. In this regard, the GB inflation models with power-law,
inverse power-law, and exponential potentials and GB coupling
have been studied (Guo & Schwarz 2009, 2010; Jiang et al.
2013; Koh et al. 2014; Odintsov & Oikonomou 2018), and the
results have been compared with different data sets such as
Wilkinson Microwave Anisotropy Probe 5 yr (Komatsu et al.
2009), Planck+WP (Ade et al. 2014b), Planck+WP+highL
+BICEP2 (Ade et al. 2014a), and BICEP2/Keck Array (Ade
et al. 2016) data.
Another interesting case in studying the inflation models is

the idea of a “cosmological attractor.” In this regard, α-attractor
models are one class of the models incorporating the idea of
cosmological attractors that have attracted a lot of attention
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(Ferrara et al. 2013; Kallosh et al. 2013, 2014a, 2014b, 2016;
Cecotti & Kallosh 2014; Kaiser & Sfakianakis 2014; Joseph
et al. 2015a, 2015b; Linde 2015; Odintsov & Oikonomou 2016;
Shahalam et al. 2018; Nozari & Rashidi 2018; Rashidi &
Nozari 2018). In the α-attractor models, the E-model potential

is given by f~ - - k
a

V 1 exp
n

2

3

2
2

⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥ . It is interesting to

consider the GB coupling term as E-model and study the
inflation and perturbations (Nozari & Rashidi 2017; Yi et al.
2018). T-model potential in the α-attractor models is given by
~ kf

a
V tanh n2

6
( ). It is also possible to take the GB term in the

inflation models as the T-model, which gives cosmologically
viable results (Yi et al. 2018).

On the other hand, we should notice that the scalar field
responsible for the inflation can be a canonical as well as a
noncanonical scalar field such as tachyon (Sen 1999, 2002a,
2002b) or Dirac–Born–Infeld (DBI; Alishahiha et al. 2004;
Silverstein & Tong 2004). Studying the inflation in tachyon
and DBI models gives interesting results (Cardenas 2006;
Spalinski 2007; Deshamukhya & Panda 2009; Campo et al.
2009; Mizuno & Koyama 2010; Nozari & Rashidi 2013a,
2013b, 2019; Rashidi et al. 2018). In this regard, one can
consider the coupling between these noncanonical scalar fields
and the GB term. Also, it is possible in the GB inflation models
to consider the nonminimal coupling or nonminimal derivative
coupling between the scalar field and gravity (or any general-
ized inflationary models; De Felice & Tsujikawa 2011a; Nozari
& Rashidi 2016b).

Although a lot of works have been done on the GB inflation
issue, the observational viability of those models depends on
the newest data released at any time. Recently, the Planck2018
Collaboration has released the new results (Akrami et al. 2018;
Aghanim et al. 2018). From Planck2018 TT, TE, EE+lowE
+lensing data,3 based on the ΛCDM + +r dn

d kln
s model, which

supports quasi–de Sitter expansion of the universe during
the inflation epoch, we have constraints on the scalar spectral
index and tensor-to-scalar ratio as ns=0.9647±0.0044 and
r<0.16 (Akrami et al. 2018). However, when we consider the
joint data of Planck2018, BAO, and BICEP2/Keck Array
2014, which means Planck2018 TT, TE, EE+lowE+lensing
+BAO +BK14 data (hereafter base data), we have ns=
0.9658±0.0038 and r<0.072 (Akrami et al. 2018). By these
new constraints on the perturbation’s parameters, some
inflation models might be ruled out and the constraints on
some parameters of the other inflation models might be
changed. Another piece of information that the Planck2018
team gives us is on the tensor spectral index. Planck2018 gives
the constraint on the tensor spectral index as−0.62<nT<
0.53 with r<0.080, obtained from Planck2018 TT, TE, EE
+lowE+lensing+BK14+BAO+LIGO and Virgo2016 joint
data (hereafter, base+GW data; Akrami et al. 2018). It seems
that, analyzing and studying the tensor part of the perturbations
in the GB models, which has been less studied before, gives us
some more information about the inflation models.

Another important issue in studying the inflation models is
the reheating process after inflation. As long as the potential is
sufficiently flat, meaning that the slow-roll parameters ò and η
are very small, the universe inflates exponentially. When one of
the slow-roll parameters meets unity, the inflation ends and the
inflation field rolls down to the minimum of the potential.
By reaching the minimum of the potential, inflation starts
oscillating about that minimum and losing the energy. In this
regard, according to the physics of particles creation and
nonequilibrium phenomena, it decays into the plasma of the
relativistic particles and the universe becomes radiation
dominated (Abbott et al. 1982; Albrecht et al. 1982; Dolgov
& Linde 1982). There are other interesting but complicated
reheating scenarios, including the nonperturbative processes,
proposed by some authors. Some examples of the nonpertur-
bative reheating scenarios are the parametric resonance decay
(Traschen & Brandenberger 1990; Kofman et al. 1994, 1997),
tachyonic instability (Greene et al. 1997; Felder et al. 2001a,
2001b; Dufaux et al. 2006; Shuhmaher & Brandenberger 2006;
Abolhasani et al. 2010), and the instant preheating (Felder et al.
1999). To analyze the reheating process, we focus on two
important parameters Nrh (e-folds number) and Trh (temper-
ature) in this phase. Studying these parameters gives us some
more constraints on the model’s parameters space (Dai et al.
2014; Cai et al. 2015; Cook et al. 2015; Munoz &
Kamionkowski 2015; Ueno & Yamamoto 2016). The effective
equation-of-state parameter, ωeff, is another important para-
meter in exploring the reheating phase. For a massive inflation,
domination of the potential over the kinetic energy leads to
ωeff=−1, and domination of the kinetic energy over the
potential leads to ωeff=1. Given that at the initial epoch of
the reheating process the massive inflation oscillates with
frequency much larger than the expansion rate, the averaged
effective pressure at that epoch is zero. This means that, at the
initial epoch of the reheating phase, we can assume ωeff=0,
which corresponds to the equation-of-state parameter of the
dust matter. Also, at the end of the reheating phase, we have
w =eff

1

3
. Therefore, exploring the effective equation of state

gives us some more information about the reheating phase.
Based on these preliminaries, in this paper we focus on the

GB inflation models and reconsider them to seek their
observational viability in confrontation with base and base
+GW data sets. In this regard, in Section 2, we study the
inflation and perturbations in the general GB model. In
Section 3, we consider the GB model with a canonical scalar
field. In this respect, by adopting power-law potential and two
types of GB coupling as inverse power-law and dilaton-like
couplings, we obtain the tensor-to-scalar ratio and scalar and
tensor spectral indices and investigate the observational
viability of the model. In Section 4, we perform analysis on
the GB natural inflation, in which the potential of the scalar
field is cos-type and the GB coupling is inverse of cos. The GB
α-attractor is studied in Section 5, with both E-model and
T-model potential and GB coupling. In Section 6, we analyze a
GB inflation in which the inflation is the tachyon field. By
adopting power-law potential and both inverse power-law and
dilaton-like GB coupling, we check the observational viability
of this model. The DBI GB inflation, with power-law potential,
inverse power-law DBI field, and both inverse power-law and
dilaton-like GB coupling, is explored in Section 7. The
reheating process after inflation for the GB model with a
canonical scalar field is investigated in Section 8. In this regard,

3 TT, TE, and EE refer to temperature auto-power spectrum, temperature-E-
mode cross-power spectrum, and E-mode polarization auto-power spectrum,
respectively. Planck2018 TT, TE, EE+lowEB denotes the combination of the
likelihood at multipole l�30 using TT, TE, and EE spectra, the low-l SimAll
EE likelihood, and the low-l temperature Commander likelihood (Akrami et al.
2018). When Planck2018 B-mode information is included, the abbreviation is
Planck TT, TE, EE+lowEB. Also, BK14 refers to BICEP2/Keck Array 2014
data and BAO denotes baryon acoustic oscillations.
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we obtain some expressions for the e-folds number and
temperature during the reheating process. By using the
observational constraint on the scalar spectral index, we find
some constraints on Nrh and Trh. We also study the effective
equation of state during this process. In Section 9, we
investigate the reheating phase in the GB model with the
tachyon field. The reheating phase in the DBI GB model is
studied in Section 10. In Section 11, we present a summary of
the paper. We emphasize that although the GB inflation models
have been studied in several papers, the tensor perturbations in
the GB models have been less studied. Also, the reheating
phase is an interesting issue in studying the inflation models,
which for most of the models we study here have never been
studied.

2. The General GB Inflation

In this section, we present the inflation and perturbations in a
cosmological model in which a GB term is nonminimally
coupled to the scalar field. In this setup, the action is given by

ò k
f f= - + -  S d x g R P X

1

2
, , 24

2 GB( ) ( ) ( )
⎡
⎣⎢

⎤
⎦⎥

where f is the scalar field, R is the Ricci scalar, GB is the GB

term with the coupling function f( ), and f f= - ¶ ¶mn
m nX g1

2
.

