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Abstract. We study the continuum limit of the entanglement Hamiltonians
of a block of consecutive sites in massless harmonic chains. This block is either
in the chain on the infinite line or at the beginning of a chain on the semi-
infinite line with Dirichlet boundary conditions imposed at its origin. The
entanglement Hamiltonians of the interval predicted by conformal field theory
(CFT) for the massless scalar field are obtained in the continuum limit. We
also study the corresponding entanglement spectra, and the numerical results
for the ratios of the gaps are compatible with the operator content of the
boundary CFT of a massless scalar field with Neumann boundary conditions
imposed along the boundaries introduced around the entangling points by the
regularisation procedure.
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1. Introduction

Entanglement has attracted intense research activity during the last two decades,
mostly focused on theoretical approaches [1-4], but in the last few years experimental
setups have also been realised to detect its characteristic features [5].

Given a quantum system in a state described by the density matrix p, assuming
that its Hilbert space can be factorised as H = H4 ® Hp, the reduced density matrix
pa is defined by tracing out the degrees of freedom of H 5, namely by pa = Try, p, with
the normalisation condition Try,ps = 1. The reduced density matrix can be written
as py = e %4/Z, where the Hermitian operator K, is the entanglement Hamiltonian
(also known as the modular Hamiltonian) and Z4 = Try, e %4, The entanglement
entropy is easily obtained from the eigenvalues of p4 [6-8]. Important results have been
obtained for factorisations of the Hilbert space corresponding to bipartitions AU B of
the space, namely when A is a spatial region and B its complement. In these cases the
hypersurface 0A = 0B separating A and B is called the entangling hypersurface.

A fundamental theorem proved by Bisognano and Wichmann [9] in the context of
algebraic quantum field theory (QFT) claims that, given a relativistic QFT in d+ 1
dimensions in its vacuum state (we denote by @ the d-dimensional position vector) and
the spatial bipartition where A corresponds to a half space and the entangling hyper-
surface is the flat hyperplane, the entanglement Hamiltonian of A can be written as an
integral over the half space A of the energy density Tyo(x) of the QFT as follows
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A A

Figure 1. The spatial bipartitions considered in this manuscript: an interval A in
the infinite line (left) and an interval A at the beginning of the semi-infinite line
(right).

KA = 27T/£L‘1 Too(w) dx. (]_)
A

When the QFT is a conformal field theory (CFT), the conformal symmetry allows
us to write analytic expressions for the entanglement Hamiltonians for simple spatial
bipartitions, mainly at equilibrium [10-14] but also in a few cases out of equilibrium
[13]. More complicated bipartitions require a detailed knowledge of the underlying
CFT [15, 16].

In a1 + 1-dimensional CFT at equilibrium in its vacuum state, we consider biparti-
tions where A is an interval such that its entanglement Hamiltonian can be written as

Ky = E/AB(:U) Too(z) dz (2)

where ¢ is the length of A and B(x) depends on the bipartition. In this manuscript we
focus on the bipartitions shown in figure 1. For an interval in the infinite line (left panel
in figure 1), the weight function in (2) is the following parabola [10, 11]

oy =2% (1-7).

When A is an interval at the beginning of a semi-infinite line (right panel in figure 1),
the weight function in (2) is the half parabola given by [13]

sty =n (2+1) (1-2)

independently of the boundary conditions imposed at the beginning of the semi-infinite
line. The continuum limit of a one-dimensional lattice model at its critical point is
described by a 141 dimensional CFT. It is interesting to explore the procedure that
leads to these entanglement Hamiltonians in a given CFT as the continuum limit of the
corresponding entanglement Hamiltonians in the underlying lattice model.

Entanglement Hamiltonians in free lattice models at equilibrium in their ground
state have been studied in [1, 2, 17-22]. A detailed analysis of the continuum limit has
been recently carried out for an interval in an infinite chain of free fermions [22], by
employing the analytical results obtained by Eisler and Peschel in [20]. In this manu-
script we study the continuum limit of the entanglement Hamiltonians of a block of
consecutive sites in massless harmonic chains by following the approach of [22], which
is based on the observation that, in this limit, the proper combinations of all the diago-
nals of the matrices determining the entanglement Hamiltonian on the lattice must be
considered [19].

The eigenvalues A; of the entanglement Hamiltonian provide the entanglement
spectrum, which contains relevant physical information [23]. It is worth introducing
the gaps ¢, = log Anax — log A, with respect to the largest eigenvalue and also their
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ratios g,/g; with respect to the smallest gap ¢g;. We remark that these ratios are not
influenced by a global shift and a rescaling of the entire spectrum.

In a two-dimensional QFT in imaginary time, a useful way to regularise the ultra-
violet (UV) divergences consists of removing infinitesimal disks whose radius is the UV
cutoff around the entangling points of the bipartition [7, 13, 18, 24]. In two-dimensional
CF'T, this regularisation procedure leads to a boundary conformal field theory (BCF'T)
[25] if proper conformal boundary conditions are imposed along the boundaries in the
Euclidean spacetime (both the boundaries given by the physical boundaries of the sys-
tem and the ones due to this regularisation procedure must be considered). For a class
of entanglement Hamiltonians which includes the ones we are interested in, it has been
found that [13]

9 _ A
(251 B Ay )

where r > 1 and A, > 0 are the non-vanishing elements of the conformal spectrum
(made by conformal dimensions of the primary fields and of their descendants) of the
underlying BCFT. Numerical evidence that the conformal spectrum of a BCFT pro-
vides the entanglement spectrum were first obtained at equilibrium by Lauchli in [26]
and more recently also out of equilibrium [27, 28].

In this manuscript we focus on massless harmonic chains and perform a numerical
analysis of the continuum limit of two entanglement Hamiltonians of an interval A and
of the corresponding entanglement spectra. We consider a massless harmonic chain
both on the infinite line and on the semi-infinite line with Dirichlet boundary condi-
tions imposed at its origin. The continuum limit of these lattice models is the CFT
given by the massless scalar field ¢, whose central charge is ¢ = 1. By introducing the

canonical momentum field II = —0,®, the energy density on the infinite line reads
Too(z) = % T(2)? + (0,0(2))° 6)
and on the semi-infinite line is given by [29]
Too(a) = 5 [ — @) 20 () | ™

We study the spatial bipartitions shown in figure 1, whose entanglement Hamiltonians
predicted by CFT are given by (2), (3) and (6) for the interval in the infinite line and by
(2), (4) and (7) for the interval at the beginning of the semi-infinite line. Our numerical
analysis is based on the procedure described in [20, 22] to study the continuum limit of
the entanglement Hamiltonian of an interval in an infinite chain of free fermions. We
also study the entanglement spectra of these entanglement Hamiltonians, finding that
the CFT prediction (5) holds, once Neumann boundary conditions are imposed along
the boundaries introduced by the regularisation procedure.

This manuscript is organised as follows. In section 2 we report the entanglement
Hamiltonian of an interval in harmonic chains in terms of the two-point correlators. In
section 3 we study the continuum limit of the entanglement Hamiltonian of an inter-
val in the infinite line and in section 4 this analysis is performed for an interval at the
beginning of the semi-infinite line with Dirichlet boundary conditions. In section 5 we
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draw some conclusions. The appendix contains further results supporting some obser-
vations made in the main text.

2. Entanglement Hamiltonians in the harmonic chain

In this section we report the expression of the entanglement Hamiltonian of a subsys-
tem in harmonic chains in terms of the two-point correlators [2], also discussing some
decompositions that will be employed throughout the manuscript.

The Hamiltonian of the harmonic chain with nearest-neighbour spring-like interac-
tion reads

~ 1 ., mw? , kK, . .
H = Z (%pzz T 7+ §<Qi+1 — %)2)
' 8)

where the position and the momentum operators ¢; and p; are Hermitean operators sat-
isfying the canonical commutation relations [§;, ¢;] = [p;, ;] = 0 and [§;, ¢;] =1d;; (A =1
throughout this manuscript). In our numerical analysis we set Kk = m = 1.

The Hamiltonian (8) is the discretisation of the Hamiltonian of a massive scalar
field in the continuum, whose massless regime given by w =0 is a CFT with central
charge ¢ = 1. The range of the index ¢ in (8) depends on the spatial domain supporting
the harmonic chain: in this manuscript we consider either the infinite line (¢ € Z) or
the semi-infinite line (integer ¢ > 0). When (8) is defined on the semi-infinite line, it is
crucial to also specify the boundary condition imposed at the beginning of the semi-
infinite line (i.e. at ¢ = 0) and in our analysis we consider the case of Dirichlet boundary
conditions. The two-point correlators @Q;; = (¢ §;) and P;; = (p; p;) provide the generic
elements of the correlation matrices ) and P, respectively.

