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Dielectric or plasmonic Mie object at air–liquid interface: The
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Considering the inhomogeneous or heterogeneous background, we have demonstrated that if the background and the
half-immersed object are both non-absorbing, the transferred photon momentum to the pulled object can be considered as
the one of Minkowski exactly at the interface. In contrast, the presence of loss inside matter, either in the half-immersed
object or in the background, causes optical pushing of the object. Our analysis suggests that for half-immersed plasmonic or
lossy dielectric, the transferred momentum of photon can mathematically be modeled as the type of Minkowski and also of
Abraham. However, according to a final critical analysis, the idea of Abraham momentum transfer has been rejected. Hence,
an obvious question arises: whence the Abraham momentum? It is demonstrated that though the transferred momentum
to a half-immersed Mie object (lossy or lossless) can better be considered as the Minkowski momentum, Lorentz force
analysis suggests that the momentum of a photon traveling through the continuous background, however, can be modeled
as the type of Abraham. Finally, as an interesting sidewalk, a machine learning based system has been developed to predict
the time-averaged force within a very short time avoiding time-consuming full wave simulation.

Keywords: Abraham–Minkowski controversy, dielectric interface, machine learning, optical force laws, opti-
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1. Introduction
In 1908, physicist Hermann Minkowski proposed that the

total momentum of an electromagnetic field inside any matter
is equal to

∫
𝐷×𝐵dv.[1] This suggests that the photon mo-

mentum should actually increase and take the value p = nh̄k0

according to quantum description. Here, n is the refractive
index of the medium, k0 is the wave number of the electro-
magnetic wave in air, and h̄ is the reduced Planck constant. A
year later, the German physicist Max Abraham proposed a dif-
ferent argument that the photon inside a medium would have a
lower/decreased momentum that is equal to

∫
[(𝐸×𝐻)/c2]dv,

or according to quantum description, the value of photon mo-
mentum p = h̄k0/n.[2] Nearly 100 years later, there is still no
clear answer as to which of these formulae is correct.[3–5] Ac-
cording to Ref. [5], “both the Abraham and Minkowski forms
of the momentum density are correct, with the former being
the kinetic momentum and the latter, the canonical momen-
tum.” Notably, there is no simple experiment that supports the
decrease of photon momentum (i.e., Abraham momentum of
photon) inside a matter except for a few recent reports.[6–8]

One of the recently popularized ideas in the area of pho-
ton momentum transfer or optical force is known as tractor
beam.[9–11] A tractor beam is a customized light beam that
exerts a counter intuitive negative force on a scatterer,[9–16]

pulling it opposite to the propagation direction of light, in
contrast to the conventional pushing force. Tractor beam ex-
periments, which involve the material background,[12–14] can
also be investigated in details to understand the persistently de-
bated roles of different photon momenta such as those of the
Abraham–Minkowski controversy.[3–5,17,18] In this article, we
have made an attempt to investigate the Abraham–Minkowski
controversy based on the tractor beam like effects.

We have investigated the light momentum transfer and
related optical force on a scatterer (both absorbing and non-
absorbing) floating on an interface of two or three different
media (both absorbing and non-absorbing). Prior to this cur-
rent work, for the interfacial tractor beam experiment, de-
tailed calculations by ray tracing method and stress tensor
equations showed that the pulling force is natural in an air–
water scheme due to the linear increase of photon momentum

∗Project supported by the World Academy of Science (TWAS) research grant 2018 (Ref: 18-121 RG/PHYS/AS I-FR3240303643) and North South University
(NSU), Bangladesh, internal research grant 2018-19 & 2019-20 (approved by the members of BOT, NSU, Bangladesh).

†Corresponding author. E-mail: mahdy.chowdhury@northsouth.edu
‡Corresponding author. E-mail: msrahman@cse.buet.ac.bd
© 2020 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

014211-1

http://dx.doi.org/10.1088/1674-1056/ab5efa
mailto:mahdy.chowdhury@northsouth.edu
mailto:msrahman@cse.buet.ac.bd
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 29, No. 1 (2020) 014211

in the infinitely long water medium.[12,14] Interestingly, non-
Minkowski formulations[14] show a pushing force contradict-
ing the experimental observation in Ref. [12]. However, the
suggested interpretation in favor of Minkowski photon mo-
mentum for the interfacial tractor beam experiment has been
questioned in Ref. [19]. Two different recent experiments have
supported the observation of Abraham photon momentum for
the air–water interface.[6,7] An old experiment has suggested
the possible observation of Abraham force density,[20] which
is also a partial support to the observation of the associated
electromagnetic momentum density [(𝐸×𝐻)/c2] proposed
by Abraham. In addition, some notable theoretical works
have suggested in favor of the possible existence of Abraham
photon momentum[4,5,21–27] for different other situations. A
fully alternative explanation by challenging the observation of
Abraham photon momentum (in Ref. [7]) has been discussed
recently in Ref. [28] and thus, the possible observation on the
decrease of linear momentum (i.e., Abraham momentum of
photon) has been questioned in Ref. [28] and even for some
other situations in Refs. [28–32]. Notably, the experimental
‘possible’ observation of Abraham photon momentum[8] had
also been seriously challenged in prior literature.[31,32]

Considering the inhomogeneous or heterogeneous back-
ground, we have theoretically demonstrated that if the back-
ground and the half-immersed object are both non-absorbing,
the transferred photon momentum to the object can be consid-
ered as the one of Minkowski exactly at the interface in time
averaged scenario. Remarkably, we have shown that even if
the background’s width is only a few nano-meter (extremely
small in comparison with the object), the half-immersed ob-
ject experiences an optical pulling force. Several intuitive
thought experiments have also been put forwarded to establish
this fact. An extremely small gap between the non-absorbing
object and the non-absorbing background can fully nullify the
increase of the transferred photon momentum at the interface
of the object and the gap, which again supports in favor of our
previous proposal (the change of momentum of photon exactly
at the object and the touching background). Notably, these
proposals have been verified based on both full wave simula-
tions and analytical calculations.

In contrast, the presence of loss inside matter, either in
the half-immersed object (i.e., plasmonic or lossy dielectric)
or in the background, causes optical pushing of the object. Our
analytical analysis suggests that for half-immersed plasmonic
or lossy dielectric, the transferred momentum of photon can
mathematically be modeled as the type of Minkowski and also
of Abraham. However, according to a final critical analysis,
we have found that the idea of Abraham momentum transfer
of photon may lead to some notable problems and hence, it
should better be rejected for the case of half-immersed absorb-
ing object.