Action (2) in a spatially flat FRW metric gives the following
background equations:

k
= - + +


H P XP H
3

2 24 , 3X
2

2

,
3[ ] ( )

f f

f

+ + +

- + ¢ + ¢ =
f

f  

P XP HP P

P H H H

2 3

24 24 0, 4

X XX X X, , ,

,
4 2

( ) ̈ ( )
( )



 

where the subscript “,” shows derivative with respect to the
corresponding parameter, a dot denotes a derivative with
respect to the cosmic time, and a prime shows a derivative with
respect to the scalar field.

The slow-roll parameters ò and η, defined as

h= - = - H

H H

H

H
,

1
, 5

2

̈
( )




under the conditions ò=1 and h 1∣ ∣  show the inflation phase.
In this extended setup, with GB correction, the slow-roll limits
are f fH3̈ ∣ ∣  , f fV2 ( )  , k-H 2  , and P,XX=κ−2H2

(see Guo & Schwarz 2010; Bruck & Longden 2016; Nozari &
Rashidi 2016b).

The e-folds number, which is defined as

ò=N H dt, 6
t

t f

hc

( )

in this model and within the slow-roll conditions is given by

ò f=
- ¢f

f

f 
N

H P

P H
d

3

24
. 7X

2
,

,
4

f

hc

( )

In Equations (6) and (7) the subscripts hc and f refer to the
horizon crossing of the physical scales and the end of the
inflation, respectively.

By using the Arnowitt–Deser–Misner perturbed line element

d
=- + +

+ - F + Q
 ds dt a t dt dx

a t dx dx

1 2 2

1 2 2 , 8
i

i

ij ij
i j

2 2

2

( ) ( )
( )[( ) ] ( )

we present the cosmological linear perturbation in this setup. In
the above perturbed metric, i is defined as d= ¶ +  vi ij

j
i

and the parameters  and  are 3-scalars. Also, v i is a vector
that satisfies the condition =v 0i

i
, (Mukhanov et al. 1992;

Baumann 2009). In this metric, we have denoted the spatial
symmetric and traceless shear 3-tensor by Θij and the spatial
curvature perturbation by Φ. To study the scalar perturbation at
the linear level, we consider the scalar part of the perturbed
metric within the uniform-field gauge (where δf= 0) as

d
=- + +

+ - F

 ds dt a t dt dx

a t dx dx

1 2 2

1 2 . 9
i

i

ij
i j

2 2
,

2

( ) ( )
( )( ) ( )

By using this perturbed metric, action (2) is expanded up to
the second order in perturbations, leading to the following
quadratic action:

ò= F - ¶FS dt d x a
c

a
, 10s

s
2

3 3 2
2

2
2( ) ( )

⎡
⎣⎢

⎤
⎦⎥



where

k

k

k

k

= -

´ - + +

+ -

´ -
-

 

 





H

H XP X P H

H
H

H
H

1
8

1
8 3 2 144

9
2

24

3
2

24 ,

11

s

X XX

2

2 ,
2

,
3

2
2

2

2
2

2 1

( ( ) )

( )

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎡
⎣⎢
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥



 





and the square of the sound speed is given by

k k

k k k

k k

k k k

k

k k

= - -

- - - + -

- -

- - - -

- +

- + + -

 
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 

  



 

c H
H

H H

H
H H

d

dt
H

H
H

H
d

dt

H
H H
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H H
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H

3 2
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1
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The following two-point correlation function is used to
survey the power spectrum of the curvature perturbation:

p d
p

á F F ñ = + k k k k
k

0 0, 0, 0 2
2

, 13s1 2
3 3

1 2

2

3
∣ ( ) ( )∣ ( ) ( ) ( )

with s, the power spectrum, defined by

p
=


H

c8
. 14s

s s

2

2 3
( )

The scalar spectral index is obtained by using the power
spectrum as

- = =


n
d

d k
1

ln

ln
, 15s

s
c k aHs∣ ( )

which is calculated at the time where the physical scales exit
the sound horizon. In this setup the scalar spectral index is
obtained as

- = - -
-

-

k

-
k-

-










n
H Hc

d c

dt
1 2

1
. 16s

d

dt

H s

s

4

H4
2

2( )
( )

( )




By focusing on the tensor part of the perturbed metric (8), we
can explore the tensorial perturbations. In this regard, we write
the 3-tensor Θij as

J JQ = Q + Q+
+

´
´, 17ij ij ij ( )

where J + ´
ij

,( ) are two polarization tensors that satisfy the reality
and normalization conditions (De Felice & Tsujikawa 2011a,
2011b). Now, the quadratic (second-order) action for the tensor
mode is the following expression:

ò=

´ Q - ¶Q + Q - ¶Q+ + ´ ´

S dt d x a

c

a

c

a
. 18

T T

T T

3 3

2
2

2
2 2

2

2
2( ) ( ) ( )

⎡
⎣⎢

⎤
⎦⎥

 

In this second-order action, the parametersT and cT
2 are given

by

k
k

k
= - + 


H

X

M

1

4
1 8 , 19T 2

2
2

2
( )

⎛
⎝⎜

⎞
⎠⎟

k
k

= + -


c H
X

M
1 8

2
. 20T

2 2
2

2
( )

For the tensor mode, the amplitude of the perturbations is
defined as

p
=


H

c2
, 21T

T T

2

2 3
( )

and the tensor spectral index in this setup is given by

= = 
n

d

d k

ln

ln
2 . 22T

T ( )

Another important perturbation parameter, the tensor-to-scalar
ratio, is defined as the ratio of the amplitudes of the tensor

mode versus the scalar mode:

k= = - +


r c c n H16 8 8 . 23T

s
s s T

2( ) ( ) 

For more details about obtaining the equations presented in
this section, see De Felice & Tsujikawa (2011a, 2011b) and
Nozari & Rashidi (2016b). By having the required equations, in
the next sections we explore the observational viability of some
GB models.

3. GB Inflation in a Model with the Canonical Scalar Field

In this section, we consider the case where

f = -P X X V, . 24( ) ( )

This choice of P(X, f) corresponds to the simple inflation
model, where the inflation rolls slowly down a nearly flat
potential (Guth 1981; Albrecht & Steinhard 1982; Linde 1982).
By this adoption, we have an inflation model in which a GB
term is nonminimally coupled to the canonical scalar field. In
this case, the scalar spectral index takes the following form:

c c c c c
a

= -
 + ¢ ¢ +  - ¢ + ¢ ¢

¢ + ¢
 

25

n
V V V V V VV

V V V
1

16 8 3 6 3

8 3
,s

3 3 2

2

( )
( )

where

c
k

k
=

¢
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V

V
V

8

3
. 26

2

2
( )

The tensor spectral index is given by

k
k= -

¢
+ ¢ ¢n

V

V
V2

1

2

4

3
. 27T 2

2

2
2 ( )

⎛
⎝⎜

⎞
⎠⎟

Also, we have the following expression for the tensor-to-scalar
ratio:

c
c

= - - ¢ -
¢

r V
V

V
8

8

3
. 28( )

⎛
⎝⎜

⎞
⎠⎟

Note that in obtaining Equations (25)–(28) we have used the
slow-roll conditions. Now, we have to choose some explicit
functions for the potential and GB coupling function. After
adopting the functions, we study the model numerically and
compare the results with base4 and base+GW5 observational
data sets.

3.1. Power-law Potential and Inverse Power-law GB Coupling

The model with the monomial potential and inverse
monomial GB coupling function has been considered as the
simplest primordial inflation model. In the absence of the GB
effect, the simple inflation model with f2 and f4 potentials is
not consistent with the base data (Akrami et al. 2018). We
wonder whether the presence of the GB effect makes the model
observationally viable. In this regard, we adopt the following
potential and GB coupling function:

f f= = - V V and . 29n n
0 0 ( )

4 Planck2018 TT, TE, EE+lowE+lensing+BAO +BK14.
5 Planck2018 TT, TE, EE+lowE+lensing+BK14+ BAO+LIGO and
Virgo2016.
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By this choice, we find the following expressions for the
perturbation parameters:

b
f

= -
+ -

n
n n

1
2 2 1

, 30s 2

( )( ) ( )

b
f

=
-

n
n 1

, 31T

2

2

( ) ( )

and

b
f

=
-

r
n

8
1

, 32
2 2

2

( ) ( )

where

b = V
8

3
, 330 0 ( )

and we have set κ2≡1. We can use Equation (7) to obtain the
value of the scalar field at the time of the horizon crossing of
the physical scales. Now, we perform a numerical analysis on
the model’s parameter space. In this regard, we explore r–ns
and r–nt in confrontation with Planck2018 different data sets.
To study the r–ns behavior, we use the base data. Note that
from this data set we have ns=0.9658±0.0038 and
r<0.072, based on the ΛCDM+ +r dn

d kln
s model. These

constraints on the perturbation parameters imply the constraints
 N52.13 65.29 and  0.407 0.528 on the GB model

with V=V0 f
n and f= -  n

0 and for n=2. In the top
panels of Figure 1, we see the r–ns plane in the background of
the base data. In plotting this figure (and all subsequent figures
of this type), we have used n=2, 4, 50�N�70, and also
0<β<1. As the figure shows, the r–ns plane in the GB
model with n=2 in some ranges of the parameters space is
consistent with the observational data. However, for n=4,
there is no consistency of the r–ns plane with the base data.

