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Abstract.
We present an approach to creating computer testing systems and an overview of our results

obtained based on it. Special attention is paid to the problem of forming the optimal test
content. This problem consists of finding a subset of the test tasks allowing us to get an
objective conclusion about the degree of assimilation by a student the training course. Several
formulations are described for solving this problem and the problem of forming an optimal test
kit. Corresponding mathematical models are constructed on the base of the set covering problem
and its generalizations. A specialized computer testing system, developed by us based on this
approach, is described. The experience of this system use and the prospects of the proposed
approach for creating knowledge testing systems are discussed.

1. Introduction
Various testing problems arise in manufacturing, economics, transportation, education, and
other areas. Testing is widely used to verify product quality, identify customer preferences,
determine the level of training of specialists. For example, in [1], this method is applied to
study knowledge of junior medical employees in the field of modern research related to their
professional field.

Many decision-making problems arising in real applications can be solved using discrete
optimization models. A set of the integer programming problems that model practical problems
arising from scheduling, routing, facility location, etc is presented in [7]. Using of knapsack
problems for resource allocation can find in [12]. One from supply management problems is
considered in [22].

One of the problems encountered during testing is to minimize the number of tests necessary
to analyze all the properties of an investigated object. This problem can be solved using the
set covering problem (SCP) [6]. The SCP is a well-known problem of discrete optimization and
has numerous applications. In the field of education, discrete optimization models are used, for
example, for the timetabling problem of university courses [3], and for distributing the academic
load between teachers [23]. In [9] the knapsack problem models the way students are graded
after the test.

Preparation of high-quality knowledge testing is a difficult, creative and very time-consuming
process included the development of test tasks creating a database and test task variants. In the
literature, there are a large number of works devoted to educational testing, for example, the
choice of the type of test task, its validity and reliability as well as the development of tests in
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individual subjects. For example, strategies using a research-validated multiple-choice question
sequence for leaning one of the topics of quantum physics to study are is explored in [11]. In
[16], the application of a diagnostic tool which is a survey to investigate students’ understanding
of introductory quantum physics concepts, is analyzed.

In this paper, we will be interested in the problem of forming the test content, i.e., selection
of test tasks from those available for inclusion in the test. The test content must accord to the
given goals, the level of training of students and some other criteria. We suggest using Boolean
programming models to solve this problem.

The modern information technologies provide extensive opportunities for automating the
learning process, including the stage of knowledge control and testing as one of its forms.
In universities, computer testing is widely used at the stages of intermediate, thematic and
final control. To create computer tests on various academic disciplines of higher professional
education, universal integrated development environments of tests or tools of e-learning systems
are used most often. In such systems, usually, there is no stage of automation of the process
of forming the optimal test content. Tests are created based on a scenario developed by the
teacher within the capabilities of the shell used.

In this paper, we describe an approach to the development of computer systems of knowledge
testing in which the models and methods of discrete optimization applied to solve the problems
of forming the optimal content of the test. For this, we introduced the notions of the knowledge
element of the studied course, test task template, and test structure. Using these notions, the
problem of finding the optimal structure test [18] and the problem of the optimal test kit [19]
are formulated. The models of Boolean programming are constructed for indicated problems,
and algorithms for solving them are discussed.

Based on this approach, we have created a computer testing system EmmTest on Linear
Programming of the university discipline Economic-mathematical Methods [20]. In this system,
the individual test generation occurs in an on-line mode following the found optimal test
structure. Variants of most test tasks are formed at the time of testing using specially designed
procedures. The results of using system EmmTest for training and exams are discussed.

2. Mathematical models for knowledge testing problems
We will consider the several problems of forming the test content when it is required to choose
such a subset of tasks that meets the specified testing goals, for example, for intermediate,
thematic or final control of knowledge.

2.1. Forming the test for separate theme
As we have already noted, the set covering problem serves as a suitable mathematical model
of the problem of testing knowledge for the small training course. Let the training course (or
its separate topic) is considered as a set of knowledge elements, that is, definitions, properties,
statements, algorithms, etc. Each test task checks a specific subset of knowledge elements. The
test size is determined as the number of tasks included in the test. It is required to construct a
test that guarantees the quality control of student assimilation of the entire training course and
has a minimum size.

So we assume that a set from m knowledge elements of the training course has been formed
and there are n test tasks, each of which is intended to test a certain subset of knowledge
elements. A boolean matrix A = (aij) of size m × n is given. Column j of this matrix is the
characteristic vector of test task j, i.e., aij = 1 if task j checks knowledge element i otherwise
aij = 0 for i = 1, ...,m, j = 1, ..., n.