As a result, considering our analysis in this article (and
also several previous works), it appears that the transferred
photon momentum to a half-immersed object (absorbing or
non-absorbing) or a fully immersed/embedded object[5] (or
even to the free carriers[4] inside an absorbing object) can bet-
ter be modeled as the one of Minkowski (where Minkowski
momentum may arise exactly at the interface of two distinct
media). Then a question arises: whence the Abraham momen-
tum?

We have demonstrated that though the transferred mo-
mentum to a half-immersed Mie object (either lossy or loss-
less) can better be considered as the Minkowski momentum,
Lorentz force analysis along with our full wave simulation
results suggests that the momentum of a photon traveling
through a host dielectric (i.e., in a continuous background),
however, can be considered as the type of Abraham momen-
tum. Interestingly, this conclusion also supports the previous
conclusion drawn in a notable work[4] for the lossy semicon-
ductor.

Finally, a machine learning algorithm has been applied
to predict the time averaged force on half-immersed ob-
jects spending very short simulation time (instead of time-
consuming full wave simulations). Apart from our motivation
of getting a quick prediction of the force type without a time-
consuming full wave simulation, this artificial intelligence-
based investigation may open up a novel research avenue by
providing us with yet another useful tool/approach to investi-
gate other problems related to optical force and photon mo-
mentum inside a matter.

2. Methods
Throughout this paper, we refer to exterior (interior) or

outside (inside) forces as those evaluated outside (inside) the
volume of the macroscopic objects. We have done all the full
wave electromagnetic simulations using COMSOL MULTI
PHYSICS software[33] (and few of them have also been veri-
fied using Lumerical FDTD software[34]).

Two of the possible proposed set-ups are illustrated in
Figs. 1(a) and 1(b). The source is a simple z-polarized (Fig. 1)
plane wave H = H0 e iβ (xcosθ−ysinθ) (the varying incident an-
gle θ is with the −x axis), where H0 = 1 A/m and the wave-
length is always 632.5 nm. The outside optical force[35,36]

is calculated by the integration of time averaged external
Minkowski[37–41] stress tensor at r = a+ employing the back-
ground fields of the scatterer of radius a as follows [in this
article, all time averaged forces have been calculated based on
this equation]:〈

𝐹Out
Total
〉
= ∑

∮
〈𝑇 〉 ·ds,〈

𝑇
out〉

=
1
2

Re[𝐷out𝐸
∗
out +𝐵out𝐻

∗
out
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− 1
2
𝐼(𝐸∗out ·𝐷out +𝐻∗

out ·𝐵out)]. (1)

Here ‘out’ represents the exterior total field of the scatterer, 𝐸,
𝐷, 𝐻 , and 𝐵 are the electric field, electric displacement field,
magnetic field, and magnetic induction field, respectively, 〈 〉
represents the time average, and 𝐼 is the unity tensor. In con-
trast, the internal optical force of Minkowski[37,42] is calcu-
lated by the integration of time averaged Minkowski stress ten-
sor at r = a− employing the interior fields of the scatterer of
radius a as follows:〈

𝐹 in
c
〉
=
〈
FBulk

Mink.
〉
(in) =

∮ 〈 ¯̄𝑇 in〉 ·ds,〈 ¯̄𝑇 in〉 =
1
2

Re[𝐷in𝐸
∗
in +𝐵in𝐻

∗
in

− 1
2

¯̄𝐼(𝐸∗in ·𝐷in +𝐻∗
in ·𝐵in)]. (2)

Here ‘in’ represents the interior field of the scatterer. Notably,
the internal optical force of Minkowski represents the total
conducting force (due to the interaction of the photon with
the free charges inside the absorbing objects) inside an object.
For lossless objects, equation (2) always yields zero force in-
side the objects.[37,42]

3. Results and discussion
In the next few subsections, we will demonstrate three

specific interesting facts regarding photon momentum inside
matter based on both full-wave simulation and analytical anal-
ysis: (a) the change of linear momentum of photon exactly at
the interface of two distinct media, (b) the change of photon

momentum in presence of loss, and (c) the traveling momen-
tum of photon inside a continuous medium.

3.1. Lossless objects: The role of interface on photon mo-
mentum transfer

Though the interfacial tractor beam experiment supports
the linear increase of photon momentum (i.e., Minkowski mo-
mentum), the following question is still a matter of investi-
gation: inside the matter, does the photon momentum always
increases, and even if it increases, does it increase through-
out the whole medium or just at the interface? In Ref. [43]
it has been argued that the increase of linear photon momen-
tum usually occurs at the interface of two different media due
to the reduced impedance mismatch. But no conclusive proof
is available regarding this very interesting argument given in
Ref. [43]. Based on a few proposed thought experiments,
we shall first check this proposal for the interfacial tractor
beam set-up. However, it should be noted that although we
shall show some strong evidence in favor of such proposal
(increase of photon momentum specifically at the interface
of two different medium[43]), it does not mean that the trav-
eling momentum of photon decreases inside the continuous
material medium. Our main focus in the next section is to
judge whether the photon momentum really increases at the
interface of two distinct media or not (instead of the long
continuous material medium). Based on full wave simula-
tions (both 2D and 3D simulations) in COMSOL Multiphysics
(FEM method)[33] and Lumerical FDTD (FDTD method),[34]

we have made the following three interesting observations.

