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Abstract. An urgent problem related to the process of change in underground water level and 
mineral salt transfer in soils is solved in the paper. The problem is described by a system of 
partial differential equations and the corresponding initial, internal and boundary conditions of 
various kinds. To derive a mathematical model of the process under consideration, a detailed 
review of scientific papers devoted to various aspects and software of the object of study is 
given. To conduct a comprehensive study of the process of filtration and change in salt regime 
of groundwater, mathematical models and an effective numerical algorithm are proposed 
taking into account external sources and evaporation. Since the process is described by a 
nonlinear system of partial differential equations, it is difficult to obtain an analytical solution. 
To solve it, a numerical algorithm based on a finite-difference scheme is developed, and an 
iterative scheme is used for nonlinear terms, the convergence of the iterative method is 
checked. In the conclusion of the paper it is shown that the developed mathematical apparatus 
can significantly reduce the volume of field experiments on monitoring and predicting the level 
of groundwater and salt concentration and minimize expensive and resource-intensive 
experimental work. 

1.  Introduction 
The problems of hydrogeology, including those related to land development, reclamation and 
irrigation construction, the assessment of groundwater reserves and resources, and many others, 
provide for the prediction of the hydrodynamic and hydromechanical regime of groundwater, which is 
a closely interconnected element of a united geofiltration system. 
The changes in the salinity and chemical composition of groundwater in irrigated areas are determined 
by hydrochemical, geological, geomorphological, and irrigation-economic conditions, which, through 
the processes of mass transfer of soluble substances, affect the convection salt transfer by filtration 
stream, diffusion, salt dissolution or its sedimentation into the solid phase; gravitational forces, 
temperature gradients, pressure, concentration of components, composition of water solutions and 
other physical and chemical phenomena. 
In the practice of hydrogeological and meliorative forecasts the methods of balance, correlation-
regression, analysis, identification, numerical and analogue modeling are used to study the 
hydrochemical regime of groundwater and the salt regime of soils. 
So, a correct forecast of the hydrogeochemical regime of groundwater should be based on the analysis 
of this complex system, the variety of natural conditions, i.e. on a joint study of the processes of 
filtration, diffusion and physico-chemical mass transfer. 
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A comprehensive solution to this problem requires the development of a universal computing tool that 
will allow us to combine all stages of the study, from theoretical analysis of existing processes to the 
prediction of hydrogeological situation of the filtration area under consideration. 
This may be implemented by construction of mathematical models and on their basis of a 
"computational experiment", which will allow us to choose an adequate mathematical model 
corresponding to the considered geofiltration situation. 
To conduct a comprehensive study, to forecast and make managerial decisions on the above problem, 
a number of tasks have been solved, where the core is a mathematical model, numerical algorithm and 
software complex for conducting a computer experiment; significant theoretical and applied results 
have been obtained. 
An analysis of freshwater reserves was made in [1] taking into account economic development and 
climate change. For accuracy of forecasting and monitoring the level of underground and pressure 
waters, a physical model is given. A new method of high-accuracy forecasting of the groundwater 
level has been developed using the latest opportunities in information and communication 
technologies aimed to make managerial decisions and to respond to the situations at raising or 
lowering of groundwater level.  
In [2], the authors used a mathematical model to carry out an asymptotic analysis of the fields of 
excess pressure with filtration consolidation in a double relaxation system. The analysis showed that it 
is necessary, especially at the initial stages of consolidation, to take into account the relaxation 
properties of the deformed porous medium and the filtration process, which, in particular, is important 
in the case of sharp and significant changes in pressure. In the general case (where relaxation 
parameters are not assumed to be small), the dynamics of filtration consolidation of porous medium 
can be numerically modeled in the framework of mathematical model under consideration based on 
the developed algorithm. 
In [3], a mathematical model of the process of salt transfer under filtration is developed taking into 
account the infiltration process in unsaturated layered soils. To solve the problem, a solution by the 