In the sense that in studying the tensor spectral index we
focus on the tensor part of the perturbations (the gravitational
waves), we use the base+GW data to explore r–nT. The results
are shown in the bottom panels of Figure 1. In this case, the
r–nT plane for both n=2 and n=4 is consistent with the base
+GW data. By numerical analysis of the model in this case, we
have obtained some constraints on the model’s parameter
space, which are presented in Table 1. Note that Akrami et al.
(2018) used the 68% CL on the measured parameter (ns) and
95% CL for the upper bound on other parameters (r and nT). In
this respect, and given that we study these three parameters to
obtain the constraints, both confidence levels are interesting to
consider.

In summary, our numerical analysis shows that the GB
inflation with V=V0 f

n and f= -  n
0 for n=2 is

consistent with observational data if b ~ - 10 1( ). Also, this
model with V=V0 f

n and f= -  n
0 for n=4 is ruled out.

Note that, as can be seen from Table 1, any small variation of
the parameter β can cause the model not to be consistent with
the observational data. This means that, physically, not only the
presence of the GB term but also the intensity of the coupling
between the GB term (as the geometry side of the model) and
the scalar field (as the energy-momentum side of the model) is
very important in the viability of the model.

3.2. Power-law Potential and Dilaton-like GB Coupling

Inspired from heterotic string theory, the GB term appears to
be coupled to the dynamical dilaton field with an exponential
coupling function. This issue has been studied in Bamba et al.
(2007). Therefore, in this subsection we adopt the following
potential and GB coupling function:

f= = lf- V V eand . 34n
0 0 ( )

In this case, we have the perturbation parameters of the model
as

bl f lf
f

= -
- + + -lf- +

n
n n e n

1
2 2

, 35s

n 1

2

( ) ( ) ( )

bl f
f

= -
- lf- +

n
n n e

, 36T

n 1

2

( ) ( )

and

bl f
f

=
- lf- +

r
n e8

. 37
n 1 2

2

( ) ( )

Here we also use Equation (7) to obtain the value of the
scalar field at the time of the horizon crossing of the physical
scales and then study r–ns and r–nT behaviors. The top panels
of Figure 2 show the r–ns plane in the background of the base
data for N=60. As the figure shows, the r–ns plane in the GB
model with both n=2 and n=4 in some ranges of the
parameters λ and β is consistent with the observational data.
In the bottom panels of Figure 2, we see the r–nT plane in the

background of the base+GW data. Considering that the scalar
spectral index, the tensor spectral index, and the tensor-to-
scalar ratio depend on both λ and β, to obtain the observational
constraints, we fix λ in some sample values and obtain the
observationally viable ranges of β. The results are shown in
Table 2. In fact, according to our numerical analysis, the
GB inflation with V=V0 f

n and = lf-  e0 for n=2 is
consistent with observational data if b - 10 2( ). Also, this
model for n=4 is consistent with observational data if
b ~ - 10 1( ).

4. GB Natural Inflation

In the inflation models, to fit with the cosmic microwave
background anisotropy measurements, there should be a large
number of e-folds of the scale factor. This means that the width
of the potential in the inflation models must be much larger
than its height. In this respect, the authors of Adams et al.
(1991) have shown that, in order for the potential to be flat, the
ratio between the height and the fourth power of the width must
satisfy the constraint fD D -V 104 6( ) . In this constraint, Δ
refers to the change in the corresponding parameters. In this
regard, in 1990 Freese, Frieman, and Olinto proposed the
natural inflation model (Freese et al. 1990). In their model, they
have considered an axion-like particle (a pseudo-Nambu-
Goldstone boson) as the field responsible for the primordial
inflation. Invariance of the potential under a transformation of
f f + constant (a shift symmetry) ensures flatness of the
potential (Freese et al. 1990; Freese & Kinney 2004). The
symmetry is broken after enough inflation, and the inflation
phase terminates. Based on these preliminaries, we consider a
GB model where the potential is the natural potential type and
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the GB coupling is the inverse of the natural potential as

f f
= + = +

-

 V V
f f

1 cos and 1 cos .

38

0 0

1

( )

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

Note that the natural inflation in its simplest realization has the
above form of the potential. By these functions, the perturbation

parameters take the following forms:

b
= -

- -

+

f

f
n

f
1

cos 3 1

1 cos
, 39s

f

f
2

( )
( )
( )

( )
( )

( )

Figure 1. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the GB model with V=V0 f
n and f= -  n

0 .

Table 1
The Ranges of the Parameter β in Which the Tensor-to-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the GB Model with V=V0 f

n and
f= -  n

0 are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

n = 2 50 Not consistent 0.680�β<1 b 0.610 0.970 0.470�β< 1
60 0.601�β<1 0.410�β< 1 0.520�β�0.964 0.340 �β< 1
70 0.660�β<1 0.350�β<1 b 0.450 0.960 b <0.260 1

n = 4 50 Not consistent Not consistent b 0.810 0.985 b <0.730 1
60 Not consistent Not consistent 0.770�β�0.982 b <0.680 1
70 Not consistent Not consistent b 0.730 0.980 b <0.630 1
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+
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f
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b
=

- + -

+

f

f
r

f
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By using Equation (7), to obtain the value of the scalar field
at horizon crossing, and Equations (39)–(41), we can study the
model numerically. To this end, we adopt N=60 and explore
r–ns and r–nT planes for various values of f and β. The top
panel of Figure 3 shows the tensor-to-scalar ratio versus the
scalar spectral index in the background of the base data. As
Figure 3 shows, the natural GB inflation in some ranges of the
parameter space is observationally viable.
Tensor-to-scalar ratio versus the tensor spectral index in the

background of the base+GW data is shown in the bottom panel

Figure 2. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the GB model with V=V0 f
n and = lf-  e0 .

Table 2
The Ranges of the Parameter β in Which the Tensor-To-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the GB Model with V=V0 f n and

= lf-  e0 are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT,TE,EE+lowE Planck2018 TT,TE,EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

n = 2 10 0.03�β�0.05 b 0.01 0.072 0.01�β�0.121 0.002�β< 1
102 0.062�β�0.084 b 0.016 0.095 0.031�β�0.184 0.020�β< 1
104 0.041�β�0.180 b 0.031 0.420 0.086�β�0.269 b <0.260 1

n = 4 10 0.610�β�0.683 b 0.580 0.716 0.435�β�0.812 b 0.016 0.871
102 b 0.642 0.711 0.621�β�0.743 b 0.483 0.865 b 0.033 0.895
104 0.693�β�0.789 b 0.670 0.826 0.506�β�0.884 b 0.081 0.910
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of Figure 3. By performing a numerical analysis, we have
found some constraints on the model’s parameters, which have
been summarized in Table 3. Note that the natural inflation
with N=50 is not consistent with new observational data.
However, when we consider the GB effect, this model for
β�0.65 is consistent with base and base+GW data sets.

5. GB α-attractor

In recent years, the idea of the “cosmological attractor” has
attracted the attention of some cosmologists. Among the
models that incorporate the idea of cosmological attractors,

we mention the conformal attractor (Kallosh & Linde 2013a,
2013b) and α-attractor models (Ferrara et al. 2013; Kallosh
et al. 2013, 2014a). The important characteristic property in
the conformal attractor model is that, in the case of large
e-folds number, it has the universal prediction for the
primordial curvature perturbations and the tensor-to-scalar
ratio as = -n 1s N

2 and =r
N

12
2 . Considering the single-field

α-attractor model, the universal predictions for the mentioned
parameters are = -n 1s N

2 and = ar
N

12
2 . In this section,

we consider the GB effect on the α-attractor model. We
consider both potentials leading to the α-attractor: E-model

Figure 3. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the GB natural inflation.

Table 3
The Ranges of the Parameter β in Which the Tensor-To-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the GB Natural Inflation Are

Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

4 0.635�β<1 0.525�β<1 0�β�0.962 All values of β
15 0.578�β<1 0.345�β<1 0.520�β�0.962 b <0.341 1
35 0.596�β<1 0.393�β<1 b 0.520 0.962 b <0.341 1
60 0.597�β<1 0.400�β<1 b 0.524 0.962 b <0.346 1
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and T-model. We also adopt the E-model and T-model GB
coupling function and study the inflation in this setup.

5.1. E-model

In Kallosh & Linde (2013b), the authors have considered
a model with two real scalar fields, j and ψ, which are
nonminimally coupled to the gravity. They have also

considered a potential term as j y j j y= -lV ,
4

2 2( )) ( by
which the SO(1, 1) symmetry has been broken. By using
the conformal gauge as ψ2−j2=6 and introducing a
canonically normalized field as j = f6 cosh

6
and y =

f6 sinh
6
, they have obtained an exponential-type potential

named E-model, which we use in this subsection. In this case,
we consider the following potential and GB coupling:

k
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f
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f
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where the potential V is an E-model potential. With these
functions, we obtain the perturbation parameters from

Equations (25)–(28). In this case, the scalar spectral index
takes the following form:

The tensor spectral index in the E-model GB inflation is given
by

k b
a

= -
+

n
n Z Y

Y

8

9

8 3
. 44T

n2 2 4 4

2

( ) ( )

Also, we obtain the following expression for the tensor-to-
scalar ratio in this case:

k b k b b
a

=
+ + +

r
n Z Y Y Y

Y

64

27

64 24 24 9
.