Let us consider harmonic chains (8) in their ground state |0) and introduce the
bipartition of the chain into a spatial domain A made by L sites and its complement
B, assuming that the Hilbert space can be bipartite accordingly as H = Hs ® Hp.
Since for these quantum systems the reduced density matrix p4 = Try,(|0)(0]) remains
Gaussian, independently of the choice of the bipartition, the corresponding entangle-
ment Hamiltonian K A is a quadratic Hermitian operator, which can be written as fol-
lows [2, 17]

Ra=SitH, 7 - (1
2= 5 #H - (3 ©)
where the 2L-dimensional vector # collects the position and the momentum operators
g; and p; with ¢ € A. The matrix H, is real, symmetric and positive-definite; hence
K 4 is Hermitian. In terms of the reduced correlation matrices ()4 and Py4, obtained by
restricting () and P to the subsystem A, the matrix Hy can be evaluated as follows [2]

Hy=M®®N = (h(\/ PaQa) ® h(y/ QAPA)) (PAa®Qa)
— (P1®Qa) (h(v/QaPx) & h(v/PaQa))

(10)
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h = —1 .
(?J) " og(y 1/2 (11)

The equivalence of the two expressions in (10) can be verified by transposing one of
them and employing that M and N are symmetric (we also need (v/QaPa )" = /PaQ 4,
which is easily obtained from the fact that @ and P are symmetric).

In this manuscript we study entanglement Hamiltonians K A when the entire chain
is at equilibrium in its ground state and when the subsystem A is a block of L consecu-
tive sites either in the infinite line or at the beginning of the semi-infinite line where
Dirichlet boundary conditions are imposed (see figure 1). In these two cases, the matrix
H, is block diagonal. The off-diagonal blocks of H4 can be non-vanishing e.g. for the
time-dependent entanglement Hamiltonians after a global quantum quench [27].

The matrix H4 can be constructed numerically through (10) and (11). In order to
employ these formulas, the eigenvalues of the matrix /()4 P4 must be strictly larger
than 1/2. In our numerical analysis many eigenvalues very close to 1/2 occur and the
software automatically approximates them to 1/2 whenever a low numerical preci-
sion is set throughout the numerical analysis. This forces us to work with very high
numerical precisions. In particular we have employed precisions up to 6500 digits,
depending on the specific calculation. We observe that higher precision is required as L
and w increase. The fact that the numerical analysis of the entanglement Hamiltonian
requires high numerical precisions has been already highlighted in [19, 20].

The expressions (9) and (10) naturally lead us to write the entanglement Hamiltonian
in terms of the symmetric matrices M and N as follows

Ka= M (12)

where

where

L L
Hy = Z M;; G G Hy = Z Nij Di pj- (13)
i,j=1 tj=1
These sums can be organised in different ways. For instance, by writing the sym-
metric matrices M and N as sums of a diagonal matrix, an upper triangular matrix and
a lower triangular matrix, it is Straightforward to obtain

HM—LZ( ”A2+2z i czcm) (14)

HN—LZ( S 22 ’”’“ﬁmi+k>. (15)

In [19] the sums (13) have been rewritten by decomposing the contribution coming
from the ith row of the matrices M and N, and this leads to

https://doi.org/10.1088/1742-5468 /ab7129 6
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L
1':’\[ = Z( i A2+Z Z+k (jz(szrk"i‘Z ” b A'A' > (16)
RN — Nii—i—k A A — Nii—k A A
Hy = LZ ( P; Z [ PPk T Z I pipi—k)- (17
k=1 k=1

We find it convenient to also introduce the following decomposition

z ki A N
' z—k)] (18)
L/2

N L=2i+1 L N 2i-L=2 o
17 0,0 A zz k A « 00 A i—kg A A~
HN:L[Z( P2+ Z + pipi+k)+ Z ( 7 Py + Z 7 pipik)] (19)

i=1 i=L/2+1 k=1

L/2

R M. L—2i+1 L
HM:L[Z( uAQ_i_Z ZH_kAiji-i-k)‘i‘Z( ZlA2+Z

i=1 i=L/2+1

where the contribution of the counter-diagonal has been included into the summation
over 1 < i < L/2. This choice leads to an inconsistency in the range of k of the last
double sum when 7= L/2 + 1, which can be easily fixed by imposing the vanishing of
this term.

An alternative decomposition, inspired by the numerical analysis performed in [22],
is discussed in the appendix. In our numerical analysis we have tested all the decompo-
sitions introduced above and in the appendix for both the spatial bipartitions shown in
figure 1. In the main text we show the numerical results obtained from (18) and (19),
while the results found through the other decompositions have been reported in the
appendix.

The analytic results for the entanglement Hamiltonian of an interval in the infinite
chain of free fermlons found in [20, 22] and the decompositions introduced above for

the operators H m and H ~ suggest introducing the following limits

M;; . Ny, 1 k
lim AL (k) lim itk vk (k) Ty = 7 <2+ ) (20)

L—00 Lwoo L 2

where i+ k/2 is the midpoint between the ith and the (i + k)th site. The existence of
the functions p and v, is a crucial assumption in the subsequent derivations of the
CF'T predictions for the entanglement Hamiltonians.

3. Interval in the infinite line

In this section we consider the harmonic chain on the infinite line and perform a
numerical analysis to study the continuum limit of the entanglement Hamiltonian of
an interval. We follow the procedure discussed in [20, 22] for the continuum limit of
the entanglement Hamiltonian of an interval in the infinite chain of free fermions. In
section 3.1 we introduce the two-point correlators to construct )4 and P4 and in sec-
tion 3.2 we report the main analysis, which leads to the CFT prediction (2), with the
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weight function (3) and the energy density (6). The entanglement spectrum is explored
in section 3.3.

3.1. Correlators

The two-point correlators (§;g;) and (p;p;) in the ground state of a finite harmonic chain
made by L sites (1 <7 < L in (8)) with periodic boundary conditions (¢1 = gz+1 and
D1 = Dr+1) are respectively

1 &1 1 &
(G:G;) = 57 Z = cos[27k (i — j) /L] (pip;) = Y4 Zm&;k cos2mk (i — j)/L] (21)
k=1 k=1

where the dispersion relation reads

&)kz\/wz—l—ZL—K[sin(wk/ﬁ)}Q > w 1<k<L. (22)
m

The translation invariance induces the occurrence of the zero mode, that corre-
sponds to k = L. Since @y = w, it is straightforward to observe that (g;g;) diverges as
w — 0; hence the mass cannot be set to zero in the numerical analysis of this system.

In the thermodynamic limit £ — +o00, the correlators in (21) can be written as the
integrals

cos[f (i — j)]
(Q:dy) do
4iq " Arm / \/uﬂ 4/{/m 81n(9/2)}2 (23)
(pip;) = % 0 W\/m i %’" [sin(0/2)]” cos[f (i — j)] 6 (24)

which can be evaluated analytically, finding the following expressions in terms of the
hypergeometric function [30]

Cifj+1/2

y - 1/2 o o
(@) = 5 e (Z er_j/>2F1(1/2,z—j+1/2,z—j+1,<2) 25)

i—j—1/2 i — i —3/2
(Bibs) = —mg <Z ;—j / ) WFi(—1/2,i——1/2,i—j+1,¢2)
. (26)
where the parameter ( is defined as
2
= (w—\/w2+4/{/m) ' @7

4k /m

The reduced correlation matrices )4 and P4 are obtained by restricting the indices ¢
and j of the correlators (25) and (26) to the interval A, i.e. to the integer values in [1, L).
By employing these reduced correlation matrices into (10), one finds the entanglement
Hamiltonian matrix Hy. The entanglement Hamiltonian of the interval in the infinite
line is obtained by plugging the matrix Hy into (9).

https://doi.org/10.1088/1742-5468 /ab7129 8
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3.2. Entanglement Hamiltonian

The entanglement Hamiltonian of a block made by L consecutive sites in the infinite
line, when the entire harmonic chain is in its ground state, is the operator constructed
as explained in section 3.1. Considering the massless regime, we study the procedure to
obtain the CFT prediction (2), with 5(z) and Tjo(z) given by (3) and (6) respectively,
through a numerical analysis of the continuum limit.

The translation invariance of the entire system prevents us from setting w = 0 in
our numerical analysis, as already remarked in section 3.1. The data reported in all the
figures discussed in this subsection have been obtained for wL = 107°%. The choice of
this value is discussed in the appendix.