We introduce the Boolean variables as follow xj = 1 if task j is included in the test and
xj = 0 otherwise for j = 1, ..., n. Now the problem of forming the test of the minimum size can
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be written as unweighted SCP
n∑

j=1

xj → min (1)

subject to
n∑

j=1

aijxj ≥ 1, i = 1, ..,m, (2)

xj ∈ {0, 1}, j = 1, ..., n. (3)

The objective function (1) is equal to the size of the test, and it is minimized. Constraints
(2) express the conditions that each element of knowledge must be tested in at least one test
task. Many results on the structure and complexity of this problem, its solving algorithms, and
the experimental research can find in the literature. To search for the optimal solution, hybrid
methods based on branch and bound algorithms [4, 5] and L-class enumeration algorithm [8]
can be used. Algorithms from [10, 15] can be used to find approximate solutions.

We describe simple modifications to the consider testing problem. Let cj be the average time
to solve test task j. It is required to find the test checking all knowledge elements and having a
minimum average execution time. In this case, we obtain the weighted SCP with the objective
function f(x) =

∑n
j=1 cjxj .

To increase the reliability of the test, we require that the knowledge element i be checked at
least in bi test tasks for i = 1, ...,m. Then the conditions (2) take the form

n∑
j=1

aijxj ≥ bi, i = 1, ..,m

and the model of such a testing problem is a generalized SCP.
The use of model (1)–(3) was successful for small topics. For testing throughout the discipline,

the size of the test can be quite large, which makes it impossible to complete the test in the
time allotted for the exam. Therefore, we propose other formulations of the problem of forming
the optimal test content for various types of knowledge control including the final one. The
corresponding mathematical models are given.

2.2. Forming the test for training course
To formalize the problems of knowledge control for the training course, we introduce the following
notions. Recall that the training course is considered as a set of knowledge elements, i.e., most
significant definitions, properties, statements, algorithms, etc. The typical test task or the test
task template is a general formulation of the task for checking a certain subset of knowledge
elements. A general formulation of the task includes the statement of the task, the suggested
answers, and the rule or algorithm of generating the source data for a variant of the typical task.
The source data is numeric or graphic data. Note a change of the source data does not affect
the checked knowledge elements subset.

The test structure is the set of typical test tasks in the test and the test size is the number
of tasks in such set. Optimal test structure (OTS) is a structure of test that allows us to make
an objective conclusion about the degree of student’s assimilation of discipline and satisfies a
certain optimization criterion. Thus, an individual test consists of variants of typical test tasks
determined by its optimal structure.

As noted above, if the test structure for the final testing obtained as the decision of set
covering problem then it can include a large number of tasks. In this regard, we proposed
several formulations of the optimal test structure forming problem [18]. They are based on the
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partition of the knowledge elements set on a basic set (it includes key elements of discipline)
and an additional set (the rest elements).

We consider the following formulation of the OTS problem forming. Suppose the range of the
total difficulty of typical tasks of the test structure and the multiplicity of checking the base set
elements are set. It is necessary to find the test structure that the total importance of checked
knowledge elements from the additional set is maximized under indicated conditions.

To construct a mathematical model, we introduce the following notations. Let the sets of
indices B = {1, . . . ,m1} and C = {1, . . . ,m2} correspond to elements of the base and additional
sets. Let n be the number of developed typical test tasks, and k the number of tasks in the
structure of the test, i.e., its size. We denote by A a Boolean matrix of size m1×n. Here aij = 1
if j-th task is intended to check i-th element of B otherwise aij = 0 for i = 1, ...,m1, j = 1, ..., n.

The Boolean matrix Ã of size m2 × n is defined similarly for knowledge elements from C and
the set of test tasks. Let all test tasks be separated on l groups according to a certain attribute
(for example, by themes or type of task: analytical, graphical, algorithmic, etc.). Denote the
set of task numbers in the group t by Jt for t = 1, . . . , l.

We introduce variables xj = 1 if j-th task is included in the test structure and xj = 0
otherwise for j = 1, ..., n. Further introduce auxiliary Boolean variables vi for i = 1, ...,m2 as
follow. If vi = 1 in some feasible solution then i-th knowledge element from C is checked by the
selected test structure.

