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Abstract

Most studies for postselected weak measurement focus on using the pure Gaussian state as a
pointer, which can only give an amplification limit reaching the level of the ground state
fluctuation. When the pointer is initialized in a thermal state, we find that the amplification limit
after the postselection can reach the level of thermal fluctuation, indicating that the amplification
effect achieving the level of thermal fluctuation is also increased with the temperature growth,
and also that the amplification mechanism is different from that with pure Gaussian-state pointer.
To illustrate these results, we propose two schemes to implement room temperature amplification
of the mechanical oscillator’s displacement caused by a single photon in the optomechanical

system. The two schemes both enhance the mechanical oscillator’s original displacement by
nearly seven orders of magnitude, attaining sensitivity to displacements of ~0.26 nm. Such
amplification effect can be used to observe the impact of a single photon on a room temperature
mechanical oscillator, which is hard to detect in traditional measurement.
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1. Introduction

Weak measurement (WM) with postselection, first proposed by
Aharonov et al [1], is an enhanced detection scheme whereby
the system is weakly coupled to the pointer. The postselection
on the system leads to an unusual effect: the average displace-
ment of the postselection pointer is far beyond the the eigenvalue
spectrum of the system observable, in contrast to von Neumann
measurement. The mechanism behind this effect is the super-
position (interference) between different postselection pointer
states [2]. Much theoretical research based on weak value is
shown in [3-5]. WM has been realized [6], and proven applic-
able to amplify tiny physical effects [7-11]. More experimental
protocols have been proposed [12-20]. A Fock-state view for
WM is given in [21], based on which WM protocols combined
with an optomechanical system [22, 23] is proposed [24-27],
and more applications of the field are reviewed in [28, 29].
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In most previous studies, the pointer is initialized in pure
Gaussian state. It was an inherit assumption that the pointer has
to be in the pure state at the inception of WM [1, 2]. A pointer
can be easily represented with light in pure state [6-8], but with
particles of efficient mass [30-33], it is difficult to initialize them
in pure state due to environmentally induced decoherence.
Recently, the use of squeezed pointer states combined with WM
was also shown to amplify small physical quantities [25].
Moreover, weak measurement based on thermal state pointers
can also enhance parameter estimation in quantum metrology, as
discussed in [34], which is very different from previous results
[35-38]. A discussion of mixed state pointers in WM is given in
[39-41]. However, these works only focus on weak-value
formalism (see [28, 29] for reviews) but not what extent the
amplification value can be, i.e., the amplification limit. Needless
to say, thermal state is easier to prepare, especially in opto-
mechanical systems [24, 27]. One may naturally ask whether
using a thermal state pointer in WM can give a valid result for
the amplification limit, and what kind of advantage it has over a
pure state pointer.

© 2020 IOP Publishing Ltd  Printed in the UK
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In the paper, we study the limits of amplifying tiny physical
quantities or effects based on weak measurement. Our paper
begins with a general discussion about weak measurement with
a thermal state pointer, and shows that the maximal displace-
ment of the postselection pointer, proportional to the imaginary
weak value, can reach the level of thermal fluctuation, which is
much larger than the ground state fluctuation with a pure state
pointer [21, 24]. As the temperature grows, the amplification
effect achieving the level of thermal fluctuation is also increased,
thereby constantly improving the amplification limit and indi-
cating that the thermal noise effect of the pointer is beneficial for
weak measurement amplification. This amplification is attributed
to two probabilistic average results: one is the classical statistical
properties of the thermal state itself, and the other is the repre-
sentation of quantum statistical probability, namely, the super-
position of the number state |n) and the state (¢ + ¢")|n)
(unnormalized) of the postselection pointer. Such superposition
is a generalization of the mechanism behind the amplification in
[21, 24-26].

We apply the general idea to the field of optomechanical
systems. We find that the amplification of the mirror’s dis-
placement occurring at a time near zero is very important for bad
cavities with non-sideband resolved regime, and can overcome
the difficultly observing the amplification effect due to dissipa-
tion [24]. Finally, we show that the unique advantage of our
schemes is that the amplification at room temperature, with
current experimental technologies, can be used to observe the
impact of a single photon on a room temperature mechanical
oscillator which is hard to detect in traditional measurement”.

The structure of our paper is as follows. In section 2, we
give a general discussion about weak measurement with a
thermal state pointer. In section 3, we state the second main
result of this work, including weak measurement amplifica-
tion in optomechanical systems using phase shifter 6 and a
displaced thermal state, respectively. In section 4, we give our
conclusions from the work.

2. Fock-state view of weak measurement with a
thermal state pointer

In the standard scenario of WM, the interaction Hamiltonian
between the system and the pointer is H = X(t)Ac} (setting
h=1), where A is a system observable, ¢ is the position
observable of the pointer, and x (¢) is a narrow pulse function
with interaction strength x. As in [21], if we define
¢ = 4/20 + iop, the interaction Hamiltonian can be rewrit-
ten as

H = x(t)dA(é + &), )

5 Quantum optomechanical system usually refers to a high-finesse cavity
with a movable mirror, where the light in the cavity can give a force on the
mirror [22, 23]. When there is only one photon in the cavity, the displacement
of the mirror caused by the photon is hard to detect in traditional
measurement since it is much smaller than the spread of the mirror wave
packet (quantum fluctuation). Of course, if the mirror is in thermal state
(thermal fluctuation), the mirror’s displacement caused by the photon is even
more hard to detect in traditional measurement.

where § = 0(¢ + ¢%), p = —i(c — ¢")/(20), and o is the
zero-point fluctuation. Suppose the initial system state is
[v5) = (la)s + laa)s)/N/2, where a; and a, are eigenvalues of
A. Then we consider the initial pointer state as

P @) =1 =20 ") (Al 2)
n=0
with z = e~ ®n and 3 = 1/(kgT), where kg is the Boltzmann
constant and T is the temperature.

Next, we make a postselection of the state of the measured
system. Because of the linearity of p,,(z), we need only look at
the component number states |n),, that are weakly coupled with
|1;) using equation (2). Then, we postselect the system into a final
state [¢,) = [cos(m/4 — &)|a)y — € sin(r/4 — €)az),] with
¢ <1 and ¢ < 1, which is nonorthogonal to [¢), ie.
(Yplhi) ~ € + ip/2 ; then the reduced pointer state after the
postselection for each n component of the pointer state is given by

|9 () = (Yl expl—inA (@ + DY) [n)m
= ([cos(m/4 — €)D(—iayn) — e ¥ sin(r/4
— e)D(—iax]|n)m) /N2, 3

where n = Yo and D(a) = exp[aé’ — oé] is a displacement
operator.

When o< 1l,e <1 and 1n(2n + D2 <« 1, ie.,
7 < 1, the approximation of equation (3) is (normalized)

| wln(n)>r7<<1 ~ Bn [(25 + 190)| n>m + i’l’}(az

4
—a)(@ + &Nl n)ul/2, @

where B, = 2[4e2 + 02 + n*(ar — a))*Q2n + D]7'/2 is a
normalization coefficient for each state [t,,(n)),«1, and the
final total pointer state after the postselection is (normalized)

ﬂpm = (1 - Z) Z anl/)m(n)>n<<l <wm(n)|7/<<1/Blot’ (5)
n=0
where B, = (0%p? + 4022 + ag(az - al)znz)/(402) is a
normalized coefficient for Poms and g, = coth!/2(Bw,, /2)0
represent thermal fluctuations of the position ¢ space.