(a) (b)2

0

-2

-4F
o
rc

e
/
1
0

-
1
2
 N

0 1.2 1.6
θ

n1/
k1/

n2/.
k2/

n3/.
k3/

Fx
n1/
k1/

Fx

n2/
k2/

n4/.
k4/

r/ nm

Y

X

Y

X

896

863.56
734.74
605.91
477.09
348.26
219.44
90.61
-38.21

-38.2

1.46T103

1.41
1.2
0.99
0.78
0.57
0.36
0.15
-0.05

-60

T103

W/m2W/m2

2

4

0

-2

-4F
o
rc

e
/
1
0

-
1
3
 N

0 1.2 1.6
θ

n2/.↪ k2/

n2/↪ k2/

n3/.
k3/

Fig. 1. Diameter of the silica object is 4000 nm and time averaged force has been calculated on the silica object using Eq. (1). The dash line
represents the integration boundary. The lower figure shows the Poynting vector distribution for the incident angle of 45◦ for each specific case.
2D simulation results: (a) object half immersed in air and water medium of index 1.33 (or a medium with refractive index 5). Inset: optical
pulling force occurs for different angles of incident light. For the case of index = 5, the optical pulling force increases at least around 100
times than the air–water case for different angles of incident light. Lower figure: Poynting vector distribution for the case where the second
background is water. (b) Object half immersed in air and extremely small (width of 10 nm only) background of water. Inset: optical pulling
force occurs (almost similar to the force of the air–water case in (a)) for different angles of incident light.
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Case 1 From Fig. 1(a), it is evident that if we increase the
refractive index of the second medium, the magnitude of the
optical pulling force increases, which supports the Minkowski
photon momentum. But figure 1(b) reveals that if we consider
an extremely small lower background (water) medium (around
10 nm width, where the object diameter is 4000 nm), still a lo-
cal optical pulling force occurs on the object of 4000 nm. So,
the main point is that even for an extremely short touching
background, the proposition of the linear momentum increase
remains valid. In Fig. 2(a), this fact is again verified with 3D
simulations of Fig. 1(b) using short background. To ensure the
impact of the short background, we have increased the refrac-
tive index of the short background. As expected, the pulling
force increases due to the increase of refractive index of the
short background as shown in Fig. 2(b). Now, the obvious
question arises whether there is any alternative way to verify
the robustness of such a proposal. This is addressed next along
with few other distinct issues.

Case 2 According to Figs. 1(b), 2(a), and 2(b), the touch-
ing short background plays a vital role on the time averaged
optical force/transferred momentum of photon under certain

specific conditions (i.e., the object should be a Mie object).
This fact can also be intuitively guessed simply by putting a
silica object such that there would be an extremely small air
gap of only 2 nm (i.e., short background width and it is just air)
between the lower long background and the object as shown
in Figs. 3(a) (2D simulation result) and 3(b) (3D simulation
result). Notably, in the 3D case we have used a comparatively
larger gap in order to mesh properly.
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Fig. 2. 3D simulation results: diameter of the silica object is 4000 nm
and time averaged force has been calculated on the silica object using
Eq. (1). Object half immersed in air and extremely small (width of
10 nm only) touching background of another material. Almost all the
parameters are the same as given in Fig. 1(b). Optical pulling force oc-
curs (almost similar to the force of the air–water case in Fig. 1(a)) for
different angles of incident light (a) when the short background medium
is water, or (b) when the short background medium is a medium of
higher refractive index.
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Fig. 3. Diameter of the silica object is 4000 nm and time averaged force has been calculated on the silica object using Eq. (1). The width of
the hypothetical short background of air is 2 nm for 2D case and 5 nm for 3D case. The dash line represents the integration boundary. Time
averaged optical force is found always pushing when the long background is water (a) for 2D case and (b) for 3D case.

Even if the refractive index of the lower long background
is increased up to the value of 1.87 (one of the maximum val-
ues of index possible for liquid materials[44]), the force is al-
ways found to be a pushing force on the object due to the
small gap based on the full wave simulations (both 2D and
3D) shown in Fig. s1 of the supplement material. In contrast,
even if the lower long background is air but the short back-
ground (width around 10 nm) is just water, the force is found
to be a pulling force in Figs. 1(b), 2(a), and 2(b). So, the short
background is indeed an imperative criterion, which plays a
significant role in such set-ups.

Case 3 Although all the evidences based on full wave
simulations (both 2D and 3D) support the linear increase
of photon momentum at the interface of two distinct non-
absorbing media, there is a notable experimental constraint
to verify this interesting proposal of local pulling force of the
half-immersed object. For example, it is quite difficult to try to

observe the local pulling force of the silica object (only) after
putting some water/jelly on the lower body of that silica object.
Rather, the movement of the overall object (silica object with
water/jelly on its lower body) can be observed much easily in
the real-world experiments. Now, the question is whether the
whole object (not only Si) meaning Si with water or jelly on
its lower body would experience a pulling force or not. The
answer is no, the overall object, according to our full wave
simulations,[33,34] would experience optical pushing force as
shown in Figs. 4(a) (for 2D case) and 4(b) (for 3D case).

But the notable fact is that even this pushing force still
supports the initial proposal, i.e., the change of linear mo-
mentum of photon exactly at the interface of two distinct
non-absorbing media and hence the time averaged pushing or
pulling force based on the initial and final momenta of photon
for the non-absorbing object. We are explaining this matter
analytically in the next sub-section.
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Fig. 4. Diameter of the silica object is 4000 nm and time averaged force has been calculated on the silica object along with the water in the body of the
silica object using Eq. (1) (the dash lines are the integration boundary). The width of the hypothetical water layer is 2 nm. Time averaged optical force
on the silica object along with the water in the body of the silica object is found always pushing when the long background is air (a) for 2D case and (b)
for 3D case.

3.2. Explanation of the observed results for lossless ob-
jects: Force due to the initial and final momenta of
photon

3.2.1. Based on time averaged optical force laws

One well accepted theory to explain the time averaged to-
tal force on any immersed object is the theory of Minkowski
on optical force and photon momentum. It is well known that
Minkowski stress tensor[27–31,35–37] has a divergence free na-
ture, which suggests that, if the Minkowski stress tensor is
applied inside a non-absorbing object employing the inter-
nal field of the embedded object, it would lead to zero time-
averaged total force. The connection between Eqs. (1) and (2)
can be written as∫ 〈

𝑇Mink.(out)
〉
·ds

=
〈
𝐹 total

〉
=
〈
𝐹 Bulk

Mink.

〉
(in)+

〈
𝐹 Surface

Mink.

〉
, (3)〈

𝐹 Bulk
Mink.

〉
(in)

=
〈
𝐹 in

c

〉
=
∫
〈 fc〉dv =

∫ 1
2

Re[(ωεI𝐸in×𝐵∗in)

−(ωµI𝐻in×𝐷∗in)]dv, (4)

where
〈
FSurface

Mink.

〉
is known as the time averaged surface force

of Minkowski force law which (density of force) is well-
known as Helmholtz’s surface force density:[45]

𝑓Surface
Helmholtz =

[
−1

2
𝐸2

∆ε− 1
2
𝐻2

∆µ

]
r=a

. (5)

According to Eq. (4), on the boundary (at r = a) of any object,
the quantity [ ¯̄𝑇 (out)− ¯̄𝑇 (in)] · 𝑛̂= f Surface

1 (𝑛̂ being the local
unit outward normal of the object surface) should be exactly
the surface force density of Eq. (5). This is calculated next.