45

n n n2 2 4 2 8 4 4 4
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In these equations, we have defined the following parameters:

= - =
k
a f-Y Z and Z e1 . 46

6
3

2

( )

5.2. T-model

Another interesting case in the α-attractor model is T-model
potential. Kallosh & Linde (2013a) have studied a model with
two nonminimally coupled scalar fields and the potential term

as j y j y j y= -V F, 1

36
2 2 2( )) ( )( , which breaks the SO(1, 1)

symmetry. Note that F(j/ψ) is an arbitrary function. By using the
gauge and canonically normalized field used in obtaining the
E-model potential, they have found the potential as f =V ( )

fF tanh 6( ( )). In the case of the simplest set of functions as
F(j/ψ)=λ(j/ψ)2n, the T-model potential has been obtained.
Now, in this subsection, we consider the case where the potential
and GB coupling function are T-model type, as

k
a
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a
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By substituting the potential and GB coupling function into
Equations (25)–(28), we obtain the scalar spectral index as

the tensor spectral index as

k b
a

= -
+

-
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8 3
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and finally the tensor-to-scalar ratio as
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where the parameters  and  are given by

k
a
f= tanh

6
51

2
( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

and

k
a
f= cosh

6
. 522

2
( )

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

By substituting the value of the scalar field at horizon
crossing in Equations (43)–(45) and Equations (48)–(50), we
can study the GB α-attractor model numerically. The results
are shown in Figures 7 and 8. The α-attractor models with
E-model and T-model potential meet the model with f n

potential in the a  ¥ limit. On the other hand, these models
in a  0 and large-N limits reach an attractor point
characterized by the following scalar spectral index and

tensor-to-scalar ratio:

a
= - =n

N
r

N
1

2
,

12
. 53s 2

( )

The top panels of Figure 4 show the tensor-to-scalar ratio
versus the scalar spectral index of a GB model in the
background of the base data, for E-model potential and
coupling function (left panel) and T-model potential and
coupling function (right panel). The black lines have been
plotted to show that the GB α-attractor model in the small α
limit reaches an attractor (green star) and in the large α limit
meets the GB model with f2 potential and GB coupling (pink
stars). This figure has been plotted with n=2 and N=60. As
we see from the figure, the GB model with the f2 potential and
GB coupling function is not consistent with the base data.
However, when we consider the E-model or T-model potential
and GB coupling function, it is possible to find some ranges in
the parameter space leading to observationally viable values of
r and ns. Our analysis on r–ns viability shows that E-model GB
inflation is consistent with base data 68% CL if α<78 and at

Figure 4. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the GB α-attractor. The left panels correspond to the case where both the
potential and GB coupling are E-model. The right panels correspond to the case where both the potential and GB coupling are T-model. The black lines have been
plotted to show that the GB α-attractor model in the small-α limit reaches an attractor (green star) and in the large-α limit meets the GB model with the f2 potential
and GB coupling (pink stars).
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95% CL if α<4.1×102. Also, T-model GB inflation has
consistency with base data at 68% CL if α<43 and at 95%
CL if α<91.

The bottom panels of Figure 4 show the tensor-to-scalar ratio
versus the tensor spectral index in the background of base
+GW data. By performing a numerical analysis on r–nT
viability, we find that E-model GB inflation is consistent with
base+GW data at 68% CL if 2.12<α<1.6×102 and at
95% CL if α<7.4×102. Also, in T-model GB inflation
we find the constraints 2.43<α<73 at 68% CL and
α<2×102 at 95% CL. However, the values of α imply
some constraints on the GB coupling parameter, which have
been summarized in Table 4, for some sample values of α.

By these considerations, we conclude that the GB inflation with
both E-model and T-model potentials and GB coupling functions
is consistent with the observational data if b - 10 3( ).

6. GB Inflation in a Model with the Tachyon Field

The tachyon field is a scalar field associated with D-branes in
string theory (Sen 1999, 2002a, 2002b). This field, which is
described by the DBI action, has interesting cosmological
applications. The early-time inflation in the history of the
universe might be caused by a slow-rolling tachyon field
(Feinstein 2002; Sami et al. 2002; Nozari & Rashidi 2014).
Also, it is possible that the current acceleration phase of the
universe is due to the presence of the tachyon field as the dark
energy component (Padmanabhan 2002; Gorini et al. 2004;
Copeland et al. 2005). These features make the tachyon field
cosmologically interesting. In the case of the tachyon field,
P(X, f) is given by the following expression:

f = - -P X V X, 1 2 . 54( ) ( )

Now, the scalar spectral index takes the following form:
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The tensor spectral index is given by
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and we have the following expression for the tensor-to-scalar
ratio:
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In Equations (55)–(57), the parameter χ is given by
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¢
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Now, by choosing some explicit functions for the potential
and GB coupling, we study this model numerically.

6.1. Power-law Potential and Inverse Power-law GB Coupling

Our first choices for the tachyon GB model are the following
potential and GB coupling function:

f f= = - V V and . 59n n
0 0 ( )

By these adoptions, we find

b k b k
f

= -
+ - -

+
n

n n n
1 2

2 2 1
, 60s n

4 4

2

( ) ( )

f b= - -- -n n 1 2 , 61T
n2 2 ( ) ( )

and

f b= -- -r n8 2 1 . 62n2 2 2[ ( ) ] ( )

To compare the model with observational data, we substitute
the value of the scalar field at the time of the horizon crossing
of the physical scales in the above equations. Then, we perform
the numerical analysis on the parameters. In the top panels of
Figure 5, we see the r–ns plane in the background of the base
data for 50�N�70. As the figure shows, including the GB
effect makes the tachyon model more observationally viable.
Our numerical analysis shows that r–ns in the tachyon GB
inflation with V=V0 f

n and f= -  n
0 is consistent with

68% CL of the base data if N<54.2 for n=2 and N<60.5
for n=4. In this case, r–ns is consistent with 95% CL of base
data if N<62.4 for n=2 and N<70 for n=4.
The bottom panels of Figure 5 show the tensor-to-scalar ratio

versus the tensor spectral index of the tachyon GB model with
V=V0 f

n and f= -  n
0 . The tachyon GB model is

consistent with observational data in some ranges of β. In
Table 5, we present the constraints on β for N=50, 60, 70 and
n=2, 4, which makes the model observationally viable. In this
regard, we find that the tachyon GB inflation with V=V0 f

n

Table 4
The Ranges of the Parameter β in Which the Tensor-To-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the GB α-Attractor Model with

n=2 and N=60 are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

E-model 20 β�5.17×10−2 β�5.31×10−2 β<3.10×10−3 All values of β
50 β�4.92×10−2 β�5.04×10−2 β<4.52×10−3 All values of β
80 3.23×10−4�β�4.56×10−2 β�4.81×10−2 β<8.22×10−3 All values of β

T-model 20 β�3.30×10−1 β�4.01×10−1 β<8.11×10−3 All values of β
50 3.03×10−4�β�1.42×10−1 β�9.03×10−2 β<9.82×10−3 All values of β
80 4.28×10−4�β�1.14×10−1 b ´ - 7.01 10 2 b´ < < ´- -2.37 10 1.43 104 2 All values of β
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and f= -  n
0 for n=2 and n=4 is consistent with

observational data if b ~ - 10 1( ).

6.2. Power-law Potential and Dilaton-like GB Coupling

In this subsection, we consider the following potential and
GB coupling:

f= = lf- V V eand . 63n
0 0 ( )

Now, we have

k b l f
f

= -
- +l f- - -

n
e n n

, 65T

n4 1( ) ( )

and

f b l b l f
f

=
- + -l f l f- + - - -

r
e e n n

8
2

. 66
n n2 1 2 2 1 2

( )

By using these perturbation parameters, we perform a
numerical analysis on the model. The top panels of Figure 6
show the behavior of r–ns of the tachyon GB model with
functions given by Equation (63), in the background of the base
data for N=60. Our numerical analysis shows that, in this
case, the tachyon GB model with 0.15<λ (for n= 2) and

0.10<λ (for n= 4) is consistent with the base data at 95%
CL. Also, this model with 0.19<λ<0.37 (for n= 2) and
0.18<λ<0.52 (for n= 4) is consistent with the base data at
68% CL.

Figure 5. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the tachyon GB model with V=V0 f n and f= -  n
0 .

c b l c f b l f c c f c
f f b l

= -
- + - ¢ + ¢ -

-

l f l f l f

l f

+ +

+
n

e n e n e n

ne
1 , 64s

n n

n

2 2 2 2

1( )
( )
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The tensor spectral index versus the tensor-to-scalar ratio of
the tachyon GB model with V=V0 f

n and = lf-  e0 , in the
background of the base+GW data, is shown in the bottom
panels of Figure 6. As the figure shows, for all values of λ and
β, the tensor-to-scalar ratio and the tensor spectral index of this
model are consistent with base+GW data at 95% CL.
However, there are some constraints on λ and β at 68% CL.
At this level, the constraints on λ are 0.23<λ (for n= 2) and

0.19<λ (for n= 4). For some sample values of λ, the
constraints on β are summarized in Table 6. According to this
analysis, for the tachyon GB inflation with V=V0 f

n and
= lf-  e0 and for n=2, we cannot find any constraint on β.