finite difference method was obtained. As a result of the problem implementation, numerical 
experiments and an analysis of the results were carried out. 
In [4], at mathematical simulation of this process, the temperature gradients in field conditions and in 
conditions of brackish water were considered for northern semi-arid regions of China. The results of 
numerical solution of the problem show that the temperature gradient of soil has a certain effect on the 
water-salt migration in soil. It was noted that in experiments, the effect of the temperature gradient on 
salt migration was greater than the effect of water motion. 
A two-dimensional steady groundwater flow in a vertical plane was considered in [5]. An analytical 
solution was developed to study the interaction of water with the groundwater flow surface. In the 
paper, the aquifer is idealized in the form of an infinite strip and the channel is modeled as a horizontal 
equipotential function. 
In [6], hydrodynamic and hydraulic models of water runoff in wetlands were proposed, which allow 
one to describe the processes of filtration and surface runoff with varying degrees of detail and 
accuracy. Based on the models of salt transfer by interacting filtration and channel flows, the issues of 
modeling the quality of soil and surface waters are considered. 
The studies in [7-8] consider the concept of groundwater filtration. The types and methods of filtration 
simulation are described. Particular attention is paid to the numerical simulation of the groundwater 
filtration process under various modes of movement. The role of computer simulation in 
hydrogeological research is stressed in the paper. Besides, the urgency of developing new methods of 
computer simulation and the creation of a modern information modeling system is emphasized. 
In [9], a mathematical model was developed to study the distribution of groundwater pressure and its 
changes in the area of underground structures of cylindrical form. Based on the created model, the 
effect of the aquifer thickness, soil porosity, filtration coefficient, viscosity coefficient and 
piezoelectric conductivity coefficient on the pressure that groundwater has on the lower part of the 
underground structure is investigated. The analysis of the possibility of structure extrusion and 
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foundation destruction under pressure caused by groundwater is carried out. Analytical formulas are 
obtained for assessing the stresses in the foundation and predicting the possibility of its destruction. 
The methods and results of construction and practical application of mathematical models of natural 
and technogenic multilayer systems are considered in [10]. The methods of construction of joint 
models of underground and surface waters is presented, computer technology for constructing such 
systems is given. The methods for simulating filtration and heat transfer processes to construct the 
models of hydrothermal systems are considered. The systems of regional models for the conditions of 
the south-east part of the West Siberian artesian basin and for the central part of the Novomoskovsk 
industrial district are presented as examples. 
The studies in [11-12] are devoted to numerical simulation of the process of water and salt transfer in 
soil. In these publications, a mathematical model is proposed taking into account the soil pores 
colmatation with fine particles over time; changes in soil permeability coefficient, water loss and 
filtration coefficient; changes in the initial porosity and the porosity of settled mass. An effective 
numerical algorithm is given based on the Samarsky-Fryazinov vector scheme of the second order of 
approximation of differential operators to finite-difference ones. To derive a mathematical model of 
salt transfer, it is assumed that the pressure gradient in the channel is constant and equal to 
atmospheric pressure. The calculation results for the proposed algorithms are presented in the form of 
graphs, and a detailed analysis of these results is given. 

2.  Statement of the problem 
When forming fresh water reserves, an actual task from the practical point of view is the organization 
of the desalination process of salt water in an underground aquifer. It is necessary to simultaneously 
consider the dependencies of the time of fresh water inflow into water intake on the changes in the 
groundwater salinity between the supply and water intake contours. 
For a detailed and comprehensive study of the process of salt transfer in porous media, the 
development of an adequate mathematical model that describes the basic properties of the object of 
study is important. Monitoring and prediction of salt regime of groundwater aquifers largely depends 
on the degree to which the basic parameters of salt transfer and diffusion in layered porous media are 
determined. 
In mathematical simulation, monitoring and predicting the groundwater levels and hydrochemical 
processes that occur in them with account for interaction of such external factors as evaporation and 
infiltration, this problem can be schematically represented in the form of Fig. 1. 
 