Let ci be the importance of checking i-th knowledge element from C for i = 1, . . . ,m2; pj
be the complexity (or the execution time) of j-th task for j = 1, . . . , n; h0, h1 be the lower
and upper bounds on difficulty of the test structure; bi be the smallest number of tasks in the
test structure for checking i-th knowledge element from B for i = 1, . . . ,m1; d0t , d1t be the
minimum and maximum number of typical tasks included in the test structurefrom the group t
for t = 1, . . . , l. All parameters ci, h0, h1, bi, pj , d

0
t and d1t take positive values.

The corresponding mathematical model is as follows:

m2∑
i=1

civi → max (4)

subject to

h0 ≤
n∑

j=1

pjxj ≤ h1, (5)

n∑
j=1

aijxj ≥ bi, i = 1, ...,m1, (6)

n∑
j=1

ãijxj − vi ≥ 0, i = 1, ...,m2, (7)

d0t ≤
∑
j∈Jt

xj ≤ d1t , t = 1, ..., l, (8)

xj ∈ {0, 1}, j = 1, ..., n, (9)

vi ∈ {0, 1}, i = 1, ...,m2. (10)

Here (x1, ..., xn) and (v1, ..., vm2) are the characteristic vectors of the structure and of the
subset of checked knowledge elements from the additional set. Inequalities (5) indicate the
bounds on the total complexity of typical tasks included in the desired structure. The constraints
(6) reflect the requirement of multiple verification of the knowledge elements of the basic set.
Any variable vi is included in only one inequality from (7). If element i from C is not checked
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by x then vi = 0. Otherwise, the value of vi is limited only by condition (10). Therefore, for any
vector x satisfying (5), (6), (8), (9), there is admissible solution (x, v) that vi = 1 if and only if
element i from C checked by x. Since the objective function (4) must be maximized then for the
optimal solution, it will be equal to the total importance of the elements being checked from the
additional set. For each group, conditions (8) specify the minimum and the maximum number
of typical tasks for including to structure. That ensures the variety of the formed structure.

Problem (4)–(10) is NP-hard [2]. However, if this problem has a relatively small dimension
then it can be solved by one of the known integer linear programming algorithms. The variant of
model (4)–(10) was successfully used by us when developing a computer testing system Emmtest.
To solve the corresponding problem, we used the modification [17] of the L-class enumeration
algorithm [8, 13]. This algorithm is based on the method of regular partitions [14].

2.3. Optimal kit of test structures
With a significant volume of the training course and limited testing time, using only one test
structure may cause to the exclusion of a part of the studied material from the testing process.
Therefore, when testing a group of students, we suggest using not one but several test structures
(i.e., kit of structures). In this case, checking the knowledge of each student in the group,
at the same time, we will get results on the assimilation of any element of knowledge of the
studied course. This is provided the teacher with feedback and, therefore, allows the reasonable
adjustment of the educational process.

Clearly, if the number of test structures in the resulting kit will be large, then for obtaining an
objective conclusion, it may be no provided the necessary frequency of checking each knowledge
element from the additional set. To increase the information content of the testing results, it is
necessary to minimize the cardinality of the kit of the test structures.

We offer one of the formulations of the forming the optimal kit of test structures problem.
It is required to find the kit of minimum power from fixed-size test structures. Moreover, all
elements from the base set must be checked in each kit structure and any element from the
additional set is checked at least in a given number of structures of this kit.

We assume that for the number of test structures in the formed kit, the upper bound T
is given. Let k be the size of any structure being formed. We require that each element of
the complementary set be checked at least d times. We introduce the variables zt, xtj , yti for
t = 1, ..., T , j = 1, ..., n, i = 1, ...,m2. Here zt = 1 if the structure t is formed, and zt = 0,
otherwise; xtj = 1, if test task j is included in structure t, and xtj = 0 otherwise; yti = 1 if
element i of C is checked in t-th structure, and yti = 0 otherwise.

The mathematical model of the considered problem has the form:

T∑
t=1

zt → min (11)

subject to
n∑

j=1

xtj = kzt, t = 1, ..., T, (12)

n∑
j=1

aijxtj ≥ zt, t = 1, ..., T, i ∈ B, (13)

yti ≤
n∑

j=1

ãijxtj ≤ kyti, t = 1, ..., T, i ∈ C, (14)
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T∑
t=1

yti ≥ d, i ∈ C, (15)

zt, xtj , yti ∈ {0, 1}, t = 1, ..., T, j = 1, ..., n, i ∈ C. (16)

Here, the objective function (11) minimizes the power of the formed test structures kit.
Conditions (12) describe the requirements for including exactly k tasks in the structure t if it is
formed; otherwise, the structure does not contain tasks. Constraints (13) provide verification of
all elements of the base set in each formed test structure. The inequalities (14) guarantee that
variable yti is equal to one if and only if in t-th structure there is at least one task checking i-th
element from set C. Conditions (15) guarantee the check of each element from the additional
set at least by d structures from any kit.