From the non-diagonal (ND) components of the
Minkowski stress tensors given in Eq. (1) and (2), we obtain

[ ¯̄𝑇MIX
Mink(out)− ¯̄𝑇MIX

Mink (in)] · 𝑛̂r=a

=
{
[𝜖b𝐸

⊥
out ·𝐸⊥out−𝜖s𝐸

⊥
in ·𝐸⊥in ]𝑛̂

+[εb𝐸
‖
mout ·𝐸⊥mout− εs𝐸

‖
m in ·𝐸

⊥
m in]𝑚̂

+[εb𝐸
‖
qout ·𝐸⊥qout− εs𝐸

‖
q in ·𝐸

⊥
q in]𝑞

}
r=a

+
{
[µb𝐻

⊥
out ·𝐻⊥

out−µs𝐻
⊥
in ·𝐻⊥

in ]𝑛̂

+[µb𝐻
‖
mout ·𝐻⊥

mout−µs𝐻
‖
m in ·𝐻

⊥
m in]𝑚̂

+[µb𝐻
‖
qout ·𝐻⊥

qout−µs𝐻
‖
q in ·𝐻

⊥
q in]𝑞

}
r=a. (6)

Here, ‘MIX’ represents the mixed diagonal and non-diagonal
elements of the stress tensor, which are not connected with the
identity tensor. εb and µb are fixed background permittivity
and permeability, εs and µs are fixed permittivity and perme-
ability of the scatterer. The ‘out’ represents the total fields (in-
cident plus scattered field) outside a scatterer, ‘in’ represents
the fields inside a scatterer. The electric field at the object and
background boundary is defined as 𝐸 =𝐸⊥n 𝑛̂+𝐸′′m𝑚̂+𝐸′′q𝑞,
where 𝑛̂, 𝑚̂, and 𝑞 are the mutually orthogonal arbitrary unit
vectors, which are applicable for different co-ordinate systems
such as cartesian, spherical or cylindrical. 𝑛̂ is the local unit
normal of the object surface, which is considered aligned to-
wards the direction of wave vector direction (for simplicity).
𝐸‖ and 𝐸⊥ are the parallel and perpendicular components of
electric fields at the background and object boundary. In a very
similar way, the magnetic field has also been defined. Now, by
employing the electromagnetic boundary conditions in above
Eq. (6), we obtain

[ ¯̄𝑇MIX
Mink(out)− ¯̄𝑇MIX

Mink (in)] · 𝑛̂r=a

= [𝜖bE⊥out ·𝐸⊥out−𝜖sE⊥in ·E⊥in ]𝑛̂r=a

+[µb𝐻
⊥
out ·𝐻⊥

out−µs𝐻
⊥
in ·𝐻⊥

in ]𝑛̂r=a. (7)

In contrast, from the pure diagonal (D) components, we obtain
(after employing the electromagnetic boundary conditions)

[ ¯̄𝑇D
Mink(out)− ¯̄𝑇D

Mink (in)] · 𝑛̂r=a

= −1
2
{
[𝜖b𝐸

⊥
out ·𝐸⊥out−𝜖s𝐸

⊥
in ·𝐸⊥in ]𝑛̂

+[εb𝐸
‖
mout ·𝐸

‖
mout− εsE

‖
m in ·𝐸

‖
m in]𝑚̂

+[εb𝐸
‖
qout ·𝐸

‖
qout− εs𝐸

‖
q in ·𝐸

‖
q in]𝑞

}
r=a

− 1
2
{
[µb𝐻

⊥
out ·𝐻⊥

out−µs𝐻
⊥
in ·𝐻⊥

in ]𝑛̂

+[µb𝐻
‖
mout ·𝐻

‖
mout−µs𝐻

‖
m in ·𝐻

‖
m in]𝑚̂

+[µb𝐻
‖
qout ·𝐻

‖
qout−µs𝐻

‖
q in ·𝐻

‖
q in]𝑞

}
r=a. (8)
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Now, by adding Eqs. (7) and (8) and after doing some calcula-
tions, we get exactly the surface force law of Helmholtz at the
object boundary (Eq. (5) stated previously)

𝑓Surface
Helmholtz =

[
−1

2
𝐸2

∆ε− 1
2
𝐻2

∆µ

]
r=a

.

After doing aforementioned detail analytical calculations, we
have shown that we get exactly Eq. (5), the surface force
law of Helmholtz, at the object boundary from the quantity
[ ¯̄𝑇 (out)− ¯̄𝑇 (in)] · 𝑛̂= 𝑓Surface

1 .
So, the difference between the internal Minkowski stress

tensor and the external Minkowski stress tensor, exactly at the
object and background interface, leads to the Helmholtz’s sur-
face force. The time averaged pulling force observed in the in-
terfacial tractor beam experiment can be explained/calculated
solely based on this Helmholtz’s surface force given in Eq. (5)
[which appears just at the interface of two different media
(also for different other situations, see Figs. 10(a), 10(b), and
12(a) given in Ref. [45])] and the linear increase (or the trans-
fer) of the photon momentum occurs exactly at the interface
of two different media [Helmholtz/Minkowski force also sug-
gests so]. For example, this last statement can also be written
directly based on the analytical equation involving just the ini-
tial (entering momentum just at the 1st interface of the object)
and final (leaving momentum just at the last interface of the
object) momenta of photon as shown in Ref. [45].

One may point a fact that the Helmholtz surface force
density also arises exactly at the interface of two distinct
media for another well-known force density: the Abraham
force density[17,20,25] (but not for other well-known force
densities like Einstein–Laub force density[25] and Chu force
density[25]). But the main focus of this article is to figure out
the appropriate momentum of photon associated with the dis-
tinct theories of Abraham and Minkowski (or any other the-
ory), instead of figuring out the correctness of Abraham and
Minkowski (or any other) stress tensors or force densities. It
is important to note that the electromagnetic momentum den-
sity of Abraham (and hence the Abraham momentum of pho-
ton) is also associated with two other optical force density
formulations:[25] the Einstein–Laub force density and the Chu
force density. In the next section and later sections, we shall
demonstrate that at least for time averaged scenario, the appro-
priate version of the transferred momentum of photon appears
as the one of Minkowski (exactly at the interface or surface
regions) instead of the one proposed by Abraham. The above
calculations in favor of Helmholtz surface force (which does
not appear in Einstein–Laub or Chu force formulations[25]) are
nothing but an additional support in favor of the force cal-
culated (at the surface regions) by the corpuscular momen-
tum of photon[45] in the next section (which will support the
Minkowski momentum of photon instead of the one of Abra-
ham).

