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Abstract. Generic approach to algorithmic problems in combinatorial group theory was
suggested in 2003 by Kapovich, Myasnikov, Schupp and Shpilrain. This approach deals with
algorithms, which solves algorithmic problems on "most” of the inputs (i.e., on a generic set)
instead of the entire domain and output undefined answer (do not halt) on the rest of inputs (a
negligible set). Generic analog of Turing reducibility was introduced by Jockusch and Schupp in
2012. Later Hirschfeldt, Jockusch, Kuyper and Schupp defined coarse reducibility. In this paper
we prove that there exist quasiminimal pairs for generic and coarse reducibilities of computably
enumerable (c.e.) degrees. The work was supported by Russian Science Foundation, grant
number 18-71-10028.

1. Introduction
Generic approach to algorithmic problems in combinatorial group theory [10] was suggested in
2003 by Kapovich, Myasnikov, Schupp and Shpilrain. This approach deals with algorithms,
which solves algorithmic problems on ”most” of the inputs (i.e., on a generic set) instead of the
entire domain and output undefined answer (do not halt) on the rest of inputs (a negligible set).
The concept of almost all can be formalized by introducing asymptotic density on input data
set. Thus, it may be that the problem is difficult to solve or even undecidable in the classical
sense, but easily decidable in the generic sense. In the works of Myasnikov, Remeslennikov,
Borovik, Romankov, Kapovich, Schupp, Dickert, Kambites [10, 1, 2, 5, 6, 9, 11, 12] has been
proven that many algorithmically unsolvable problems of algebra are generically easy decidable.
At the same time, there is great interest both from a theoretical point of view and from
the point of view practical applications, to find algorithmic problems that remain undecidable
or intractable in the generic case. For example, in modern cryptography such problems are
interesting, which, being (hypothetically) difficult in the classical sense, they remain difficult
in the generic sense i.e. for almost all inputs. This is because with random key generation in
the cryptographic algorithm, the input of some difficult algorithmic problems underlying the
algorithm, is generated. If the problem is generically easy to solve, then for almost all such
inputs we can quickly resolve and the keys will almost always be bad. Therefore, the problem
must be difficult for almost all inputs. For example, classical algorithmic cryptography problems
have this behavior: problem of recognition of quadratic residues, discrete logarithm problem,
root extraction problem in residue groups (problem of inversion of the RSA function). Examples
of generically undecidable problems were constructed by Myasnikov and Rybalov in [13].
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Generic analog of Turing reducibility was introduced by Jockusch and Schupp in [7]. Later
Hirschfeldt, Jockusch, Kuyper and Schupp [8] defined coarse reducibility. Classical theorem
of Lachlan and Yates states that there exists a minimal pair of computably enumerable (c.e.)
degrees [3, 4, 14, 16, 17]. Jockusch and Schupp defined also a notion of quasiminimal pair of
generic degrees — an important particular case of minimal pairs. In this paper we prove that
there exist quasiminimal pairs for generic and coarse reducibilities of c.e. sets.

2. Preliminaries
Define for a subset A C N the following sequence

_ Hrix<n, xe A}

pn(A) n

n=123,...

We will call the following limit (if it exists)
p(A) = lim p,(A)

by asymptotic density of set A C N. We will call the set A C N generic if p(A) = 1 and negligible
if p(A) = 0. It is obviously that A is generic if and only if A is negligible.
We will call an algorithm A : N — NU {7} effective generic if

(i) A stops on every input from N,
(ii) set {z € N: A(z) =7} is negligible.

Generic algorithm A computes a function f: N — N if
VeeNA(z) =y e N= f(z) =v.

We will call a subset A C N effectively generically computable (decidable) if there is an effective
generic algorithm, computing its characteristic function.

A set A C N is effectively generically reducible to a set B C N (we will denote it by
A <4 B), if there is an algorithm A with call as a subprogram of any function (generic oracle)
va:N—{0,1,7} such that

(i) Set {z : pa(x) =7} is negligible,
(ii) Ve e N pa(x) =1 = z € A,
(iii) Vx e N pa(z) =0=x ¢ A,

which is an effective generic algorithm computing the characteristic function of A. We will
denote the fact that A <., B and B £.; A by A <., B.

Let S be a subset of N with characteristic function yg. A partial function ¢ : N — {0,1} is
called a generic description of S if p(z) = xs(x) whenever ¢(z) is defined and the domain of
@ is generic. A set S C N is called generically computable if there exists a partial computable
function ¢, which is a generic description of S. Otherwise S is called generically undecidable.

An enumeration operator is a c.e. set. If W is an enumeration operator, the elements of W
are viewed as coding pairs (n, D), where n € N and D is a finite subset of N identified with its
canonical index >, . p 2k We view W as the mapping from sets to sets

X —-W(X)={n:3D (n,D) e W&D C X}.