3. Computer testing system EmmTest
The specialized computer testing system EmmTest for knowledge verification in the discipline
of Economic-mathematical Methods [21] was created on base the presented approach.

The constructed models and methods of Boolean programming are used in the system
when forming tests on the Linear Programming. This topic is an important part of the
disciplines Game Theory and Operations Research, System Analysis, Optimization Methods, etc.
Therefore, the EmmTest system can be widely used under teaching students of mathematical,
economic, technical and other specialties.

The model (4)–(10) was used under the assumption that checking all elements of the
additional set is equally important (ci = 1 for all i), and test tasks are considered the equal in
complexity or in the time allotted for their execution (pj = 1 for all j). In addition, we assume
h0 = h1 = k. The restriction (5) in this case takes the form

n∑
j=1

xj = k.

Here k is the size of the test. Any bi equals 1, i.e., for any element from the additional set, there
is at least one test that checks this element. From each group, at least one task is included in
the test (d0t = 1, d1t = |Jt| for all t).

When developing specialized computer testing systems, one of the most time-consuming
steps is the preparation of typical test tasks and the definition for each test task of knowledge
elements subset that are tested by it. This difficult task requires a generalization of the teachers’
experience in this discipline.

In system EmmTest, 31 typical test tasks was realizated on Linear Programming. Each test
task is an exercise or task to check knowledge elements at the level of reproduction of information
from memory and its application in typical situations.

The system uses two ways to implement typical test tasks. In the first method, the test
task numerical data is formed by a specially developed algorithm for it using a random number
sensor. This guarantees a variety of individual variants for this test task. In this case, the full
automation of the test variant forming process is provided. We note some positive aspects of
this method. The participation of the subject teacher in creating the system is required only
when developing typical test tasks and algorithms for generating their variants. Also, no test
task database storage required. The second method is designed for multi-stage tasks. They are
used to test the knowledge and skills of applying iterative algorithms for solving optimization
problems. To form variants of such tasks, we created special procedures that allow the teacher
to select data suitable for testing in a dialogue mode and save them in a database without the
participation of a programmer.
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The system EmmTest consists of two independent applications: a teacher’s module and a
testing module.

The teachers module is designed to tuning the system for the testing session, depending on
the goals, preparation of the initial data of multi-stage tasks and processing of test results. The
most important part of the described module is the Control Unit. The teacher uses this block to
create a test or the tests kit on Linear programming. He sets the size of the test and determines
in the list all the basic elements of knowledge, that is, elements subject to mandatory check.

For example, for the task of forming the OTS in the system for given data, the corresponding
Boolean programming model is built. Further, it is solved by the L-class enumeration algorithm
[17]. The result is the task numbers included in the optimal test structure. When students
work with the testing module the individual test variants will be created in the on-line mode in
accordance with the formed optimal structure.

To form the optimal kit of test structures, we used an iterative process [19] of a greedy type
based on applying the describe above variant of the problem of forming the OTS. First, problem
(4)–(10) is solved for a given set C of additional knowledge elements. The resulting optimal test
structure is included in the required kit. All elements that are checked by this optimal structure
are removed from C. For lessened C, the indicated variant of problem (4)–(10) is again solved.
The procedure ends with the current set C empty.

4. Conclusion
We presented a new approach to solving the problems of knowledge testing. It is based on the use
of discrete optimization models. Substantial statements of the problems of forming the optimal
test structure and constructing optimal kit of test structures are proposed. Corresponding
mathematical models constructed in the form of Boolean programming problems and algorithms
for solving them developed.

Based on these models, the authors created a specialized computer system EmmTest to
knowledge control in the discipline Economic-mathematical Methods. In it, the optimal
structure of the test on the topic Linear Programming is formed in accordance with the current
data set by the teacher. An individual variant of the test for the student is generated in
accordance with obtained optimal structure.

The features of the tasks in this discipline allowed us to generate variants of the majority of
test tasks using specially developed algorithms in on-line mode. In combination with the ability
to control the test content depending on current goals, this allowed us to automate the process
of creating tests and the testing itself.

In our opinion, the approach using discrete optimization models to solve problems arising in
the field of knowledge testing is promising. It can be used both in creating specialized computer
testing systems on various educational disciplines (in particular, mathematical ones) and in
developing universal integrated environments for test creation.
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