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Scattering of twisted light from a crystal
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Abstract

CrossMark

Recent years have seen significant progress in the generation and application of twisted beams
carrying orbital angular momentum. Here we study the elastic scattering of twisted Bessel light
from a crystal and compare our predictions with the results for incident plane-wave radiation.
Based on form-factor approximation our numerical calculations of the differential scattering
cross sections have been carried out for a crystal of lithium at x-ray energies. It is shown that the
use of twisted light can lead to a measurable change in the scattering cross section for the

nanocrystals approaching a few nm in size.
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1. Introduction

The elastic scattering of x-rays by bound atomic electrons has
become an excellent probe of the structure of matter [1]. One
of the most intriguing example of this is small angle x-ray
scattering enabling high-throughput analysis of protein
structure [2]. Another interesting example is conventional
x-ray imaging used to produce an image of an object, which
would otherwise be invisible to the human eye [3]. For
instance, medical imaging with x-rays enables us to recon-
struct the full three-dimensional structure of a patient’s head
[4]. Moreover, x-ray diffraction experiments provided deci-
sive structural parameters of the DNA molecule [5].

The essential physics of these processes has been known
and understood for many years now when considering the
scattering of plane-wave radiation. However, this is not the
case for twisted light beams that carry a nonzero projection of
the orbital angular momentum (OAM) onto their propagation
direction and whose intensity pattern has an annular character
[6]. During recent years intense studies have been performed
to explore how such twisted beams interact with matter. In
particular, it was shown experimentally that the selection
rules can be modified in the excitation of atoms by twisted
light [7, 8], while the possibility of the production of beams
with OAM in the radiative recombination or high-order har-
monic generation was emphasized in [9, 10]. A detailed
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theoretical analysis involving twisted beams was carried out
also for electromagnetically induced transparency and for
Rayleigh scattering from atomic ensembles [11, 12].

In order to understand how the scattering from crystalline
materials depends on the ‘twistedness’ of incident x-rays, we
present here a theoretical analysis of the elastic scattering of
twisted Bessel beams from a single crystal of lithium. In
section 2 we express the scattering amplitudes for twisted
light in terms of their plane-wave analogs. By making use of
these amplitudes, we then derive the differential scattering
cross section. Section 3 describes our numerical calculations,
which show that the scattering cross section is sensitive to the
projection of the total angular momentum (TAM) of twisted
beams and differs from the standard plane-wave case when
the size of the crystal is reduced to the nanometer scale.
Finally, a summary of our results is given in section 4.
Atomic units (h = e =m, = 1, ¢ = 1/«) are used through-
out the paper unless otherwise indicated.

2. Theory

2.1. Scattering of plane waves from a crystal

We begin by considering the scattering of plane-wave pho-
tons from a crystalline material comprised of atoms in the
form-factor approximation that is valid for low-Z atoms and
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photon energies large compared with binding [13]. In this
approximation, the scattering amplitude for a crystal can be
written in general as [1]

all atoms

M%‘ =¢- 670 Z elki=k)bu f (k. ky), (1)

where k; ; and ¢; 7 are the wave and polarization vectors of the
circularly polarized incident and outgoing photons, respec-
tively, and where f, (k;, k¢) is the atomic form factor of the
atom situated at position b,,, which is defined as [13, 14]

f ki, kf) = fp(r) eilki—kpr 3. )

Here p(r) denotes a spherically symmetric charge distribution.
Because we are describing the atom in a single-electron
model, it is possible to decompose the charge distribution into
a sum of terms corresponding to individual electrons. To
proceed further, we use the expansion of a photon plane wave
in terms of spherical Bessel functions [15]

elkir = dm Y il (kr) Y (Or,, 61 Yim (0, ¢) 3)
I,m

with the magnitude of the photon wave vector k = w/c. By

using the above expansion in the form factor (2) and inte-

grating over the angles, we find that

f iy k) =37 e ™% f, (O, Ky), “
I,m

where the function f,, (0, k) reads
Jin Oris k) = 4 YOy 0) Vi (O 64

X fo : JEENS L2 () + g2 r2dr. (5)

The symbol >_, denotes the sum over all bound electrons,
while f(r) and g(r) are, respectively, the large and small
radial components of the Dirac wave function. A pair of
these bound-state radial wave functions is obtained here by
solving a pair of radial Dirac equations with the GRASP2K
package [16].