 
Figure 1. Scheme of hydrochemical processes in soils 
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The adopted conditions to predict the level of ground water and changes in salt concentration (in 
groundwater aquifers) under filtration process give reason to present the mathematical model of the 
object in the form of a system of nonlinear partial differential equations: 
 

 
( ) ( ) ,

( ) ( ) .x y f

h h hkh kh f
t x x y y

h Dh Dh v h v h f
t x x y y x y

µ ω

θ θ θ θ θµ θ

∂ ∂ ∂ ∂ ∂ = + + − ∂ ∂ ∂ ∂ ∂ 
∂ ∂ ∂ ∂ ∂ ∂ ∂ = + − − + ⋅
∂ ∂ ∂ ∂ ∂ ∂ ∂ 

 (1) 

Here, ( , , )h x y t  is the ground water level; µ – coefficient of water loss or saturation deficiency; k – 
filtration coefficient; f  – external source; ω  – evaporation; ( , , )x y tθ – salt concentration of 
groundwater aquifers; xv , yv – components of filtration rate; D – coefficients of convection diffusion 
of salts; fθ – salt concentration from infiltration water. 

x
hv k
x
∂

= −
∂

, .y
hv k
y
∂

= −
∂

 

The system of equations (1) is solved under the following initial and boundary conditions: 

 0 0( , , ) ( , ),h x y t h x y=  0 0( , , ) ( , )x y t x yθ θ=  at 0t t=  (2) 

 0
0

( ),
x

hkh h h
x

λ
=

∂
= − −

∂
 0( );

x L

hkh h h
x

λ
=

∂
= −

∂
 (3) 

 0
0

( ),
y

hkh h h
y

λ
=

∂
= − −

∂
 0( );

y L

hkh h h
y

λ
=

∂
= −

∂
 (4) 

 0
0

( ),
x

h
x
θµ θ θ

=

∂
= − −

∂
 0( );

x L

h
x
θµ θ θ

=

∂
= −

∂
 (5) 

 0
0

( ),
y

h
y
θµ θ θ

=

∂
= − −

∂
 0( ).

y L

h
y
θµ θ θ

=

∂
= −

∂
 (6) 

Here 0 0( , , )h x y t are the initial conditions of groundwater levels; λ is the coefficient to reduce the 
boundary condition to a dimension form; 0 0( , , )x y tθ  is the initial salt distribution in aquifers. 
To solve this problem, introduce the dimensionless variables: 

*

0

,hh
h

=  * ,xx
L

=  * ,yy
L

=  *

0

,kk
k

=  0 0
2 ,k h t

L
t

µ
= *

0

,θθ
θ

=  *

0

.DD
D

=  

Then problem (1) - (6) will take the following form: 

 

*2 *2 *2
* *

* * * * *

* * * * *
* * * * * * *

1 1 2 2 3* * * * * *

1 ( ) ( ) ( ),

( ) ( ) .x y f

h h hk k f
h x x y y

h D h D h v h v h f
x x y y x y

x ω
τ
θ θ θ θ θx x x x x θ
τ

∂ ∂ ∂ ∂ ∂
= + + − ∂ ∂ ∂ ∂ ∂ 


∂ ∂ ∂ ∂ ∂ ∂ ∂ = + − − + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

 (7) 

In the future, for the simplicity, we omit the “*” sign in equations and problem (7) in dimensionless 
variables is written as follows: 
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2 2 2

1 1 2 2 3
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Here 
2

2
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2
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3.   Solution method 
Since the given problem describes a system of nonlinear partial differential equations, it is difficult to 
obtain an analytical solution. To solve problems (8) - (13), the finite difference method is used. The 
continuous solution region is replaced by the grid one: 

 , , { ; 0,1,2,... ; ; 0,1,..., ; ; 1,2,..., }x y nx i x i I y j y j J t n n Ntω t∆ ∆ ∆ = = ∆ = = ∆ = = =  (14) 

Next, we approximate equation (8) for the layer 1
2

n + and use the implicit scheme on the 

grid , ,x y τω∆ ∆ ∆ in the form: 

1 1 11
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2 20.5
2 2 2( ) ( )( ) ( ),, 0.5 , 1 , 0.5 , 0.5 , 0.5 , 1 2 ( ),2 2
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∆ ∆
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Nonlinear terms of difference equation (15) are represented in the form: 

 ( ) ( ) ( ) ( )h
h h h h

h
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ψ ψ

∂
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∂


   (16) 

Here  h  is the approximate value of function h , specified in the iteration process ( )
,
s

i jh h= , in this 

case ( )0
, ,i j i jh h=  . 