This is because this model for all values of β is consistent with
observational data at 95% CL. For n=4, if we assume large
values of λ as l ~  104( ), we find that the con-
straint b - 10 2( ).

Figure 6. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the tachyon GB model with V=V0 f
n and = lf-  e0 .

Table 5
The Ranges of the Parameter β in Which the Tensor-To-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the Tachyon GB Model with

V=V0 f
n and f= -  n

0 Are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

n = 2 50 0.360�β<1 All values 0.201�β�0.938 All values
60 Not consistent 0.251�β<1 0.042�β�0.924 All values
70 Not consistent Not consistent β�0.911 All values

n = 4 50 0.498�β<1 0.254�β<1 0.403�β�0.953 0.188�β<1
60 0.685�β<0.892 0.205�β<1 0.283�β�0.943 0.020�β<1
70 Not consistent Not consistent 0.164�β�0.937 All values
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7. DBI GB Inflation

There is another proposal arisen from string theory, which is
based on the DBI action (Alishahiha et al. 2004; Silverstein &
Tong 2004). This proposal suggests that the field responsible
for inflation is characterized by the radial coordinate of a D3
brane that moves in a “throat” (often AdS5 throat) region of a
warped compactified space. Both the speed of the brane and the
warp factor of the throat set a speed limit on the brane’s
motion. In this model, besides the potential, there is a function
of the scalar field related to the local geometry of the compact
manifold traversed by the D3 brane. Also, the kinetic term of
the field is noncanonical (Silverstein & Tong 2004).

In the DBI model, we have

f f f f= - - -- P X X V, 1 2 , 671( ) ( ) ( ) ( ) ( )

By this definition, the scalar spectral index takes the following
forms:

c c
c
c

a c

a
a

c
c

c a c

= - - + +
¢

- ¢ +

´

¢
+

- + ¢

+
+

¢

´ - ¢ +

-

-

¢

-

-
-












n M M V
B

M

V

V

V

M V

1 2 4

16

3

2

2
8

3
. 68

s
2 1

2 1 3

1

1 2
1

2

( )

( )

( ) ( )

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎤

⎦
⎥⎥

⎡
⎣⎢

⎤
⎦⎥

The tensor spectral index in the DBI GB model is given by

c= -n M2 , 69T ( )

and the tensor-to-scalar ratio is obtained as follows:

c a c= - + ¢ + -r M V16
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As in previous sections, by choosing some explicit functions
for the potential and coupling function, we study this model
numerically.

7.1. Power-law Potential and Inverse Power-law GB Coupling

We start this subsection by adopting the following potential
and GB coupling function:

f f f= = =- -   V V , and . 74n n n
0 0 0 ( )

In this case, we get

and

with

j f b= -- n2 2 1 78n 1 ( ) ( )

and

m f b b= - - +- n n n2 2 2 1 . 79n 2 ( ) ( )

m f b j f b j f j f m f j f b j f j
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Performing an analysis on the above scalar spectral index and
tensor-to-scalar ratio gives Figure 7. Our numerical analysis
shows that the GB effect makes the DBI model observationally
viable, but this viability happens with N>52 for n=2 and
N>59 for n=4. The bottom panels of Figure 7 show the
tensor spectral index versus the tensor-to-scalar ratio of the DBI

GB model with V=V0 f
n and f= -  n

0 , in the background
of the base+GW data. The ranges of the parameter β in which
the scalar spectral index, the tensor spectral index, and the
tensor-to-scalar ratio of this model are consistent with the base
data at 68% CL and 95% CL are summarized in Table 7. These
considerations show that the DBI GB inflation with V=V0 f

n

Figure 7. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the DBI GB model with V=V0 f
n and f= -  n

0 .

Table 6
The Ranges of the Parameter β in Which the Tensor-To-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the Tachyon GB Model with

V=V0 f
n and = lf-  e0 Are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT,TE,EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

10 β�0.832 All values of β Not consistent All values of β
n=2 102 0.421�β�0.683 All values of β β�0.742 All values of β

104 Not consistent All values of β β�0.839 All values of β

10 All values of β All values of β Not consistent All values of β
n=4 102 0.093�β All values of β β�0.886 All values of β

104 0.411�β 0.046�β 0.235�β�0.901 All values of β
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and f= -  n
0 for both n=2 and n=4 cases is consistent

with observational data if b - 10 1( ) and N60.

7.2. Power-law Potential and Dilaton-like GB Coupling

In this section, we consider the following potential and GB
coupling:

f f= = = lf- -   V V e, and , 80n n
0 0 0 ( )

which lead to

with
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= +
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The tensor spectral index is given by

The tensor-to-scalar ratio takes the following form:

Now, we analyze these perturbation parameters numerically,
and the results are shown in Figure 8. Our numerical analysis
shows that the GB effect makes the DBI model observationally
viable. The ranges of the parameter β in which both the scalar
spectral index and the tensor-to-scalar ratio of this model are
consistent with the base and base+GW data at 68% CL and
95% CL are summarized in Table 8. These considerations show
that the DBI GB inflation with V=V0 f

n and = lf-  e0 for

both n=2 and n=4 cases is consistent with observational
data if b - 10 1( ).

8. Reheating Phase in a GB Model with a Canonical Scalar
Field

The reheating process after inflation is necessary to reheat
the universe for subsequent evolution. Actually, this process
can explain the cosmic origin of the matter component of the
universe (Kofman et al. 1994; Kofman 1996). The production

of cosmic relics, such as photons and neutrinos, can be
explained by considering the process of reheating in the
universe (Giudice et al. 1999; Wallisch 2018). Also, the
reheating phase accounts for the observed matter–antimatter
asymmetry in the universe (Dine & Kusenko 2004; Lozanov &
Amin 2014). By studying the reheating process in the GB
models, we can find more constraints on the model’s parameter
space. To study this process, we focus on two important
parameters Nrh and Trh (where subscript rh stands for
reheating). We obtain some expressions for these parameters
in terms of the scalar spectral index, which let us compare the
model with observational data (see Dai et al. 2014; Cook et al.
2015; Munoz & Kamionkowski 2015; Ueno & Yamamoto
2016). By using the expression

=N
a

a
ln , 87e
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hc
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we define the e-folds number between the time when
the physical scales cross the horizon and the time when the
inflation ends. The subscripts hc and e show the value of
the parameter at the horizon crossing and end of inflation,
respectively. For the energy density during the reheating epoch,
we have the relation r ~ w- +a 3 1 eff( ), with ωeff being the
effective equation of state corresponding to the dominant
energy density in the universe. Therefore, the e-folds number is

k
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written in terms of ρ and ωeff as follows:
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At the horizon crossing (k= aH) we have
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where the subscript 0 shows the value of the scale factor at the
current time. From Equations (42)–(44) we obtain
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To rewrite a

a
0

rh
in terms of temperature and density, we use the

following expression (Cook et al. 2015; Ueno & Yamamoto
2016):

r
p

=
g

T
30

, 91rh

2
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where the parameter grh is the effective number of the relativistic
species at the reheating era. Also, the conservation of the entropy
gives (Cook et al. 2015; Ueno & Yamamoto 2016)
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where the subscript 0 denotes the current value of the
temperature. Now, from Equations (91) and (92), we find the
following expression for the scale factor:

p
r

=
-

-
-

a

a g
T

g43

11 30
. 930

rh rh
0

1
2

rh

rh

1
3

1
4

( )
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

In the GB model with a canonical scalar field, we can write the
energy density as follows:

r k a k a= + - ¢ - ¢ ¢


V V V V1
3
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27

20

9
. 946 2 3 2 ( )⎜ ⎟⎛
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Figure 8. Tensor-to-scalar ratio vs. the scalar spectral index and tensor spectral index of the DBI GB model with V=V0 f
n and = lf-  e0 .
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To obtain the energy density at the end of the inflation era, we
set ò=1. Then, we find

r k a k a= - ¢ - ¢ ¢V V V V
4
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. 95e e e e e e e
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Now, by using Equations (88) and (95), we obtain
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Figure 9. Behavior of the e-folds number (top left panel) and temperature (top right panel) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the GB model with a canonical scalar field and with V=V0 f
2 and

f= - 0
2. The magenta region in the top panels shows the values of the scalar spectral index released by Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO

joint data. In the top right panel, the orange region corresponds to the temperatures below the electroweak scale, T<100 GeV, and the red region corresponds to the
temperatures below the big bang nucleosynthesis scale, T<10 MeV.

Table 7
The Ranges of the Parameter β in which the Tensor-to-Scalar Ratio, the Scalar Spectral Index, and the Tensor Spectral Index of the DBI GB Model with V=V0 f

n

and f= -  n
0 Are Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

n = 2 50 Not consistent Not consistent 0.617�β<1 0.411�β<1
60 Not consistent 0.613�β�0.948 0.607�β<1 0.352�β<1
70 0.705�β�0.981 0.326�β<1 0.489�β�0.971 0.361�β<1

n = 4 50 Not consistent Not consistent 0.733�β<1 0.674�β<1
60 Not consistent 0.683�β�0.915 0.712�β�0.980 0.676�β<1
70 0.774�β�0.865 0.643�β<1 0.702�β�0.984 0.680�β<1
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Figure 10. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the GB model with a canonical scalar field and with V=V0 f
2

and = lf-  e0 .
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Figure 11. Behavior of the e-folds number (top left panel) and temperature (top right panel) during the reheating phase vs. the scalar spectral index, and the range of
Nrh and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the GB natural inflation.