We are particularly interested in the case of body centred
cubic (bcc) structure adopted, for example, by lithium at room
temperature. The bce structure is a cubic lattice with two
atoms per unit cell, or two interpenetrating simple cubic
sublattices specified by a set of vectors of the form [17]

b =ma; + nya; + mas,

1 1 1
b’——n+—)a+(n +—)a +(n +—)a, 6
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where a,, a,, and a; are the lattice vectors, whereas n;, n,,
and n3 are integers. Then, on assuming that all of the atoms in
the unit cell are identical, the scattering amplitude for plane
waves becomes

Ml))cll =€ Ej:' Z eiimakiﬁm (gki’ kf)
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If we take the direction of the incident plane wave to be
along the z axis, the differential scattering cross section
averaged over final polarizations may be written in terms of
the scattering amplitude as

do?!
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where ry is the classical electron radius, while the relation
Yl € = (1 + cos?;,)/2 for the polarization vectors
can be used herein. From these expressions, we see that the
differential cross section (8) can be utilized to successfully
analyze the angular properties of the scattered light.

2.2. Scattering of twisted light from a crystal

Having studied the scattering of plane waves, we now
move on to consider the scattering of twisted light from
crystalline materials. Let us briefly review the twisted
Bessel beam with a well-defined longitudinal momentum
k., modulus of the transverse momentum s, photon energy

w=ck= c,/ké + 52, as well as the projection m., of the
TAM upon its propagation (z) direction. Such a Bessel
beam is uniquely characterized by its vector potential
defined by [18]

2
A% = fa%mw(kL,-) € elkir dhey, ©)

@m)?’

where the amplitude a,,, (k) is given by

o (1)) = (—i)™ e /i—” Sk, — 2. (10)
€

As seen from these expressions, Bessel beam can be viewed as a
superposition of plane waves with wave vectors k;, lying on a
cone with an opening angle §;, = arctan(s¢/k_,). For the sake of
simplicity, we consider only the transverse momentum of the
photon smaller than its longitudinal momentum, s < k.
Within this paraxial approximation, the opening angle ¢y, is also
very small, and the TAM projection m., of the Bessel beam is
just a sum of the OAM and the helicity [18].

We have seen above that a Bessel beam can be written as
an integral of the standard plane-wave components with the
function a,,, (k). We therefore conclude that the scattering
amplitude for twisted light can be found by integrating the
plane-wave amplitude (7), namely

d’k
Q@)

W= [ k) MK an
Upon integration over the transverse momentum with the help
of the delta function, we see that k , = ». The scattering
amplitude can be simplified further by noticing that
€ €~ 0.5 (1 + \)cosfy) e % for sufficiently
small opening angles 0;,, with the helicities ); ; of the incident
and scattered photons [18]. Then, the integration over the
azimuthal angle ¢, shows that the main contribution to the
amplitude (11) comes from the terms in equation (4) with
m = m., — ), assuming the crystal to be centered on the
beam axis (see figure 1). Finally, we can write down the
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twisted light

Figure 1. Geometry of the scattering of twisted light from a crystal
lattice centered on the beam axis. The emission direction of the
outgoing photons is characterized by the angle 6, , while the

quantization (z) axis is chosen along the propagation direction of the
incoming Bessel photons.

scattering amplitude for twisted light in the following form
%(1 + AiAfcosby) eNidi
XD in,x, O Kp)

1

% Z [eibks—ibky | eib;k:[—ib'~kf].
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With this result in mind, when the scattered photons are
again observed with a polarization-insensitive x-ray detector,
the differential scattering cross section from a crystalline
material for twisted light is given by

dalw 5

— = MYP. 13

) 0 ;| 7l (13)
i

Below we shall discuss in detail how this cross section

depends on the ‘twistedness’ of incident x-rays.