A special note is given here that we only discuss the
problem beyond the weak-value amplification®, which can
reach the maximum amplification value. The discussion of the
weak-value amplification with imaginary and real values can
be seen in appendix B. For equation (4), when M = ¢ and
€ =0, the displacement of the pointer for each state

Y (n))y<1 is (see appendix A)

(@)n = B CTr({M, g}|n)m (nln) /o
=oB>C(2n + 1) (6)

with C = ¢n(a, — a))/2, where {-} denotes antic-
ommutation rules in quantum mechanics and 7r(-p) as (-),
with any state p, for short, throughout the paper. We note that
(2n + 1)o is due to the anticommutation interaction between
the superposition of the number states |n) and (¢ + ¢)|n)

5 1f <1/;f|1/}i> are real and imaginary numbers, the amplification of weak
measurement with the thermal state pointer is given in appendix B.
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(unnormalized) and the measured observable M (M = q), i.e.,

(n{M, q}In) = (M) y<19|m(1))y<1/B. C
=@2n + Do. )

For equation (5), the average displacement of the pointer
in position g space will be

(@)= > Blah
n=0

= CO’;/(O’Btot) (8)

and (p) = 0, where P, = z"(1 — 2)B, 2 /B is the classical
statistical probability for each state [, (n)),«1 in the
ensemble of the pure state {P,, 1, (n)),«1}. Multiplying the
classical probability P, and the corresponding displacement

(q)n, we get
P{q)n = 0C( — 2)2"2n + 1) /By 9

We note that (1 — z)z" in equation (9) is due to the classical
statistical properties of the thermal state itself. As the temperature
T grows, there is an increased occupancy of the higher number
states {|n),,, (¢ + ¢")|n),,} in the thermal pointer (5). These
higher number states have more energy and thus can cause a
higher displacement of the pointer than the lower number states.
Therefore, the average displacement of the pointer (§) in
equation (8) is increased with the increase of the temperature 7.

From equation (8), we can see that (§) is non-zero in position
q space, and we get the maximal positive and negative values
+o0, (thermal fluctuation) when ¢ = xo,(a; — a)n/o,
respectively, which are much larger than that using the pure state
pointer [1, 21, 24], i.e., the ground state fluctuation o. We find
that as the temperature increases, the maximum value +o, is
futher increased. Therefore, the |1/, (n)) components corresp-
onding to the maximal positive and negative amplifications
are, respectively, [V, (M)max.y<1 = [0,/0 £ @ + EN][n)]/2.
Obviously, the key to understanding the amplification is attributed
to two probabilistic average results: one is the superposition of the
number states |n) and (¢ + ¢")|n) in a thermal postselection
pointer, which originate from the representation of quantum sta-
tistical probability. This result reveals the more generalized law of
causing amplification effect since it is regarded as a generalization
of the mechanism behind the amplification in standard WM
[1, 21], which is the superposition of the ground state |0) and
the one-phonon state |1) of the postselection pointer (see
appendix C); the other is the ensemble of the pure state
{P,, Y (n))y<1}, which originated from the representation of the
classical statistical properties of thermal state itself. In a word, the
thermal noise effect of the pointer is beneficial for the amplifi-
cation of the displacement corresponding to the imaginary part of
weak value. It is surprising to note that in [34], this approach can
also enhance parameter estimation in quantum metrology.

3. Weak measurement amplification of one photon in
optomechanical system
3.1. Optomechanical model

To show how the preceding results can be applied, we con-
sider a March—Zehnder interferometer combined with

BS

Dark port

Tiny Mirror

Cap A"
= Oscillator

Figure 1. The photon enters the first beam splitter of the March—
Zehnder interferometer, before entering an optomechanical cavity A
and a conventional cavity B. The photon weakly excites the tiny
mirror. After the second beam splitter and dark port is detected,
postselection acts on the case where the mirror has been excited by a
photon, and fails otherwise.

optomechanical system where the optomechanical cavity
(OC) A and the stationary Fabry—Perot cavity B is embedded
in its one and another arm, respectively (see figure 1). The
Hamiltonian is given by

H = Zw.(a'a + b'b) + wncic — hgdla(e + ¢, (10)
where w, is the frequency of the optic cavity (A, B) of length
L with corresponding annihilation operators 4 and b, w,
being the angular frequency of mechanical system with
corresponding annihilation operator ¢. The optomechanical
coupling strength ¢ = wyo /L, 0 = (7 /2mw,,)'/?, which is
the zero-point fluctuation, and m is the mass of the mechan-
ical system. Here, it is a weak measurement model, where the
mirror is used as the pointer to measure the number of photon
in cavity A, with a'a of equation (10) corresponding to A in
equation (1) in the standard scenario of weak measurement
(see appendix C).

3.2. Weak measurement amplification using a phase shifter 0

As shown in figure 1, suppose one photon enters the inter-
ferometer after the first beam splitter and a phase shifter 6 in
the arm A of the interferometer. The initial state of the photon
becomes  [¢4;(0)) = (1/32)(e¥|1)4]0)5 + [0)al1)s) ~ with
6 < 1. The mirror is initialized in thermal state p,, (z). After a
weak interaction using equation (10), according to the results
of the Hamiltonian in [42, 43], the state of the total system
will be

p@ = (1 =2 z"[I1)al 0)pe@ODD(E)
n=0
+10)UgT 1Yl [( 114 (01 e-i@0+0 (1D
D'(&) + (0]a(1l51/2,
where £(t) = k(1 — e “n") and ¢(t) = k*>(wpt — sinwy,t)

with k = g/w,,. Then, the second beam splitter postselects for
the photon state [¢,) = (|1)4]0)s — [0)a|1)g)/2, which is
nonorthogonal to [¢;(0)), i.e., <¢p|¢i(9)> ~ 10/2 (imagin-
ary). In other words, when a photon is detected at the dark
port, the reduced state of the mirror after the postselection
becomes (see appendix D, unnormalized)

PR = (1= 23 ")) (], (12)
n=0
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Figure 2. (a) Average displacement (¢ (¢)) /o versus time w,,? with
0 = 0.000 5, k£ = 0.005, and z = 0.9. (b) Average displacement

(q(®)), /o as function of n when § = (1 +‘:)l/2kwmt with § =
0.000 5, k = 0.005, and z = 0.9.

where [¢1(n)) = [€@O+DD(E)|n),, — |n),]1/2 denotes the
n phonon component state of the mirror.

Substituting (12) into the displacement expression of the
pointer (A4) in appendix A, and applying the identity of the
associated Laguerre polynomial LX(x) [44],

STLI®zZ" =1 — 2 F lexp[—xz/(1 — 2)],
n=0

13)

and the average displacement (g (¢)) of the mirror overall n
phonon component states [, (n)) is (see appendix D for detail
derivation)

() =o€+ & — (1 — 2712 + D*¢*
— zZ[®EF + D*EDT /(2 — @ — D), (14)

where & = exp(—o,|&*/(20) + ip(r) + i) with Q@ =0 .