Table 8
The Ranges of the Parameter β in Which the Tensor-to-Scalar Ratio, the Scalar Spectral Index, and the DBI GB Model with V=V0 f

n and = lf-  e0 Are
Consistent with Different Data Sets

Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE Planck2018 TT, TE, EE+lowE
+lensing+BK14+BAO +lensing+BK14+BAO lensing+BK14+BAO lensing+BK14+BAO

+LIGO and Virgo2016 LIGO and Virgo2016

N 68% CL 95% CL 68% CL 95% CL

n = 2 10 Not consistent 0.112�β�0.986 0.609�β�0.973 0.332�β<1
102 0.917�β<1 All values 0.607�β�0.970 0.329�β<1
104 Not consistent 0.326�β<1 0.601�β�0.966 0.321�β<1

n = 4 10 All values All values 0.521�β�0.971 0.388�β<1
102 0.182�β<1 All values 0.518�β�0.969 0.381�β<1
104 Not consistent 0.442�β<1 0.511�β�0.965 0.370�β<1
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Figure 12. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the GB α-attractor model.
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Table 13
Constraints on the e-folds Number and Temperature during the Reheating Phase in the Tachyon GB Model with V=V0 f

n and f= -  n
0 , Obtained from

Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.251�β<1 Nrh�5.65 Nrh�9.86 Nrh�19.62 Not consistent

n=4 0.254�β<1 Nrh�4.73 Nrh�7.88 Nrh�15.87 Not consistent

n=2 0.251�β<1 log 12.59T
10 GeV

rh( ) log 8.62T
10 GeV

rh( ) log 2.54T
10 GeV

rh( ) Not consistent

n=4 0.254�β<1 log 12.03T
10 GeV

rh( ) log 9.42T
10 GeV

rh( ) log 15.87T
10 GeV

rh( ) Not consistent

Table 9
Constraints on the e-folds Number and Temperature during the Reheating Phase in the GB Model with a Canonical Scalar Field and with V=V0 f n and f= -  n

0 ,
Obtained from Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.680�β<1 Nrh<7.4 Nrh<12.37 Nrh<23.35 All values of Nrh

n=2 0.680�β<1 >log 14.16T
10 GeV

rh( ) >log 7.96T
10 GeV

rh( ) > -log 0.73T
10 GeV

rh( ) All values of Trh

Table 10
Constraints on the e-folds Number and Temperature during the Reheating Phase in the GB Model with a Canonical Scalar Field and with V=V0 f

n and = lf-  e0 ,
Obtained from Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.031�β<0.072 Nrh<6.85 Nrh<11.47 Nrh<22.66 Nrh<16.72

n=4 b 0.670 0.716 Nrh<0.56 Nrh<1.42 Nrh<2.37 Nrh<5.14

n=2 0.031�β<0.072 >log 14.09T
10 GeV

rh( ) >log 8.65T
10 GeV

rh( ) > -log 2.21T
10 GeV

rh( ) All values of Trh

n=4 b 0.670 0.716 >log 14.18T
10 GeV

rh( ) >log 14.53T
10 GeV

rh( ) >log 13.22T
10 GeV

rh( ) >log 6.27T
10 GeV

rh( )

Table 11
Constraints on the e-folds Number and Temperature during the Reheating Phase in the GB Natural Inflation, Obtained from Planck2018 TT, TE, EE+lowE+lensing

+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

0.525�β<1 Nrh<2.85 Nrh<4.84 Nrh<10.42 Nrh<5.11

0.525�β<1 >log 14.04T
10 GeV

rh( ) >log 12.95T
10 GeV

rh( ) >log 10.45T
10 GeV

rh( ) >log 9.71T
10 GeV

rh( )

Table 12
Constraints on the e-folds Number and Temperature during the Reheating Phase in the GB α-Attractor Model, Obtained from Planck2018 TT, TE, EE+lowE+lensing

+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

E-model β�4.81×10−2 Nrh�16.825 Nrh�37.521 Nrh�52.647 Nrh�26.367

T-model b ´ - 7.01 10 2 Nrh�4.110 Nrh�7.334 Nrh�12.45 Nrh�10.14

E-model β�4.81×10−2 log 12.49T
10 GeV

rh( ) log 8.73T
10 GeV

rh( ) log 4.73T
10 GeV

rh( ) log 0.266T
10 GeV

rh( )
T-model β�7.01×10−2 log 12.66T

10 GeV
rh( ) log 10.21T

10 GeV
rh( ) log 7.12T

10 GeV
rh( ) log 8.37T

10 GeV
rh( )
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Figure 13. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the tachyon GB model with V=V0 f
n and f= -  n

0 .
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By using Equations (93) and (96), we find the following
expression for the scale factor:
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To obtain Nrh, we find Hhc from Equation (14). After that, by
using Equations (90) and (97), we obtain the e-folds number
during reheating as follows:
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The temperature during reheating is obtained from Equations (88),
(92), and (95) as follows:
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To perform a numerical analysis, it is useful to write
Equations (98) and (99) in terms of the scalar spectral index.
To this end, we should specify the potential and GB coupling.
In the following, we adopt the potential and GB coupling used
in the previous sections and explore each case separately.

8.1. Power-law Potential and Inverse Power-law GB Coupling

In this case, we use the potential and GB coupling defined in
Equation (29). As we have seen before, in this case the GB
model only with n=2 is consistent with the base data.
Therefore, we use Equation (29) with n=2, find the final
values of the potential and GB coupling in terms of the scalar
field at the horizon crossing, and substitute them in

Equations (98) and (99). After that, we obtain the scalar field
at horizon crossing in terms of the scalar spectral index. By
considering the value of the scalar spectral index, obtained
from the base data, we find some constraints on the e-folds
number and temperature during the reheating phase. In
studying the r–ns behavior with Equation (19), the tightest
constraint on β has been obtained as 0.680�β<1. To
numerically analyze the reheating phase, we use this constraint
and four values of ω: w = - -1, , 01

3
, and 1. The results are

presented in Table 9. The behavior of Nrh and Trh versus ns, for
β=0.7, is shown in Figure 9. Note that, as the top left panel of
Figure 9 shows, all curves converge to Nrh=0 (corresponding
to instantaneous reheating process) and ns=0.965, which is
observationally viable from base data.
The bottom panel of Figure 9 shows the range of Nrh and

ωeff, in the case considered in this subsection, leading to the
observationally viable values of the scalar spectral index. As
the figure shows, when ωeff changes from −1 (field’s potential
domination) to 1

3
(radiation domination), the values of Nrh

increase. This means that the reheating phase of the universe is
not instantaneous and lasts some e-folds.
The parameter Nrh, which describes the duration of the

reheating phase, is related to the scalar spectral index of the
perturbations. To have a viable reheating phase, Nrh should be
consistent with the observational value of ns. Any small
variation of Nrh can lead to values of ns that are not
observationally viable. Therefore, the reheating phase should
last until some specific values and not more than it. In this
regard, we have tried to obtain some precise values of the
parameters leading to the viable GB models.

8.2. Power-law Potential and Dilaton-like GB Coupling

In this subsection, we use the potential and GB coupling
defined in Equation (34). We have shown that in this case the
GB model with both n=2 and n=4 in some ranges of the
parameters is consistent with the observational data. By using
the adopted potential and GB coupling, we study the e-folds
number and temperature in the reheating phase numerically and
find some constraints on these parameters in confrontation with
the base data. To obtain the constraints, we use the ranges
of β from Table 2. In the n=2 case, the tightest constraint
on β is 0.031�β�0.072, and in the n=4 case we have

b 0.670 0.716. With these ranges of β, we obtain the
constraints shown in Table 10. The behavior of Nrh and Trh
versus ns, for β=0.7, is shown in the top and middle panels of
Figure 10.
The bottom panel of Figure 10 shows the range of Nrh and

ωeff, in the case considered in this subsection, leading to the
observationally viable values of the scalar spectral index. In

Table 14
Constraints on the e-folds Number and Temperature during the Reheating Phase in the Tachyon GB Model with V=V0 f n and = lf-  e0 , Obtained from

Planck2018 TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

β ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.023�β< 1 Nrh�5.73 Nrh�12.39 Nrh�20.04 Nrh�16.42

n=4 0.046�β<1 Nrh�4.23 Nrh�8.11 Nrh�14.81 Nrh�17.76

n=2 0.023�β<1 log 11.480T
10 GeV

rh( ) log 7.41T
10 GeV

rh( ) log 3.11T
10 GeV

rh( ) log 6.53T
10 GeV

rh( )
n=4 0.046�β<1 log 13.07T

10 GeV
rh( ) log 11.90T

10 GeV
rh( ) log 8.91T

10 GeV
rh( ) log 8.03T

10 GeV
rh( )
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this case also, when ωeff changes from −1 to 1

3
, the values of

Nrh increase. This means that the reheating phase of the
universe is not instantaneous and lasts some e-folds. However,

this figure shows another point too. For w >eff
1

3
, by increasing

the values of the effective equation-of-state parameter, the
values of Nrh decrease. Therefore, in this case the value of ωeff

Figure 14. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the tachyon GB model with V=V0 f n and = lf-  e0 .
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does not become larger than 1

3
, because the e-folds number just

increases and cannot decrease.