3. Results and discussion

Let us first work out the scattering of plane waves. It is a well-
known result for any particular crystalline material that the lat-
tice sum in the scattering amplitude (7) is a maximum when the
momentum transfer k; — k; coincides with a reciprocal lattice
vector, a fact which is sometimes known as the Laue condition
for the observation of x-ray diffraction [1]. In this case all phases
in the lattice sum ), expl[i(k; — k;) - b] are 27 or a multiple
thereof, making the sum equal to the huge number of terms. As
an example, we consider here a crystal of lithium with a lattice
parameter of 3.5 A and a beam of light of photon energy
8.04 keV corresponding to the wavelength 1.54 A of the K.
line in Cu, which is frequently used in the laboratory. Such
twisted x-rays have been produced experimentally at storage
rings either with a circular phase plate [19] or with a rectangular
aperture [20]. The Laue condition for the given system is
satisfied when the crystal is oriented, for instance, at Euler
angles of {74°, 50°, 69°} with regard to the scattering plane
spanned by the vectors k; and ky. Within this geometry, the
diffraction conditions dictate that the plane-wave differential
cross section (8) is sharply peaked about the scattering angle
ka = 36.2° for the (110) reflection, as illustrated by the tabu-
lated data [21]. Our numerical calculations confirm fairly well
such a behavior, as shown in the top panel of figure 2.

1.6x10° T T T T T T

1.2x10°- -
8.0x10"1 -
4.0x101 -

Scattering cross section

0.00 T Y T T T T
10 20 30 40 50 60 70 80

Scattering angle 0,; (deg)

Figure 2. Differential scattering cross section (in rZ/sr) for the Li
crystal of about 1.5 x 1.5 x 1.5 nm in size oriented at Euler angles
of {74°, 50°, 69°} with respect to the scattering plane spanned by the
incident and scattered direction vectors. Cross section for incident
plane waves (top panel) is compared with those for twisted beams
with TAM projections m.,, = 2 (middle panel) and m. = 3 (bottom
panel). Calculations were performed for the photon energy

hw = 8.04 keV, helicity \; = +1, and opening angle 6;, = 4°.

We further analyze the scattering of twisted x-rays. When
assuming a small crystal size of about 1.5 nm or 2.3 nm on
each side (i.e.a crystal built up from 250 or 686 atoms,
respectively), the differential scattering cross sections for
Bessel beams (13) with the TAM projections m., = 2 (middle
panel) and m., = 3 (bottom panel) differ considerably from
the plane-wave results (8) and exhibit several peaks, whose
position depends strongly on the TAM of light (see figures 2
and 3). Moreover, the magnitude of these peaks rapidly
decreases with increasing values of the photon’s TAM m.,
because the intensity of twisted light at the beam center,
where the crystal is located, quickly diminishes as well. The
scattering pattern exhibits almost no dependence on the dis-
persion of the opening angle 6. However, if we take a suf-
ficiently large crystal size (about 14 nm or larger), then there
is only one sharp maximum for twisted beams occurred at the
same scattering angle as for the plane waves. This point is
illustrated in figure 4, which also indicates a general insen-
sitivity of the angular distribution of the emitted radiation to
the phase structure of a single twisted beam when using
macroscopic atomic ensembles, as has been noted in our
previous scattering study [12]. A similar emission pattern for
paraxial Bessel and plane-wave incident radiation is observed
because in both cases the lattice sum is the dominant factor in
the amplitude (12) for a rather large number N of atoms in the
crystal, thus suppressing (~1/N) all peaks in the scattering
cross section except the one dictated by the Laue condition
[1]. It is worth stressing that the crystal displacement of about
3/5 (~1.1 nm for the opening angle and energy considered
here) for m, — \; =2 or 2/3 (~0.7nm) for m, — \; = 1
from the central dark spot of twisted beam to its bright ring
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Figure 3. The same as figure 2, but for the Li crystal of about
2.3 x 2.3 x 2.3 nm in size.
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Figure 4. The same as figure 2, but for the Li crystal of about
14 x 14 x 14 nm in size.

arising from the imperfections in positioning of the crystal,
which has a typical value of 20 nm in current x-ray diffraction
experiments using optical trapping techniques [22], can also
lead to plane-wave results because then there is no influence
of the OAM on the atomic electrons.

4. Summary

In summary, the scattering of twisted light from a single
crystal at x-ray energies has been investigated. Special

emphasis was placed on the collision of the Bessel photons
with a crystal of lithium. We have demonstrated how the
angular momentum properties of incoming radiation can be
traced back to the differential scattering cross section. Indeed,
the scattering pattern was shown to depend strongly on the
projection of the TAM of light for the nanocrystals approxi-
mately a few nm in size. Although our present computations
were carried out for Li crystals only, a similar behavior can
also be observed for other crystalline materials.
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