Figure 2(a) shows that the average displacement (g (¢)) /o
of the mirror versus time w,,f. At time near w,t = 0, the
maximal amplification can reach ¢, (thermal fluctuation)
which is /19 o when z = 0.9. This result is beyond the strong
coupling limiting o (the ground state fluctuation) [45].
Therefore, the thermal noise effect of the mirror is beneficial
for the amplification of the mirror’s displacement caused by
one photon, which means that the impact of one photon on a
mechanical oscillator with arbitrary temperature can be
observed.

In order to observe the amplification effects appearing at
time near 7 = 0, for equation (12) ,we can then perform a
small quantity expansion about time 7 until the second order.
Suppose that |w,,t — T| < 1, i.e., w,t < 1, k< 1 and 6 K
1; then the approximation of | (n)) is given by (normalized)

him) = B0 + ikt (c + c[n)/2, (15

where Bj(n) = 2[0% + k*(w,)*2n + D]71/? is a normal-
ization coefficient for each state |11 (n)),,, < 1. Note that in the
ensemble of pure state {F,, ¥;(n)),, <1} » the classical sta-
tistical probability for each state [i(n))y, 1«1 IS B =
2"(1 — 2)B;%(n) /B, where B/ = (6202 + kz(wmt)%é)/
(40?) is a normalized coefficient for pgiha in equation (15).
For equation (15), the displacement (g (¢)), /o for each n
phonon component state [1);(n)),, <1 (see appendix D) is

Wyt

(q®)), = BE(n)obkw,,t(2n + 1) /2. (16)

In figure 2(b), we plot the displacement (q(¢)),/o for
[¢1(n)).,,1<1 as a function of n when 6 = g kw,,t/c. This

condition is to achieve the maximal value. It shows that the
amplification values grow with the increase of n. Obviously,
the superposition of |n) and (¢ + c¢")|n) is the key to obtaining
amplification at time near w,,t = 0. Note that by supposing
the initial pointer state to be |n),, for the the displacement
{q(®)),/o in equation (16), we can see that the maximal
amplification can reach +(2n 4+ 1)!/2¢ (thermal fluctuation)
if @ = kw,,t(2n + 1)!/2, and its amplification value tends to
oo with the increase of n. This is different from the result in
figure 2(b). Summing the displacement (g(¢)),/c for all n
phonon component states |1 (1)), 1«1, the maximal values of
the average displacement are (¢(¢)) /o = £0, /0 (thermal
fluctuation) when ¢ = +o,kw,,t/o, respectively, and as the
temperature 7 grows, the maximal values +o, are also
increased.

3.3. Weak measurement amplification using a displaced
thermal state

Besides the just-shown amplification scheme, as shown in
figure 1, we can also provide an alternative where the mirror
is initialized in the displaced thermal state [46] using classical
light pulse drive py (z, ) = D(a)p,,(z)D'(v). Without the
phase shifter 6, the initial state of the photon after the first
beam splitter is [¢i) = (|1),]0)5 + |O)A|1)B)/\/§. Similar to
the previous scheme in which weak measurement amplifica-
tion can be performed by using a phase shifter 6 , when a
photon is detected at the dark port, the reduced state of the
mirror after the orthogonal postselection (i.e., <1/1p|¢i > =0)is
given by (see appendix E, unnormalized)

P = (1= 2) 3 2"l ) N ()], (17
n=0

where |1, (n)) = [l@O+O@DD(E(1))|n), — |n), 1/2 denotes
the n phonon component state of the mirror and ¢(a, t) =
—i[aé(t) — d*E*(1)] is caused by noncommutativity of quant-
um mechanics [26]. Similar to the previous section, when
substituting (17) into (A4) in appendix A, the expression for the
average displacement (g ()) of the mirror for pgis is similar to
equation (14) (see appendix D for detail derivation), just with
¢(a, t) instead of 6.

Figure 3(a) shows the average displacement (g (z)) /o of
the mirror versus time w,,f. Obviously, at time near w,,t = 0,
the maximal amplification can reach o, (thermal fluctuation)
which is V19 when z = 0.9. The meaning of this result is
the same as that using a phase shifter, and a significant impact
of a single photon on a high-temperature mechanical oscil-
lator can be observed.

Similar to equation (15), the approximation of [, (n)) is
(see appendix E, normalized)

[a(m), o, = Ba(w)[i2klal(In)

+ tkwpt(c + ch|n)] /2 (18)

when k < 1 and 2k|a|¢ < 1, where ¢ = [(w,,1)?sin 3]/2 +
Wit cos B and By (n) = 2[4k > + k2 (wnt)?2n + 1]71/2
is a normalization coefficient for each state ¢, (1)), ;<. Note
that in the ensemble of pure state {P,, ¥»(n)),, <1}, the
classical statistical probability for each state |1 (n)),, <1 1S
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Figure 3. (a) Average displacement (g (¢)) /o versus time w,,t for
1/2 e i
la] = (m) / /2, 8 = 0 (blue line) and |a| = 10(1&) ”

1—-z 1-z2
B = 7/2 (red line). (b) Average displacement (g (¢)) /o at time
Wyt = 0.001 as a function of a = |a|e’”; other parameters are the

same as before, i.e., k = 0.005 and z = 0.9.

3000f |(b
40000t [y () 2500 ®
= 30000] = 2000

A 1500)
a 1000
500)

= 20000
10000

0
0.000 0.002 0.004 0.006 0.008 0.010
Wyt

Figure 4. (a) Average displacement (g (¢)) /o at time t < 1 with

k = 0.005, 8 = 0.005, and w,, = 97 kHz (room temperature 300 K)
for different v = 0 (yellow line), 0.005 (red line), 50 (blue line), and
5 x 103 (black line). (b) Photon arrival probability density D(f) vs
arrival time for 6 (9 = k) with k = 1.2 x 10%w,, (blue line),

1.2 x 103w, (red line), and 1.2 x 10%w,, (green line).

B, = z"(1 — z)By 2(n) /By, where B = (4k?al>¢Po? +
k2 (wmt)zag) / (40?) is a normalized coefficient for p* in
equation (17). This indicates that the superposition of |r) and
(c + cT)|n) is the key to obtaining amplification at time near
wyt = 0. Figure 3(b) show that at time w,t = 0.001, the
average displacement (¢ (¢)) /o of the mirror as a function of
a = |ale’?, ie., different displaced thermal states py, (z, ).

3.4. Dissipation

When the mirror is considered in a thermal bath characterized
by a damping constant +y, , we have

dp(t)/dt = —ilH, p()]/7% + v Dlcl/(A — 2)
+ mzDlc1/( = 2),

where D[o] = op(t)o’ — ofop(t) /2 — p(t)oTo/2. In figures
4(a) and 5(a), we show at time r < 1, the average displace-
ments of the mirror (see appendix F) from the exact solution
of equation (19) for the first and the second proposed
schemes, respectively. They show that at room temperature
300K, even if the damping coefficient v (y =7, /wn)
becomes very large, such as v = 50, the average displace-
ment of the mirror is the same as that without dissipation,
v = 0, but actually the damping coefficient of the OC we use
in [27]is 5 x 1077, which has no effect on the amplification.