In figures 2 and 3 we show the data for the diagonals M, /L and N ;i t/L with
0 < k <7 for some values of L. These numerical results lead us to conclude that the
limits in (20) provide well-defined functions. Furthermore, these functions have a well-
defined sign given by the parity of k, are symmetric under reflection with respect to
the centre of the interval (we checked numerically that this symmetry holds also for
the data points, i.e. that M, ;+p = Mp_i_pt1.0—i+1 and N; i1, = Np_i—pt1.0—i+1), and the
absolute value of their maximum significantly decreases as k increases. It would be
interesting to find analytic expressions for the functions defined through the limits (20),
as done in [20] for the interval in the infinite chain of free fermions. In all the figures of
this manuscript where some quantity has been plotted in terms of the spatial index, for
the sake of simplicity we have written i on the horizontal axis instead of i — 1/2, which
is the correct label corresponding to the data.

Assuming that the functions p; and v introduced in (20) are well defined, let us
study the contmuum limit of the entanglement Hamiltonian (12), where the quadratlc
operators H M and H ~ have been introduced in (13). In the following we adapt the pro-
cedure discussed in [22] for the entanglement Hamiltonian of an interval in the infinite
chain of free fermions. The quadratic operators H M and H ~ can be decomposed in
different ways, as discussed in section 2 and in the appendix. For the sake of simplicity,
in the following we describe the continuum limit for the decomposition given by (14)
and (15), but the procedure can be easily adapted to the ones given by (16) and (17)
or by (18) and (19). In the appendix we discuss another decomposition, inspired by the
numerical analysis performed in [22].

The continuum limit is defined through the infinitesimal UV cutoff a: it corresponds
to take a — 0 and L — oo while La = ¢ is kept constant. The position within the inter-
val is labelled by z = ia with 0 < x < £. This leads us to write the independent variable
in (20) as follows

x  ka/2
= La + La
which tells us that p, = pg(x + ka/2) and v, = vi(x + ka/2).

In the continuum limit, the fields ®(z) and II(z) are introduced through the position

and momentum operators as follows [31]

¢ — ®(x) pi — all(z) (29)

(28)
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https://doi.org/10.1088/1742-5468/ab7129

On entanglement Hamiltonians of an interval in massless harmonic chains

0.0
-0.5
~
T~
%
g -1.0
-15
0.0 02 0.4 0.6 0.8 1.0
(i+1/2)/L
0.000
~0.005
~
T~
-
Z
= ~0.010)
-0.015
) . ) . 0.0 02 04 0.6 08 1.0
i+ /L (i +3/2)/L
0.006 A 0.0000
0.005 gj % ~0.0005
; H o L=100 0.0010
0.004 g H _ ~0.001
= I L =200 = 1 i o L =100
3 3 L =300 P : H L =200
¥ 0.003 5 ] . L =400 + -0.0015 ] & -
g § CO | » L =300
H H « L =400
0.002 ~0.0020] ? 9
v ¢
i
0.001 00025 i;f
0000 ~0.0030|
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 08 1.0
(i+2)/L (i+5/2)/L
0.0000
0.0015 ﬁ’
£
5 a ~0.0002]
5 E 5
&9 v
=3 00010 g s L=100 i ~0.0004 4 ;4 o L=100
3 F L =200 5 E L =200
3 5 & L =300 13 Poo + L=300
= [ Y « L=400 = -0.0000 to o « L=400
Ygp&
0.0005 H 3 P
£ %i A
~0.0008 %
p‘ 24
by
0.0000 ~0.0010) ¥
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 04 0.6 0.8 1.0
(i+3)/L @i+7/2)/L

Figure 2. Diagonals of the matrix M (see (20)) when the subsystem is an interval
made by L sites in the infinite line and wL = 107, The red solid curve is the

parabola (3).

where the UV cutoff guarantees that these fields satisfy the canonical commutation
relations in the continuum limit, where the delta function occurs. The operators i+«
and Pitr in (14) and (15) lead to fields whose argument is properly shifted. By employ-
ing (29) and the Taylor expansion as a — 0, in the continuum limit it is straightforward
to obtain that
p
Give — P(z+ ka) = Z%@fq’(ﬂ?) (30)

p=20
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Figure 3. Diagonals of the matrix N (see (20)) when the subsystem is an interval
made by L sites in the infinite line and wL = 1075, The red solid curve is the

parabola (3).

and

o — alllo+ha) =0 Y E 7). o

p=0

In (14) and (15) we find it convenient to insert the UV cutoff into the sums by writ-

ing them as L ZZ.L:l(. )= (2—3) ZiL:l(. ..)a because ZiL:l(. )a— foe( ..)dz in the
continuum limit and the divergent factor L provides the factor ¢. From (29)—(31), for
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the operators (14) and (15) it is straightforward to obtain H v — Hjyy and H N — Hy
respectively in the continuum limit, where

, Kmax
Hy = i3 /0 (Mo(x) ®(z)* + 2 Z i (x + ka/2) ®(z) @(x + k'a))dm (32)

a?
k=1

¢ Kmax
Hy = E/O (Vo(x) II(z)* +2 Z vi(z + ka/2) U(z) 1 (z + k:a)) dx (33)

where k.. is the number of diagonals to include in the sums occurring in these
expressions.

In our numerical analysis the parameter k., plays a crucial role which is discussed
below in this subsection and also in the appendix. Since k., — oo in the continuum
limit (see (30) and (31)), increasing values of k... are considered. We find it worth
remarking that the limit L — oo in (20) is taken before the limit k.. — oo. This
implies that we have to consider the regime given by k,.x < L in our numerical stud-
ies, where both L and k.. are finite.

Since a — 0 in the continuum limit, we expand the integrands in (32) and (33) by
keeping only the terms that could provide a non-vanishing contribution after the limit.
For (32) we obtain

A hma ,
HMW/O {M;?Zax +a2k[uk 7) + 2 ux(x) () | @(a)

kmax

+a*y R H,/,;(x) O(z) + 0, (,uk(x) @’(x)) } CID(x)} dz + O(a) (34)

k=1

where we have introduced the function

o o Mo (9
M) () = Jim = = g (a +2ZM (35)

defined by combining the diagonals of the symmetric matrix M as follows

kmax
MY (i) = My +2 Mg (36)
k=1

While the expansion (34) contains terms that are divergent if the corresponding
weight functions are non-vanishing, it is straightforward to notice that (33) is finite as
a — 0. Indeed, its Taylor expansion reads

Hy = e/ N (2)1(2)? dz + O(a) (37)
where the function N, kzax (x) is the combination of the functions v (z) in (20) given by
N(O) (7;) kmax
(O) f— 3 kmax _
N () = Jim =B = iy (2) +2 3 14(a) (38)
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where N,(i)lax(z’) is the same combination of the corresponding diagonals of the symmetric
matrix N, namely

kmax
Ngﬁax(i) =N+ 2 Z Niitk. (39)
k=1

Assuming that the integral and the discrete sums can be exchanged in the expression
(34) for Hy;, one notices that the integrand of the O(1/a) term is the total derivative
Ox[px(x) ®(x)?]; hence its integration provides the boundary terms [ux(x) ®(z)?]|*=§
These boundary terms vanish because p(0) = ug(¢) = 0 for the interval in the infinite
line (see figure 2). As for the O(1) term in (34), an integration by parts can be per-
formed for the term whose integrand is ®(z) 0,[ur(x) ()], and the resulting boundary
terms vanish, again because p(0) = ui(¢) = 0. By employing these observations and
discarding the O(a) terms, the expression (34) can be written as follows

Hy = é/@z{/\/{gax 2ta kia:xk’Q{ )2 — () (CI)/(I))Q:| } dz. (40)

Considering the integral whose integrand is ju(2)[®'(x)]? from the O(1) term of this
expression, we find it worth deﬁning

(2) Emax
M) (2) = lim e ’“‘“‘”‘ Z K () (41)

where, by using (20), we have introduced the following combination of diagonals of the
symmetric matrix M

kmax

M (i Zk M. (42)

max

As for the integral whose integrand is . (z) ®(z)? in (40), we approximate the func-
tions pj(x) through finite differences because the analytic expressions of the functions
pi(z) are not available. Thus, we have

a’py(x) = pr(x + a) = 2 (@) + pu (2 — a). (43)
This expression and (20) naturally lead us to introduce
(2) kmax
2 — . 2 kmax
M), () = Jim = = Z ko g (1) (44)

where the subindex 2 indicates that these quantities are related to the second deriva-
tive of p(x). In (44) we have defined the functions ps x(zy) as follows
lim M ik — 2M 50 + M1 i 14k
L—oo L

= k(i) (45)

and the combinations of matrix elements of M given by

https://doi.org/10.1088/1742-5468/ab7129 13


https://doi.org/10.1088/1742-5468/ab7129

On entanglement Hamiltonians of an interval in massless harmonic chains

kmax

Méz,imx(i) = Z K (Misvivare — 2Miin + Miz1i-14k)- (46)
k=1

In the continuum limit k., — oo; hence we introduce the weight functions obtained
by taking this limit in (35), (38), (41) and (44), namely

MO (z) — MO(x) N (2) — NO() (47)
and
M2 (2) — MP(x) MG (2) — MF) (). (48)

Summarising, the continuum limit of the entanglement Hamiltonian (12) obtained
from (14) and (15) is found by taking the limit k., — oo of half of the sum of (37) and
(40). By employing the functions introduced in (47) and (48), for the continuum limit
of the entanglement Hamiltonian (12) we find

ot [ [ MO0+ { M) oeras
¢ (49)
+ e/o % [N§§><x) (z)? — M (2)(9'(2))* } dz + O(a).