We are now going to apply the idea of initial and final mo-
menta of photon[45] for a simplified case to support our previ-
ous three observations by considering a slab object for which
the first half is immersed in air but the second/lower half is
immersed in water or a material medium.

3.2.2. Based on corpuscular momentum of photon

Let us consider a lossless magneto-dielectric slab of sides
at z = 0 and z = d, embedded (fully immersed) in a magneto-
dielectric medium, illuminated at normal incidence by a lin-
early polarized plane wave propagating along the z direction
with time harmonic dependence e i(kz−ωt). There is an interest-
ing alternative way to calculate the time averaged force known
as Lorentz force[46–48]〈

fBulk( j)
〉
=

1
2

Re[ε0(∇ ·𝐸in( j))𝐸
∗
in( j)+µ0(∇ ·𝐻( j))𝐻

∗
in( j)]

− 1
2

Re[iω(εs( j)− εb){𝐸in( j)×𝐵∗in( j)}

+iω(µs( j)−µb){𝐷∗in( j)×𝐻in( j)}]. (9)

The time-averaged force obtained from fields inside the slab
via Lorentz force after a long analytic calculation〈

𝐹 Embedded
Total (in)

〉
=

1
2

E2
0

µs

(
µbεs
µsεb
−1
) [(εs− εb)µs− (µs−µb)εs]

×{1+ |𝑅|2−|𝑇 |2}, (10)

where
〈
𝐹 Embedded

Total (in)
〉

is the force in per unit area,

|R|2 =

(
µbεs
µsεb
−1
)2

[sin(ksd)]2

4( µbεs
µsεb

)[cos(ksd)]2 +
(

1+ µbεs
µsεb

)2
[sin(ksd)]2

,

Ex =


(

e jkbz +R · e−jkbz
)

E0, z > 0,(
ae jksz +be−jksz

)
E0, 0 < z < d,

T · e jkbzE0, z < d,

|T |2 + |R|2 = 1, (11)

R and T denote the reflection and transmission coefficients
of the slab, while a and b are constants determined from the
boundary conditions.

An important issue is to verify the agreement of the to-
tal Lorentz force with the external Minkowski ST. To sim-
plify, let us consider µs = µb = µ0 in the above calculations.
In Ref. [49] based on the Minkowski ST approach, it has
been shown that the total time-averaged external force for a
lossless slab is

〈
𝐹 Embedded

Total (out)
〉
= 1

2 εb𝐸
2
0(1+

∣∣𝑅2
∣∣− ∣∣𝑇 2

∣∣),
which exactly matches with time-averaged Lorentz force re-
sult. However, this force can also be calculated by using
a direct approach based on the external photon momentum.
For example, we can consider a beam normally incident on
the dielectric slab embedded in another dielectric. It has a
photon flux Ni = 〈S〉/h̄ω , where the time-averaged Poynting
vector is 〈S〉= 1

2

√
εb/µ0

∣∣𝐸2
∣∣, being the incident momentum
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flux[45] τi = Nih̄ki. The reflected beam will have a momen-
tum τr = Nrh̄kr, where Nr =

∣∣R2
∣∣Ni. The transmitted (emitted)

beam with Nt photons has a momentum flux τt = Nth̄kt, where
Nt =

∣∣T 2
∣∣Ni. The total force per unit area applied to the di-

electric then is

〈𝐹 Embedded
Total (out)〉= τi + τr− τt = Nih̄ki +Nrh̄kr−Nth̄kt. (12)

Hence, using Ni, the result exactly matches with the time
averaged force calculated by both the Lorentz force and
Minkowski ST methods.

This last equation is the fundamental equation of the in-
terfacial tractor beam (ITB)[12,14] concept. If the background
of the input (light) interface of the slab is air and that of the
output interface is water, then only within the Minkowski’s
approach one will have

τt > τi + τr, (13)

which according to Eq. (12) will cause an optical pulling on
the slab. The interfacial tractor beam experiment supports
this fact.[12,14] For a simple bi-background case like that in
Refs. [12] and [14], the |T |2 value for the bi-background can
be lower than that for the single air background. Hence the
only way to consider the pulling effect is attributing 𝑝Mink(out)
in Eq. (12) [instead of 𝑝Abr(out)] for the momentum trans-
fer from the background. This has also been verified by a
full wave simulation for a slab in Figs. 5(a) and 5(c). So,
this simple aforementioned approach can explain the linear in-
crease of momentum of photon (due to the reduced impedance
mismatch[43]) as shown in Figs. 1(b), 2(a), and 2(b) where an
extremely short background has been introduced.

Based on this same approach, it can also be shown that
if the rectangular slab (of length d) is fully placed in air just
above the water medium (an extremely small/short air layer

between the slab interface and the water interface), the time
averaged force will be found positive instead of negative. Such
an analysis will also explain the results given in Figs. 3(a)
and 3(b): the case of short air background and the pushing
force. Interestingly, such a situation (a dielectric slab is placed
just in front of a long material background maintaining ex-
tremely small gap between them) has already been calculated
in Ref. [45] as

Ex =



(
e jk1z +R · e−jk1z

)
E0, z > 0,(

ae jk2z +be−jk2z
)

E0, 0 < z < d,(
ce jk3z +d e−jk3z

)
E0, d < z <W +d,

T · e jk4zE0, W +d < z,

(14)

〈
𝐹 Embedded

Total (out)
〉

= τi + τr− τt = Nih̄ki +Nrh̄kr− (Nc +Nd)h̄k3, (15)〈
𝐹 Embedded

Total

〉
= 1

2 ε0𝐸
2
0

(
1+ |R|2− (|c|2 + |d|2)

)
. (16)

Here usually,

(1+ |R|2)> (|c|2 + |d|2). (17)

Equation (17) clearly suggests why the time averaged force on
the slab should be the pushing one and this has been verified
by full wave simulation in Fig. 5(b) [also see Figs. 3(a) and
3(b) for our spherical object set-ups]. Lastly, we can compare
(analogy) the case given in Figs. 4(a) and 4(b) with a slightly
heterogeneous slab fully immersed in air. Based on the sim-
ilar analytical approaches as stated above, it indeed leads to
the result

〈
𝐹 Embedded

Total (out)
〉
= τi + τr− τt and (τi + τr) > τt,

supporting a pushing force to the overall object. This has been
verified by full wave simulation for a slab in Fig. 5(d).
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Fig. 5. Length of object at each side of the slab is 4000 nm and time averaged force has been calculated on silica using Eq. (1). The dash line represents
the integration boundary. The light is propagating along −x direction at different wavelength (range 400–1000 nm). The positive (+) force represents
the pulling and the negative (−) force represents the pushing one. (a) Time averaged optical force is found pulling when long background is water for
2D, (b) pushing force when there is a small air gap between the object and the long background, (c) optical pulling force with short water background
and long background air, and (d) optical pushing force when the integration boundary is just outside the short water background.
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All these analytical (and full wave simulation based) ob-
servations are supporting the proposal that the interface of the
two distinct media (and the entering and leaving momenta of
photon at those interfaces) plays a vital role on the transfer
of photon momentum. Notably, the linear increase of pho-
ton momentum [i.e., 𝑝Mink ] can be a consequence of reduced
impedance mismatch at the interface of two distinct media as
suggested in detail in Ref. [43].