8.3. GB Natural Inflation

Now, we study the reheating phase in the GB natural
inflation model. By using Equation (38), we study the e-folds
number and temperature in the reheating phase numerically and
find some constraints on these parameters. In this case, the
tightest constraint obtained from the base data at 95% CL is
0.525�β<1 (see Table 3). The numerical results corresp-
onding to this constraint are shown in Table 11. The behavior
of Nrh and Trh versus ns, for β=0.7, is shown in the top panels
of Figure 11. As the figure shows, the instantaneous reheating
in this case corresponds to ns=0.965, which is observation-
ally viable.

The bottom panel of Figure 11 shows the range of Nrh and
ωeff, in the GB natural inflation model, leading to the
observationally viable values of the scalar spectral index. As
the figure shows, the reheating phase of the universe described
by GB natural inflation is not instantaneous. In this case also,
the value of ωeff does not become larger than 1

3
.

8.4. GB α-attractor

To study the reheating phase in the GB α-attractor model,
we consider both E-model and T-model types of potential and
GB coupling. In the following we present the results for
each case.

8.4.1. E-model

In this case we adopt the E-model potential and GB coupling
defined in Equation (42). As before, by using these functions,
we study the e-folds number and temperature in reheating
phase numerically. With E-model potential and GB coupling,
the tightest constraint obtained from the base data at 95% CL is
β�4.81×10−2. This range of β leads to the constraints
presented in Table 12. To obtain these constraints, we have set
α=50. The behavior of Nrh and Trh versus ns, for β=0.03, is
shown in the top and middle panels of Figure 12. In this case,
the instantaneous reheating, corresponding to ns=0.965, is
observationally viable. The bottom panel of Figure 12 shows
the range of Nrh and ωeff leading to the observationally viable
values of the scalar spectral index.

8.4.2. T-model

Now, we consider the T-model potential and GB coupling
defined in Equation (47). In this case also, we analyze the

e-folds number and temperature in the reheating phase in
confrontation with observational data. With T-model potential
and GB coupling, the tightest constraint on β, obtained
from the base data at 95% CL, is β�7.01×10−2 (see
Table 4). The numerical results of the T-model case with
b ´ - 7.01 10 2 and α=50 are shown in Table 12. The
behavior of Nrh and Trh versus ns, for β=0.03, is shown in
Figure 12. Here also, the instantaneous reheating is favored by
observational data. The bottom panel of Figure 12 shows the
range of Nrh and ωeff, in the case considered in this subsection,
leading to the observationally viable values of the scalar
spectral index. According to our numerical analysis, in the GB
α-attractor model with both E-model and T-model functions,
the reheating phase of the universe is not instantaneous and the
value of ωeff does not become larger than 1

3
.

9. Reheating in a GB Model with the Tachyon Field

In this section, we study the reheating process in a GB model
with the tachyon field. Here, we can use Equations (88)–(93) of
Section 8. However, the energy density and the equation of
motion in the tachyon GB model are different from the GB
model with a canonical scalar field. In this regard, we have
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At the end of inflation (ò= 1) we obtain
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Now, by using Equations (88) and (101), we reach
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Table 15
Constraints on the e-folds Number and Temperature during the Reheating Phase in the DBI GB Model with V=V0 f

n and f= -  n
0 , Obtained from Planck2018

TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.613�β�0.948 0.141<Nrh<9.08 0.411<Nrh<19.43 0.561<Nrh<30.04 Not consistent

n=4 0.683�β�0.915 Not consistent Not consistent Not consistent 1.86<N<52.14

n=2 0.613�β�0.948 < <11.86 log 14.97T
10 GeV

rh( ) < <9.12 log 14.91T
10 GeV

rh( ) < <6.11 log 14.86T
10 GeV

rh( ) Not consistent

n=4 0.683�β�0.915 Not consistent Not consistent Not consistent <log 7.42T
10 GeV

rh( )
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Figure 15. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the DBI GB model with V=V0 f
n and f= -  n

0 .
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Equations (93) and (102) give the following expression for the
scale factor:
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To find Nrh, as before, we use Hhc obtained from Equation (14).
Then, using Equations (90) and (103) gives the e-folds number
during the reheating process as follows:

w

p
p

k a k a

k a k a

=
-

- - -

´ + -

- - ¢ - ¢ ¢

- ¢ - ¢ ¢

-

 

N N
k

a T

g
c

g

V V V

V V

4

1 3
ln

1

4
ln

40 1

2
ln 8

1

3
ln

11

43

1

4
ln

1

3

64

27

8

3

64

9

8

3
. 104

s s s

e e e e e

e e e e

rh
eff

hc
hc

0 0

2
rh

2 3 rh

6 2 2 2

6 2 2 2

1
2

( )

( )

⎜ ⎟

⎧⎨⎩
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣
⎢⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎫⎬⎭
From Equations (88), (92), and (101), we get the following
expression for the temperature during the reheating process:
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In the following, and to perform a numerical analysis, we adopt
the potential and GB function used in Section 6 and explore
each case separately.

9.1. Power-law Potential and Inverse Power-law GB Coupling

The first case we consider here is the tachyon GB model with
power-law potential and inverse power-law GB coupling
(Equation (59)). We find the final values of these adopted

functions in terms of the scalar field at the horizon crossing and
substitute them in Equations (104) and (105). Then, by
obtaining the scalar field at horizon crossing in terms of the
scalar spectral index, we rewrite Nrh and Trh in terms of ns and
perform a numerical analysis. As demonstrated in Table 5, we
have the tightest ranges on β for n=2 as 0.251�β<1 and
for n=4 as 0.254�β<1. These ranges of β give the results
summarized in Table 13.
The behavior of Nrh and Trh versus ns, for β=0.7, is shown

in the top and middle panels of Figure 13. As the figure shows,
the instantaneous reheating in this case corresponds to
ns=0.971 for n=2 and ns=0.974 for n=4. Therefore,
in this case the instantaneous reheating is not observationally
viable. The bottom panel of Figure 13 shows the range of Nrh

and ωeff, in the case considered in this subsection, leading to the
observationally viable values of the scalar spectral index.

9.2. Power-law Potential and Dilaton-like GB Coupling

Now, by using Equation (63), we rewrite the e-folds number
and temperature during reheating in terms of the scalar spectral
index and perform a numerical analysis on the model. As we
see from Figure 6, this model in most ranges of the parameter’s
space is consistent with observational data. In this case, for the
considered sample values of λ, all values of β are observa-
tionally viable. However, if we adopt very large values of λ,
there would be some constraints on β. For instance, we
take λ∼105 and find b <0.0023 1 for n=2 and
0.046�β<1 for n=4. To analyze the reheating phase
numerically, we use these ranges of β, which lead to the
constraints presented in Table 14.
The behavior of Nrh and Trh versus ns, for β=0.7, is shown

in Figure 14. As the figure shows, in this case the instantaneous
reheating is observationally viable. The bottom panel of
Figure 14 shows the range of Nrh and ωeff, in the case
considered in this subsection, leading to the observationally
viable values of the scalar spectral index.
In summary, our study shows that in the tachyon GB model

with V=V0 f
n and f= -  n

0 there is no chance to have
Nrh=0 in an observationally viable range. Therefore,
considering that the reheating phase should start with
Nrh=0, this model is ruled out. Also, the tachyon GB model
with V=V0 f

n and = lf-  e0 predicts that by increasing
the value of Nrh, the value of ωeff increases until it reaches

1

3
. As

before, the larger values of ωeff are not of interest.

10. Reheating in the DBI GB Model

In this section, we study the reheating process in the DBI GB
model. Here also, we can use Equations (88)–(93) of Section 8,
whereas the energy density and the equation of motion in the DBI

Table 16
Constraints on the e-folds Number and Temperature during the Reheating Phase in the DBI GB Model with V=V0 f n and = lf-  e0 , Obtained from Planck2018

TT, TE, EE+lowE+lensing+BK14+BAO Joint Data

ω=−1 w = - 1

3 ω=0 ω=1

n=2 0.326�β�0.986 1.85�Nrh�11.93 4.21�Nrh�24.16 10.86�Nrh�41.22 not consistent

n=4 0.404�β<1 N�5.843 N�11.45 N�22.74 N�10.41

n=2 0.326�β�0.986  9.03 log 15.34T
10 GeV

rh( )  5.41 log 13.27T
10 GeV

rh( )  0.121 log 11.02T
10 GeV

rh( ) not consistent

n=4 0.404�β<1 log 12.01T
10 GeV

rh( ) log 7.868T
10 GeV

rh( ) log 0.442T
10 GeV

rh( ) log 2.183T
10 GeV

rh( )
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Figure 16. Behavior of the e-folds number (top panels) and temperature (middle panels) during the reheating phase vs. the scalar spectral index, and the range of Nrh

and ωeff leading to the observationally viable values of the scalar spectral index (bottom panel), in the DBI GB model with V=V0 f
n and = lf-  e0 .
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GBmodel are different from those in the GB model with canonical
and also tachyon scalar fields. In the DBI GB model we have
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We obtain the following expression at the end of inflation (ò= 1):
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Now, by using Equations (88) and (107), we find the following
expression for the energy density during the reheating phase:
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From Equations (93) and (108) we reach
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Then, by using Equations (90) and (109), we obtain the e-folds
number during reheating as follows:
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From Equations (88), (92), and (106), we get the temperature
during reheating as follows:
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In the following, we study the reheating phase in the DBI GB
model numerically.