Since analytical results for the functions p; and v, are not available, we study
the weight functions MY (x), Mggo(:c), N () and Mg)(x) in (49) by performing a
numerical analysis of the combinations of the matrix elements of M and N defining
them, which are given respectively by (36), (46), (39) and (42). These combinations
depend on the number of sites L in the interval and on the parameter k., labelling
the number of diagonals to include in the sums. As already remarked above, we study
the continuum limit by taking L — oo first, in order to guarantee that the functions
i and vy in (20) are well defined, and then k., — 0o. This means that we must keep
kmax < L in our numerical analysis. If we had analytic expressions for the functions p
and vy, we could check whether they vanish fast enough as £k — oo to find convergence
in the infinite sums defining the weight functions in (47) and (48), which occur in (49).

It is important to observe that, since (36), (39), (46) and (42) can be evaluated only
in the spatial range given by 1 < ¢ < L — kn.x, these combinations are not defined on
the whole interval for finite values of L and k.. The numerical results for these com-
binations are shown in the appendix (see the top panels in figures A2 and A3): they do
not provide symmetric curves with respect to the centre of the interval, as expected
from the symmetry of the configuration, and they do not capture the CFT curve close
to the right endpomt of the interval. This motivates us to employ decompositions of
the operators H o and H ~ that are more suitable than (14) and (15) to obtain the CFT
predictions on the entire interval. The decompositions (16) and (17) provide curves that
are symmetric with respect to the centre of the interval, but they do not allow us to
recover the CF'T curve close to both the endpoints of the interval (see the middle panels
in figures A2 and A3). In the following we consider the decompositions (18) and (19).

The procedure explained above to study the continuum limit of the entanglement
Hamiltonian can be adapted straightforwardly to the case where the decompositions
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(18) and (19) are employed. The result is again (49), with the weight functions given
by (47) and (48). The crucial difference with respect to the previous analysis is that, as

L — oo, in (47) we have M) (i)/L — M) (z) with

, M;; + 25 e M, 1<i<L/2
Mo, () = zkmx ““ & (50)
M, +25 2 My, L/24+41<i<L
and N (5)/L — N (x) with
. sz+2 - 1,4tk 1<Z<L2
N© (i) = N Z’émax * /? (51)
zz+22 zk:z L/2+1<Z<L
while in (48) we have M{? (i)/L — M{? () with
k .
. - k2 zz k 1 < ? < L/2
M (i) = kax o /: (52)
Z k=M. i—kyi L/2 + 1 < 1 < L

and M) (i)/L — M) (z) with

(i) = S k2 (Mgt ieran — 2M; i+ Mi1io14) 1<i<L/2
SR k2 (Mi—ginivn — 2My i+ Micg—1,01)  L/2+1<i< L.
(53)
The occurrence of two branches in these functions of the spatial index ¢ (which origi-
nates from the splitting of the range 1 < < L in (18) and (19)) guarantees that they
are well defined on the entire interval for finite values of k.« < L. The combinations
of diagonals in (50)-(53) display the symmetry under reflection with respect to the
centre of the interval, which has been observed also for the diagonals of M and N (see
figures 2 and 3).

In figure 4 we show some numerical results for the combinations in (50) and (53).
From the left panel we observe that, when k., is large enough, M,(jjjax converges to
a well-defined function of z/¢ € (0,1). This observation allows us to conclude that
M,(C?jax/L — 0 as L — oo at any given value of z/¢ € (0,1). Similarly, the data reported
in the right panel of figure 4 show that, when k., is large enough, the product
L Mg,lmx for increasing values of L collapses on the horizontal line corresponding to 4w

except for four isolated and finite picks in each curve, whose positions depend on L and
whose heights are independent of L. The positions of these picks are symmetric with

respect to the centre of the interval and they move towards the centre of the interval

as L increases. These observations allow us to conclude that Mé b/ L — 0 as L — oo.

Thus, the collapses of the data points observed in figure 4 for 1ncreasmg values of L
lead us to conclude that for the weight functions occurring in the O(1/a?) term of (49)
we should have

MO (z) =0 M) () =0. (54)
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Figure 4. The combinations (50) (left) and (53) (right) when the subsystem is an
interval made by L sites in the infinite line and wL = 107°%, The cyan horizontal
line in the right panel corresponds to 4w. The collapses of the data points for
increasing values of L support (54).

The curves in figure 4 are obtained through the decompositions (18) and (19). Considering
the other decompositions reported in section 2 and in the appendix, one finds different
curves, but all of them lead to the CF'T prediction (54).

In figures 5 and 6 we report numerical results for the combinations in (51) and
(52). Comparing these two figures, it is straightforward to conclude that the agreement
between the numerical data and the CFT prediction S(x) given by the parabola (3)
(red solid curve) improves as k., < L increases, i.e. by including more diagonals in the
sums occurring in (51) and (52). The data reported in figures 4 and 5 correspond to the
optimal values of k..., when the behaviours of the data become stable. These optimal
values are different for the combinations involving M and N. From figure 6 we also
observe a parity effect in k.. the asymptotic curve for a given k.. is either above or
below the CF'T curve, depending on the parity of k.., and the distances between these
curves decrease as k., increases until the optimal value is reached. This parity effect
in kpax is due to the fact that the kth diagonals of M and N (i.e. M; ;1 and N,y for a
given k) have a definite sign determined by the parity of k (see figures 2 and 3) and that

M,(i)ax and N,(c(jjax are linear combinations of these diagonals through positive coefficients.

We remark that the data points reported in figures 4—6 probe the entire interval
A, including the neighbourhoods of the endpoints. Furthermore, the resulting curves
are symmetric under reflection with respect to the centre of the interval, as expected
for this bipartition. These features support our choice to employ the combinations
(50)—(53).

The collapses of the data points in figure 5 for increasing values of L lead to the
conjecture that the weight functions occurring in the finite term of (49) are

M (z) = —B(x) ND(z) = B(a). (55)

Thus, by employing the numerical results (54) and (55) in the expression (49) for the
entanglement Hamiltonian of an interval in the infinite line, we find the CFT predic-
tion (2) with §(x) given by (3) and the energy density by (6).

We find it worth remarking that the height of the cyan horizontal line in the right
panel of figure 4 corresponds to 47 = —¢?3(z)”, with 3(z) being the weight function (3)
predicted by CFT. A naive explanation of this observation comes from the fact that
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Figure 5. The combinations (52) (left) and (51) (right) when the subsystem is an
interval made by L sites in the infinite line and wL = 107°%, The collapses of the
data points corresponding to increasing values of L support (55), with [(x) given
by the parabola (3) (red solid curve).

Mé?,)gmax is a combination obtained through a finite differences approximation of pj(x)
(see (46)) and that the combination M,(i)ax of pg(x) provides —f5(z) in the continuum

limit (see (55)). Nonetheless, an exchange of the second derivate of ug(z) with the dis-
crete sum over k in (34) would provide an unexpected term containing ®? multiplied by
a constant weight function in the entanglement Hamiltonian. This leads us to conclude
that exchanges between derivatives with respect to x and discrete sums over k are not
allowed.

3.3. Entanglement spectrum

In a two-dimensional CFT, the entanglement spectra of an interval for the bipartitions
shown in figure 1 have been studied in [13] through methods of BCFT [25, 32, 33]. The
occurrence of boundaries is due to the regularisation procedure, as briefly mentioned in
section 1. In the imaginary time description of the two-dimensional spacetime underly-
ing the bipartitions shown in figure 1, the UV cutoff € can be introduced by removing
an infinitesimal disk of radius € around each entangling point [7, 13, 18, 24]. For the
interval in the infinite line (left panel of figure 1), the remaining spacetime has two
boundaries which encircle the two endpoints of the interval A; hence it can be mapped
into an annulus through a conformal transformation. Given the symmetry of this bipar-
tition with respect to the centre of the interval, the same conformal boundary condition
must be imposed on the two boundaries.

For harmonic chains in Gaussian states, standard techniques allow us to evaluate
the entanglement spectrum in terms of the single-particle entanglement energies ¢,,
which are obtained from the symplectic spectrum of the reduced covariance matrix of
the subsystem [1, 2, 17, 27, 34]. Once the single-particle entanglement energies have
been ordered as €; < €3 < --- < €, the gaps g, introduced in section 1 can be written
as linear combinations Zﬁzl ni €x with non-negative integer coeflicients ny.