Based on the linearization formula (16), the system (15) is written the level function squared 
2 22h hh h≈ −  : 
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After some transformations and grouping of similar terms, the finite-difference system (17) is 
rewritten in the form: 
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The resulting systems of equations (18) and (19) with respect to the sought for variables are solved by 
the sweep method, where the sweep coefficients are calculated as: 
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Next, we approximate the boundary conditions (9) - (13), respectively:  
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   
 (25) 
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1 1 1 1 1

0 0 0 02 2 2 2 2
0, 1, 0, 0, 0 0, 0 ,
n n n n n

j j j j j
h hh h

xL xL
µθ µθ

θ θ θ θ θ
+ + + + +

− = − +
∆ ∆

 (26) 

 
1 1 1 1 1

0 0 0 02 2 2 2 2
, , , 1, 0 , 0 ,

n n n n n

I j I j I j I j I j
h hh h

xL xL
µθ µθ

θ θ θ θ θ
+ + + + +

−− = −
∆ ∆

  (27) 

 1 1 1 1 10 0 0 0
,0 ,1 ,0 ,0 0 ,0 0 ,n n n n n

i i i i i
h hh h с

yL yL
µθ µθ

θ θ θ θ+ + + + +− = − +
∆ ∆

  (28) 

 1 1 1 1 10 0 0 0
, , , , 1 0 , 0 .n n n n n

i J i J i J i J i J
h hh h

yL yL
µθ µθ

θ θ θ θ θ+ + + + +
−− = −

∆ ∆
 (29) 

If to assume 0i = on the layer 1
2

n + , then equation (20) is transformed into equation (31). As a result 

of simplification of equation (22), we obtain  

 
21 1

1, 0, 1,2 2
0, 1,

0, 0 1, 0, 0, 0 1, 0,

[ ]
2 2

n nj j j
j j

j j j j j j

h h hxL xLh h
h k k h h k k h

λ λ+ +∆ ∆
= + + − −

  

   
 (30) 

 
1 1
2 2

0, 1, 1, 1,

n n

j j j jh hα β
+ +
= +  (31) 

Comparing (30) with (31), we get 1α  and 1β : 

1,
1,

0, 0 1, 0,

,j
j

j j j

h xL
h k k h

λα ∆
= +


 
 

2
0, 1,

1,
0, 0 1, 0,

.
2 2

j j
j

j j j

h h xL
h k k h

λβ ∆
= − −
 

 
 

At  1i I= − equation (20) takes the form (33). As a result of simplification of equation (23) we get:  

 
21 1

, 1, ,2 2
1, ,

1, 0 , 1, 1, 0 , 1,

[ ] .
2 2

n nI j I j I j
I j I j

I j I j I j I j I j I j

h h hxL xLh h
h k k h h k k h

λ λ+ + −
−

− − − −

∆ ∆
= − + − +

  

   
 (32) 

 
1 1
2 2

1, , , , ,
n n

I j I j I j I jh hα β
+ +

− = +  (33) 

Comparing  (32) with (33), we get 
1
2

,

n

I jh
+

: 

1,

2 21
0 , 0 , ,2

,
, 0 , 1, 0 , 1, , , 0 , 1, 0 , 1, ,

0 , 1,

, 0 , 1, 0 , 1, , , 0 ,

2( ) 2( )
I j

n I j I j I j
I j

I j I j I j I j I j I j I j I j I j I j I j I j

I j I j I

I j I j I j I j I j I j I j I j I

k k h k k h
h

k k h k k h h xL k k h k k h h xL

k k hxL
k k h k k h h xL k k h

α λ α λ

βλ
α λ α

−
+

− − − −

−

− −

= − +
− + ∆ − + ∆

∆
+ −

− + ∆

 