19)

3.5. Experimental requirements

First, we discuss the photon arrival rate versus time. Suppose
a single photon in short-pulse limit enters to the cavity. The
probability density of a photon being released from OC after

40000} (a) = 5000( | (b)
£ 30000 _ 4000
= = 3000
% 20000} 2 5000
~ 10000 1000}

0|
0.0010 0.0020 0.000 0.002 0.004 0.006 0.008 0.010
Wt Wit

0f
0.0000  0.0005 0.0015

Figure 5. (a) Average displacement (g (¢)) /o at time ¢ < 1 with
k= 0005, Jo] = (! jz)m/z, 3 =0, and w, = 97 kHz (room
temperature 300 K) for different v = 0 (yellow line), 0.005 (red
line), 0.5 (blue line), and 50 (black line). (b) Photon arrival
probability density D(f) vs arrival time for |a| = (:%2)1/2 /2,6=0
with k = 2 x 10%w,, (blue line), 2 x 10%w,, (red line), and

2 x 10%w,, (green line).

time ¢ is x exp(—kt), with x being cavity decay rate. The
successful postselection probability being released after ¢
is [2 — exp[—0glE (DI /(207)] (DD 4 T /4,
where Q2 =0, ¢ (a, 1). For k < 1, this is approximately
(GAE®P /o2 + Q2) /4. Multiplying (o7|¢(1)?/o? + Q) /4
and x exp(—kt) results in the photon arrival rate density
D(t) = kexp(—kt) (o€ [o? + Q2) /(4P) in OC, where

P=(1/4) J; ¥ hexp(—r(AEWP /o> + Pydr - (20)

is the overall probability of a single photon successfully
generating the superposition state of |n) and (c + c')|n).
Figures 4(b) and 5(b) show the photon arrival rate density D
(¢) for the first and the second proposed schemes, respectively.
They show that in the bad-cavity limit K > w,,, i.e., non-
sideband resolved regime, as the decay rate « of the cavity
increases, D(f) become increasingly concentrated at time
near t = 0.

For a repeated experimental setup with identical condi-
tions, the ‘average’ displacement of the pointer is given by

szﬁmMMMmM @1

where (g (1)) is the same as (¢(¢)) in equation (14). At room
temperature 7 = 300K, we use a mechanical resonator with
mechanical frequency f,, = 4.5kHz and effective mass m =
100 ng [27], indicating that z = 0.999 999 999 and o = 4.32 fm
(femtometer), so the maximal amplification value o , = 0.26 nm.
IfT = 1500 K, o, = 0.5 nm’ . For the first scheme, with k =

1.2 x 10%w,, (q()) = 115770 if k = 0.005, 6= 0.005, and
for the second scheme, with & =2 x 10%w,, m =
447040 if k = 0.005, |a| = 0, /(20), B = 0. Now we com-
pare these amplification results with the maximal unamplified
value 4koc = 86.4 am (attometer) caused by the radiation
pressure of a single photon in cavity A (amplification without
the postselection, see appendix G); therefore, the amplifica-
tion factor is Q = (g(r))/(4ko) which is 578,850 for the first
scheme and 2,235,200 for the second scheme.

We then give the experimental requirements for the
optomechanical device at room temperature 7 = 300 K.
According to equation (20), the P that we need is common,

I optomechanical materials resistant to high temperature are created in the
future, the amplification of the displacement caused by one photon can
achieve the nanometer or even micron category.



J. Phys. B: At. Mol. Opt. Phys. 53 (2020) 075501

G Li etal

although the precise value depends on the dark count rate of
the detector and the stability of the setup. At room temper-
ature 7 = 300K, for the first scheme, P is approximately
6.94k” (see appendix H) for a device with k = 1.2 x 10%w,,
when 6 = 0.005. The window that detectors need to open for
photons is approximately 1/, requiring the dark count rate to
be lower than 6.94k?« . The dark count rate of the best silicon
avalanche photodiode is about ~2Hz, so we require k > 0
for a 4.5 kHz device, i.e. proposed device no. 2 from [27] but
with optical finesse F reduced to 2800 and cavity length being
0.5 mm. For the second scheme, P is approximately 5k* (see
appendix H) for a device with x = 2 x 10%*w,, when
lal = 0,/(20), B = 0. Because the dark count rate 2 Hz of
the detector is lower than 5k2x, we require k > 0.000 026 for
the same 4.5 kHz device, but with optical finesse F reduced to
3000 and cavity length being 0.3 mm. Therefore, the imple-
mentation of the schemes provided here are feasible to
observe the impact of a single photon on a room temperature
mechanical oscillator in experiment.

4. Conclusion

In this paper, we considered using thermal state to enhance
the amplification limit of the mechanical oscillator’s dis-
placement after the postselection. We found that the maximal
amplification value can reach the level of thermal fluctuation,
indicating constant improvement of the amplification limit
with increasing temperature. In other words, the thermal noise
effect of the pointer is beneficial for weak measurement
amplification. The mechanism behind the amplification is
attributed to the superposition between the number state |n)
and the state (c + ¢")|n) (unnormalized) of the postselection
pointer and the classical statistical properties of the thermal
state itself. To this end, we proposed two different schemes
for experimental implementations with the optomechanical
system, and show that the amplification that occurs at time
near w,t = 0 is important for bad cavities with non-sideband
resolved regime, which means that our proposed two schemes
are feasible to observe the impact of a single photon on a
room temperature mechanical oscillator under current exper-
imental conditions. Moreover, we have provided enough of a
theoretical toolbox [34, 47] to amplify the weaker effect in
one-photon weak coupling optomechanics, which may be
employed to explore the faint gravitational effect.
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Appendix A. Amplification displacement of
postselected weak measurement with any state
pointer

The interaction Hamiltonian between the system and the
pointer is

Hipy = X(DA ® q. (AD)

Suppose the initial state of the system is |®;) = (lay) +
las))/+/2, and the initial state of the pointer is p ,,. The system
is postselected in the state |®,) = cosB,la)) — € sinbylas)
after the interaction (A1), and the pointer collapses to the state
(unnormalized)
Pom = (Dpl exp(—iXAQ) |®;) (Pil p,, €xp(iXAG) D)
= [cos 0, exp(—ixaiq) — e ¥ sin6),
x exp(—ixa:q)lp,,[cos B, exp(ixaiq)
— e sinf, exp(ixa29)1/2, (A2)

where § = o(¢é + ¢%), o is the zero-point fluctuation. The
success postselection probability is P, = Tr(p,,)- However, if
X <land ¢ < 1, and when §, = 7/4 — ¢ withe < 1, Pom »

(A2) is approximately
Pom = (/)28 + ip + ix(az — adqlp,[2e
—ip —ix(az — aql. (A3)