In the top left panel of figure 7, we report some numerical results for ;. For a given
finite value of L, we observe that e; — 0 as wL — 0, while this does not happen for ¢,
with > 1. This leads us to assume that €; vanishes in the comparison of the numerical
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Figure 6. Role of the parameter k., in the combinations (52) (top panels) and
(51) (bottom panels) when the subsystem is an interval made by L sites in the
infinite line and wL = 107°%, The insets, which zoom in on the central part of the
interval, show that the agreement with the CF'T prediction given by the parabola
(3) (red solid curve) improves as k.. increases.

data with the CF'T predictions in the bottom panel of figure 7. In the top right panel
of figure 7 we show the single-particle entanglement energies ¢;/L in terms of k/L for
some values of L and, if L is large enough, we find that the data having different L col-
lapse on a well-defined curve, that would be interesting to obtain analytically. Given
the above assumption about €1, in the bottom panel of figure 7 we show the numerical
data for the ratios g,/g; of the gaps with respect to the first gap as functions of log L.
It is remarkable to observe that, as L increases, the values of ¢,./¢g; with 1 <r <29
collapse on all the integers n with 1 < n < 6 (we checked that g,/g1 > 6.5 when r > 30
for the largest value of L at our disposal). This originates from the fact that the single-
particle entanglement energies in the low-lying part of the spectrum are equally sepa-
rated by a multiple integer of 5. Furthermore, the degeneracy of the nth level is given
by the number of possible ways to partition the integer n. This happens because in this
model the low-lying part of the single-particle entanglement spectrum contains the first
positive integer numbers once the normalisation through €5 is introduced.

These numerical results for g¢,/g; are compatible with the conformal spectrum of
the BCFT given by a free massless scalar field on the segment with either Dirichlet
or Neumann boundary conditions imposed on both the endpoints of the segment [33,
35], but they cannot discriminate between these two possibilities. As discussed e.g.
in [33], when the same boundary conditions are imposed on both the boundaries,
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Figure 7. Entanglement spectrum for an interval in the infinite line. Top left:
the smallest single-particle entanglement energy € as a function of the number of
sites L of the interval, for increasing values of wL. Top right: the single-particle
entanglement energies ¢, for different values of L (the insets zoom in on the lowest
and highest values of k). Bottom: the ratios of the gaps ¢, in the entanglement
spectrum as functions of log L in the massless regime, i.e. when wL = 107°%,

the Laurent expansion of the holomorphic part of the primary field 0,®(z) reads
0.®(2) = Y_,cz Jn Jn(2), being z the complex variable in Euclidean signature and where
it is worth remarking that the index of the sum runs over the integer numbers. The
functions J,(2) form an orthonormal basis and their explicit expressions depend on
whether Neumann or Dirichlet boundary conditions are imposed. Since the Laurent
modes satisfy the algebra [ jm, jn] = M mino in the proper normalisation, the ground
state |0) can be introduced in such a way that j,|0) = 0 for n > 0 and the Hilbert space
can be constructed by acting with j,, with n <0 on the ground state. The conformal
dimension of the field associated with the state j_,, ...j_n|0) is S2r_, 7 and this
implies that the conformal spectrum contains the non-negative integer numbers, and
the degeneracy of the level with dimension 7 is given by the number of ways to write
n as a sum of integers.

The ambiguity between Neumann and Dirichlet boundary conditions can be resolved
by considering the entanglement spectrum of an interval at the beginning of a semi-
infinite line with Dirichlet boundary conditions, which will be discussed in section 4.3.
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In terms of the primary fields and of their descendants, we observe the towers of the
identity and of 0®.

The agreement found above with the spectrum of the BCF'T of the free massless
scalar field is expected only for the low-lying part of the entanglement spectrum.

4. Interval at the beginning of the semi-infinite line with Dirichlet boundary
conditions

In this section we study the continuum limit of the entanglement Hamiltonian of L
consecutive sites at the beginning of the massless harmonic chain on the semi-infinite
line with Dirichlet boundary conditions at its endpoint. In section 4.1 we find analytic
expressions for the two-point correlators at a generic value of the mass parameter.
Focussing on the massless regime, in section 4.2 we adapt the procedure explained in
section 3 to this case, finding the CF'T prediction (2), with the weight function (4) and
the energy density (7). The continuum limit of the entanglement spectrum is discussed
in section 4.3.

4.1. Correlators

A finite harmonic chain in a segment with Dirichlet boundary conditions imposed at
the endpoints is defined by (8) and by ¢y = ¢ = po = pr = 0. The two-point correlators
(G:q;) and (p;p;) in the ground state read respectively [36]

-1
oy 1 1. . . .
(G:iq;) = 7 ; "y sin(rki/L) sin(nk j/L) (56)
=
(pip;) = 7 may, sin(rki/L) sin(rk j/L) (57)
k=1

where the dispersion relation is

Oy = \/w2—|—4£ [sin(wk/(Qﬁ))}Q > w I1<kE<L-1 (58)

In contrast with the harmonic chain in the infinite line (see section 3.1), this har-
monic chain is not translation-invariant; hence the zero mode does not occur and the
massless limit w — 0 is well defined because the correlators (56) and (57) are finite.

In the thermodynamic limit, the correlators (56) and (57) can be written respec-
tively as follows

_ / sin(f ) sin(6 7) 40
T \/w2 + (4r/m)[ Sm(&/?ﬂ2 (59
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(pip;) = % /OW\/aﬂ + % [Sim(Q/Qﬂ2 sin(04) sin(6 j) do (60)

where i,7 > 0 and the Dirichlet boundary conditions are satisfied at the beginning
of the semi-infinite line. We can evaluate the integrals (59) and (60) analytically by
employing a prosthaphaeresis formula and an integral representation of the hypergeo-
metric function!. The final result reads

- 1 . L
(@) = e {Flli =) = Pl +9)} (61)

(Bis) = meo /T g { F(Ji = jl) = F(i+ )} (62)
where the functions F.(n) are defined as follows

(204 k) VD0 £ 1/2) ¢
Fi(n) = (—) n!21(+1/2)

with k., = 2k/(mw?) and ¢ given by (27).

In the massless regime, which corresponds to w = 0, the expressions (61) and (62)
significantly simplify and become the correlators found in [37], which are written in
terms of the digamma function v (z) respectively as

- oFi(£1/2,n+1/2,n+1,(*)  (63)

(60)) = 5= (V0124 i+.5) = w(1/2 41 = 1) 6

=242 ()

Bibs) = — itj)2—1 46i—jpr—1 (65)

By restricting the indices ¢ and j of the correlators (64) and (65) to the interval A at
the beginning of the semi-infinite line (see the right panel of figure 1), i.e. to the integer
values in [1, L], we get the reduced correlation matrices ¢4 and P4 to employ in the
expression (10) for the entanglement Hamiltonian matrix Hy. Plugging this matrix into
(9), we can obtain the entanglement Hamiltonian of the interval A at the beginning of
the semi-infinite line with Dirichlet boundary conditions imposed at its origin.

4.2. Entanglement Hamiltonian

We are interested in the bipartition of the semi-infinite line whose origin coincides with
the left endpoint of the interval A made by L sites (see the right panel of figure 1), when
the entire system is in its ground state. The entanglement entropy of this bipartition
has been studied for various systems e.g. in [8, 38]. In the massless harmonic chain with

! The following integral representation for the hypergeometric function has been employed

- b—1 B — n+b o — 3\ 2
/2 (cos(nt?) d9:2 I'(n+0b) <1 V1—a > 2F1(b,n+b;n+1;<1 \/(;l a ) )
o 2m

1 —acosf)® nlabT'(b) a

in the special case given by @ = QC/(I + C2) and b = :|:1/2.
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Dirichlet boundary conditions, the entanglement Hamiltonian K, = (ﬁ v+ H ~N)/2 of
this interval is given by (9) and (10), where the [ x L matrices )4 and P4 are the
reduced correlation matrices introduced in section 4.1 through the correlators (64) and
(65). The result for the continuum limit predicted by CFT is (2), with the weight func-
tion () given by (4) and the energy density (7) [29]. In the following we discuss a
numerical procedure to obtain this CF'T result.

The decompositions of the operators o M and H ~ introduced in section 2 and in the
appendix naturally lead us to consider the kth diagonals of the symmetric matrices M
and N, like in the case of the interval in the infinite line discussed in section 3.2. In the
massless regime, we find numerical evidence that the limiting procedures defined in (20)
provide well-defined functions for any given value of k. This is shown in figures 8 and 9
for the kth diagonal of the matrices M and N, respectively, with 0 < k& < 7. Notice that,
while the functions px and v, vanish at the entangling point that separates A and B,
they are non-vanishing at the beginning of the semi-infinite line, where the Dirichlet
boundary condition is imposed. It would be interesting to find analytic expressions
for these functions. Like for the interval in the infinite line, these functions have a
well-defined sign given by the parity of £ and the absolute value of their maximum
significantly decreases as k increases.