     



   
1, 0 , 1, ,

.
j I j I j I jk k h h xLλ− −− + ∆ 

 (34) 

Using the above algorithm, we find the values of 1
1, j

α 1
1, j
β ,1iα , ,1iβ , ,1iα , ,1iβ

  and 
1
2

,
n
I jθ
+

, 1
,
n
i Jh + , 

1
,
n
i Jθ +  on the layers 1

2
n +  and 1n + . 
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1
2

0 0 0,
1
2

0 0 0, 0

,1
1,

n

j

n

j

h h

h h xLj
µθ

µθ θ
α

+

+
+ ∆

=  0
1
2

0 0 0, 0

,1
1, n

j

xL

h h xLj
θ

µθ θ
β

+

∆
−

+ ∆
=  

,

1
1 21
, 0 ,2

, 1 1
1 12 2( 1) ( 1), 0 , , 0 ,

n
h hn xL I j I j

I j
n n

h h xL h h xLI j I j I j I j

β µ
θ

α µ α µ

+
+ ∆= −

+ +
− + ∆ − + ∆

 

,1
,1

,0 0 ,1 ,0

,i
i

i i i

h yL
h k k h

λα ∆
= +


 

2
,0 ,1

,1
,0 0 ,1 ,0

,
2 2
i i

i
i i i

h h yL
h k k h

λβ ∆
= − −
 

 
 

1
0 0 ,0

, 1
0 0 ,0 0

,
n
i

i j n
i

h h
h h yL
µθ

µθ θ
α

+

+ + ∆
=  

0
, 1

0 0 ,0 0

,i j n
i

yL
h h yL

θ
µθ θ

β +

∆
−

+ ∆
=  

2
0 , 0 , ,1

,
, 0 , , 1 0 , , 1 , , 0 , , 1 0 , , 1 ,

, 0 , , 1

, 0 , , 1 0 , , 1 , , 0 , , 1 0

2( ) 2( )
i J i J i Jn

i J
i J i J i J i J i J i J i J i J i J i J i J i J

i J i J i J

i J i J i J i J i J i J i J i J i J

k k k k h
h

k k h k k h h yL k k h k k h h yL

k k hyL
k k h k k h h yL k k h k

α λ α λ

βλ
α λ α

+

− − − −

−

− − −

= − +
− + ∆ − + ∆

∆
+ −

− + ∆ −



     



   
, , 1 ,

,
i J i J i Jk h h yLλ− + ∆ 

 

,

, ,

.

1
0 ,1

, 1 1( 1) ( 1)0 , 0 ,

i J

i J i J

nh hyL i Jn
i J n nh h yL h h yLi J i J

β µ
θ

α µ α µ

+
∆+ = −+ +− + ∆ − + ∆



 
 

The values of the sequence of groundwater level 
1
2

,

n

I jh
+

, 1
,
n
i Jh +  and salt concentration ,

1
2

,
n
I jθ
+

 1
,
n
i Jθ +   are 

determined by the reverse sweep method. 
The convergence of the iterative process is checked using the conditions: 

 
 ( 1) ( )

, , .s s
i j i jh h ε+ − <  

 
Here  ε is the required accuracy of solution, S is the number of iterations; the initial iterative value is 
chosen equal to the solution on the previous time layer. 

4.  Conclusions 
To study the process of changes in salt concentration and groundwater level over time, a mathematical 
model was developed, described by a system of nonlinear partial differential equations with 
corresponding initial and boundary conditions taking into account external sources. A conservative 
numerical algorithm was developed for computer experiments. The created mathematical apparatus 
can significantly reduce the volume of full-scale research and minimize expensive and resource-
intensive experimental work. 
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