3.3. Behavior of the transferred momentum of photon in
the presence of absorption

Although for the non-absorbing object and non-absorbing
background, the transferred momentum of photon usually in-
creases, this scenario changes when applied in the presence of
absorption, either in the sub-merged object or in the embed-
ding lower background. At first, we can check the case of half

immersed absorbing object. If we replace a half immersed
non-absorbing dielectric by a lossy dielectric or a plasmonic
object, it is clearly observed that the pulling force fully van-
ishes as shown in Figs. 6(a) (for 2D case) and 6(b) (for 3D
case). The easiest possible experiment to verify this pushing
force can be done by replacing the lossless silica object with
a gold or a silver object in the well-known interfacial trac-
tor beam experiment[12] and shining the usual Gaussian beam
wave on it.[12] The findings and demonstrations in this article
suggest that optical pushing force should be observed instead
of optical pulling force in such a set-up. But the obvious ques-
tion is this pushing force arising due to the transfer of Abra-
ham momentum of photon to the half-immersed object or due
to some other reason(s)? This issue is addressed in detail in
the next part.
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Fig. 6. Diameter of the object is 4000 nm and time averaged force on the object has been calculated using Eq. (1). The dash line represents
the integration boundary. (a) The 2D cases. Right side inset: (i) an absorbing silica object (absorbing coefficient 0.1, lossy dielectric) or (ii) a
plasmonic silver object half immersed in air and non-absorbing water. Inset: optical pushing force for different angles of incident light for both
cases. Right side inset: Poynting vector (incident angle of 45◦ for plasmonic object (the absorbing silica case is also very similar, hence not
shown here)). (b) 3D cases for both the objects with the same parameters of (a).

3.4. Explanation of the observed results for lossy objects

Now the first question is what actually happens in Fig. 6
(absorbing object half-immersed in lossless water). And the
second question is what the possible differences between the
non-absorbing situations and the absorbing cases are. Now, we
shall investigate the idea both mathematically and intuitively
as follows.

It is well known that Minkowski stress tensor[37–41,46–48]

has a divergence free nature, which suggests that, if the
Minkowski stress tensor is applied inside a non-absorbing ob-
ject employing the internal field of the embedded object, it
would lead to zero time-averaged total force. When absorp-
tion is introduced inside the half-immersed object, the force
inside the absorbing object has a non-zero value equal to
Eq. (2) [read Ref. [37] for more detail on Eq. (2)]. Accord-
ing to Refs. [37,42] that the same time averaged conduction
force

〈
𝐹 in

c
〉

in Eq. (2) (that arises due to the free currents in-
side the scatterer) can also be written by the volumetric force
method[15,37,42]

〈
𝐹 Bulk

Mink.

〉
(in) =

〈
𝐹 in

c

〉
=
∫
〈 fc〉dv

=
∫ 1

2
Re[(ωεI𝐸in×𝐵∗in)− (ωµI𝐻in×𝐷∗in)]dv. (18)

Here εI and µI are the imaginary parts of the permittivity and
permeability of the scatterer, respectively. It should be noted
that, if there is no absorption inside an object (i.e., lossless ob-
ject), the total internal force

〈
𝐹 in

c
〉

becomes zero which can
be understood from Eq. (4) [as there would be no εI and µI in
Eq. (4)].

The connection between previously discussed Eqs. (1)
and (2) can be written as∫
〈𝑇Mink.(out)〉 ·ds = 〈𝐹 total〉= 〈𝐹 Bulk

Mink.〉(in)+ 〈𝐹 Surface
Mink. 〉.

Previously discussed Helmholtz’s force density gets an addi-
tional bulk part in the presence of loss and hence the total time
averaged force density takes the form

〈 fz〉 = −(1/4) |𝐸|2x (∂εr/∂ z)

− [(1/2)εiIm[𝐸x(∂𝐸
*
x /∂ z)]]. (19)

According to the Minkowski’s theory, there is no net
force (bulk force) on the bound charges inside the loss-
less medium of the object/background.[37,42] For lossless
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objects, all the forces are surface ones (stated above as
Helmholtz force) occurring at the interface between the loss-
less object/background. But this is not the case for the
lossy/absorbing cases according to our aforementioned discus-
sion. Depending on the amount of loss (value of the absorp-
tion coefficient), the net force will turn from a pulling on to
a pushing one as observed in our simulation results. For a
lossy object, as the absorption coefficient increases from zero,
the rate of momentum imparts on the free charges and hence
momentum transfer via scattering on the material of the ob-
ject increases and at a certain value, compensates the pulling
force putting the object at equilibrium. After further increase
of the absorption coefficient, the pushing force overcomes the
pulling force and we get a net pushing force on the spherical

object (see our simulation results given in Fig. s2 of supple-
ment material).

To illustrate these issues by using a simple mathemat-
ical analysis, let us consider an absorbing dielectric rectan-
gular slab half embedded in a non-absorbing liquid dielectric
medium. The pushing force has been verified by full wave
simulation for a half-immersed slab in Figs. 7(a) (for lossy di-
electric slab) and 7(b) (for plasmonic slab). According to the
corpuscular theory, the time averaged force can be written like
before

〈𝐹 Embedded
Total (out)〉= τi + τr− τt = Ni pi +Nr pr−Nt pt. (20)

Now, equation (20) can be written based on two fully different
mathematical ways.
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Fig. 7. Length of object at each side of the slab is 4000 nm and time averaged force has been calculated on the object using Eq. (1). The
dahs line represents the integration boundary. The light is propagating along −x direction at different wavelength (range 400–1000 nm). The
positive (+) force represents the pulling and the negative (−) force represents the pushing one. Time averaged optical force on lossy object is
found always pushing. (a) Optical pushing force occurs, when object is lossy dielectric, (b) pushing force occurs, when object is plasmonic.