10.1. Power-law Potential and Inverse Power-law GB
Coupling

Here, we adopt power-law potential and inverse power-law
GB coupling (Equation (74) and obtain the final values of these
adopted functions in terms of the scalar field at the horizon
crossing and substitute in Equations (110) and (111). By
obtaining the scalar field at the horizon crossing in terms of the
scalar spectral index, we rewrite Nrh and Trh in terms of ns and
perform a numerical analysis. As Table 7 shows, we have the
tightest range on β as 0.613� β� 0.948 for n= 2 and
0.683� β� 0.915 for n= 4. In Table 15, we show the
observational constraints on Nrh and Trh, obtained from the
mentioned ranges of β.
In the top and middle panels of Figure 15 we see the

behavior of Nrh and Trh versus ns, for β= 0.7. The
instantaneous reheating in this case is not observationally
viable. The bottom panel of Figure 15 shows the range of Nrh

and ωeff, in the case considered in this subsection, leading to the
observationally viable values of the scalar spectral index.

10.2. Power-law Potential and Dilaton-like GB Coupling

Now, we consider the DBI GB model with power-law
potential and dilaton-like GB coupling (Equation (80)). This
model in some ranges of the parameter’s space is consistent
with observational data (see Table 8). In fact, for n=2, we
have the tightest range on β as 0.326�β�0.986, and for
n=4 we have 0.404�β<1. By these ranges of β we
perform numerical analysis, which gives the constraints shown
in Table 16.
The behavior of Nrh and Trh versus ns, for β=0.6, is shown

in Figure 16. As the figure shows, with n=2 the instantaneous
reheating is not observationally viable and with n=4 it is
viable. The bottom panel of Figure 16 shows the range of Nrh

and ωeff, in the case considered in this subsection, leading to the
observationally viable values of the scalar spectral index.
According to these numerical considerations, in the DBI GB

model with V=V0 f
n and f= -  n

0 , for n=2, there is no
chance to have observationally viable Nrh=0. Therefore, this
case is ruled out. For n=4, the model does not predict
w eff

1

3
in the observationally viable regions. So, this case is

ruled out too. In the DBI GB model with V=V0 f
n and

= lf-  e0 , the case with n=2 is not observationally viable.
However, the case with n=4 is consistent with observational
data. In fact, this case also predicts that by increasing the value
of Nrh, the value of ωeff increases until it reaches

1

3
.
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11. Summary

In this paper, we have studied inflation and reheating in
several GB models. At first, we have considered a general GB
model and presented the main equations of the model in the
inflation era. In this regard, we have obtained some important
perturbation parameters such as the scalar spectral index, tensor
spectral index, and tensor-to-scalar ratio. Then, we have
considered several GB models and studied the perturbation
parameters numerically. By comparing the results with
observational data, we have obtained some constraints on the
model’s parameter space. We have also analyzed the reheating
epoch in each model and explored the model’s viability in this
context too. Our studies give the following results:

1. Although the simple single-field inflation with f2

potential is not consistent with base and base+GW data
sets, considering the GB effect with f−2 coupling makes
the model with f2 potential observationally viable. In this
case, when the GB effect becomes larger, the tensor-to-
scalar ratio becomes smaller and lies in the base data
region at 95% CL. We have studied the cases with
N=50, N=60, and N=70 for both r–ns and r–nT
trajectories. The constraint obtained from these studied
cases is 0.680�β<1. However, even by including the
GB effect, the model with f4 potential is not observa-
tionally viable. We have also analyzed the reheating
phase in the simple single-field inflation with f2

potential. Our analysis shows that, in this model, it is
possible to have a viable reheating phase. In the simple
single-field inflation with f2 potential, by increasing Nrh,
the effective equation-of-state parameter changes from
−1 and reaches 1

3
, which corresponds to a radiation-

dominated era.
2. Considering the GB effect with e−λf coupling causes the

inflation models with both f2 and f4 potentials, in some
ranges of the model’s parameters, to become consistent
with the base data at 95% CL. In this case, have studied
the model with N=50, λ=10, λ=102, and λ=104

for both r–ns and r–nT trajectories. When we consider
n=2 and λ102, we find the constraint 0.020�
β�0.072, which leads to observational viability of both
r–ns and r–nT trajectories. However, this constraint is not
valid for n=2 and λ>102. By considering n=4, we
have b 0.670 0.716. Studying the reheating phase
for both cases with n=2 and n=4 shows that in
these cases also the effective equation-of-state parameter
changes from −1 and reaches 1

3
, which corresponds to a

radiation-dominated era.
3. Adding the GB effect to the natural inflation models

makes it observationally viable. In this case also the
larger values of β lead to smaller values of the tensor-to-
scalar ratio. By exploring both r–ns and r–nT trajectories
for f=4, f=15, f=35, and f=60, we find
0.525�β<1. For the GB natural inflation, analyzing
the reheating phase shows that ωeff in this epoch increases
from −1 to 1

3
, which corresponds to a radiation-

dominated era. Therefore, this model has the capability
to explain the reheating process after inflation.

4. With both E-model and T-model potentials, the inflation
models are observationally viable, especially for pretty
small values of α. When we consider the GB effect, for

any values of α, the larger values of β lead to the smaller
values of the tensor-to-scalar ratio. Therefore, the
α-attractor GB inflation model is consistent with the
base and base+GW data sets at 95% CL too. For both
E-model and T-model potentials, studying both r–ns
and r–nT trajectories gives β�4.81×10−2. In both
E-model and T-model cases, it is possible to explain the
reheating process. In both cases, the effective equation-
of-state parameter change from −1 to 1

3
.

5. Tachyon inflation with f2 potential is consistent with
base data just for N<52.7. By considering the GB
effect, this model would be consistent with observational
data for N<62.4. The tachyon model with f4 potential
is not consistent with the base and base+GW data sets at
all. In this case also, the GB effect causes the model to
become observationally viable, for the considered range
50�N�70. In both cases, the viability arises because
the GB effect makes the tensor-to-scalar ratio of the
model smaller. Exploring both r–ns and r–nT trajectories
gives 0.254�β<1 for n=2 and 0.188�β<1 for
n=4. By studying the reheating phase in the tachyon
model with f2 and f4 potentials, we have found that the
reheating epoch cannot be explained in these models.
This is because, in these models, the effective equation-
of-state parameter does not reach 1

3
in an observationally

viable range of the scalar spectral index.
6. Considering the GB effect with e−λf coupling in the

tachyon model leads to an observationally viable tachyon
model with both f2 and f4 potentials. In this case, for
smaller values of λ and larger values of β, we have
smaller values of tensor-to-scalar ratio, which is con-
sistent with the base and base+GW data. This model with
n=2, for N=50, λ=10, λ=102, and λ=104 for all
values of β, is observationally viable. For n=4, and
with N=50, λ=10, λ=102, and λ=104, we have
found 0.046�β. We have studied the reheating phase in
the tachyon model with a dilaton-like GB effect and
found that in this case the effective equation-of-state
parameter reaches 1

3
. This means that this model has the

capability to explain the reheating epoch.
7. DBI inflation with f2 and f4 potentials is not consistent

with the base and base+GW data sets. However,
considering the GB effect with f−2 and f−4 coupling
functions makes the model observationally viable. Note
that the DBI model with f2 potential and f−2 GB
coupling in some ranges of the model’s parameters, is
consistent with observational data if N�53.1. Also, the
DBI model with f4 potential and f−4 GB coupling in
some ranges of the model’s parameters is consistent with
observation if N�59.6. Here also, we have studied the
cases with N=50, N=60, and N=70 for both r–ns
and r–nT trajectories. The constraints obtained from these
studied cases are 0.613�β�0.948 for n=2 and

b 0.683 0.915 for n=4. Analyzing the reheating
phase shows that, in this case, we cannot get the viable
reheating process. In fact, with both potentials the
effective equation-of-state parameter does not reach 1

3
.

Also, with the f4 potential, this parameter starts with
positive values, which is not the case.

8. Considering the GB effect with e−λf coupling for the
DBI model also leads to the observational viability of the
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model with both f2 and f4 potentials. As in the previous
cases, the GB effect gives a smaller tensor-to-scalar
ratio, which is consistent with the different data sets. By
exploring both r–ns and r–nT trajectories for f=4,
f=15, f=35, and f=60, we have found 0.332
b  0.986 for n=2 and 0.683�β�0.948 for n=4.
The DBI model with f2 potential and dilaton-like GB
coupling loses its viability when we study the reheating
phase. This is because the effective equation-of-state
parameter in this case does not reach 1

3
. However, the

DBI model with f4 potential and dilaton-like GB
coupling has the capability to explain the reheating phase.
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