Assuming the existence of the functions u; and vy defined in (20), the continuum
limit of the entanglement Hamiltonian (12) can be studied by adapting to the biparti-
tion that we are considering the procedure described in section 3. Special care must be
devoted to the boundary terms due to the integrations of a total derivative or to the
integrations by parts. In particular, in (34) the integrand of the O(1/a) term is the total
derivative 9,[ur(z) ®(z)?], whose integral over the interval gives the boundary terms
[e(7) @(2)?]|2Z5. These boundary terms vanish because ju(f) = 0 at the entangling
point and the Dirichlet boundary condition ®(0) = 0 is imposed at the beginning of the
semi-infinite line, where ;(0) # 0. The remaining expression reads

l
Hy = L / MY (2) ()2 dx
0

¢ Emax
SR | L) 00) 4 ) ¥ (0) 4 ) ¥ (0) | 000 (66)

where O(a) terms have been discarded and ngjax(x) has been introduced in (35).

The O(1) term in (66) is similar to the O(1) term in (34) and the terms containing
pi(x) and pg(z) can be treated as discussed in section 3.2. As for the term whose inte-
grand is p)(z) ®'(z) (), we approximate p)(x) through finite differences by writing
() = [pr(z + a) — pg(x)]/a because analytic expressions for py(z) are not known.
Combining this approximation with (20) and (66), we are naturally led to introduce

kmax

Mfi)cmax(i) = Z k*(Misie146 — Miirk) (67)
k=1

and
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Figure 8. Diagonals of the matrix M (see (20)) when A is an interval with L sites
at the beginning of the semi-infinite line and w = 0. The red solid curve is the half

parabola (4).

Mf,imax () = lim —Libmax 17 Z kz,uLk(a:k) (68)

L—oo L

being
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i M1 iv146 — Mgk
L—oo L

= pnk(wr) (69)

where the subindex 1 means that these quantities are related to the first derivative of
the functions (7). Taking k. — 00 in (68), we find

ME) (z) — MPL (). (70)
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Notice that we can also follow the steps performed in section 3.2 combining the last
two terms within the square brackets in (66) into 0, [ux(x) ®(x)’] and integrating by parts
the corresponding integral, which provides the boundary terms [u(z) ®'(x) ®(x)]|%=§.
These terms do not contribute because p(¢) =0 at the entangling point and the
Dirichlet boundary condition ®(0) = 0 holds at the beginning of the semi-infinite line.

Taking the limit k.« — 0o in (66) and employing the weight functions introduced
in (47), (48) and (70), for the non-vanishing contributions to the continuum limit of the

entanglement Hamiltonian we find

HM+HN_ i /H
a ), 2

{M()( )-1— M(Q) ) ()| ®(z)* dz

+z/ WO @) @) + MEL (2) #'(2) D) + ME(@) (@) B(a) |de. (71)

We remark that, although some formal expressions also occur in the case of the interval
in the infinite line in section 3.2, their values depend on the system that we are explor-
ing through the correlators (64) and (65).

Also in the numerical analysis of this bipartition we have employed all the decom-
positions introduced in section 2 and in the appendix as a starting point. We find that
the most effective approach is based on (50)—(53). For the interval at the beginning of
the semi-infinite line, we also need the combination of the matrix elements of M for

Mf,imax and it is not difficult to find that it reads

M2 {kaax kQ( i+1it1+k — M”+k) 1<i<L/2

Bhmax ) §iimas k2 (Mi—gi1,i01 — Mi—iy) L/2+1<i< L. (72)

Like for the interval in the infinite line, the occurrence of two branches in (50)—(53) and
(72) allows us to probe the entire interval. This cannot be done when the decomposi-
tions (14) and (15) are employed (see top panels of figures A4 and A5). Notice that, in
contrast with section 3.2, in this case the reflection symmetry with respect to the centre
of the interval is not expected.

In figure 10 we observe that the numerical data for M}jjjax(z'), Mf,)fmax (1)and L Mg,)gmax (1)

with ¢ # 1 collapse on well-defined curves when L increases. As for some of the weight
functions occurring in (71), these collapses support the following conjecture

MO (z) =0 MP (z) =0 M) () =0 (73)

for any fixed value of x € A such that x # 0. The insets on the right in all the panels
of figure 10 highlight that the values of M(O) _(1)/L, Mlk (i)/L and Mzk ()/L for
v =1 seem to converge to finite non- Vanlshmg constants. Slnce ./\/loo)( 0), M; oo( ) and
Mézc),o(()) are multiplied by ®(0) in (71), the Dirichlet boundary condition ®(0) =0
implies that this feature does not provide a non-vanishing term in the continuum limit
of the entanglement Hamiltonian. In the top panel of figure 10, the discontinuity in
the centre of the interval is due to the fact that M,g?iax in (50) is defined through two
branches. This discontinuity is not observed if different decompositions for the opera-

tors }AIM and fIN in (13) are adopted.
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Figure 10. The combinations (50) (top), (72) (bottom left) and (53) (bottom right)
when the subsystem is an interval made by L sites at the beginning of the semi-
infinite line and w = 0. The cyan line in the bottom left panel corresponds to
27(i/L), while the cyan horizontal line in the bottom right panel corresponds to 2.
The collapses of the data points for increasing values of L support (73).

In figure 11 we show —M,fn)ax /L (left panel) and N,(;:ax /L (right panel) for increas-
ing values of L and an optimal value of k.., which guarantee certain stability of the
numerical results. The collapses of the data points naturally lead to the conjecture that

MP(z) = —p(z) N (w) = B(x) (74)

where §(z) is the half parabola (4) predicted by the CFT.

It is instructive to compare the results in figure 11 for the interval at the beginning
of the semi-infinite line with the ones shown in figure 5 for the interval in the infinite
line. From the insets of these figures we observe that in the former case larger values
of L are needed to reach the CF'T curve close to the origin of the semi-infinite line. This
could be related to the fact that we are obtaining a CF'T curve that is independent of
the boundary conditions imposed at the origin of the semi-infinite line from numerical
data that depend on them.

In the bottom panels of figure 10, the data points for Mf,lmax and L Mé?,lmax (1) with ¢ # 1

collapse on the cyan straight lines, which correspond respectively to 2w x/¢ = —(5'(x)
and to 2m = —¢?3"(z) when L is large enough. Similarly to the case of the interval
in the infinite line (see the final remarks of section 3.2), we can roughly justify this

behaviour by noticing that Mf,imax and Mg,zmax are obtained through finite differences
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Figure 11. The combinations (52) (left) and (51) (right) when the subsystem is
an interval made by L sites at the beginning of the semi-infinite line and w = 0.
The collapses of the data points shown support (74), with S(x) given by the half
parabola (4) (red solid curve).

approximations of u}(z) and p}(x), respectively; hence, from (74), one expects to find

respectively —3(z)" and —f(z)"”. Also, in this case, exchanging the derivatives with
respect to x with the discrete sums over £ leads to wrong results, as already discussed
in the final part of section 3.2 for the interval in the infinite line.

In figure 12 we show again —M,(jjax /L and Ngax /L, but for lower values of k. in

order to highlight the fact that the collapse of the numerical data onto the CFT curve
improves as k., increases. This behaviour is stabilised around optimal values for k.
that correspond to the data reported in figure 11. Furthermore, we encounter the same
parity effect observed in figure 6 and mentioned in section 3.2, which is due also in this
case to the fact that the kth diagonals of M and N have a definite sign related to the
parity of k (see figures 8 and 9).

4.3. Entanglement spectrum

The BCFT analysis of the entanglement spectrum presented in [13], where (5) has
been derived, includes the case that we are considering, given by the entire system in
its ground state and the interval A at the beginning of the semi-infinite line. In this
bipartition only one entangling point occurs; hence the UV cutoff € is introduced by
removing only a disk of radius € around the entangling point. The resulting Euclidean
spacetime has the topology of the annulus and in this case different conformal bound-
ary conditions are allowed at the two boundaries. In our analysis we impose Dirichlet
boundary conditions along the boundary corresponding to the beginning of the semi-
infinite line.

The numerical analysis of the entanglement spectrum is performed as in section 3.3
and the crucial difference with respect to the interval in the infinite line is that the
massless regime given by w = 0 is well defined. In this regime we observe that the low-
est single-particle entanglement energy ¢; is non-vanishing, in contrast with the case of
the interval in the infinite line.