If U is a partial function, let
(V) = {{a,b) : ¥(a) = b},
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so 7(V) is a set of natural numbers coding the graph of ¥. A set A C N is generically reducible
to a set B C N (written A <, B) if there is an enumeration operator W such that, for every
generic description ¥ of B

W (¥)) =~(©)
for some generic description © of A. We write A <, B if A <, B and B %4 A.
A coarse description of a set A C N is a set B C N such that the symmetric difference
AAB =(A\B)Nn(B\ A)

is negligible. A set A C N is coarsely computable if there is its computable coarse description. A
set A C N is coarsely reducible to a set B C N (written A <. B) if there is a Turing functional
® such that if D is a coarse description of B, then ®P is a coarse description of A. We write
A<.Bif A<.Band B £. A.

3. Main results

A pair of c.e. sets A and B is called minimal pair, if

(i) A and B are not computable,
(ii) for any c.e. set C' if C' <7 A and C <7 B, then C' is computable.

Further we need a construction from [7]. For all £ € N define the following set
Rip={meN:2F|m, 2"1{m}

It is easy to see that
p(Ry) =27+

and

R.NR =0
for all £ # 1. Now for any set S C N define
R(S) = | J R
keS

In [7] it was proven (Lemma 4.6), that for all sets A, B it holds
A<r B & R(A) <, R(B).

A pair of c.e. sets A and B is called quasi-minimal pair for generic reducibility, if

(i) A and B are not generically computable,
(ii) for any c.e. set C' if R(C) <4 A and R(C) <. B, then C is generically computable.

Theorem 1. There is a quasiminimal pair of c.e. sets for generic reducibility.

Proof. Let A and B be a c.e. minimal pair for Turing reducibility. Then it is easy to see that
R(A) and R(B) is a quasiminimal pair for generic reducibility. O

We will prove an analog of Lemma 4.6 from [7] for effective generic reducibility.

Lemma 1. For all sets A, B it holds

A<y B & R(A) <eg R(B).
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Proof. Let A <p B by a machine M7 with classical oracle B. Then a machine M, realizing
reducibility R(A) <y R(B) with arbitrary generic oracle ¢ (p) works on input x € N in the
following way.

(i) Find k such that x € Ry.
(i) Run M;j on k and for every oracle command y € B?, performs the following:

(a) Find m such that y € R,,.
(b) Let
Rm = {7’0,7"1, . }

be an effective enumeration of set R,, in ascending order.

(c) i:=0.

(d) Compute pr(p)(r:)-

(e) If pr(p)(ri) #7, then output a correct answer y € B? and go to the computation of
machine M.

(f) If pr(p)(ri) =7, then i := i+ 1 and go to step (d).

Since the set R, is not negligible, then there is a number j such that prp)(r;) #7 and the

described procedure correctly models the oracle command y € B?. So machine M;D R®) realizes
a total algorithm for computing of characteristic function of set A, and of set R(A). That means
R(A) <47 R(B).

Conversely, let R(A) <,r R(B) by some machine M; with arbitrary generic oracle ¢rp).
In particular, we can choose total (classical) oracle for set R(B), and we can model commands
a € R(B)? by the following procedure. At first, we find k such that a € Ry, then ask k € B?.
So we have a machine My with classical oracle B, realizing a generic algorithm for recognition of
set R(A). Now a machine M3 with oracle B, recognizing set A, works on = € N in the following

way. Enumerates elements 71,79, ... of set R, in ascending order until it find an element r; such
that MJP(r;) #?. Such element exists because set R, is not negligible. Obviously z € A <
MP(r;) = 1. That means A <7 B. O

A pair of c.e. sets A and B is called quasi-minimal pair for effective generic reducibility, if

(i) A and B are not effectively generically computable,

(ii) for any c.e. set C if R(C) <4 A and R(C) <. B, then C is effectively generically
computable.

Theorem 2. There is a quasiminimal pair of c.e. sets for effective generic reducibility.

Proof. Let A and B be a c.e. minimal pair for Turing reducibility. Then by Lemma 1 R(A) and
R(B) is a quasiminimal pair for effective generic reducibility. O

Further we need a construction from [7]. For all £ € N define the following set
I = [k, (k+ 1)),

Now for any set S C N define

7(8) = | J I

keS
In [8] it was proven (Proposition 2.3), that for all sets A, B it holds

A<r B e I(A) <. I(B).

A pair of c.e. sets A and B is called quasi-minimal pair for coarse reducibility, if
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(i) A and B are not coarsely computable,
(ii) for any c.e. set C'if Z(C) <4 A and Z(C) <. B, then C is coarsely computable.

Theorem 3. There is a quasiminimal pair of c.e. sets for coarse reducibility.

Proof. Let A and B be a c.e. minimal pair for Turing reducibility. Then it is easy to see that
Z(A) and Z(B) is a quasiminimal pair for coarse reducibility. O
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