The average displacement of the pointer observable M
M = p, q) is

(M) = Tr(Mppm)/Tr(ppm) — Tr(Mp,,). (A4)
Note that
Tr(Mp,,) =[(4e* + ¢*) (M), + i2ex(ar — a1)
(M, q1),, + ¢x(az —a){{M, q}),,
+ X% (a2 — @)*(gMq),,1/4, (AS5)
and the normalized coefficient is
Ao =Tr(p,,) = [(4e* + ¢?)
+ 2¢x(az — a(q),, + x*(a2 — a)*(g%),,1/4,
(A6)

where Tr(-p,,) as (-), for short throughout the paper.
By substituting (AS) and (A6) into (A4), we find that
(M) = Ag (4 + P (M), + 2ex(ar — a)
x ([M, q]>pm + ox(ay — a) ({M, q}>/1

+ X% (a2 — a)*(gMq),,1/4 — (M),, . (AT)

where [-] and {-} denote commutation and anticommutation

rules, respectively. (A7) is the average displacement of the any

pointer. If the initial state of the pointer p,, satisfy the symmetry
condition, i.e, F(—x) = F (x), the expression (A7) becomes
(M) = A (i2ex (a2 — a (M, ql),,

+ ox(ay — a){{M, q}),,) /4.

where A = [4¢% + ©* + x*(a; — a1)*(¢?),,]/4 is a normal-

ized coefficient. It is obvious that the displacement is determined

(A8)
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by i2ex(az — a)(IM, ql),, and @x(ar — a){({M, q}),,.
The former and latter are both caused by the interference term of
this state (A3). In other words, the key to understanding the
amplification is the coherence (superposition) between the dif-
ferent states in the pointer after the postselection.

There are two cases for equation (AS8): one is that when
¢ = 0and € = 0, (A8) becomes

(M) = A 'i2ex(ar — a)([M, ql),, ,

where A = [4e? 4+ x*(a2 — a1)*(¢?),,1/4 is a normalized
coefficient. (A9) corresponds to the displacement space pro-
portional to real weak value; the result is holds up if and only
if M = p.The other case is that when ¢ = 0 and ¢ = 0, (A8)
becomes

(A9)

(M) = Ay 'ox(ar — a)({M, q}),,,

where A, = [¢? + x*(a2 — a1)*(¢%), 1/4 is a normalized
coefficient. (A10) corresponds to the displacement space
proportional to imaginary weak value; the result holds up if
and only if M = gq.

(A10)

A.1. Amplification displacement based on a thermal pointer

If we consider p,, is a thermal state p,,(z) (2) in the main text,
the final total pointer state after the postselection is (normal-
ized)
= B,/ (1 = 23 2"yt () <1,
n=0
where By, = (02¢? + 4022 + oo(ar — a))*n?) [40? is a
normalized coefficient for p,,, and o, = coth'/2(Bw,, /2) o
represents thermal fluctuations of the position g space.
Substituting |1/, (1))« into equation (A4) and M = g,
when ¢ = 0 and € = 0, we obtain the displacement of the
pointer for v, (n)),«:
<Q>n = TV(CIWm(n)>n<<1 <"/}m(n)|r]<<1)
= B;CTr({M, g} |n), (nln) /o
=oB2C(2n + 1),

Ppm (AlD

(A12)

where C = on(a, — a;)/2 and B, = 2[¢? + n*(a, — a1)?
(2n 4+ D]7'/? is a normalization coefficient for [, (1)),<1.
Therefore, this formula is the same as equation (6) in the
main text.

For equation (All), the average displacement of the
pointer in position g space will be

<Q> =>,—oh <6]>n

= Co, /(0Bor), (A13)

where P, = z7"(1 — 2)B, 2/B" is the classical statistical
probability for each state |1,,(n)),« in the ensemble of the
pure state {P,, 1, (n)),<1}, and (p) = 0.

Special note is given here: supposing that p, = |0) (0]
(ground state) or |a)(«| (coherent state), the maximal
amplification value of (A10) is the ground state fluctuation
o, which values are exactly confirmed by equation (17)
in [24] and equation (25) in [26], respectively. When
P = S(O)]a) (IST(©), S(€) = exp(E*a?/2 — £a'2/2) with
& = re’, the maximal amplification value of (A10) is the

squeezing ground state fluctuation +e’c, which is exactly
confirmed by equation (15) in [25].

Substituting equation (5) into equation (A4) and sup-
posing M = p, when ¢ = 0 and € = 0, we obtain the average
displacement of the pointer in momentum p space:

(p) = (a2 — a)en/(2oByy),

which is the asymptotic solution and (g) = 0. From
equation (A14), we can still get the maximal positive value
1/(2o;) when € = g,(ay — a)n/(20), and the maximal
negative value —1/(20,) when e = —og,(a, — a)n/(20).
Because coth '(Bw,,/2) < 1, [{p)| < 1/(20) (zero-point
fluctuation), implying that the maximal amplification of the
pointer’s displacement in momentum space is less than zero-
point fluctuation, in sharp contrast to equation (C4) in the
following section II, which indicates that (p) = +1/(20)
when ¢ = +(a, — a;)n/2. Therefore, thermal noise effect of
the pointer has a negative effect in the amplification of the
displacement proportional to real weak value.

Although the displacement proportional to real weak
value has been amplified using thermal state pointer, it is far
less than the larger uncertainty (thermal fluctuation) of the
pointer, indicating that mixed state pointer with larger fluc-
tuation is infeasible for the displacement proportional to real
weak value. In other words, if the mixed state pointer (e.g.,
thermal state) didn’t have any advantage over pure state
pointer, it would be pointless to study amplification with the
mixed state pointer.

(A14)

Appendix B. Weak value based on a thermal state
pointer

According to the definition of weak value [1]

<7r/)p|A|¢i>

(Wl

where |1);) and |¢),,) is the preselected and postselected state. In
this case of using thermal state as a pointer, the weak-value
regime satisfies the condition n(2n + 1)'/2 < ¢, e < 1.
When the postselection state of the system [i),) =
(cos(m/4 — e)|ay); — €% sin(m/4 — €)|ay),) is performed for
the total system (3):
Pom = (Ul exp[—=inA (& + D14 (il py, explinA (e

+ D11y

~ (1 = 2%, 2" UWplth) — in(YlAl:) (@

~ (1 — Z)Zn:() z" <wp|wi> <wi|'¢p> eXP[—iﬂAw(é
+ EN1In)m (nlm explinA i@ + &)

w

B

(B2)

with
A, ~ ReA, + ilmA,, (B3)
where ReA,, = 2e(a; — a))/(4e? + ¢?) and ImA, =

—plar — az)/(4e* + ).
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Substituting equation (B2) into equation (A4) and € = 0,
the the average displacement of the pointer in position g space
is

(@) =0l = 2)X,_o 2" (nlmexplinA 5 (¢ + ¢N(c
+ cDexp[—inA, (¢ + eNIn)m /11 — 2)

>0 2" (nlmexpl—in(A, — A)(@ + EDlin)].
(B4)

Changing to the g representation in rectangular coordinate,
this becomes

@)= -2 [ %, 2da@s} @expl-in(A,

—aha/oD /10 - [T %, 7dgd@)

exp[—in(A, — A})q/all, (BS)
and ¢, (q) is defined as
$.(q) = 2'n))"12H,(q/ 2 0) ¢o(q), (B6)
where ¢y(q) = 2mo?) /*exp[—q?/(40?)]) and H, is a
Hermite Polynomial.
Using Mehler’s Hermite Polynomial Formula [44]
Sl Hu @) Hy()w"(2'n)™t = (1 — w)~!/2
exp[(Qxyw — (x* + yHw?) /(1 — w)], (B7)
and
foc dx (x exp[—x%]exp[mx])
d [oe]
=— dx(exp[—x2]exp[mx])], BS
— | dxtexpl—xlexplmx)] (B8)
then equation (B5) becomes
(q9) = 2x ImAwaé. (B9)

From equation (B9), it can be seen that (g) is proportional to
the square of thermal fluctuation and is imaginary in position
g space, which is the generalization of the result of equation
(10) in [3]. Therefore, thermal noise effect of the pointer is
beneficial for weak measurement amplification. But (g) for the
weak-value amplification is not the optimal displacement, i.e.,
not the maximal amplification value. The maximal amplifi-
cation value is +0, (thermal fluctuation) in the main text.