In the top left panel of figure 13 we show the numerical results for the single-par-
ticle entanglement energies ¢;/L in terms of k/L corresponding to some values of L,
finding that they nicely collapse on a well-defined curve when L is large enough, like
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Figure 12. Role of the parameter k., in the combinations (52) (top panels) and
(51) (bottom panels) when the subsystem is an interval made by L sites at the
beginning of the semi-infinite line and w = 0. The insets, which zoom in on the left
endpoint and on the central part of the interval, show that the agreement with the
CFT prediction given by the half parabola (4) (red solid curve) improves as kpax
increases.

in the case of the interval in the infinite line (see the top right panel of figure 7). The
curves obtained for these two spatial bipartitions are compared in the top right panel
of figure 13, finding that they basically overlap, once the curve for the interval in the
infinite line is multiplied by a factor of 2 (the insets highlight that this agreement is
very good in the highest part of the spectrum and gets worse in the lowest part of the
spectrum).

In the bottom panel of figure 13 we show the ratios g./g; between the generic
gap g, and the smallest gap ¢; in the entanglement spectrum as functions of log L,
for 1 < r < 13. These ratios take all the integer values between 1 and 6 included (we
checked that g,./g; > 6.5 for r > 13 for the largest value of L at our disposal). This fea-
ture originates from the fact that in the low-lying part of the single-particle entangle-
ment spectrum the eigenvalues are equally separated by an integer multiple of ¢; (see
also section 3.3). Comparing figures 13 and 7, it is straightforward to notice that g,/¢;
take all the integer values for both the bipartitions, but the corresponding degeneracies
are very different in the two cases. In particular, for the low-lying part of the single-par-
ticle entanglement spectrum the ratios ¢, /e, take the integer odd numbers 1,3,5,7. ..
(see e.g. the top inset in the top right panel of figure 13). Plugging these values into
the relation between ¢, and ¢,, we find that g,/¢; take strictly positive integer values
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Figure 13. Entanglement spectrum for an interval at the beginning of the semi-
infinite line with Dirichlet boundary conditions. Top left: the single-particle
entanglement energies ¢, for different values of L (the insets zoom in on the
lowest and highest values of k). Top right: comparison between the single-particle
entanglement energies ¢, for an interval with L = 400 sites at the beginning of the
semi-infinite line with Dirichlet boundary conditions (see the top left panel) and
the ones for an interval with L = 400 sites in the infinite line (see the top right
panel of figure 7). Bottom: the ratios of the gaps in the entanglement spectrum as
functions of log L when w = 0.

n whose the degeneracy is given by the number of ways to write n as a sum of positive
integers that are not repeated (see the bottom panel of figure 13).

The degeneracy observed in figure 13 is compatible with the conformal spectrum
of the BCF'T given by the free massless scalar on a segment with mixed boundary
conditions, namely with Dirichlet boundary conditions imposed at one endpoint and
Neumann boundary conditions at the other endpoint [33, 35]. As discussed e.g. in [33],

in this case the Laurent expansion that we need is given by 0,®(2) = ) ., +17n In(2),
where the functions J, form an orthonormal basis different from the one mentioned in
section 3.3 and it is worth remarking that the index of the sum runs over half-integers.
By constructing the Hilbert space as discussed in section 3.3, now we have that the
conformal dimensions associated with the different states can take both integer or half-
integer values. Thus, by writing strictly positive integer or half-integer numbers as
sums of half-integers, one finds that g¢,/g; take strictly positive integer values n whose
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degeneracy is the number of ways to decompose n as a sum of non-repeated strictly
positive integers.

Since in our analysis Dirichlet boundary conditions are imposed at the beginning
of the semi-infinite line, we can conclude that Neumann boundary conditions must be
imposed at the boundary introduced by the regularisation procedure around the entan-
gling point. This allows us to fix the ambiguity found in section 3.3, concluding that
the numerical results for the entanglement spectrum of the interval in the infinite line
in the continuum limit agree with the conformal spectrum of the BCFT given by the
free massless scalar on a segment with Neumann boundary conditions imposed on both
the boundaries encircling the endpoints of the interval in the Euclidean spacetime. Also
for this bipartition we expect that the agreement with the conformal spectrum of the
BCF'T holds only for the low-lying part of the entanglement spectrum.

5. Conclusions

In this manuscript we have performed a numerical analysis of the continuum limit of
the entanglement Hamiltonians of a block made by L consecutive sites in massless har-
monic chains, in the two cases where the subsystem is an interval in the infinite line or
an interval at the beginning of the semi-infinite line with Dirichlet boundary conditions
imposed at its endpoint. The procedure is based on the method introduced in [20, 22]
for chains of free fermions, which has been adapted here to harmonic chains.

We have obtained the analytic expression (2) predicted by CFT, with the weight
function [(z) and the energy density Ty(z) respectively given by (3) and (6) for the
interval in the infinite line and by (4) and (7) for the interval at the beginning of a semi-
infinite line. A remarkable agreement between the data points and the weight func-
tions [(z) predicted by CFT is observed (see figures 5 and 11). It would be instructive
to support our numerical results with analytic computations, by first finding analytic
expressions for the functions p(z) and v, (z) (see figures 2 and 3 for the interval in the
infinite line and figures 8 and 9 for the interval at the beginning of the semi-infinite
line) and then by analytically calculating the sums involving these functions and their
derivatives which provide the continuum limit of the entanglement Hamiltonians, as
done in [20, 22] for the interval in the infinite chain of free fermions.

We have also explored the continuum limit of the entanglement spectra of these
entanglement Hamiltonians, finding that the ratios of the low-lying gaps provide the
ratios of the conformal dimensions of the BCF'T given by the massless scalar on the
annulus with the proper conformal boundary conditions, as predicted in [13] (see
figures 7 and 13). The numerical results indicate that Neumann boundary conditions
must be imposed along the boundaries introduced by the regularisation procedure. This
is in agreement with a similar numerical analysis performed in lattice spin models [26],
where it has been found that the numerical results for the entanglement spectra are
compatible with the conformal spectra of BCF'T with free boundary conditions imposed
along the boundaries around the entangling points. This has also been confirmed by
numerical studies out of equilibrium [28].
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The results reported in this manuscript can be extended in various directions. In
massless harmonic chains, the entanglement Hamiltonians of an interval in a circle
when the system is in its ground state or in the infinite line when the system is at finite
temperature should be studied because in these cases (2) still holds and the weight
functions B(z) are known from CFT [12, 13, 21, 22]. It is also natural to explore the
entanglement Hamiltonians for bipartitions involving disjoint intervals [15, 16, 39],
spatially inhomogeneous chains [14, 40] and higher dimensional quantum systems [11].
It is important to find explicit expressions for the entanglement Hamiltonians in inter-
acting lattice models, both through analytic and numerical methods [41-45]. In addi-
tion, the analysis of the entanglement spectra [26, 34, 46-49] and of the contour for the
entanglement entropies [30, 50, 51], which is a quantity strictly related to the entangle-
ment Hamiltonian, deserve further analysis. It is also useful to study operators on the
lattice that provide efficient approximations of the entanglement Hamiltonians [14, 52].
We also mention that, in order to understand the unitary time evolution of a system
after a quantum quench, i.e. after a sudden change that drives the system out of equi-
librium [53], relevant insights could come from the analysis of the time evolutions of
the entanglement Hamiltonians and of their entanglement spectra [13, 27, 28, 54-56].
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Appendix. Alternative summations and role of k.,

In this appendix we report further results supporting the numerical analysis discussed
in the main text. First we briefly discuss the choice of the numerical value of wL
adopted to study the entanglement Hamiltonian of the interval in the infinite line.
In the remaining part of this appendix, we discuss some numerical results obtained
through decompositions of the operators H M and H ~ in (13) that are different from
(18) and (19).

The harmonic chain on the infinite line displays translation invariance and this
symmetry leads to the occurrence of the zero mode, that prevents us from setting
w = 0 in our numerical analysis, as already remarked in section 3.1. In order to study
the entanglement Hamiltonians in the massless regime of this harmonic chain, we have
to choose very small but non-vanishing values of w > 0. The high numerical precision
required for our numerical analysis allows us to take w > 0 significantly close to zero.
The numerical data reported in the figures discussed in sections 3.2 and 3.3 correspond

to wL = 107°" and in figure A1 we justify this choice by showing M / L and N / L
for decreasing values of wl and for three increasing values of k. at ﬁxed L= 400. In
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Figure Al. The combination (52) (left) and the combination (51) (right) for
decreasing values of wL < 1 and increasing values of k... when the subsystem
is an interval made by L = 400 sites in the infinite chain. The dashed black line

corresponds to the parabola (3) predicted by CFT.
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predicted by CFT.
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Figure A3. The combinations given by (39) (top panels), by the second expression
in (A.1) (middle panels), and by (A.12) (bottom panels) for different values of L
and two values of k.., for each combination (left and right panels), when the
subsystem is an interval in the infinite line. The red solid curve is the parabola (3)
predicted by CFT.

order to find a small value for wL > 0 that properly captures the features of the mass-
less regime, we require that the numerical data are stabilised on the CFT prediction (3)
for different values of k... While this condition is fulfilled already for wL = 10=2° in
the left panel of figure Al, it is not satisfied in the right panel. Instead, for wL = 107°5%
very good collapses on the CFT curve are observed for the data corresponding to
different kyyax-

In the main text we have discussed the results for the continuum limit reported in
figures 4 and 5 for the interval in the infinite line (see section 3.2) and in figures 10 and
11 for the interval at the beginning of the semi-infinite line (see section 4. 2). They have
been obtained by starting from the decompositions (18) and (19) for H M and H ~, which
lead to the combinations (50)—(53) for the interval in the infinite line, and to the same
combinations together with (72) for the interval at the beginning of the semi-infinite
line.
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Figure A4. The combinations given by (42) (top panels), by the first expression
in (A.1) (middle panels), and by (A.10) (bottom panels) for different values of L
and two values of k.., for each combination (left and right panels), when the
subsystem is an interval at the beginning of the semi-infinite line. The red solid
curve is the half parabola (4) predicted by CFT.