(i) The first way is the straightforward one: by employing
the Abraham momentum of photon in the transmitted medium
(the lower touching background), which directly suggests that
the pushing force occurs because of Ni pi +Nr pr > Nt pt (al-
ways), 〈

𝐹 Embedded
Total (out)

〉
= (1/2) |𝐸|20 ε0[(1+ |R|2)− (nbt)

−1 |T |2], (21)

where nbt is the refractive index of the lower touching back-
ground medium.

(ii) The second way is not the straightforward one: by

employing the Minkowski momentum of photon in the trans-
mitted medium (the lower touching background), which does
not directly suggest how the pushing force occurs following
this equation: 〈

𝐹 Embedded
Total (out)

〉
= (1/2) |𝐸|20 ε0[(1+ |R|2)− (nbt) |T |2]. (22)

Here,[50,51]

|T |2 + |R|2 = 1−PLoss. (23)

If we put the value of |T |2 in Eq. (22) from Eq. (23), we obtain
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the equation〈
𝐹 Embedded

Total (out)
〉

= (1/2) |𝐸|20 ε0[[(1−nbt)+ |R|2 (1+nbt)]+nbtPLoss]. (24)

Equation (24) suggests that if we consider the Minkowski mo-
mentum of photon in the transmitted medium, depending on
the value of PLoss (which is always found positive but changes
with the absorption coefficient between 0 and 1 in Fig. 3(c) in
Ref. [50]), the time averaged force can be pulling or pushing.
According to Eq. (24), in presence of lower value loss, it can
be possible to observe optical pulling force.

At the very first look, it appears that: process (i), which
suggests in favor of Abraham momentum of photon, may have
no trouble. But this conclusion leads to two notable problems:
(1) the mathematical form along with the behavior of an equa-
tion of physics [i.e., Eq. (12) in this article] directly changes
from one case [i.e., non absorbing situation] to another case
[i.e., absorbing situation]. (2) According to Eq. (21), the op-
tical pulling force should not occur even for the lower value
of absorption [i.e., one can put Eq. (23) in Eq. (21) and eas-
ily verify it]. But our simulation results (shown in supple-
ment s2) suggests that depending on the amount of loss (value
of the absorption coefficient), the net force will turn from a
pulling one to a pushing one gradually (but not abruptly). As
a result, we conclude that when the object is lossy, a signif-
icant amount of the incident momentum will be transferred
to the object due to absorption. Thus, the object overall gets a
pushing force. However, the amount of momentum transferred
(from the lower medium) is still the Minkwoski (as discussed
in aforementioned process (ii)) but not the Abraham one by an
abrupt switch. Depending on the amount of loss (value of the
absorption coefficient), the net force will turn from a pulling
one to a pushing one (as observed in our simulation results).

Hence, an obvious question arises: when the Abraham
momentum of photon may appear. Is it a wrong momentum of
photon? This issue is addressed in the next section.

3.5. The traveling momentum of photon in continuous
background or host medium

According to Ref. [37], inside the absorbing dielectric
slab, the conducting force of Eq. (18) takes the following form:

〈 fc〉 = (1/2)(nω/c)εi |𝐸|2x
= −(1/2)Re[(n/c)(∇ ·𝑆)]. (25)

According to Eq. (25), the transfer of momentum to free cur-
rents due to the attenuation of the wave in the medium is given
by the divergence of the Minkowski momentum of photon in
Eq. (25).[37] This dependence on refractive index (transfer of
Minkowski momentum of photon) has also been observed in
the dilute gas experiment[52] and photon drag measurement

for free charge carriers.[53] It suggests that the transferred mo-
mentum to the free charges inside any absorbing object can be
considered as the one of Minkowski. Though the transferred
momentum to the free carriers in the host semiconductor[4] is
considered as the one of Minkowski, the traveling momentum
of photon has been considered as the one of Abraham accord-
ing to the detail analysis given in Ref. [4]: “It is clear that the
experimental observations to date are consistent with both the
Minkowski and Abraham momenta. The momentum transfer
to a body (in our case the charge carriers) within a medium
is given by the Minkowski momentum. The momentum of a
photon travelling through a host dielectric, however, is given
by the Abraham momentum. These results have both arisen
from applying the same Lorentz force to a simple model di-
electric, . . . ”

However, for our proposed set-ups, the doubt arises for
the lower continuous background medium. The reason is obvi-
ous: though the transferred momentum from this lower (touch-
ing) background to the half-immersed object is always the one
of Minkowski (according to our previous detail discussions),
does the Lorentz force analysis lead to the Abraham momen-
tum of photon (traveling one) for the lower continuous back-
ground? This is analyzed next based on a simple thought ex-
periment.

We have considered 2D set-ups given in Figs. 8(a) and
8(b): an object is half immersed in a long (but finite) back-
ground medium of water. The time averaged force on the
lower continuous long (but finite) sized background can be
calculated in two fully different ways: (I) by employing the
external Minkowski stress tensor [cf. the integration boundary
in Fig. 8(a)] and (II) by employing the Lorentz force method,
applying the internal bulk force [cf. the integration bound-
ary in Fig. 8(b)] and surface force method.[15,35,46,47] The total
momentum conservation equation for the Lorentz volumetric
force (whatever the form is chosen[54,55]) leads to the Abraham
momentum of photon [cf. supplement s3 for detail analysis]

∇ ·𝑇Lorentz(inside a dielectric) = 𝑓Lorentz(t)+
∂

∂ t
𝐺(t), (26)

where 𝑇Lorentz is the associated stress tensor.[54] It is observed
in Fig. 8(c) that the total time averaged forces calculated in two
fully distinct ways are always in agreement with each other.
The components [i.e., bulk and surface forces] of the total vol-
umetric force are shown in Fig. 8(d). The detail calculation
methods are given in supplement s3. This agreement between
the external Minkowski force and internal Lorentz force (also
commonly known as volumetric force) suggests that at least
the instantaneous momentum of photon [i.e., the momentum
density equation in Eq. (26)], which is traveling in the bulk
part of the continuous lossless long background, can be mod-
eled as the type of Abraham. This issue of Lorentz force distri-
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bution inside water has been previously discussed in Ref. [54],
which in all possible ways supports the Abraham[54] or field
or kinetic[4,5] momentum of photon. For the lossless long
background, if the Minkowski force is employed to yield the
bulk force, it gives zero force due to the divergence free na-