Substituting equation (B2) into equation (A4) and ¢ = 0,
the average displacement of the pointer in momentum p space
is

(p)=—iQo) (1 = )%, _ 2" (nln explinA,; (@
+EN1e = cNexpl—inA, (& + éNlIn)n

= —XReA,, (B10)

which is exactly the same weak value as that in a pure
Gaussian pointer state [1].

Appendix C. Fock-state veiw of the standard weak
measurement with a ground state pointer

We consider the Hamiltonian (1) in the main text. If the initial
state of the system is [¢;) = (Ja;) + |a2))/~/2, where |a;) and
|ay) are eigenstates of A, any Gaussian can be seen as the
ground state of a fictional harmonic oscillator Hamiltonian
[48]. Suppose the initial pointer state is the ground state |0),,.
Then, weakly coupling them using the interaction Hamilto-
nian (A1), the time evolution of the total system is given by

U@®) i) 10)m
= exp[—mA(é + 61—)] |7r/)l> |0>m
= [lar) D(—iarn) + laz) D(—iaan]|0)m) /N2,
where U () = e~ ¥4,
When the postselection [i),) = [cos(7/4 — €)|a;) —
e sin(mw/4 — €)|ay)] with € < 1 is performed for the total
system (C1), i.e., (),[1);) ~ € + ip/2, then the final state of
the pointer is
(1/2)[cos(n/4 — €)D(—iayn) — e ¥ sin(w/4 — €)D(—iay1)]|0),.
(€2)

(CH

For equation (C2), when ¢ < 1, e < 1l and n < 1, we
can then perform a small quantity expansion about 7 and ¢
until the second order, and then obtain

[2e + i9)|0)w + in(az — a)|1)m]/2.

Substituting equation (C3) into equation (A4), in this
case of the near-orthogonal postselection, i.e., (),|1);) ~ ¢
(real), we can find that

(€3)

(P) = 2(az — aen/(4c*o + (ar — a))*n’o).

and (§) = 0.

When 2e = +(a; — a1)n, we will have the largest dis-
placement +1/(20) in momentum p space and when € = 0,
indicating that the postselected state of the system is ortho-
gonal to the initial state of the system, i.e., (¢|¢;) = 0, and
the displacement of the pointer in momentum p space is 0.
This amplification result is due to the superposition of |0),,
and |1),,. However, the displecement of the pointer in position
q space is always O.

Substituting equation (C3) into equation (A4), in this
case of the near-orthogonal postselection, i.e., (¢),|1;) = ip/2
(imaginary), we obtain

()

(q) = 20(ar — a)en/[9* + (a2 — a)*n’] (C5)

and (p) = 0.

When ¢ = +(a, — a;)n, we will have the largest dis-
placement ¢ in position g space and when ¢ = 0, indicating
that the postselected state of the system is orthogonal to the
initial state of the system, ie., (¢1;) =0, and the dis-
placement of the pointer in position g space is 0. This
amplification result is due to the superposition of |0),, and
|1),,. However, the displecement of the pointer in momentum
p space is always 0.

Obviously, the mechanism behind the amplification with
Gaussian pointer [1] is also regarded as the superposition of



J. Phys. B: At. Mol. Opt. Phys. 53 (2020) 075501

|0) and |1) of the pointer in Fock space. Therefore, the stan-
dard scenario of weak measurement [1] can be also shown
and understood by the Fock-state view where the initial state
of the pointer is a ground state [21]. This gives a view of the
relationship between weak measurement and other measure-
ment techniques.

Appendix D. Amplification using a phase shifter ¢ in
optomechanics

According to the results of [42, 43], the time evolution
operator of the Hamiltonian (10) in the main text is given by

U(t) = exp[—ir(a’a + b'b)w,tlexpli(a’a)*¢ ()]

explata(E(t)c" — £5(t)c)]exp[—ic'cw,t], (D1)
where ¢ (1) = k*(wyt — sinwy,t), £(t) = k(1 — e~™n"), and
r=wy/Wm k g/wy, is the scaled coupling parameter.

Suppose that one photon is input into the interferometer, and
after the first beam splitter and a phase shifter 6,the initial state of
the photon is [;(8)) = (1/5/2)(e®|1)410)5 + [0)4]1)z). The
mirror is initialized in thermal state p,, (z). After weakly coupled
interaction (D1) between one photon and the mirror, the time
evolution of the total system leads to a state given by

p@) =0 — 23,0 2"[11)al0)!@O+DD(E)
+ 10)a [ 1)a117)m (1l [(1]4 (O]p e @O+O
+ D(€)(0la(1151/2.

When a photon is detected in the dark port, in the language of
weak measurement, the postselected state of one photon is
[p) = (11)al0)s — |0>A|1>3)/\/§, which is nonorthogonal to
[1:(6)), ie., (¢r|1)i(0)) ~ i0/2. Then the reduced state of the
mirror after the postselection for each n component of the pointer
state is

(D2)

1 (m) = (] (11)410)5 @O+ D ()

+ 10041 1)p) ) /N2

= [ COTOD(E) |0y — 1] /2.

This is equation (12) in the main text.

For equation (D3), over all » components, the final total
state of the pointer is pr’;h” =1 -2, _ o 2"lvi1() (Y1 (n)].
Substituting equation (D3) into equation (A4), we can follow a
two-step procedure to obtain the average displacement of the
mirror: first, calculate the numerator of equation (A4), then
calculate the denominator of equation (A4).