The procedure to study the continuum limit starting from the decompositions (14)

and (15) for H u and H ~, which provides the combinations (36), (39), (42) and (46) for
the interval in the infinite line (see section 3.2) and the same combinations together
with (67) for the interval at the beginning of the semi-infinite line (see section 4.2), has
been explained in the main text. The numerical results of the combinations (42) and
(39) for various sizes L of the intervals and for two values of k.., are shown in the top
panels of figures A2 and A3 for the interval in the infinite line and of figures A4 and A5
for the interval at the beginning of the semi-infinite line. As k.. increases, the agree-
ment between the data and the CFT predictions given by (3) and (4) improves. The
numerical data stabilise around a value that has been adopted in the right panels. As
for the combinations (36) and (46), we find that they lead to the function that vanishes
identically in the interval, as expected from CFT. The range of the index ¢ in these
combinations does not allow us to capture the curve predicted by CFT on the entire
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Figure A5. The combinations given by (39) (top panels), by the second expression
in (A.1) (middle panels), and by (A.12) (bottom panels) for different values of L
and two values of k.., for each combination (left and right panels), when the
subsystem is an interval at the beginning of the semi-infinite line. The red solid
curve is the half parabola (4) predicted by CFT.

interval and this fact motivated us to employ the decompositions (18) and (19) instead
of (14) and (15).
In the remaining part of this appendix, we discuss the continuum limit of the
entanglement Hamiltonians based on two other decompositions for H v and H N in (13).
Considering the decompositions (16) and (17), by adapting the procedure described
in section 3.2, we find the combinations given by

k k
max k2 max
2
MP (i) = 5 Miin NS () Z Nk (A1)
szkmax *kmax
and
Kmax Kmax k2
kmax Z M; i Mgimax(i) = Z > (Mi+1,i+1+k = 2M; ik + M‘fl,iflJrk) (A.2)
k=—kmax k=—kmax
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where 1+ kpax <7 < L — knax. We emphasise that the combinations (A.1) have also
been found in [19] by employing a different approach. The data obtained through the
combinations (A.1) are shown in the middle panels of figures A2 and A3 for the inter-
val in the infinite line and of figures A4 and A5 for the interval at the beginning of the
semi-infinite line. Also in this case the agreement with the CFT predictions (3) and
(4) improves as ky.y increases until it reaches an optimal value corresponding to the
one adopted in the right panels. Comparing the middle panels with the top panels and
with figures 5, 6, 11 and 12, it is straightforward to notice that (A.1) does not allow
us to describe the CFT curves close to both the endpoints of the interval. The data
corresponding to (A.2), that are not reported in this manuscript, provide the function
that vanishes identically in the interval as L increases and for optimal values of k.,
as expected from the CFT analysis.

Another way to obtain the results predicted by CFT in the continuum limit can
be introduced by adapting the method employed in the numerical analysis of [22]
for the entanglement Hamiltonian of an interval in an infinite chain of free fermions.
Considering only blocks containing an even number L of sites, let us decompose the

operators H M and H ~ in (13) respectively as

HM_LZ “f
L/21Lk L/21Lk1
z kyi+k A z ki+k N N
+2L< Z Z — G sz+k+Z Z ++1 Qiin+k+1> (A.3)

k=1 i=1+k = i=1+k

and

LN,
HN:LZ i’lﬁ?
L/21Lk L/21Llc1
z kyi+k z kyi+k ~
+2L< YD Piokbik t Z D Sl U8 kpmm) (A.4)

k=1 i=1+k k=0 i=1+k

where we have separated the contributions of the even diagonals of M and N from the
contributions of the odd diagonals.

In (A.3) and (A.4) the index i labels the elements along the diagonals of M and
N, while in the decompositions introduced in section 2 it corresponds to a row index.
Treating separately the contributions of the odd diagonals and of the even diagonals in
(A.3) and (A.4) and using (29), (30) and (31), we can adapt the procedure described in
section 3.2 to these decompositions of the operators H wm and H ~- In this case we find
that the combinations of diagonals occurring at the leading order as a — 0 are

Tmax Tmax

MO (i) = Mii +2  Miyi MO (i) = Mii +2) Mioriirin (A5)

r=1 r=1

which come from the even and odd diagonals, respectively.
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The next subleading order in the expansmn of the entanglement Hamiltonian as
a — 0 gets contributions both from Hy and Hy. In particular, the continuum limit of
H m to this order gives

Miﬁ() 2(27’)2 My itr Mnﬁ(l) Z(2T+1) Mi—ritre1 (A6)
r=1 r=1

and the term originating from the finite difference approximation of p}(x), namely

M;,S?n)m (i) = 2(27’)2 (Mi—pitipr1 = 2Mi iy + My 1i01)
o (A7)
Mgfju(l) = Z(QT + 1) (Mi—r+1,i+r—|—2 —2M; .y iri1 + Mi—r—l,z‘+r)
r=1
while from H ~ we find only - -
N2 (i) = Ny + 2 Z Niritr No© (i) = N;; + 2 Z Niritr+1- (A.8)
r=1 r=1

Notice that the range of the index 7in the above expressionis 1 + ryay <@ < L — (1 + Tpax)
for the combinations coming from the odd diagonals and 7. +1 < i < L — rpa for
the combinations coming from the even diagonals.

The final expressions providing the continuum limit of the entanglement Hamiltonian
are proper combinations of the terms coming from the even and odd diagonals, but in
constructing these combinations we encounter the problem that the former ones are
defined on L — 27, sites, while in the latter ones the index i assumes L — 27, — 1
values. In this case the index i labels the elements along the diagonals; hence, focussing

e.g. on (A.6), we encounter an ambiguity in the way to combme Mo (i) with ME2) (i),

Tmax

In the following, first we split M, °(2) (1) as « M?ﬁl( )+ Mrmax( ), with & + 3 = 1. Then,

Tmax

in the sum between the even and the odd part, we choose to associate « Mrn(ml( ) to
Mﬁﬁx(z’) and S Mrmax( ) to Miﬁl(z + 1). The values of @ and 3 are not fixed uniquely
and we choose a = = 1/2 in our numerical analysis. For the interval in the infinite
line, this choice guarantees the expected symmetry with respect to the centre of the
interval at finite L.

By applying this procedure to all the expressions in (A.5)—(A.8), we obtain respectively
1

Mo (1) = M50 (0) + 5 (M2 = 1) + M) (1)) (A.9)
M () = ML) + 5 (M2 — 1) + M2L2) (1) (A.10)
M, () = M52 () + 5 (M2 G- 1)+ M3 (1) (A1)
N = N2+ 5 (N2 = 1)+ N2, ) (A12)
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where ryax + 1 <@ < L — (rmax + 1) and we have employed the parameter kyax = 2rpax + 1
adopted throughout this manuscript to label the last diagonal occurring in a particular
combination of diagonals. Since we always choose odd k., in our numerical analysis,
the same number of even and odd diagonals occurs in the above combinations.

The numerical results for (A.10) and (A.12) are reported respectively in the left and
right bottom panels of figures A2 and A3 for the interval in the infinite line and of
figures A4 and A5 for the interval at the beginning of the semi-infinite line. As L and ky,ax
increase, with k.. < L, we observe again that the agreement of the numerical data with
the CFT curves (3) and (4) improves. Nonetheless, since o +1 <1 < L — (rpax + 1),
the data points cannot capture the CFT curves close to the endpoints of the interval.
We have also checked that, by performing this numerical analysis for (A.9) and (A.11),
the vanishing curve is obtained everywhere within the interval except in the left end-
point in the case of the semi-infinite line, where the Dirichlet boundary conditions are
imposed. These results also confirm the CFT predictions.
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