ture of Minkowski stress tensor. As a result, probably there is
no straightforward way to employ the Minkowski momentum
of photon in the momentum conservation equation of Lorentz
force (to yield the force on bulk medium inside lossless mat-
ter) stated above.
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Fig. 8. Time averaged force (𝐹x) has been calculated on the long (but finite) water medium (not on the half-immersed object, which has diameter
500 nm) by using two different methods: time averaged external Minkowski stress tensor (MST) and Einstein–Laub (EL) force formulation
(i.e., Lorentz volumetric force). To make the water medium much bigger than the half-immersed object, the vertical length of water medium
is chosen 5000 nm and the horizontal length is 10000 nm. The dash line represents the integration boundary. (a) The outside optical force on
long (but finite) water background is calculated by the integration of Minkowski stress tensor just outside the medium boundary (the dash line).
(b) The dash line represents the integration boundary for calculating the internal bulk force on water medium using the EL force formulation
and the surface-EL force is calculated just at the surface of the water medium. (c) Total time averaged optical forces (𝐹x) by external MST and
volumetric EL force methods are in almost agreement. (d) Surface force, bulk force, and total optical force by using EL force formulation. It
should be noted that the total force in EL force formulation is surface EL force + bulk EL force.

3.6. Application of machine learning techniques for pre-
dicting the type of optical forece

Finally, we take an interesting sidewalk from our primary
focus and investigate whether machine learning based data an-
alytics can provide us an accurate prediction on the time aver-
aged optical force for the more generic cases based on the dis-
cussed complex set-ups in this article. The motivation behind
this rather unusual investigation is as follows. A lot of param-
eters actually contribute towards determining the optical force
type (i.e., pulling vs. pushing) and a full wave simulation[33,34]

takes long time. In contrast, a quick accurate result in this
regard could be extremely useful for experimental physicists
at least to make quick primary decisions in many situations.
So, we have made an attempt to develop a machine learning
based system, using WEKA workbench,[56] which can accu-
rately predict the outcome extremely faster. However, the ac-
curacy of this prediction is naturally dependent on the dataset
used for training the system. The dataset has been prepared
based on some full wave simulations and is provided in chart
1s in the supplement material.

We have used the WEKA workbench[56] to develop the
machine learning based classifiers and to conduct the compu-
tational experiments. The data given in the supplement s4
(chart 1s of the supplement) has been used to train a sys-
tem that is able to predict the optical force type. In what
follows, this data will be referred to as the training dataset.
The varying parameters (i.e., features in the context of a ma-
chine learning model) used in the dataset are as follows: par-
ticle radius/lambda, particle loss, refractive index of the par-
ticle, background and short background, loss at long back-
ground and short background, and the short background width.
Thus, chart 1s in the supplement material (supplement s4) has
the first 8 columns for the parameters with the last (i.e., 9th)
column representing the time averaged force experienced by
the particle, here ‘1’ (‘0’) represents optical pulling (pushing)
force. The 9th column actually acts as the label for the training
data. It should be noted that we have varied the incident angle
of light from 0◦ to 90◦, if the time averaged force is negative
for most of the angles, we have defined it as 1, and in contrast,
if the time averaged force is positive for most of the angles, we

014211-11

http://cpb.iphy.ac.cn//UserFiles/File/2020-014211-SM.pdf
http://cpb.iphy.ac.cn//UserFiles/File/2020-014211-SM.pdf


Chin. Phys. B Vol. 29, No. 1 (2020) 014211

have defined it as 0.
For our classification task, we have used a number

of classifier algorithms, namely, Naı̈ve Bayes,[57–59] sim-
ple logistics,[57,59,60] J48,[57,61] random forest,[57,62] random
tree,[57,62] and so on. Following the machine learning litera-
ture, we have employed the 10-fold cross validation scheme:
the training dataset is randomly partitioned into 10 equal sized
subsets, of the 10 subsets, a single subset is retained as the
validation data for testing the model, and the remaining 9 sub-
sets are used as training data. The cross-validation process is
then repeated 10 times, with each of the 10 subsets used ex-
actly once as the validation data. The 10 results can then be
averaged to produce a single estimation. Table 1 reports the
accuracy measures found after performing 10-fold cross vali-
dation for each of the classifiers. From the results reported in
Table 1, J48, random forest, and random tree classifiers have
predicted the final results with the highest accuracy (more than
95%, which is quite satisfactory).

Table 1. The 10-fold cross validation results for different classifiers.

Sl. Classifiers Accuracy
1 Naı̈ve Bayes 74.12%
2 simple logistic 83.07%
3 decision table 92.02%
4 Jrip 95.13%
5 J48 96.49%
6 random forest 97.27%
7 random tree 95.71%

So, given the values of the required parameters (i.e., fea-
tures), our machine learning based predictor tool can be used
to accurately and very quickly predict the force type. Apart
from our motivation of getting a quick prediction of the force
type without a time-consuming full wave simulation, this ar-
tificial intelligence-based investigation may open up a novel
research avenue[63] by providing us with yet another useful
tool/approach[63] to investigate other problems related to opti-
cal force[64] and photon momentum inside a matter.[65]

4. Conclusion
In this work, we have considered a distinct case — a par-

ticular configuration of light–matter interaction, i.e., an object
(both non-absorbing and absorbing) is half immersed in an
inhomogeneous or heterogeneous background, which can be
very useful to conduct some very simple experiments to de-
termine the transferred momentum of photon along with the
traveling momentum of photon in a material medium. Consid-
ering our detail analysis in this work (and also several previ-
ous works), it appears that the transferred photon momentum
to a half-immersed object (absorbing or non-absorbing) or a
fully immersed/embedded object (or even to the free carriers
inside an absorbing object) can better be modeled as the one

of Minkowski (where Minkowski momentum may arise ex-
actly at the interface of two distinct media according to our
analysis). But at the same time, we have demonstrated that
though the transferred’ momentum to a half-immersed Mie
object (either lossy or lossless) can better be considered as the
Minkowski momentum, optical Lorentz force analysis along
with our full wave simulation results suggests that the mo-
mentum of a photon traveling through a host dielectric (i.e.,
in a continuous long background), however, can be consid-
ered as the type of Abraham momentum. Interestingly, this
conclusion also supports the previous conclusion drawn in a
notable work[4] for lossy semiconductor. Finally, based on
several parameters, a machine learning based technique has
been applied to quickly predict the time averaged total force,
which may open up a novel research avenue by providing a
useful tool/approach (i.e., artificial intelligence) to investigate
other problems related to optical force and photon momentum
inside a matter.
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