For the numerator of equation (A4), we obtain

(D3)

(nID"(©)gD (&) In) = o (nID* () (c + N D(&)n)

=0 + @), (D4)

using D (a)eD (o) = ¢ + a, DT (a)c™D(a) = ¢t + of, and

(nlgln) = o {(nl(c + ¢"ln) =0, (DS)
¢! @O0 (nlgD (&) In)
= 0e' @O0 (n|(c + DO In), (D6)

G Li etal
e~ @O (n| DT (&) gln)
= 0e~ @O0 (n|DT (&) (c + cNn), (D7)
for equation (D6), and using
(1D () |n) = n!/1' aMexp(—|al/2)
x L (), (= n), (D8)
and
(DT (@) |n) = \Jn! /1" (—a)=Pexp(—|—al?/2)
x LI (=aP), (I = n), (D9)

where L,f (x) is an associated Laguerre polynomial [44] , we
find that

ei(@)+0) (nlgD(&)|n) = el @O0 [(n 4 1)1/2(11 + 1]
D(©In) + n'/*(n — 1ID(©)n)]

= e @D, |+ gel@O+ODTE

(D10)
with
Dyyin = Eexp(—[¢2 /2L, (1), n > 0 (D11)
and
D}, 1= —&exp(—|—¢F /DL, (1—¢P),
n>l. (D12)
Using identity
i Liwz" =1 — 2  texp(—xz/(1 — 2)),  (D13)

n=0

we have the result

(1 =2 2"Dyy1a = Eexpl—ailéP/2aH]/(1 = 2).

n=0
(D14)
Seting n = n' + 1 and using equation (D13),
(1 - Z)Z ZnDnTj = (1 - Z)Z Zn'-‘rlD'}"*
n=0 n'=0 ntln
=z&*exp[—ogl¢P /o] /(1 — 2).
(D15)
Then we have
(e Z)e"(é(’””)i <n|qD(£)|n> =ol&@)
n=0
exp(—ogléP/(20?) + ip(1) +i0) /(1 — 2) — z
Erexp(—ailéP /202 + id () +i0) /(1 — 2)].  (D16)
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Next, for the denominator of equation (A4), and using
equation (D8) and equation (D9), we find that

OO0 (D (€)|n)

=0+ Dexp(—|EPILY(EP/2), n = 0 (D17)
and
e 10T (n| DY () n)
= ¢ @O Dexp(—|EPYLO(IE2/2), n > 0. (D18)

For equation (D17), using identity (D13), we have the
result

(1 — 2)e/ OO (nID(E)In)

= /0O exp(—a2I¢ /(207)) (D19)

so we can obtain the average displacement of the mirror

(a@) =1 = DT, (D (gD (©)In) — &/ ©OTD
o (nlgD(©)In) — e @OTDT ((n|DT(€)gln)]1 /12
= (1 = el @O (nD©)ln) — (1 = 2)
e OO (nIDHE) )]
=0[{+ & — (1 — )7 [P + PHEH
— 2(PEF 4 ¥ /(2 — @ — DF),
(D20)
where ® = exp(—0o2|¢/(202) + ig(t) + i) with Q =6 .
This is equation (14) in the main text. Note that the
denominator (2 — ® — ®*) /4 is the successful postselection

probability being released from optomechanical cavity after
the time .

D.1. Small quantity expansion about time for amplification

However, in order to observe the amplification effects appearing
at time near 7 = 0, for equation (D3), we can then perform a
small quantity expansion about time 7" until the second order.
Suppose that |w,,t — T| < 1,ie,w,t < 1,k < land 6 < 1,
then we can obtain

Vi)t = [(1 +i0)(1 + ikwyt(c + ¢ |n) — |n)]/2
= Bi()[i0|n) + ikw,t(c + c"))In)1/2,
(D21)
where By(n) = 2[602 + k%(w,1)?(2n + 1)]7'/2 is a normal-
ization coefficient for each state |[¢(n)),, «1. This is

equation (15) in the main text.
Substituting equation (D21) into equation (A4), then

(q())y = 0B (n)0kw,,t(2n + 1) /2. (D22)

This is the average displacement (g(r)), for (n)),, <1
plotted in figure 2(b) in the main text.

For equation (D21), over all n components, the final total
state of the pointer is pﬁlh” =0 —-2Y, - 02"y, <1
(¥1(n)|y,1<1/B{”" and, substituting it into equation (A4), then

(g(O)upict = Okwptoy, (@B, (D23)

where B/ = [0%0? + kz(wmt)zaf,] / (40?%) is a normalized

coefficient for pﬁlh". Based on equation (D23), we then obtain

10

the maximal positive value o, (thermal fluctuation) or negative
value —o, when 0 = +kw,,t0,/0, respectively. Therefore, the
|1 (n)) components corresponding to the maximal positive and
negative amplification, respectively, are |11 (1))max.w, <1 =
[oq/a =+ (¢ + ¢M)] |n>]/\/§ (unnormalized). Then the mirror
state achieving the maximal positive and negative amplification,
respectively, are p?" = (1 — 2)%,_o2"|¥1 (1) )max <1 (Y1
() Imax.w, 1< 1/ (4B{*"). Tt is obvious that the amplification with
thermal state pointer is much larger than that with pure state
pointer [1, 21, 24, 26] since its maximal value is the ground state
fluctuation o. Therefore, thermal noise effect of the pointer
(mirror) is beneficial for the amplification of the mirror’s
displacement.

Appendix E. Amplification using a displaced thermal
state in optomechanics

Suppose that one photon is input into the interferometer, and
after the first beam splitter the initial state of the photon is
[4;) = (11)4]0)5 + |0)4]1)5)/~/2. The mirror is initialized in
displaced thermal state p,(z, ). When the photon interacts
weakly with the optomechanical system through (D1), the
evolution state of the total system is given by

p@) =1 — 2, _2"[11)al0)5e DD (&)

+ 1004l 1)s1D (@) 1) (1l D () [~

D™ (&)[1)410)s + (Ol4 (1151 /2, (E1)
where £(t) = k(1 — e ™n") and ¢(t) = k*>(wpt — sinw,,t)
with k = g/w,,.

When a photon is detected in the dark port, in the lan-
guage of weak measurement, the postselected state of the one
photon is [¢,) = (|1)4l0)s — |0>A|1>B)/\/§, which is ortho-
gonal to [¢;), i.e., (¢]1);) = 0. Then the reduced state of the
mirror after the postselection for each n component of the
pointer state is given by

X2 (1)) = [(¢pl [11)410)5 D (€) D ()

+100al1)sD ()] In)n1 /N2
=[e?ODE)D (@) |n)m — D(p)|n)n] /2.

In order to make the analysis simple, we can displace this
state to the origin point in phase space, defining |¢),(n)) =
D¥(p)|x,(n)) and we can obtain

|1h2(n)) = [ D (p) D(E)D(p)
= [ COHCDD @)y — In)n] /2,

(E2)

(E3)

where ¢ (a, t) = —i[a€ — o*¢*] is obtained by using
the property of the displacement operators D(a)D(3) =
explafB* — o*B]1D(B)D(cr), due to noncommutativity of
quantum mechanics [26].

For equation (E3), over all n components, the final total
state of the pointer is

P = (1= Y () (2w, E4)
n=0

This is equation (17) in the main text.
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Substituting equation (E4) into equation (A4), then we
show the average displacement of the mirror’s position

(@) =0l + & — (1 — 2 '[P
+ OFEF — Z(BEF 4+ PFOIN/(2 — © — D),
(E5)

where ® = exp(—0o,|¢P/(202) + i () + i) with Q= ¢
(a , 1). In order to obtain the above result, here we use two
equations,

(ID(a)|n) = [n! /1Yl " exp(—|af?/2)
x L™ (laP), (= n) (E6)
and

YLz = (1 — 2 lexp(—xz/(1 — 2)),

n=0

(E7)

where L¥(x) is an associated Laguerre polynomial [44] . Note
that the denominator of equation (E5) (2 — & — ®*) /4 is the
successful postselection probability being released from
optomechanical cavity after the time z.

Therefore, equation (ES5) is the average displacement
(g (@)) of the mirror for the state |¢),(n)) plotted in figure 3(a)
in the main text.

E.1. Small quantity expansion about time for amplification

However, in order to observe the amplification effects appearing
at time near 7 = 0, for equation (E3) we can then perform a
small quantity expansion about time 7 until the second order.
Suppose that |w,t—T| <1, ie, w,t <K 1, k<1 and
2k|a|¢ < 1, then we can obtain

Vo ()it 2 [(1 + 2kl (1 + ikwyt(c + D)) |n) — |n)]/2
= B, (n)[i2k|a|¢|n) + ikw,t(c + ch)|n)1/2,
(E8)

where By (n) = 2[4k*| o + k*(wnt)?Qn + DI7V/2 is a
normalization coefficient for each state [1),(n)),, 1«1
and ¢ = [(wy,1)?sin B]/2 + wy,t cos B.

This is equation (18) in the main text.

For equation (E8), over all n components, the final total
state of the pointer is p"i"s =1 —-2)X, - 0Z"2(M))y, <1
(2 (n) |, 1<1/B5”", and substituting it into equation (A4), then

(@)1 = Kalwntoy [ (oB4™) (E9)

where B} = (4k%|a2(Po? + kX (wut)?0y) /(40?) is a nor-
malized coefficient for pffjs.

Based on equation (E9), we then obtain the maximal
positive value o, or negative value —o, when 2|a|¢ =
twyto,/o. Therefore, the [¢,(n)) components corresp-
onding to the maximal positive and negative amplifications
are (12 (n)max,i<1 = [0g/0 + (¢ + ¢H|n) /v2 (unnor-
malized). Then the mirror state achieving the maximal

positive and negative amplifications are  p@

a1 - Z)Zn = ozn|¢2(n)>max,w,,(z<<l <1/12(n)|max,wmt<<l/4~ It is
obvious that the amplification with displacement thermal

state pointer is much larger than that with the pure state
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pointer [1, 21, 24, 26] since its maximal value is the ground
state fluctuation o. Therefore, thermal noise effect of the
pointer (mirror) is beneficial for the amplification of the
mirror’s displacement.

Appendix F. Dissipation effect in optomechanical
system

The master equation (19) in the main text is given by

dp(t)/dt = —ilH, p(1)]/7 + %Dlcl/(1 — 2)
+ mzDle’1/(1 - 2),
where D[o] = op(t)o’ — ofop(t) /2 — p(t)oto/2.
For the amplification scheme using a phase shifter 6, at
time t< 1, if we perform a Taylor expansion about # = 0 until
the second order, the solution of the master equation is
approximately

p(t) = p(0) + tdp(t) /dt + (t2/2))d?p(t) /dt>.

(F1)

(F2)

When the intial state of the total system is p(0) =
[4:(0)) (¥;(0)| ® p,,(z) and after the postselecting state |¢)),) is
performed for the system in equation (F2) and substituting
it into equation (A4), by careful calculation, we can
obtain

(gt = 20 kwnt sin 0 + k(w,t)*(1 — cos 6)
— (1/2)70 5k (wt)?sin 0] /[2 — 2cos 0

+ aék(o.)mt)2 cos 6] /a,
(F3)

where v = 7, /wy.
This is the average displacement (g (t)),,, <1 of the mirror
after postselection plotted in figure 4(a) in the main text.
For the amplification scheme using the displaced thermal
state, at time ¢ < 1, if we perform a Taylor expansion about
t = 0 until the third order, the solution of the master equation
is approximately

p(1) = p(0) + tdp(t) /dt + (12/2)d?p(t) /dt?

+ (#3/30)dPp () /dt3. (F4)

When the initial state of the total system is
p(0) = |¥) (] ® p,,(z, @) and after the postselecting state
[4,) is performed for the system in equation (F4) and sub-
stituting it into equation (A4), by careful calculation, we can
obtain

(gDt = [302k>(Wnt)?|alcos 002 + 4k2 (wyut)?
(ladcos 0)* — 5077k (wmt)3|al cos 0/(302) — 39k (wint)®
(lodcos 0)* 1 /[0 k2 (wmt)? /(20%) + 2k* (wwt)* (|atlcos 6)?
— k2 (Wnt)}(|alcos 02 — oivk2 (wit)?/(120%)]
— 2]a]cosf.

(F5)
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This is the average displacement (¢ (?)),, ;« of the mirror
after postselection plotted in figure 5(a) in the main text.

Appendix G. Amplification without postselection in
optomechanics

The time evolution operator of the Hamiltonian (10) in the
main text is given by equation (D1). As shown figure 1 in the
main text, we use only single cavity A. When thermal state
P, (2) is considered as a pointer in cavity A, and if one photon
is weakly coupled with the mirror using (D1), it can be found
that the mirror will be changed from p,,(z) to a displacement
thermal state,

P25 §) = D(E) py, (DT (€ (1)). (G
According to the expression of the displacement
(@) = Trpy(z, ©§) — Tr(py ()9 (G2)

with § = o(c + ¢), the average position displacement of the
pointer without the postselection is given by

(@) = 2k(1 — coswyt)o. (G3)

However, when displacement thermal state p,,(z, o) is
considered as a pointer in cavity A, and if one photon is
weakly coupled with the mirror (D1), it can be found that the
mirror will be changed from p,(z, o) to a displacement
thermal state,

Pi(z> 5 &) = DE®) py,(z, @) DT (E(D)), (G4)

where ¢(t) = ae ™. According to the expression of the
displacement

(q) = Tr(py(z, ¢, ©)§) — Tr(p,(z, ©)§) (G5)

with § = o(c + ¢), the average position displacement of the
pointer without the postselection is the same as equation (G3).

Fom equation (G3), it can be seen that the position dis-
placement of the mirror caused by radiation pressure of one
photon cannot be more than 4ko for any time z. In the lit-
erature [45], we know that if the displacement of the mirror
can be detected experimentally, it should be not smaller than
o, implying that the displacement of the mirror reach strong
coupling limit, so k = g/w,, cannot be bigger than 0.25 in the
weak coupling condition [45]. When k = g/w,, < 0.25 in the
weak coupling regime, the maximal displacement of the
mirror 4ko cannot be more than o , i.e., thermal fluctuation
of the mirror, and therefore the displacement of the mirror
caused by one photon cannot be detected.

Appendix H. Probability P

The overall probability of a single photon (20) in the main
text, generating the superposition state of [n) and (¢ + ¢*)|n),
is given by

P=(1/4) fom Kexp(—k) (02D /0? + DPdr. (HI)

Here, Q =0, ¢ (o, ?).
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For the first scheme, P = opk%w;, /[20%(k2 + wy,)] +
0%/4, and for the second scheme, let |a| = o,/(20) and
B=0; then P = g,k’w; (2K> + Swj)/[20(k* + 5K%wy, +
4u)]. Therefore, for the first scheme, P is approximately
6.94k* with k=12 x 10%w,, 0 = 0.005, and z=

0.999 999 999; and for the second scheme, P is approximately
5k% with k = 2 x 10%w,,, z = 0.999 999 999.
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